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Positive metric currents and holomorphic chains
in Hilbert spaces

Samuele Mongodi

Abstract. We present some results concerning currents of integration
on finite-dimensional analytic spaces in Hilbert spaces, using the setting
of metric currents. In particular, we obtain the characterization of such
currents as positive closed (k, k)-integer rectifiable currents and solve the
boundary problem for holomorphic chains.

1. Introduction

The theory of currents found deep and important applications in complex analysis
and geometry; just to mention a few of them, we recall the characterization of
holomorphic chains by King in [9] and by Harvey and Shiffman in [8], the removal
of singularities for analytic functions and sets by Shiffman in [15] and the boundary
problem for holomorphic chains by Harvey and Lawson in [6], [7].

Such a powerful tool was extended to general metric spaces in [1] and we de-
scribed some possible applications to complex analysis in [10], specializing the
theory in the case of singular complex spaces and complex Banach spaces. In
order to gain a wider understanding of the latter, here we turn our attention to
holomorphic metric chains in Hilbert spaces, tackling two specific problems: firstly,
we consider positive (k, k)-integer rectifiable closed metric currents and investigate
their link with complex analytic sets; then, we proceed to study the boundary
problem for holomorphic (metric) chains and give a positive answer under suitable
hypotheses of regularity and of general position.

We organized the material as follows.

After recalling the basic definitions and properties of metric currents and rec-
tifiable sets in metric spaces (from [1], [2]), we summarize the results presented
in [10] on the extension of metric currents to complex Banach spaces. The exten-
sion of the theory of metric currents to the complex setting forces us to a change
of notation: in geometric measure theory it is common to denote the boundary
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of a current 7" with the symbol 0T, but, as in complex analysis the operators 0
and 0 already exist and are widely employed, we preferred to write dT for the
boundary of a current, following a convention already established by other papers
which employ currents in complex analysis and geometry.

In Section 4, the properties of analytic sets and of the currents of integration
associated to them are investigated; in particular, we introduce the concept of
positive metric currents, presenting some simple properties, and we obtain a weak
analogue of Wirtinger’s formula.

The main result of this section is the extension of King’s characterization the-
orem (see [9]) for holomorphic chains to Hilbert spaces.

Theorem 4.12. Let Q C H be a ball, S be an integer rectifiable current in €.
Suppose that

1) suppdSNQ =0;
2) S is a (k, k) positive current.

Then S can be represented as a sum with integer coefficients of integrations on the
reqular parts of analytic sets.

In the last section, we turn our attention to maximally complex metric cur-
rents and CR-manifolds. We recover a finite-dimensional embedding result and a
characterization for maximally complex integration currents.

Finally, we tackle the boundary problem for holomorphic chains in a Hilbert
space: we solve the problem with a technical hypothesis on M, specifically, the
existence of a finite rank projection with transverse self-intersections; we refer to
Section 5 for the definition and the discussion of the concept of mazimally complex
cycle, here we only stress that it is a necessary hypothesis for such a result.

Theorem 5.10. Let M be a compact, oriented (2p — 1)-manifold (without bound-
ary) of class C*> embedded in H, and suppose that there exists an orthogonal de-
composition H = CP & H' such that the projection © : H — CP, when restricted to
M, is an immersion with transverse self-intersections. Then, if M is mazimally
complex (i.e., [M] is an MC-cycle), there exists a unique holomorphic p-chain T
in H\ M with suppT € H and finite mass, such that dT = [M] in H.

It is worth noting that the Hilbert space hypothesis is not clearly required in
these results, but our methods rely heavily on the possibility of estimating norms
in terms of coordinates, which is a feature essentially related to the existence of an
orthonormal basis.

Some of these results, concerning the boundary problem, have been extended
to the non compact case by A. Saracco and the author in [11].

Acknowledgements. I would like to thank prof. Luigi Ambrosio for the fruitful
discussions about the geometric measure theory tools employed in the proof of
King’s result. T would also like to thank the referee for his/her helpful suggestions
concerning the presentation of this paper.
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2. Metric currents

Let X be a metric space. Let us denote by Lip(X) the space of complex-valued

Lipschitz functions on X and by Lip,(X) the algebra of bounded complex-valued

Lipschitz functions. Following [10], we introduce the spaces
EFX)={(f.m1,...,m) | f € Lipy(X), 7 € Lip(X), j=1,...,k},
£9(X) = Lip,(X) .

The elements of these spaces are called metric forms.

Definition 2.1 (see Definition 3.1 in [1]). A k-dimensional metric current is a

functional T': £¥(X) — C satisfying the following:

1) T is multilinear;

2) whenever (f,7') — (f, ) pointwise, with uniformly bounded Lipschitz con-
stants, then T'(f?, 7)) — T(f,7);

3) T(f,m) = 0, whenever there is an index j for which m; is constant on a
neighborhood of supp f;

4) T has finite mass, i.e., there exists a finite Radon measure p on X such that
k
7(m| < [Ttinte) [ 1l (rm) € €503)
j=1

the infimum of such measures y is called the mass (measure) of T

We will denote by Mj(X) the space of k-dimensional metric currents on X;

endowing My (X) with the mass norm ||T| = p(X), where p is the mass mea-
sure of T', we turn it into a Banach space. We will sometimes write T'(f dm) for
T(f,m1,..., 7).

We refer to [1] for a detailed discussion of the general properties of metric
currents; here we recall only the main definitions and facts.

Definition 2.2 (see Definition 3.6 in [1]). We say that T}, € M (X) converge
weakly to T € My (X) if

Tu(fdr) = T(fdr) ¥V fdre&¥X).

Definition 2.3 (see Definition 2.3 in [1]). Given T' € My(X), k > 1, we define the
boundary of T' by

dT(f, 71, ... mp—1) = T(1, fym1, ... k) Y fdr e Ek_l(X) .

As we noted in the introduction, we use the notation d1" instead of the com-
monly used 0T because the operator 0 already exists in complex analysis and,
together with 0, will be defined later on currents.

The functional dT" satisfies the first three assumptions, but will not in general
be of finite mass; in that case, we say that T is a normal metric current. The space
Ni(X) of k-dimensional normal metric currents is a Banach space when endowed
with the norm ||T||x = ||T|| + ||dT.
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Definition 2.4 (see Definition 2.4 in [1]). Given a Lipschitz map between complete
metric spaces F' : X — Y and T € My(X), we define the pushforward FyT €
M (Y) of T through F by

ET(f,m,...,mk) =T(foF,moF,...,myoF) V(f,m) e &Y.

We observe that, if ;1 and 1 are the mass measures of 7' and FyT" respectively,

we have
fi < Lip(F)*Fop .
Moreover, one has Fy(dT') = d(FyT).
Definition 2.5 (sce [1], Definition 2.5). Given T' € My (X) and w = (u, v1,...,vp)
an element of £"(X), with h < k, the contraction of T with w is T'iw € My_p(X)
and it is defined by
T\_w(f, Tlye-- ,’/Tk,h) = T(fu,vl, ey Unpy Ty e e ,Wk,h)

for every (f,m1,...,mTe_n) € EFM(X).

We have that .

ITewl]| < sup u| [ ] Lip(v)) 1T -

j=1
Definition 2.6 (see Definition 2.8 in [1]). The support of T € M,(X) is the least
closed set supp T such that if supp f does not intersect supp 7', then T'(f, ) = 0.

By the finiteness of the mass, we can extend a metric current as a functional
on $°(X) x [Lip(X)]¥, that is, we can allow the first entry of the metric forms
to be a bounded Borel function on X. The previous definitions and remarks all
extend without changes (see the discussion following Definition 2.6 in [1]).
Proposition 2.7. Let T € My(X) be a metric current. Then,

1) T is alternating in w1, ..., Tk,
2) T satisfies the chain rule and the Leibniz rule,
3) T =iyS with S € My(suppT), and i : suppT — X being the inclusion.

The proofs of these statements can be found in Theorem 3.5 of [1].
We recall a compactness result for normal currents.

Theorem 2.8 (see Theorem 5.2 in [1]). Let (T3) C Ni(X) be a bounded sequence
and assume that for any integer p > 1 there exists a compact K, C E such that

||Th|\(E\Kp>+||dThH<E\Kp><}9 vheN.

Then, there exists a subsequence (Th(,)) converging to a current T € Np(X) such
that

Tl (E\OKp)HdTI (E\['_]K,,) =0.
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Finally, we recall the comparison theorem between classical and metric currents,
in the form given in Theorem 2 of [10].

Theorem 2.9. Let U be an N-dimensional complex manifold, N > 1, endowed
with the distance given by a Hermitian metric. For every m > 0 there exists an
ingective linear map Cypy : My (U) = D, (U) such that

Cn(T)(fdgyr A+ -+ Ndgm) =T(f, 915- -, Gm)
for all (f,g1,.-.,gm) € CZ(U) x [C(U)]™. The following properties hold:
1) form>1,doCy, =Cp_10d;
2) there exists a positive constant ¢1 such that, for all T € M,,(U),

T < M) < () )17

3) the restriction of Cp, to Ny, is an isomorphism onto Ny, ;

4) the image of Cy, contains the space Fpm(U).

2.1. Rectifiable currents and slicing

Let HF be the k-dimensional Hausdorff measure on X.

Definition 2.10 (see Definition 5.3 in [2]). We say that a H*-measurable set
S C X is countably H* -rectifiable if there exist sets A; C R* and Lipschitz functions
fi + A; = X such that

H’“(S\Gfi(AiD ~0.

Lemma 2.11 (see Lemma4.11in [1]). Let S C X be countably H¥-rectifiable. Then,
there exist finitely or countably many compact sets K; C R* and bi-Lipschitz maps
fi : K; — S such that their images are pairwise disjoint and H*(S\ U, fi(K;)) = 0.

Definition 2.12 (see Definition 4.2 in [1]). A current T € My (X) is said to be
rectifiable if

1) ||T|| is concentrated on a countably H*-rectifiable set;

2) ||T| vanishes on H*-negligible Borel sets.

The space of rectifiable currents is denoted by Ry (X).

We say that a rectifiable current T is integer rectifiable if for any ¢ € Lip(X,R¥)
and open set B in X one has ¢4(T'B) = [u] with u € L'(R*,Z). The space of
such currents is denoted by Z (X).

We remark that in some of the standard references for geometric measure theory
the terminology rectifiable is used to denote what here we call integer rectifiable.

We define the spaces of integral currents as follows:

Ik(X) =Tk ﬂNk(X)
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Theorem 2.13 (see Theorem 4.5in [1]). LetT € Mp(X), k> 1. ThenT € Ry(X)
(resp. T € i (X)) if and only if there exist a sequence {K;} of compact sets in R¥,
a sequence {0;} of functions in L'(R* R) (resp. L'(R¥,Z)) with supp0; C K;, and
a sequence {f;} of bi-Lipschitz maps f; : K; — X such that

ITI(A) =D || (falbill[(A)  and  T(fim) =D (f:[0:](f.7)

i i
for every Borel set A C X and for every (f,m) € EF(X).
Definition 2.14 (see Definition 4.7 in [1]). Given T € Ry(X), we set
Sp={ze€X: (T, z)>0}
and we define the size of T as
S(T) =H*(Sr) .
One can show that St is countably H*-rectifiable, that ||T| is concentrated

on St and that any other Borel set on which || T|| is concentrated includes St up
to HF-negligible sets.

Given T € My(X), 7 € Lip(X,R™), we define the slice (T, m,x) € Mj_n(X) by
(T, m,2)(f,n) = i T(fpe o m, m,m)
e—

where p. is any family of mollifiers, for every x € R™ for which the limit exists.
This definition differs from the one given in [1], page 31, but it is shown to be
equivalent to it in the proof of Theorem 5.6 in [1]. The following result is not
present in [1] as it is stated here, but can be deduced from Theorem 5.6 there.

Theorem 2.15. If T € Ni(X) and 7 € Lip(X,R™), then

1) for L™-almost every x € R™, the slice (T,m, x) exists and is normal and
d(T,7,x) = (=1)™{(dT, 7, x);
2) for all (f,g) € B® x [Lip(X)]*—™,

| @ma)tg)de=Tm(f9)

3) for every ||T' (1, 7)||-measurable set B C X,

[T ma(B) e = |1, (B).
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2.2. Rectifiable currents in Banach spaces

Let us specialize the theory of metric currents to the case when X is a Banach
space (E, || - ||). We recall some notions on metric differentiability, Jacobians, area
and coarea formulas from [1] and [2].

Let us suppose that F is a w*-separable dual space, i.e., that ' = G* and that
there exists a sequence (¢p,)p, C Lip; (G) such that

lz —yllc = sup |on () — dn(y)| Vr,yeq.

Given instead x,y € E, we define
[ee]
d’w('ray) = Z 2" |<JT - yagn>| )
n=0

where {g, }n is a dense subset of the unit ball of G. The topology induced by d,,
on the bounded sets of F is called w*-topology.

Definition 2.16 (see Definition 6.1 in [1]). A sequence (T},) C My(E) is said to
w*-converge to T € My(E) if Ty(fdr) tends to T(fdr) for every fdr € E¥(E)
with w*-continuous coefficients.

We have the following weak*-compactness result.

Theorem 2.17 (see Theorem 6.6 in [1]). Let Y be a w*-separable dual space, let
(Th) C Ni(Y') be a bounded sequence, and assume that for any e > 0 there exists
R > 0 such that Ky = Br(0) Nsupp T}, are equicompact and

sup ITull(Y N Kn) + [[dTu][(Y \ Kn) <e.
S

Then, there exists a subsequence (Th () w*-converging toT € Np(Y'). Moreover, T
has compact support if supp Ty, are equibounded.

Definition 2.18 (see Definition 3.1 in [2]). We say that f: R¥ — E is metrically
differentiable at x € R¥ if there exists a seminorm || - ||, in R¥ such that

1f(x) = FW)lle = [l = ylla = olz — yl) -

This seminorm will be said to be the metric differential of f at x and denoted by
mdf (z).

Definition 2.19 (see Definition 3.4 in [1]). We say that f: R¥ — E is w*-differen-
tiable at x if there exists a linear map L : R¥ — F satisfying

w — Tim 2&) = fly) — Ly — 2)
e [z =y

=0.

This map L will be said to be the w*-differential of f at x and denoted by w df.
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Theorem 2.20 (see Theorem 3.5 in [2]). For a Lipschitz map f: R¥ — E, we have
mdfy(v) = ||wdfz(v)]|

for HE-a.e. x € R*, for every v € RF.

Definition 2.21 (see Definition 5.5 in [2]). Given a countably H*-rectifiable set S
in E, if f; and A; are as in Definition 2.10, the approximate tangent space to S

in f;(z) is
Tan®) (S, fi(2)) = wd(f;).(R¥) .

This definition makes sense for HF-a.c. z € A; and it is well posed as the
dimension of the tangent is #*-a.e. k and it does not depend on the f;’s; moreover

Tan™ (S, y) = Tan'¥ (S5, )
for HF-a.e. y € 81 N Ss.

Definition 2.22 (see Definition 4.1 in [2]). Let L: R*¥ — E be linear. The k-Jaco-
bian of L is defined by

Wk H'({L(z) 12 € Bi})

Ji(L) = HE({z - || L(2)]| < 1}) ok |

where By is the unit ball of R¥ and wy = H*(By).
The k-Jacobian J; satisfies the product rule for Jacobians:
Ji(LoM)=J,(L)Jp(M) .

In the same way, we can define the k-Jacobian of a seminorm s on R*:

Wi

Ji(s) = HE{z:s(x) <1})

Theorem 2.23 (see Theorem 5.1 in [2]). Let f : R¥ — E be a Lipschitz function.
Then

/H(m).]k(mdfx)dm:/ S 0@ dH(y)

Eacr—1(y)

for any Borel function 0 : R¥ — [0, +00], and

Ae(f(x))Jk(mdfx)dx:/ O(y) HO (AN f~(y)) dH" (y)

E

for A a Borel set in R¥ and 0 : E — [0, +00| a Borel function.

Moreover, we can also define the tangential differential on a rectifiable set.
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Theorem 2.24 (sec Theorem 8.1 in [2]). Let Y and Z be duals of separable Banach
spaces and let S C'Y be countably H*-rectifiable and let g € Lip(S,Z). Let 0: S —
(0, +00) be integrable with respect to H*L.S and set p = OH*S.

Then, for HF-a.e. © € S, there exist a linear and w*-continuous map L: Y — Z
and a Borel se S* C S such that O (uLS*, x) = 0 (the upper k-dimensional density
of u.S® in x) and

i w(9():9(z) + Ly — )

=0.
S\S*3y—zx |y — £C|

The map L is uniquely determined on Tan(k)(S, x) and its restriction to this space,
denoted by d°g,, satisfies the chain rule

wd(goh), = ngh(y) owdh, for £¥ —ae. yc A
for any Lipschitz function h: A — S, A C RF.
We have therefore a general area formula.

Theorem 2.25 (sece Theorem 8.2 in [2]). Let g : E — F be a Lipschitz function
between Banach spaces and let S C E be a countably H"-rectifiable set. Then

/Se(m).]k(dsgx)d”ﬂk(m) =/ Z 0(x) dH" (y)

Fresng—1(y)

for any Borel function 0 : S — [0, 4+00], and

/A 0(9(x)) I (d® ;) dH" (z) = / O(y) HO (AN g~ (y)) dH" (v)

F

for any Borel set A C E and any Borel function 6 : F' — [0, +00].
Finally, we mention a compactness theorem proved in [3].

Theorem 2.26 (see Theorem 1.4 in [3]). Consider a normed space E such that E*
is separable, n € N, and a sequence (Ty) C Ni(E™*) such that we have

M =sup M (Ty) < 400 and Mg = sup M (dT}) < +o0,
h h

and the w*-tightness condition

[dim_sup (|4 (B*\ Br(0)) +[|dTi]| (B*\ Br(0))] = 0.

Then there exists a subsequence (Ty(n))n w*-converging to T € Ny (E*) with M (T) <
M and M(dT) < M,.
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3. Metric currents on complex Banach spaces

The results collected here and in the next subsection appear in [10], where we refer
to for detailed proofs.

We examine the behavior of metric currents in relation with their projections
on finite dimensional subspaces. In order to recover informations on the whole
space from its finite dimensional subspaces, we introduce the following category of
Banach spaces (see also [13]).

A (complex) Banach space F is said to have the projective approzimation prop-
erty (PAP for short) if there exist a constant a and an increasing collection { E} }ter
of finite dimensional subspaces of E such that

1) {Ei}ier is a directed set for the inclusion;
2) E = Utgj Ly;
3) for every t € I there exists a projection p; : E — E; with ||p¢]| < a.

Every Banach space with a Schauder basis has the PAP. Two important cases
of PAP Banach spaces with no Schauder basis are C(K), the space of continuous
functions on a compact space K with the sup norm and LP(X,u), with 1 < p <
400, where X is a locally compact space and p being a positive Radon measure.
In this section, we will work with Banach spaces having the PAP; we will endow
the set I of indices with the partial ordering coming from the inclusion relation
between subspaces.

Proposition 3.1. Let f € Lip(F) and define fy = fops. Then fr — [ pointwise
and Lip(f:) < aLip(f), for every t € I.

Proposition 3.2. Let T € My(E) and define T, = (m)¢(T) € My(Ey) for every
t € I such that dim¢ By > k. By means of the inclusion i; : By — E, we can
consider Ty as an element of My (E) and then, Ty — T weakly.

Let {E¢, pt}ter be the countable collection of subspaces and projections given
by PAP. We call it a projective approzimating sequence (PAS for short) if p; ops =

Pmin{s,t}-
We note that every separable Hilbert space or, more generally, every Banach
space with a Schauder basis contains a PAS.

Theorem 3.3. Let us suppose that {Ey,p;} is a PAS in E. If we are given a
collection of metric currents {T;}tcr such that

1) Ty € Ni(Ey),

2) (pelg, )sTe = Ty for every t,t’" € I witht' >t,

3) |1Tel < ()« and [|[dTe|| < (pe)sv for every t € I and some p, v finite Radon
measures on L.

Then there exists T € Ni(E) such that (p )41 = T} for everyt € I.
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We can substitute the request of the existence of a PAS and the compatibility
condition (hypothesis 2)) with an assumption on the existence of a global object. A
metric functional is a function T : E¥(E) — C which is subadditive and positively
1-homogeneous with respect to every variable. For metric functionals, we can
define mass, boundary and pushforward (see Section 2 of [1]).

Proposition 3.4. Let E be a Banach space with PAP. Suppose that T : E¥(E) — C
is a metric functional with T and AT of finite mass, such that (p:)yT € Ni(Ey) for
every t € I. Then T € N(E).

3.1. Bidimension

We say that T € M,,(U) is of bidimension (p, q) if
T(f,ﬂ'l, .. .,7Tm) =0

whenever there exists I C {1,...,m}, with |I| > p, such that 7;|supp (f) is holo-
morphic for every i € I, or J C {1,...,m}, with |.J| > ¢, such that 7;|supp (s is
antiholomorphic for every j € J. For a careful analysis of the notion of holomorphy
in this context we refer the interested reader to the first chapters in [13]. Here we
only notice that Lipschitz holomorphic functions are not necessarily dense in the
space of Lipschitz functions.

However, inspired by the links we found between the finite dimensional projec-
tions of a current and the current itself, we would like to give a different charac-
terization of (p, ¢)-currents.

We say that T € My (E) is finitely of bidimension (p, q) if every finite dimen-
sional projection of it is a (p, ¢)-current.

Proposition 3.5. Let E be a Banach space with PAP. Then T € My(E) is a
(p, q)-current if and only if it is finitely so.

In what follows, we will denote by M, ,(E) the space of currents T' € My (X)
with k& = p+¢ which are of bidimension (p, ¢). Given a generic element T' € M (E),
a Dolbeautl decomposition for T is a finite collection of currents S; € M, .. (E)
such that p; + ¢; = k for every j, (pj,q;) # (px, qx) if j # k and

T=>Y5;.
J

The current S; will be called (pj, gj)-component of T' and will also be denoted
by Ty, q;-

As an application of Theorem 3.3, we have the following result about the exis-
tence of a Dolbeault decomposition for T' € My (E).

5,45

Proposition 3.6. Let us suppose that {E;,pi} is a PAS in E. Let T € Ni(E);
if Ty has a Dolbeault decomposition in normal (p,q)-currents in E; for allt € T,
with a finite Radon measure v (independent of t) whose pushforward dominates the
boundaries’ masses, then also T admits a Dolbeault decomposition.
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Remark 3.7. In general it is not easy to verify the hypotheses of Proposition 3.6
for a current T' € Ni(E); however, this result is an example of a general phe-
nomenon: in a Banach space with the projective approximation property, it is
often enough to check a certain property for finite dimensional subspaces in order
to obtain that it holds for the whole space. For instance, any equality between
currents holds in E if and only if it holds finitely, namely whenever the currents
are pushed forward through a finite rank projection.

Employing the idea given in this Remark, we can show the following result of
uniqueness, which shows that it is meaningful to speak of the Dolbeaut decompo-
sition and the (p, ¢)-components of 7.

Corollary 3.8. If E is a Banach space with PAP and T € My(E) admils a
Dolbeault decomposition, then it is unique.

A metric current is not always decomposable in (p, ¢)-components (see Exam-
ples 2 and 3 in [10]), but it is always possible to obtain a (unique) decomposition in
terms of metric functionals which satisfy requests 1), 3), and 4) in Definition 2.1.
We refer to [10] for further discussions. We will denote these components as well
by T}, 4, because, as soon as they are metric currents, they automatically are the
(p, ¢)-components of T', but we will reserve the expression Dolbeault decomposition
for a decomposition in metric currents.

Let us suppose that T is a (p, ¢)-current whose boundary admits a Dolbeault
decomposition. Then we can define T and 0T as follows.

Write dT' = Sy + - -+ Sy, with S; € My, ,(U) where p; +¢i=p+q—1=m
since dT" € Myy,—1(U). If (f,m) is a m-form of pure type (p;,q;), then

Spiﬂi(f? W) = dT(f, W) = T(]-v fv 7T)

if p; > p or ¢; > ¢, and consequently T'(1, f,m) = 0, since T is a (p, q)-current.
Therefore, we can only have two cases: p =p; and ¢ —1 = ¢;, or p— 1 = p; and
q = qi, i.e.,
dTI" = Sp,q—l + Sp—qu

and we put _

oT = SP*LQ and 0T = Spﬂ,l.
Therefore, if a current 7' admits a decomposition in (p,q) components, we can
define 9T and 90T setting

h h
oT = Z@Ti and 0T = ZgTia

i=1 i=1
where T'=T; + -+ - + T}, is the (p, q¢) decomposition.

Proposition 3.9. If H : E — F is a holomorphic map between complex Banach
spaces, then, for every current T € M,,(E) for which OT and 0T are defined, the
following hold:

HyOT = 0H,T and HyOT = OH,T.
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Moreover, it is easy to check that C,, 09 = 9o C,, and C,,, 09 = 9 0 Chy,
where C), is the map given by Theorem 2.9.

Proposition 3.10. We have that 0% = 3 =0 and 99 = —99.

3.2. 9 and slicing

Let T' be a normal metric current whose boundary admits a Dolbeault decomposi-
tion. Then supp 97, supp 0T C supp dT" and, moreover, ||0T'|| 4, |0T|[a < C|dT||a
for every A C X. In particular, if dT is rectifiable, then 0T and 9T are too.

The slices of a current 7" through a map 7 : F — R"” are defined by

(T,m,2)(f,n) = T T(pe e fm,m) = lim (=1)" " my (T (f,0)) (pe s 21, 2n)

e—0

with pe . any family of smooth approximations of §,. If 7 : E — R?" = C", we
can write the slices as

<T,’/T,£K> = li_I>I(I)7Tﬁ(T|_(f, 7]))(Pe,x, 215215+« Zn, En) .

Proposition 3.11. The operators O and O commute with the slicing through holo-
morphic maps.

Proof. Let T € Nj(FE) be a normal current, such that 9T and 9T are again normal.
Let 7 : E — C" be a holomorphic map.

We start with the finite dimensional case, supposing that £ = CV.
Let (f,n) be a (k— 2n — 1)-metric form with C? coefficients. We treat only the

case of T, the proof for 0T being analogous.

Let 21,...,2, and wy,...,wy be holomorphic coordinates in C" and CN, re-
spectively. The slice (9T, 7, x) exists for a.e. x, by Theorem 2.15, and we have

@, m,2)(f,m) = i e (DT)(f ) (e 21, 21, 20 Zn) -

Now, we set 777" to be the (k — 2n — 1)-tuple differing from 7 only in the h-th
component, which is (—1)"dn;,/0w;. By Proposition 6 in [10],

N
@T)e(f,m) = (=) 1O(T(f,m) + Y T(@f /0w, w5,m) + Y T(f, g, 77"),
Jj=1 h,j
and we note that T (f,n) is a 2n + 1-form, so

Wﬁng_(f, n) = gﬂ'ﬂTl_(f, n)=0
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by Proposition 3.9, as 7 is holomorphic. It follows that

N
Wﬂ((gT)‘—(fv n))(pﬁ,imzlv ceey En) = Zﬂ-ﬂ(T‘—(af/awj,wjvn))(pﬁ,ivv Zlyeeey En)

7j=1
+Z7Tﬂ T\_ fjw‘jj ))(pezvzh ~'72n)
7,h

N

of _ _

:ZT(a—i'(pe,xO?T)amaﬁl’-“’m“ﬂ”’”)

j=1 i
+ 3T (e o T T )

=

I
M=

T'—(ps,x O, T, .- aﬁ-n)(af/awj’wj?n)

<
Il
_

+ TI_(pe,ajOW,ﬂl,...,ﬁn)(f)wj)ﬁjh) )
Js

=

Now, again by Lemma 1 in [10], we have

N

AT, m,2)(f,m) = Z<T,w,m>(§’—u{:,wj,n) + > (T (7"

J J.h

I
—

Mz

lim Tl_(pE £ O, T, . ..,7‘rn)<%,wj,77>
j

e—0

I
—

J
+ %;EE%TL(;JW oM, Ty -y ) (fy 5, TP,
and by the previous computation this is equal to
tim 74 (D) (f,m) (pe 1 - 70n) = (DT, m,2)(f,) -
Therefore, for every (f,n) with f € C?,
(0T, m,2)(f,n) = 0T, m,2)(f,n) -

This means that the functional O(T, 7, z) can be extended to all the metric forms
as a metric current, by defining it equal to (0T, 7, z).

If F is infinite-dimensional, the previous argument gives that

(0T, m,x)(f,n) = O(T, m,2)(fn)

for every metric form whose coefficients depend on a finite number of variables.
This implies that

(pt)ﬁ<5T, T, £C> = (pt)ﬂ5<T7 ™, £L'>(f, 77)

for every finite rank projection p;, and consequently that

(0T, 7,z) = (T, m,x) . O
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As already said, the previous proof works also for the 0:
T, m,x) = (0T, 7, x).
Moreover, if 90T is a metric current, then
00(T,,x) = (00T, 7, ),

or, which is the same,
dd“(T,m,x) = (dd°T, 7, x) .

4. Analytic sets in Hilbert spaces

There are many possible definitions for a finite dimensional analytic set in an
infinite-dimensional space. Here we adopt the following (see [14]).

Definition 4.1. Let H be a complex Hilbert space (or more generally a Banach
space). A closed set A C H will be called a finite-dimensional analytic set in H
if, locally in H, A is an analytic subspace of a complex submanifold of H of finite
dimension.

Remark 4.2. This definition is equivalent to the one given by Douady in [5]
(see [14] for the details).

An equivalent definition is the following (see [4]): A C H is a finite-dimensional
analytic set if for each v € H there exist a neighborhood U, another complex
Hilbert space H' and a holomorphic map F': U — H’ whose differential has finite
dimensional kernel such that AN U = F~1(0). This follows easily from the im-
plicit function theorem; this turns out to be equivalent to asking for a map whose
differential has finite dimensional kernel and cokernel (i.e., a Fredholm map) such
that ANU = F~1(0).

We recall a result from [14].

Theorem 4.3. Let X be an analytic subset of finite dimension, W be a hilbertian
manifold and f: X — W a proper holomorphic map. Then, f(X) is a finite-
dimensional analytic subset of W.

Example 4.4. The properness assumption cannot be dropped as shown by the
following example. Let us consider the space £ of square-summable sequences of
complex numbers and consider the holomorphic map g : D? — ¢? given by

g(z,w) = {zw" }nen .

The preimage of {0} is {z = 0}, which is not compact. Let X = g(D?) and
assume, by a contradiction, that there exists a holomorphic function ® : £2 — C is
a holomorphic function vanishing on X; then ® o g = 0, and consequently,
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One has
0Pog 0
0= 0z (0,0) 860 (0)
_ 9*Po g agJ
0= owdz (Z OeJ >(0’0)
B 0% agk 5‘gj 0% 9%, 0P
7( — Jeyde; (9) Jw 0z Z@e] 8w82> (0,0)= dey (0,0),
since, for all k,
Ak
o Ik 0,0 = 0,
and
82
D200 (0,0) £#0 <= gr(z,w)=2w <= k=1.

Proceeding in this way, we can show that 0®/de; = 0 in 0 € 2, for all j € N.
Therefore all the derivatives of ® vanish at the origin, which means that no regular
hypersurface of 2 can contain a neighborhood of 0 € X.

The major advantage of the given definition is that we can recover the local
properties of finite-dimensional analytic sets in an infinite dimensional space from
the usual local results on analytic sets in a complex manifold. In particular, let X
be a finite-dimensional analytic set in H, then

1) X admits a local decomposition in finitely many irreducible components;

2) such a decomposition is given by the closure of the connected components of
the regular part of X;

3) for every x € X there exist a finite-dimensional subspace L of H and an
orthogonal projection 7 : H — L which realizes a neighborhood of x € X as
a finite covering on L;

4) X is locally connected by analytic discs;

Ut

if X is irreducible, every nonconstant holomorphic function is open;

(=)

if X is irreducible, the maximum principle holds;
if X is compact and H is holomorphically separable, then X is finite.

)
)
)
)

The behaviour of the analytic sets in a Banach space can vary widely, depending
on the properties of the space. We give here some examples.

Example 4.5. Let ¢y be the vector space of sequences of complex numbers van-
ishing at infinity, i.e., {a,} C C such that lim, o a, = 0; ¢o is a Banach space
with the supremum norm. We consider the holomorphic map f : D — ¢y given by

f(z) ={2"}nen;
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this f is a regular and injective holomorphic map; its image is contained in the unit
ball of ¢y and if {zx} is a sequence converging to bD, {f(zr)}r does not converge,
therefore f is proper. Thus, f(ID) is a complex manifold of dimension 1 in E, which
is bounded.

Example 4.6. Generalizing the previous example, we consider the Banach space ¢P
of p-summable sequences of complex numbers, and the holomorphic map F: DF —
(P given by

F(Zl, s 7Zk7) = {ZI}I )

where [ varies through all the multi-indices of length k. We have that

1
|ZI| S (maX{|Z1|,---a|2k|})‘ "

and the number of multi-indices I with [I| =i; 4+ -+ 4+ i =m is
m+k—1
k-1
which is less than (2m)* if m is large enough. Therefore

Dol <Y @m)t (max{lzl, . [zl
I m

which converges for max{|z],...,|z|} < 1.

Again, the map F is regular, injective and proper with unbounded image F(D*).
We observe that F(DF) provides an example of finite dimensional manifold not
contained in any finite-dimensional linear subspace.

4.1. Positive currents

Definition 4.7. Let T be a metric (p,p)-current. We say that T is positive if,
given my,...,m, € O(X),

T(f,’/Tl,fl,. . .,Wp,fp) Z 0
for every Lipschitz function f > 0 on X. We say that a current is finitely positive
if every finite dimensional projection of it is positive.
Proposition 4.8. Let Q C H be an open set. T € Mo, (Q) is positive if and only
if it is finitely positive.

Proof. Obviously, if T' is positive then every complex linear pushforward of T' is
positive. On the other hand, if p,,: H — C™ is the projection on the first m coor-
dinates, then f op,, — f pointwise and Lip(f o p,,,) < Lip(f), by Proposition 3.1.
Therefore,
T(.fvﬂ-l,' . '7fp) = lim T(fopm77r1 OPmy--- ,ﬁp Opm)

m—0o0

= X ()T (flp () Wil a1y -+ Tl 2 0,

which is the thesis. O
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On an infinite dimensional complex space, the plurisubharmonic functions are
defined by the submean property: let & C H be an open set and let u: Q —
R U {—00} be an upper semicontinuous function (not identically equal to —o0); u
is plurisubharmonic if

2T
u(a) < / u(a + %b) db
0

for every a € Q and every b € H such that a4+ \b € Q for every A € C with [A] < 1.
See also [12] for a discussion of the properties of such functions.
Define d¢ = i(0 — 9).

Proposition 4.9. Let T € M2, (Q2) be a positive closed current with bounded sup-
port and u : Q@ — RU{—o00} a bounded plurisubharmonic function. Then dd°(T u)

s a closed, positive metric current with bounded support and the following estimate
holds:

M (dd(Tew)) < ||ufloo M(T).

Proof. We note that the result is true for any finite-dimensional projection of T'.
Namely, if p,, is as above,

(pm )3 dd"(Teu) = dd*((pm )¢ T (w0 pm)) = dd*(Tpium) ,

with T}, a positive closed current with compact support in C™ and u,, a bounded
plurisubharmonic function. Then we know that

dd® (T ) = T (dd uyy,)
in the sense of distributions, and for every compact K we have
MK(ddC(TmLum)) < CHumHoo,KMK(Tm) .

As pyy, is an orthogonal projection, Mp(T,,) < Mp(T), whereas the fact that T,
converges weakly to T', together with the semicontinuity of the mass, implies that
Mp(T) < limsup Mp(T,,). Therefore, Mg(T,,) — Mp(T) for every bounded
set B in €.

This means that, for j big enough,

MK(ddc(TmJ' '—umj)) <C ||U||oo,K MK(T) )

so, by Theorem 2.26, we can find a subsequence w*-converging to some S €
Map—_2(92).

Such an S is such that (m,)yS = T, for infinitely many m; therefore S
coincides, as a metric functional, with dd®(Tcu). Moreover, S is positive and
closed, and

M (S) < |lulloo,ie Mrc(T) -

We note also that supp S C supp 7. O



POSITIVE METRIC CURRENTS AND HOLOMORPHIC CHAINS IN HILBERT SPACES 1249

In view of Proposition 4.9, we will denote by ddu AT the current dd®(T u).
Proceeding by induction, we can give a meaning to the writing

dd®uy A - - Nddup NT

for a current T' in the hypotheses of Proposition 4.9. Such a definition allows us
to write an analogue of the Monge—Ampere operator in Hilbert spaces.

4.2. Currents of integration on analytic sets

Let V be a finite-dimensional analytic set in some open domain U C H; since, by
definition, V is locally contained in some finite-dimensional submanifold, we know
that it is locally of finite volume. Therefore, for any p € V there exists a ball B
such that the current [V]LB of integration on the regular part of V' N B is a well-
defined rectifiable metric current. The following result gives an estimate for the
mass of such a current, analogous to Wirtinger formula in the finite dimensional
case.

Proposition 4.10. Let H be a Hilbert space, with scalar product (-,-), and let V
be an analytic set in an open set U C H, with dimc Vieg = p. Let Q be a ball in U
and let [V] be the current of integration associated to VN in Q. Then

. P _ _
M([V]) Snlggo Z [V:I(W,Zil,zil7'"7Zip7zip> < 400,
1<i1<<ip<n p:

where {zj}jen are coordinate functions with respect to some orthonormal basis.

Proof. Given an orthonormal basis {e;, }nen, let E,, = span{ey, ..., e} and my, :
H — E,, the orthogonal projection. We denote [V],;, = (m,,)4[V] and observe that
[V]m — [V] weakly, so that by the semicontinuity of the mass we get

M([V]) < liminf M([V]),

m—r oo

where the masses are relative to 2 or to ,,, = QN E,, respectively.
On the other hand, the projections 7, have norm ||m,| < 1, so, if p is the
mass measure of [V], we have

V] (£, 0] < [ Lin(ny) / [l )it

m

This implies that the mass measure i, of E,, is dominated by (7, )su, therefore

P < (T gt —— i,

m—o0

which means that

M(IV]) = p(€) < lminf 1, (@) < Tim (mn)gp(©) = p(©) = M([V)).

m—r oo
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Now, E,, with the induced scalar product is the usual complex Hermitian space C™
and the pushforward of an analytic chain is again an analytic chain. Therefore

M([V]m) < [VIm(wh,/pt) = HP (Vi) < CoM([V]m),

where
Wi = §Zdzj Ndz; = 526; NE;
j=1 j=1

and C), is a constant depending only on p (see [1], after Remark 8.4). Noticing
that [V (wg,/p!) = [V](w,/p!), we obtain

. i i _
M(V]) < lim Y [V](Qp—p!,zil,zil, N zz) < C,M([V]) < +c0,
1<y <--<ip<n
which is the thesis. O

Remark 4.11. The current [V] is obviously positive, of bidimension (k,k) for
some k, and its boundary is supported outside €.

Given an orthonormal basis {e;};en and a multiindex I = (i1,...,4), let 77
denote the orthogonal projection from H onto Span{e;,,...,e;, }.

Theorem 4.12. Let Q C H be a ball, S be an integer rectifiable current in €.
Suppose that

1) suppdSNQ = 0;
2) Sis a (k, k) positive current.

Then S can be represented as a sum with integer coefficients of integrations on the
reqular parts of analytic sets.

Remark 4.13. We can not show that X is a finite-dimensional analytic space in
the sense specified in the beginning of this section; indeed, in the example discussed
before, the map f(z,w) = (zw™),,, gives an analytic space which carries a current
of integration which satisfies the hypotheses of the previous theorem but cannot
be written as the integration on a finite-dimensional analytic space.

Proof. Since S is a metric current, we can define its pushforward through any
Lipschitz map. We note that (77)3S = m;[V;] with V7 = 77(2). By 2), we know
that m; > 0 and, by the fact S is integer rectifiable, m; € N.

By Theorem 2.15, for almost every y € V; we can define (S, 7, y); moreover,
by Theorem 2.13, we can find a countably H2*-rectifiable subset B of supp S and
an integer multiplicity function 6(x) such that S = [B].6; then

(Sorry)= Y, O]

xEﬂ'I_l(y)ﬁB
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and
> @) = (S, mry)(1) =my.
a:E'/rI_l(y)ﬂB

Let us call G; C V; the set of y such that the slice exists; then for j ¢ I and z € G,
we set

Pi(zw)y= T W —w@)’,

xewl_l(z)ﬂB

where w;(x) is the j-th coordinate of x in the fixed orthonormal basis.

We note that
S b (@) = (Som 2 ws)

ze€n; '(2)NB

is a holomorphic function of z, because dS = 0; therefore, by a classical argument,
P;(z,W) is a polynomial with coefficients in O(V;) for every j & I.

After removing an H**-negligible set from G, we have that Pj(z,w;) = 0 for
every j ¢ I and every = = (z,w) € ;' (Gy) N B.

Let us define

X;={Pi(z,w;) =0, j¢I} and X=|]JX;.
1

We can look at X as the zero locus of the map
Pr:H — Spanc{e;:j &I} =H;

given by
Pr(z,w) = Zeij(z,wj) .
JE1
In order to show that P; is well defined, we observe that, since Pj(z, W) is a
polynomial in W, for a fixed z we have

|Pj(z,W)| < min { d(W,w;(z))™, x € n; '(2) N B}

with m > 1, if W is close enough to some w;(z). Therefore, for p = (z,w) in a
neighborhood of B, we can write

Do 1Pi(zw)P <Y Jwy = w(@)P™ < lp — 2™ < oo,
igl j

where x is the nearest point in B to p = (z,w). The map P; is obviously holo-
morphic, as its entries are polynomials in w; with coefficients holomorphic in the
first k coordinates.

This shows that X7 is locally given as the zero locus of a holomorphic map
between Hilbert space, therefore it is an analytic set. Moreover, let © € X be a
smooth point and suppose that dime 7, X; > k. By construction, 77|, x, : To X7
— CF has maximum rank, therefore we can find [ € N such that, setting J = TU{l},
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the projection m; restricted to T, X is surjective onto C**!. This means that
P, (2, W) = 0, but this is impossible. So, dim¢ T, X; = k, i.e., the regular part
of X7 is a smooth k-dimensional complex manifold.

Now, let

{:L'EB Jgk’/T[ 0}

i.e., the set of points x of B such that D7 has rank 2k on the approximate tangent
to B at x; define also

Cr=BnV)\ 7' (Gr).
By Theorem 2.25, we have

[ swm@ade= [ ([ gan)ante) —o,
BiNCy VI\Gr *Jart (y)NB

where g is the characteristic function of By N C7. Since Jogmp > 0 on By NCY, this
means that H*(B; N Cr) = 0.
Obviously, B = |J Br and

BN (Uw;l(G,)) cX,

I

but

B\J " (Gr) = ("\(B\7"(Gr) € ((B\Br)U(B:NCr)) €| J(BrNCy) =
I I

1 I

Since H2*(B;NCy) = 0, we also have H?*(D) = 0 and H?*(B\ X) = 0. Moreover,
as X is closed in Q, supp S C X; therefore S = [B N X].

If we denote by X, the union of the regular parts of X7, then St X,cg is a (k, k)-
current, positive and closed, with support on a k-dimensional smooth complex
manifold. Therefore, St X,ex can be written as a series with integer coefficients of
the currents of integration on the connected components of X,qg.

There exists 7 > 0 such that 77(V) contains a ball of radius r for every I;
therefore, the H?*-measure of the regular part of X7 is uniformly bounded from
below independently of . On the other hand St X, is of finite mass; therefore it
has to be a finite sum.

Finally, let us consider the rectifiable set R = B\ X,cg. If we project it on the
first m coordinates, for m > k + 1, we obtain that its image is the singular set of
a k-dimensional analytic space, therefore H?*-negligible; again by Theorem 2.25,

[ adtm) @) = [ (o ROmi @)y ant,

R cm

with 7, : H — Span{es, ..., e, } the orthogonal projection. Let us denote by n(x)
the approximate tangent to R in x; then the 2k-Jacobian of 7, on Tan(®®) (R, x)
is given by the projection of n(x) on Span{es,...,en}.
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We define A,, = {x € R : Jop(d®m,,,) > 0} and we note that Ay U Ag o U
- = R, up to H?*-negligible sets. But

/ o (dRn,) dH? (2) = [ #{w € A Nl (y)} dH2E
A cm

:/ fre ROt (y)} dH = 0
Wm(Am)

because mp(Anm) C 7 (R), which is H?*-negligible. Therefore H**(R) = 0, so
SLX g = S and this concludes the proof. O

5. Boundaries of holomorphic chains

In the following definition, we introduce the concept of maximal complexity for a
current.

Definition 5.1. Let S be a (2p — 1)-current with compact support in a complex
manifold X; we say that S is mazimally complez if S, s =0 for |r — s| > 1.

As we noted in Section 3, when speaking about the Dolbeault decomposition,
the metric functional S, , always exists, even though it is not always a metric
current. However, if it is 0, then it is obviously a metric current.

The same property for manifolds is stated in terms of their tangent space;
namely, a manifold M of real dimension 2p—1 is maximally complex if dim¢ 7, M N
JT.M = p—1 for every z € M. The first two propositions of this section show
that a manifold is maximally complex if and only if the associated current of
integration is.

Proposition 5.2. Let M be a compact C* submanifold of a complex reflexive Ba-
nach space E with complex structure J, such that dimg M = 2p—1 and dim¢ T, M N
JT,M = p—1 for every z € M. Then there exists a complex linear map F : E — C"
for some n > 0 which restricts to an embedding of M into C™.

Proof. Given z € M, let Iy ,, ... [, . linearly independent elements of E* such
that
kerly ,N---Nkerl,_y ., NT,MNJT,M = {0}

and
kerly ,N---Nkerly_1.NkerRel, ., NT.M = {0};

both these conditions are open. By compactness, we can find finitely many [;,
j =1,...,N such that for every point z € M there exists indexes j; < --- < jp
such that

kerl;, Nn---Nkerl; ,NT,MNJT,M={0}

Jp—1

and (viewing E as a real vector space)

kerl;, N---Nkerl;

Jp—1

NkerRe l; NT.M = {0}.
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This means that if we define L : E — C~ by L = (I1,...,lx), we have that the
differential dL is always of real rank 2p — 1 on M and it is complex linear on
T.MNJT.M.

Let Ui, ..., Uy be the open sets and l1,...,lp,lp41,...,l2p, ..., np be the maps
constructed as above and {Vj}f{:1 a collection of open sets in M such that for
each V; there exists a U, (;) such that V; € U,(;) and JV; = M.

For a fixed j, the set L=Y(L(V;)) is a union of u; connected components which
are relatively compact in some open sets Uy, ..., Ukuj5 therefore, there exist p;
linear maps fjl, ey f]H 7 such that for each connected component there is one map
which separates it from the others, that is, a map which has different values on it
and on the union of the others.

Now, consider the map F = (I1,...,lnp, [, .., f&). By the first part of the
construction, F' has an injective differential on M; by the second part, it is globally
injective on M. Therefore F is a holomorphic embedding of M into C", where
n=~hp+u + -+ pug, realized with a complex linear map. O

Let M be a compact C' submanifold of a reflexive complex Banach space E
with complex structure J, with dimg M = 2p—1. M induces a metric current [M]
of dimension 2p — 1.

Proposition 5.3. The following are equivalent:
1) dime(TM N (JT.M))=p—1 for all z € M;
2) [M](a)) = 0 for every metric (r,s)-form o on E with r +s = 2p — 1 and
|r —s| > 1;
3) M is locally the graph of a CR-function: for every z € M there exists a neigh-

bourhood U of z in E such that M NU is the graph of a function f: M — E,
M a CR-submanifold of CP, E" a closed subspace of E such that E = E' ®CP
and f a CR-function on M.

Proof. 1) = 2) Let « = (f,91,---,9r,h1,...,hs) and let ¢ : M — E be an
embedding whose differential is complex linear when restricted to (the preimage
of) T,M N JT.M; then [M] = T, with T € Mo,_1(M). By the comparison
theorem for manifolds, T is induced by a classical current 7" on M; but then,

[M](e) =T(foi,g104,...,hs0i) =T'(foid(gioi)A---Ad(hsoi)).

The functions g;joi have complex linear differentials on i, ' (T"M NJT M); therefore,
if there are more than p of them, their wedge product will vanish. The same holds
for the differentials of the functions hj 0. So [M](a) =0 if |r — s| > 1.

2) = 1) Let p : E — C¥ be a finite-dimensional embedding for M, which is
holomorphic on E. If

dime Tp(z)p(M) N J(CNTp(z)p(M) =dimc T MNJT.M <p-—1,
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then there exists a metric (r, s)-form 8 on CV with r +s=2p—1and |r —s| > 1
such that
B#0,

p(M)

/Mp*ﬁ#o

and p*0 is a (r, s)-form on F with |r —s| > 1.

3)=1) Let f: M — E’ be the given CR-function; we define G : M — M x E
by G(p) = (p, f(p))- -
Let I': CP@E’ — E be the given isomorphism; then (FoG).T,M = Try, ¢(p))M

and, since TPM contains a complex subspace of complex dimension p — 1, so does
the tangent space of M.

1) = 3) Let us fix z € M and let H, be the complex subspace of T, F
of (complex) dimension p containing T, M. By reflexivity, E = E*, so we have a
splitting of F = H,® E’ for some closed subspace E’. By construction, 7 : E — H,
is a local embedding when restricted to a neighbourhood U of z in M, because it
has a maximum rank differential at z. .

Let M be the image of U trough 7; we have the function f: M — E’ defined
by (p, f(p)) € U N7~ 1(p). By construction, f*|T,,J\7mJTpJ\7 is C-linear, so f is a
CR-function and U is its graph. O

SO

Proposition 5.4. Let M be a (2p — 1)-current with compact support in X, and
let F: X — Y be a Lipschitz holomorphic map. Suppose that M is mazimally
complex. Then the same is true for FyM and, if p > dimc Y, for (M, F, (), given
that M is flat and slices exist.

Proof. Obviously, we have (FyM), s = Fj(M, ) (this is an equality between metric
functionals only, not metric currents).

Moreover, if dime Y < p and if (M, F, () exists for some ¢ € Y, let {p ¢} be a
family of smooth approximations of d¢. Then locally (with supp f contained in a
manifold chart for V),

<M7F7C>(f777) = li_l;%M(fpﬁ,Cvva,n)'

So, if M, s =0 for |r —s| > 1 then also (M, F,();—m,s—m = 0 for 1 < |r—s| =
|(r —m) — (s —m)|, with m = dimc Y. O

Definition 5.5. A MC-cycle in a complex Banach space E is a maximally complex
(2p — 1)-dimensional closed metric current, with compact support.

Remark 5.6. The definition is meaningless for p = 1; the notion of moment condi-
tion which substitutes the maximal complexity for 1-dimensional currents cannot
be given that easily in a Banach space and it turns out to be not automatically
satisfied by a maximally complex current of higher dimension. The philosophical
reason is the greater distance, in Banach spaces, between local and global aspects.
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The following theorem follows easily from Proposition 5.4 and from the slicing
properties of rectifiable currents.

Theorem 5.7. Let M be a rectifiable MC-cycle of dimension (2p—1) in a Banach
space E and consider a Lipschitz holomorphic map F : E — C"™. Then
1) FyM is a rectifiable MC-cycle of dimension (2p — 1) in C™;
2) ifm <p—1, (M, F,C) is a rectifiable MC-cycle of dimension 2(p —m) — 1
n F.

Remark 5.8. By Theorem 2.15, the slice (M, F, () exists and is rectifiable for
almost every ¢ € C™.

Theorem 5.9. Let M be a MC-cycle of dimension (2p—1) in E. Then, for every
linear projection w: E — CP and every ¢ € O(supp M), we have

By (M) = 0.

Moreover, there is a unique integrable compactly supported function cy in CP such
that

dey = [my(¢M))>,

and such a function can be obtained by convolution with the Cauchy kernel or the
Bochner—Martinelli kernel.

Proof. We know that dM = 0; since M is maximally complex, we have
M=M,p1+Mp_1p,

SO
0=dM = (dM)p—Zp + (dM)p—Lp—l + (dM)pm—? :

In particular, this means that (dM), ,—2 = 0. Therefore,

Amy(oM)]*" = Almy (dM)]p,p—1 = [dmy(¢M)]pp—2 = [my(dPM)]p 2
= [my(pdM)]pp—2 + [me(ML(1, ¢))lpp—2,

but M (1, ¢) has non-vanishing (r, s)-components only for (r,s) = (p—1,p—1) or
(r,5) = (p — 2,p— 1), 50 [my(M0(1,6))]pp_3 = 0. Then,

ANy (oM™ = [my(¢dM)]pp—2 = me($(dM)yp—2) = 0.

We note that my(¢M) is a metric current in CP, therefore it is also a classical one,
consequently its component of bidegree (0, 1) is a classical current as well and by
the previous computation is 0-closed. By a standard convolution-contraction with
either the Cauchy kernel or the Bochner—-Martinelli kernel, we can find a compactly
supported integrable function c4 as requested. O
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Theorem 5.10. Let M be a compact, oriented (2p — 1)-manifold (without bound-
ary) of class C*> embedded in H, and suppose that there exists an orthogonal de-
composition H = CP @ H' such that the projection m: H — CP, when restricted
to M, is an immersion with transverse self-intersections. Then, if M is mazimally
complex (i.e., [M] is an MC-cycle), there exists a unique holomorphic p-chain T
in H\ M with suppT € H and finite mass, such that dT = [M] in H.

Proof. Let m = (M) C CP; for every A € H'\ {0}, we define m*(z) = (7(2), (2, \))
€ Ccrtl.

By the previous results, M* satisfies the same hypotheses in CP*!. Therefore,
by Theorem 6.1 in [6], we can solve the problem for M* = 7*(M), finding a
holomorphic p-chain 7% in CP*!\ M with the required properties. Following the
proof of Theorem 6.1 in [6], we write

(Cp\m:UoUU1U'~'UUk,

where the U; are connected components and Uy is unbounded; T is locally on
each U; union of graphs of holomorphic functions

FM U —»C, h=1,...n;.

Given another X' € H'\ {0}, we can consider the p-chain 7", which will be given
by holomorphic functions

Ak
Fj’ IUj%(C, hzl,...,n)\/,j.

However, we can also consider, in CPT2, the manifold M M and the associated
solution T)‘*/\'; denoting by p and p’ the restrictions of 7* and ™ to Cr*2, we
have
p*T)"”\/ =T* and p;T’\’)‘/ -7V,
Since the differentials of p and p’ are of rank 2p — 1 on M ’\’)‘/, and because p
and p’ are holomorphic, their differentials are at least of rank 2p on M )‘*/\'; this
means that they are of rank 2p in a neighborhood of M in MM U supp T
(which is locally a C? manifold with boundary by Lemma 6.8 in [6]). Therefore,
na; = nanv,j = N, for every j and every A, X € H'\ {0}.
Let {\; }ier be an orthonormal basis for H' and consider the holomorphic func-

tions
Fj)‘i’h:Uj—>(C) ji=1,...k, h:l,...,nj, 1el,

h _ Aiyh
Fl =% NEt,
icl

and define

The function th s well defined. For any finite subset of indices J C I, we can
consider the projection

ps: H— CP @ Span{A;}ies
and the pushforward [M]; = (ps)s[M].
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The functions {FjA"’h}ie J give a solution for the finite-dimensional problem

with datum [M], therefore Sy ;n = > ; F; Al ), is a holomorphic function, with
values in a finite-dimensional vector space, such that

1S7n(2)] < R,

where R is such that supp [M]; C C?x B(0, R), B(z,r) being the ball with center z
and radius r in Span{\;};c.

Now, let us take I = N and fix € > 0. By compactness, we can find I’ C I finite
and set

Ve = C? @ Span{\; }ier

so that d(M,V,) < €; let H! be the topological complement of V. in H, then the
projection of M on H! lies in a ball of radius € around 0. Now, for any finite subset
J C I such that minJ > maxI’, we have that

1S74n(2)| <€,

showing that the sequence of maps from U, to H'

{gFJ&»h(z) )\i}mel

is a Cauchy sequence with respect to the supremum norm on Uj;. Therefore the
limit Ff(z) is well defined and continuous on the closure of Uj, because every
element of the sequence is.

The function FJh is holomorphic. Indeed, for any A € H', we write
A= Zai/\i and Fh ZazF)‘“h
i€l el
We now observe that

‘ZaiFj’\"”h ‘ SN S g < M [SIFN )2,

el el el el

< A 13 oo, 5

which is finite, and this implies that the sequence of holomorphic functions

m
Aiyh
(S
: mel
=0

converges uniformly on U;. The limit is then holomorphic, so F. jh is holomorphic.

The function th extends C* to the boundary. By [6], there exist sets A C m
and A; C M with 7(A;) = A, which are H?*~!-negligible and such that outside
them we have C! regularity for supp 7% U M and for the functions Fj)‘i’h. Let us
consider p € mN 7] \ A; for each i € I, one of the following two cases can occur:
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Aiyh ;
1) Fj (p) g MAI»
Aivh i
2) F""(p) € M.
In the former, F j’\“h extends holomorphically through p, whereas in the latter
we can find a relatively compact neighborhood V' of p in m such that F jA"’h coincides

on V with some CR function f: V — M?:. In both cases, Fj)‘i’h is of class C!
near p. Let U be an open set with C! boundary in U; such that bU; N0U = V.

The restrictions of the derivatives of F’ jh to bU; are continuous, when we derive
in a direction tangent to TbU; however, by the Cauchy—Riemann equations, we can
control the normal derivative with the tangential ones, therefore also the normal
derivative of FJh is a continuous function when restricted to bU.

We note that from this follows that the image of bU through one of these maps
is a compact set in H' and we can replicate the previous argument, obtaining that

the sequence
(3 2eion)
mel

is a Cauchy sequence with respect to the supremum norm on U.
Therefore, the limit is continous on the closure of U, thus implying that

F; ‘ H < +o0.

H ‘825 J oco,U

Moreover, on bU NbU; =V, FJh coincides with f and we can cover 2P~ !-almost
all of bU; with open sets where F jh coincides with some CR-functions realizing M
as a graph. Therefore, as M is a compact C! manifold,

[ g, <o
H'E)zs 7 1 loo,bU; oo

and hence

F’H < +o00.
H‘azs J OO,Uj +

The current of integration on the graph of th has finite mass. By the previous
paragraph, there exists a constant Cj, ; such that

IVEM2)|? =Y [VEN (2)P < Cp;  for every z € Uj.
icl
It is easy to show that there exists a polinomial g,(X) such that
Z|az|<5<+oo:>ZH|az|<gp < 400.
|J|=pi€J

Therefore,

Z H |VFA“h )| < 9p(Chj) < +oo  for every z € Uj .
|J|=picd
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We consider the (p, p)-form

mhz)= > N\ dF"(z) AdF, M,

|J|=picJ

which is well-defined by the previous estimates, and note that

17} lloo,0; < 9p(Chj) -

Let {w; }ier be coordinates for the basis {\;}ier, ie., w;(v) = (v, \;) for v € H',
and denote by T}, ; the (alleged) current of integration on the graph of th. Then

Thvj(l wi17wi1? . wiwmi,p)

/ AFM M ) N EY () A A dE " () N dFY T (2).
Therefore, by Proposition 4.10, we have

P
M(Th ;) < L%(Uy) Y gy (Chy) < +o00.
p'=0

We have to sum all the values from 0 to p’ because we apply the formula of
Proposition 4.10 in H and not in H’, so we have to consider also the p-tuples of
coordinates coming in part from C? and in part from H’.

As the FJh are a finite number of functions, we can consider the metric functional
of integration on their graphs and denote it by T. T is a holomorphic p-chain
in H \ M, it has finite mass and its support is contained in a product of discs,
therefore it is relatively compact in H. Moreover, for H?P~!-almost every point
in M there is a neighborhood where supp7 U M is a C' manifold.

This implies that T is a metric rectifiable (p, p)-current in H. We note that for
any finite-dimensional projection p : H — C™, we have that d(pyT') = ps[M]; it is
an easy application of Theorem 3.3 to show that this implies dT" = [M]. Finally,
it is not difficult to see that the map x +— (z, FJ(x)) is proper into H \ M, which
is an hilbertian manifold, hence by Theorem 4.3 its image is a finite dimensional
complex space in H \ M. O

Remark 5.11. Suppose we are given a family M, of MC-cycles each satisfying
the hypothesis of Theorem 5.10, depending on some parameter s € U C C in a C*
way. Locally in s, we can assume that the various manifolds M, project, through
the maps s given by hypothesis, to the same immersed manifold m C CP.

Therefore, the functions F ﬁ;,h constructed during the proof of Theorem 5.10
depend on s in a C! way. This implies that F] . vary Lipschitz-continuously in s.

Hence, the map associating to s the solution to dTy = [M,] is Lipschitz-
continuous in s.

The compactness of M is needed only to ensure that there is a finite number
of connected components in C? \ m. Therefore, we also have the following result.
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Theorem 5.12. Let M be a bounded, oriented (2p — 1)-manifold (without bound-
ary) of class C* embedded in H, with finite volume. Assume that there exists an
orthogonal decomposition H = CP @& H' such that the projection © : H — CP, when
restricted to M, is a closed immersion with transverse self-intersections. Then,
if [M] is an M C-cycle, there exists a unique holomorphic p-chain T in H\ M with
suppT € H and finite mass, such that dT = [M] in H.

Proof. As m is supposed to be closed, w(M) is a closed and bounded subset of CP,
therefore compact. By the finiteness of volume, we know that [M] is a well-defined
metric current and we can proceed with the same proof as before. O

Remark 5.13. By Definition 4.1, there exists a finite dimensional complex sub-
manifold V' of H\ M containing the support of the holomorphic chain T'. Therefore,
we recover all the results that are true in finite dimension, e.g. if M is contained in
a strictly pseudoconvex hypersurface, we know that 7" will have only finitely many
singular points.

References

[1] AMBROSIO, L. AND KIRCHHEIM, B.: Currents in metric spaces. Acta Math. 185
(2000), no. 1, 1-80.

[2] AMBROSIO, L. AND KIRCHHEIM, B.: Rectifiable sets in metric and Banach spaces.
Math. Ann. 318 (2000), no. 3, 527-555.

[3] AMBROSIO, L. AND ScHMIDT, T.: Compactness results for normal currents and the
Plateau problem in dual Banach spaces. Proc. Lond. Math. Soc. (3) 106 (2013),
no. 5, 1121-1142.

[4] AuricH, V.: Local analytic geometry in Banach spaces. In Complex analysis, func-
tional analysis and approximation theory (Campinas, 1984), 1-23. North-Holland
Math. Stud. 125, North-Holland, Amsterdam, 1986.

[5] DouaDY, A.: Le probleme des modules pour les sous-espaces analytiques compacts
d’un espace analytique donné. Ann. Inst. Fourier (Grenoble) 16 (1966), fasc. 1, 1-95.

[6] HARVEY, F.R. AND LAWSON, JRr., H.B.: On boundaries of complex analytic vari-
eties. I. Ann. of Math. (2) 102 (1975), no. 2, pp. 223-290.

[7] HArRvEY, F.R. AND LAWSON, JRr., H.B.: On boundaries of complex analytic vari-
eties. II. Ann. of Math. (2) 106 (1977), no. 2, pp. 213-238.

[8] HARVEY, R. AND SHIFFMAN, B.: A characterization of holomorphic chains. Ann. of
Math. (2) 99 (1974), 553-587.

[9] KiNnG, J.R.: The currents defined by analytic varieties. Acta Math. 127 (1971),
no. 3-4, 185-220.

[10] MoNGoDI, S.: Some applications of metric currents to complex analysis. Manus-
cripta Math. 141 (2013), no. 3-4, 363-390.

[11] MoNGoDI, S. AND SARACCO, A.: Non compact boundaries of complex analytic
varieties in Hilbert spaces. Complex Manifolds 1 (2014), no. 1, 34-44.

[12] Muuica, J.: Complex analysis in Banach spaces. In Holomorphic functions and

domains of holomorphy in finite and infinite dimensions. North-Holland Mathematics
Studies 120, North-Holland, Amsterdam, 1986.



1262 S. MONGODI

[13] NOVERRAZ, P.: Pseudo-convexité, convexité polynomiale et domaines d’holomorphie
en dimension infinie. North-Holland Mathematics Studies 3, North-Holland, Ams-
terdam, 1973.

[14] RuGeT, G.: A propos des cycles analytiques de dimension infinie. Invent. Math. 8
(1969), 267-312.

[15] SHIFFMAN, B.: On the removal of singularities of analytic sets. Michigan Math. J.
15 (1968), 111-120.

Received October 31, 2013; revised March 13, 2014.

SAMUELE MONGODI: Dipartimento di Matematica, Universita di Roma “Tor Ver-
gata”, Via della Ricerca Scientifica, 1-00133 Roma, Italy.
E-mail: mongodi@mat.uniroma2.it, samuele.mongodi@gmail.com

The author acknowledges the support of the Italian project FIRB-IDEAS “Analysis and
Beyond”.


mailto:mongodi@mat.uniroma2.it, samuele.mongodi@gmail.com

	Introduction
	Metric currents
	Rectifiable currents and slicing
	Rectifiable currents in Banach spaces

	Metric currents on complex Banach spaces
	Bidimension
	 and slicing

	Analytic sets in Hilbert spaces
	Positive currents
	Currents of integration on analytic sets

	Boundaries of holomorphic chains

