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Intrinsic ultracontractivity via capacitary width

Hiroaki Aikawa

Abstract. The semigroup associated with the Dirichlet heat kernel is said
to be intrinsic ultracontractive if
(i) the Dirichlet realization of the associated self adjoint operator
has the first positive eigenvalue with positive L? eigenfunction;

(ii) the heat kernel is bounded above and below by the product of the
eigenfunctions with positive multiplicative constants depending
on time.

We give an upper and lower estimate of the first eigenvalue in terms of
capacitary width, which yields a sharp sufficient condition for (i). Our
parabolic argument also yields an exponential decay property of a certain
caloric measure. Then, the caloric measure is controlled by the elliptic
Green function with the aid of a parabolic box argument. This is a cru-
cial step for (ii). We give a sharp sufficient integral condition for intrinsic
ultracontractivity in terms of capacitary width. A similar integral condi-
tion for the boundary Harnack principle is also obtained. Under geometric
specifications, these integral conditions generalize known results and give
more precise conditions. Sharpness is examined by an infinite funnel, for
which we obtain a complete characterization of intrinsic ultracontractivity.
Our method is purely analytic and elementary; it enables us to dispense
with logarithmic Sobolev inequalities.

1. Introduction

1.1. Main results

Let D be a domain in R™, n > 2. Let £ be a uniformly elliptic operator in
divergence form on D, i.e.,

£ = 3 (s 25w

3,j=1
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where a(z) = (a;5(x)) is a smooth symmetric n x n matrix satisfying

(1.1) ¢;te)? < Z aij(x)6& < ce|€ forall z € R™ and € = (&4,...,&,) € R,
1,j=1

with 1 < ¢z < oo. A solution u to the parabolic equation (£ — 9/0t)u = 0 is
referred to as an L-caloric function. For simplicity we suppress the prefix “£-”
and we say caloric for L-caloric. Similarly, harmonic means L£-harmonic, unless
otherwise stated. The difference between £ and A will be illustrated in the ap-
pendix. Let pp(t,z,y), t > 0, z,y € D, be the heat kernel for £ —9/dt on D, i.e.,
the fundamental solution to (£ — 9/dt)u = 0 subject to the Dirichlet boundary
condition u(t,z) = 0 for x € 9D and t > 0. We have the semigroup property

D(s—l—t,x,y):/pD(s,m,z)pD(t,z,y)dz for all s,t >0 and x,y € D.
D

Definition 1.1. We say that the semigroup associated with pp (¢, x,y) is intrin-
sically ultracontractive (abbreviated to TU) if the following two conditions are sat-
isfied:

(i) The eigenvalue problem —Lu = Au in D subject to the Dirichlet boundary
condition © = 0 on 0D has the first eigenvalue A\p > 0 with corresponding
positive eigenfunction ¢p normalized by |¢pll2 = 1. (¢p is referred to as
the ground state.)

(ii) For every t > 0, there exist constants 0 < ¢; < 1 < C} depending on t such
that

(1.2)  capp(@)ep(y) <pp(t,z,y) < Crop(x)pp(y) forall z,y € D.

For simplicity, we say that D itself is IU if the semigroup associated with pp (¢, z, y)
is IU.

The purpose of this paper is to give several sharp sufficient conditions for TU
by using capacitary width, which was introduced in [1] in connection with the
Cranston—McConnell inequality, an intimate property with TU. Capacitary width
was also useful for the elliptic boundary Harnack principle ([2], [4] and [5]). It
also plays a crucial role for IU via a parabolic box argument, a counterpart of the
box argument used for the boundary Harnack principle ([11]). We shall observe
that TU and the boundary Harnack principle can be dealt with in a unified fashion
with capacitary width. Our results are new even if £ is the Laplacian A.

For an open set U we consider a quadratic form

3@ Oy
i dx.
/ Z i 83:1 Ox;
For F C U we define capacity associated with £ by

CapFH(E =inf {Qulp]: ¢ >1on E, ¢ € C(U)}.
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Let G5 (z,y) be the Green function for £, normalized by —LGE (-, y) = §,. Observe
that Capﬁ(E) coincides with the Green capacity of F with respect to U, i.e.,

(1.3)  Cap&(E) = sup {||u|| :supppu C E and / GE(x,y)du(y) <1 on D}.
U

Let us write Capy (E) if £ is the Laplacian A. In view of (1.1) we have
(1.4) ¢! Capy(E) < Capf(E) < ¢z Capy (E).
We write B(z,r) for the open ball with center at x and radius r.

Definition 1.2. Let 0 < n < 1. For an open set D we define the capacitary width
wy (D) as

Ca B(x,7)\ D
Po(e.2n) (B(:1) \ D) >n forall x € D}.
CapB(m,Qr)(B(‘r’T))

Remark 1.3. The value of 7 has no significance. In fact, if 0 < n < n’ < 1, then
we have

wy (D) = inf {7" >0:

wy (D) < w,y (D) < Aw,(D) for every open set D,
where A > 1 depends only on 7, " and n. See Proposition 2 in [1] or Lemma 12.8
in the appendix.

Remark 1.4. We can replace

CapB(m,QT) (B(J), T) \ D) b CapB(m,Qr)(E(l‘a T) \ D)

Yy
CapB(w,27’) (B(.Z‘, T)) Ca’pB(;c,Qr) (B(J), ’I"))

This has an advantage that £ = B(x,r) \ D and B(x,r) are compact sets, so
that we can consider the capacitary potentials of E and B(x,r) in B(x,2r). See
Remark 12.4 for details. Gyrya and Saloff-Coste [21] adopted this definition. For
capacitary potential, capacity and related subjects, we refer to Chapter 5 in [7].

Let us begin with an estimate of A\p. Note that Ap is characterized by the
variational problem:

2

EAAR

If £ is the Laplacian, then Ap is referred to as the principal frequency of D.
There are a number of papers dealing with the principal frequency. Very precise
estimates are known under geometrical hypothesis on D. We present an estimate
not so precise but applicable to arbitrary domains.

Theorem 1.5. We have
A7 <A
SAD £ — >
wy(D)? wy(D)?

(1.5)

where A > 1 depends only on cg, n and n. In particular, A\p > 0 if and only if
wy (D) < 0.
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Remark 1.6. Maz’ya-Shubin [26] gave the same estimate with rp - in place
of wy (D). They defined rp as the supremum of radius = for which there exists
an open ball B,. of radius 7 such that B, \ D is y-negligible with 0 < v < 1, i.e.,
the Wiener capacity of B,. \ D is less than + times of that of B,.. It is easy to see
that rp , is comparable to our capacitary width w, (D).

With the aid of Persson’s argument [34], we see that the bottom of the essential
spectrum of —L is +oo if and only if

(1.6) lim w, (D \ B(0,R)) = 0.
R—o00
In particular, we obtain the following.
Corollary 1.7. If (1.6) holds, then Definition 1.1 (i) is valid.

It is known that if D is IU, then — £ has only purely discrete spectrum. So, we
can replace Definition 1.1 (i) by (1.6). We shall present a proof of Theorem 1.5 in
the parabolic context, which is inspired by Souplet [37]. Our approach is shorter
and more transparent than Maz’ya—Shubin [26]. In the course of the proof, we
naturally obtain useful information about the heat kernel, which plays a crucial
role in the study of Definition 1.1 (ii). For instance, a decay estimate of

P(tvva):/pD(th,y)dy
D

will be derived. Observe that P(t,x, D) is the caloric function on the cylinder
(0,00) x D with initial condition P(0,z,D) = 1 for € D and lateral boundary
condition P(t,x, D) = 0 for x € 0D. We can regard P(t,x, D) as a caloric measure,
a parabolic counterpart of harmonic measure. Obviously, 0 < P(t,z, D) < 1. We
shall observe in Section 3 that if w, (D) < oo, then it decays exponentially. More
precisely, we obtain the following proposition.

Proposition 1.8. There exist positive constants Ay and Ay depending only on cc, n
and n such that

At
wn(D)2

Hereafter, we assume that (1.6) holds. Verification of Definition 1.1 (ii) is still
subtle under this assumption. The validity of Definition 1.1 (ii) requires some
regularity of D, although it is very mild. The notion of IU was introduced by
Davies—Simon [17]. TU has several equivalent conditions and enjoys many interest-
ing properties in functional analysis and in probability theory. See [16] for analytic
aspects. IU has important consequences in the study of the lifetime of conditioned
Brownian motions. Many authors are fascinated by IU and have given a number
of contributions. See e.g. [8], [9], [12], [15], [18], [24], [27], and so on. Nowa-
days, IU for general processes is extensively studied from a probabilistic point of
view. Murata gave many interesting applications of IU to perturbations of Green
functions, Martin boundaries and the heat equation on manifolds. See [28], [29],
[30], [31], [32], and references therein.

(L.7) P(t,z,D) < Apexp ( - > forallt >0 and x € D.
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There are basically two different general methods available to prove sufficient
conditions for TU. The first is based on the theory of logarithmic Sobolev inequali-
ties ([8], [15],[17], and [27]). The second is based on handcrafted probabilistic work
(Bass—Burdzy [12]).

In this paper, we propose a new approach, a parabolic box argument, which
is a parabolic counterpart of the box argument invented by Bass—Burdzy [11] for
the boundary Harnack principle for harmonic functions. We can treat IU and the
boundary Harnack principle in a unified fashion. We shall show several sufficient
conditions for IU and the boundary Harnack principle in terms of capacitary width.

Let us state our results for Definition 1.1 (ii). For simplicity let us suppress
scripts and write simply p(t, z,y) and G(z,y) for the heat kernel and the Green
function for £ in D. For a generic positive function f(z) on D and t > 0 we write

wy(f <t) =wy({z e D: f(z) <t}).
Theorem 1.9. Let g = G(-,z9) with zg € D. If

! , dt
(1.8) / wy(g < t) n < 00,
0
then D is IU. Moreover, for each € > 0, the constant Cy in (1.2) has an estimate
Ay
(1.9) Cr<—t n/2,

with m > 0 being chosen so that

m 9 dS
(1.10) / wy(g < s)* — < Ast,
0 S
where the positive constants As and As depend only on cc, n, n and €.

Sharper estimates of C; will be obtained under more specific conditions. See
Propositions 5.5, 7.4, 8.2, and 9.7. Theorem 1.9 has a counterpart for the global
boundary Harnack principle.

Definition 1.10. We say that D enjoys the global boundary Harnack principle
(abbreviated to GBHP) if for each pair (V, K) of a bounded open set V' C R™ and
a compact set K C R™ such that

KcV, KNnND#0 and KnNOoD #0,
we have the following property: if w and v are positive superharmonic functions
in D such that
(i) w and v are bounded, positive and harmonic in V N D,

(ii) w and v vanish on V' N 0D outside a polar set,
then

w@/uly) _ o
(1.11) v(x)/v(y)gA for z, y € KN D,

where A depends only on D, V' and K.



1046 H. Aikawa

The GBHP can be reformulated in a fashion reminiscent of IU. In view of
Theorem 2.3 in [4], we see that D enjoys the GBHP if and only if

(1.12) A 'g(x)g(y) < G(x,y) < Ag(x)g(y) forze KNDandyc FND,

whenever K and F' are disjoint compact sets intersecting D such that 2o ¢ KU F.
For the reader’s convenience we shall provide a proof of this equivalence (Proposi-
tion 2.4). Let us give an elliptic counterpart of Theorem 1.9.

Theorem 1.11. If

! dt
(1.13) / wy(g <t) - <%
0
then D satisfies the GBHP.

Remark 1.12. Compare (1.2) and (1.12). The difference of these estimates comes
from the difference of parabolic and elliptic dilation exponents. Note also that the
Green function G(z,y) diverges on the diagonal x = y, whereas the heat kernel
is continuous on the diagonal if ¢ > 0. Philosophically, G(z,y) is estimated by
reducing the range of points x and y (the elliptic box argument); while p(t, z,y)
is estimated by reducing the range of time ¢ (the parabolic box argument). See
Sections 4 and 6.

Remark 1.13. In view of Definition 1.10, we see that the GBHP is a property of
bounded nature, i.e., D enjoys the GBHP if and only if D NV enjoys the GBHP
for every bounded open set V. Hence we can relax (1.13) to

1 dt
/ wy({e € DOV : Goov (w,20) < 1)) T < 0
0

for every bounded open set V' containing zg.

Remark 1.14. There is another type of boundary Harnack principle, which is
usually referred to as the local boundary Harnack principle (LBHP) or the scale-
invariant boundary Harnack principle. The LBHP is a much stronger property; it
holds for Lipschitz domains, NTA domains and, more generally, uniform domains.
The LBHP characterizes uniform domains. See [2] and [3].

1.2. Applications

Theorems 1.9 and 1.11 yield many sufficient conditions for IU and the GBHP. We
can give more geometric conditions not involving g. Define the quasihyperbolic
metric kp(x,y) as

ds
kp(z, :inf/i for x,y € D,
e N E) Y
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where the infimum is taken over all rectifiable curves v connecting x and ¥y in D; ~
is parameterized as v(s), 0 < s < {(v), by arc length s with £(v) being the length
of 7. If h is a positive harmonic function in D, then

(1.14) exp(—Akp(z,y)) < M < exp(Akp(x,y)) for z,y € D,

h(z)
where A > 0 depends only on ¢ and n, since the shortest length of Harnack
chains connecting = and y in D is estimated by the quasihyperbolic distance
kp(x,y). Since g is a positive harmonic function in D \ {z¢}, it follows that
g(x5)/g(x) < exp(Akp(x,x0)), where x; € 0B(xo,dp(x0)/2). Hence we obtain
g(z) > exp(—Akp(x,x0)), in other words,

(1.15) kp(z,x0) > Alog(1/g(z)).

with A changed. In particular, {z € D: g(x) < t} C {z € D: kp(z,z9) >
Alog(1/t)}. By the change of variable s = Alog(1/t) we obtain the following
immediate corollary to Theorems 1.9 and 1.11.

Corollary 1.15. The following statements hold:
(i) If/ wy (kp (-, 20) > 8)*ds < oo, then D is IU.
0

(i) If/ wy(kp(-,z0) > s)ds < oo, then D satisfies the GBHP.
0

Let us give an Orlicz type condition. Let ®(¢) be a positive nondecreasing
continuous function of ¢t > 0 with ®(0) = 0 and let

%)= {7 /D<I>(|f(w)l)dﬂc <o},

If ®(t) = t?, then L®(D) coincides with the usual LP-space LP(D). We do not
discuss properties of L?(D) as a function space, so we do not assume any further
hypothesis on ® such as convexity. Let log, (u) = max{logu,0} for v > 0.

Theorem 1.16. The following statements hold:
(i) Letn=2. If log,(1/g) € L*(D), then D is IU.

(ii) Letn > 3. Suppose

(1.16) /100 (ﬁ)z/(nz) dt < oo.

If log, (1/g) € L*(D), then D is IU.
(iii) Let n > 2. Suppose

(1.17) /100 (%)Wb_l) dt < .

If log, (1/g) € L*(D), then D satisfies the GBHP.
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Remark 1.17. (i) Let n > 3. Typical examples of ®(¢) satistying (1.16) are
O(t) = P with p > n/2 and ®(t) = t"2log”(e + t) with a > (n — 2)/2. See
Theorem 3 in [15]. See Proposition 7.4 for an estimate of C; in (1.2).

(ii) Let n > 2. Typical examples of ®(t) satisfying (1.17) are ®(t) = tP, with
p>n, and ®(t) = t"log”(e + t) with o > n — 1.

With the aid of (1.15), we have an immediate corollary to Theorem 1.16.

Corollary 1.18. The following statements hold:
(i) Let n=2. If kp(-,x9) € LY(D), then D is IU.

(ii) Let n > 3 and suppose ® satisfies (1.16). If kp(-,z¢) € L*(D), then D is
IU (cf. Theorem 6 in [15]).

(iii) Let n > 2 and suppose ® satisfies (1.17). If kp(-,z9) € L*(D), then D
satisfies the GBHP.

Remark 1.19. The sufficient conditions for the GBHP in Theorem 1.16 and Corol-
lary 1.18 are new even if ®(¢t) =t with p > n.

Let us consider families of domains defined by conditions in terms of the quasi-
hyperbolic metric. Smith-Stegenga ([35] and [36]) said that D is a “Holder do-
main” if
61) (:L'o)
5D (m)

with some positive constants A and A’. Banuelos [8] called such a domain a Hélder
domain of order 0. However, the term “Hélder domain” is often used for a domain
whose boundary is given by the graph of a Holder continuous function. To avoid
the confusion, we say that D satisfies the quasihyperbolic boundary condition (of
order 0) (abbreviated to QHB(0)) if (1.18) holds. Extending (1.18), we consider
the following condition for o > 0:

(1.18) kp(xz,x0) < Alog

+ A" forallz e D,

dp(xo)
5D (x)
with some positive constants A and A’. Let us say that D satisfies the quasihyper-
bolic boundary condition of order o (abbreviated to QHB(«)) if (1.19) holds.

So far, we have considered interior conditions. Let us introduce an exterior
condition, which will be useful to estimate capacitary width. See Lemma 3.13.

(1.19) kp(z,zg) < A( )a + A" forallz e D

Definition 1.20. Let 0 < 79 < co. We say that D satisfies the capacity density
condition (abbreviated to CDC) up to r¢ if there exists positive constant n such
that
CapB(a:,Qr)(B(m> )\ D)
CapB(Jc,2r) (B(l‘, ’I“))

whenever z € 0D and 0 < r < rg. We simply say that D satisfies the CDC if it
satisfies the CDC up to rg for some rg > 0.
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The following theorem is known:

Theorem A ([8] and [4]). Suppose D satisfies the CDC.
(1) If D satisfies the QHB(a) with 0 < o < 2, then D is IU.

(ii) If D satisfies the QHB(o) with 0 < o < 1, then the GBHP holds.

Remark 1.21. In case =0, the CDC can be removed (Banuelos [8], Theorem 1).
This result can be derived from Theorem 1.16 and the integrability of the quasihy-
perbolic metric due to Smith—Stegenga [35] and [36], i.e., if D satisfies the QHB(0),
then there exists a positive constant 7 such that

/ exp(Tkp(x, x0)) doz < oo,
D

or equivalently kp(-,79) € L*(D) with ®(t) = exp(7t). Obviously, ®(t) = exp(rt)
satisfies (1.16) and (1.17), so that D is U and it satisfies the GBHP by Theo-
rem 1.16.

Remark 1.22. Bass—Burdzy (Definition 2.2 in [12]) defined a twisted LP-domain
and proved that if p > n — 1, then every twisted LP-domain with the CDC is TU.
In view of their definition, we see that D is a twisted LP-domain if and only if
it satisfies the QHB((n + p — 1)/p). Hence Bass-Burdzy’s result is the same as
Theorem A (i).

By using Theorems 1.9 and 1.11, we can give a further extension. Let ®(¢) be
a positive nondecreasing continuous function of ¢ > 0. We say that D satisfies the
QHB(®) condition if
dp (o)
op(x)
Theorem 1.23. Suppose D satisfies the CDC.
(i) If D satisfies the QHB(®) with

(1.20) kp(z,z9) < <I>( ) for all z € D.

(1.21) / D) d—; < 00,
. t
then D is IU.
(ii) If D satisfies the QHB(®) with
(1.22) / @(t)% < o,
1
then D satisfies the GBHP.

Remark 1.24. (i) Typical examples of ®(t) satisfying (1.21) are ®(¢) = t* with
a < 2 and ®(t) = t?log"“(e + t) with @ > 1. See Corollary 2.8 in [8]. See
Proposition 8.2 for an estimate of Cy in (1.2).
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(ii) Typical examples of ®(t) satisfying (1.22) are ®(t) = t“ with o < 1, and
O(t) =tlog” (e +¢t) with a > 1.

Davis [18] and Bass-Burdzy [12] studied TU for domains above the graph of
a function. We write = (2/,2,) € R". By B’(2/, R) we denote the (n — 1)-
dimensional open ball with center at ' and radius R.

Theorem B. For a negative upper semicontinuous function f(z') on B'(0, R),
write
Dy ={(z',z,) : |2'| <R, f(2') <z, <1}

Then we have the following assertions:
(i) If n=2 and f € L*°(B'(0,R)), then Dy is IU (Theorem 2 in [18]).

(i) If f € LP(B'(0, R)) with p > n — 1, then Dy is IU (Theorem 1.22 in [12]).

(i) If n > 3, then there exists f € LP(B'(0, R)) with p < n — 1 such that Dy is
not IU (Section 4 in [12]).

Obviously, (i) is included in (ii). Note that Dy can be unbounded in (ii). We
remark that D satisfies the quasihyperbolic boundary condition.

Proposition 1.25. If f € LP(B’(0, R)) with p > 0, then Dy satisfies the QHB((p+
n—1)/p) condition.

It is easy to see that (p+mn — 1)/p < 2 if and only if p > n — 1. Hence, under
the additional assumption of the CDC, Theorem B (ii) can be derived from Theo-
rem A (i). The significance of Theorem B (ii) is that IU follows without the CDC.
This remarkable phenomenon is rooted in Lemma 2.4 in [12], which is reformu-
lated analytically as an extended Harnack inequality with exceptional sets in [5].
The critical case p = n — 1 in Theorem B (iii) was open. Actually, we shall show
in Corollary 1.31 below that there is f € L"~}(B’(0, R)) such that Dy is not IU
in case n > 3. So, let us consider a condition sharper than f € L"~*(B’(0, R)).
Let ®(t) be a positive nondecreasing function of ¢ > 0.

Theorem 1.26. Assume that ®(t)/t" ! is nondecreasing and that

(1.23) / ()= dt < oo,
1

If f € L*(B'(0,R)), then Dy is IU.

Remark 1.27. Typical examples of ®(t) satisfying (1.23) are ®(t) = ¥ with
p>n—1and ®(t) =" log”(e + t) with @ > n — 1. See Proposition 9.7 for an
estimate of Cy in (1.2).

Theorem 1.26 can be extended to L®-domains. See Theorem 10.5. A counter-
part of Theorem 1.26 for the GBHP has very different appearance since (1.13) is
much more stringent than (1.8). We say that a bounded domain in R™ is a 1)-Holder
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domain if its boundary is locally given by the graph of a ¥-Hoélder continuous func-
tion in R"~!. We showed an upper estimate of capacitary width

A |
= Tog(1/) 1/’<1og(1/t)

wy(g < t) ) for small t > 0,

provided that limsup,_,, ¥ (Mt)/¢(t) < M with some M > 1 (Corollary 7.7 in [5]).

Since
1 d 1/e d Lo
/0 wnlg <1) Tt = /0 log(ll/t) w(log(ll/t)) ?t :/0 th)dt

by a change of variable, Theorem 1.11 gives the following immediate corollary.

Theorem C (Theorem 1.3 in [5]). Let 1(t) be a nondecreasing continuous function
for t > 0. Suppose that ¢ satisfies limsup,_,o(Mt)/¢(t) < M for some M > 1

and )
/ wdt<oo
0 t

Then every 1-Hdélder domain satisfies the GBHP.

So far, we have studied sufficient conditions for IU and the GBHP to hold.
For some specific type of domains, we can determine whether these conditions
are sharp, and even further, we can obtain characterizations for TU. Banuelos—
Davis [9] gave a geometrical characterization of intrinsic ultracontractivity for
planar domains with boundaries given by the graphs of functions. Let us give
a characterization of intrinsic ultracontractivity for a solid of rotation of a Lips-
chitz graph, which may be visualized as an infinite funnel. This is inspired by the
counterexample of Bass—Burdzy (Section 4 in [12]).

Theorem 1.28. Let L > 0 and let r(t) be a positive nonincreasing L-Lipschitz
function of t € [—1,00), i.e.,

(1.24) 0<rt)—r(T)<L(T—-t) for —1<t<T < o0.
Define an infinite funnel or a solid of rotation by
V={( 2,): —co <z, <1, 2| <r(—zn)}.

See Figure 1. Then the following statements are equivalent:
(i) V is IU.
(ii) V satisfies the Cranston—-McConnell inequality, i.e.,
! / G (2, y)uly) dy < A
sSup ———~ vIL,Yy)uly)ay >
zeV U(IL') 14

for every superharmonic function uw > 0 in V, where A is independent of u.
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4

(iii) t)dt < 0.
wy (ky (-, 0) > 5)%ds < o0.

t
wng<t < 00.

Nﬁo\

(0,1)

FIGURE 1. Infinite funnel.

Remark 1.29. Because of its local nature we can relax (1.24) into
0<r(t)—r(T)<L(T—-t) fort; <t<T <o
with some t; > —1.

Corollary 1.30. Let r(t) = (t+3)~L. Then V satisfies the QHB(2) and yet V is
not IU.

Corollary 1.31. Letn > 3 and let r(t) = (t + 3) " tlog™*(t + 3) with (n— 1)1
a < 1. Then V is not IU and yet V is represented as Dy = {(z/,zy) @ |2/ <
r(=1), @, > f(z')} with f € L"~1(B'(0,r(—1))).

Remark 1.32. The sharpness of sufficient conditions for the GBHP is much more
delicate. It will be treated elsewhere. Actually, the infinite funnel V' in Theo-
rem 1.28 is irrelevant for a test of the GBHP. The infinite funnel V' always satisfies
the GBHP, no matter how slowly r(¢) decays at infinity. See Remark 1.13.

1.3. Plan of the paper

In Section 2 we shall provide basic material for IU in order to increase the reader’s
familiarity with IU. We include several basic properties of IU such as an estimate
of C; and the implication: “the upper estimate = the lower estimate”. It is
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well known for probabilists that “IU = the Cranston—-McConnell inequality”.
However, we include an elementary analytic proof, as we have not been able to find
a good reference in the literature except for Theorem 2.8 in [24], which deals with
the rather general nonsymmetric case. We also provide a proof of “(1.12) <
the GBHP.”

In Section 3 we shall prove Theorem 1.5 as a corollary to more general result
(Theorem 3.1), which also yields (1.7). This estimate will be crucial in the parabolic
box argument. We also exploit comparison of capacitary width with other quan-
tities such as volumetric width and inradius. With the aid of this comparison, we
shall apply Theorems 1.9 and 1.11 to specific domains and obtain more explicit
sufficient conditions for IU and the GBHP later in Sections 7-11. We also observe
that (1.6) is not preserved by taking the union of two domains. Section 4 is devoted
to the parabolic box argument, which controls the caloric measure P(t, z, D), with
the aid of the upper estimate of (1.7). In Section 5 we shall prove Theorem 1.9.
The comparison between the ground state and the Green function is also obtained.
Section 6 is devoted to the elliptic box argument and the proof of Theorem 1.11.
The main idea was already given in the previous paper [5]. These sections do not
depend on the geometry of the domain D.

In Sections 7-11 we shall specify the geometry of the domain D and we shall
give more precise conditions for IU and the GBHP. In Section 7 we give sufficient
integral conditions of Orlicz type in terms of the Green function and the quasi-
hyperbolic metric. Theorem 1.16 will be proved. In Section 8 we give sufficient
conditions by pointwise upper estimates of the quasihyperbolic metric for domains
satisfying the CDC. Theorem 1.23 will be proved. In Section 9 we shall dispense
with the CDC and study Dy with f € L®(B’(0, R)). It will require the extended
Harnack inequality with exceptional sets (Lemma 2.4 in [12] and [5]). We note
that the results in this section work only for TU. The GBHP requires much more
stringent geometrical hypothesis. In Section 10 we shall study pasting domains and
introduce L®-domains. In Section 11, we shall obtain Theorem 1.28, a complete
characterization of IU for an infinite funnel. We shall give precise estimates for
the quasihyperbolic metric. We shall employ a scale invariant boundary Harnack
principle to give a sharp estimate of the product of the Green function and the
Martin kernel at infinity; in fact, the Martin boundary of the infinite funnel is
homeomorphic to the union of the Euclidean boundary and the point at infinity.
We are inspired by Hansen [22] for a counterexample of the 3G-inequality in R,
n > 3. Theorem 1.28 asserts that our sufficient conditions are sharp.

Our arguments are based on the £-harmonic versions of several results in [1].
Although the L-harmonic counterparts are essentially the same as the classical
ones, they require more careful arguments. So, the appendix is devoted to such
generalizations for the reader’s convenience. In particular, we shall replace the
usage of balayage measures in Proof of Lemma 5 in [1] by a uniform estimate of
capacity of balls (Lemma 12.1).

We shall freely use basic results from potential theory. For accounts on potential
theory, see [7], [10], [19] and [38]. We frequently use the elliptic and parabolic com-
parison principles. Let D be an arbitrary open set in R™ with w, (D) <oo. Since D
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is arbitrary, it may be irregular with respect to the Dirichlet problem. However,
irregular boundary points of D forms a polar set, so that we have the following
elliptic comparison principle of Phragmén-Lindelof type: Suppose u (resp. v) is
a bounded subharmonic (resp. superharmonic) function in D. If u < v on 9D
outside a polar set, i.e.,
limsupu(z) <liminfo(z) for q.e. £ € ID,
r—E& =€
then v < v in D. Here, ‘q.e.” (quasi-everywhere) means that the property holds
outside a polar set. Note that w, (D) < oo is used for the control at infinity (see
Lemma E). The parabolic comparison principle is as follows: suppose u (resp. v) is
a bounded subcaloric (resp. supercaloric) function on the cylinder (s,t) x D. If u <
von ({s}xD)U((s,t)x (OD\ E)) with a polar set E in R™, then v < v on (s,1) x D.
See Theorem 8.2 in [38]. As a result of the parabolic comparison principle, the
Dirichlet heat kernel pp (¢, x, y) is increasing with respect to D. Moreover, p(t, z,y)
is majorized by the heat kernel pgn (¢, x,y) for the whole space R™. Recall the well-
known estimate:
|z —y|?
.
i.e., there are positive constants A and A’ depending only on the ellipticity con-
stant ¢, and n such that

1
pre(t,x,y) < 7z ©XP (

A ,|$—y|2
pa(tany) < o exp (- 2230

and the opposite inequality holds with different A and A’. Hence, in particular,

t

Of course, there is no good lower estimate for p(¢, x,y) in general. See [20]. Note
also that the Dirichlet Green function G(x,y) exists and it is represented by the
following well-known identity:

(1.26) G(z,y) = /Ooop(t,w,y) dt.

See e.g. [19], Part 1. Chapter XVII. Section 18. In fact, (1.26) holds for every
domain if n > 3; it holds for D with R?\ D being non-polar if n = 2.

We use the following notation. By the symbol A we denote an absolute positive
constant whose value is unimportant and may change from one occurrence to the
next. If necessary, we use Ag, A1, ..., to specify them. We say that two positive
quantities f and g are comparable, and write f ~ g, if they satisfy A=1 < f/g < A
with some constant A > 1. The constant A is referred to as the constant of
comparison. We have to pay attention for the dependency of the constant of
comparison.

A x—yl?
(1.25) p(t2,y) < T exp ( _ A/@).

Acknowledgments. The author would like to thank Minoru Murata for valuable
discussions, and Masaharu Nishio for the opportunity to lecture on the contents
of this paper at Osaka City University in June 2013. The author is grateful to the
referee for his careful reading of the manuscript and many useful suggestions.
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2. Background

Let us provide basic material for IU. Although the results are well known, our
elementary proofs may profit the reader. We need neither deep functional analysis
nor probability theory. We basically use the comparison principle only. First, we
observe that if the upper estimate of (1.2) holds at some time, then so does it after
that time with exponentially decaying constant Cj.

Proposition 2.1. Suppose p(to,z,y) < Ciyop(z)ep(y) for all x,y € D with
some tg > 0. If t > tg, then

p(t,2,y) < Ciy e P op(2) op(y)  for all w,y € D.
In other words, p(t, z,y) <Cypp(x) ¢p(y) holds with Cy < Cy,e™ P E=10) for t > .

Proof. Fix y € D. Tt is easy to see that u(t,z) = Cp, e 2= pp(x) op(y)
is a caloric function with vanishing lateral boundary values. By assumption,
p(to, x,y) < u(to,x) for € D. Hence the comparison principle on (tg,00) x D
yields the required inequality. O

Second, we observe that the upper estimate of IU automatically implies the
lower estimate.

Proposition 2.2. Suppose, for every t > 0, there exists Cy > 0 such that
p(t,z,y) < Crop(a) ep(y) forallz,y € D.
Then, for everyt > 0, there exists C} > 0 such that

p(t,z,y) > Crop(x) eply) forallz,y € D.

Apt

Proof. Represent a caloric function e~ *P*¢p(x) by an integral,

e”%p(w):/ljp(t,w,y) ¢p(y) dy.

Let K = K (t) be a compact subset of D to be determined later. Split the integral
domain D into D\ K and K and then apply the upper estimate to the first integral.
We have

e *Plop(z) < Ciop(z) sOD(y)Qder/ p(t,z,y) ep(y) dy.
D\K K

Since pp € L*(D), we can choose K = K(t) so large that the first integral is less
than 2~ le=*2lyp(x). Hence we obtain

(2.1) e o () < 2 /K plt, 2, 9) o (y) dy.

Observe that o = inf{% cz,we K} >0.
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By the semigroup property we have

p(3t,x,y) = /D (/Dp(t,:c, 2) p(t, z,w) dz) p(t,w,y) dw

> [ [ bt pt s pit v dedu
K JK
[
>a [ [t 2en() eptlpltw. ) dzdw = $ e op(o) o)

where we have used the symmetry of p(¢, w, y) and (2.1) twice in the last inequality.
Hence changing 3t by ¢ gives the required lower estimate. O

Third, we prove that IU implies the Cranston-McConnell inequality. This fact
is well known to probabilists. However we have not been able to find a good
reference in the literature except for Theorem 2.8 in [24], which deals with a non-
symmetric case.

Proposition 2.3. If IU holds, then there exists a positive constant A such that

sup —— /ny y)dy < A,
xEDU

whenever u s a positive superharmonic function on D.

Proof. In view of Fubini’s theorem and (1.26), we have

| Gamyuwmay = [ Lt | st uway+ [ " | pttmyuts)an

Let us estimate the two integrals in the right-hand side separately. Regard u(x)
as a stationary supercaloric function. By the comparison principle

(2.2) u(z) > /D p(t, 2,y) uly) dy,

since the right-hand side is a caloric function with vanishing lateral boundary

values. Hence
1
/ dt/ (t,z,y)u dy</ u(z) dt = u(z).

Observe from (2.2) with ¢ = 1 and the lower estimate of IU that

ul(z) > /D p(L,,) uly) dy > C, /D o0 (@) o1 (y) uly) dy.

Hence the upper estimate of TU with control of C; (Proposition 2.1) gives

/dt/ (t,z, y)u dy</dt/ Cre U Nop (@)op (y)uly) dy < Aflq u(z).

Thus we obtain the required Cranston—McConnell inequality. O

Finally, we observe that the GBHP can be characterized by the estimate (1.12)
of the Green function.
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Proposition 2.4. The GBHP holds if and only if (1.12) holds for every disjoint
compact sets K and F intersecting D such that xg ¢ K U F.

Proof. First we prove the ‘only if’ part. Let K and F' be disjoint compact sets
intersecting D such that o ¢ K U F. Let R = dist(K, F U {zo}) > 0 and put
V ={z € R" : dist(z, K) < R/2}. Then V is a bounded open set containing K
such that V N (F U {zo}) = 0. Apply (1.11) to u = G(-,y)/g(y) with y € FN D
andv=g. lf z,z1 € KN D, then

A u@/ule) _ Glz.y)/Glny) | Glx.y)

~ @) fo(e)  gle)/Glar,x0) T g@)g(y)’

since g(z1) = G(x1,20) ~ 1 and G(z1,y) = G(z0,y) = g(y) by the usual Harnack
principle and the symmetry of the Green function. Replacing the roles of v and v,
we obtain (1.12).

Next we prove the ‘if” part. Let (V,K) be a pair consisting of a bounded
open set V C R™ and a compact set K C R" such that K C V, KN D # () and
KNOD # (). Suppose u and v are positive superharmonic functions on D such that

(i) w and v are bounded, positive and harmonic in V N D,

(ii) w and v vanish on V' N 0D outside a polar set.
Let us prove (1.11). Without loss of generality we may assume that zo € D\ V.
Let W be an open set such that K C W C W C V and let F' = OW. Observe
that PREMD and PRIMP are Green potentials which coincide with « and v in
W N D, respectively. By the Riesz decomposition theorem we find measures p
and v, concentrated on F'N D, such that

u= G(,2)du(z), v= G(,2z)dv(z) on WND.
FAD FAD
See Figure 2.
b . FND
u=v=0

FIGURE 2. Green kernel estimate — GBHP.

Evaluating v at « € K N D, we obtain from (1.12) with z in place of y that
u(z) = g(x) [pnp 9(2) du(z). We have similar estimates for u(y), v(z) and v(y).
Hence

u(@)/u(y) _ {9) Jpap 9(2) ()} /{9() Jrrp 9(z) du(=)} _ |
v(@)/v(y)  {9(@) [pnp 9(2) dv(2)} [{9() [pap 9(z) dv(z)}

Thus (1.11) follows. O
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3. First eigenvalue, capacitary width and related widths.
Proof of Theorem 1.5

3.1. Proof of Theorem 1.5

Capacitary width gives a two-sided estimate of the supremum of the Green poten-
tial of constant density. In this section we let

v(m):/DG(m,y)dy.

The following lemma is known in the case £ = A. But, for completeness, we shall
provide a proof in the appendix.

Lemma D (Theorem 1 in [1]). There is a constant A > 1 depending only on c,
1 and n such that
A7 wy(D)? < [lv]l oo < Awy(D)?.

Let us consider a parabolic counterpart. For simplicity let us write 7 (t) =
sup,cp P(t,z, D). We shall show several relationships among 7 (%), ||v|/s, and the
first eigenvalue A\p. The following theorem, together with Lemma D, readily yields
Theorem 1.5.

Theorem 3.1. The following conditions are equivalent:
(i) Ap > 0.
(i) wy(D) < 0.
(iil) |Jvlloo < 0.
(iv) w(t) <1 for somet > 0.
(v) w(t) < Aexp(—at) for all t > 0 with some A, > 0.

Moreover,

A L <4 4
>~ > AD > = 9
wy(D)? ™ vl [v][oc ™ wy(D)?

(3.1)

where A > 1 depends only on c, n and n.

See [13] and [14] for the second and third inequalities of (3.1). Our argument
is inspired by Souplet [37]. First we give a lower estimate of 7 (t).

Lemma 3.2. We have
exp(—Apt) < w(t) forallt > 0.

Proof. Let 8 > Ap. Then we find ¢ € C§°(D) such that Qple]/|¢l3 < 8.

We may assume that ¢ > 0. Take a relatively compact subdomain 2 such that
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suppp C Q € D. Let Mg and pq > 0 be the first eigenvalue and its eigenfunction
with [|¢qlle = 1 for €, respectively. By definition

o (Qald] e\ . @0l
do=inf {1 v € CFO) < JT <A

Since u(t,z) = exp(—Aat)pa(z) is a caloric function in (0,00) x © such that
u(0,z) = pao(x) and u(t,z) = 0 on (0,00) x 99, it follows from the comparison
principle that

exp(—Aat) pa(z) < /Qp(tv%y) pa(y)dy < [[palle P(t, 2, D) < |[palleo m(t)

on (0,00) x Q. Now, taking the supremum for x € 2, and then dividing by
0 < [lealleo < o0, we obtain

exp(—pBt) < exp(—Aqt) < 7(2).
Since 8 > Ap is arbitrary, we have the required inequality. O

Next we give an upper estimate of 7(¢) in terms of ||v|o, which readily yields
Proposition 1.8.

Lemma 3.3. Let C > 1. If ||[v|leo < o0, then

C t
< —_—— .
m(t) < C,_1exp< C||U|\oo> forallt >0
Proof. Let a = 1/(C||v]|s) and let w(t,z) = (v(z) + (C — 1)||v]|00)e”*". Since v

enjoys the Poisson equation —Lv =1 in D, it follows that

0+ O Dl o

8 o —at — et (L
(£* )wfﬁv e " +a(v+ (C—=1)||v][w)e *< L Cllvllos

ot

oo + (Ol -or

<(-1+
( Cllv]loo

Hence w is supercaloric. By the comparison principle,
(C = 1) [vllse P(t,z, D) < w(t,z) = (v(z) + (C = Dv]lec) e < Clv]loc e™".

Dividing the inequality by 0 < ||v||e < o0, and taking the supremum for x € D,
we obtain the lemma. O

Proof of Proposition 1.8. Combine Lemma D and Lemma 3.3 with C' > 1 fixed. O

Let us give another upper estimate of 7(¢) in terms of Ap. The following lemma
is a preliminary L?-estimate, which may be well known. However, we give a proof
for completeness.
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Lemma 3.4. For ¢ € L*(D) let u(t,z) = [, p(t,z,y)¢(y) dy. Then

lu(t,)ll2 < €72 [l

Proof. First assume that D is bounded. Then the spectrum of —L is given by
eigenvalues \; < Ay < --- with corresponding orthonormal set of eigenfunctions
{1, ¢2,...}; the heat kernel is expanded as p(t,z,y) = Z]Oil e it (z)p;(y)
in L2. Let ¢ € L?(D). Writing ¢ = Y5~ ¢;0; with [¢[|3 = Y2, ¢, we obtain

=1 "1

oo
u(t, ) =/ S e M) ey ciiy)dy =D e M e p(x),
Dig i=1
so that
[ee]
fu(t. = [ SN cpila) N 6yl do = Yo
D j=1

(o)
SeT )y =T gl
j=1

Taking the square root, we obtain the required estimate, as Ay = Ap. In case D
is unbounded, we observe that Ap < Apnp(o,r) and ppnp(o,r)(t;z,y) Tpo(t, ,y)
as R — oo. Let ¢ € L?(D). Without loss of generality we may assume that ¢ > 0.
Then

ug(t, ) =/ ponBo.R) (6T, Y) oY) dy T u(t, x).
DNB(0,R)

The first case gives ||ugr(t,-)||3 < e 2AprBO.mt||p]|3 < e 222!||p||3, so that the
monotone convergence theorem completes the proof. O

Lemma 3.5. Let C > 1. There exists a constant M(C) > 1 depending only on C,
ce and n such that

m(t) < M(C)exp ( - %) for allt > 0.

Moreover, if Ap > 0, then ||v]je < A/AD.

Proof. Let x € D fixed. For R > 0 to be determined later, we put Q@ = DNB(z, R).
Let us estimate P(t,z,D) = [, p(t,x,y)dy by decomposing D into Q and D \ Q.
Let 0 < £ < 1—1/C. By the semigroup property, Fubini’s theorem, Lemma 3.4
with ¢ = xq, and (1.25) we have

/Qp(t,x,y) dy:/l)p(etv%z)(/ﬂp((l*e)taz,y) dy) dz

< {/Dp(et,m,z)2d2}1/2{/D(/Qp((l—E)t,z,y)dy)2dz}1/2

—_ |2 1/2
< el oo (A e
et)m R™
A
< exp(—Ap (1 —e)t) R/,

(Et)n/4
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On the other hand, (1.25) and the change of the variable z — y = v/t z give

A Allz —y[?
pt, @,y dyé—/ exp( ———— ) dy
/D\Q ( ) A ( t )
:A/ exp(—A'|z)?) dz
|z|>R/VE

caon(AEY [ (A e a4

since exp(—A’|z|?/2) is integrable over R™. Letting R = t\/2Ap/A’, we obtain

n Apt
P(t,x, D) < Ae~/ 4 N4/ exp(—Ap (1 — e)t) + Aexp(—Apt) < Aexp ( - %)
since 1 — e > 1/C'. Taking the supremum for z € D, we obtain the first assertion
of the theorem with M (C) = A. Suppose Ap > 0. By (1.26) and Fubini’s theorem
we have

/G(x,y)dy:/ P(t,:ﬂ,D)dtﬁ/ w(t)dtgA/ exp(7M>dt:£.
D 0 0 0 ¢ AD

Taking the supremum for x € D, we obtain the second assertion. O

Proof of Theorem 3.1. We have the following implications, which complete the first
assertion of the theorem:
(ii) <= (iil) by Lemma D.
(i) = (iii), (v) by Lemma 3.5.
(v) = (iv) trivial.
(iv) = (i) by Lemma 3.2.
(iii) = (v) by Lemma 3.3.
We have the comparison ||v|« =~ w,(D)? by Lemma D. If ||v]« < oo, then
Lemmas 3.2 and 3.3 give

iii)
exp(—Apt) < 7(t) < % exp ( — ﬁ) for all ¢t > 0,

whenever C' > 1. Hence Ap > 1/(C||v||sc) for every C > 1, and so Ap > 1/|v]]cc-
Conversely, if Ap > 0, then Lemma 3.5 gives ||v]lcc < A/Ap. Thus we have

! <Ap < A :
[v]ls [0]loo
which, together with Lemma D, yields (3.1) and, in particular, (1.5). O

Remark 3.6. Let L=A and let D be the infinite strip {(z,y):z€R, |y| < 7/2}
in R2. Then it is easy to see that A\p = 1 and ¢p(r,y) = cosy. So, pp ¢
L3(D). Obviously, w,(D) = Arm with A > 1 depending only on 7; moreover,
wy(D \ B(0,R)) = Ar for every R > 0. Hence (1.6) does not hold.
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3.2. Volumetric width and inradius

Replacing capacity by volume, we obtain another width related to capacitary width.

Definition 3.7. Let 0 < n < 1. For an open set D we define the volumetric width
vy(D) by

|B(z,r) \ D|

vy(D) = inf{r >0: s

>n for alleD}.

We see that volumetric width is essentially larger than capacitary width. Let us
begin with a comparison between capacity and volume.

Lemma 3.8. Let 7 > 1. Then there is a positive constant Ay depending only on T
and n such that

|E| Capg(y,rm (E)
< Ay
|B(l‘,’l‘)| CapB(w,Tr)(B(-raT))
for every Borel set E C B(x,r).
Proof. Let us use the characterization (1.3) of capacity. In this proof, the Green

function is for the Laplacian. Let K C E be an arbitrary compact set and let pu
be the restriction of Lebesgue measure over K. Since

/ GB(Q?,TT)(y? Z) d/‘L(Z) S/ GB(Q?,TT)(y7 Z) dz SATQ for all yEB(iﬂ, TT)’
B(x,TT) B(z,rr)

where A depends only on 7 and n, it follows from (1.3) that Capg, .\ (E) >
A~'r7?|K], so that Capp, ;. (E) > A~'r7?|E|, as K C E is arbitrary. Dividing
the inequality by Capp, ;. (B(z,7)) = Ar"~2, we obtain the lemma. O

Lemma 3.9. There is a positive constant A depending only on 1 and n such that
wy (D) < Av, (D) for every open set D.

Proof. Let D be an open set with v,(D) < co. By definition we find r > v, (D)
arbitrarily close to v,(D) such that |B(z,r)\ D|/|B(z,r)] > n for all € D.
By Lemma 3.8 with 7 = 2 we have

< [Ban\D| _ Capp(y 20 (B(z,r) \ D)
< < Ay

| B(x, )] Capp s,z (B2, 7))
Hence wy 4, (D) < 7, and so wy, 4, (D) < v,(D) by the arbitrariness of 7. Since, by

Lemma 12.8, w, (D) = w,y (D) for 0 < n,n" < 1, we obtain the required inequality.
O

for all x € D.

Volume and volumetric width have the following relationship.
Lemma 3.10. There is a positive constant A depending only on n and n such that

v, (D) < A|D|Y™  for every open set D.
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Proof. We may assume that |D| < co. Let R > 0 be such that (1 —n)|B(0, R)| =
|D|, i.e., by(1 —n)R™ = |D| with b, being the volume of a unit ball. Then, for
every ¢ € D,

(1=n)"'[D] = [B(z, R) N D| +|B(x, R) \ D| < |D| +|B(x, R) \ D,

so that
0 _ 1, _IB@R\D| __|B@.R)\D|
L—n 1-n 7 D] (1 —n)|B(z, k)|
1/7
Hence v, (D) < R = (%) L, as required. O

In view of (3.1), Lemmas 3.9 and 3.10 we have the following lower bound of
the first eigenvalue.

Corollary 3.11. There are positive constants A and A’ depending only on cc, n

and n such that
A A
Ap >

> .
~ (D)2 T D/

Remark 3.12. The first inequality of Corollary 3.11 was first proved by Lieb [25];
the second is the classical Faber—Krahn inequality modulo sharp constant.

Another related quantity is the inradius:
Inr(D) = sup{dp(z) : « € D}.

In other words, Inr(D) is the supremum of radii of balls included in D. Obviously,
Inr(D) < v, (D) and Inr(D) < w, (D). The opposite inequality (up to a multiplica-
tive constant) of the last inequality holds if D satisfies the CDC up to co. To see
this, recall the following estimate.

Lemma 3.13 (Proposition 1 in [1]). Suppose D satisfies the CDC up to ro. Then
there is a positive constant A such that

(3.2) wy({x € D:6p(z) <r}) <Ar for 0 <r <ro.
In particular, if D satisfies the CDC up to oo, then Inr(D) = w, (D).
Corollary 3.14. If D satisfies the CDC up to co, then Ap ~ 1/Inr(D)?.

Remark 3.15. Corollary 3.14 was proved by Ancona [6] by establishing the Hardy
inequality. Maz’ya—Shubin [26] obtained the same estimate by using rp . See
Remark 1.6.

Remark 3.16. We say that D is a John domain if there exist a positive constant c
and a point xg € D for which each x € D can be connected to xy by a rectifiable
curve v C D such that

op(y) = csl(y(z,y)) forally e,
where v(z,y) is the subarc of v from z to y and £(v(x,y)) is the length of v(z,y).
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Then (3.2) holds for a John domain D without the CDC. In fact, let U={z€ D :
dp(z) < r} with (1 +2/cs)r < dp(xo). If & € U, then |zg — x| > dp(xo) —r >
2r/cy. Let v be the curve connecting x and zo as above. We find a point y €
such that ¢(y(x,y)) = 2r/c;. Then 0p(y) > 2r and |z — y| < 2r/cy, so that
B(y,r) C B(z, (1 +2/cy)r) \ U, and hence

Bz, (1 +2/c/)r) \U| _ 1By, )l 1

[B(x, (1+2/cy)r)l = [Blz,(1+2/chr)] — (1+2/cs)™
Since x € U is arbitrary, it follows that v, (U) < (1+2/cs)r withn = (14+2/c;)™"™.
Hence w,(U) < Ar by Lemma 3.9. This is the key observation to dispense with
barrier conditions from the boundary Harnack principle.

Finally, we prove that (1.6) is not preserved by taking the union of two domains.

Broposition 3.17. There are two domains Dy and Dy such that impg_,oc wy (Do '\
B(0,R)) = limp_oc wy (D1 \ B(0,R)) =0 and yet Dy U Dy = R™.

Proof. For simplicity we assume that n=2 and use complex notation. The n >3
case is similar and is left to the reader. We place countably many small closed
disks so that their complement satisfies the required properties. See Figure 3.

R3

Ry

FIGURE 3. Domains outside closed disks; Do = R*\ |2, Ej, with Ej being the union of
shaded disks. Ry =1, Ry =3/2, Rs =11/6, ....

For a positive integer k we let

1 1
RkZI—I—-”—I—E and kR < Np <kRy+1.

We place 2Ny, many points { Ry, exp(imj/Ng) : 0 < j < 2N}, — 1} uniformly on the
circle {|z| = Ry }. Then the distance dj, between two consecutive points satisfies

1 Ry, . m Ry, A
— 2 —<d.=2R — <= < —,
AN, S RSN STN ST
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Hence
2N, —1

- gy 1
Bo= U B(Ree(F) )
k 3L=Jo k €Xp AR
is the union of 2Ny many disjoint closed disks. In particular, the even union E,g
and the odd union Ej} are disjoint, i.e., Ef N E} = () with

Ni—1 . . Ni—1 . .
— w25\ 1 — im(25+1)\ 1

B = U B(Reewe (7)) and Bh= U BlReow (F—) 37)

i jL:JO Ry exp AT and & JL:J() Ry exp N, T
Moreover,

Ry + ! <R !
PR T T 4k + 1)
since
1 1 1 1

Ryt — Ry = > > — 4

k+17 2k~ 4k 4(k+1)

This means that {Ej}7° | is pairwise disjoint, so that

DyUDy =R? with Dy =R*\ | J E) and D, =R\ | Ej.
k=1 k=1

It is easy to see from construction that limpg e vy (D; \ B(0,R)) =0 for j = 0,1,
and hence limpg_,oc wy(D; \ B(0,R)) = 0 by Lemma 3.9. O

4. Parabolic box argument

The Green function g(x) = G(-,z¢) can be regarded as a time-independent caloric
function on (0,00) x (D \ {zo}). In this section we shall show a decay estimate
of P(t,z, D) as x approaches the boundary 9D in terms of g(z). We shall invoke
a parabolic boxr argument, a parabolic counterpart of the box argument for the
boundary Harnack principle. See Section 6. See also [11], [5] and references therein.
The decomposition of the domain D with respect to the level surfaces of g plays
an important role. First we give a general framework.

Lemma 4.1. Let {a;}52, be a decreasing sequence converging to 0 and let {t;}52,
be an increasing sequence converging to to, < 0o with to = 0. Put D; = {x € D :
g(x) < o }. Ift > too, then P(t,x, D) < A*g(x) for x € D, where

1 & A Ai(tj —tj_1)
PRI o B I G e )
Qi Jz::l Qg wy(D;)?
Proof. Let E; = {x € D : aji1 < g(x) < o}, Dj = (tj_1,00) x Dj and E; =
(tj,OO) x F;. Put
P(t,xz, D)
qj= sup — ———.
(t,x)€E; g(x)
It is sufficient to show that sup,-; ¢; < A*. See Figure 4.
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E3 E3
E. E.
t3 F---- 2 2 ----] ts
Ds E, g > ay E, Ds
to p------m—_——ry ) — to
52 52
tir - ’ ST T 11
to - - to
g<ai g < ai

FIGURE 4. Parabolic box argument.
By the parabolic comparison principle over D1 we have
P(t,z,D) < 9(x) + P(t,z,Dy) for (t,z) € Dy = (0,00) x Dy.
o

Divide both sides by g(z) and take the supremum over E;. Then (1.7) gives

1 P(tvval) 1 AO Alt
Qs —+ sup 7§—+—supexp<—72>
A1 (4 a)eE, g9(z) a2 > wy(Dh)
1 AO Al(tl — to)
< —+ —ex (*7)§A*.
ap oz P wy (D1)?

Let j > 2. By the parabolic comparison principle over Ej we have
P(t,x,D) < qj_19(x) + P(t —t;_1,2,D;) for (t,x) € D; = (t;_1,00) X D;.

Divide both sides by g(z) and take the supremum over Ej. In the same way as
above, we obtain from (1.7) that

AO Al( j 1)
. < . e
%= q-1+F Q11 exp ( wy](DJ)Q )

Hence
Ai(ty —tj—1)
i <aqi+ —J I/
' JZ; e ( wn(Dj)2 )
1 > Al( j 1)
< —J I ) = A"
Be’t z:l (Jé]+1 ( w (Dj)Q )
The lemma follows. O

Second, we choose «; and t;. Let us begin with a rather simple case. Suppose
that g(z) > Adp(x)® for x € D with o > 0. Then

{xreD:g(x)<tyc{xeD:dipx) < (t/A)V}).
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Hence, if D satisfies the CDC, or if D is a John domain,
(4.1) w,(g <t) < AtV fort>0

(Lemma 3.13 and Remark 3.16). In this case, we have the following sharp com-
parison between P(t,z, D) and g(z).

Lemma 4.2. Suppose (4.1) holds. If t > 0, then
A
P(t,z,D) < Wg(x) forz e D.
Proof. Let t > 0 be fixed. Define a; = 277t*/2 and t; = (1 — (j + 1)~ 1)t for j > 1

and typ = 0. Then
b—t —t(l ! )> !
A Y A EE

so that ¢; 1t and
1 & A Aq(tj —tj-1)
LS A g (- Al by
o ; Q1 wy(Dj)?

_ 1L A(G+1)7%
a/2 A j+l,—a/2 o 1
<2t 0y 2" eXp( (A(Q—jta/Q)l/(x)Q)

j=1
> Ap22i/a
=244y 2t ( - 7> }t*a/?
{ + OZ exp FERESIE
7j=1
Hence the required estimate follows from Lemma 4.1. O

Now let us consider the general case when (1.8) holds. We have to choose «;
and t; more carefully.

Lemma 4.3. For each € > 0 there exist positive constants As and As depending
only on cg, n, n and € with the following property: Suppose (1.8) holds. If t > 0,
then

A
P(t,x,D) < Wg(m) forz e D
with m > 0 being chosen so that (1.10) holds.
Proof. Let k = (1 +¢)"/2, a; = exp(—+7) and
A3 _ A1 (H - 1) )
(k+ 1k
Let t > 0 be fixed. Choose m € (0,1) satisfying (1.10). Let k be the positive

integer such that ap < m < ag_1. Define

k+1 J .
t: = K w <a;)? forj>k+1
j A i:zk;l n(g z) J = ,

and t; = 0.
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Since
Qg1 d Qj—1 d —1 .
/ wn(g<5)2_s an(9<aj)2/ T=" & wy(g < o),
o S o S K
J J
it follows from (1.10) and «aj < m that
4l o= (k+ 1Dk it ds
; - Jj N2« AT Y 2772
Jim b= S g <oy < I ST [T g <92
j=k+1 j=k+1 J

[e%% d
Agl/ wn(g<s)2?8 <t.
0

Observe that

1 Ai(ty —tj—1) 1 : ;
_— — — ]_ JY) = —KJ .
-~ exp ( 0 (g < )2 > exp(k (k4 1)k?) = exp(—r’)

Hence Lemma 4.1 (with slight modification) yields P(t,z, D) < A*g(x) for x € D
with

1 = A Aq(t; —t;_ = :
A* = + 0 ex (— 1(J7]21)) =exp(s"T) + D exp(—r).
Ayl it Qj+1 wy(Dj) j=k+1

Since m < ag_1 = exp(—+x*71), it follows that

. o 1 1

exp(r1) = (exp(et ) < — =
so that
1 d : A
*
A< D exp(—n) < —
j=1

The lemma is proved. o

Remark 4.4. We note that the decomposition in Lemma 4.1 does not break the
boundary dD. More precisely, every 0Dj, contains 0D except for a polar set, since
g(z) — 0 as € D tends to a regular boundary point of 9D and since the set of
all irregular boundary points forms a polar set. This is a big difference between
the parabolic and elliptic box arguments.

5. Proof of Theorem 1.9

Let us begin with the following two general lemmas.

Lemma 5.1 (Proof of Theorem 1.2 in [12]). There exists a positive constant A
depending only on ¢y and n such that

p(3t,x,y) < At™"/? P(t,x, D) P(t,y,D) for z,y € D.
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Proof. In view of (1.25), we have p(t,z,y) < prn(t,z,y) < At="/2. Observe that
the heat kernel is symmetric, i.e., p(t,x,y) = p(t,y, ) for z,y € D. Let z,y,z € D.
Then

ptz) = [ plt s wlpltw g do < 402 [ pltwy) do = A7 2P(Ly, D),
D D
so that p(3t,z,y) is bounded by

/p(t,m,z)p(Qt,z,y)dzgAt_”/Q/ p(t,z,z) P(t,y, D) dz
D D

= At™"/? P(t,z, D) P(t,y, D). O
Lemma 5.2. We have .
lepllee < ANY®,

where A depends only on ¢y and n.

Proof. Observe that e *Pyp () is a caloric function with vanishing lateral bound-
ary values, so that

e Plop(z) = /Dp(t,x,y)wp(y) dy < ||p(t,z,-)|l2llepllz = [Ip(t, =, )2

By (1.25) we have

A |J: —y|2
2 qy < a _ /
/ p(t,x,y) y < /n m exp ( 2A 7t ) dy
A

T

(\/E)”/ exp(—24|2)?) dz = At/
RTL

Hence pp(z) < At~"/4erpt, Letting t = 1/Ap and taking the supremum for
r € D, we obtain the lemma. O

We compare now the Green function g(x) and the ground state ¢p(x) near the
boundary. In general, g(x) is majorized by ¢p(z) whenever it exists.

Lemma 5.3. Suppose (1.6) holds. Then
g9(x) < App(x) for z € D\ B(xo,dp(70)/2),

where A > 0 depends only on cz, D and xg.

Proof. By Corollary 1.7 we have the ground state pp € L?(D). Let us invoke
the elliptic comparison principle. Since —Lyp = Appp > 0, it follows that ¢p is
superharmonic in D. Let mg = infg(x076D(x0)/2) wp(z). This is a positive quan-
tity depending on D and zy. On the other hand, g is bounded and harmonic in
D\ B(z,0p(70)/2) and vanishes q.e. on dD, so that the comparison principle
yields

g(z) < i\n/[_(()) ep(x) forx e D\ B(xg,0p(x0)/2)

with MO = SupaB(;Co,(SD(afo)/Q) g. O
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Proof of Theorem 1.9. Combining Lemmas 4.3, 5.1 and 5.3, we obtain
p(3t,z,y) < At™"Pm =20 g(2) g(y) < AtTPm 2 0F) op(2) op(y)

for z,y € D\ B(zo,dp(x0)/2), where m satisfies (1.10). Since pp > A > 0
on a compact subset of D, the same inequality holds for z,y € B(xo,0p(x0)/2).
Replacing ¢t and € by t/3 and £/2, respectively, we obtain

p(t,2,y) < t™"2op(z) pp(y) for z,y € D,

m2+5
which implies (1.9). The opposite inequality p(t,z,y) > Ciep(z)pp(y) holds by
Proposition 2.2. Hence D is IU. The theorem is proved. O

Remark 5.4. The above proof says
g(x) = ¢p(x) for z € D\ B(zo,dp(x0)/2),
where the constant of comparison depends on ¢z, D and zg.
Using Lemma 4.2 instead of Lemma 4.3, we obtain the following estimate of C}.

Proposition 5.5. Let g(x) > Adp(x)* for x € D with o > 0. Suppose, either D
satisfies the CDC, or D is a John domain. Then Cy in (1.2) has an estimate
Ct < At_”/Q_a.

Remark 5.6. With the aid of the log-Sobolev inequality, Ouhabaz and Wang
(Corollary 2.4 (b) in [33]) proved the same estimate of Cy under an assumption
including the Hardy inequality, which is related to the CDC (Theorems 1, 2, and
Proposition 1 in [6]).

6. Elliptic box argument. Proof of Theorem 1.11

Let us state an elliptic counterpart of Lemma 4.1. This is essentially given in the
proof of Theorem 1.3 in [5]. For completeness, and for the comparison with the
parabolic box argument, we provide a proof. Let us begin by recalling an elliptic
counterpart of (1.7). The following lemma is known in the case £ = A. But, for
completeness, we shall provide a proof in the appendix.

Lemma E (Proposition 2 in [1] and Lemma 1 in [2]). Denote by w”(E, D) the
harmonic measure of E in D, evaluated at ©. Let D be an open set, x € D
and R > 0. Then

w*(DNAB(x,R), DN Bz, R)) < As exp ( _ AR )

wy(D)

where positive constants As and Ag depend only on n, c¢g and n > 0.
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Remark 6.1. Compare the exponent 1 of w, (D) in Lemma E and the exponent 2
of wy(D) in (1.7). This difference suggests that IU is a condition much weaker
than the boundary Harnack principle.

Lemma 6.2 (Elliptic box argument). Suppose (1.13) holds. Let K be a compact
set intersecting D and let R > 0. Then

w(DNOK,D\K)<Arg on{xe€ D :dist(z,K)> R},
where Ag > 0 depends on R, K and D.

Proof. For r > 0 we put L(r) = {z € D : dist(z, K) = r} and U(r) = {z € D :
dist(x, K) > r}. Let wo = w(DNOK, D\ K). It is sufficient to show that

(6.1) wo < Arg onU(R).

The dependency of R on Agr has no significance for the GBHP, so we fix x = 2
and apply an argument similar to the proof of Lemma 4.3. We have from (1.13)

e .
Z 2° w,(D;) < oo,
i=0

where D; = {z € D : g(z) < exp(—2%)}. We find a positive integer k such that

oo

R 1= — > 2'w,(D;) <R,

i=k

where Ag > 0 is the constant in Lemma E. Let Rp_1 = 0 and let

3
Rj = Ag ;2 wy(D;)
for j > k. Then R; T Roo < R and
3
(6.2) Rj = Rj-1 = 5~ 27wy (D)
6

for 7 > k. Put
Uj={2z € URj—1):0 < g(z) < exp(—2)},
Tj = {x € U(R;) : exp(—2""") < g(z) < exp(—2)},
sup el AT, T; # 0,
i 9

qj = T

See Figure 5.
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g > exp(—2%) / g = exp(—2¥)

Ty exp(—2"T!) < g < exp(—2¥) g = exp(—2FT1)

Tr+1 .
* g = exp(—2FT?)

Tk+2 .
\/g g = exp(—2"1%)
k+1 |

, |

Rp41 Ry
+2
Ry, v Ry R4

F1GUure 5. Elliptic box argument.

L(Rk) n aU]H,l

By definition, g < exp(2¥*1). Let j > k. Let us invoke the maximum principle
over U;. Observe that
Dn 8UJ C {(E eDn GUJ : g(bL) = exp(72j)} U (L(ijl) n GUJ)
C ijl @] (L(ijl) N GUJ)

The maximum principle yields
wo < ¢qj—19+ w(L(Rj_l) N an, U]) on Uj,
so that

(6.3) q; = sup % < gj—1 +exp(27TY) supw(L(Rj_1) N OU;, U;).

3 j
Let us estimate the harmonic measure on the right-hand side. Let x € T}. Then
B(z,R;j — Rj_1) CU(R;_1) by definition. Hence the maximum principle yields
w(L(R;-1) NOU;,U;) < w(0B(x,R; — Rj_1) NU;,B(z,R; — R;j—1) NUj)
on B(xz,R; — Rj_1)NU;. Evaluating at «, and then applying Lemma E, we obtain
w*(L(R;j—1) NOU;,U;) < w*(0B(z, R; — Rj—1)NU;,B(zx,R; — R;j—1) NUj)

Al Py 1)) < g (- 2ol —Tyoa)y,

< dexp (- =0 wn(D;)

Hence (6.3) becomes

Ag(Rj — Rj—1)

. _9J
By Ra))) g+ apet),

q; < qj—1+ Asexp (Qj (2 -
where the equality follows from (6.2). Hence

oo

qj < exp(2FT) 4 A; Z exp(—27) < oo.
j=k+1
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With A7 > 0 being the right-hand side we have

o0
wo<A7g on T
=k

Since U(R) C {x : g(x) > exp(—2")} UUSZ, T}, it follows that
wo < max{Az,exp(2")}g = A7g on U(R).
Thus (6.1) follows. The lemma is proved. O

Proof of Theorem 1.11. Actually, the first inequality of (1.12) holds for an arbi-
trary domain D. Let K and F' be disjoint compact sets such that 2o ¢ KU F. We
find a ball By = B(x¢,79) such that 0 < ro < min{dp(z¢), dist(xo, K U F)}. Let
y € DN F. By the Harnack inequality we have G(-,y) = G(zo,y) = g(y) on 0By.
Obviously, g < A on 9By. Compare G(+,y)/g(y) and g on D\ By. Since the first is
superharmonic and the second is harmonic, and since both are bounded near 9D,
say in D\ (Bo U B(y,dp(y)/2)), and both vanish q.e. on 9D, it follows from the
maximum principle that

G(’y)
9(y)

>Ag on D\ By,

and, in particular,
G(z,y) > Ag(x)g(y) forzec DNK.

For the second inequality of (1.12) we employ Lemma 6.2. Let dist(K, F) = 3R
and put K; = {z € R” : dist(z, K) < jR} for j = 1,2. Observe that

AK,F) = sup G(z1,22) < 0.
21EDNOK 1, 2206 DNOK

Fix z € D N 0K for a moment. Then the maximum principle yields
G(z,2) < AK, F)w*(DNOKy,D\ 0K;) forxe DNKj.

Hence Lemma 6.2 implies that G(z, z) < Ag(z) forx € DNK. Now fixx € DNK.
Then
sup  G(z,2) < Ag(z),

2€DNIK
so that the maximum principle yields
G(z,y) < Ag(x)wY(DNOKqe, D\ 0Ks2) forye D\ K.
Lemma 6.2 says that
w(DNOKy, D\ 0Ks) < Ag(y) forye DNF,

so that G(z,y) < Ag(x) g(y) as required. O
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7. Sufficient conditions of Orlicz type. Proof of Theorem 1.16

Combining Theorems 1.9 and 1.11, Lemmas 3.9 and 3.10, we obtain the following
corollary.

Corollary 7.1. The following statements hold:

1
(i) If/ Hz e D:g(z) < t}*" % < 00, then D is IU.
0

1
(ii) If/ Hz e D:g(z) <t} % < 00, then D satisfies the GBHP.
0

Let s = log(1/t). Then {x € D: g(x) < t} = {z € D: log(1/g(x)) > s}.
For simplicity we write |{log(1/g) > s}| for the Lebesgue measure of the set in
the right-hand side. By a change of variable, we see that the first assumption of
Corollary 7.1 (i) becomes

(7.1) /000 [{log(1/g) > s}|*/"ds < co.

Proof of Theorem 1.16 (i). Let n = 2. Then (7.1) becomes

/OOO|{10g(1/g) >s}|ds:/ log(1/g) dz < .

{z€D:g(x)<1}
Hence if log (1/g) € L' (D), then D is IU. 0

For the remaining assertions of Theorem 1.16 we need an estimate of ®-integrals.
The next lemma says that there is no harm in assuming that ®(¢) is strictly in-
creasing.

Lemma 7.2. Let ¢(t) be a nondecreasing positive continuous function of t > 0.
Then there exists a strictly increasing positive continuous function ®(t) such that

p(t) < @(t) <2¢(1).

Proof. Observe that

has the required properties. O

In the rest of this section we assume that ®(¢) is strictly increasing and con-
tinuous and let W(t) be its inverse function.

Lemma 7.3. If f is a positive measurable function on D, then

SN v <2 [ e
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Proof. By definition,

G VeI
ZA( (f > t}] da(t) z/w {f > t}] de(t)

> Zl{f > (2 H(@(P(27)) — (¥(27) Z {f > w@)y 2~

This gives the required inequality. O

Proof of Theorem 1.16 (ii) and (iii). (ii) Let n > 3 and suppose ® satisfies (1.16).
Assume that log, (1/g) € L*(D). Observe that

w(27F1)
A | log(1/g) > s} ds = Z / [{log(1/g) > s}/" ds

< Z [{log(1/g) > W(27)}[>/™(V(27+1) — W(27)),
7=0

which is less than or equal to

2

(Zyl{log 1/g)>W(27) }|> " (i 97)2/(2=n)( QJH)_‘II(ZJ.))n/(TH)>17
j=0

by Hélder’s inequality. From Lemma 7.3 with f =log, (1/g) we have

> 27 [{log(1/g) > W(27)}| < 2/D‘1>(10g+(1/9))d$ < 00.

j=0
Since n/(n — 2) > 1, we have
(T(20F1) — \I,(Qj))n/(n—2) < \I,(Qj+1)vl/(n—2) _ \I,(Qj)n/("—2)7

so the second series in (7.2) is less than or equal to

(7.3) Z(Qﬂ')?/@*n) [\I/(2j+1)n/(n72) . W(Qj)n/(n,g)]-
7=0

Observe that

(27 n— (27
/ L)Q” D q,(q,(gm))w@—n)/ 12/(n=2) gy

w(29) o(t) - w(27)

n—2, . . _
— T 2 (9it1)2/@—n) [y (9it1\n/(n=2) _ y(9iyn/(n—2)]
— @) (W(27) (27) ]

Taking the summation for j > 0, we obtain from (1.16) that (7.3) is convergent,
and hence (7.2) is finite. Therefore (7.1) holds, and hence D is IU.
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(iii) The proof is similar. Let n > 2 and suppose ® satisfies (1.17). Put
f =1log,(1/g) and assume that f € L*(D). It suffices to observe that

/w (> s}/ ds
w(1)

(Z2jl{f>\lf (27) }|> (Z (29 )1/ a-m [y 23+1)n/<n_1)7\11(2]')"/(%1)])1—1/”,
7=0
and that

\11(21+1) B
/ t >1/(n 1)dt N 1(2j+1)1/(1*n) [ (27+1)n/(n=1) _ (93 )n/(n=1)]
we) N 2(0) ~n

O

Iflog, (1/g) € LP(D) with p > n/2, then the constant Cy in (1.2) can be easily
estimated.

Proposition 7.4. If log,(1/g) € LP(D) with p > n/2, then C; in (1.2) has
an estimate log(Cy) = O™/ ("=2P)) as t — 0. In particular, if p > n, then
limt_,otlog(ct) =0.

Proof. Observe that

log. 1/l = | " | {log(1/g) > s} ds? < oo.

Let 0 < m < 1 and put M = log(1/m). By Lemmas 3.9 and 3.10,

oo

/m walg <o)’ is = /oo wy(log(1/g) > s})* ds < A/ [{log(1/g) > s}|*/™ ds.
0 M M

If n = 2, then

1-p

/ " | {log(1/g) > s} | ds < M / “J10g(1/g)> s} ds < 1og, (1/g)],
M M

so that we can choose log(1/m) = At'(1=P) in (1.10), and hence log(C;) <
log(Ag/m?+) + Alog(1/t) < At"/("=2P) with n = 2. If n > 3, then the Holder
inequality gives

o0
[ Hog1/g) > sy s
00 2/n 00 1-2/n
< (/ [{log(1/g) > s}|s”_1ds) (/ g2 p=1/(2=n) ds)
M M
< Alllog, (1/g)||77/"prtn=2p)/m,

so that we can choose log(1/m) = At"/("=2P) in (1.10), and hence log(C;) <
log(As/m2Te) + Alog(1/t) < At™/("=2P) ag well. O



INTRINSIC ULTRACONTRACTIVITY VIA CAPACITARY WIDTH 1077

8. Sufficient conditions in terms of quasihyperbolic metric.
Proof of Theorem 1.23

Let us give elementary estimates of some integrals. In view of Lemma 7.2 we may
assume that ®() is a strictly increasing positive function of ¢ > 0 and let ¥(¢) be
its inverse function.

Lemma 8.1. Let ®(t) and V(t) be as above. Then the following inequalities hold:

*dt > dt > dt > dt
8.1 / —§4/ P(t) = and <I>t—§4/ —_—
®.1) o) V(1) 2 0 t2 w(2) ) t2 1 ()

dt 32 [ dt o dt > dt
8.2 / — < —/ ®(t) - and P(t) = < 2/ .
®.2) o) Y()?2 T 3 /s ) t3 w(2) ) t3 o P(t)?

Proof. Let j be an integer. Then

P(27) ®(27) i
/ dt _ 1 / e 22

oi-ny U(t) T W(R(2I7Y) Jppi-y T 2071
2J+1 2i+1 .
dt , it (29
a j A G
/zj 20 2 20 )/21 2

so that
9J+1

B (27)
/ Aty / a(r) 2.
o2i-1) V(1) 2 t

Summing up the above inequality for j > 1, we obtain the first inequality of (8.1).
Similarly, we have

R 1 1 9i-1 Yt
<I>t—<<1>\1/2j+1< - ><4 _<4/ =
Loy 20 <20 (g7~ 5mm) < 5@ <4,
Summing for 7 > 1, we obtain the second inequality of (8.1). We can prove (8.2)
in a similar manner. Details are left to the reader. O

Proof of Theorem 1.23. Let ®(t) and ¥(¢) be as above. We assume that D satisfies
the QHB(®) condition. Observe that (1.20) is equivalent to

0
U(kp(x,20)) < p(0) for all x € D.
op ()
Let us estimate the capacitary width of the set {x € D : g(z) < t}. For simplicity
we write {g(x) < t} for this set; and use the same convention for sets given by
conditions on z. Observe from (1.15) that

{9(x) <t} C {kp(z,20) > Alog(1/1)}
C {0 (kp(z,20)) > U(Alog(1/t))} C {5,3(35) < %}

Hence
A

wyly < 1) = wy({9@) < 1) < Gy
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by Lemma 3.13. Therefore,

dt A dt dt A dt
fyoto <%= gy T Jolo 0T = | st

By the change of variable Alog(1/t) = s we have

A dt A A dt < A
/owAlog(l/t))?‘/ B o /owlog(l/t))ﬁ_/ TTOER

We see from Lemma 8.1 that these integrals converge if (1.22) and (1.21) hold,
respectively. Hence the theorem follows from Theorems 1.9 and 1.11. m

If D satisfies the QHB(«) and the CDC, then the constant Cy in (1.2) can be
easily estimated.

Proposition 8.2. If D satisfies the CDC and the QHB(«) with o < 2, then Cy
in (1.2) has an estimate log(Cy) = O(t*/(@=2)) as t — 0. In particular, if a < 1,
then lim;_,q tlog(Cy) = 0.

Proof. In view of (1.15), the QHB(«), the CDC and Lemma 3.13
wy,(log(1/g) > 8) < wy(kp(-,20) > As) < w,(dp(x) < As™H/*) < As™Ve,

Let 0 < m < 1 and put M = log(1/m). Then

oo

== log(1 2 <A/ e ds =
| wita<sP S = [ Cuntos/g)> o as<af e - g

Mla=2)/a

Hence we can choose log(1/m)=At*/(®=2)in (1.10), so that log(C;) <log(Az/m?**)
+Alog(1/t) < Ape/(a=2), m

9. Domains above the graph of a function. Proof of Theo-
rem 1.26

We assume that f(2’) < —a for some a, 0 < a < 1, and let 2 be the origin. First we
prove Proposition 1.25, providing a relationship between Dy with f € LP(B’(0, R))
and the quasihyperbolic boundary condition.

Proof of Proposition 1.25. Let g = (0,...,0). It is easy to see that

0p(zo) o
L A< Adp(x)TmP/P A
5p(2) + A< Adp(x) +

for z € D with x,, > —a/2. Let € D with a,, < —a/2. Since B(z,dp(x)) C D,
it follows from geometry that

(9.1) kp(w,x9) < Alog

fly') <wm, fory e B'(a,0p(x)).
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Hence

Abp(e) el < [

B'(z',6p(x))

fPay < [y <.
B'(0,R)

so that |z,| < Adp(x)~™/P. Let * = (2/,0) and let v be the line segment

connecting x and z*. Since the distance between z* and B’(0, R) x {1} (the top

of D) is equal to 1, it follows that

dp(z*) > dist(y,0D) = min{ép(z), 1},

so that kp(x,a*) < Adp(z)I=n=P)/P 4 A Tt follows from (9.1) with z* in place
of x that

kp(x,z0) < kp(x,z*) + kp(z*, o) < Adp(x)I~P/P 1 4,
Thus D satisfies the QHB((p + n — 1)/p) condition. O

The above proposition says that if f € LP(B’(0,R)), then Dy is a twisted
LP-domain in the sense of Bass—Burdzy (Definition 2.2 in [12]). Hence, if p >
n —1, then Dy is IU under the additional assumption of the CDC (Theorem A).
It is a hard problem to dispense with the CDC. Let us illustrate the difficulty
in case n > 3. Take an upper semicontinuous function f(z') € LP(B’(0, R)) with
f(2') < —a. Let E' be a countable subset of B/(0, R) with no accumulation points
in B'(0, R) and put

5N —a if.]?/eE/a
f(a') = f(@') ifa’ € B'(0,R)\ E.

Then f is an upper semicontinuous function in L?(B’(0, R)) such that f = f
a.e. in B’(0,R). Since E' x R is a polar set, it follows that Q = {(2/,z,): 2’ €
B'(0,R), f(z') < z, < 1} and Q = {(2/,x,): 2/ € B'(0,R), f(2') < x, < 1}
share many properties such as volume, and yet they have completely different
nature. For instance, O\ Q consists of irregular boundary points of  and the
quasihyperbolic metric kg diverges there.

In order to overcome the difficulty, Bass-Burdzy [12] established their Lem-
ma 2.4. That was our motivation of the previous paper [5], where we proved
an extended Harnack inequality with an exceptional set. Let us state the result
as Theorem 9.2 below, adapted for the present setting. The same result holds
for L-harmonic functions by uniform ellipticity. See also (1.4).

Let us introduce regularized reduced functions, which are closely related to
capacity and capacitary width. See Sections 5.3—7 in [7] for the case £L = A. Let U
be an open set. For F C U and a nonnegative function u on E, we define the
reduced function YRE by

YRE(z) = inf{v(z) : v >0 is superharmonic in U and v > u on E} for z € U.

The lower semicontinuous regularization of YRZ is called the regularized reduced
function or balayage and is denoted by YRE. Tt is known that YRE is a nonneg-
ative superharmonic function, YRZ < YRE on U and the equality sign holds q.e.
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on U. If u is a nonnegative superharmonic function on U, then Uﬁff <wuonU.
By the maximum principle Uﬁff is nondecreasing with respect to U and E. If u is
the constant function 1, then Uﬁ{f (z) is the probability of hitting E before leav-
ing U when the diffusion starts at . Reduced functions and capacity are closely
related. The following lemma is known in case £ = A. But, for completeness, we
shall provide a proof in the appendix.

Lemma F (Lemmas 4.6 and 4.7 in [5]). Let 0 <r < R. If E is a compact subset
of B(z, R), then

c
inf BERRE < C?pB(x,IB(E) .
B(w,r) CapB(e,r)(B(z,7))
Moreover, if E C B(x,r), then

L
CapB(”””ﬁ(E) <A inf B@&RIRF

Capé(a:,R) (B(J),’I")) B(x,r)

where A > 1 depends only on n, ¢z and r/R.
Reduced functions have a lower estimate in terms of Lebesgue measure.

Lemma 9.1. Let 7 > 1. Then

~ E
BlrRP(z) > A % for every Borel set E C B(x,r),

where A depends only on T, ¢, and n.

Proof. In view of (1.4), Lemmas F and 3.8, we have

L
B(x;rr)ﬁ]lg(x) >4 CapB(a:,Tr)(E) ~ CapB(w,Tr)(E) |E| ’
B Capé(aj,rr’) (B(.Z‘, T)) CapB(aﬁ,TT) (B(J), ’I")) o |B(J), T)|

Theorem 9.2 (Theorem 5.5 in [5]). Let Ag > 1 and 7 > 1. Let {B(mj,rj)}jzo be
a chain of balls satisfying the following:

(i) If1 < j < J, then
Aglrj1 <y < Asrja,
B(xj_1,7j-1) N B(xj,r;) includes a ball of radius greater than Ag'r;,

B(xj,7;)\ B(xj_1,7j_1) includes a ball of radius greater than Ag'r;.

(ii) If |i — j| > 2, then B(z;,7r;) N B(xj, 1)) = 0.

Then there exist positive constants g < 1 and Ag > 1 depending only on n,
Asg, and T with the following property: suppose that a closed set E satisfies E N
B(J)J, TJ) = @,

B(xo,Trg)ﬁlEﬂB($07T0) (1,0) < €,

CapB(a:j,’rrj) (E n B(mja Tj))
CapB(xj,‘rrj) (B(‘rja Tj))

<ey forj=1,...,J—1.
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Then

>
~—

(zg

(z0)

whenever h is a positive harmonic function in B(xg,r9)U---U B(xs,75) \ E.

(9.2)

< exp(Ag J) y

>

The intuitive meaning of the theorem is as follows: The Harnack type inequal-
ity (9.2) holds if the exceptional set E has

(i) uniformly small, measured by capacity, intersection with intermediate balls
B(l’j,?"j), 1 < J < J— ]-7
(ii) no intersection with the last ball B(x,7s),

(iii) small intersection with the first ball B(xq, ro) influencing little the value at xq
of the regularized reduced function.
A chain of balls {B(z;, rj)}}]:O satisfying (i) and (ii) of Theorem 9.2 is referred
to as a Harnack simple chain. We can easily construct a Harnack simple chain for
a domain above a graph.

FIGURE 6. A domain above a graph and a Harnack simple chain with exceptional set.

Let 0 < @ < R and let f(2') be an upper semicontinuous function of a’ €
B'(0, R) such that f < —a on B’(0, R). To distinguish a sequence of points and
the component of a point, we write 2™ for the n-th component of a point z in this
paragraph. Consider the domain

D=Dy={z=(a",2") eR": |2/| < R, f(a') <a™ <1}

above the graph of f. Take a point z = (2/,2") € D with 2" < —a/2. Let
0<p<a/4dand 1 <7 < 2. We place a sequence of points z; = (2, 2" + 7pj)
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above the point « = (a/,2™). Observe that
lzi — x| = [i — jlTp.

Hence, if |i — j| > 2, then |z; — xj| > 27p, ie., B(z;,7p) N B(z;,7p) = 0.
We also see that B(z;_1, p)NB(z;, p) contains an open ball with radius (1—7/2)p;
and that B(z;, (1 — 1)p) C B(zj;,p) \ B(zj_1,p). Let J be the integer such that
Tp(J — 1) < |z"| < 7pJ. Then z7; = 2™ + 7pJ satisfies 0 < 27} < 7p < a/2 < 1/2,
so that B'(2', R — |2'|) x (27} — a/2,2"} + a/2) C D. Hence, if |2'| < R — p, then
61)(1’]) > mln{R - |£L'/|,(1/2} > p, SO that {B(Lﬂ,p),B(lL’l,p), cee ,B(vap)} is a
Harnack simple chain such that
(9.3) J < Alz"|/p and B(xy,p) C D.

See Figure 6.
We show that if B(i’zr)Rf(x’T)\D(m) is sufficiently small, Theorem 9.2 is appli-
cable to the Harnack simple chain {B(z, p), B(z1,p),...,B(xs,p)} with p =r/2.

Lemma 9.3. Let a, R, f and D be as above and let 9 be as in Theorem 9.2.
Then there exists a positive constant 1y depending only on ¢y and n such that if
x = (2',2,) € D and if B(”’Qr)ﬁf(i’”\l)(w) < 1o, then

(i) [z <R—p,

CapB(a:j,Tp) (B('ij p) \ D)
CapB(xj,‘rp) (B(mjv p))
where p =1/2.
Proof. Observe that D is included in the cylinder W = B’(0,R) x (—o0,1).
Let p = r/2. An elementary geometrical argument gives
Bz, ) \ W|
|B(z,7)]
with ¢; > 0 depending only on the dimension n. On the other hand, we have from
Lemma 9.1

<gg forj=1,...,J -1,

>c if|2|>R—p

S B(z,7)\D |B(J),’I‘)\W|
B(x,zr)Rl( N (z) > A e )

Hence (i) follows with 79 < Acy. We have
CapB(;c,Tp) (B(J), p) \ D)
Ca‘pB(Jc,Tp) (B(.Z‘, p))

B(a:,ZT)ﬁlB(%T)\D(x) > B(a:,‘rp)ﬁlB(ﬂfvp)\D(m) > A

by the monotonicity of B(”’Q’")ﬁ?(x’r)\D(m) in r and Lemma F. In view of the
geometric nature and translation invariance of capacity, we see that the right-hand
side is greater than or equal to

CapB(a:j,Tp)(B(mja p) \ D)
CaPB(xj 7p) (B(xj, )

for j=1,...,J — 1. Hence (ii) follows with 19 < Aeg. The lemma follows. O
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Lemma 9.4. Let a, R, f and D be as above. Let o(t) be a positive nondecreasing
function of t > 0 and let ®(t) = (tp(t))"~t. Suppose f € L®(B'(0,R)). Then
there exist positive constants n, T < 1, A1g and A1y with the following property:
let 0 <t <T and put s =log(1/t); if v € D and B(x*z’”)ﬁf(x’r)\D(m) < n with

(9.4) r?s o(Ajgrs) > Aiq,
then g(x) > t.

Remark 9.5. The hypothesis of this lemma allows r > dp(x). Hence the usual
Harnack inequality is not enough to prove the lemma.

Proof of Lemma 9.4. Let x € D. First, consider the case when z, > —a/2. Let
V={yeD:y,>—a}. Since V coincides with the Lipschitz domain B’(0, R) x
(—a, 1), the estimate (1.18) is available, and hence, by (1.14),

(9.5) g(z) > Adp(z)”

for some o > 0. Suppose g(z) < t. Then ép(z) < At'/, so that, by the mono-
tonicity of reduced functions,

B(x 45 () R B @200 @\D (1) < Bladat/ ) RB@ 24 \D 1y

Moreover, it ¢ is small, then dp(x) < a/2, so that B(z,dp(x)) touches 9D at z* €
0D N oV with x > —a. It follows from the convexity of V' that B(z,20p(z)) \ D
contains an open ball of radius dp(z)/2 touching B(z,dp(x)) at z*. See Figure 7.
Hence Lemma 9.1 yields
any A~ 1/

(96) B($,4Atl/ )RIB(a:vat )\D(x) 2 m
for some n; > 0, We claim that if r satisfies (9.4), then rs > A > 0 as s — oc.
Suppose, to the contrary, »r = o(1/s). Then we would have

r2sp(Arors) = o(s %) s p(0(1)) = o(s™1) = 0 as s — oo,

a contradiction to (9.4). The claim implies that if ¢ > 0 is small, and if r satis-
fies (9.4), then
r> é — L 2214751/@’
s log(1/t)
so that B(”’z’")ﬁf(x’r)\D(m) > m by (9.6). That is, if B(’C’Q’")ﬁ?(x’r)\D(m) < M,
then g(z) > t. Letting n < 11, we obtain the lemma in case z, > —a/2.

Second, consider the case when z,, < —a/2. Since B(i’zr)f{f(x’T)\D(m) is in-
creasing in r, we may assume 0 < r < a/4. Let 1 < 7 < 2, p = r/2 and
0 < n < o, with 79 as in Lemma 9.3. The lemma says that || < R — p, and hence
{B(z,p),B(x1,p),...,B(zs,p)} is a Harnack simple chain satisfying (9.3) as was
observed before Lemma 9.3. Applying Theorem 9.2, we get g(x) > g(z) exp(—AJ),
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/;cn +r/2
D
T E’
Tn
Yn = f(y/)
a /\/
/ Q\D Ty —1/2

FIGURE 7. B(z,dp(x)) touches 9D at z* € FIGURE 8. |Q \ D| > %Hn_l(E’).
oD NIV.

provided > 0 is sufficiently small. In view of (9.3) and (9.5) with x; in place
of x, we have

07 () > gl exp(-AT) > A exp (— A ) 5 e (- Jnly

T Al()?“
where A9 > 0 is taken so small that Ar® is absorbed in the last term. This is
possible since |z,| > a/2.

Let Q = B'(2/,r/2) x (xn, — /2,2, +1/2) be a cylinder. Since Q C B(x,r), it
follows from Lemma 9.1 and B(Ivzr)ﬁf@”')\D(m) < n that |Q \ D| < An|B(z,r)|.
Let ' ={y' € B'(«/,r/2) : f(y') > x,}. Then a line segment {y'} x (z, —7/2, xy)
of length r/2 lies outside D for 3’ € E’. See Figure 8. Hence

Tp+r/2
[Q\ D =/ dy’/ XQ\p () dyn
B/ (z',r/2) Tp—1/2
Tn r ,
Z/ dy// , XQ\D(y) dyn > Eanl(E )s
’ Typ—1/2

where H,,_1(E’) stands for the (n—1)-dimensional Hausdorff measure of E’. There-

fore ,
§ n—l(E/) SA?’]’I‘”,

so that H,_1(E") < %Hn_l(B’(x',r/Q)), provided 7 is sufficiently small. Hence

H,_1(B'(2',r/2)\E)> 1 H,,_1(B'(z/,r/2)). Since f(y') <z, fory' € B'(z/,r/2)\F',
it follows that

OO>/ (| f(y")I) dy’ Z/ (|z,|) dy' > 27 Hyr (B (2, 7/2)) (|20 ).
B’(0,R) B (x' 1 /2)\E’

Rewriting ® by ¢, we obtain

r |$n| @(lmnD <A
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Now let A;; = 2A/A10 with A being the constant in the right-hand side. If
|z, | > A1prs, then we would have

AlO All

Ajgr?sp(Ajgrs) < 5

and hence 72sp(Ajors) < Aj1/2. This contradicts (9.4). Hence |x,| < Ajors, so
that by (9.7)

g(x) > exp ( - ) = exp(—s) = exp(—log(1/t)) = t.

This completes the proof. O
Lemma 9.6. Let o, ®, a, f, D, andn be as in Lemma 9.4. Ift > 0 is small, then
wy(g <t) < Ar,

where 1 satisfies (9.4) with s = log(1/t).
Proof. Define modified capacitary width by
wy(U) = inf {r>0: B(”:’Qr)ﬁf(x’r)\U(m) >n forallzeU}

for an open set U. Lemma 9.4 can be reformulated as wy ({z € D : g(x) < t}) <r.
It is known that w, and wj are comparable (Proposition 7.4 in [5]). The lemma
follows. O

Proof of Theorem 1.26. By the change of variable s = log(1/t) we see that (1.8)
becomes

(9.8) /000 wy (g < t(s))?ds < oo.

By Theorem 1.9, it is sufficient to show the above inequality. Lemma 9.6 says that
if s =log(1/t) is sufficiently large, say s > sg, then

wy(g < t(s)) < Ap(s) with p(s) = inf{r > 0 : r satisfies (9.4)}.

Let 1/2 < k < 1. We split the interval [sg, 00) into I = {s > sg : p(s) < s7"} and
II'={s>sp:p(s)>s"}. Then

/p(s)2 ds < / 572 ds < 0.
I S0

Suppose s € II. Take r € (s™%, p(s)). By definition, this r does not satisfy (9.4),
so that, by the monotonicity of ¢,

r’s w(A1o 517“) <7r2s p(A1ors) < Aig.
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Letting » — p(s), we obtain

A
2 11

s < —m .
By the change of variable A19s' =% = ¢ we have

oo 00
/p(s)2 ds §/ A11 ds _ A11 / do
I so S @(Alo sl_ﬁ) 1-k ) O-SO(O-)

_ An / B(0)/ 1 do < oo,
1—k Js

where 09 = Ayg sy~ " by (1.23). Thus we obtain (9.8). The proof is complete. O

If f € LP(B’'(0, R)) with p > n — 1, then the constant Cy in (1.2) can be easily
estimated.

Proposition 9.7. If f € LP(B'(0, R)) with p > n—1, then Cy in (1.2) for Dy has
an estimate log(Cy) = Ot +p=1/(n=p=1)) g5t — 0.

Proof. Since t? =®(t) = (to(t))"~!, it follows that ¢(t) =t@P=7+1/("=1) Then (9.4)
can be easily solved, and we can take r = As™/("*P=1_ Hence w,(log(1/g) > s)
< As7P/(mtr=1) Tt 0 < m < 1 and put M = log(1/m). Then

/ wn(log(1/g) > )2 ds SA/ s=2p/(n4p=1) gg_ A TP 1) ) (1)
M M n—p-—1

Hence we can choose log(1/m) = At(+p=D/(n=pr=1) in (1.10), so that log(C;) <
log(Aa/m?Te) + Alog(1/t) < At(ntp=1)/(n=p=1) 0

Remark 9.8. Observe that —oo < (n+p—1)/(n—p—1) < —1forn—1<p < .
So, we do not have lim;_, tlog(Ct) = 0 in this setting.

10. Pasting domains and L®-domains

Let us give a generalization of Theorem 1.26 by pasting finitely many domains.
In view of Proposition 3.17 and Remark 4.4, space localization is not so obvious.
So, we have to clarify the meaning of pasting.

Definition 10.1. We say that two domains D; and Dy are well-pasted if there
are two bounded Lipschitz domains 2 and Q* with the following properties:
let D = D1 U DQ.

(i) D1NDyCcQCQ*CD.

(ii) DNoQ C Q.

(iil) dist(D N o, (D1 N D) U (D No*)) > 0.
See Figure 9.
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Dy

Q

F1GURE 9. Well-pasted domains.

Lemma 10.2. Assume that two domains D1 and Dy are well-pasted. Let D =
D1 U Dy, x9 € D1 N Dy and let gj = Gp,(-,w0) and g = Gp(-,x0). Suppose, for
each t >0, _

P(t,z,D;) < C} gj(z) forz € D,

holds with j = 1,2, where C'tj is a positive constant depending on t and D;j. Then
for each t > 0,
P(t,z,D) < Cyg(x) forze D.

Proof. Let © and Q* be as in Definition 10.1. Let ¢ > 0. By the parabolic
comparison principle for (0,00) x Dy and by assumption, we have

P(t,z,D) < P(t,x, D) + w*(Dy N 0Dy, Dy) < Clgi(x) +w”(DyNODy, Dy)

forz € D;y. Let u = w™(D2NdD1, D1) on Q*ND; and let u =1 on Q*\ Dy. Then u
is a bounded positive superharmonic function on Q* such that « is harmonic in
Q* N Dy and w vanishes q.e. on D1 NIN* C 9D1 \ D2. Let 0 < r < dist(D N 91,
(D1 N Dy) U (DN oQ*)). Apply the elliptic boundary Harnack principle to u
and g with K = D; N 9Q and V = {y € R" : dist(y, K) < r}. Then we have
w?(Da N OD1, Dy) = u(x) < Ag(x) for & € Dy NON. By the elliptic comparison
principle
w*(D2N9oDy,Dy) < Ag(x) foraxe Dy\Q.

See Figure 9. Hence we have
P(t,z,D) < (C} + A)g(x) for x € Dy \ Q.

Replacing D7 by Ds, we obtain the same inequality with C? in place of C} for
x € Dy \ Q. Hence we have

(10.1) P(t,z,D) < (C} 4+ C? + A) g(x) for x € (D1 U Dy)\ Q.
By the parabolic comparison principle for (0, 00) x * we have

P(t,z,D) < P(t,x, Q") +w*(DNIN*, Q") for z € Q*.
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Since 2* is a Lipschitz domain, we have
P(t,z,") < CyGox(x,x0) < Crg(z) for x e Q.

Since dist(D N 0N, D N ON*) > 0, it follows from the elliptic boundary Harnack
principle on * that w”(D N 0NQ*, Q%) < Ag(z) for € Q. Hence

P(t,z,D) < (Cy+ A) g(x) for x € Q,
which, together with (10.1), gives the required inequality with different C. O
Proposition 10.3. Assume that the domains Dy and Dy are well-pasted, and that
Jim wy(D; \ B(0,R)) =0 forj=1,2.

Let g5 = GDj(~,£L'0) with xg € D1 N Dy. If

1
dt
/wn({mEDj:gj(x)<t})27<oo for j=1,2,
0
thenDle UD2 is 1U.

Proof. Since P(t,z,D;) < C,g;(x) for x € D; by Lemma 4.3, it follows from
Lemma 10.2 that
P(t,z,D) < Cig(xz) forxze D

with g = Gp(-,x0). Hence

p(t,x,y) < Arg(x) g(y) for x,y € D.

by Lemma 5.1. Since D7 and D are well-pasted, we have (1.6), so that

g(z) < App(x) forxz € D\ B(xo,dp(x0)/2),
by Lemma 5.3. Since ¢p > A > 0 on B(xg,dp(zo)/2) we have

p(t,r,y) < Ayop(x)pp(y) for z,y € D.

Hence D is IU by Proposition 2.2. O
Definition 10.4. Let ®(¢) be a nondecreasing positive function of ¢ > 0. We say
that D is an L®-domain if there exist finitely many domains D1, ..., Dy such
that

i) D = DyU---U Dy, where D; U ---U D; and D,.; are well-pasted for
7 J+
j=1,...,N—1;

(ii) each D, is represented as D as in Theorem B with f € L®(B'(0, R)) in a
suitable coordinate system.

Combining Theorem 1.26 and Proposition 10.3, we obtain the following.

Theorem 10.5. Assume that ®(t)/t" "1 is nondecreasing and that (1.23) holds.
Then every L*®-domain is IU.
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11. Characterization of IU for an infinite funnel. Proof of
Theorem 1.28

Without loss of generality, we may assume that r(0) = 1. For simplicity we let
dy(z) =r(—z,) — |2'| forzeV.
This is the distance between 2’ and the horizontal slice of OV at height x,,.
Lemma 11.1. Ifz €V and z,, <0, then
(L+ 1)ty (2) < oy () < dy(x).

Proof. The second inequality readily follows from the definition of V. Let us
estimate |z — y| for y € 9V. We have

|yn - :L'n|2]- = 7"(0) > dv(l') if Yn=1,
|y—x| 2 |yn - mn' > (L +1 1dV if yn<1 and |yn - xn' > (L + 1)71dV(1’)’

) Hdy(z
ly'| — |2'| > (L + 1) tdy (x if y, <1 and |y, — zn| < (L + 1) tdy ().

< —

Here, in the third case, we have used dy (y) = r(—yn) — || = 0, and

W' =1 = r(=yn) = (r(=zn) = dv(2)) 2 dv (z) = [r(=yn) = r(—2n)|
L

> dy (z) — Llyn — 0| > (1 - L—_H)dv(x).

Taking the infimum of |y — x| for y € dV, we obtain &y (x) > (L+1)"tdy(z). O

By x(t) we denote the point (0, —t) for ¢ > 0. Let o = z(0) = (0,0). The
quasihyperbolic distance between z(t) and x(7T) is estimated as follows.

Lemma 11.2. Let 0 <t < T. Then

1 r(t) Toar T ar
zlogm < /t ) < kv(x(t),z(T)) < (L+ 1)/t ek

Proof. By symmetry the quasihyperbolic geodesic between z(t) and x(T) is the
line segment connecting these points. By Lemma 11.1 we have

(L4 1)"tr(r) < 8y (z(1)) < r(r).

Take the reciprocal of the above inequality and integrate with respect to 7 €
[t,T]. Then we have the second and third inequalities of the lemma. Since r(7) is
L-Lipschitz, we have r(7) < r(T) + L(T — 1) for 7 < T, so that

Tdr (" a1 r(T)+ LT 1)
/t r(T)Z/t AL =0 L% 1) 2

r(t)

T(T)' O

1
z log
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Lemma 11.3. Let t > 0 and let y € V with y, = —t. Then

by (y,2(t) < (L + 1) log %

Proof. Let « be the line segment connecting z(¢) and y. By Lemma 11.1

ds ds
kv (y, z(t §/7§ L+1 /7
W= e =Y L aGwm

vl s r
@+ | T(t‘;_s —(L+1)1ogﬁ.

By definition 7(t) — |¢'| = dv (y), so that the lemma follows. O

Lemma 11.4. Let T > 0. Ify € V satisfies =T < y, <0 and dy (y) > r(T), then
kv (y,x0) < L* ky (z(T),x0) with L* = max{L(L+ 1),1}.

Proof. Let t = —y,,. Lemmas 11.2 and 11.3 give

r(t)
dv (y)

)
r(T)

kv (y,z(t)) < (L +1)log <(L+1)log < L(L+ Dky (z(T), z(t)).

Hence

kv (y; zo) < kv (y, x(t)) + kv (2(t), z0) < L(L + 1) kv (2(T), x(t)) + kv (x(t), zo)
< L7 (ky (2(T), x(t)) + kv (2(t), 20)) = L™ kv (2(T), z0),

where the last equality holds since the line segment connecting xo and z(T) is a
geodesic. O

Lemma 11.5. Let L* = max{L(L +1),1}. For T > 0 we put

(11.1) “(L+1) / et
5), A

Then wy (kv (-, o) > s) < max{Aexp(—a«a
pendent of T

r(T)} with some A,a,n > 0 inde-

Proof. Let y € V and ky (y, o) > s. First suppose y, > 0. Then

6\/ (:L'o)
v (y)

by the Lipschitz nature of {y € V : y,, > —1}. Hence 6y (y) < Aexp(—as) with
some A, «a > 0 independent of T'. Next suppose y,, < 0. Then

+A

s < kv (y,z0) < Alog

T
kv(y,xo) > s=L"(L+ 1)/0 Tc(i_:) > L* ky(x(T), zo)
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by Lemma 11.2 with ¢ = 0. Hence, either y, < —T or dy(y) < r(T) holds by
Lemma 11.4. In the first case r(T') > r(—yn) > dv(y) > oy (y). So, in any case
dv(y) < r(T). Therefore,

{y eV ikv(y,mo) > s} C{yeV:dv(y) <max{Aexp(—as),r(T)}}
Since V satisfies the CDC, the required estimate follows from Lemma 3.13. O

The next lemma shows that, in Theorem 1.28, (iii) = (iv).
o0 o0
Lemma 11.6. If/ r(t) dt < oo, then/ wy (ky (-, m0) > 5)?ds < oo.
0 0
Proof. In view of Lemma 11.5, we have
/ wy (ky (-, 0) > 5)%ds < / max{ A exp(—as), Ar(T)}* ds
0 0
< A2/ exp(72as)ds+A2/ r(T)? ds,
0 0

where s and T satisfy (11.1). The first integral is convergent; the second integral
is equal to

(L + 1)/ ey L Sy 1)/ r(T)dT < oo
0 r(T) 0
by regarding (11.1) as the change of variable. O

For (ii) = (iii) in Theorem 1.28, we shall employ a scale invariant boundary
Harnack principle. For t > 2 let

_ _ r(t) r(t)
V(t)f{mev. t 5] < &n < t+2L}.
We observe that

p(070) (- s ) v e 50 22 « (- . 1)

and that V() is a Lipschitz domain with uniformly bounded Lipschitz nature. We
have the following scale invariant boundary Harnack principle.

Lemma 11.7. There exists a constant A1 > 1 independent of t > 0 with the
following property: Let S(t) ={x € V : x,, = —t}. If u and v are positive harmonic
functions in V(t) \ {z(t)}, and if u=v =0 on {x € OV : =t —r(t)/(2L) < 2, <
—t+r(t)/(2L)}, then

u(z)/uly) rt)
WSAIQ fOTlﬂ,yGS(t‘i’E)

See Figure 10.
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FIGURE 10. Scale invariant boundary Harnack principle for an infinite funnel.

The next lemma is inspired by Hansen [22].

Lemma 11.8. There exists a positive harmonic function h on V wvanishing on the
boundary OV such that g(x(t))h(x(t)) ~ r(t)>=" fort > 2.

Proof. In this proof, all constants will be independent of ¢. Let ¢ > 2. We claim
’I“(t) ~ 2—n
G (a(t), ot + o )) ~ .
Observe that

.m(t) - :E(tJr %)). = % ~ diam V (¢)

~ dist(e (1), 0V (1) = dist (¢ + 57 ) ). 0V (),

so that

G (a(t), (¢ + %)) > Gy (o), ot + %)) ~ ()"

by uniform ellipticity. Thus the lower estimate of the claim follows. We have the
upper estimate by comparing G and the Green function for the whole space if
n > 3, or the Green function of the complement of a closed disk of radius r(t)
lying outside V if n = 2.

Apply Lemma 11.7 to u = 7(t)""2G(z(t), ) and v = g/g(x(t)). Since

o(o(t+50)) oot 5F)) =1

by the claim and the Harnack inequality, it follows that

r(t)" 2 G(x(t), y) ~ g(y)/g(x(t)),
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or equivalently

~ 2—n @
~ r(t) forallyGS(t—l— 4L)'

By the maximum principle the same comparison holds for y,, < —t — r(¢)/(4L).
Letting y, — —oo, and taking a subsequence, if necessary, we obtain a Martin
kernel

h(z) = lim G(m,y)'
yn——oc  g(y)
such that g(z(t))h(z(t)) ~ r(t)>~™ and h(xo) = 1. Thus this h is a required
positive harmonic function. O

Remark 11.9. We can show that the above limit exists and that it is the unique
Martin kernel corresponding to vy, — —oo with reference point at xg. In fact, if H
is another Martin kernel corresponding to v, — —oo with reference point at z,
then H enjoys the same estimate as h, so that H ~ h on V by Lemma 11.7. Now
we can easily show that H = h on V by Kemper’s technique (see Theorem 1.1
in [23] and Proof of Theorem 3 in [2]). Note that Kemper’s proof of the boundary
Harnack principle for a Lipschitz domain had a gap. However his technique for the
uniqueness of Martin kernel was correct.

The next lemma implies that, in Theorem 1.28, (iv) <= (v).
Lemma 11.10. There are positive constants A, o, B such that
(11.2) A  exp(—aky (z,20)) < g(x) < A exp(—Bky (2, 20))
for x € V\ B(zg, oy (z0)/2).

The proof is elementary but is rather involved. So, we postpone the proof of
the lemma and complete the proof of Theorem 1.28.

Proof of Theorem 1.28. It is well known that IU implies the validity of the Crans-
ton—McConnell inequality for arbitrary domain (Proposition 2.3). Hence (i) = (ii)
holds. In Lemma 11.6 we have shown (iii) = (iv). Corollary 1.15 asserts that
(iv)==(i). Lemma 11.10 gives (iv) <= (v). Let us complete the proof by showing
(ii) = (iii). Let h be the positive harmonic function in Lemma 11.8. Then the
Harnack inequality implies g(z)h(z) ~ r(—2,)>"" for z € Vo = {z = (2/,2,) :
n < —2,dy(x) <27 r(—x,)}. Hence

/‘/G(x,xo)h(m) dx > /VO g(x)h(x) dzx z/ r(—x,)* " dx

Vo
~ [ ()2 ()" dt = - r .
~ /2 (£ "r(t)L dt /2 () dt

If (ii) holds, then the first integral is convergent, and so is the last integral.
Thus (iii) holds. a
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Proof of Corollary 1.30. Let r(t) = (t +3)~!. Let y € V. First suppose that
t = —y, > 0. Observe that oy (y) < (t + 3)7!, or equivalently t + 3 < dy(y) L.
Lemmas 11.1, 11.2 and 11.3 yield

b (320) < by (s 2(8) + by a(t)a0) < (L -+ D log 0+ [

dy (y ()
1 (t+3)° A
< (L +1){ los CranG) 2 p< Svwp

Next suppose y, > 0. Since {y € V:y, > —1} is a Lipschitz domain, it follows
that

A A
kv (y,z9) < Alo + A< + A.
Vi) < Alos 5o HAS S
Thus V satisfies the QHB(2). Obviously, [, 7(t)dt = oo, so that V is not IU by
Theorem 1.28. O

Proof of Corollary 1.31. Let p(s) = slog® s with (n—1)"! < a < 1. Then ¢'(s) =
(logs +a)log® s > 0 for s > 1. Hence r(t) = (t+3) " log™*(t+3) = 1/p(t +3)
is strictly decreasing for ¢ > —2. Let f(z') = —r~!(|2/|) for |2/| < r(—1). Then

V=A@ x,) : 2" € B'(0,7(-1)), x, > f(2)}.

Observe that f(z') < 0 for |2'| < r(0) and
[ s = [ Ha (@ € B, s )] > e
B’(0,r(0)) 0

—/OO H,_1(B'(0,7(t))dt" ! —/OO byt dt"
0 0

where b,,_; is the (n — 1)-dimensional volume of a unit ball in R"~1. The last
integral is convergent by o > (n—1)71. Since 0 < f(2') < 1for r(0) < |2/| < r(-1),
it follows that V is an L™ '-domain. On the other hand, fooo r(t)dt =ocoby a <1,
so that V is not IU by Theorem 1.28. O

Proof of Lemma 11.10. The first inequality of (11.2) is nothing but the first in-
equality of (1.14). The second inequality is non-trivial. The argument of the expo-
nential function of the right-hand side of (11.2) is a negative multiple of kp(z, xo),
whereas that of (1.14) is a positive multiple. Since {z = (¢/,z,) € V : x,, > —2} is
a Lipschitz domain, we can easily show (11.2) for x, > —1. So let us show (11.2)
forx, < —1. Fort>1weletU(t)={x eV iz, <—-t},St)={z eV x,=—t}
and

M#H)= sup (o).
zeU(t)

By the maximum principle M (t) = sup,¢g(;) 9(z) and M (t) is decreasing for ¢ > 1.
We claim that there exists a constant ag € (0, 1) such that

(11.3) M(t+ kr(t) <agM(t) fort>1,
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where x = (2L)~!, with L being the Lipschitz constant of 7(¢). To see this, let us

consider the harmonic measure v, (z) = w*(B’(0,7) x {—t}, B'(0,r) x (—o00, —t))

over the half cylinder B’(0,r) x (—oo, —t). By translation and dilation we have
ve(z) < g for z € B'(0,7) x (—o0, —t — kT)

with 0 < ag < 1 depending only on &, ¢z and n. Since U(t) C B'(0,r(t)) x
(=00, —t), it follows from the maximum principle that

g(x) < M(t)w*(S(t),U(t)) < M(t)vp(x) for x € U(t).

Taking the supremum for « € U(t + xr(t)), we obtain (11.3).
It follows from (11.3) that M (¢) decays exponentially. We claim that

todr 1
11.4 M) <A — —— ) fort>1 with Sy = Llog —.
(11.4) () < desp (= [ 55) fort = 1with = Llog -

To see this, let

" dr M(t)
P(t) = exp ( - ﬁo/o m) and  p(t) = Ok
Tt suffices to show that ¢(t) is bounded for ¢ > 1. Since
/t+m"(t) dr - Ii’l“(t) < /@T(t) B K B l
¢ r(7) = r(t+wr(t)) = r(t) — Ler(t) 1—Lx L’

it follows that

W :exp(—ﬁo/tt+m(t) Tc(l—:)) Zexp(— %) = Qp,

so that (¢t + kr(t)) > aow(t). This, together with (11.3), implies that
M(t+ kr(t))  agM(t)
Pt +wr(t) — aodp(t)

We complete the proof of (11.4) by showing that

(11.5) o(t+ kr(t)) =

= ().

(11.6) o(t) < A fort >1,
where A13 = SUP1 <, <14x1) (7). In fact, let
t" =sup{t >1: (1) < A3 for 1 <7 < t}.

By definition ¢* > 14 sr(1). It is sufficient to show that t* = co. Suppose, to the
contrary, t* < co. Since t — t+ kr(t) is a continuous mapping, it follows from the
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mean value theorem that for each 7 € [1 + wxr(1),t* + sr(t*)] we find ¢ € [1,¢%]
such that ¢; + xr(t1) = 7. Hence (11.5) with #; in place of ¢ gives

@(1) = p(t1 + rr(t1)) < p(t1) < Ass,

so that (1) < Ays for 1 < 7 < t*+ kr(t*), which contradicts the maximality of ¢*.
Hence (11.6) and so (11.4) follow. In view of Lemma 11.2, we have

Bo
L+1

(11.7) g(z(t)) < M(t) < Aexp ( - kv(:c(t),:co)) for t > 1.

Next we claim that

(11.8) gly) < A(%)ﬁlg(m(ﬂ) for y € S(t)

with some (37 > 0. Recall that

V(t):{xEV:—t—%<xn<—t+%}

(see the discussion before Lemma 11.7). Let B = B(x(t), oy ) (x(t))/4) and B* =
B(x(t), 0y ) (2(t))/2). By the Harnack inequality, g ~ g(x(t)) on B*, so it suffices
to show (11.8) for y € S(t)\ B*. By the scale invariant boundary Harnack principle
(Lemma 11.7, slightly modified), we have

9< Agla(t)w(@B,V()\B) on S(t)\ B".

Since V (t) satisfies the CDC, we have a strong barrier s such that £s+(€/5‘2/(t))s <0
and s(y) ~ dy () (y)? with € > 0 and $; > 0 depending only on L, ¢ and n (see

Theorem 3 in [6]). In particular, s/s(z(t)) = 1 on B, so that the maximum
principle implies w(90B,V (t) \ B) < As/s(xz(t)) on V(¢) \ B, and hence

v (y) \* .
m) for y € S(t) \ B*,

as Oy () (y) = dv(y) for y € S(t). Thus we obtain (11.8).
Now the proof is easy. Since oy (y) ~ dy(y) for y € S(¢), it follows from
Lemma 11.3 that

oviy) _ dv(y)
dv(z(t))  r(t)

This, together with (11.7) and (11.8), yields

Bo
L+1

IN

9ly) < Ag(a(t)) - Ag(a(t)(

1
L+1

< exp

by (g, () )

b (a(t),20) — oy (3, 2(1)) < Aexp(—Bhy (y,20))

< _
g(y)_AGXp( 11

for y € S(t) with 8 = (L+1)~*min{fy, 31}. Since t > 1 is arbitrary, we have (11.2)
for x, < —1. The proof is complete. O
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12. Appendix. Proofs of Lemmas D, E and F

In this appendix we prove Lemmas D, E and F. These lemmas were proved in [1]
in the case £L = A. For completeness, we provide complete arguments in the
L-harmonic context. Throughout this appendix, we explicitly write the prefix,
super and subscripts £ in order to clarify the difference between £ and A. Let us
begin with some uniform estimates for the capacity of balls.

Lemma 12.1. Let 0 <t < 1. Define

. Capé(w or)(B(z, tR))
k(t) = inf ’ —
w {Cap‘.é@m( e )

where the infimum is taken over all x € R™, R > 0 and uniformly elliptic opera-
tors L satisfying (1.1). Then k(t) > 0 and lim;_1 (t) = 1.

Proof. Let u be the capacitary potential for B(z,tR) in B(z,2R), i.e
Lu=0 in B(z,2R)\ B(x,tR),
u=1 on B(x,tR),
u=0 on JdB(z,2R),
Capfyom) (B, tR)) = Qpa2mul.
Put v(y) = u(tRy + x). Then
Lv=0 in B(0,2/t)\ B(0,1),
v=1 on B(0,1),
v=0 on 0B(0,2/t),

where £ is a uniform elliptic operator satisfying (1. 1). Let Q@ = B(0,2) \ B(0,1)
and let s be the strong barrier for Q with respect to £, i.c., Ls + (¢/62)s < 0 and

(12.1) Ailég(y)a <s(y) < Adq(y)* fory e Q,

where ¢ > 0, @ > 0 and A > 1 depend only on ¢z and n. See Theorem 3 in [6].
Let us compare 1 — v and s on B(0,3/2) \ B(0,1). Since do(y) = |y[ — 1 for
y € B(0,3/2)\ B(0,1), it follows from (12.1) that

s) = Ail(g 1) = 2014

so that the maximum principle, together with (12.1), yields

for y € 0B(0,3/2).

1 —w(y) < 2%As(y) < 27A%00(y)™ < 204%(|ly| - 1)* for y € B(0,3/2)\ B(0,1).
Rewriting the inequality with u, we obtain

3tR

(12.2)  u(z)>1-— 2%42(% - 1)a for 2 € F( ) \ B(z,tR),
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Let
1

21+1/a g2/
Then 1 < ¢ < 3/2 and 2%A%(c; — 1)i = 1/2. Hence (12.2) yields u > 1/2 on
B(z,c1tR) \ B(x,tR). Since u = 1 on B(z,tR), we have

c1=1+

u > on B(z,c1tR),

|~

which implies that
Capfpom) (B(z, c1tR)) < Qpw2m)24] = 4Qp(s2r)[u] = 4 Capf, o) (B(, tR)).

Let & > 1 be the least integer such that ¢¥¢ > 1. Repeated application of the
above inequality gives

Capé(w,QR) (F(w, R)) < CaPLB(x,zR) (E(w, letR)) <4F Capé(w,QR) (F(m,tR)).
This shows (t) > 4~%. The first assertion of the lemma follows.

For the second assertion we may assume that 2/3 <t < 1. Then (12.2) yields
I
tR
In the same way as above, we have

u > p(t) on B(z,R)
with B(t) = 1 — 3¥A%(1 — t)* since 2/3 <t < 1. If t is close to 1, then B(t) > 0,
so that
Capf(z 2r) (B(w, R)) < Qpa2m[B() " u] = B(1) 7% Capfy o) (B(w, tR)).

Hence

w1 -2 A% (= - 1)a —1-2942(+' — 1) on B(x,R)\ B(x,(R).

CapZ B(z,tR
@)
Capp(z,2r) (B2, R))

Thus lim;_,1 x(¢) = 1. The lemma is proved. O

We recall regularized reduced functions Uf{ff used in Section 9. Note that
regularized reduced functions are taken with respect to £-superharmonic functions.
However, we suppress “L-” to simplify notation.

Proof of Lemma F. Let pup and v be the capacitary measures of E and B(x,r),

B(x,R)ﬁ{E

respectively. Then pp is supported on E, Gg(%R)uE = and ||ug| =

B(x,R)ﬁlﬁ(wm)

Capg(%R)(E); v is supported on dB(z,r), Gg(x,R)z/ = and |lv|| =

Capé(xﬂ) (B(z,7)). In particular, Gg(x,R)z/ <1 on B(z, R) and hence

Capfe ry (B) > /Glé(a:,R)’/d/«LE :/Gg(x,R)/iE dv :/B(x’R)R{E dv

> (_inf B(x’R)f{f> dv = (_inf B(x’R)ﬁ{5> Capg(x,R) (B(z,7)).
B(z,r) B(z,r)
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Thus the first assertion follows. For the second assertion let p = (r + R)/2. We
observe from the Harnack inequality that there are Ajq, A;5 > 1 depending only
on n, r/R and ¢, such that

141_41 < # < Ay for 2 € 0B(z,p) and y € B(z,7),

B(a: R)( )
Apl < Bl R)Rl @ <1 on OB(x, p).

Let z € 0B(x, p). If E C B(x,r), then supp ug C B(x,r), so that

B@RIRE(; / G (22 1) di ()

> A Gham) (2. 0) el = A G, ry(2,0) CapB(e gy (E),

and
A < BERRPED () = / G (2 9) dv(y) < A G, g (2,2) |V
= A14 Gy iy (2, 2) Caph, gy (B(x, 7).
Hence
Ca B(”’R)ﬁE A GL z,2)" L ~
PhmnlB) WG D T s g penRE()
CapB (z.R) (B(z,7)) A5 Ay GB(x R)(Z m)

Since z € OB(z,p) is arbitrary, the second assertion holds with A = A2, A5 by
the maximum principle. O

It is convenient to restate the above lemma in terms of L£-harmonic measure.
By w%(E, D) we denote the £-harmonic measure of E in D evaluated at z. We see
that if F is a compact subset of B(x, R), then

(12.3) we(0B(z,R), B(z,R)\ E) =1 - B@&RRF  on B(z, R).

Strictly speaking, £-harmonic measure is extended by 0 on F, which coincides q.e.
with the right-hand side. Lemma F reads as follows.

Lemma 12.2. Let 0 < r < R. If E is a compact subset of B(x, R), then

Capfe.r)(E
- ipB(x’Iﬁ( ) < sup wg(0B(z,R),B(z,R)\ E).
Capg(u, ) (B(7,7) ~ Blar)

Moreover, if E C B(x,r), then

C E
sup we(0B(z,R), B(z, R)\ E) <1 - A" apB Ii( ) ,
B(z,r) CapB(z R)(B( 7))
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where A > 1 depends only on n, ¢z and r/R; in particular,

Cap” E
sup w (9B (x,2r), B(z,2r) \ B) <1 — Ay f’B“’QQ( L
B(z,r) CapB(aﬁ,Qr) (B(.Z‘, T))

where Ayg > 1 depends only on n and cr.
Let us define capacitary width with respect to £. See Definition 1.2.

Definition 12.3. Let 0 < nn < 1. For an open set D we define the capacitary
width wf;(D) with respect to £ by

Cap5 B(z,r)\ D
pB(Z’%)( (_ J\D) >n forallx € D}.
CapB(m,Qr)(B(m’ T))

If £ is the Laplacian, we simply write wy, (D).

w,f(D) :inf{r >0:

Remark 12.4. Definitions 1.2 and 12.3 are consistent since Capé(xm)(ﬁ(m, ) =
Capg(;c,QT) (B(J)) 7")), and since Cap%(m,Qr)(B('r’ T)\D) < Cap%(m,Qr)(E(l‘a T)\D) <
Capg(%QT)(B(:E,T’) \ D) for 0 < r < 7’. Definition 12.3 has an advantage that

E = B(xz,r)\ D is a compact set, so that we can consider the £-harmonic measure
we(0B(x,2r), B(z,2r) \ E) in the classical sense. In case E is not compact, we
consider wg (0B(x, 2r), B(x,2r)\ E) in the extended sense, i.e., the right-hand side
of (12.3).
Remark 12.5. In view of (1.4), we have

Wy /2 (D) < wf;(D) and wf;/c% (D) < wy(D).

We shall see in Lemma 12.8 below that the constant 7 is not so important; a
different 7 gives a comparable capacitary width.

Applying Lemma 12.2 repeatedly, we obtain the following.

Lemma 12.6. Let D be an open set with wf;(D) < 00. Supposex € D and R > 0.
If k is a positive integer such that R — kaf;(D) > 0, then

sup we(DNOB(x,R),DNB(x,R) < (1 — Aygn)*.
DNB(z,R—2kwk (D))

Proof. For simplicity we let

Q- we(DNOB(z,R), DN B(x,R)) on DN B(x, R),
o on B(x,R)\ D.

Then  is an L-subharmonic function in B(x, R) with 0 < Q < 1. Let w§ (D) <
p < oo. It is sufficient to show that if R — 2kp > 0, then

(12.4) sup Q< (1—Adn)".
B(xz,R—2kp)
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Let us prove this inequality by induction on k. Since it trivially holds for & = 0, we
assume that & > 1 and (12.4) holds for k — 1. In view of the maximum principle,
it suffices to show that

(12.5) sup Q< (1- Ak
DNdB(xz,R—2kp)

By definition there exists r, wﬁ(D) < r < p, such that

Ca’pg(yﬂr) (F(y, T) \ D)
Cap‘é(y,Qr) (B(ya ’I"))

Take an arbitrary point y € DN OB(z, R — 2kp). In view of Lemma 12.2 with
E = B(y,r) \ D, we have

w%(0B(y,2r), B(y,2r) N D) < w%(dB(y,2r), B(y,2r) \ E) <1 — Afﬁln.

>n for every y € D.

Since dB(y,2r) C B(x, R — 2(k — 1)p), it follows from the maximum principle
and (12.4) with k£ — 1 in place of k that

Q< (1-An)* twe(9B(y, 2r), B(y,2r) N D)
in B(y,2r) N D. Evaluating at y, we obtain
Qy) < (1 - Agn)".
Since y € DNOB(x, R—2kp) is arbitrary, we have (12.5). The lemma is proved. O

Theorem 12.7 (Proposition 2 in [1] and Lemma 1 in [2]). Let D be an open set,
x €D and R > 0. Then

A6R )
wi(D)/’

where positive constants As and Ag depend only on n, ¢, and 7.

Proof. Let Q = we(D NIB(z, R),D N B(x, R)). Since 0 < O < 1, the required
inequality trivially holds with As = 1 in case w5 (D) = co. So, we may assume

that w§ (D) < oo. Let k be the integer such that kaﬁ(D) <R<2(k+ l)wﬁ(D)
Then Lemma 12.6 gives

w(DNOB(x, R), DN B(z, R)) < A exp ( -

1
Qz) < Q- A7tk =e <fklo 7>
(x) <( 16M) Xp g 1_ Afeln
R 1
<o~ (ot~ 1) on ),
2w (D) 1— A
which implies the required inequality with

1 1
D E—— and Aﬁ = —1Og7_1. O
1_A1677 2 1—A1677

Lemma 12.8 (Proposition 2 in [1]). Let 0 <n <n' < 1. Then

wg(D) < wg, (D) < Awf, (D)  for every open set D,

1
As

where A > 1 depends only onn, ', n, and c..
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Proof. By definition the first inequality is obvious. Let us prove the second in-
equality. In view of Lemma 12.1, we find an integer N > 2 depending only on n
and ¢, such that

Capé(wﬁﬂ’,) (F(J), (1 - N_l
Capé(w,QR) (B(z, R))

) |

(12.6)

uniformly for z € R” and R > 0. We may assume that wf](D) < o0. Take an

integer k > 2 so large that (1 — A;4n)* < 1—+/i’. We apply Lemma 12.6 to z € D
and R = 2Nkp, where we write p = w,f(D) for simplicity. We have

sup we(DNAB(z, R),DN B(x,R)) < (1 —An)® <1—+/n.
DNB(x,R—2kp)

Let E = B(x, R)\ D. Then the maximum principle yields
we(0B(x,2R), B(z,2R) \ E) <wg(DNoB(z,R),DN B(x,R)) on DN B(z,R),
so that

we(0B(x,2R), B(x,2R) \ E) <1— /1 on B(x, R — 2kp),

where we use the convention wg(0B(z,2R), B(z,2R) \ E) = 0 on E. Hence, the
first assertion of Lemma 12.2 with R — 2kp and 2R in place of r and R gives

- Capf,.om) (E) <1
Capé(m,ZR) (B(.Z" R - 2kp)) B ’

so that

CapF E
; apB(_a:,QR)( ) > /7.
CapB(m,QR) (B(.Z‘, R — 2kp))
Multiplying the inequality and (12.6), we obtain
CaPLB(x,zR) (E)
Capg(zQR) (B(z, R))
£(D) < R

as R —2kp = (1 — N"Y)R. Since z € D is arbitrary, we have wy =
2Nkp =2N kwg (D), which implies the required inequality. O
O

>,

Proof of Lemma E. Combine Remark 12.5, Lemma 12.8 and Theorem 12.7.

Theorem 12.9 (Theorem 1 in [1]). There exists a constant A > 1 depending only
on ce, n and n such that

(12.7) A"l (D)? < sup/ Gp(w,y)dy < Awy (D)
zeD JD

for every open set D with Green function G%,.
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Proof. In view of the monotonicity of the Green function and the monotone con-
vergence theorem, we may assume that D is a bounded open set. Let

v= / G5 (- y) dy.
D

Since D is bounded, we have ||v]o < co. First, let us prove the second inequality
of (12.7). We may assume that wf](D) < 00. By definition we find r, wf](D) <

r< wa;(D), such that

Cap%(m,Qr)(E(m’ T) \ D)
Capg(m,Qr) (F T, T))

For a moment we fix € D and let B = B(z,r), B* = B(z,2r), and E = B\ D
for simplicity. Then Cap’.(E)/ Cap’s.(B) > 7. In view of Lemma 12.2 we have

>mn forevery z € D.

(12.8) wi(DNIB*, DN B*) <wi(dB*, B\ E) < 1— Aln,

where A1 > 1 depends only on n and c,. Let
uw= [ G.(,y)dy and vk :/ G5 (- y) dy
B* K

for a compact subset K C D. It is easy to see that vxg — u is L-subharmonic in
DN B* and vg =0 g.e. on dD. Hence the maximum principle yields

v — U < vk |leowe(DNOB*, DN B*) on DN B,
so that
v (2) < ul(x) + ||vi |l wi (D NOB*, DN BY)
< u(x) + [[uklloo (1 — Afgm) < Ar? + [Jox oo (1 — Agg )

by (12.8), and by an easy estimate u(z) < Ar? with A depending only on n and c..
Taking the supremum with respect to x € D, we obtain

[vklloo < AAgn 'r? <4A Aygn~'wi (D).

n

Letting K 1T D, we obtain vx 1 v by the monotone convergence theorem, and
hence, the second inequality of (12.7).

Second, let us prove the first inequality of (12.7). Let x € D and R > 0 to be
determined later. This time, we let B = B(z, R), B* = B(z,2R) and E = B\ D
for simplicity. We shall compare v and the Green potential

U:/ G5(-y)dy.
B
Observe that

(12.9) U<AR? onB; U>Ai7R* on B(x,R/2),
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with A and A;7 depending only on ¢z and n. We may assume that [|v]|. < oc.
Choose R > 0 such that

(12.10) A7 R* =2||v]| .
Observe that U — v is £-harmonic in DN B. By the maximum principle and (12.9)
U—-v< Stépru[;(aE,B\E) = st};pU~ (1 —we(DNOB,B\ E))
<AR*(1-w,(0B*,B*\ E)) on DN B,
since (DN B) C (BNID)U(DNOB) C EUOB, and since U = 0 on B. Taking

the infimum over B(z, R/2), we obtain from Lemma 12.2 that
Capf. (E)
Capf- (B(z, R/2))

_inf Uf||v|\oo§AR2(1f sup c%(@B*,B*\E))ﬁAR?
B(z,R/2) B(z,R/2)

Hence, by (12.9) and (12.10),

AR TR g Copi(B)
2 Capf. (B(x, R/2))

Dividing by AR?, we obtain

Capk. (E) oA
Capf. (B(x, R/2)) ~ 24°

so that, by Lemma 12.1,

Cov.(B) __ Capfo(B)  Cavh.(Blw.R/2) _ Arrr(1/2)
Capg.(B(z,R))  Capp.(B(w,R/2)) Capp.(B(z,R) — 24
Thus
Capg-(B(x, )\D) _ , ., Airk(1/2)
Capl. (B(e. ) =1 V=T

Since x € D is arbitrary, we have wﬁ, (D) < R and so wf;(D) < AR by Lemma 12.8.

Hence wf;(D)2 < Aljv]|so by (12.10). The proof is complete. O

Proof of Lemma D. Combine Remark 12.5, Lemma 12.8 and Theorem 12.9. O
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