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Towards Oka—Cartan theory for algebras of
holomorphic functions on coverings of Stein
manifolds. II

Alexander Brudnyi and Damir Kinzebulatov

Abstract. We establish basic results of complex function theory within
certain algebras of holomorphic functions on coverings of Stein manifolds
(such as algebras of Bohr’s holomorphic almost periodic functions on tube
domains or algebras of all fibrewise bounded holomorphic functions aris-
ing, e.g., in the corona problem for H*°). In particular, in this context
we obtain results on holomorphic extension from complex submanifolds,
properties of divisors, corona-type theorems, holomorphic analogues of the
Peter—Weyl approximation theorem, Hartogs-type theorems, characteriza-
tions of uniqueness sets, etc. Our proofs are based on analogues of Cartan
theorems A and B for coherent-type sheaves on maximal ideal spaces of
these algebras proved in Part I.

1. Introduction

In 1930-1950, methods of sheaf theory radically transformed the theory of holomor-
phic functions of several variables which led to solution of a number of fundamen-
tal and long standing problems including problems of holomorphic interpolation,
Cousin problems, the Levi problem on characterization of domains of holomor-
phy, etc. Since then the theory started to play a foundational and unifying role in
modern mathematics, with implications for analytic geometry, automorphic forms,
Banach algebras, etc. Further development of the theory was motivated, in part,
by the problems requiring to study properties of holomorphic functions satisfying
additional restrictions (such as uniform boundedness along certain subsets of their
domains or certain growth ‘at infinity’). In particular, the principal question arose
whether the fundamental problems of the function theory of several complex vari-
ables can be solved within a proper subclass of the algebra O(X) of holomorphic
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functions on a Stein manifold X. In the present paper we address this question
for subalgebras of O(X) subject to the following definition.

Definition 1.1. A holomorphic function f defined on a regular covering p: X — X
of a connected complex manifold Xy with a deck transformation group G is called
a holomorphic a-function if

(1) f is bounded on subsets p~1(Up), Uy € Xo, and

(2) for each z € X the function G 3 g — f(g - x) belongs to a fixed closed
unital subalgebra a := a(G) of the algebra £ (G) of bounded complex functions
on G (with pointwise multiplication and sup-norm) that is invariant with respect
to the action of G on a by right translations:

uea, geG = Ryuc€a,

where Ry(u)(h) := u(hg), h € G.
We endow the subalgebra O4(X) C O(X) of holomorphic a-functions with the
Fréchet topology of uniform convergence on subsets p~1(Uy), Uy € Xo.

The model examples of algebras Oq(X) are:

(1) Bohr’s holomorphic almost periodic functions on a tube domain 7" C C",
see Example 1.2 below;

(2) all fibrewise bounded holomorphic functions on X, see Example 1.4 (1)
below. (If Xy is a compact complex manifold, then this algebra coincides with
algebra H>°(X) of bounded holomorphic functions on X).

See Section 3 for other examples.

In [15] we derived analogues of Cartan’s theorems A and B for coherent-type
sheaves on the fibrewise compactification ¢, X of the covering X of a Stein ma-
nifold Xy, a topological space having certain features of a complex manifold (see
Section 2 for details). This allows us to transfer in a systematic manner most
of the significant results of the classical theory of holomorphic functions on Stein
manifolds to holomorphic functions in algebras Oq(X). In particular, in the present
paper we establish:

¢ results on holomorphic interpolation within algebra Oq(X) over complex

a-submanifolds (i.e., complex submanifolds of X determined by holomor-
phic a-functions) (Subsection 2.2),

e tubular neighbourhood theorem for complex a-submanifolds (Subsection 2.2),
¢ properties of holomorphic line a-bundles and their divisors (Subsection 2.3),
e characterization of uniqueness sets for functions in Oq(X) (Subsection 2.4),

e Leray integral representation formulas and Hartogs theorems for functions
in O4(X) (Subsection 2.5),

¢ holomorphic Peter—Weyl theorems for O4(X) (Subsection 2.5),

e Cartan’s theorems A and B for coherent-type sheaves on complex a-subma-
nifolds (Subsection 5.4),
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¢ Dolbeault isomorphisms on complex a-submanifolds (Subsection 5.5),
e corona theorems for algebras O, (X) (Subsection 5.6).

Note that the classical proof of Cartan theorems A and B on complex manifolds
does not work in our case, in particular, because of absence of the Oka coherence
lemma, and since the fibre G4 of the covering cq X — X being an arbitrary com-
pact Hausdorff space does not admit open covers by contractible sets as required
for the proof of the classical Cartan lemma. Instead, we develop a new approach
to the proof of Cartan theorems A and B, where we use some results from [42]
and [41].

Example 1.2 (Holomorphic almost periodic functions). The theory of almost
periodic functions was created in the 1920s by H. Bohr and nowadays is widely
used in various areas of mathematics including number theory, harmonic analysis,
differential equations (e.g., KdV equation), etc.

Let us recall the S. Bochner (equivalent) definition of almost periodicity: a
function f € O(T) on a tube domain T = R™ +iQ C C", Q@ C R" is open
and convex, is called holomorphic almost periodic if the family of its translates
{z = f(z+5), 2z € T}sern is relatively compact in the topology of uniform
convergence on tube subdomains 77 = R™ + i/, Q' € Q. The principal result
of Bohr’s theory (see [2]) is the approximation theorem which states that every
holomorphic almost periodic function is the uniform limit (on tube subdomains T’
of T') of exponential polynomials

m
(1.1) Z chei<z’)"“>, ze€T, ¢, e€C, M\ €R",
k=1

where (-, ;) is the Hermitian inner product on C™.

The classical approach to study of holomorphic almost periodic functions ex-
ploits the fact that 7' is the trivial bundle with base 2 and fibre R" (e.g., as in
the characterization of almost periodic functions in terms of their Jessen functions
defined on Q, see [51], [43], [38], [48], [20], [52] and references therein). In our
approach, we consider T" as a regular covering p: T — T (:= p (T') C C™) with the
deck transformation group Z"™, where p (z) := (eizl, o eiz"), z=(z1,...,2n) €T
(if n = 1, then this is a complex strip covering an annulus in C), and obtain:

Theorem 1.3. A function f € O(T) is almost periodic if and only if f € Oap(T).

(Here AP = AP(Z™) is the algebra of von Neumann’s almost periodic functions
on group Z", see definition in Example 3.1(2) below.) This result enables us to
regard holomorphic almost periodic functions on T as:

(a) holomorphic sections of a certain holomorphic Banach vector bundle on Tp;

(b) holomorphic-like functions on the fibrewise Bohr compactification c4pT" of
the covering p: T'— Tp.

As a result, we can apply the methods of multidimensional complex function
theory (in particular, analytic sheaf theory and Banach-valued complex analysis)



1170 A. BRUDNYI AND D. KINZEBULATOV

to study holomorphic almost periodic functions. In particular, even in this classical
setting, we obtain new results on holomorphic almost periodic interpolation, recov-
ery of almost periodicity of a holomorphic function from that for its trace to a real
periodic hypersurface, etc. We also show that some results known for holomorphic
almost periodic functions are, in fact, valid for a general algebra O4(X).

It is interesting to note that already in his monograph [2], H. Bohr uses equally
often the aforementioned “trivial fibre bundle” and “regular covering” points of
view on a complex strip. We mention also that the Bohr compactification of a tube
domain R™ + i) in the form bR"™ + i€), where bR" is the Bohr compactification of
group R™, was used earlier in [18], [19], [31].

Example 1.4. (1) By definition, every Oq(X) C Oy () (X); here G is the deck
transformation group of covering p: X — Xj.

Algebra Oy (¢)(X) arises, e.g., in study of holomorphic L2-functions on cov-
erings of pseudoconvex manifolds [32], [6], [9], [40], Caratheodory hyperbolicity
(the Liouville property) of X [45], [44], corona-type problems for bounded holo-
morphic functions on X [5]. Earlier, some methods similar to those developed in
the present paper were elaborated for algebra Oy () (X) in [5]-[8], [10] in con-
nection with corona-type problems for some subalgebras of bounded holomorphic
functions on coverings of bordered Riemann surfaces, Hartogs-type theorems, inte-
gral representation of holomorphic functions of slow growth on coverings of Stein
manifolds, etc.

A confirmation of potential productivity of the sheaf-theoretic approach to
corona problem for H* comes from the recent papers [11], [12] on Banach-valued
holomorphic functions on the unit disk D C C having relatively compact images.

(2) Let a := ¢(G) C loo(G) (with card G = 00) be the subalgebra of bounded
complex functions on G that admit continuous extensions to the one-point com-
pactification of G. Then O.(X) consists of holomorphic functions that have fibre-
wise limits at ‘infinity’.

For other examples of algebras a and O4(X) see Subsections 3.1 and 3.2.

In the formulation of our main results we use the following definitions.

Assume that d is a path metric on X defined by the pullback to X of a (smooth)
hermitian metric on Xj.

A function f € C(X) is called a continuous a-function if it is bounded and
uniformly continuous with respect to metric d on subsets p~1(Up), Uy € Xo, and
is such that for each € X the function G > g — f(g - x) belongs to a.

We denote by Cq(X) the algebra of continuous a-functions on X. It is easily
seen that Cy(X) does not depend on the choice of the hermitian metric on X, and
Ca(X)NO(X) = 04(X).

If Dy € X is a subdomain, we set D := p~(Dy) C X and define Cy(D) to be
the subalgebra of complex functions f on D (the closure of D) that are bounded
and uniformly continuous with respect to path metric d and such that for each
x € Dy functions G' > g — f(g - x) belong to a.

Let £(By, Bz) denote the space of bounded linear operators B; — B between
complex Banach spaces By and Bs.
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2. Main results

2.1. Analogues of Cartan theorems A and B

Our approach is based on analogues of the Cartan theorems A and B for coherent-
type sheaves on the fibrewise compactification ¢, X of covering p: X — Xy. We
briefly describe its construction postponing details till Section 5 (see also [15]).

Let M, denote the maximal ideal space of algebra a, i.e., the space of all
characters a — C endowed with weak™* topology (of a*). The space M, is compact
Hausdorff and every element f of a determines a function f € C(M,) by the
formula

f(n) = n(f)’ n € M,.

Since algebra a is uniform (i.e., || f2|| = || f]|*) and hence is semi-simple, the homo-
morphism " : a — C(M,) (called the Gelfand transform) is an isometric embedding
(see, e.g., [27]). We have a continuous map j = j, : G — M, defined by associat-
ing to each point in G its point evaluation homomorphism in M,. This map is an
injection if and only if algebra a separates points of G.

Let G4 denote the closure of (@) in M, (also a compact Hausdorff space).
If algebra a is self-adjoint with respect to complex conjugation, then a = C'(M,)
and hence G = M,. In a standard way the action of group G on itself by right
multiplication determines the right action of G' on M, so that G is invariant with
respect to this action.

Definition 2.1. The fibrewise compactification p : caX — Xo is defined to be the
fibre bundle with fibre G, associated to the regular covering p: X — Xy (regarded
as a principal bundle with fibre G).

There exists a continuous map
(2.1) t=1tg: X — X

induced by the equivariant map j. Clearly, ¢(X) is dense in ¢, X. If a separates
points of G, then ¢ is an injection.

Definition 2.2. A function f € C(cqX) is called holomorphic if its pullback .* f
is holomorphic on X. The algebra of functions holomorphic on ¢4 X is denoted
by O(cqX).

For a subalgebra a C /o (G) we have a monomorphism Oq(X) < O(cqaX) (see
Proposition 5.1 below) which is an isomorphism if a is self-adjoint (in this case we
can work with algebra O(c,X) instead of O4(X)). See [15] for the description of
the complex-analytic structure on ¢, X .
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Analogously to Definition 2.2, we define holomorphic functions on open subsets
of cqX and thus obtain the structure sheaf O := O, x of germs of holomorphic
functions on ¢, X. Now, a coherent sheaf A on ¢, X is a sheaf of modules over O
such that every point in ¢, X has a neighbourhood U over which, for every N > 1,
there is a free resolution of A of length N, i.e., an exact sequence of sheaves of
modules of the form

(here ¢;, 0 < i < N — 1, are homomorphisms of sheaves of modules). If X = X

and p = Id, then this definition gives the classical definition of a coherent sheaf on
a complex manifold Xj.

Let X be a Stein manifold, A a coherent sheaf on ¢, X.

Theorem 2.3 ([15]). Each stalk A (x € ¢qX) is generated by global sections of A
over ¢ X as an ;O-module ( “Cartan-type Theorem A”).

Theorem 2.4 ([15]). Cech cohomology groups H'(caX,A) = 0 for all i > 1
(“Cartan-type Theorem B”).

The collection of open subsets of X of the form V = .=} (U), where U C ¢, X
is open, determines a topology on X, denoted by 7T,, which is Hausdorfl if and
only if a separates points of G. (A basis of T, consists of interiors of sublevel sets
of functions in Cq(X).) If algebra a is self-adjoint, we define spaces of continuous
and holomorphic a-functions on V = ~1(U) € T, by

(2.3) Co(V) :=0"C(U), OuV):=10(U).

Thus, if V = X, U = ¢, X, we obtain algebras Cy (X ), Oq(X) as defined in Section 1
and Definition 1.1 (for holomorphic functions this is proved in Proposition 2.3 (2)
of [15]; for continuous functions the argument is similar to the one in the proof of
the latter proposition).

For subsets V, W € T, we denote

Ou(V,W) := {f e C(V,W): f*h € Oq(V) for all h € Ou(W)}.
In Subsections 2.2, 2.3 and 2.4 we assume that algebra a is self-adjoint.

2.2. Complex a-submanifolds and their properties

We now formulate the results on complex submanifolds determined by holomorphic
a-functions, the corresponding tubular neighbourhood theorem, and the result on
interpolation within Oq4(X). We will need:

Definition 2.5. An open cover V of X is said to be of class (7) if it is the pullback
by ¢ of an open cover of ¢, X (e.g., V = p~1(Vy), where Vy is an open cover of Xj
is of class (7q)).
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It is easy to see that any open cover of X by sets in 75 is a subcover of an open
cover of X of class (7q).

Definition 2.6. A closed subset Z C X is called a complex a-submanifold of
codimension k < n := dimg¢ X if there exists an open cover V of X of class (7,)
such that for each V' € V the closure of p(V) is compact and contained in a

coordinate chart on Xy and either V' N Z = () or there are functions hy,...,hy €
Oq(V) that satisty:
(1) ZnV={zeV : hi(z) =+ = hy(z) =0};

(2) the maximum of moduli of determinants of all k& x k submatrices of the
Jacobian matrix of the map z + (hi(z),..., hy(z)) with respect to local
coordinates on V pulled back from a coordinate chart on X, containing the
closure of p (V) is uniformly bounded away from zero on ZNV.

Some examples of complex a-submanifolds are given in Subsection 3.4 below.
We have analogues of Cartan-type theorems 2.3 and 2.4 on complex a-subma-
nifolds, see Subsection 5.3 and Theorems 5.11, 5.12 below.

Theorem 2.7 (Characterization of complex a-submanifolds). Suppose that X
is a Stein manifold. Then a closed subset Z C X is a complex a-submanifold
of codimension k < n if and only if there exist an at most countable collection
of globally defined functions f; € Oq(X), i € I, and an open cover V of X of
class (Tq) such that

(i) Z={zeX: fi(x)=0 for allic I},

(ii) for each V- € V the closure p (V) is compact and contained in a coordinate
chart on Xo, and either V.0 Z = () or there are functions fi,,... fi, such
that ZNV ={zx eV : fi, = = fi, =0} and the mazimum of moduli
of determinants of all k x k submatrices of the Jacobian matriz of the map
T (fi1 (@), ..., fiy (x)) with respect to local coordinates on V' pulled back
from a coordinate chart on Xo containing the closure of p (V') is uniformly
bounded away from zero on Z NV.

We prove Theorem 2.7 in Section 9.

Definition 2.8. A function f € O(Z) on a complex a-submanifold Z C X is
called a holomorphic a-function if it admits an extension to a function in Cq(X).

The subalgebra of holomorphic a-functions on Z is denoted by O4(Z2).
Alternatively, subalgebra O4(Z) can be defined in terms of a-currents, see Sub-
section 4.1.

We have the following analogue of the classical tubular neighbourhood theorem:
Theorem 2.9. Let X, be a Stein manifold, Z C X be a complex a-submanifold.

Then there exist an open in topology Tq neighbourhood Q@ C X of Z and a family
of maps hy € Oq(, Q) continuously depending on t € [0,1] such that

helz =1dy forall te[0,1], ho=1Idg and hi(Q)=Z.
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Theorem 2.9 gives a linear extension operator hj : Oq(Z) — Oq(2), f — hif.

Using Theorem 2.4 we prove the following interpolation result.

Theorem 2.10. Suppose X is a Stein manifold, Z C X is a complexr a-subma-
nifold, and f € Oq(Z). Then there is F € Oq(X) such that F|z = f.

We prove Theorems 2.9 and 2.10 in Section 9.

Example 2.11. Suppose that Z;, Zo C T := R* +iQ C C" (where Q C R"
is open and convex) are non-intersecting smooth complex hypersurfaces that are
periodic, possibly with different periods, with respect to the usual action of R™
on T by translations. Suppose also that the Euclidean distance dist(Z;, Z2) > 0.
Let f1 € O(Zy), f2 € O(Z2) be holomorphic functions periodic with respect to
these periods. The union Z; U Z5 is a complex almost periodic submanifold of T
in the sense of Definition 2.6 (cf. Example 1.2), and so by Theorem 2.10 there is a
holomorphic almost periodic function F' € O4p(T) such that F|z, = f;, i =1,2.

2.3. Holomorphic line a-bundles and their divisors
This subsection describes our results on a-divisors.

Let Z C X be a complex submanifold. Recall that a continuous line bundle L
on Z is given by an open cover {U,} of Z and nowhere zero functions dng €
C(Uq NUg) (where dop =1 if Uy, N U = @) satistying the 1-cocycle conditions:

(2.4) Vo, B dag =dg, on UsNUs,
(2.5) Va,B,7 dapdpydye =1 on U,NUgNU, # @.

If all dop € O(Uy NUg), then L is called a holomorphic line bundle.

In a standard way one defines continuous and holomorphic line bundles mor-
phisms (see, e.g., [37]). The categories of continuous and holomorphic line bundles
on Z are denoted by £°(Z) and £(Z), respectively.

An effective (Cartier) divisor E on Z is given by an open cover {U,} of Z and
not identically zero on open subsets of U, functions f, € O(U,) such that

(2.6) Va,8 fo=dapfs on U, NUg for some dog € O(U,NUg,C\ {0}).

Clearly, holomorphic 1-cocycle {dn3} determines a holomorphic line bundle de-
noted by Lg.

The collection of effective divisors on Z is denoted by Div(Z).

Divisors E = {(Ua, fa)} and E' = {(V3, gs)} in Div(Z) are said to be equivalent
(in Div(Z)) if there exists a refinement {1V, } of both covers {U,} and {V3} and
nowhere zero functions p, € O(W,) such that

(2.7) falw, =py - gslw, for W, C Uy N Vp.
If divisors E, E' are equivalent, then their line bundles Lz, Ly are isomorphic.

Now, let Z C X be either a complex a-submanifold or X itself.
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Definition 2.12. An open cover of Z is said to be of class (7;) if it is the pullback
by ¢ of an open cover of the closure of ¢(Z) in ¢ X (cf. Definition 2.5).

Definition 2.13. A continuous line bundle L on Z is called an a-bundle if, in its
definition (see (2.4) and (2.5)),

(1) {Ua} is of class (Ta),
(2) Vo, B dag € Ca(Ua NUg).
If all dog € Oq(Ua NUg), then L is called a holomorphic line a-bundle.

The categories of continuous and holomorphic line a-bundles on Z are denoted
by L$(Z) and L4(Z), respectively.

Definition 2.14. A divisor E € Div(Z) is called an effective a-divisor if, in its
definition (see (2.6)),

(1) {Ua} is of class (Ta),
(2) Va fo € Oq(U,),
(3) VYo, 8 fo =dapfs on Uy NUg for some dog € Oq(U, NUB).

The collection of a-divisors is denoted by Div,(Z).
By the definition the line bundle Lg of an a-divisor E is a holomorphic line
a-bundle.

Definition 2.15. a-divisors E = {(Ua, fo)} and E' = {(V3,g3)} are said to be
a-equivalent if, in the above definition of equivalence in Div(Z) (see (2.7)),

(1) {W,} is of class (7a),
(2) ¥ py, p1 € Oa(W5).

If divisors E and E’ are a-equivalent, then their line bundles Lg and Lg/ are
isomorphic in L£4(Z).

For some algebras a (e.g., algebras of holomorphic almost periodic functions,
see Example 1.2 and Subsection 3.2) a-divisors can be equivalently defined in terms
of their currents of integration, see Subsection 4.3.

The basic example of an a-divisor is divisor Ey of a function f € Oq4(Z), called
an a-principal divisor. There are, however, divisors in Div,(Z) that are not a-
principal (see Subsection 3.4 (4)); because the Cech cohomology group H?(.(Z), 7Z),
where +(Z) is the closure of «(Z) in ¢, X, whose elements measure deviations of
a-divisors on X from being a-principal is in general non-trivial (see the proof of
Theorem 2.20 for details). This naturally leads to the following question, first
considered in [21] in the case of holomorphic almost periodic functions:

Suppose that X is Stein and H*(Z,7) = 0. Does there exist a class of functions
Cq C Op=(2), loo := Lo(G), such that for each function from &, its divisor is
equivalent (in Divy__(Z)) to a diwvisor in Dive(Z), and conversely, every divisor in
Divqe(Z) is equivalent to a principal divisor determined by a function in €4 %
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IfZ=X={2e€C:a<Im(z) <b} and a = AP(Z) (see Example 1.2), then
it was established in [21] that the class

Cup = {f € O(Z) : |f| € CAP(Z)}

satisfies this property. (The proof in [21] uses some properties of almost periodic
currents.) In Proposition 2.19 we extend this result to a-divisors defined on certain
one-dimensional complex manifolds Z. In turn, the results in [19] show that for
the algebra of holomorphic almost periodic functions O4p(Z) on a tube domain
Z C C™ with n > 1 (see Example 1.2) the functions in €4p determine only a
proper subclass of almost periodic (i.e., AP-) divisors and provide a complete
description of this subclass. Using our sheaf-theoretic approach we extend this
result in Theorem 2.18 and Proposition 2.19 below.
To formulate the results we require:

Definition 2.16. A line bundle L € £,(Z) is called a-semi-trivial if there exists an
isomorphism ¢ in category Ly (Z) of L onto the trivial line bundle Lo € Ly (Z)
such that [1|? := ¥ ®1) is an isomorphism in category L£5(Z) of L® L onto Lo® Ly.

(Here L is the bundle defined by complex conjugation of fibres of L.)
This definition is related to the question raised above via the following result
(where we do not assume that Xy is Stein).

Theorem 2.17. If the line bundle Lg of an a-divisor E is a-semi-trivial, then E
is Uoo-equivalent to divisor Ey € Div(Z) of a function f € O(Z) with |f| € Co(Z).
Suppose that a is such that G is a compact topological group and j(G) C Ga
s a dense subgroup. Then for Z = X the converse holds:
If E € Divg(X) is loo-equivalent to Ey € Div(X) with |f| € Co(X), then Lg
is a-semi-trivial.

The second statement of the theorem is valid, e.g., for a = AP(G), the algebra
of von Neumann almost periodic functions on the deck transformation group G,
see Example 3.1 (2) below. In this case Gq := bG, the Bohr compactification of G.

Now, we characterize the class of a-semi-trivial holomorphic line a-bundles.

Theorem 2.18. Suppose X is a Stein manifold. A line bundle L € L4(Z) is
a-semi-trivial if and only if

(1) L is isomorphic in category Lq(Z) to a discrete line a-bundle L' (i.e., a
bundle determined by a locally constant cocycle), and

(2) L’ is trivial in the category of discrete line bundles on Z.

The argument in the proof of Theorem 2.18 implies that if the line bundle Lg of
an a-divisor F satisfies condition (1) only, then the current of integration associated
with E (see Subsection 4.3) coincides with % d8logh, where h is a nonnegative
continuous plurisubharmonic a-function on Z.
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Proposition 2.19. Suppose X is a Stein manifold and Z C X is one-dimensio-
nal. Then for a line bundle L € L4(Z) condition (1) of Theorem 2.18 is satisfied.
If also HY(Z,C) = 0, then condition (2) is satisfied as well.

In particular, conditions (1) and (2) of Theorem 2.18 are satisfied if Z = X is
the universal covering of a non-compact Riemann surface Xy and a C £ (71'1(X0))
is a self-adjoint closed subalgebra.

The second Cousin problem for algebra Oq(X) asks about conditions for a
divisor in Divy(X) to be a-principal. Our next result provides some sufficient
conditions for its solvability.

Theorem 2.20. Let X be a Stein manifold and E € Divy(X). If Xo is homotopy
equivalent to an open subset Yy C Xg such that the restriction of E toY := p~1(Yp)
s a-equivalent to an a-principal divisor, then E is a-equivalent to an a-principal
divisor as well.

In particular, the above conditions are satisfied if a is such that Gaisa compact
topological group and j(G) C Ga is a dense subgroup, and supp(E)NY = &; here
supp(FE) is the union of zero loci of holomorphic functions determining E.

For the algebra of Bohr’s holomorphic almost periodic functions with X and Y
being tube domains and a = AP(Z") (see Example 1.2) this theorem is due to [21]
(n =1) and [18] (n > 1). The proof in [21] uses Arakelyan’s theorem and gives
an explicit construction of a holomorphic almost periodic function that determines
the principal divisor. Similarly to [18] our proof of Theorem 2.20 is sheaf-theoretic.

The proofs of Theorems 2.17, 2.18, 2.20 and Proposition 2.19 are given in
Section 10.

2.4. Uniqueness sets for holomorphic a-functions

A classical result by H. Bohr states that if a holomorphic function f on a complex
strip T := {z € C : Im(2) € (a,b)}, bounded on closed substrips, is continuous
almost periodic on a horizontal line R+ic, ¢ € (a,b), then f is holomorphic almost
periodic on T'. In this subsection we extend this result to algebras Oq(X).

The regular covering p: X — X is a principal fibre bundle over X, with
structure group G, hence, for a cover {Up} of Xy by open simply connected
subsets there exists a locally constant cocycle {c¢sy : Uy, N Ups — G} such that
the covering p: X — Xy is obtained from the disjoint union U,Uy, x G by the
identification

(2.8) Ups xG>(x,9) ~ (x,9-cs54(x)) € Upy x G forall x € Uy, NUgg,

where projection p is induced by the projections Uy 5 x G — Uy 4 (see, e.g., [37]).
Local inverses ¢, : p~1(Up ) — Uy~ X G to the identification map form a system
of biholomorphic trivializations of the covering. For a given subset S C G denote

IL, (Uo,y, 5) = w;l(UO,w x S).
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Now, let Uy C Xy be an open simply connected set contained in some Up .,
Zy C Uy be a uniqueness set for holomorphic functions in O(Xy), and subsets
L C K C G be such that the closure of j(L) in G, is contained in the interior of
the closure of j(K) in Gy (see Subsection 2.1 for notation) and U™, L - g; = G for
some ¢i,...,9m € G.

Consider Z C X such that

p Y (Zy) N1, (U, K) C Z.

(In particular, we can take L = K := G and Z := p~1(Z).)
We define Cy(Z) := Co(X)| 2.

Theorem 2.21. If f € Oy ()(X) and f|z € Coa(Z), then f € Oa(X).
We prove Theorem 2.21 in Section 11.

Remark 2.22. (1) As an example of the uniqueness set Zy in Theorem 2.21
we can take any real hypersurface in Xy or, more generally, a set of the form
{z € Xo:p1(x) =--- = pg(x) = 0}, where p1,..., pg are real-valued differentiable
functions on Xy and 9p1(zo) A -+ A 9pa(zo) # 0 for some xg € Zy (see, e.g., [3]).

(2) In the settings of the classical Bohr theorem the choice of the objects in
Theorem 2.21 can be specified (recall that if a = AP(QG), then Gy is a compact
topological group, cf. Example 3.3(2) in [15]):

Proposition 2.23. Suppose that a is such that Gais a compact topological group
and j(G) C G4 is a dense subgroup. Given K C G the following conditions are
equivalent:

(a) There exist g1,...,g9m € G such that J;-, K - g; = G;
(b) The closure of j(K) in Gq has a nonempty interior;
(¢) There exists a subset L C K satisfying conditions of Theorem 2.21.

The proof of Proposition 2.23 is given in Section 11.

Thus, for such algebras a one can take as the set K in Theorem 2.21, e.g., any
nonempty subset of the form {g € G : |f(g)| < 1, f € a}. For instance, in Bohr’s
result the line R 4 ic can be replaced with a set S + K, where S @ T is an infinite
set (hence, it is a uniqueness set for O(T)) and K := {n € Z : |E(n)| < 1} # 0,
where F is a univariate exponential polynomial of form (1.1).

2.5. Leray, Hartogs and Peter—Weil-type theorems for algebras O,(X)
In this subsection we do not assume that algebra a is self-adjoint.

1. The following discussion suggests an alternative approach to study of O4(X).
Namely, we have an equivalent presentation of functions in O4(X) as holomorphic
sections of a holomorphic Banach vector bundle p : C, Xy — X associated to the
principal fibre bundle p: X — X and having fibre a defined as follows.
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The regular covering p: X — X is a principal fibre bundle with structure
group G (see Subsection 2.4). Then p : CyXo — Xp is a holomorphic Banach
vector bundle associated to p: X — Xy and having fibre a obtained from the
disjoint union U, Uy 4 X a by the identification

(2.9) Ups xa>d (x, f) ~ (:E,Rch(x)(f)) € Upyxa forallxzeUy,NUys.

The projection p is induced by projections Up , x a — Up .

Let O(CyXp) be the space of holomorphic sections of CyXo. This is a Fréchet
algebra with respect to the usual pointwise operations and the topology of uniform
convergence on compact subsets of Xj.

Proposition 2.24. O,(X) =2 O(CyXy).

We give proof of Proposition 2.24 in Section 12.
Using Proposition 2.24 we obtain the following result on extension within the
class of holomorphic a-functions.

Proposition 2.25. Let My be a closed complex submanifold of a Stein manifold
Xo, M :=p~Y(My) C X, Dy € Xg is Levi strictly pseudoconvex (see, e.g., [34]),
D = p~Y(Dy), and f € Ou(M N D) is bounded. Then there exists a bounded
function F € Oq(D) such that F|pap = flynp-

Indeed, subalgebra O, (M) is isomorphic to the algebra O(Cy X )|z, of holomor-
phic sections of bundle Cy X over My. Since X is Stein, there exist holomorphic
Banach vector bundles p; : 1 — X and ps : EFs — X having complex Banach
spaces By and Bs as their fibres, respectively, such that Fy = E1®C, X, (the Whit-
ney sum) and Fs is holomorphically trivial, i.e., Fy = Xy X Ba (see, e.g., [55]).
Thus, any holomorphic section of Fy can be naturally identified with a Bs-valued
holomorphic function on Xy. By ¢ : Es — CyXg and i : CyXg — E> we denote
the corresponding quotient and embedding homomorphisms of the bundles so that
qoi = Id. (Similar identifications hold for the bundle CqDy.) Given a function
f € O(CaXo)|m, consider its image f := i(f), a Ba-valued holomorphic function
on My, and apply to it the integral representation formula from [35] asserting the
existence of a bounded function F € O(Dg, Bs) such that F|y,np, = flaenDe-
Finally, we define F := q(F).

In fact, this method allows to obtain similar extension results for holomorphic
functions on X whose restrictions to each fibre belong to some Banach space, and
are possibly unbounded, see [8].

In view of Proposition 2.25, it is natural to ask to what extent Theorems 2.3,
2.4 and 2.10 depend on the assumption that the subalgebra a is self-adjoint.

2. Next, we show that the classical Leray integral representation formula can
be extended to work within subalgebra Oy (X).

For a given 2z € X by a, we denote the subalgebra of functions h : p~1(z) — C
such that for all z € p~!(2) functions G > g — h(g - z) are in a, endowed with
sup-norm. Clearly, a, is isometrically isomorphic to a.
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Let
Dy @ Xy be a subdomain and D := p_l(Do).

We denote B
Aq(D) := Cq(D) N Oy(D)

(see Section 1 for definitions). This is a Banach space with respect to sup-norm.

Theorem 2.26. Let Xy be a Stein manifold and Dy, D be as above. There is a
family of bounded linear operators L, : a, — Aq(D), z € Dgy, holomorphic in z and
such that

(1) L.(h)(x) = h(z) for all h € a,, x € p~1(2);
(2) sup.ep, [[ L=l < oo

We prove Theorem 2.26 in Section 12.

Now, let us recall the classical Leray integral representation formula. For £, n €
C" we define (n,&) := >}, n;&; and

w(§) :=d& N NdEy,

n

W'(n) == Z(fl)kflnkdm A ANdng—1 Adnggr A A dny,.
k=1

For a domain Dy € C" we set Q := Dy x C". Fix z € Dy and define a
hypersurface P, C @ by

P, = {(7)75) € Q:<7)7£7'Z> :0}

Let h, be a 2n — 1-dimensional cycle in @ \ P. whose projection to Dy is
homologous to dDy.

Leray integral representation formula (see, e.g., [35]). For any function f €
O(Do),

(2.10) f@y—mlﬂA‘ﬂggﬁiﬁﬂQ

(2mi)" (n,&—2)m
Interpreting z +— L.(f|,-1(»)), 2 € Do, f € Oq(D), in Theorem 2.26 as an
Aq(D)-valued holomorphic function on Dy and using the fact that representa-

tion (2.10) is valid for Banach-valued holomorphic functions (because the integral
kernel in this formula is continuous and bounded on h,) we obtain:

Theorem 2.27 (Leray-type integral representation formula). Let Xo C C™ be a
Stein domain and Dy € Xo be a subdomain. Then for any function f € Oq(D),

_(n=1)! w'(n) Aw(§) 1
(211)  f(z) = @i /h Lf(f|p*1(f))(m)w’ for all x € p=(2).

A similar formula for functions in O,__ (D) was first established in [8].
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3. Similarly to [7], we obtain the following Hartogs-type theorem.

Theorem 2.28. Suppose n := dimcXg > 2. Let Dy € Xy be a subdomain with a
connected piecewise C* boundary 0Dy contained in a Stein open submanifold of Xo
and D := p~Y(Dy). Assume that f € Co(0D) satisfies the tangential Cauchy—
Riemann equations on 0D, i.e., for any smooth (n,n — 2)-form w on X having

compact support,
/ fOw=0.
aD

Then there exists a function F € Oq(D) N C (D) such that Flop = f.

The proof of Theorem 2.28 is given in Section 12.

In particular, Theorem 2.28 implies that if n > 2, then each continuous almost
periodic function on the boundary 907 = R™ 41052 of a tube domain T' := R"+i{) C
C", where 2 € R™ is a domain with piecewise-smooth boundary 0f2, satisfying the
tangential Cauchy-Riemann equations on 97", admits a continuous extension to a
holomorphic almost periodic function in O4p(T) N C(T).

4. Now, we extend Bohr’s approximation theorem for holomorphic almost
periodic functions (see Section 1) to an arbitrary subalgebra Oq(X).
Let a, (¢ € T) be a collection of closed subspaces of a such that

(1) a, are invariant with respect to the action of G on a by right translates (i.e.,
if f € a,, then Ry(f) € a, for all g € G),

(2) the family {a, : ¢ € I'} forms a direct system ordered by inclusion, and
(3) the linear space ag := (J,¢; a, is dense in a.

The model examples of subspaces a, are given in Subsection 3.5 below.

Let O,(X) be the space of holomorphic functions f € O4(X) such that for
every x € X functions

g flg-z), g€G,
belong to a,. Let Oy(X) be C-linear hull of spaces O,(X) with ¢ varying over I.

Theorem 2.29. If X is a Stein manifold, then Oy(X) is dense in Oq(X).

We prove Theorem 2.29 in Section 12.
If a = AP(G) (see Subsections 3.1(2) and 3.2), then this theorem may be
viewed as a holomorphic analogue of the Peter—Weyl approximation theorem.

3. Examples

3.1. Examples of subalgebras a

In addition to ¢ (G), ¢(G) and AP(Z"™) (cf. Section 1), we list the following
examples of self-adjoint subalgebras of £ (G) separating points of G and invariant
with respect to the action of G by right translations.
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(1) If group G is residually finite (respectively, residually nilpotent), i.e., for
any element t € G, t # e, there exists a normal subgroup G; Z t such that G/G,
is finite (respectively, nilpotent), we consider the closed algebra loo(G) C loo(G)
generated by pullbacks to G of algebras - (G/G;) for all G; as above.

(2) Recall that a (continuous) bounded function f on a (topological) group G
is called almost periodic if the families of its left and right translates

{t= f(st)}sea, {t—= f(ts)}sec

are relatively compact in £o (G) (J. von Neumann [47]). (It was proved in [46] that
the relative compactness of either the left or the right family of translates already
gives the almost periodicity on G.) The algebra of almost periodic functions on G
is denoted by AP(G).

The basic examples of almost periodic functions on G are given by the matrix
elements of the finite-dimensional irreducible unitary representations of G.

Recall that group G is called maximally almost periodic if its finite-dimensional
irreducible unitary representations separate points. Equivalently, G is maximally
almost periodic iff it admits a monomorphism into a compact topological group.

Any residually finite group belongs to this class. In particular, Z™, finite groups,
free groups, finitely generated nilpotent groups, pure braid groups, fundamental
groups of three dimensional manifolds are maximally almost periodic.

We denote by APy(G) C AP(G) the space of functions

m

(3.1) t— chafj(t), ted, ceC, o= (Ufj),
k=1

where 0% (1 < k < m) are finite-dimensional irreducible unitary representations
of G. The von Neumann approximation theorem [47] states that APy(G) is dense
in AP(G).

In particular, the algebra AP(Z") of almost periodic functions on Z™ contains
as a dense subset the subalgebra of exponential polynomials ¢ — >/ | cpetPet)
teZ", A\, € R", m € N. Here (\g, ) denotes the linear functional defined by .

(3) The algebra APgy(Z™) of almost periodic functions on Z" with rational
spectra. This is the subalgebra of AP(Z") generated over C by functions ¢ +— e**?
with A € Q™.

(4) If group G is finitely generated then, in addition to the subalgebra ¢(G) C
(G) of functions having limits at ‘infinity’, we can define a subalgebra cg(G) C
(@) of functions having limits at ‘infinity’ along each ‘path’.

To make this definition precise, we will need the notion of the end compacti-
fication of a connected and locally connected topological space T' that admits an
exhaustion by compact subsets K;, ¢« € N, whose interiors cover 7. Recall that
the set of ends F = Ep of space T is the inverse limit of an inverse system of
discrete spaces {mo(T \ K;)}, where mo(T \ K;) is the set of connected compo-
nents of 7'\ K;, and each inclusion T\ K; C T \ K;, i < j, induces projection
70(T \ K;) — mo(T \ K;). The end compactification Tr of T is a compact space

oo
oo
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defined as the disjoint union 7T'LI E7 endowed with the weakest topology containing
all open subsets of T and all open neighbourhoods of the ends: an open neighbour-
hood of an end e = {e; € mo(T' \ K;), i € N} is a subset V' C T'U Ep such that
VN Epr and V NT are open in the corresponding topologies and e; C V NT for
some i € N, see [23].

Now, suppose that group G is finitely generated. By G we denote the end
compactification of the Cayley graph Cg of G. Identifying naturally G with the
vertex set of Cq we define the subalgebra cg(G) C £ (G) of functions admitting
continuous extensions to G . For example, if G = Z, then E = {40}, and cg(Z)
consists of functions Z — C having limits at 4oco.

(5) For a finitely generated group G, let SAP(G) C ¢+ (G) denote the min-
imal subalgebra containing AP(G) and cp(G). Elements of SAP(G) are called
semi-almost periodic functions (this is a variant of definition in [49] for G = R),
see Example 3.3 below.

(6) Let N be an infinite subgroup of G and N\G be the set of (right) conjugacy
classes. For a given class N € N\G endowed with the discrete topology by ¢(Nx)
we denote the subalgebra of bounded functions Nz — C that admit extensions to
the one-point compactification of Nz. Let ¢y (G) C lo(G) denote the subalgebra
consisting of functions h such that

h|nz € ¢(Nx) for each Nz € N\G.

(Thus, h has limits ‘at infinity’” along each conjugacy class.)
Every function h € ¢x(G) can be viewed as a bounded function on N\G with
values in Banach algebra ¢(NV), i.e.,

h € loo(N\G, ¢(N)).

Instead of o (N\G, ¢(IN)) we may consider other Banach algebras of ¢(N)-valued
functions on N\G, e.g., ¢(N\G, ¢(N)), thus obtaining other subalgebras of £ (G)
satisfying assumptions of Section 1.

3.2. Holomorphic almost periodic functions on coverings of complex
manifolds

In [15] we defined holomorphic almost periodic functions on a regular covering
X — Xp as elements of algebra O4p(X) (see Subsection 3.1(2) for the defi-
nition of algebra AP = AP(G)). Equivalently, a function f € O(X) is called
holomorphic almost periodic if each G-orbit in X has a neighbourhood U that is
invariant with respect to the (left) action of G, such that the family of translates
{z— f(9-2),2 € U}yec is relatively compact in the topology of uniform conver-
gence on U (see [13] for the proof of the equivalence).

This is a variant of definition in [54], where G is taken to be the group of all
biholomorphic automorphisms of a complex manifold X (see also [53]).

For instance, if Xy is a non-compact Riemann surface and p: X — X is a
regular covering with a maximally almost periodic deck transformation group G,
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then functions in Oap(X) arise, e.g., as linear combinations over C of matrix
entries of fundamental solutions of certain linear differential equations on X (see
Subsection 4.4 (2) for details).

We say that the covering p: X — X has the Og4-Liouville property if Oq(X)
does not contain non-constant bounded functions.

Recall that a complex manifold Xy is called wltraliouville if there are no non-
constant bounded continuous plurisubharmonic functions on X, (e.g., connected
compact complex manifolds and their Zariski open subsets are ultraliouville).

According to [44], if X is ultraliouville and G is virtually nilpotent (i.e., con-
tains a nilpotent subgroup of finite index), then X has the O,__-Liouville property.
For holomorphic almost periodic functions on X this result can be strengthened,
see Theorem 2.3 in [13]:

Let p: X — Xg be a regqular covering of an ultraliouville complex manifold X .
Then:

(1) X has the O sp-Liouville property.

(2) Letn > 2, Dy € Xo be a subdomain with a connected piecewise smooth bound-
ary ODg contained in a Stein open submanifold of Xo, and D := p~*(Dy).
Then X \ D has O gp-Liouville property.

For instance, consider the universal covering p: D — C\ {0, 1} of doubly punc-
tured complex plane (here the deck transformation group is free group with two
generators). Although there are plenty of non-constant bounded holomorphic func-
tions on D, all bounded holomorphic almost periodic functions on D corresponding
to this covering are constant because C \ {0, 1} is ultraliouville.

For other properties of algebra O4p(X) see Subsection 4.3 below.

3.3. Holomorphic semi-almost periodic functions

Suppose that group G is finitely generated. Elements of algebra Ogap(X) (see Ex-
ample 3.1(5)) are called holomorphic semi-almost periodic functions. By Theo-
rem 2.29, the algebra Ogap(X) is generated by subalgebras Op(X) (see Exam-
ple 3.2) and O, (X) (see Example 3.1(4)). In the case T — Ty is a complex strip
covering an annulus Ty (see Example 1.2), algebra Ogap(T) is related to the sub-
algebra of Hardy algebra H*°(D) of bounded holomorphic functions on the unit
disk D C C generated by functions whose moduli have only the first-kind boundary
discontinuities (see [14]).

3.4. Examples of complex a-submanifolds

We assume that the subalgebra a is self-adjoint.
(1) If Zy C X is a complex submanifold of codimension k, then Z := p~1(Zy) C
X is a complex a-submanifold of codimension k.

(2) The disjoint union of a finite collection of complex a-submanifolds Z; of X
separated by functions in Cq(X) (i.e., for each i there is f € Cq(X) such that
f=1onZ; and f =0 on Z; for j # i) is a complex a-submanifold.
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(3) Let Zy = {z € Xo : fi(zx) = --- = fr(z) = 0} for some f; € O(Xp)
(1 <i < k) be a complex submanifold of X of codimension k. Set Z := p~!(Zy).
Further, for an open subset X{) € X and functions hq,...,h; € Oq(X) we define
X' :=p YX]), § := sup, .y maxi<i<i |hi(z)], and

Zn = {2 € X 15" fu(a) + hal@) = -+ = p*fula) + huo) = O},

Using the inverse function theorem with continuous dependence on parameter
(Theorem 6.2), it is not difficult to see that Z, is a complex a-submanifold of X’
provided that § > 0 is sufficiently small.

(4) A complex a-submanifold of X is called cylindrical if each open set V' in Def-
inition 2.6 has form V = p~1(Vy) for some open Vy C Xy (i.e., it is determined by
holomorphic a-functions on preimages by p of open subsets of Xy). If all complex
a-submanifolds of X were cylindrical, a much weaker version of Theorem 2.3 would
have sufficed for the proof of the interpolation theorem for Oq(X) (Theorem 2.10).
However, non-cylindrical a-submanifolds do exist: in [13] we constructed a non-
cylindrical a-hypersurface in X in the case a = AP(Z) (see Subsection 3.2) and
p: X — Xp is a regular covering of a Riemann surface Xy with deck transformation
group Z. We assumed that X has finite type and is a relatively compact subdo-
main of a larger (non-compact) Riemann surface X, whose fundamental group
satisfies m (Xo) 2 m1(Xo) (e.g., the covering of Example 1.2 with n = 1, i.e., a
complex strip covering an annulus, is a regular covering of this form).

Let us briefly describe this construction.

The covering X of X admits an injective holomorphic map into a holomorphic
fibre bundle over Xy having fibre (C*)2, C* := C \ {0}, defined as follows. First,
note that the regular covering p: X — X, admits presentation as a principal fibre
bundle with fibre Z, see (2.8). We choose two characters x1, x2: Z — S = R/(27Z)
such that the homomorphism (x1,x2) : Z — T? = S! x St is an embedding with
dense image. Consider the fibre bundle br>X over X, with fibre T? associated
with the principal fibre bundle p: X — X via the homomorphism (x1, x2). The
bundle by2 X is embedded into a holomorphic fibre bundle b(c+)2 X with fibre (C*)?
associated with the composite of the embedding homomorphism T? < (C*)? and
(x1,x2). Now, the covering X of Xy admits an injective C°° map into brzX
with dense image and the composite of this map with the embedding of br2X
into b(c+)2 X is an injective holomorphic map X — bc-)2X. Further, the bundle
b(c+)2X admits a holomorphic trivialization 7 : bc-)2X — Xg x (C*)2. We choose
x1(1) and x2(1) so close to 1 € S! that the image n(bp2X) C Xo x (C*)? is
sufficiently close to XoxT?. Thus identifying X (by means of holomorphic injection
X = b X X Xo x (C*)?) with a subset of Xy x (C*)2, we obtain that X is
sufficiently close to Xy x T2. Next, we construct a smooth complex hypersurface in
X % (C*)? such that in each cylindrical coordinate chart Uy x (C*)? on Xg x (C*)?
for Uy € X¢ simply connected it cannot be determined as the set of zeros of a
holomorphic function on Uy x (C*)2. Intersecting this hypersurface with X we
obtain a non-cylindrical almost periodic hypersurface in X. (To construct such a
hypersurface in Xg x (C*)?, we determine a smooth divisor in (C*)? that has a non-
zero Chern class —i.e., it cannot be given by a holomorphic function on (C*)?)-,
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and whose support intersects the real torus T? C (C*)? transversely. Then we take
the pullback of this divisor with respect to the projection Xy x (C*)? — (C*)? to
get the desired hypersurface.)

3.5. Examples of spaces a, in Theorem 2.29

(1) Let a = £ (G), I be the collection of all subsets of G ordered by inclusion.
It is easy to verify that given ¢ € I we can define a, to be the closed linear subspace
spanned by translates {R,(x.) : ¢ € G} of the characteristic function x, of subset ¢.

(2) Let a = AP(Z"™) (see Subsection 3.1 (2)). We can take I to be the collection
of all finite subsets of R” ordered by inclusion and a,(Z") := spang{t + '™t X €
L,eel,teZm}.

We can also consider a = APgy(Z"), the algebra of almost periodic functions
on Z™ having rational spectra (see Subsection 3.1(3)). Here we take I to be the
collection of all finite subsets of Q™ ordered by inclusion and define spaces a,(Z™)
similarly to the above.

(3) Let a = AP(G) (see Subsection 3.1(2)) and I consist of finite collections
of finite-dimensional irreducible unitary representations of group G. We define
a,(G), where v = {o1,...,0,} € I, to be the linear C-hull of matrix elements
o € AP(G) of representations o), = (0)/), 1 <k < m.

4. Comments

4.1. Equivalent definition of holomorphic a-functions

Let AL*(X) denote the space of smooth (¢, s)-forms on X with compact supports
endowed with the standard topology (see, e.g., [17]). Recall that continuous linear
functionals on A%#(X) are called (n — t,n — s)-currents.

There is an equivalent definition of holomorphic a-functions on a complex a-
submanifold Z (see Definition 2.8) in terms of currents. Namely, let a be self-
adjoint, then a function f € O(Z) on a complex a-submanifold Z C X is a holo-
morphic a-function if and only if it is bounded on subsets Z Np~(Up), Uy € Xo,
and the corresponding current cy,

(4.1) (er9)i= [ fior peATTX), mim dime 2,
Z

is an a-current meaning that for each ¢ the function G 3 g — (cf,gpg) belongs
to algebra a; here ¢, () := (g - z) (z € X). (The proof follows an argument in
Proposition 2.4 of [19].)

In the setting of Example 1.2 (holomorphic almost periodic functions on tube
domains) almost periodic currents were studied, e.g., in [22] (see further references
therein).
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4.2. Cylindrical a-divisors

The class of a-principal divisors is contained in a larger class of cylindrical a-
divisors, i.e., a-divisors determined by functions fo, € Oq(Uys) with Uy = p~(Ug.a)
for some open Uy o C X (see Definition 2.14).

If covering dimension of the maximal ideal space M, of a is zero, then ev-
ery a-divisor is a-equivalent to a cylindrical a-divisor (the latter follows from an
equivalent definition of a-divisors as divisors on fibrewise compactification ¢, X,
see [13]). In particular, all £o-, loo(G)- (for a residually finite group G), APg-
divisors (see (1) and (3) in Subsection 3.1) are fo-, foo(G)-, APg-equivalent to
cylindrical divisors (see Examples 3.3 (3) and 3.3 (4) in [15]). There are, however,
non-cylindrical AP-divisors, see Subsection 4.4 in [13].

For an a-divisor ¥ on X, Theorem 2.20 implies the following;:

(a) If there exists a function f € Oq(U), where U = p~1(Uy), Uy C Xo is open,
such that E|y is determined by f, then E is s-equivalent to a cylindrical
divisor (see the argument in the proof of Theorem 2.20).

(b) If a = AP(G) and FE is not a-equivalent to a cylindrical a-divisor, then the
projection of supp(E) to Xy is dense (the converse is not true, see Subsec-
tion 3.4 (4)).

4.3. Almost periodic divisors

We use notation introduced in Subsection 4.1. Let T be the current of integration
of a divisor E € Div(X), i.e.,

(Tw, ) ::/so, peAHX)
E

(see, e.g., [17]). One can prove that if E € Divap(X), then current Tp is almost
periodic. Conversely, if the current of integration Tx of a divisor E € Div(X) is
almost periodic, then F is equivalent to an AP-divisor.

4.4. Approximation of holomorphic almost periodic functions

(1) Let Oo(T') C Oap(z»)(T') be a subspace determined by the choice of spaces
a, = a,(Z™) (v € I) as in Subsection 3.5 (2). We show that exponential polynomials,
see (1.1), are dense in Oy(T).

We denote ey (t) := "M (X € R?, t € Z"). Clearly, ey € Oy (T). Now,
let © = {\,..., A\ }. Since functions ey, (1 < k < m) are linearly indepen-
dent in a,, there exist linear projections p, x, : a, — ayy,}. Since projections p, », ,
1 < k < m, are invariant with respect to the action of G on itself by right translates,
they determine projections P, », : O,(T) — Oy, 3(T). (The latter follows, e.g.,
from the presentation of functions in Oap(7T') as sections of holomorphic Banach
vector bundle C4p Xy, see (2.9), where projections P, 5, become bundle homo-
morphisms Cq, Xo = Cay, ,Xo.) Therefore, there exist functions fx, € Oy, (T),
P =P (f), 1 <k <m,such that f(z) =Y 1", fa.(2), 2 € T. It is easy to see
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that for each fy, there exists a function hy, € O(Ty) such that fy,/ex, = p*hx,;
hence,

m
(4.2) = (p*ha)(2)e’M z e T
k=1

Since the base Ty of the covering is a relatively compact Reinhardt domain, func-
tions hy, admit expansions into Laurent series (see, e.g., [50]):

oo
Z baza, ze€Ty, b eC,

|a|=—00

where a = (aq,...,ay) is a multiindex, |a| := a1 + -+ 4+ @,. Since p(z) =
(e““'l, o ,e“‘"), z = (21,...,2n) € T (see Example 1.2), each p*hy, admits an
approximation by finite sums

M
(4.3) Z bae!' ) e T,

la|=—M

converging uniformly on subsets p~1(Wy) C T, Wy € Ty. Together with (4.2) this
implies that exponential polynomials (1.1) are dense in Og(T).

A similar argument shows that the algebra of holomorphic almost periodic func-
tions with rational spectra (whose elements admit approximations by exponential
polynomials (1.1) with A\, € Q") coincides with algebra Oap,(T) (see Subsec-
tion 3.1(3)).

(2) Let X be a non-compact Riemann surface, p: X — X be a regular covering
with a maximally almost periodic deck transformation group G (for instance, Xg
is hyperbolic, X = D is its universal covering and G = 7m1(Xp) is a free (not
necessarily finitely generated) group). Functions in O4p(X) (see Subsection 3.2)
arise, e.g., as linear combinations over C of matrix entries of fundamental solutions
of certain linear differential equations on X.

Indeed, let Ug be the set of finite dimensional irreducible unitary representa-
tions 0: G — U, (m > 1), I be the collection of finite subsets of Ug directed
by inclusion, and for each ¢ € I let AP,(G) be the (finite-dimensional) subspace
generated by matrix elements of the unitary representations o € +. Then by The-
orem 2.29 the C-linear hull Oy (X) of spaces O,(X) is dense in O4(X) (note that
for each o € Ug the space O,y (X) is the C-linear hull of coordinates of vector-
valued functions f in O(X,C™) having the property that f(g-x) = o(g)f(z) for
all g € G, z € X). Now, a unitary representation o: G — U,,, m > 1, can be ob-
tained as the monodromy of the system dF = wF on X, where w is a holomorphic
1-form on X with values in the space of m x m complex matrices M,,(C) (see,
e.g., [24]). In particular, the system dF = (p*w)F on X admits a global solution
F € O(X,GLy,(C)) such that Fog™' = Fo(g) (9 € G). By definition, a linear
combination of matrix entries of F' is an element of O4p(X).
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4.5. Approximation property

Recall that a (complex) Banach space B is said to have the approximation property
if for every compact set K C B and every € > 0 there is a bounded operator
T =T, x € L(B, B) of finite rank so that

1Tz — x|l <e forevery z € K.

For example, space AP(G) of almost periodic functions on a group G (see Subsec-
tion 3.1 (2)) has the approximation property with (approximation) operators 7" in
L(AP(G), APy(Q)) (see, e.g., an argument in [51]).
In Subsection 2.5 suppose additionally to conditions (1)—(3) that
(4) the spaces a,, ¢ € I, are finite-dimensional, and

(5) the space a has the approximation property with approximation operators
S € L(a,a0) equivariant with respect to the action of G on a by right trans-
lations, i.e., S(Ry(f)) = Ry(S(f)) forall f €a, g€ G.

One can show that if X is a Stein manifold and Dy €Xj is a strictly pseudo-
convex domain, then the Banach space Aq(D) := Oq(D) N Cy(D), D:=p~(Dy),
has the approximation property with approximation operators in L(AQ(D), Ao (D))
(here Ag(D) is defined similarly to Og(D) in Theorem 2.29).

5. Structure of fibrewise compactification c, X

In the present section we show that if algebra a is self-adjoint, then there is an iso-
morphism between Fréchet algebras O(cqX) (cf. Section 2) and Oq(X); therefore,
complex function theories within Oq(X) and O(cqX) are equivalent.

We refer to Sections 8 and 13 for the proofs of the results formulated in the
present section.

5.1. Complex structure

A function f € C(U) on an open subset U C ¢X is called holomorphic, i.e.,
belongs to the space O(U), if t* f is holomorphic on V := ¢~}(U) C X in the usual
sense (see Subsection 2.1 for notation).

Proposition 5.1. If a is self-adjoint, then Cq(V) = C(U) and O4(V) = O(U).

Let Uy C X be open. A function f € C'(U) on an open subset U C Uy x Ga
is called holomorphic if the function j*f, where j :=Id x j : Uy x G — Up X Ga,
is holomorphic on the open subset j~!(U) of the complex manifold Uy x G (see
Subsection 2.1 for the definition of the map 7).

For sets U as above, by O(U) we denote the algebra of holomorphic functions
on U endowed with the topology of uniform convergence on compact subsets of U.
Clearly, f € C(cqX) belongs to O(cqX) if and only if each point in ¢, X has an
open neighbourhood U such that f|y € O(U).

By Oy we denote the sheaf of germs of holomorphic functions on U.
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The category M of ringed spaces of the form (U, Or), where U is either an open
subset of ¢q X and X is a regular covering of a complex manifold X¢ or an open
subset of Uy x G4 with Uy C X open, contains in particular complex manifolds.

Definition 5.2. A morphism of two objects in M, that is, a map F € C(Uy, Us),
where (U;, Opy,) € M, i = 1,2, such that F*Opy, C Oy, is called a holomorphic
map.

The collection of holomorphic maps F : Uy — Us, (U;,Op,) € M, i =1,2, is
denoted by O(Uy,Us). If F € O(Uy,Us) has inverse F~1 € O(Us, Uy), then F is
called a biholomorphism.

Further, over each simply connected open subset Uy C X there exists a bi-
holomorphic trivialization ¢ = 1y, : p~1(Uy) — Uy x G of covering p: X — Xo
which is a morphism of fibre bundles with fibre G (see Subsection 2.4). Then there
exists a biholomorphic trivialization ¥ = ¢y, : p~*(Up) — Up x Gq of bundle co X
over Uy which is a morphism of fibre bundles with fibre G such that the following
diagram:

p~(Uo) —— (Vo)

Idxj

U(]XG

is commutative.
For a given subset S C G we denote

(5.1) I(Uy, S) := ¢~ Uy x 9)

and identify II(Uy, S) with Uy x S where appropriate (here II(Up, G) = p~1(Up)).
For a subset K C G4 we denote

(5.2) Uy, K) (= 1a(Uo, K)) := ¢~ (Up x K).

A pair of the form (IT(Uy, K),) will be called a coordinate chart for ¢, X. Simi-
larly, sometimes we identify fI(Uo, K) with Uy x K. If K C G, is open, then, by
our definitions, 1* : O(Uy x K) — O(I1(Uy, K)) is an isomorphism of (topological)
algebras.

5.2. Basis of topology on c, X
By Q we denote the basis of topology of Ga consisting of sets of the form

(5.3) {77 € Gq: max |hi(n) — hi(no)| < 5}
1<i<m
for all g € G, By, ... hy € C(Gy), and € > 0.
The fibrewise compactification ¢, X is a paracompact Hausdorff space (as a
fibre bundle with a paracompact base and a compact fibre); thus, ¢, X is a normal
space.
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It is easy to see that the family
(54) B:= {ﬁ(VO, L) C ¢qX : Vi is open simply connected in X and L € Q}

forms a basis of topology of ¢4 X.

5.3. Complex submanifolds

To formulate the required definition note that for every f € O(Up x K), where
Uy C Xo, K C G, are open, functions f(,w), w e K, are in O(Uy). Indeed, since
[ € O(Up x K), functions Uy 3 z = f(2,7(g)) (9 € 7' (K)) are holomorphic.
Then, since j(j71(K)) is dense in K (see Section 2) and f is bounded on each

S € Uy x K, by the Montel theorem f(-,w) € O(Up) for all w € K.

Definition 5.3. A closed subset Y C ¢, X is called a complexr submanifold of
codimension k if for every y € Y there exist its neighbourhood of the form U =
fI(UO, K) C ¢q X, where Uy C X is open and simply connected, K C Gq is open,
and functions hq, ..., hy € O(U) such that

(1) YﬂU:{IL'GUhl(IL')::hk(Lb):O},
(2) the rank of the map z — (hl(z,w),...,hk(z,w)) is k at each point z =
(z,w)eY NU.

The next result describes the local structure of complex submanifolds of ¢, X .

Proposition 5.4. Let Y C ¢, X be a complex submanifold. For every y € Y there
exist an open neighbourhood V C caX of y, open subsets Vo C Xo and K C G,
a (closed) complex submanifold Zy of Vo (of the same codimension asY), and a
biholomorphic map ® € O(Vy x K, V) such that ®(Vo x (K N j(G))) =V Nu(X)
and @1V NY) =7y x K.

The proof of Proposition 5.4, given in Subsection 6.3, is based on the inverse
function theorem with continuous dependence on parameter (Theorem 6.2).

We use Proposition 5.4 to establish the following important fact (see Subsec-
tion 2.1 for the definition of a coherent sheaf on ¢, X).

Proposition 5.5. The ideal sheaf Iy of germs of holomorphic functions vanishing
on a complex submanifold Y C cqX is coherent.

Now, we list other properties of complex submanifolds of ¢, X.

Proposition 5.6. Any complex submanifold Y of ca X has the following properties:
(i) L’l(Y) C X is a complex submanifold of X of codimension k.
(ii) Y Nu(X) is dense in Y.

Assertion (i) is immediate from the definition, while assertion (ii) follows from
the fact that ¢(X) is dense in X combined with Proposition 5.4.
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Proposition 5.7. If Z C X is a complex a-submanifold (see Definition 2.6), then
the closure of L(Z) in cqX is a complex submanifold of cq X .

Suppose that a is self-adjoint. If Y is a complex submanifold of c, X, then
YY) C X is a complex a-submanifold.

Definition 5.8. A function f € C(Y) is called holomorphic if t*f € O(.=1(Y)).
The algebra of holomorphic functions on Y is denoted by O(Y).

Similarly, we define holomorphic functions O(U) on an open subset U C Y as
those continuous functions whose pullbacks by ¢ are holomorphic in the usual sense.

Proposition 5.9. Suppose that a is self-adjoint, Y is a complex submanifold
of caX. We set Z := 171 (Y). Then Ou(Z) = *O(Y) (so every function in
f € 0.(2), see Definition 2.8, admits a unique extension to a function f € O(Y)
such that f = L*f)

5.4. Cartan theorems A and B on complex submanifolds

The notion of a coherent sheaf on ¢4 X (see Subsection 2.1) extends to analytic
sheaves on a complex submanifold of ¢, X. It turns out that if Xy is a Stein
manifold, then for such coherent sheaves we have analogues of Cartan theorems A
and B (Theorems 5.11 and 5.12 below).

More precisely, we have the structure sheaf Oy of germs of holomorphic func-
tions on a complex submanifold Y C ¢4 X (see Definition 5.8). A coherent sheaf A
on Y is a sheaf of modules over Oy such that every point in Y has a neighbourhood
V C Y over which, for every N > 1, there is a free resolution of A of length N,
i.e., an exact sequence of sheaves of modules of the form

OP |y == -+ = OF2|y T O |y > Aly —0

(here ¢;, 0 <i < N — 1, are homomorphisms of sheaves of modules).

Given a sheaf of modules A over Oy, we define a sheaf Aon co X (called the
trivial extension of A) by the formulas

Aleoxvy =0, Ay = A
Using the results in [15], we establish the following.

Theorem 5.10. If A is a coherent sheaf on a complex submanifold Y C cqoX,
then A is a coherent sheaf on cqX.

It is immediate that H*(Y, A) = H%(c,X,A). Therefore, Theorems 2.3, 2.4
and Theorem 5.10 imply the following analogues of Cartan theorems A and B:
Let A be a coherent sheaf on a complex submanifold Y C ¢, X with Xy Stein.

Theorem 5.11. FEach stalk ;A (x € Y) is generated by global sections of A over' Y
as an Oy -module ( “Cartan-type theorem A”).

Theorem 5.12. Cech cohomology groups H' (Y, A) = 0 for alli > 1 ( “Cartan-type
theorem B”).
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Let Y be either ¢, X or a complex submanifold of ¢, X. The definition of coher-
ence on Y extends directly to open subsets of Y. It is natural to call such subset
W C Y a Stein manifold if all higher cohomology groups of coherent sheaves on W
vanish (i.e., Cartan-type theorem B holds on W). One can ask about characteri-
zation of Stein open submanifolds W C Y (e.g., in terms of appropriately defined
plurisubharmonic exhaustion a-functions on W).

5.5. Dolbeault-type complex

In this part we describe a Dolbeault-type complex and analogues of Dolbeault
isomorphisms used in the proof of Proposition 2.19.

Let Y C ¢4 X be a complex submanifold. We define the holomorphic tangent
bundle TY of Y as a holomorphic bundle on Y whose pullback by ¢ to ¢ (") coin-
cides with the holomorphic tangent bundle of the complex submanifold : =1 (V) C X
(see the proof of Theorem 2.9 in Section 9 for existence and uniqueness of TY).

The definition of the antiholomorphic tangent bundle TY of Y is analogous.

We define the complexified tangent bundle of Y as the Whitney sum

(5.5) T°Y :=TY & TY.

By A™(Y) := I'(Y, A™(TCY)*) we denote the space of continuous sections of
the vector bundle A™(TCY)* (0 < m < n := dim¢ Xo), where (TY)* is the dual
bundle of 7Y Elements of A7(Y") will be called continuous m-forms.

By Proposition 5.4, for every point x € Y there exist a neighbourhood U C ¢, X,
a biholomorphism ¢ : U — Uy x K, where Uy € C", K C G4, K € Q (see (5.3))
are open, and a complex submanifold Yy C Uy such that (Y NU) =Yy x K and
(Y NUNUX)) =Yy x (KNj(G)). By "™ TC(Yy x K)* we denote the pullback
to Yo x K of the bundle A™(TCYy)* under the natural projection Yy x K — Yj.
Since ¢y, x(knj(c)) 1 Yo X (KN j(G)) = Y NUN(X) is a biholomorphism of
usual complex manifolds,

(@ voxxni@y) (N(TEY)Y) = A" T(Yo x K)*|yvx (knj(@))-

Since Yy x (K Nj(G)) is dense in Yy x K, the latter bundle is dense in the bundle
ATTC(Yy x K)*. Thus the above identity and the continuity of ¢~' imply that
(™) (A™TCY)*) = A™TC(Yy x K)*. In particular, (¢~1)* maps A7/(Y NU) to
A™(Yy x K), the space of continuous sections of A™TC(Yy x K)*. Clearly,

where A" (Y)) is the space of continuous m-forms on Yj and C'(Yp x K) is the space
of continuous functions on Yy x K endowed with the Fréchet topology of uniform
convergence on compact subsets of Yy x K.

By A™(Y) € AT(Y') we denote the subspace of C*° m-forms, that is, forms w
such that for each “coordinate map” ¢ : U — Uy x K,

(5.7) (oY wlynu € A (Yo x K) := C™(Yy x K) ® A™(Yp),
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where A™(Y)) is the space of C* m-forms on Yy and C>(Yy x K) C C(Yy x K) is
the subspace of continuous functions that are C'*° when viewed as functions on Yy
taking values in the Fréchet space C'(K).

We denote C(Y) := A°(Y).

Lemma 5.13. A"™(Y) is correctly defined by (local) conditions (5.7).

Let a € C%®(Yy x K). We define the differential da € A'(Yy x K) as follows.
(To simplify notation, we may assume without loss of generality that Y} is an open
subset of C"~*.)

Define da := Z;L:_lk g—;dzi, where da/0z; € C*(Yy x K) is the derivative of
the Fréchet-valued map z +— a(z,-) € C(K), z = (21,...,2n—k) € Yy, with respect
to z;.

We have the operator of differentiation d : A™ (Yo x K) — A™F1(Yy x K) defined

by the formula
l l i
(5.8) d(Zaiwi) = ZaidwiJerai ANwi, a; € C®(Yyx K), w; € A"(Yp).
i=1 i=1 i=1

Now, we define the operator of differentiation d : A™(Y) — A™FL(Y):
For each coordinate map ¢: U — Uy X K and w € A™(Y) the form dw €
ALY satisfies

(5.9) (™) dw = d((¢7")"w),

where the right-hand side is defined by (5.8).

Existence of dw satisfying local conditions (5.9) follows from the facts that
due to these conditions t* o d[ym(yy, = d o t*|pm(y)|,, where the d on the right
denotes the standard differentiation on the space of differential forms defined on
the complex submanifold :~}(Y) C X, and that «(+=}(Y)) is dense in Y (see
Proposition 5.4). By the same reason we have d o d = 0.

Further, (5.5) induces decomposition (I'°Y)* = TY* & TY  and, hence,

(5.10) A™(Y) = Bphmm APH(Y),

where
APE(Y) =T (Y, \PTY* @ ATTY ) N A™(Y).
Since the pullback by ¢ of TY™ coincides with the holomorphic cotangent bundle
of complex submanifold :~1(Y) C X, the pullback by ¢ of decomposition (5.10)
agrees with the usual type decomposition of differential forms on +=1(Y").
Using the natural projections 77* : A™(Y) — AP*(Y) (m = p + k), we define

:=aPtkoq 9= gPFloq.

Since pullbacks by ¢ of these operators coincide with their usual counterparts on
the complex submanifold :=}(Y) C X and the image by ¢ of the latter is dense
inY,wehave 909 =0,009d=0and d= 09+ 0.

The above definitions and notation transfer naturally to open subsets of Y. In
particular, we can define the sheaf AP** of germs of C*° (p, q)-forms on Y.
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Lemma 5.14. For any open cover U of Y there is a subordinate C*° partition of
unity.

This lemma implies that AP-* is a fine sheaf, and therefore cohomology groups
H"(Y,APF) =0 for all r > 1 (see, e.g., [34]).
Let ZP* C AP* denote the subsheaf of germs of O-closed forms. We have the

following analogue of O-Poincaré lemma for sections of ZP:¥.

Proposition 5.15. Let Y C ¢y X be a complex submanifold. For every point x € Y
there are neighbourhoods W, V-.C Y, W € V, of & such that restriction to W of
any O-closed form in AP*+1(V) is O-exact.

Let ZPk(Y) C AP*(Y) denote the subspace of d-closed forms. We define the
Dolbeault cohomology groups of Y as
HPR(Y) = ZPR(Y)JOAPR1(Y), p>0, k>1,
HPO(Y) := ZPO(Y).
We set QP := ZP-0, Then Q7 is the sheaf of germs of holomorphic p-forms on Y,
i.e., holomorphic sections of the bundle APTY™*. (Note that (*QP is the sheaf of
germs of usual holomorphic p-forms on the complex submanifold :~1(Y) C X.)

Since AP* is a fine sheaf, from Proposition 5.15 and a standard result in Chap-
ter B, §1.3 of [29], we obtain:

Corollary 5.16 (Dolbeault-type isomorphism). Vp, k > 0, HP*(Y) = H*(Y,QP).

Since P is the sheaf of germs of sections of a holomorphic vector bundle on Y,
it is coherent (see Subsection 5.4). Then the previous corollary and Theorem 5.12

imply

Corollary 5.17. Suppose that X is a Stein manifold, Y C cqX is a complex
submanifold. Then

Hp’k(Y) =0 foral p>0, k>1
(i.e., any O-closed form in AP*(Y) is O-ezact).

Similarly one can define the de Rham cohomology groups of Y and obtain an
analogue of the classical de Rham isomorphism (see the proof of Proposition 2.19).

5.6. Characterization of ¢, X as the maximal ideal space of O, (X)

Now we relate the fibrewise compactification ¢, X of covering p: X — X to the
maximal ideal space My of algebra O,(X), i.e., the space of non-zero characters
Oq(X) — C endowed with weak* topology (of Oq(X)*).

Theorem 5.18. Suppose that algebra a is self-adjoint, and Xy is a Stein manifold.
Then Mx is homeomorphic to ¢, X .
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Since ¢(X) is dense in ¢4 X, and the natural mapping of X into Mx, sending
each point of X to its point evaluation homomorphism, coincides with « under the
homeomorphism of Theorem 5.18, we obtain the following corona-type theorem.

Corollary 5.19. Let a be self-adjoint, X be a Stein manifold. Then o(X) is dense
m Mx.

6. Proofs: Preliminaries

6.1. Cech cohomology

For a topological space X and a sheaf of abelian groups § on X by I'(X,S) we
denote the abelian group of continuous sections of S over X.

Let U be an open cover of X. By C*(U,S) we denote the space of Cech i-
cochains with values in S, by 6: C*(U,S) — C**'(U,R) the Cech coboundary
operator, by Z'(U,S) := {o € C'(U,S) : 6o = 0} the space of i-cocycles, and by
B'(U,S) :={c € Z{(U,S) : 0 = §(n),n € C=YU,S)} the space of i-coboundaries
(see, e.g., [34] for details). The Cech cohomology groups H*(U,S), i > 0, are
defined by

H'U,S):=Z"U,S)/B'U,S), i>1,
and H'U,S) :=TU,S).

6.2. 0-equation

Let B be a complex Banach space, Dy C X be a strictly pseudoconvex domain.
We fix a system of local coordinates on Dy. Let {Wp ;}i>1 be the cover of Dy by
the coordinate patches. By Al(jo’q)(Do, B), ¢ > 0, we denote the space of bounded
continuous B-valued (0, ¢)-forms on Dy endowed with norm

0,
(6.1) lwllpe = WIS = sup  |lwai(@)ls,
zeEWp,;,i>1l,a

where wq,; (o is a multiindex) are coefficients of forms w|w, , € Ago’q)(Woyi, B) in
local coordinates on Wy ;.

The next lemma follows easily from results in [35] (proved for B = C) because
all integral representations and estimates are preserved when passing to the case
of Banach-valued forms.

Lemma 6.1. There exists a bounded linear operator

Rpy 5 € LA (Do, B), A" V(Dy, B)), ¢>1,

such that if w € Al(jo’q)(Do, B) is C* and O-closed on Dy, then ORp, p(w) = w.
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6.3. Inverse function theorem with continuous dependence on the pa-
rameter

Theorem 6.2. Let K be a topological space, By, By € C" be open balls centered
at the origin. Fiz a point (zg,n0) € B1 x K. Suppose that a continuous map
G: By x K — By satisfies

(1) G(-,n) : By — Ba is holomorphic for every n € K,

(2) the Jacobian matriz DyG(xo,m0) is non-degenerate.

Then there exist an open subset W C By x K and a continuous map H : W — By
such that

(a) (G(m())no)ano) S W;

(b) H(-,n) is holomorphic on W N (By x {n}) for all n for which this set is
non-empty,

(c) G(H(z,n),n) =z for all (z,n) € W.

Theorem 6.2 follows easily from the contraction principle with continuous de-
pendence on parameter, see e.g., Chapter XVI of [39].

As an application of Theorem 6.2 we prove Proposition 5.4 on the local structure
of complex submanifolds of ¢, X.

Proof of Proposition 5.4. Let Y C ¢qX be a complex submanifold and yy € Y. In
notation of Definition 5.3, there exists a neighbourhood U := ﬁ(UO,L) C ca X of
Yo, where Uy C Xy is a simply connected coordinate chart and L C G, is open,
such that YNU ={y € U : hi(y) =--- = hi(y) = 0} with h; € O(U) (1 <i <k)
satisfying non-degeneracy condition (2) of the definition.

Since sets U and Uy x L are biholomorphic (see Subsection 5.1), in what follows
we identify them. Next, since functions h; satisfy the non-degeneracy condition of
Definition 5.3, we may choose coordinates x1,...,z, on Uy so that the Jacobian
matrix D,G(zo,n0), y := (x0,70), of the map

G(fﬂﬂl) = (hl(xvn),'"7hk(x7n)’mk+1,"'7mn)v x ::(1’17"',1'71)7 (%77) € Up x L?

is non-degenerate. Also, we may assume without loss of generality that Uy = B;
and G(B1,n) C B for all n € L, where B; € C™, i = 1,2, are open balls centered
at the origin. Hence, we can apply Theorem 6.2. In its notation, shrinking W, if
necessary, we may assume that W = V) x K for some open Vj C Be, K C L which
we take as the required sets in the formulation of Proposition 5.4. We also take
®(z,n) := (H(z,1),n), (z,n) € Vo x K, and V := ®(Vy x K) C U. By definition,
® € O(Vp x K, V) (see Subsection 5.1). Further, since (Go ®(z),n) = (z,7) for all
(Zv 77) € VO X K7

(hio®)(z1,...y2n,m) =2i, (2,m) €EVox K, z=(21,...,2n), 1<i<k.
Therefore, @1 (VNY) = Zy x K, where Zy := {(0,...,0,2k41,...,2n) € Vo :
(21,...,2n) € Vp} is a complex submanifold of codimension k.

By our construction we also have ®(Vy x (K Nj(G))) =V Nu(X).
The proof of the proposition is complete. O
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7. Proof of Theorem 1.3

Fix some ' € Q and denote T’ := R™ + i) ¢ C*. We endow T’ with the
Euclidean metric induced from C™.
We will need the following definition.

Definition 7.1. A function f € C(T”) is called continuous almost periodic if the
family of its translates {T” > z — f(z + t) htern is relatively compact in Cy(T")
(the space of bounded continuous functions on T” endowed with sup-norm).

Proposition 7.2 (see, e.g., [1]). Any continuous almost periodic function on T’
s bounded and uniformly continuous.

By APC(T") we denote the Banach algebra of continuous almost periodic func-
tions on 7”7 endowed with sup-norm.
We set

p(2)=(e",....e""), z=(21,...,20) €T, and T}:=p(T).

Then Banach algebra Cap(T"), AP := AP(Z"), Z" = p~t(xg) (29 € Xg), associ-
ated to covering p: T’ — T/, and endowed with sup-norm, is well defined (see Sec-
tion 1).

To prove the theorem it suffices to show that APC(T') = Cap(T"). (Because
the space of holomorphic almost periodic functions on T consists of all functions
in O(T) whose restrictions to each tube subdomain 77 C T are in APC(T”), and
Oap(T):=0(T)N{feC(T): flr € Cap(T’) for each T' C T'}.)

First, let f € APC(T'), i.e., for any sequence {t;} C R™ there exists a subse-
quence of {T" 3 z — f(z + ty,)} that converges uniformly on 7’. In particular,
it follows that for each fixed zp € T" and a sequence {dy} C Z" the family of
translates {Z"™ 3 g — f(z0 + g + di)} has a convergent subsequence which implies
(since C'ap(T") is a metric space) that it is relatively compact in the topology of
uniform convergence on Z™. This means that the function Z™ 3 g — f(z0 + g)
belongs to AP(Z"™). Also, by Proposition 7.2 function f is bounded and uniformly
continuous on 7”. Hence, by definition, f € Cyp(T").

Now, let f € Cap(T’). We must show that f € APC(T”). To this end we
fix some sequence {t;} C R™. Let u: R" — R"™/Z™ be the natural projection.
Since R™/Z™ is compact, {u(tx)} has a convergent subsequence. We may assume
without loss of generality that {u(t;)} itself converges and has limit 0. Hence,
there exists a sequence {dy} C Z" such that |ty — di| — 0 as k — oo. Since f is
uniformly continuous on 7", functions

hi(z) == !f(z +itp)— flz+ dk)| — 0 uniformly on 7" as k — oo.

Hence, it suffices to show that sequence {T” > z — f(z + dj)} has a convergent
subsequence.

Let C := {2z = (21,...,2n) € T" : 0 < Re(z;) < 1,1 < i < n}. Since f €
Cap(T"), for each fixed w € C the family of translates {Z" 3 g — f(w+ g+ di)}
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is relatively compact in the topology of uniform convergence on Z™. Let S C C be a
countable dense subset. Using Cantor’s diagonal argument we find a subsequence
{dk,} of {d} such that for each w € S the family of translates {Z" > g —
f(w+ g+dg,)} converges in the topology of uniform convergence on Z™.

Now, since f is uniformly continuous on 7", for every ¢ > 0 there exists § > 0
such that for all wy,we € C satisfying |wq — we| < § and all h € Z",

€
|f(w1 +h)— f(w2 + h)| < 3
Since C' is compact, it can be covered by finitely many d-neighbourhoods of points,
say, wi,...,Wp, in S. Then we can find N € N so that for all I,m > N, w;,
1<j<p,and g € Z",
€
| f(w; +g+di,) — flwj + g +dy,)| < 3
The last two inequalities together with the triangle inequality imply that for all
Ilm>N,ze€Cand g€ Z",

| f(z+g+dw) — f(z+g+di,)| <e

Since {z +¢g:2€ C, g € Z"} = T’, the latter implies that for all [,m > N and
zeT,
| f(Z + dkl) — f(Z + dkm)| < €.

Thus {T” 5 z — f(z + di,)} is a Cauchy sequence in the topology of uniform
convergence on 1", i.e., it converges uniformly on 7".
The proof is complete. g

8. Proofs of Propositions 5.1, 5.5, 5.7, 5.9 and 5.15

8.1. Proof of Proposition 5.1

The proof follows straightforwardly from (2.3) and the fact that V is dense in U
(because +(X) is dense in ¢4 X, cf. Section 2).

8.2. Proof of Proposition 5.5

According to Proposition 5.4, it suffices to prove coherence of the ideal sheaf Iy
(C OvoxK) of the complex submamfold Z = Zy x K of Vo x K, where Vy C Xy
and K C Gq are open, K € £ is an element of the basis of topology Q of Ga
(see Subsection 5.2) and Zy C V; is a complex submanifold. Here Oy, x x denotes
the structure sheaf of Vp x K (see Subsection 5.1); also, by Oy, we denote the
structure sheaf of Vy and by Iz, C Oy, the ideal sheaf of Zy C V4.

By Cartan’s theorem (see, e.g., [33]) every point in Vj has a neighbourhood over
which Iz, has a free resolution. Replacing V; by a smaller subset, if necessary, we
may assume without loss of generality that such resolution is defined over Vj:

1

PON—
(8.1) 0 opy s om o, .
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Further, by the classical Cartan theorem B (see, e.g., [33]), every point in Vj has
a neighbourhood Uy C Vj biholomorphic to an open polydisk in C" such that the
sequence of sections induced by (8.1)

(8.2) 0 — T(Un, OF¥) 25 oo T (U, OF) 22 T(Up, I,) — 0

is exact.

For an open subset L C K, L € Q, by C(L) we denote the Fréchet space of
complex continuous functions on L endowed with the topology of uniform con-
vergence on compact subsets Ny C L, k € N, that form an exhaustion of L, i.e.,
Nj C Nigq for all k and Ugen Ny = L (such sets exist by Lemma 7.4 (1) in [15]).
We endow the space O(Up x L) defined in Subsection 5.1 with the topology of uni-
form convergence on subsets Wy x Ny, where {Wy 1 }ren is an exhaustion of Uy
by compact subsets, which makes it a Fréchet space. Then we have

(8.3) T'(Up x L,Oyyxk) =: O(Uy x L) = C(L) @ O(Up) := C(L) @ T'(Uy, Oy,),

where ® stands for the completion of the symmetric tensor product in the corre-
sponding Fréchet space.

Next, we may assume without loss of generality that Vj is an open polydisk
in C" and Z is the intersection of a complex subspace of C" with V;;. Then using
the Taylor series expansion of a holomorphic function on Uy x L vanishing on
Zy x K (i.e., an element of I'(Uy x L, Iz, «k)), we easily obtain that

(84) P(Uo X L,IZOXK) = C(L) ®F(U0,IVO).
By Theorem B in [16] the operation ® is an exact functor. Thus, from (8.2), (8.3)

and (8.4) we obtain that every point in Vj X K has a neighbourhood of the form
Up x L over which the sequence of sections

(8.5)
0= T(Up x L, OPN 1) == oo —=T(Up x L, O 1) ~=T(Uo % L, Ly uxc) = 0

is exact, where morphisms ¢; are defined on the corresponding symmetric tensor
products by the formula

! !
Sﬁi(Zfi ®gi) = Zfi ® @i(g:), fieC(L), gieT(U,Op"),
i=1 i=1

and then extended to C(L) ® T'(Uy, O:Zi“) by continuity. Hence, the sequence of
sheaves generated by (8.4)

0= Oy g — = OUL g = Izyxx — 0

is exact. This shows that the sheaf I is coherent. O
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8.3. Proof of Proposition 5.7

Let us prove the first assertion.

Let Y C ¢q X be the closure of «(Z), where Z C X is a complex a-submanifold,
in ¢ X. We fix a point y € Y and use notation of Definition 2.6. Since the open
cover V in the definition of Z is of class (74) (and, hence, is the pullback by ¢
of an open cover of ¢, X, see Definition 2.5), there exist an open subset V € V,
V =171(U) for an open neighbourhood U C ¢, X of y, and functions h; € O4(V),
1 <i <k, determining Z NV, i.e., satisfying conditions (1), (2) of Definition 2.6.
By Proposition 5.1 there exist (uniquely determined) functions h; € O(U) such
that h; = t*h; for all 4. It follows from condition (2) of Definition 2.6 and the fact
that +(V) is dense in U that functions h; satisfy condition (2) of Definition 5.3
at points of U N'Y. Therefore, since y € Y is arbitrary, to complete the proof it
suffices to show that UNY = ?U, where YU C U denotes the common zero locus
of functions fzi|U, 1<:<k.

Indeed, using the argument of the proof of Proposition 5.4 and shrinking U,
if necessary, we obtain that there exists a biholomorphism ® € O(Uy x K,U),
where Uy C Xg, K C Ga are open, and a closed submanifold Zy C Uy such
that @' (Vi) = Zo x K and ®(Up x (K N j(G))) = U N(X). In particular,
since h; = *h; for all i, we have ®(Zy x (K N j(G))) = U N u(Z). Hence, since
Zo x (K Nj(G)) is dense in Zy x K (see subsection 2.1), U N «(Z) is dense in Yy,

ie., UNY =Yy, as required. The proof of the first assertion is complete.

The second assertion follows easily from Definitions 2.6, 5.3, and (2.3). O

8.4. Proof of Proposition 5.9

First, let f be a holomorphic a-function on Z := ¢=1(Y) in the sense of Defini-
tion 2.8, i.e., there is a function F' € Cy(X) such that F|z = f. By Proposition 5.1
there exists a function F' € C(cqX) such that *F = F. We set f := F|y. Since
*f = f, we obtain f € O(Y) (see Definition 5.8), as required.

Now, let f € O(Y). Since ¢4X is a normal space, by the Tietze—Urysohn
extension theorem there exists a function F € C(cqaX) such that Fly = f. By
definition (cf. (2.3)) F := (*F belongs to Cy(X). Since F|z = f, function f
(= v* f) is a holomorphic a-function on Z in the sense of Definition 2.8. O

8.5. Proof of Proposition 5.15

For a point = € Y, consider its open neighbourhood V' for which there exists a
biholomorphic map ¢ : V — Zy x K, where Z; C CP? is an open ball and K C Ga
is open (see Proposition 5.4). We choose an open neighbourhood W € V of « so
that (W) = Z{ x K', where Z|, € Zj is an open ball of the same center as Z, and
K’ € K is an open subset. Then under the identification of V' with Zy x K by ¢
the restriction to W of the space of C> O-closed (p, k + 1)-forms on V is identified
with a subspace of the space of C> J-closed (p,k + 1)-forms on Z} with values
in the Banach space Cy(K") of bounded continuous functions on K endowed with
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sup-norm (see Subsection 5.5 for the corresponding definitions). According to
Lemma 6.1, such Banach-valued forms on Z, are 0-exact. This completes the
proof of the proposition. O

9. Proofs of Theorems 2.7, 2.9 and 2.10

9.1. Proof of Theorem 2.7

Our proof is based on Theorem 2.3 and the equivalence of notions of a complex
a-submanifold of X and a complex submanifold of ¢4 X (see Subsection 5.3 for the
corresponding definitions and results).

Thus, it suffices to prove that given a complex submanifold Y C ¢4 X of codi-
mension k there exists an at most countable collection of functions f; € O(caX),
i € I, such that

(1) Y={ye€caX: fily) =0forallie I}, and

(i) for each 5o € Y there exist a neighbourhood W = II(Wp, L) (see (5.2) for no-
tation) and functions f;,,..., fi, such that YN W ={y €U : f;,(y) =--- =
fi.(y) = 0} and the rank of map z — (fl(z,w), .. .,fk(z,w)), (z,w) e W, is
maximal at each point of Y N .

By Proposition 5.5 the ideal sheaf Iy of Y is coherent, hence by Theorem 2.3,
there exists an at most countable collection of sections f; € I'(co X, Iy) (C O, x),
1 € I, that generate Iy at each point of ¢ X . (This collection is at most countable
because any open cover of ¢, X admits an at most countable refinement as fibres of
the bundle p : ¢, X — X are compact and any open cover of complex manifold X
admits an at most countable refinement.) Therefore condition (i) is valid for this
collection of functions. In addition, for every point yo € Y there exist a neigh-
bourhood U = TI(Uy, K) of yo, sections fi,, ..., fi, and functions uj € O(caX),
1<j<k,1<1<m,such that

(9.1) hj =i fo, + -+ wjmfi,, 155k,

where h; are generators of Iy |y from Definition 5.3 (modulo a biholomorphic
transformation of Proposition 5.4 we may identify h; with z;, the j-th coordinate
of z € C").
Equation (9.1) implies that Y NU ={y € U: fi,(y) =--- = fi,.(y) = 0}.
Next, let Vhj, V f;, denote the vector-valued functions V. h;(z,w), V. fi, (z,w),
(z,w) € U. Then

Vhj =upVfy +-+umVfi,, onYNU 1<j<k.

Since (th)é?:1 has rank k on U, we obtain that k& < m, and (uj;)i<j<k,1<i<m,
(Vfi,)», have rank k at each point of U. Thus there exist two subfamilies of
vector-valued functions (ujll);?:l, R (“jlk)§=1 and Vfj,,..., Vﬁk, fi = fi,, that
are linearly independent at yy. Now, we apply the holomorphic inverse function
theorem (see Theorem 6.2) to the matrix identity (9.1) to find a neighbourhood
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W = II(Wy, L) € U of yo such that~functions~fl|w, Il #1;,1 <i <k, belong
to the ideal in O(W) generated by fi,|w,..., fi,|w, and the rank of map z
(fll(z,w), o flk(z,w)), (z,w) € W, is maximal at each point of Y N W. Clearly,

YNW={yeU: fiuly)=-- = fi.ly) =0}
This completes the proof of the theorem. O

9.2. Proof of Theorem 2.9

The proof follows the lines of the proof of the classical tubular neighbourhood
theorem (see, e.g., [26]).
We use notation and results of Section 5. Clearly, Theorem 2.9 is a corollary of:

Theorem 9.1. Let Xy be a Stein manifold, and Y C cqX a complex submanifold
(see Subsection 5.3). Then there exists an open neighbourhood Q0 C ¢ X of Y and
maps hy € O(,Q) continuously depending on t € [0, 1], such that hi|y = Idy for
all t € [0,1], hg =1dg and h1(Q) =Y.

Proof. In the proof of Theorem 9.1 we use the following notation and definitions.
Let U be an open subset of ¢, X or of a complex submanifold Y C ¢, X. In the
category of ringed spaces (U, Op) (see Subsections 5.1, 5.3) we define in a standard
way holomorphic vector bundles on U, their subbundles, the Whitney sum of
bundles, holomorphic bundle morphisms, etc (see [37] for similar definitions).

Now, we define the (holomorphic) tangent bundle T'c, X on ¢, X as the pull-
back p*T X of the (holomorphic) tangent bundle T X of Xy. We denote by T,,cq X
the fibre of T'cq X at x € ¢, X.

Next, we define a Hermitian metric on T'c, X as the pullback by p of a (com-
plete) Hermitian metric on 7' Xj.

Let Y C ¢4 X be a complex submanifold. Every point x € Y has a neigh-
bourhood U = fI(Uo,K) C caX, where Uy C Xy, K C G are open, so that
Y N U is the set of common zeros of functions hy,...,hy € O(U) such that the
maximum of moduli of determinants of square submatrices of the Jacobian ma-
trix of the map z — (hi(z,w),...,hi(z,w)), (z,w) € U, is uniformly bounded
away from zero (see Definition 5.3). We define the tangent bundle TY of Y as
the subbundle of Tc,X |y whose fibres are orthogonal to the local vector fields
(z,w) = D, hi(z,w),..., D hi(z,w), (z,w) € Y NU. Namely, in local coordinates
(z,w) € U the metric has a form

8 9
2 _ z = ;
ds?(z,w) = lzj:gla‘(z)dzl ®dzj,  g4(2) = (8_25’ azg')(z,w)’

hence, if vector fields D h; (1 <i < k) are given by

0
D.hi(z,w) = ai(z,w) =—,
() = Late) 7

then T, )Y consists of vectors ), b é% such that 37, ; aii(z,w) bj gij(z) = 0 for
all 1 <7< k.
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It is easily seen that *T'Y coincides with the holomorphic tangent bundle of the
complex submanifold :=!(Y) C X. Since +(:71(Y)) is dense in Y, the bundle TY
is uniquely defined by the latter condition (see Subsection 5.5).

Consequently, we obtain the notion of the (holomorphic) normal bundle NY C
Teo Xy of Y.

The tangent bundle T' X is generated by finitely many holomorphic vector
fields Vo, 1 < k < m, which determine holomorphic local flows ¢y : Op — Xo,
where Oy, is an open neighbourhood of {0} x X in C x X such that the differential
of the map

Fo(t, ) = (‘pm(sﬂ%') O O<P1(51>')) : Xo — XO) = (81, .. -7877L)7

at t = 0 is non-degenerate. The map Fjy is defined and holomorphic in a neigh-
bourhood Wy of {0} x X¢ in C™ x Xj.

We will need notation and results of Section 4 in [15]. There, we have estab-
lished that ¢, X (as a set) is the disjoint union of connected complex manifolds Xy
(H € T) each is a covering of Xj. Using the lifting property, for every H € T we
can lift Fj to a unique map FH(t, ) : Wiy — Xg that is defined and holomorphic
on the neighbourhood Wy := (Idem x prr) = (Wo) of {0} x X in C™ x X7, where
pr: Xy — Xg is the covering projection. It is not difficult to show that these
maps constitute a holomorphic map

F:W—>cuX,

where W := (Idcm x p)~1(Wp) is a neighbourhood of {0} x ¢, X in C™ x ¢, X.
(Alternatively, one can define the map F using the covering homotopy theorem
and the local structure of ¢, X, see Subsection 5.1. Note that in local coordinates
lifted from Xy the map F looks exactly the same as Fp.)

Next, for a fixed = € ¢4 X we consider a linear map

0, = Oili=o F(t,x) : C™ — Thea X.

We denote by 6 the corresponding holomorphic bundle morphism C™ x ¢, X —
TceX.

Since vector fields p*Vp ; span T'co X, the maps 0, are surjective, for every
x € ¢gX. Since TY C T¢qX |y, we can define a holomorphic vector bundle over Y,

E =0"(TY)CY xC™.
Lemma 9.2. There exists a holomorphic vector bundle E over Y such that
E¢gE=Y xCm™.

Proof. We have an exact sequence of holomorphic vector bundles over Y

(9.2) 0-E Y xC" 3 E -0
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(here E” is the quotient bundle) which induces an exact sequence of Cech coho-
mology groups with values in the sheaves of germs of holomorphic sections of the
corresponding holomorphic vector bundles

0 — I'(Y,Home (E", E")) — T'(Y,Homp (E",Y x C™)) — T'(Y,Homp(E", E"))
2 HY(Y, Home (E", E')) — - -

Recall that sequence (9.2) splits if and only if 6(I) = 0, where I: B — E”
is the identity homomorphism (see, e.g., Ch.1,4.1d-f in [37]). Since the sheaf
Home (E”, E') is locally free, Theorem 5.12 implies that H*(Y, Home(E”, E')) = 0.
Hence there is a holomorphic homomorphism u : E” — Y x C™ such that gou = 1d,
ie, Y xC™=FE @ E with E :=u(E"). O

It follows from this lemma that the restriction 6: E — Tc¢,X|g is an injec-
tive holomorphic bundle morphism such that Tc X |y = TY @ 6(E). Therefore,
we have:

Lemma 9.3. 0|g determines a holomorphic isomorphism between the bundles E
and NY .

Further, we define
F:=Fo Olg)™' : NY = co X

and show that there exists a neighbourhood V' of the zero section of NY that is
mapped by F' biholomorphically to a neighbourhood of Y in ¢, X. Using this and
replacing V' by a smaller neighbourhood of the zero section of NY with convex
fibres over Y, we can define the required maps h; by dilations along images of the
fibres of this smaller neighbourhood under F. This would complete the proof of
the theorem.

We prove that F' is a biholomorphism near the zero section of NY in two steps.

(1) First, we show that F is a local biholomorphism, i.e., every point of the zero
section of NY has a neighbourhood V' such that the restriction F'|y determines a
biholomorphism between V' and F(V) C ¢qX.

Indeed, by Proposition 5.4 for every x € Y one can find its neighbourhood
U, C cquX biholomorphic to Uy x K, where Uy C Xo, K C C?u are open, such
that (a) Y NU is biholomorphic to Yy x K for Yy C Up a complex submanifold
of Up; (b) NY|ynu 2 NYy x K; (¢) F: NYy x K — Uy x K is determined by a
collection of maps NYy — Uy continuously depending on variable in K such that
the maximum of moduli of determinants of square submatrices of their Jacobian
matrices are uniformly bounded away from zero.

The required result now follows from the inverse function theorem with contin-
uous dependence on parameter (Theorem 6.2).

(2) Now, we show that there is a neighbourhood V of the zero section of NY
such that F|y is an injection; since F' is holomorphic, this would imply the required.

We have defined F' in such a way that it maps the fibres of E that lie over the
points of Y N Xy into Xy, for every H € T (see the definition of F above).



1206 A. BRUDNYI AND D. KINZEBULATOV

Let py be the path metric determined by the pullback to Xy of the (complete)
Hermitian metric on X, (that we fixed previously). We define a pseudo-metric p
on ¢ X by

p(x1,22) := pu(x1,22) < 00 if 1,20 € Xy, p(x1,22) := 00 otherwise.

Let || || denote the norm on the fibres of bundle NY determined by the restriction
to NY of the Hermitian metric on T'c, X, defined above. For y € Y by v, we denote
an element of NV,Y. For x € Y we set

Vs(z) := {vy € NY : p(z,y) <6, |lvylly < 5}'

Using the construction of part (1) based on the inverse function theorem with
continuous dependence on parameter, one can easily show that there is a positive
function b € C(Y') such that

(9-3) p(a; F(ve)) < b(x)||vz |2

for all v, in a neighbourhood of the zero section of NY. Also, using the assertion
of part (1), one can show that there is a positive function r € C(Y) such that
F|Vr(w)(w) is a biholomorphism for all z € Y. Now, we set

r(y)

V.= {Uy e NY : ||’Uy||y < m}

This is an open neighbourhood of the zero section of NY. Let us show that F'|y
is injective. Indeed, assume that v,, v, € V and F(v,) = F(v,). Without loss of
generality we may assume that 7(y) < r(z). Thus, using the triangle inequality
and (9.3) we obtain:

pla,y) < px, F(ve)) + p(F(vz), F(vy)) + p(y, F(vy))

1 1
= plar, F(02) + ply, F(w,) < 5 7(@) + 5 7(0) < r(a).
It follows that v, vy € V,(y)(x). Since F|V,-<w>(x) is a biholomorphism, we arrive to
a contradiction with the assumption F'(v;) = F'(vy). Therefore, F|y is injective.
The proof of the theorem is complete. O

Remark 9.4. In the classical tubular neighbourhood theorem the neighbourhood
of a closed submanifold is chosen to be a Stein open submanifold (see, e.g. [26]).
The following question naturally arises: is it possible to choose €2 in Theorem 9.1
to be a Stein open submanifold of ¢4 X (see the definition in Subsection 5.4)?

9.3. Proof of Theorem 2.10

In view of Propositions 5.7 and 5.9, and (2.3), Theorem 2.10 follows from:

Theorem 9.5. Let Xg be a Stein manifold, Y C ¢, X be a complex submanifold,
f€O(Y). Then there exists a function F' € O(cqX) such that Fl|y = f.
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Proof. We will need:

Lemma 9.6. Let f € O(Y). For every point yo € Y, there exist a neighbourhood
V C caX of yo and a function Fy € O(V) such that Fv|vay = flvay.

Proof of Lemma 9.6. By Proposition 5.4, there exist an open neighbourhood V' C
caX of yo, open subsets Vy C C", K C G4, and a biholomorphic map ® € O(V; x
K, V) such that

O VNY)=Zyx K, where Zg=1{(0,...,0,2k11,---,2n): (21,...,20) € Vo}.
Let f:= ®*f € O(Zy x K). We define

Fu(z1,. oo om,w) = f(Zhgts o 2ns @)y (215, 2n,w) € Vo X K,
and Fy := (&~ 1)*Fy. m

Now, by Lemma 9.6 there exist an open cover U = {U;} of ¢, X and functions
fj S O(UJ) such that fj|YﬁUj = f|Y(“|Uj if Yn Uj 75 a; if 'Y n Uj = J, we
define f; := 0. Then {g;; :== f; — f; on U;NU; # @} is a 1-cocycle with values in
sheaf Iy of ideals of Y. By Proposition 5.5 sheaf Iy is coherent, so by Theorem 2.4
H'(cy X, Iy) = 0. Thus, {gi;}|v represents 0 in H'(V, Iy) for a refinement V of U.
To avoid abuse of notation we may assume without loss of generality that V = U.
Therefore, we can find holomorphic functions h; € I'(U;, Iy) such that g;; = h;—h;
on U; NU; # @. Now, we define F|y, := f; — hy for all j. O

10. Proofs of Theorems 2.17, 2.18, 2.20 and Proposition 2.19

In the proofs we use the following results.

(1) Let {Us} be an open cover of Z C X and L and L’ be line bundles on Z in
one of the categories introduced in Subsection 2.3 defined on {U,} by cocycles dqp
and d/, 8 respectively. Recall that an isomorphism between L and L’ is given by
nowhere zero functions h, on U, (of the same category as dag, d'aﬁ) such that

d,5 = hadaghy' on Uy NUp for all o, f.

(2) In the proofs below we work with the Cech cohomology groups of sheaves
on X or complex a-submanifolds of X associated to presheaves of functions defined
on subsets of X open in topology 7T, or their intersections with the submanifolds.
By definition (see, e.g., [33]), these groups are inverse limits of the Cech cohomology
groups defined on open covers of class (7;) of X or of its complex a-submanifolds
(see Definitions 2.5 and 2.12).

(3) Recall (cf. (2.3)) that Oy (V) = t*O(U), where V = 1"Y(U) € Ty, U C ca X
are open. In particular, O, = t*O, where O is the structure sheaf of ¢, X, and
t: X — ¢qX is the canonical map (see Section 2). Since (X)) is dense in ¢, X,
spaces Oq(V) and O(U) are isomorphic. It follows from the definition of coho-
mology groups that H?(X,Oq) = HP(ceX,0), p € N. A similar argument yields
HP(Z,04) = HP(Y,0), p € N, where Y C ¢4 X is a complex submanifold and
Z=.1Y)cCX.
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10.1. Proof of Theorem 2.17

Let us prove the first assertion.

Let E = {fo € Oa(Uq)} so that Ly is determined by the cocycle {dnp :=
fafﬁ_1 € Oq.(Uy NUg)}. By Definition 2.16 there exist nowhere zero functions
ho € Op(Uy) with |ha| € Cq(Uy) such that dog = h;'hg for all a, B3, see (1)
in the beginning of Section 10. We define f := fyh, on U,. This is a function
in O(Z) such that | |y, | = |fallha| € Ca(Ua) for each . One can easily show using
a partition of unity on the complex submanifold Y C ¢, X such that Z = :=1(Y)
(see Subsection 5.3) that the latter implies |f| € Cq(Z). By our construction,
divisor E; € Div(X) is {oo-equivalent to E.

Conversely, suppose that a is such that Gqisa compact topological group and
Jj(G) C Gq is a dense subgroup, and let E = {fa € Oa(Us)} € Divqe(X). By
our assumption there exist nowhere zero functions h, € O, _(U,) with h! €
Oy (Uy) such that f|y, = hafa for all a (see Definition 2.15). It is clear that
the family {h,} determines an {-isomorphism of the line a-bundle Lg := {(U, N
Us,dop = fafgl)} of E onto the trivial bundle {(Uy N Ug, 1)} (see (1) in the
beginning of Section 10); to conclude that Lg is a-semi-trivial it remains to show
that |hal, [ha| ™! € Ca(Uy,) for all a (see Definition 2.16).

By Proposition 5.1 there exist open subsets V,, C ¢, X and functions fa € 0O(Vy)
such that U, = (71(V,) and f, = 1 fo for all a; also, there exists a function
F € C(cqX) such that |f| = *F. We will show that there exist positive functions
ga € C (V) such that t*g, = |ha|. Then by (2.3) |hal, |ha| ™t € Ca(Uy).

Let us fix «. First, note that since the required inclusion is a local property,
we may assume without loss of generality that V,, is biholomorphic to V) x K,
where Vy C Xy is an open coordinate chart and K C Gq is open, K € 9 (see
Subsection 5.1). In particular, we can identify V,, with V x K.

The proof of the required inclusion consists of three parts.

(1) Let us show that fu(-,7) # 0 for every n € K.

By definition, the family of functions f := {fa} determines a not identically
zero holomorphic section of a holomorphic line bundle Lg on ¢, X (see Subsec-
tion 2.3). Based on results in [15] we have:

caX = Upger e (Xpg), where Xy = X, tg : Xg — ¢qX is holomorphic
(see Subsection 5.1) and ¢y (Xp) is dense in ¢ X for every H € T (cf. Subsec-
tion 4.1 and Example 4.2 in [15]).

In particular, since ¢gy(Xp) is dense in ¢, X, assuming that section f = 0 on
1 (Xp) for some H € T we obtain f = 0 on ¢,X, a contradiction.

Suppose, on the contrary, that fa(~, 1) = 0 for some n € K. Then there exists
a unique H € T such that Vo x {n} (= T1(Vo, {n})) C tu(Xr). We set f, := 15 f.
This is a holomorphic section of holomorphic line bundle LE[A/ e on Xpg. By our
assumption f,, is zero on an open subset of Xy (= X). Since fn is holomorphic
and X g is connected, f,, = 0; hence f|LH(XH) = 0, a contradiction, i.e., fa(-, n) £ 0.

(2) Next, we show that F|y, (-,n) £ 0 for every n € K.

Assume on the contrary that there exists g € K such that Fly, (-,n) = 0.
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By part (1), fa(~,770) # 0, so we can choose an open Vj € V; such that |fa(~,770)| >
¢ > 0 on VJ. Now, under the identification V,, with V5 x K the set U, = 1= *(V,,)
is identified with U, = Vg x L, where L := j~}(K) C G, and so t|y, = Idy, X j|L.
Since Fly, is continuous and j(L) is dense in K (see Subsection 2.1), there exists
a net {gy} C L such that the net {j(g,)} C K converges to n9. By continuity
fa(ilg 4)) converges to fal,m0) uniformly on V{ (so we may assume without loss
of generality that |fy (-, j J(gy))| = ¢/2 > 0 for all ), while Fly, (-,7(g~)) converges
to 0 uniformly on V. Since |flu, | = |hallfal, where |f| = *F, fo = *f, the
latter implies that |hq (-, g4)| — 0 uniformly over V. We will show that this leads
to a contradiction with our assumption.

Indeed, due to results of Subsection 4.1 of [15] there exists an equivariant
with respect to right actions of G continuous proper map k: Gg — Ga. Set
K’ := k™ 1(K). Passing to the corresponding subnets, if necessary, we may assume
without loss of generality that there exists a net {&,} C K’ having limit §, € K’
such that x(§) = no and k(&) = j(gy) for all . Further, since by our assump-
tion hy € Op (Us), by Proposition 5.1 there exists a function he € OV x K')
such that (Idy, X jr.)*ha = ha (see Subsection 2.1 for notation). Now, since
|ha (-, g4)| — 0 uniformly on V{, we obtain that |ha(-,&,)| — 0 uniformly on Vg;
so by continuity ha(-,&) = 0 on VJ. However, by (2.3) function hit € O (Ua)
admits a continuous extension to Vg x K’ such that its product with h,, is identi-
cally 1 (because hoh' =1 on U, and (Idy, X j,_)(Uy) is dense in Vy x K'). This
contradicts the identity ﬁa(~, &) =0 on Vj and completes the proof of step (2).

(3) Finally, we show that there exists a positive function g, € C(V,), Vo =
Vo x K, such that t*g, = |hal-

Let Z C V,, be the union of zero loci of functions Fly, and |f,|. By parts (1)
and (2 ), we obtain that the open set Z¢ :=V,, \ Z is dense in V,, and, moreover,
Flv, /|fa| and | fo|/F|v, are continuous on Z¢. We set & := (Idy, x ) : Vox Go —
Vo x Gq. By the definition pullbacks by & of (F/|fa|)|gc and (|fa|/F)|gc to
R1(2°) € Vo x K’ coincide with |h,| and |ha| ™! there (see part (2)). This, the
fact that the open set 7£71(Z¢) is dense in Vy x K’ and the definition of # imply
that |he| is constant on fibres of £. Since & is a proper continuous map and Vo x K,
Vo x K’ are locally compact Hausdorff spaces, the latter implies that there exists
a positive function g, € C(Vp x K) such that #*g, = |ha|. By the definition
9o = Flv./|fal on Z¢. This yields t*go = |ha|, as required. O

10.2. Proof of Theorem 2.18

Suppose that conditions (1) and (2) are satisfied. Let us show that the holomorphic
line a-bundle L is a-semi-trivial.

Suppose that L is defined by a holomorphic 1-cocycle {cos} on an open cover
{Ua} of Z of class (74). In what follows, we may need to pass several times
to refinements of class (7;) of the cover {U,}. To avoid abuse of notation we
may assume without loss of generality that {U,} is acyclic with respect to the
corresponding sheaves so that according to the classical Leray lemma we can work
only with cover {U,}.
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By (1) we can find functions ¢, € Oq(U,) such that ¢! € O4(U,) and
calcapcs = dap is locally constant on U, NUp for all a, B; hence, {dns} determines
an equivalent discrete a-bundle L’ on Z. Now, we have polar representation

dop = |dagle’=?  for all a,p.

Then {|das|} € Z*({Us},Ry), {ee#} € Z*({U,},U1), where U is the 1-dimen-
sional unitary group, are multiplicative locally constant cocycles.

Since |dog| # 0 are locally constant and belong to Oq(Uy N Ug), functions
log |dag| € Oa(UaNUpg) as well and form an additive holomorphic 1-cocyle on {Uy }.
We can resolve this cocycle by Theorem 5.12 (see definitions in the beginning of
Section 10), i.e., there exist functions g, € Oq(Uy) such that ef> - e~ 95 = |d,g| for
all a, B.

Further, by condition (2) bundle L’ is trivial in the category of discrete line
bundles on Z. This implies existence of functions e« € O(U,), where I, are
real-valued locally constant, such that

ellos = ¢lla . e=s on U, NUs.

Now, we define 4
Vo 1= e 9 g “Ca € Oéoo (Uoc)'

Then dnpg = wawﬁ_l, so the family of functions {1, } determines an isomorphism
in category L;_(Z) of L onto the trivial line bundle (see (1) in the beginning of
Section 10). Moreover, [, | = e 89 ¢, |, [1ha| ™! = e 9= |c;t| € Cf(Uy,) for all a,
as required.

Conversely, suppose that the holomorphic line a-bundle L is a-semi-trivial. Let
us show that conditions (1) and (2) are satisfied. As before, we assume that L is de-
termined by a cocycle {cap € Oq(UaNUg)} on cover {Uy} of Z. By Definition 2.16
there exist nowhere zero functions 1, € O(U,) with [ta],[10a]| ™! € Ca(Us) such
that 'l/)acag1/15_1 =1onU,NUz# 0 (see (1) in the beginning of Section 10).

We will use notation and results of Subsection 5.5. Denote

APR(UL) = P APR (V) ZPRU,) = Z2PR(V,),

where V,, C Y is open and such that U, = t7}(V,), Y C ¢4X is the closure
of 1(Z) (a complex submanifold of ¢, X, see Proposition 5.7), AP**(Y") is the space
of (p, k)-forms on Y and ZP**(Y') is the space of d-closed form on Y. Also, denote
C(Uy,) == 1"C>®(Vy).

Let us show that [1h,], [¢0a] ™! € C°(U,). We may assume without loss of gen-
erality that U, = Uy x j7 1K), V, = Uy x K, where Uy C C™, m := dim¢Z,
is an open ball and K C G, K € 9, see (5.3), is open (see Proposition 5.4 and
Subsection 5.1). Then there exist ¢, ¥5' € OUy x K'), K' := k™1 (K) C Gr..,
such that (Idy, X je.))* (Va) ™! = (¥a)T! (see part (2) in the proof of Theorem 2.17
and Subsection 5.1) which can be viewed as holomorphic functions on U, taking
values in the Fréchet space C(K’). In particular, these are C(K’)-valued C* func-
tions. Further, since |1ba ], [tha| ™! € Ca(U,), there exist nowhere zero functions 1,
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;' € C(Up x K) whose pullbacks by Idy, x & to Uy x K’ coincide with t)q
and 1;; L respectively. The last two facts imply easily that 1%, 1&; Le 0= (Uyx K)
(see Subsection 5.5 for the definition). Pullbacks of 1, ¥, by ¢ := Idy, x j are
functions [t)4], [tho| 1. Thus these functions are in C$°(U,,).

Now, since by, 17 ! are nowhere zero, log|,|€ C2(U.,); hence, forms d(log |1al)
belong to Ay°(U,) and satisfy 90(log |1 |) = 0, that is, O(log [¥a]) € Zy°(UL).
Identifying U, with Uy x j71(K) by a biholomorphism (see Proposition 5.4) we
obtain that O(log|¢s|) is the pullback by ¢ of the d-closed holomorphic 1-form
d(log 1/3a) on Uy with values in the Fréchet space C(K) (see Subsection 5.5 for
notation). Integrating the latter form along rays in U, emanating from the center
and taking the pullback of the obtained function by ¢ we obtain a function u, €
04(Uy) such that du, = 6(log|wa|). Hence, log|Ya| — uq = T4 for some v, €
04(Uy). We define by, := g + vo € Oq(Uy). Then log|th,| = Rebs. Now, set

dop = eb"cage_bﬂ € 04Uy NUg) forall o, p.

Then |dag| = |1/)acaﬁ1/)§1| = 1, i.e., {dag} is a locally constant 1-cocycle on the
cover {Uy} of Z with values in the unitary group U;. Therefore condition (1) is
satisfied.

Further, wae_badaﬁwglebﬁ =1 for all a, 8 and [thae | = 1 on U,, that is,
functions ¢,e b« are locally constant for all . Hence the discrete line a-bundle
L' .= {(UyNUp,dap)} is trivial in the category of discrete line bundles on Z, i.e.,
condition (2) is satisfied as well.

The proof of the theorem is complete. O

10.3. Proof of Proposition 2.19

We use notation and results of Subsection 5.5. Suppose that algebra a is self-
adjoint. Then Z = +~!(Y) for a complex submanifold Y of C ¢, X (see Defini-
tion 2.6 and Subsection 5.3). We set AB¥(Z) := *APR(Y), Z0F(Z) := * 2P (Y),
and define

HPR(Z) = Z0M(Z) JONR*=1(Z), p>0, k>1, HPY(Z):=270°(7).

These spaces of forms and cohomology groups are isomorphic to their counterparts
on Y, so we have analogues of Proposition 5.15 and Corollaries 5.16, 5.17 on Z
(see (2) and (3) in the beginning of Section 10).

We will also need an analogue of the de Rham complex on Y.

Let Z™(Y) € A™(Y) denote the subspace of d-closed forms. Define

H™(Y) :=Z™Y)/dA"" YY), p>0, m>1,
HO(Y) :=Z°%Y).

(“de Rham cohomology groups of Y”). Now, set AT (Z) := *A™(Y), ZI"(Z) =
P Zm(Y),

HMZ)=2Z""Y)/dA}(Z), p>0, m>1, HY(Z):=Z)(Z).
Then H(Z) and H™(Y") are isomorphic.
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Let us denote by O, the sheaf associated to the presheaf of functions O, (U),
U C Z, U € Ty (see Definition 2.12). Let Zq, Ry C Oy denote subsheaves of
locally constant functions with values in groups Z, R, respectively. Using an argu-
ment similar to that of the proof of Proposition 5.15, where instead of Lemma 6.1
we use the Poincaré d-lemma for Banach-valued d-closed forms on a ball (see
Subsection 8.5), one obtains an analogue of the d-Poincaré lemma on Y (ie., a
d-closed C*° m-form, m > 1, on an open subset of Y is locally d-exact). Then
since sheaves A™ of germs of C'°° m-forms on Y are fine, see Lemma 5.14, by a
standard result about cohomology groups of sheaves admitting acyclic resolutions
(see, e.g., Ch. B, §1.3, of [34]), we obtain

(10.1) H™Z)= H™(Z,R,), m > 0.

Finally, by O C O, we denote a multiplicative subsheaf associated to the
presheaf of functions f € O, (U), U C Z, U € Ty, such that f=1 € Oq(U) as well.

Proof of Proposition 2.19. First, we show that condition (1) of Theorem 2.18 is
satisfied.
We have an exact sequence of sheaves

27
0= Zy— O = O =0
which induces an exact sequence of cohomology groups
oo HY(Z, ) — HY(2,04) — HY(2,0%) > HX(Z,Zq) — - .

By definition the class of holomorphic a-bundles isomorphic to the line a-bundle
L := Lg of a divisor E € Divy(Z) determines an element of group H'(Z,O%);
its image under § in H%(Z,Z,) is denoted by 6(L) and is called the Chern class
of L. On a suitable open cover {U,} of Z of class (7,) element §(L) is defined
by a locally constant 2-cocycle {méﬂv} € Z?({Uy},Z4y) given by the formula (see,
e.g., [30])

1
mﬁm =50 (log cap +logcg, + log Cva) on U,NUzNU,,

where L is determined on {U,} by 1-cocycle {c.3 € O%(U, NUp)}.

Let ¢(L) denote the image of 6(L) in H?(Z,R,) under the natural homomor-
phism H?(Z,Z,) — H?(Z,R,). We identify the last group with H2(Z), see (10.1).
Since dimcZ = 1, element ¢(L) is determined by a d-closed (1, 1)-form n € Z2(Z).

Lemma 10.1. 7 = d\ for some X\ € AL(Z).
Proof. Since Z is 1-dimensional, On = 0. Hence, by the analogue of Corollary 5.17

on Z we have 1 = X for some X € AS°(Z). We have OX = 0, as AZ°(Z) = 0, so
d\ = (0 + 0)\ = O\ = 1), as required. O
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The lemma implies that ¢(L) = 0. Replacing cover {U,} by its refinement
of class (7,), if necessary, we may assume without loss of generality that there
exists a locally constant 1-cochain {s,g € Coq(Us NUg,Rq)} on {Uy} such that,
for all «, 3,7,

méﬁﬂ{ =548+ 58y +5ya on U, NUgNU,.
Then {logcap —2mi-sap} € Z'({Uas}, On). According to Theorem 2.4 this cocycle
represents 0 in H*(Z,0,) (as HY(Z,0,) = H(Y, ), see discussion in the begin-
ning of Section 10). Again, passing to a refinement of cover {U,} of class (7y),
if necessary, we may assume without loss of generality that this cocycle can be
resolved on {U,}, that is, there exist h, € Oq(U,) such that

logcap — 2mi - 508 = ho —hg on U, NUpg.

We set dog 1= e "ecape on U, N Us. Then cocycle {dag} determines a dis-
crete line a-bundle L’ isomorphic to L. Therefore, condition (1) of Theorem 2.18
is satisfied.

Now, we show that under the additional hypothesis H'(Z, C) = 0 condition (2)
of Theorem 2.18 is satisfied as well.

First, note that H?(Z,Z) = 0. Indeed, Z is a complex submanifold of a Stein
manifold X, and hence itself is a Stein manifold. Therefore, since dim¢ Z = 1,
Z is homotopically equivalent to a 1-dimensional CW-complex, which implies the
required.

A discrete line bundle on Z is determined (up to an isomorphism in the cor-
responding category) by an element of group H'(Z,C*), where C* := C\ {0}.
Therefore, to show that the discrete line a-bundle L’ is trivial in the category of
discrete bundles on Z, it suffices to show that H'(Z,C*) = 0. In turn, the exact
sequence of locally constant sheaves 0 — Z — C 2¥ C* — 0 on Z induces an exact
sequence of cohomology groups

- HY(Z,7) - HY(Z,C) — HY(Z,C*) — H*(Z,Z) — --- .
Since H'(Z,C) = H?*(Z,7Z) = 0, group H*(Z,C*) = 0, as required. O

10.4. Proof of Theorem 2.20

Since X is homotopy equivalent to open subset Yy C Xo, 71 (Xo) = m1(Yp) and the
space ¢, X is homotopy equivalent to open subset c¢,Y C ¢ X, Y :=p~1(Yp) C X
(for @ = £ the proof is given in Proposition 4.2 of [10]; the proof in the general
case repeats it word by word).

We retain notation of Subsection 10.3. For the exact sequence of locally con-
stant sheaves on X

27
0= Zy— O = O =0
consider the induced exact sequences of cohomology groups
o HY(X, Zq) — HY(X,04) = H'(X,05) % H(X,Zg) — -

We have similar exact sequences over Y = p~1(Yy) so that the embedding Y — X
induces a commutative diagram of these sequences.
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Since Xy is a Stein manifold, H(X, O,) = H'(csX,0) = 0 by Theorem 2.4.
Thus, ¢ is an injection. Also, since ¢, X is homotopy equivalent to ¢,Y, by the
homotopy invariance for cohomology of locally constant sheaves (see, e.g., Chap-
ter 11.11 of [4]),

H*(Y,Zy) = H*(c,Y,Z) = H*(co X,2) = H*(X,Zs), k>0

(see definitions of the corresponding cohomology groups in the beginning of Sec-
tion 10).

Let ¢, € H' (X, %) be the cohomology class determined by the line a-bundle
L = Lg of the a-divisor E. We show that d(cy) = 0; since § is an injection,
this would imply that L is isomorphic to the trivial line a-bundle, and hence E is
a-equivalent to an a-principal divisor.

Indeed, the restriction 6(cr)|y € H?(Y,Zq) of §(cr) to Y is, by definition, the
Chern class of the restriction L|y. Since E|y is a-equivalent to an a-principal divi-
sor on Y, the line a-bundle L|y is isomorphic to the trivial line a-bundle in £4(Y"),
so we have 6(cz)ly = 0. Since the restriction homomorphism H?*(X,Z,) —
H?(Y,Z,) is an isomorphism (see above), d(cz) = 0, as required.

Let us prove the second assertion of the theorem. Assume that a is such
that G is a compact topological group and j(G) C Gq is a dense subgroup,
and supp(E) N'Y = (. We retain notation and results of parts (1) and (2) of
the proof of Theorem 2.17. By definition divisor E determines a holomorphic line
bundle L g on ¢q X and a holomorphic section s of L g such that s is not identically
zero on each ‘slice’ 1y (Xpg) C ¢ X and V' Lp=Lg. If supp(s) C ¢qX is zero loci
of s, then ¢~ (supp(s)) = supp(E). Let us show that supp(s) Nc,Y = 0. Indeed,
assuming the contrary we find a point © € vy (Xg)NcqY for some H € T such that
s(x) = 0. Since ¢,Y C ¢ X is open, there exists an open neighbourhood of 2 which
is contained in ¢, Y. Without loss of generality we may identify this neighbourhood
with Vy x K, where Vi C Yj is an open coordinate chart and K C Gq is open,
K € 9 (see Subsection 5.1). Then s(z,7n) = 0 for some (z,7) € Vo x K. Let S C K
be a dense subset such that j71(S) C G, the deck transformation group of X (see
Subsection 2.1 for notation). By definition, .1 (V x S) C Y. Also, s(-,€) € O(Vp)
for all ¢ € K and s(-,7n) is not identically zero. Since s € C(Vp x K), by the Montel
theorem there exists a sequence {s(-,&;)}jen, {§;}jen C S, converging to s(-,n)
uniformly on compact subsets of V. Then according to the Hurwitz theorem (on
zeros of a sequence of univariate holomorphic functions uniformly converging to a
nonidentically zero holomorphic function), there exists (w, ;) € Vo x S such that
s(w, &) = 0. This implies that :~!((w,&;)) € supp(E)NY, a contradiction proving
the required claim.

Thus we obtain that s|.,y is nowhere zero, i.e., EE|Cuy is holomorphically
trivial. In turn, ¢* (EE|cay) = (LE)|y = Lp), is the trivial a-bundle on Y.
Hence, the restriction of F to Y is a-equivalent to an a-principal divisor. The first
part of the theorem then implies that E is a-equivalent to an a-principal divisor
on X.

The proof of the theorem is complete. O



ALGEBRAS OF HOLOMORPHIC FUNCTIONS 1215

11. Proofs of Theorem 2.21 and Proposition 2.23

Proof of Theorem 2.21. We will use notation and results of Subsection 5.1 and
Example 4.4 in [15].

Using the axiom of choice we construct a (not necessarily continuous) right
inverse \ : Gq —>Gg to k, i.e., ko A = Id. Given a subset K C G, byK c Ga
and K, C Gy we denote the closures of sets jq(K) and jo_ (K) in G and Gy__
respectively.

For II(Uyp, K) := 11, (Up, K) we have a commutative diagram

Id X jq . . . .
(U, K) — 2 11, (Us, Ko) —2— T (U, Ki..)

IdX]gOQ

(Uy, K) ——=>T1,_ (U, K¢..)

(11.1)

All maps, except possibly for A, are continuous.

We will need the following results.

Lemma 11.1. Under the hypotheses of the theorem, there exists a unique function
fe O(HG(UO,KQ)) such that

(11.2) S, k) = (Id x ja)* f.

Proof. Since f € Oy__(X), there exists a function f € O(ﬂgoo (UO,KG)) such that
Flnwo.se) = (d x jo ) f. We set f:= (Id x \)* f: T4 (Up, Kq) — C. Clearly, (11.2)
is satisfied. Identifying IT4(Up, Ko) with Uy x K, (see (5.2)), we obtain that
f(,w) € OUp) for all w € K,. It remains to show that f is continuous. Since
[ € Cua(Z), there exists a function F' € C(ll4(Zo, Kq)) such that flrz, k) =
(Id x jq)*F. Also, since (Id x ju)(H(ZO,K)) is dense in ﬁu(ZO,Ku) and dia-
gram (11.1) is commutative,

(11.3) f|ﬂa(zo,f<u) =F.

We identify f[a(Uo, Ka) with Uy x K, and f[a(Zo, Ka) with Zp x Kq. Suppose that f
is discontinuous, i.e., there exists a net {(zq,wa)} C Uy X Kq, (2a,wa) = (2,w) €
Uy x K, such that limg, f(za,wa) exists but does not coincide with f(z,w). Using
the Montel theorem we find a subnet {f(-,w%)} of the net {f(-,wa)} € O(Uo)
which converges to a function g. Since f | Zox I, 18 continuous and Zj is a uniqueness
set for functions in O(UO) 9= f(-,w). But g(z) = limy f(24,wa), a contradiction
showing that f € C(I1,(Zo, K,)). Hence, f € O(I4(Zo, Ky)). O

Lemma 11.2. We have U;’;lﬁu - Jjalgi) = Gq.

(Recall that Lg is the closure of jo(L) in Gy.)
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Proof. Indeed, U” 1La Ja(gi) is a closed subset of G4 containing Jja(@), as by the
assumption of the theorem U”llL gi = G. Since set j.(G) is dense in G4, we
obtain that U™ 1Lu Jalgi) = Go. O

We now complete the proof of Theorem 2.21 by means of an analytic continua-
tion-type argument.

Let us consider the open cover U = {Up,} of X and the corresponding sys-
tem of trivializations ¢, : p~1(Up, x G) — Up, x G of the covering p: Xog — X
introduced in Subsection 2.4. (Recall that IL, (U 4, ) =¢;'(Us x S8), S C@.)
This system determines a system of trivializations Ury : Moy (Uoy, L) = Uy x L,
LC Gu, of the fibrewise compactification p : ¢, X — Xo, see Subsection 5.1. Pass-
ing to a refinement of U, if necessary, we may and will assume without loss of
generality that all nonempty sets Uy, N Uy s are connected and simply connected,
and that Uy = Up ,, for 7. from the statement of the theorem.

First, we will prove that

(*)  there exists a function fy, € O(p~ (Uy)) such that v* fy, = Tlp=1(ve)-
Letus fix 1 <i<m.

Lemma 11.3. There exist families {U, 7l}s(z) CU and {K; ls(zl) C G such that
(1) 71 =Ys() = ¥+, K1 := K and Ky;) = K - g,
(2) Uom NUoyyy # @ for all 1 <1< s(i) — 1, and
(3) Iy, (Uo,y, MU,y 1> K1) = 1Ly, (Uo iy MU0y s Kigr) for all 1 <1< s(i) — 1.

Proof. Take xg € Uy and define yg := w;* (x0,1). Since covering p: X — X
is regular, there exists a continuous path joining yo and g; - yo obtained as the
lift of a loop Y: [0,1] — X, with basepoint xg. Then there exist a partition
0=ty <ty < <ty =1o0f [0,1] and a family {Uy, “{z} ) C U such that
s(4)
%([0,1]) € | JUonii Uoyy = U,y :=Uo (= Vo );
i=1
Yo([tis tiv1]) C Uoney, Vi > 0.
Now, we define K1 = K and Kj1 := K- ¢y, forall 1 <1 < s(i) — 1 (note
that Up, N Uo,y,,, # @ by our construction), where {cs,} is the 1-cocycle on U
determining covering p: X — X (see Subsection 2.4). Clearly, conditions (1)—(3)
are satisfied. O

Further, using Lemma 11.1 we can find a function fl € O(f[qm(Ug,,yl,f(lu))
such that .*f, = f on I, (Uo,y,, K1). Since the open set Uy, N Up,, (# D) is a
uniqueness set for functions in O(Up 4, ), we can apply Lemma 11.1 to f|m (v, ., .K»)
to find a function f, € O(ﬁum(Uom,f(ga)) such that o* fo = f on IL,, Uy +,, K2).
(Indeed, as the set Z in the lemma we can take IL,,(V, K3), where V is a compact
subset of Uy, N Uy 7 with nonempty interior. Then f = /* fl on Z and the
continuous function f1 defined on compact subset I, A1 (U041 K 1a) of g X admits
a continuous extension to ¢, X by the Tietze—Urysohn theorem. Thus, f € Cy(Z),
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as required in the lemma.) We repeat this construction for 3 <1 < s(i) to obtain
functions f; € O(Ilg, (Uo,y,, Kia)) such that o* f; = f on IL,, (U, K;). Using
these arguments for all 1 < ¢ < m we obtain functions fs(i) € O(ﬁu,'y*(UO/y*,ku .

ju(gl))) such that L*fs (i) f|Hﬂ,* (Ure K gi):

Let K¢ denote the interior of K. Then K¢ - ]a(gl) is the interior of K, - ]a(gl)
for all 4 > 1. We have fS (i) = fS(J) on Mg, (Uory,, K- ja(gi) NTar, (Uos., K
Ja(g;)) # 0 since by our construction these functlons are continuous and coin-
cide on dense subset ¢(IL,, (U, K - g;) N 1L, (UO,%,K g;)) of the latter set.
Finally, by Lemma 11.2, U7, L - ja(gs) = G4, and since Ly C K¢ by the assump—
tion of the theorem, we have U*; K¢ ja(gz) Go. This shows that ' (Up) =

i:lHuKY* (Uomy., K3 - ja(gi)). Therefore on|n o Uorme K 3-a(90)) fs(z), 1<i<
m, is a function in O(p~1(Up)) satisfying (*) as required. By deﬁnition (cf. (2.3)),
flp=1 (o) € Oa(p™" (Vo))

Let Wy C X be the maximal connected open subset which consists of unions of
elements of the cover ¢ and such that f|,-1w,) € Oa(p™(Wo)). (Existence of Wy
follows from Zorn’s lemma; also, Uy C Wy.) Let us show that Wy = X. Assuming
the contrary, we find (because of connectedness of X)) a subset U} € U such that
Wo N U # 0 and Wy is a proper subset of the open connected set Wy U U}. Now
in conditions of Theorem 2.21 we replace Uy, Z and K by sets U}, Z' := p~*(Z}),
where Z() € Uj N Uy is compact with nonempty interior (hence, a uniqueness set
for functions in O(U))), and K’ := G, respectively. Since f|,1(1,) € Oa(p™(U0)),
we have f|z € Cq(Z"). Therefore claim (*) in this setting gives a function fU(f) €
O(p~H(U})) such that ¢ fU/ = flp—1( Lwy), ie. flp*l(Ué) € Ou(p~1(U})). Since
flo-1(wo) € Oa(p™'(Wp)), this implies that f|p‘1(W0UU6) € Ou(p*(Wo U TY))
contradicting the maximality of Wy. Thus, Wy = Xy and f € Oq(X).

The proof of the theorem is complete. O

Proof of Proposition 2.23. (a) = (b). Suppose that there exist g1, ..., g € G such
that U™, K - g; = G. Let us show that the closure K, ofj( ), j = = Ja, in G4 has
a nonempty interior K 5. Indeed, by Lemma 11.2, U™, K, -3(gi) = Ga. Assuming
that Ko # G, (in this case the statement is trivial) we may choose 1 <k <m —1
such that K’ = UF_, Ky - j(gi) does not cover G, but Ufﬂl Ka <j(gi) = G,. Thus
the complement of K ’is a nonempty open subset of K, - J(gk+1). This implies
that K2 # 0.

(b)=(c). Let U C Ga be open. Since j(G) is a dense subgroup of the compact
topological group Gla, the set Ugeq U- j( ) coincides with G,. (For otherwise, there
exists v € Gy such that the closure in Gy of the set {v-j(g)}4ec is a proper subset
of Gy which contradicts the density of j(G) in Ga .) Thus there exist g1,...,9m € G
such that U™, U - j(g;) = Gq. This implies that Uy, 5~(U) - g; = G.

Now, suppose that K C G is such that f(g # (). Choose an open set U € K;’
and define L := j71(U) C G. The previous argument shows that the pair L C K
satisfies conditions of Theorem 2.21.

(¢) = (a). Follows from the definitions. O
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12. Proofs of Proposition 2.24 and Theorems 2.26, 2.28
and 2.29

12.1. Proof of Proposition 2.24

It is easy to see that any function f € Oq4(X) is locally Lipschitz with respect to
metric d (see Section 1), i.e.,

(121) | f(mhg) - f(x2,9)| S Cd((xhg)v (x27g)) = CdO(mth)

for all (z1,9), (z2,9) € Wo x G = p~1(Wy), where Wy € Xj is a simply connected
coordinate chart. (Here C' depends on dy and Wy only.) We set fo, := fl,-1(z0) €
a, rg € Xp, and define

f(xo) = fxo, Ty € Xp.

Then f is a section of bundle CyXy. Using (12.1) for any linear functional ¢ € a*

we have ¢(f(x)(g)) = ¢(f(x,9)) € OWy), g € G, v € Wy € X, a simply
connected coordinate chart, see [44] or [8] for similar arguments. Thus f is a
holomorphic section of CyXy. Reversing these arguments we obtain that any
holomorphic section of Cy Xy determines a holomorphic a-function on X. O

12.2. Proof of Theorem 2.26

Let B be a (complex) Banach space. We define
A(Dy, B) := C(Dy, B) N O(Dy, B).

Consider a family of bounded linear operators LB : B — A(Dy, B), z € Dy,
holomorphic in z such that £Z(b) = b for every b € B and sup,¢p, [|LZ] =1
defined by the formula

LB(b)(x) :=b for all x € Dy.

We use notation and results of Subsection 2.5.1. Namely, we identify functions in
algebra a,, z € Dy, with sections over z of the holomorphic Banach vector bundle
p: CqXy — X associated to the principal fibre bundle p: X — X, and having
fibre a, and functions in O4(D) with holomorphic sections of O(CyXo)|p,. Recall
that there is a holomorphic Banach vector bundle F such that C; Xo® F = Xgx B
for some Banach space B. By ¢ : XoxB — CyXgand i : CqoXg — Xox B, goi = Id,
we denote the corresponding bundle morphisms. Now, for every h € a, we define

La(h) := (g0 LT o) (h) € Aa(D).
Clearly, the family {L.}.cp, satisfies conditions (1), (2) of Theorem 2.26. O

12.3. Proof of Theorem 2.28

The arguments below are analogous to those in [7].
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Using the construction of Subsection 2.5.1 we identify functions in Cq(X)
and Oq(X) with continuous and holomorphic sections of the holomorphic Banach
vector bundle p: Cy Xg — X associated to the principal fibre bundle p: X — X
and having fibre a. Further, there exist holomorphic Banach vector bundles
p1: B — Xo and po: Fy — X with fibres By and By such that Ey = By & Cq X
and FEs is holomorphically trivial, i.e., Fa 2 X x By (see, e.g., [55]); so continuous
and holomorphic sections of Ey can be identified with Bs-valued continuous and
holomorphic functions on Xy. By ¢ : Es — CyXg and 7 : Cy Xg — E> we denote
the corresponding quotient and embedding homomorphisms of the bundles so that
qoi=1Id.

As before we identify function f satisfying the hypothesis of Theorem 2.28
with a continuous section of Cq X over dDgy. Then h :=i(f) € C(0Dy, Bz). Since
f € C4(0D) satisfies the tangential Cauchy—Riemann equations, h satisfies the
weak tangential Cauchy—Riemann equations on 0Djy:

[ (eomron
8D0

for any smooth form w € A™"~2(X,) having compact support and any ¢ € Bj.
Hence, applying the Hartogs-type theorem of [36] to functions ¢ o h we obtain that
there exists a function H € O(Dy, B3*) N C(Dy, B3*), where the second dual Bj*
of By is considered with weak* topology, such that H|gp, = h (here By is naturally
identified with its isometric copy in B3*).

Now, we use the integral representation result of Corollary 5.4 in [28], asserting
that there exist a compact subset S C Dy \ Dy, a positive Radon measure z on S
and a function @ on Dy x S such that (a) Q(-,y) is holomorphic for all y € S; (b)
Q(x,-) is p-integrable for all z € Do; (c) x — [4]Q(z,y)| du(y) is continuous; (d)
for any function w € O(Dy) N C(Dy)

w@) = [ Q) f(s)duty) forallx € D,

Using the Bochner integration we define

(12.2) waa@gwmme@,wem.

Then H' € C(Dg, Bs). Since the Bochner integral commutes with the action of
bounded linear functionals, ¢ o H' = ¢ o H on Dy for all ¢ € B;. Thus, H' = H
on Dy and so H € O(Dy, (B2, w)) N C(Dy, (B2, w)), where (B2, w) is By equipped
with weak topology, and H € O(Dy, Bs).

Now, the required holomorphic extension of f is given by F := ¢(H’). Indeed,
by our construction F|p, € O(Dy,CqXp). By Proposition 2.24, F|p, can be
viewed as a function in O (D). Further, since map ¢ is continuous also if we equip
fibres of the corresponding bundles with weak topologies, F’ is a continuous section
of (CyXo,w) over Dy, i.e., of Cq X with fibres endowed with weak topology. Using
presentation (2.9) of Cy Xy and evaluation functionals at points of G, we easily
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obtain from the weak continuity of F' that considered as a function on X it is
continuous up to the boundary. Hence, F' € Oq(D) N C(D) and Flgp = f, as
required. O

12.4. Proof of Theorem 2.29

Let Dy be a relatively compact subdomain of Xg, D := p~1(Dy). We set Aq (D) :=
Ou(D) N Cy(D). By A,(D) we denote the space of holomorphic functions f €
Aq(D) such that for every xo € Dy the function g +— f(g-7) (9 € G, x € p~(z0))
is in a,, and by Ag(D) the C-linear hull of spaces A,(D), ¢ € I.

Theorem 2.29 is a corollary of the following result.

Theorem 12.1. If Xy is a Stein manifold and Dy C X is a strictly pseudoconvex
domain, then Ao(D) is dense in Aq(D).

First, we deduce Theorem 2.29 from Theorem 12.1 and then prove the latter.

By Cq, X0 (v € I) we denote the holomorphic Banach vector bundle associated
to the principal fibre bundle p: X — X and having fibre a, (see (2.9)). For a given
open subset Dy C X by O(Dy, Cy, X) we denote the space of holomorphic sections
of bundle Cy, Xy over Dy endowed with the topology of uniform convergence on
compact subsets of Dy which makes it a Fréchet space. We have an isomorphism
of Fréchet spaces

(12.3) Oq, (D) = O(Dy, Ca, Xo)

(the proof repeats literally that of Proposition 2.24). B
Let X be a Stein manifold, Yy € Xo be open such that Yy is holomorphically
convex, and Dy C X be an open neighbourhood of Y. We set Y := p~1(Yp).

Proposition 12.2. Let f € Oq, (D). For every € > 0 there exists h € Oq, (X)
such that sup,cy |f(2) — h(2)] <e.

Proof. We need the following approximation result established in Theorem C
of [16].

Let B be a complex Banach space and O(Xy, B) the space of B-valued holo-
morphic functions on Xj.

(o) Let f € O(Dy,B). For every e > 0 there exists h € O(Xo, B) such that
sup.ey, /() = h(z)lls <e.

Further, since Xy is a Stein manifold, there exist holomorphic Banach vec-
tor bundles py: E1 — X and ps: F» — Xy with fibres B; and By such that
Ey; = Ey @ Cy, Xo and Es is holomorphically trivial, i.e., Es = Xy x By (cf.
the proof of Theorem 2.28). Thus, any holomorphic section of F5 can be nat-
urally identified with a Bs-valued holomorphic function on Xy. By ¢: Fy —
Cq,Xo and i: Cq, Xo — E2 we denote the corresponding quotient and embed-
ding homomorphisms of these bundles so that ¢ o ¢ = Id. Given a function
f € O (D) by f e O(Dy,Cq Xo) we denote its image under isomorphism (12.3).
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Set f := i(f) € O(Dy,By). By (o), for every & > 0 there exists a function
h € O(Xo,By) such that SUp, ey, 1f(z) = h(2)||lB, < & We define h := q(h) e
O(Xo, Cq, Xo) and by h € O, (X) denote the image of & under the inverse isomor-
phism in (12.3). The continuity of ¢ and ¢ and the compactness of Yy now imply
that sup, .y |f(2) — h(z)| < C& for some C' > 0 independent of f and &. O

Using this proposition we complete the proof of Theorem 2.29 as follows.

Let f € Oq(X). It suffices to show that for a sequence Y1 € --- € Yo € - --
of open subsets of Xy such that UYy r = X and for any € > 0 there exist func-
tions hy, € Op(X) such that sup,cy, |f(z) — he(z)| < e/k, where Y, := p~ ' (Yor).
Since X is a Stein manifold, we may assume without loss of generality that
each Yy ;. is holomorphically convex. Then there is a strictly pseudoconvex open
neighbourhood Dy € Xo of Yo, k > 1 (see, e.g., [35]). Since restriction flp, €
Aq(Dy), Dy, := p~Y(Dox), by Theorem 12.1 there exist functions h) € Ao(Dy)
such that sup,cp, |f(z) — hy(z)] < €/(2k), k& > 1. By the definition of space
Ao (Dy), there exists ¢ € I such that hj, € A, (D). Now, by Proposition 12.2,
there exists hy € Og,, (X) such that sup,ey, [hi(z) — hi(z)| < €/(2k). Thus,
SUp,ey, [f(z) — hi(z)| < e/k. Since O, (X) C Op(X), this implies the required
result modulo Theorem 12.1. O

Proof of Theorem 12.1. By A(Dy,CqXo) and A(Dg, Cq, Xo) we denote spaces of
sections of bundles Cy X¢|p, and Cq, Xo|p, continuous over Dy and holomorphic
on Dy. We equip A(Dy, CqXo) with norm || f|| := sup,¢p, [|.f ()|« which makes it
a Banach space. Then A(Dg,Cq, Xo) is a closed subspace of A(Dg, CqXp). Also,
we define linear space

Ao(Do, CaXo) := | J A(Do, Ca, Xo)-
el

We have natural isomorphisms of vector spaces defined similarly to that of Propo-
sition 2.24:

(12.4) Ao (D) S A(Dy,Ca, Xo),  Ao(D) > Ag(Dyg, CaXo)

(the proof is analogous to the proof of Proposition 2.24). In view of (12.4), Theo-
rem 12.1 can be restated as follows:

() Suppose that Xy is a Stein manifold and Dy € Xy is a strictly pseudoconvex
subdomain. Then Ay(Dg,CyXy) is dense in A(Dg, CqXo).

For the proof of this claim we need the following results.
As before, we define

A(Do, B) := O(Dy, B) N C(Dy, B)

and endow this space with norm |[|f||p, := sup,cp, [|f(®)[|B. The next result
follows easily from a similar result in [35] (in case B = C) since all integral formulas
and estimates used in its proof are preserved when passing to Banach-valued forms.
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Lemma 12.3. Let K C A(Dp, B) be compact. For every e > 0 there exist an open
neighbourhood Dy € Xo of Dy and a bounded linear operator Ak . = Ap, k.. €
L(A(Do, B), A(Dy, B)) such that ||f — Af|p, |5, <e for each f € K.

We prove assertion (x) in three steps.

(1) Let f € A(Dy,CaXy). Using the construction of Subsection 2.5.1 (cf. the
proof of Theorem 2.28) and Lemma 12.3, we may assume without loss of generality
that f = f’|p,, where f' € O(Dj, CqXo) and Dy € X is an open neighbourhood
of Do.

We have to show that for every € > 0 there exists a section F € Ag(Dg, Cq Xo)
such that sup,cp [|f(2) — F(2)|q <e.

(2) Let U = {Uy}M |, where each Uy, € D}, is open biholomorphic to a polydisk
in C", and Dy € Ufylek.

Lemma 12.4. For every e > 0 there exist a subspace a,. C a (1 € I) and sections
F. ) € A(Uy,Ca, Xo) such that

(12.5) | f(z) = Fep(@)|la <e  forall xeU,, 1<k<DM.

Proof. Since each Uy, 1 <k< M, is simply connected, the bundles Cy X and Cq, Xo
(¢ € I) admit holomorphic trivializations over Uy. Using these trivializations we
identify sections of these bundles over Uy with a-valued and a,-valued functions
on Ug.

By our assumption, for every 1 < k < M there exists a biholomorphism be-
tween Uy and an open polydisk A C C” centered at 0. Without loss of generality
we may assume that f; := f'|y, is defined over an open neighbourhood of A.
Then f;, can be identified by means of the corresponding holomorphic trivializa-
tion of bundle Cy Xy with a holomorphic a-valued function defined on an open
neighbourhood of A.

For a given function h € O(A, a) by T h we denote its Taylor polynomial of
degree N at z = 0. Choose N so large that

| fi@) = T fi@)|, < 5 forall ze A, 1<k< AL

where Tévf,;(:n) = Z\a|<N k0%, agqo € a, and « is a multi-index. Since ag is
dense in a, for every 6 > 0 and all 1 <k < M, |af < N, there exist a , € ag such
that |lak,q — af ,lla < 8. We choose 6 > 0 to be sufficiently small so that

sup H Z ag,ox® — Fr p(x)
TEA la|<N

e
<§,

a
where F ;(x) := E\a|<N as, ,x®. Therefore,

I fr(z) = Fep(@)|la <e foral zeA, 1<k<M.

By definition, there exists ¢, € I such that a,  contains all a,i’a (1 <k< M,
|a] < N); hence F, j, € A(A,aLE). O
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(3) We also need the following result.

Lemma 12.5. In notation of Lemma 12.4, for every € > 0 there exists a section
F € A(Dy,C,, Xo) C Ao(Do, CaXo) such that

|F(z) = Fop(2)||, <Ce forall x € UyNDy, 1<k<M,
for some C' > 0 independent of section [ € Ay(D{, CaXo) and e > 0.

Proof. There exists an open neighbourhood D & Dj of Dy such that Dj &
U,ICM= 1Ui. We may assume without loss of generality that D is strictly pseudocon-

vex. Let B be a complex space. By Al()O’Q)(D{)’,B), q > 0, we denote the space

of bounded continuous B-valued (0, ¢)-forms on D{ endowed with norm || - ||%)Z?)B
o
defined by formula (6.1) with respect to local coordinates on the cover {Uj}iL,

of Df.
Next, we define a holomorphic 1-cocycle as follows. If Uy N U; # @, then

gkl = Feklu,nvinpy — Feilvwnuinpy € A(Ux N UL N Dy, Ca,_ Xo),

and g :=0if U, N, ND{ =a.
Let {pr}iL, C C*°(Xy) be a collection of nonnegative functions such that
supp(pr) € Ug, 1 <k < M, and Y_;" | pp =1 on Df.

We set g := ch\il prgrl € C°(U;N D{)) so that gr = gr — g1 on Uy NU; N DY
Then the family {0§,} determines a d-closed (0,1)-form w on DY, w := 9§, on
U N Dy, taking values in bundle Cq, Xo.

Recall (Subsection 2.5) that since X is a Stein manifold, there exists a holo-
morphic Banach vector bundle E such that Cy,  Xo® E = X x B for some Banach
space B. By q: Xo x B — Cq,_Xo and i : CsXo — Xo x B, goi = 1d, we denote
the corresponding bundle morphisms.

Let w := i(w) € Al(jo’l)(D(’)’,B). Since ¢ is a holomorphic bundle morphism, @
is 0-closed. Moreover, according to Lemma 12.4,

sup lgpi(@)]|a < 2¢  for all k,I.
IGUkﬁUlﬁDg
Therefore by the construction of w and by continuity of ¢ and the fact that Djj € Xo
we obtain that for some ¢ > 0 independent of w,

o1 < ce.

@15 <

Then by Lemma 6.1 there exists a function 7 € AS’O(D(’)’, B) such that 97 = & and

(0,0 < 10,1

17l 55 s < C1 @115 < Ciee
for some Cy > 0 independent of w. We set 7 := ¢(77) € C*(Dy, Cq,. Xo). Since g is
a holomorphic bundle morphism and D € X,

on=w and sup |[n(@)|ls < C2Cice
zeD]

for some Cs > 0 independent of w.
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Since Do € Dy, the restriction 7|5, is continuous on Dy. We define

F|U)€QD0 = F57k|UkﬁD0 - gk|UkﬁD0 + "7|U)€ﬁD07 1 S k S M.
It follows that F' € A(Dy, Cq,  Xo) and

sup ||F — Frklla < 2Me + C2Cice =: Ce,
z€Dg

as required. This completes the proof of the lemma. O

Assertion (%) now follows from Lemmas 12.4 and 12.5. The proof of Theo-
rem 12.1 is complete. O

13. Proofs of Theorems 5.10, 5.18 and Lemmas 5.13, 5.14

13.1. Proof of Theorem 5.10

We will use notation and results of Subsection 5.1.
By definition, every point in Y has a neighbourhood V' C Y over which, for
every N > 1, there exists a free resolution

(13.1) o)LL ome, 2l om, 2 Ay — 0.

We need to show that sheaf A is coherent on ¢ X, i.e., that every point z € cq X
has a neighbourhood U C ¢4 X over which sheaf ./~l|U has free resolutions of any
finite length. If x € ¢, X \ Y, then we can choose U such that UNY = &;
hence, ~/éﬂU = 0 trivially has free resolutions of any finite length. Now, let € Y.
Shrinking V', if necessary, and applying Proposition 5.4 we can choose U > z such
that V = Y NU and there exists a biholomorphism that maps U onto Uy x K,
where Uy C Xy is biholomorphic to an open polydisk in C", K C Gq is open,
and V is mapped onto Vy x K, where Vy C Uy is a complex submanifold. Thus,
applying this biholomorphism we may assume that

U=Uyx K, V=VxK.
We will need the following.

Lemma 13.1. The trivial extension 5; of Oy has free resolutions of any finite
length over U.

Proof. By definition, /(_9\;|U is isomorphic to the quotient sheaf Oy /Iy, where
Op := OJy is the sheaf of germs of holomorphic functions on U, Iy C Oy is the
ideal sheaf of V' C U, i.e., we have an exact sequence

(13.2) 0— Iy — Oy — @;|U — 0.

Following the argument of the proof of Proposition 5.5, we obtain that sheaf Iy
has free resolutions of any finite length over U. Then using a free resolution of Iy
over U of length N, we extend (13.2) to a free resolution of Oy |y of length N + 1.
Since N was chosen arbitrarily, this completes the proof. m
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Now we finish the proof of Theorem 5.10. Since sequence (13.1) is exact, the
corresponding sequence of trivial extensions

~ Pan— By~ 51 ~ 30~
(13.3) Open |y ==t B0y S O |y 2 Ay —=0

is also exact; here @; := eo; ory,y, where ryy : 6y|U — Oy |y is the restriction
homomorphism, and e : B — B is the canonical homomorphism that maps an
analytic sheaf B on V to its trivial extension B on U.

By Lemmas 7.15 and 7.17 in [15] sequence (13.1) truncated to the N-th term
is completely exact over V (i.e., the corresponding sequence of sections is exact,
see Definition 7.22 in [15]), therefore sequence (13.3) truncated to the N-th term
is completely exact as well. Since by Lemma 13.1 each sheaf (5;}“ in (13.3) has
free resolutions over U of any finite length, Lemma 9.3 in [15] implies that Al
has free resolutions over U of any finite length as well. This implies that sheaf A
is coherent on ¢, X. O

13.2. Proof of Lemma 5.13

We use the following consequence of Theorem 4.6 in [15]:

Lemma 13.2. Let V1, Vo2 C C" be open and connected and Ky, Ko C Gq be
open. A map F € O(Vp1 x K1, Vp2 x Ks) admits presentation

F(va) = (fw(z)vh(w))v (va) € ‘/0,1 X Kl,
where f., € O(Vo1,Vo,2) depend continuously on w € Ky and h € C(K1, K»).

Proof. Let ©': Vo2 x Ko = Vp 2, w2 Vo,2 x Ko — K3 be the natural projections.
By Theorem 4.6 in [15], (72 o F)(-,w) = const for all w € K;. Thus, we define
h € C(K1,K3) as h(w) = (7% 0 F)(-,w), w € Ky, and f,(2) = (7! o F)(z,w),
(Z,w)€‘/0$1 x K. O

Now, suppose ¢; € O(V,V; x K;), where V; C C™ are open and connected,
K; C G, are open (i = 1,2), are coordinate maps of an open subset V' C Y. Let
F =gy 07" By the above lemma, F(z,w) = (fu(2), h(w)) ((z,w) € Vi x K1),
where f, € O(V1,V2) depend continuously on w and h € C(Ky, K3). Since F
is a biholomorphism, h: K7 — K5 is a homeomorphism. Then replacing F, if
necessary, by the holomorphic map G o F'; where G(z,w) := (z, hil(w)), (z,w) €
Vo x Ko, we may assume without loss of generality that Ky = K7 =: K and that
h =1d.

In order to prove the lemma it suffices to show that for each p € C*°(Vp 2 x K)
its pullback F*p € C*(Vp1 x K). Indeed, we have (F*p)(z,w) = p(fu(2),w).
Since V1 3 z — f.(2) = F(z,-) is a holomorphic and, hence, a C* function taking
values in the Fréchet space C'(K), the required result follows by the chain rule. O
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13.3. Proof of Lemma 5.14

(For similar arguments, see [11].)

Lemma 13.3. For an open cover U = {Uy} of Y there exists an open cover
V= {fI(Voa,Ka,g): Vo,a € Xo, Kap C G, are open} of caX such that {Vb o} is
a locally finite open cover of Xo, for each o the number of distinct sets Ko g is
finite and Ug TI(Vo o, Ka.g) = 7 (Vo.a), and {Y N1V, Ka.p)} is a refinement
of U.

Proof By the definition of the relative topology of Y, there exists a collection

= {U,} of open subsets of ¢, X such that U, = U, NY for all y. Further, since
Y C o X is closed, U U {caX \ Y} is an open cover of ¢, X. By the definition of
topology on ¢, X the latter cover admits a refinement by sets of the form f[(VE), K),
where Vi C Xo, K C Gq are open. Since ¢, X has compact fibres, we may choose
this refinement {T1(V.o, Ka.5)} so that {Vj.o} is a locally finite open cover of X
and for each o the number of distinct sets Ko s is finite and Ug T1(Vo o, Ko ) =
P *(Vo,a). By our construction, {¥Y N f[(VO,a, K, )} is a refinement of U. O

The open cover V introduced in the lemma admits a subordinate partition
of unity {vag}, Vap := D" pa - Thitta,p, where {po} C C®(Vyo) is a partition
of unity subordinate to cover {Vo.o} of Xo, {fta.s} C C(p7 (7a)), Ta € Voo is
fixed, is a partition of unity subordinate to cover {II(Vo.a, Ka.5) N5 " (2a)}s of
P Hzo) and my 1 p(Vo,a) — b~ H(@a) is the continuous projection defined in local
coordinates (x w) on ﬁ_l(VO,a) (2 Voo X Qo) a8 o (z,w) := (Ta,w). By definition
Va3 € C®(IL(Vp,a, Ka,5)); hence, the restriction of {v, g} to Y is a C° partition
of unity subordinate to U (see Subsection 5.5). O

13.4. Proof of Theorem 5.18

Lemma 13.4. Let Uy C Xo, K C G4 be open, f € OUy x K) be such that
V. f(z,n) #0 for all (z,n) € Zy == {(z,n) € Uy x K : f(z,n) = 0}.
If g € O(Uy x K) vanishes on Zy, then h:=g/f € O(Uy x K).

(The proof follows straightforwardly from Proposition 5.4.)

Proof of Theorem 5.18. By Proposition 5.1, Mx is homeomorphic to the maximal
ideal space of O(cq X). It follows from Theorem 2.10 that algebra O(c, X ) separates
points of ¢, X, therefore we have a continuous injection ¢, X < Mx defined via
point evaluation homomorphisms. Let us show that this map is surjective.

The transpose to the pullback homomorphism p* : O(Xy) — O(cqX) is a map
D« : Mx — Mx,, where the latter is the maximal ideal space of algebra O(Xj).
Since X is Stein, Mx, can be naturally identified with Xy (see, e.g., [34]) so that
Dxlesx = D. Hence, for p € Mx there exists a point g € X such that p.(¢) = 04,
the evaluation homomorphism at point xg.

Next, there exists a function h € O(X,) such that X' := {z € X, : h(x) = 0},
n := dim¢ X, is a non-singular complex hypersurface, dh(z) # 0 for each z € X(’)L_1
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and zo € X771, see [25]. We set X! :=p~ 1 (X7 !) and ¢, X" 1= o H(XJTH).
Now, if f € O(cqaX) is identically zero on ca X" 1 then ¢(f) = 0. Indeed, by
Lemma 13.4, the function f := f/p*h € O(cqX), hence,

o(f) = o(f)e(*h) = o(f)da,(h) = 0.

Thus, there exists a homomorphism ¢; of the quotient algebra O(caX)/I., xn-1,
where I._xn-1 is the ideal of holomorphic functions in O(cqX) vanishing on cq X n=1
such that ¢ = ¢ 0 qi, where ¢1: O(caX) = O(caX)/I. xn—1 is the quotient
homomorphism. According to Theorem 2.10, we have a natural isomorphism

O(caX)/1p xn—1 =2 O(caX™ 1)

defined by restrictions of functions in O(cq X ) to cq X" 1; hence 1 can be identified
with an element of the maximal ideal space of algebra O(ca X"~ 1).

Starting with c, X"~ ! instead of ¢, X we proceed similarly to define flags of
complex submanifolds X¥ C X, X* C X, ¢ X* C ¢q X of codimension n — k and
homomorphisms ¢,,_1: O(caX*) — C such that ¢, ;1 = @n_rogn_k (0<k <
n —1), where ¢,—i: O(ca X**1) = O(ca X* 1) /I, xr = O(caX¥) are the quotient
homomorphisms.

By the definition, ¢, is an element of the maximal ideal space of algebra
O(ca X?), where X§ = {z¢,21,...} is a discrete set. Clearly, O(caX?) = Lii>o
C(p~Y(x;)). Moreover, if f € I,, C O(caX?), the ideal of functions vanishing on
pYwxo), then f = f - p*gsy, where gz, € O(XQ), guo(zi) = 1 — 0;i (Kronecker
delta), so that

‘pn(f) = @n(f)QDn(p*gﬂfo) = @"(f)‘p(ﬁ*g) = <Pn(f)9xo(l“0) =0;

here g € O(Xo) is such that g[xo = gu,-
Thus, there exists a homomorphism

Pn1: O(caX®) /Iy = C(p~(z0)) = C

such that ¢, = ©pi10 @ni1, where gui1 : O(ca X°) — C(p~*(x0)) is the quotient
homomorphism. Since p~!(zg) is compact Hausdorff, the maximal ideal space
of C(p~(xp)) is homeomorphic to p~!(zg). In particular, ¢, 11 = &, for some
w € p~Hxo).

Finally, we have

o(f) = eni1(flp-1(z0)) = f(W) = 0u(f), [ € O(caX),

as required. This shows that the natural map ¢, X — Mx is a continuous bijection.
It is easily seen that this map is a homeomorphism since ¢, X is locally compact
and Xg — Mx, is a homeomorphism.

The proof of the theorem is complete. O
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