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On the ill-posedness of the compressible
Navier—Stokes equations
in the critical Besov spaces

Qionglei Chen, Changxing Miao and Zhifei Zhang

Abstract. We prove the ill-posedness of the 3-D baratropic Navier—
Stokes equation for the initial density and velocity belonging to the crit-
ical Besov space (Bs/lp + p, Bsﬁ/lpfl) for p > 6 in the sense that a “norm
inflation” happens in finite time, here p is a positive constant. While,
the compressible viscous heat-conductive flows is ill-posed for the initial
density, velocity and temperature belonging to the critical Besov space

(B;/lp + P, B;/lp_l, B;/lp_Q) for p > 3.

1. Introduction
The full compressible Navier—Stokes equations read as follows:

Op + div(pu) =0,
O(pu) + div(pu ® u) = divr,
Ju?

O (pule + T)) + div(pu(e +

(1.1) ,
%)) =div(r - u + kV0),

where p(t, x), u(t, x), e(t,z) denote the density, velocity of the fluid and the internal
energy per unit mass respectively, x > 0 is the thermal conduction parameter, and 6
is the temperature. The internal stress tensor 7 is given by

7 =2uD(u) + (Adivu — p)1,

where D(u) = £(Vu+ Vu'), the constants p, A are the viscosity coefficients satis-
fying

w>0 and A+42u>0.
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For the ideal gas, e = cy 0, P = pRf for some constants ¢y > 0, R > 0. In such
case, the system (1.1) can be rewritten as

Op + div(pu) = 0,
(1.2) O(pu) + div(pu ® u) — pAu — (A + p)Vdivu + VP =0,

ev (0¢(pf) + div(pub)) — kAO 4+ Pdivu = % |V 4 (V)" 2 4 X |divul>.

Here we denote by |A|? the trace of the matrix AAT.
When the pressure depends only on the density, we get the baratropic Navier—
Stokes equations

{ Op + div(pu) = 0,

(1.3) , .
O(pu) + div(pu @ u) — pAu — (A + p)Vdivu + VP = 0.

In this paper, we are concerned with the Cauchy problem of the system (1.2)
and (1.3) in RT x R3 together with the initial data

(pvu»0)|t:0 = (po,’u,(),go), and (p’u)|t:0 = (p07u0)7

respectively.

The local existence and uniqueness of smooth solutions for the system (1.2)
were proved by Nash [15] for smooth initial data without vacuum. Matsumura—
Nishida [14] proved that the solution is global in time for the data close to equi-
librium. In the general case, the question of whether smooth solutions blow up in
finite time is widely open, even in two dimensional case. For the initial density
with compact support, Xin [18] proved that any non-zero smooth solutions of (1.2)
will blow up in finite time. Recently, Sun—Wang—Zhang [16], [17] showed that
smooth solution will not blow up as long as the upper bound of the density( and
temperature for (1.2)) is bounded. We refer to the seminal books [13], [10] and
references therein for the global existence of weak solutions.

Motivated by Fujita-Kato’s theory on the incompressible Navier—Stokes equa-
tions [11], Danchin applied Fourier analysis method to study the well-posedness
for the compressible Navier—Stokes equations in critical Besov spaces. Let us make
it precise. It is easy to check that if (p,u,#) is a solution of (1.2), then

(ot 2), un(t,2), 0a(8,2)) & (p(Nt, Ax), Mu(N2t, Aa), A2O(N*t, ), A >0

is also a solution of (1.2) provided the pressure law has been changed into A\?P.
A functional space is called critical if the associated norm is invariant under the
transformation (p, u, 8) — (px, ux, 0x)(up to a constant independent of A). Roughly
speaking, the system (1.2) is locally well-posed for the initial data

(po — pyuo, 00) € BYP x (BYP™1)? x BYP™ with p < 3;
and the system (1.3) is locally well-posed for the initial data

(po — p,uo) € B;/lp X (B;ﬁp*l)3 with p < 6.
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Here B;q is the homogeneous Besov space(see Definition 2.1). Moreover, the
system (1.2) and (1.3) are globally well-posed if the initial data is small in the
critical Besov space with p = 2. We refer to [6], [7], [8], [9], [4] and references
therein. Recently, Chen—-Miao—Zhang and Charve-Danchin [5], [3] proved that the
system (1.3) is globally well-posed for the small initial data in the hybrid critical
Besov spaces, in which the part of high frequency of the initial data lies in the
critical Besov spaces with p > 3, and the part of low frequency lies in the critical
Besov spaces with p = 2. This result allows to generate a global solution for the
highly oscillating initial velocity like sin(z/e)p(z), which is small in the hybrid
critical Besov space.

A natural question is whether the system (1.2) and (1.3) are well-posed in
the critical Besov spaces with p > 3 and p > 6 respectively. Recently, Bourgain
and Pavlovié¢ [2] and Germain [12] proved the ill-posedness of the incompressible
Navier—Stokes equations in the largest critical space BO_Ol’OO. Motivated by the
idea of [2], we prove that the system (1.3) is ill-posed in the critical Besov spaces
with p > 6.

Theorem 1.1. Let p be a positive constant and p > 6. For any 6 > 0, there exists
initial data (po,wo) satisfying

llpo — ﬁ"Bf;ff <9, HUOHBZGP*I <0
such that a solution (p,u) to the system (1.3) satisfies

1
|w(t)|| gs/p—1 > = for some 0 <t <.
p,1 1)

While the system (1.2) is ill-posed in the critical Besov spaces with p > 3.

Theorem 1.2. Let p be a positive constant and p > 3. For any 6 > 0, there exists
initial data (po,uo,0o) satisfying

llpo = pllgsre < 0, Nluoll gzrp— < 8 foll gorp—2 < 8
such that a solution (p,u,0) to the system (1.2) satisfies

1
10|l gs/p—2 > 5 Jor some 0 <t <.

Remark 1.3. In Theorem 1.1 and Theorem 1.2, the chosen initial data in fact
belongs to S(R3). It is easy to prove (see [4], [9]) that the constructed solution
(p,u) of the system (1.3) satisfies
__ Foo 13/2 Foo P2 AT 55/2
p=pE LBy, welgn B 0L BiL
While, the solution (p,u, @) of the system (1.2) satisfies

_ = 53/2 T 51/2 T 55/2 T 5—1/2 7 53/2
p=pe LB, uelfnB LB, 6€lynBn nlnBk.

For the space Z’f)o T)Bgs, the reader can refer to Definition 2.2 in Section 2.
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Remark 1.4. Theorem 1.2 implies that it seems difficult to generate a global
solution to the system (1.2) for the highly oscillating initial velocity as in [3], [5].

Remark 1.5. The question of whether the system (1.3) (or (1.2)) is well-posed
in the critical Besov Space with p =6 (or p = 3) is still open. Indeed, Lemma 3.1
fails for p = 6 and Lemma 4.1 fails for p = 3. However, these two basic lemmas
assure that for the initial data of our construction the norm inflation happens in
finite time for p = 6 (or p = 3).

For the baratropic Navier—Stokes equations, the mechanism leading to the ill-
posedness comes from the high-high frequency interaction into the low frequency
of the nonlinear term u; - Vu, where u; = —(—A)~1Vdivu is the compressible part
of u. Hence, the mechanism is different from the incompressible flow(divu = 0).
This is the main reason why the compressible flow is ill-posed in a smaller critical
space. For the viscous heat-conductive flows, the mechanism leading to the ill-
posedness comes from the high-high frequency interaction into the low frequency of
the strong nonlinear terms |Vu+ (Vu)' |2 and |divu|? in the temperature equation.

Following the idea of [2], we decompose the velocity u into three parts,

lt(t) = Cﬁg(t) + 6]1(t) + Cfg(t)

where Uy(t) = e'®ug and Uy (t) = f =AY, - VUy(r)dr. The key step is
to construct a suitable combmatlon of plane waves for the initial velocity such

that ||Uy(t )||Bg/p 1 is big for some time ¢ > 0. Whilst, HUlHLIBS/‘Iﬂ 252
P,

small for some ¢ < 6, which is important to ensure that the remamder part
HUzHLé‘f’BS,/f_lﬂLlTBS,/f“ is also small by the nonlinear estimates.

3/q is

Acknowledgments. The authors are grateful to the referees for the invaluable
comments and suggestions, which helped us improve the paper significantly.

2. Some tools of Littlewood—Paley analysis

2.1. Littlewood—Paley decomposition and Besov sapces

Choose a radial function ¢ € S(R?) supported in C = {¢ € R?, 3/4 < |¢| < 8/3}
such that

D p279¢) =1 forall £ #0.
JEZ
The frequency localization operator A; and S; are defined by
Ajf =9@27D)f, Sif= Y Axf forjez,

k<j—1

respectively. The Fourier transform of f is denoted by f or Ff, and the inverse
by F~1f. We denote by S’ (R3) the set of the tempered distribution f satisfying
limy 1 oo [ X(AD) f||ze= = 0 for some y € D(R?) and x(0) = 0. Let us introduce
the homogeneous Besov space.
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Definition 2.1. Let 0 € R, 1 < r,;s < +00. The homogeneous Besov space B;ﬁs

is defined by

o def
B, S f e SW®) ¢ ||fllsy, < oo},

where

115y, = I1{2" 1Ak

v,

We next introduce the Chemin—Lerner type space Z%B,‘? s

3"

Definition 2.2. Let c € R, 1 < p,r,s < 400, 0 < T < 400. The space f@Bﬁs is
defined as the set of all the distributions f satisfying

def

1120 50 = {2 1A F @)l o qo.ryi-@on b

s < 0.

Obviously, le(Bfl) = LL(BZ,).

Next we recall the estimates of the linear transport equation and heat equation
in Besov spaces which will be used in the subsequence.

Proposition 2.3. Let T >0, o € (—3min(1/r,1/7"),1+3/7], and 1 < r < 4o0.
Let v be a vector field so that Vv € LlT(Bf/lr) Assume that ug € BZ,, f € Li(BY,)
and u is the solution of

{5‘tu+v~Vu—f,

u(0,x) = uo.

Then, for t € [0,T], there holds

t
g, << (lunllsg, + [ VO 1505, dr),

t
where V (t) = / Vo(T)]| 53/+ dr.

0 1
Proposition 2.4. LetT > 0,0 € R and 1 <r < co. Assume that ug € B;ﬁl and

fe ngv‘:fﬁ/p, If w is the solution of the heat equation

{8tu/4LAu_fv

u(0,2) = uo,
with p > 0, then for all p1 € [p, 0], it holds that
Nl/pl ||U||Z;13:I2/m <C (”UOHB;1 + Hf”z;g;';?”/ﬂ)-

We refer to [1] for more details.
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2.2. Nonlinear estimates in Besov space

Let us first recall some classical product estimates in Besov spaces from [1].
Lemma 2.5. LetT > 0,0 >0 and 1 <7,p < oo. Then it holds that
1Follze s, < CUMNugceo oz sy, + lollzz @ 1F 1750 )

Lemma 2.6. Let T > 0, 01,02 < 3/r,01 + 02 > 3max(0,2/r — 1) and 1 <
ryp, p1, p2 < 00 with 1/p=1/p1 + 1/p2. Then it holds that

£ 9llzp povrez-srr < ClAze gy 9l z2e 572 -

Lemma 2.7. Let T >0, 0 >0 and 1 <r,p < oco. Assume that F' € W'l[gCHS’OO(R)
with F(0) = 0. Then for any f € LN Bg,p we have

| )z g, < OO+ I ligrae) ™

We will use Bony’s decomposition

(2.1) fg="Trg+Tyf + R(f.9),

where

1 lzg 5 -

Tf‘g:ZijlfAjg’ R(f,g): Z Aijj/g.

JEL l3"—3l<1

We need the following estimates for the paraproduct Trg and R(f, g).

Lemma 2.8. Let o,a0 € R and 1 < r,b,p,p1,p2 < 00 with 1/p = 1/p1 + 1/ps.
Then we have

1. if a >0, then
HngHZ;Bg1 < ||f||z;13§{1'r~fa H9||z;23b«¢a;
2. if3/r—3/b+a >0 andr >0D, then
||Tf9||Z;J_t';;;1 < CHszgggﬁb—a H9||z;ngIS/T—3/b+a ;
3. if 3/r+0 >0, then
IR 0) 757, < 1z e Nl 1o
Proof. Due to 3/r —3/b+ «a > 0, we infer from Hoélder’s inequality that

k
HngHz;B;l <> ”Sk—lf”L;z(LJT%) [AkgllLer (ry2™

kEZ
3_ ’ 3_3 4 o
< D0 20T AL Ly 207N | kgl g 12"
k' <k—1

<C Hsz;lBg,/lbw H9||z~Tng¢3/r73/b+a-
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Here we used the fact that

| &g fll rosi—sy < C 237 | A fll o

which can be deduced from Young’s inequality. This proves (ii). The proofs of (i)
and (iil) are similar. |

3. Ill-posedness of the baratropic Navier—Stokes equations

3.1. Reformualtion of the equation

We introduce the new unknowns

a = g —1, h=A"'dive, Q=A"tcurlu,
P

where A®f def FL(|E]Ff(€)). The velocity u is decomposed as
u=—A"'Vh+ A teurl Q.
In terms of new unknown, the system (1.3) can be rewritten as

Oa+u - Va+divu(l +a) =0,
Oh — vAh = —A~div(u - Vu+ L(a)Au + K (a)Va),

3.1
(3.1) Q) — pAQ = —A_lcurl(u - Vu + L(a)Au),
(a, hv Q)|t:0 = (a()? h07 QO)7
where
S  P(p(l+a) _ a
A=pA+ (A+p)Vdiv, K(a) = —ita and L(a) = Tra

with fi = u/p, A = \/p, and o = A + 2ji. Using the Duhanel formula, we obtain
t
h(t,x) = e"Athg — / e?(mTA N Uiy (u-Vu+ L(a)Au + K (a)Va) dr,
0

t
Qt,z) = "0y — / ePE=TA N eur] (u- Vu+ L(a)Au) dr.
0

We denote
Uy = —A_QVdiv(eDAtuo) + A 2curl curl(eﬁAtuo),

Uy =—-A"'Vh + A teurl Qy,
Uy = —A"'Vhy + A curl Q,
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where .
hy = — /0 e"DANdiv(Uy - VU (1) dr,
0 =— /0 t ePE=DA N eurl(Uy - VU) (1) dr,
hy = — /Ot eﬁ(th)AAfldiv(Fl + Fy + F3)(7)dr,
Qy = — /Ot ePE=DAN eurl(Fy + Fy)(7) dr,

with Fi, Fs, F3 given by

F,=Up- V(Ul + UQ) + (U1 + Uz) -VUy + (U1 + UQ) . V(Ul + Uz),
Fy = L(a)Au, F3 = K(a)Va.

Hence, we have

w=—-A"'Vh+ A tewlQ = Uy + Uy + Us.

3.2. The choice of initial data

Choose ¢ as a smooth, radial and non-negative function in R? such that

{ 1 for [¢] <1,

(3.2) D=0 for g >2.

Let N € N, to be determined later. We construct the initial data (pg,uo) as

__ Po _ 1 -1
aofgflfm(]: o) (z),

() = 2o (o6 — 2V) 4 ol + 2V0), il — 2V8) — i(é + 2V8), 0)
0 - C(N) ’ » Il

where é = (1, 1, 0) and C(N) = 2N2(/4=3/p+9) for some ¢ > 0, > 3,p > 6.
Obviously, the initial velocity wug is a real-valued field.

The following lemma can be easily verified.

Lemma 3.1. Let p > 6. There exist ¢ > 0 and (D, q) satisfying
- 3 3
3<qg<6, 6<p<np, -+ -—1>0,
p q

2 1 1 3 3 1 1 1
-— )<e

In the sequel, we will fix such a triplet (e, p, q). It is easy to verify that

C

. ora < e vy €
(3 3) ||a’0||B;3,/1 = C(N)) |‘u0|‘Bp,1+3/ >~ C(N)
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Here and in what follows, we denote by C' a constant independent of N. Moreover,
for any r € [1,00] and v > 3/p — 1, we have
C 2N (v=3/p+1)
Y < ==
HUOHB:’1 = C(N) )

which along with Proposition 2.4 gives
(34) ”UOHZ%B;’l S CTl/pl ||U0HE;ZB:1 S CTl/pl HUOHB712/02

N (v=3/p+1-2/p2)

< Tl/Pl
=¢ o)

for any r, p, p1,p2 € [1,00] and v > 3/p— 14 2/ps with 1/p=1/p1 + 1/pa.

3.3. The lower bound estimate of ||U1||Bs/p_1
p,1

Since Bj/p Ve, gt

00,007

we have
1030 garp-s 2 1022, = 92718 Va0 e 2 clA—s U0z
J
(3.5) —c|| [ oo Tieo], 2| [ setobice

for some ¢ > 0 independent of N, where ¢ comes from the Littlewood—Paley
decomposition. Set

s, = [[ o210 F Uy VU r,6)
#(2'¢) (e PE=mIE? _ gmrte=m)le?
// TR e ) F(curlcurl (Uy - VUy)) (7, €) dr dE.
We have
(36) | [o2'9 Tt €) de] = st + 1.
Due to divcurlu = 0, we rewrite Uy - VUj as

1 _ _

(3.7) Uy - VUy =3 V| A2Vdiv e”ATu0|2 + diV(Afzcurl curl "2 ug ® UO)
— A2Vdive” g - VA 2curl curleﬂATuo,

and decompose U,, into

ull :Ll +u11,
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where

uiy —// (24¢) et~ i F(A™2Vdive" T ug - VA %curl curl €27 ug) (€) dr dé,

117// (2%¢) e~ IeP { F(V|A~?Vdiveuo|*) (€)

+ F(div(A2 curlcurl €27y ® Uo)) (f)} dr dg.

It follows from (3.5) and (3.6) that

(3-8) IO gorp—r = |90 = 86 | — J¢haa]-

In what follows, we consider the case t < 272NV,
e The estimate of (3.
It follows from Lemma 2.6, Proposition 2.4 and (3.3) that

t
_ 1 _
(3.9) |u§1|§H/ e_”(t_T)A{EWA_QVdive”ATuo|2
0

+ div(Afzcurl curl "2 uy @ Uo) } dTHB—l

< C|| |A*2Vdiv eDATu0|2 + A 2curl curl e up @ UOHLlBO
tPoo,1

< C|[|A?Vdiv eDATuo|2 + A 2curl curl €2 Tug @ U || 1 3/
tDPpi1

C

< CHEDATU/OHQ +C||eﬁATu0HLzB3/p = CHUOH 3/p 1= C( )

L3By/Y
e The estimate of [,,.

Using (3.7), we decompose ,, as

iy = Uy + Uy,

2
12,// (246) (e PO-TIE? _ o t=mIER ¢ -2

x F(curl curl(A A=2Vdiv e"2Tug - VA" 2curl curl €47y 0)) (&) dr de,

2
12,// (246) (e PO-TIE? _ o t=mIER ¢ -2

X .F(curl curl{§ V’ A~2Vdive” Tu0|2

where

+ div(A~2curl curl 27y ® Uo)}> (€) dr de.
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By the same argument as the one deriving (3.9), we infer

C
= e

(3-10) |il 2| < CHUO” 3/p 1

We denote by a(€) the symbol of the operator curlcurl. Then 4}, is written as

t _ 2 _ 2 67177-‘77‘2 67/7'7_‘5777‘2
D(20) €72 (e PU=TIEP _ o=r(t=7)l¢ /
J[; wetoer )] TRE e

x a(&) (F(Vdivuo)(n) - F(Veurlcurlug) (€ — n)) dn dr dE.

Due to the choice of ug, we find that |n| > |£] ~ 1, and this yields

t
/ (e PR _ o t=n)IEP) prinl*—prle—nl® g
0

— 2 ~ 2 - 2 ~ 2 = 2 = 2
e~ BtIElT _ o—ptin|"—at|g—n]| e~ P _ oot n|"—pt|€—n]

- — — - — — - < Ctnl*
T T T T
Then we obtain
0] < S owo/mn
C(N)? '
This, along with (3.10), implies that
C . caomNg
3.11 Upo| <
( ) | 12| = C(N)Q + C(N)2
e The estimate of il};.
The ¢'-th component $4}§ " of Ul is given by
gl = // (24¢) e~ 7t=IEl; Mlm__o=orinl g, (n)(€ — ) e ATIEI
i Pl © o)

x (£ - 77)77#((5 77)m/uow(§ n) — (§ ) e Uom! (§ — 77)) dndr d§

// (24€) e~ 7=TIE G At €) dr de.

In what follows, we consider the case of £ = 1. From the construction of ug, we
find that

1

(N) 22N(1 3/p)<A1+A2)

AT, §) =
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where

A = /{771(52 —m2)? + (& —n3)® = (& —m)(&2 —n2) + im (& —m)(E — )

Me(€e =) —rin—prig—nl?
21§ —nl?
x ¢(n —2Ne), (€ —n+2Ne) dn,

Ay = /{771(52 —m2)? +m (& —n3)” = (& —m)(&2 —n2) — im (& —m)(E — )

o+ ima (62— m2)” + ima(Ss — ms)’]

M€ =10) _prin)?—pir|e—n|?

—ima(6a —m)” —im(&s —m)?] e
x p(n+2Ve) (& —n —2Vé) dn.

Making a change of variable, we obtain

A= [ o +2%) (€2 = m =2 + (62 - m)?)
—(m+2V) (G —m—2V) (&L —n—2Y)
+ilm +2N) (& —m —2N) (& —m —2Y)
+i(ne +2N) (€2 —m2 — 2V)2 + (& — 773)2)}

M+2Ne)e(€ —n—2N8)r i oN a2 ey _aN 52
|77+2Né|2|§,77,2Né|2 e Int27 el —prie—n-2"¢l ¢(77)¢(§_77)d77>

and

Aa= [ [om=2%) (6~ + 2" + (& - m?)
— (2 =2") (& —m +2Y) (& —mp +2V)
—i(m = 2V) (& —m +2V) (&2 —mo +27)
— il = 2Y) (&~ + 2% + (6 — 1))

(n—2Ye)(€ —n+2Ve) o Pln—2V el —prlg—n+2Ne
In —2Ne2|§ —n +2Ne?

“6(n) (& —n) dn.

Due to the choice of ¢, we find

—prnt+2Nel*—pr|e—n—2Ne|?

Al = / ( - i22+5N + 0(24N)) e|n + 2Né|2|£ _ 7) _ 2Né|2 ¢(7)) ¢(£ - 7)) d77,

—vr|n—2Nel? —pr|¢—n+2Ne|?

Aa= [ (=i 4 o) (1) (6 — )y

[~ 2NePlE — 1 2Vep ¢
This yields that

1,1 11,1 12,1
Wy =4+,
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where

1 92N (1-3/p) dgy ool )€)? 245N -
s 20 ([ ptatey e [ 2240000 o6

e—vrint2Nel?—pr|g—n—2Ve|? efw\nszelkmléanNé\?

n TONGRE —y— 2Ne | [y 2VePlE —n+ 2VeP
ug,l _ C(N 92N (1-3/p) // 24 e P=T)IER; /O 24N )o(€ —n)

e—l/7—|n+2Ne|2—;m—|£ n—2Ne|? e—m—\n o2Nel2—pr|e—n+2Ne)?
- — * o =
{ In+2NePP|g —n—2Nel?  |n—2NeP|s —n+2Vef?

After integrating with respect to 7, we get

11,1
Uy =

} dn dr de,

} dn dr de.

11,1 4 _
uli = O(N)2 22N(1 3/p) 90(245) 25N¢(7))¢(£ - 7))
{ e—PHEP _ o—mtin+2N e —pat|g—n—2Ve|?
In+2Ne[2[€ —n — 2Ne[2(7ln + 2Ne + alg —n —2Ne|? — p[¢]?)

e—vHE? _ o—ptin—2Nel?—pntle—n+2Ve|?
t T PR Eerg
In — 2Ne2je—n+2Nel? (vln — 2Ve|? + plé—n+2Nel? — pl¢)?)

Using Taylor’s formula, we infer

dnd€.

e—vHE? _ p—otin+2Ne? —pt|e—n—2Ve|?
Uln+2NeéP? + pl§ —n — 2Ne? — pl¢?
e—PHE? _ o—mtin—2Ve?—ptle—n+2N e
VI — 2VeP T g~ + 2Vel — e
from which it follows that

=t O(t222N),

=t +O(t*2?N),

11 1_ C( 22N(1 3/p) // 245 25N¢ )¢(£ o 77)
L O(t2272N }dT de.
{In+2N€| Ae—n—2Nep |77—2N€|2|€—77+2N€|2 ( )y
Hence,
t23N76N/p 2 25N76N/p
(3.12) gl > - ¢

= C(N?  C(Np
Similarly, we can deduce

—otl€]> _ —ptln+2V e —at|é—n—2Ne|

(3.13) || < ¢ // 22N(13/p){ e~ PHE? _ o—ptin+2Ne|® —atlg—n—2"e|
oy vl +2Nef? + plg —n —2Ve? — v|¢]?

e PHER _ o=rtln—2Vel’ —tls—n+2Ve)’

+ o m ~ —

Vln = 2NEéP + pl§ —n+ 2Nel? — vl¢f?

C L, C
cop? " s e

} o) S — ) diy de

<
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Hence, we conclude that

ct23N=6N/p (142 95N—6N/p C
cNye o cN

Summing up (3.8), (3.9), (3.11) and (3.14), we obtain

(3.14)  |up| > |uiif >

Ct23N76N/p Ct2 25N76N/p CON?2

1020l g7 2

C(N?2  CO(N3?2  Co(N)?
Choosing t = 272049N and recalling C(N)? = 2NVGB/4-3/p+¢) e get
(3.15) HUl(t)IIBs/pfl > ¢2(1-3/4=3/p=3)N
p,1

for some ¢ > 0 independent of V.

3.4. The estimate of ||U1”L§B§(f“mi§32{f

Let (p,q,p) be given as in Lemma 3.1. It follows from Hoélder’s inequality and
Proposition 2.4 that

ULl s povass + UM g2 oo

< C(thHLITBS,/f‘“ + ||h1||zzT33(1q + ||Ql||L1TBj(1q+1 + |\Ql|\zzT33(lq)

1/2

< O (Il gosors + 1l gogors + Il p e + 10 e )

(3.16) <CTYV?||Uy- VUl 1 gora-
T q,1

We infer from Lemma 2.5, B;Z’,/lp — L and (3.4) that
1o - VUoll . gova < € (100l =900l 1y gova + N0l 3 o0 VUl )

< OTY2 (1Uall o s 1ol goves + 1005 370 MU0 | e )
— 9oN(3/q-3/p+2)

. C(NY
From this, and (3.16), it follows that

9N (3/q—3/p+2)

(3.17) 10l g pgoes + 10z e < CT — 52
Similarly, we have

22N
(3.18) WO Ly sz + W0 e < OT Gz

9N (3/p—3/p+2)

(3.19) HUl”L%B;{f’*'l + ”Ul”’i%B;f <CT V)
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3.5. The estimates of F; (i = 1,2, 3)
Recalling that

F3; = K(a)Va=(K(a) —1)Va+ Va.
Then it follows from Lemma 2.6 and Lemma 2.7 that

(3:20)  IFslly spras < OT K (@) = 1 pora IVl o govas + laly g

2
< CT (1+ |lall g z)) llal®

vppys O Nl pry

We write Fy as
Fy, = L(a) Au = L(a) A(Uy + Ur) + L(a) AUs.
By making use of Lemma 2.6 again, (3.4) and (3.17), we obtain

| L(a) AU + Ul et < ClL(a) 3/a[[ Ao + Ul 3 oo

HL‘X’B
< C(llallpse =) + 1) ||a||L§932/14||U0 + U1HL1TB;>/1L1+1
9 oN(3/q=3/p+2)

C(llallpge (zey + 1) ||a||L%oBg(1«TW,

and

H L((I) .AUQ 3/q 1 < CHL( ) 3/q ||.AU2||L1 Bs/q 1

Iz 2 Iz 52
< C(llallzg =) + 1) ||a||L§S’BZ’/1‘1 ||U2||L1TBS/14+1.

This above two estimates give that

2
(32) Bl g < Cllallzas + 1) Nl g
oN(3/q—3/p+2)
(T + Vellysen)

Now let us turn to the estimate of F7, which is given by
F =0 - v(Ul + U2) + (Ul + UQ) -VUy + (U1 + Uz) . V(U1 + UQ).

Due to 3/p—3/g+1>0and 3/p+3/q—1> 0, we apply (2.1), Lemma 2.8,
(3.4) and (3.17) to get

005+ Ul
< ClUollgz g/ IV (U1 + U2)ll gz gora—r + C ol gz gors VUL + U2l g3 /0

oN oN(3/p—3/p+1) ) ( 9N (3/9—-3/p+2)

(3:22) SCTW(C(N)+ ) V)2

+ Wl )
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and

|0 - V00l g < C(IV00lI g pps U155 g
+IVUollz; o+ Ul 5 g

+ 1900l g3 s/ 105 )

oN(3/q=3/p+3)  9N(3/p+3/q—6/p+3)
(8:23) <oT? ( cvE T T ey ):

and

| U2 V0ol a1 < € (VU123 -1 1Tl 5 v

L1 B
+ ”VUOHLITB::,@ ”UQHZ%’B?T”
+ 1V 0lIg g5+ 1Tl g3 gors)

oN 9N (3/p=3/p+1) 922N

(324) <O (g + ) 1Vlzpse + T Gy 102 s

By Lemma 2.8 and (3.17)—(3.19), we have

(325) || Ur V(UL + V)|l g oo + | U2 VUL s pgsas
<C HU1H,§2TB§(1P V(U1 + UQ)HZQTBS,/f_l
+C ”Ul”Z%Bgf V(UL + U2)|\Z2T32(1q—1
+CIVUL g o 102l g g + Il s N0
. CT2(2N(36<11*3/:+4) N 2N(3/p+3/tI;6/p+4))
() C(N)

92N 9N(3/p—3/p+2)
+CT(C(N)2 o2 ) W02l g3 v
92N 9N (3/F—3/p+2)

C(N)? * C(N)? ) |‘U2|‘E%032(1q—1.

+CT(

We infer from Lemma 2.6 that

(3.26) || U2 ~VU2||L1TB:;/1q—1 < Cllallgz gora VU2l 5 gora-s < € HU2||L2 Bl
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Summing up (3.22)—(3.26), we obtain

CT3/?
23/q—1 <
”LITBZ',/f = C(N)?

IF) (2NG/a=3/p+3) 4 gN(/F+3/a-6/p+3))

CT? | n¢: ~ .
(3/q—3/p+4) N(3/5+3/q—6/p+4) 2
+C(N)4 (2 a=3/p+4) 4 9 P+3/q—6/p )JrCHUgHZ%B;/lq

1/2
cT /) (21\/ +2N(3/1’5—3/p+1))

92N 9N (3/p—3/p+2)

HoT (C(N) oy ) 1021124

cT 92N 9N (3/p—3/p+2)
( C(N)

_|_
——
Q
=

(3.27) -

+ 22N> U2l e /a1

3.6. Proof of Theorem 1.1
We denote

Xr =llallgepora, Yo =1U2llge gara—r + U2l 1y gorasr-

For T < Ty = 272049N it follows from Proposition 2.4, (3.20), (3.21) and (3.27)
that

3
. < : -3/g—1
(3 28) Yr < CZ ||FZ||L,}B;Y/1

i=1
C'T3/29NB/p+3/a—6/p+3) ' T1/29N(3/p—3/p+1)
< Yr +CY3
=~ C(N)3 + C(N) T + T
O T2N@B/q=3/p+2)

o) (1+ X7)? X7+ C (14 X7)* X7 Yr.

On the other hand, we infer from Proposition 2.3 that
X1 < C exp (|\Vu||L1T32(1;,) (|\ao||33{1q + ||divu + adivu||L1TBg,/lq).
Thanks to Lemma 2.6, (3.4) and (3.17), we have

ladivul|, goa < C|div(Uo + )| 1y gora Xr + OV X
C T 2NB/q=3/p+2)

< .
< C(N) Xr+CYr Xr

This gives by (3.4) and (3.17) that

2N 1+T2N(%—%+Q)

C(N)

(3.29) X7 < Cexp (CT2

C(N) +CYT><

(1+ X7)+ Yy +XrYr).
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Due to max(2/p—1/q¢—1/p, 3/(5q) —3/(5p)) < €, we can take N big enough
such that

O TY/29N@B/p=3/p+1) O T 2NB/qa=3/p+2)

) L ) <1

for any T' < Tj. By using of the continuation argument, we deduce from (3.28)
and (3.29) that for any T < Tp,

C(l +T2N(3/Q*3/LD+2)) CTQN(3/q73/p+2)

(3.30) Xr < T < o

Summing up (3.4), (3.15) and (3.30), we conclude that
lu(To)ll gsrp—+ 2 U1 (To) | go/p—1 = 1U0(To)l] garp—+ = U2(To)ll g3/p-1
> ¢aN(=3/a-3/p=3¢) _ 9= ¥(3/a=3/p+e) _ (gN(3/(20)=3/(2)=5/2¢)
> € oN(1-3/g=3/p=3€)

if N is taken sufficiently large, as 1 —3/q—3/p — 3e > 0. This completes the proof
of Theorem 1.1. |

4. Ill-posedness of the heat-conductive flows

4.1. Reformulation of the equation

We denote

a:Bfl, w="Uy+U,

where Uy is defined as in (3.4). Then the system (1.2) can be rewritten as
Oa+u-Va+divu(l +a) =0,

O,U — AU = —u - Vu — L(a)Au — RVO — RVa 6 + RVa L(a) 0,
10 +u-VO — kA0 + & L(a) A+ ROdivu

(4.1) -
A T2 A o2
_ d
2(a+1)|Vu+(Vu) | +a+1| ivul”,
(a, U, 0)|t=0 = (ao, 0, bo),
Wherei%:if,]:zzﬂ,ﬁ:i,,j\:—,,and
cyp cy cyp cyp
A=A + (A + g)Vdiv, L(a) = 1ia

We decompose 6 into

(4.2) G(m,t) = 0Oy + 01 + 02,



ILL-POSEDNESS OF THE COMPRESSIBLE NAVIER-STOKES EQUATIONS 1393

where
@O _ e%At 9’
t ~

0, :/ eﬁA(t*ﬂ(g VU + (VU) T2 +)\|divU0|2> dr,

0

t 11 ~ ~
0y = / eRAl=T) (% VU 4+ (VO)T > 4+ (VU + (VU) 7)) - (VU + (VU) )

0

+ A (|divO]? + 2divUy divU) — u - VO — &L(a) A8

— RO divu — gL(a) [Vu+ (Vu) "2 = X L(a) IdiVUI2> dr.

4.2. The choice of initial data

Let ¢ be asin (3.2) and N € N be determined later. The initial velocity is chosen as

~ 1 _
up(§) = o) 2N (=3/p) (o(¢—2Ner) + ¢(€ +2Ner), 0, 0),
and the initial density and temperature is chosen as
_po . 1 —1 _ 1 -1

Here e; = (1,0,0) and C(N) = 27 (3/a=3/p+e)

Lemma 4.1. Let p > 3. There exist ¢ > 0 and (P, q) satisfying

2<q<3, 3<p<p, —+-—-2>0,
2 1 1 3/1 1 2 1 1
el 555G i
q p d5\q¢ p 3 ¢ »p

In the sequel, we will fix such a triplet (¢, p, q). It is easy to check that
C C

(4.3) HQOHB%« + ||00||B;f+3/q < oy HUOHB;&-*—S/I) < o)

Furthermore, it holds that
oN(o—3/p+1-2/p2)
C(N)

(4.4) 1ollzy 5, < CTY
for any r, p, p1,p2 € [1,00] and 0 > 3/p—1+2/pa with 1/p=1/p1 +1/po.

4.3. The lower bound estimate of [|01] ;33/p2
p,1

By the same argument as the one used to derive (3.5) and (3.6), we have

@5) Bl > [ A2 ONE ] = clon + 00,
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where 611 and 65 are given by

t
%=5ﬁ¢wafWﬂwﬂwwww@w%,

Ory = 1 // (24¢) e R F (VT + (VU)T12) (7, €) dr dé.

e The estimate of 6;;.

Recalling the definition of Uy, we get

o1, __A/// (24€) RSP ATl —prle—nl=wrinl® (¢ _ .

X up? (€ —n) TMUO n) dndr d§

e—RIEPt _ o (=DlEé=n|®=D|n|?)t
22(1 /N // 24 — — — (&1 —m)m
C( Rl§[2 — o[§ —n|* — p|n|?

(¢(€ —n+2Ve1) ¢(n — 2Ner) + o€ —n — 2Ne1) ¢(n +2Ver)) dip d€.
Making a change of variable, we find that
_72 —p|é—n—2Ney 25 Ne |2
22(1 3/p)N// (2%) BlEPt _ o(=Pl€—n—2"e1|*=w[n+27 e1|*)t
|€|2 —v[§—n—=2Ne1|? —vln +2Ney |2
X (& —m —2%) (m +2%) ¢(& —n) $(n) dn dé

N A 22(1_3/p)N// (24¢) o—FlEPt _ p(=ple—n+2Ver|2~pln—-2Ne1|)t
C(N)? SRR —tle— 2N e P — plp— 2Ner 2

X (& —m +2%) (m —2%) ¢(€ —n) b(n) dn dé.
Using Taylor’s formula, we deduce
911@) C( 2(1-3/p)N // 245 — 4 0(22Nt2))
(4.6) (=2*Y 4+ 0(2")) (& — 1) ¢(n) dn d&.

e The estimate of 615.

o =5 (

Noticing that
F(VUo + (VU) ") (n) = —(H}, () + HE, (n) + H},, (1)),

where ﬁ;m(z =1,2,3) is given by

~ 20 2 o
Hélm(n) =7 5¢€ 7l 7—776 Tim 115 “6(77)’

n|?
~ 21 2 i
Hgm(n) = _W € —Alnlr 77@ Tim 115 “6(77)’

7 i — T 7 -~
Hy.(n) = ek P2 (e T (n) + i (1)),
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we write 012 as
912— Z /// (24) e R T (¢ — ) H] () dr dyd 2 Z H'
JJ’ 1 J,J'=1

First of all, we consider H!!.

) = Rlt-m)lel” —or|e—n|2—5r|n)? 4
H =20 /// e |7)|2 K T =m (§—m)e(§—1n);

X Ny e N1 uo(f - 7))u6 (n) dr dnd€.

Making a change of variable and computing the above integral with respect to the
time, we deduce

[ —Rlg)? —vle—n—2Nei|?—0 N |2
Hll(t) = 2—”22(173/17)1\{ // s0(24§) € et 6( |€—=n 1] In+ 1)t
Cany? RIER — 7€ — 0 — 2V ea” — Pl + 2V er P
(€0 2Yen) (2%
€ —n—2Ner? |n+2Ney|?
< (&—n- 2 en)i (n+ 2N e1)1 (& —n) ¢(n) dn d§ + similar term.

Using Taylor’s formula, we infer
A
@7) HU(t) = = p20-3/mN / / p(2%6)(— t + 022N 12))

C(N)2
x (=2°N 4 0(2™)) ¢(& —n) ¢(n) dn d€.

X

(£ n— 2 el)m(n + 2Nel)

By a direct calculation, we find

e—R(t=7)|¢?
33 82(f) = — 4 e ATlE=n =TI (¢ _ )2
PR+ 2“/// @O e (€ =m);
x {03 +n3) (2(¢ = m)m + (€ = mamz + (€ —m)ans)

- ((5 —n)a2n2 + (£ — 77)3773) } (& — n) ag(n) dr dn dg.

Integrating on time, and making a change of variable, we deduce

HE3(t) + H32(t)

_kl€12 _dle—n—2oNe 124 N, |2
_ 2 22(173/1))]\7//%245) e~ RISt _ o(=RIE—n—2"e1|"—Raln+27 exr[7)t
C(NY? RIE — FIE — 1 — 2V 12 — iln + 3N ex P
(& — 77—2N€1)2
e n—2NaPlnt 2Ver]?
From this, it follows that

O2*) ¢(€ — 1) ¢(n) dn d€ + similar term.

(48) [ (6) + M (0)| < s 27OV <

—CN)

[V
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Furthermore, we also have
HQQ( ) H23 )

R(t—7)lel?
- ﬂ"'|§*7}|2*ﬂ‘r|n|2 N _
2“/// ') |§ EIEN (€ =me(€ —n)ne

x {(& = n)amam + (€ —n)smsm — (€ —n)1 (03 +n3) } ag(€ — n) U (n) dr dn dé,

and a similar representation for H12(¢) + H'3(t), hence,

2 6N/p <

(4.9) | H22(t) + H2 ()] + | H2 (1) + H (¢ |_ <™

[V

For H2(t) + H3(t), we have
HA(t) + H (1)
= /// (') ] €~ tn|;)|:||: emrrlemnl®=omil e men { (€ = m)ame
(€= m)ams) (€ = = ((€ = 3 + (€ = m3) m p (€ — m) @) dr dnd,

hence,
(4.10) 1R (8) + H )| <
~C(N)?
Summing up (4.5)—(4.10), we conclude that
1010 gorp—e = |0+ 1O = > H W)

1<J,J7<3, JJ/#11
92(2—3/p)Ny C’(l 4 96(1=1/p)Ny2 2(3—6/p)Nt)
> —
- oWy C(N)?

As 2 —3/q—3/p > 3¢, we can take t ~ 2720+9N {6 obtain

(4.11) 161(8)]| gorp—2 > 9N (2-3/q=3/p=3¢)
for some ¢ > 0 independent of N.

4.4. The estimate of ”01”L}Bg,/1qﬁi%}32,/lq_l
Since g < 3, we get by Lemma 2.5 that

H(VU()) 3/q 1 < C ( HVUOHL%OL‘X’HVUO”LI BB/q 1+ ||VUOHL1 BB/LI 1||VUOHL°°L°°)

||L1 B
< CTY2||Uo| e s [1Uollzg v
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By Hoélder’s inequality and Proposition 2.4, we get
181y g7 + 101112 gosas < O (TY2061ll 5 pora + 101175 gre-+)
< CTI/QH(VUO)QHLITBE{;H < CT|Uoll oo garpr Vol 2 p7a-

This along with (4.4) gives

oN(3/q-3/p+2)

(4.12) HHIHL%B%“ + ||91||L%32(1q—1 <CT CN)?
4.5. Proof of Theorem 1.2
We denote
XT = ||a||z%ngy/f, YT = ||UHZ%OBS/14—1 + HU”LlTB;/qurl,

7 = 102l gz pyme 10020y e

Step 1. The estimate of Xp.
It follows from Proposition 2.3, Lemma 2.5 and (4.4) that

X < Cexp (|[Vull, zor) (||a0|\Bg/lq + || div(Up+0) + div(Uy+T) aHLlTBg/f,)
2N 1 T2N(g—g+2)

(4.13) < Cexp<g(2—N)+YT>(C(N) o)

(14 X7) + Yr + YrXr).

Similarly, we have

(414)  |a| <c <T22N—|—Y>( !
. ~  =3/q—1 Xp [ —— _
Uigpyot =P Lomwy 7)) aNe(@)
T 9N(3/q—3/p+1)

1+ X TYyr+TY2Y0 Xp).
i) (1+X7p)+ T+ T T)

Step 2. The estimate of Y7r.
We infer from Proposition 2.4 that

(4.15)  Yp < Cllu-Vu+ L(a)Au+ RVO + RVal — RVaL(a)0||, go/a1-
By Lemma 2.6 and (4.4), we get

) ~
(4.16) 1 2@) Al goras < Cllall e o IV U0+ D)l goras
T 9N(3/q—3/p+2)

< CXr ( V)

+YT)-
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Using Lemma 2.7, (4.3) and (4.12) yields that

(IVa GHLlTB%qA +||[Va L(Q)HHL;BZ‘Q’I

< CVal e oo 1005 s+ C 19l o oo WD) e s 181
1 T 9N(3/q—3/p+2)
™oy
On the other hand, by (2.1), Lemma 2.8 and (4.4), we get

(417) < CXp(1+ XT)3<C + ZT).

T 2N B/q=3/p+2)
(418) [ Uo - VU0l pyros < 005 vy 1005 5300 < €~

and
1000y gara-s < CMolz gorn IVT 75 garas+C Vol 1y pormss 19T 7 v
T'/22N 4 722N
4.19 <C——F—Y7.
(4.19) < o T
Thanks to Lemma 2.6, we have
(420) ||U- Vu||L1TB;s/lq—1 < CUl e v ( IVUoll g para + HVU||L1T32/1q)
T 9N(3/q—3/p+2)
C(N)
Summing up (4.15)—(4.20), we conclude that
v < T+ 2N =2+ /O()) L ca + 72N (G5 +2)y
t C(N) C(N)
C(T1/2 oN 4 TQN(}%H))
C(N)
Step 3. The estimate of Zr
It follows from Proposition 2.4 that

gCYT( +YT).

(14 X7)3 X1 + Zr

(4.21)  + Yr + C(14+X7)* X1 Zr + CX1Yr + CYE.

(4.22) Zr <C {H(VWHDTBST_Q + ||VU0V(~]|\L1TB;;(1Q_2 -l VOl oo
+12(a) 801l gova-2 + 10 divully gz + 1 L0) (VOO 1y o2
+1L(a) (VO gosa-2 + |1L(a) VUo vﬁHLlTBg/lq_Q},

Next we estimate each term on the right hand side of (4.22). Thanks to
Lemma 2.6 and (4.4), we get

(4.23) ||(VU /a2 + ||VU0VI_'~]HL1T 53/

2
Pllos s

<C ||VUH Ja—1 T C ||VU0HL;B;”/ILI HVUHL%OBZ'/I‘I*2

2
138y
C T 2NB/q=3/p+2)

<CY{+ )

Yr.
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Due to 3/p—3/¢+2>0and 3/p+3/qg—2 > 0, we apply (2.1), Lemma 2.8, (4.4)
and (4.12) to obtain

U Velloy syvo=s = Wollzy sy 198Nz pyme + 1Wollzg s 1901z v

12 9N 2N(%7%+1)
< 0T (g~ ) (190l s + 1033 pvas + 16021z 201

9N (3/p—3/p+1) 1 T 2N B/q=3/p+2)

4.24) <CTY? Zr).
(424 < o) (C(N) et r)
On the other hand, we have, by Lemma 2.6,

(4.25) | U - veHLlTB%H <C ||U||Z%B:/1q |\V9|\E%Bsflq_2

1 T 2N B/q=3/p+2)
o) T T o)

<cvp( +7r),

and

(426) || L(a) AG| , govo—z < C L@l oo v 1801 1y 002
1 T 9N (3/a—3/p+2)

<C(1+X7)’X Z
<C(1+Xr) T(C(N)+ o + T),
and
(4.27) [ 9div(7||L1T pa—2 < OOl para HdivﬁHL%o B/
1 T oN@B3/q=3/p+2)
< Zr ) Yr.
_C<C(N)+ ) + T) T

Collecting (2.1), (4.4) and (4.12) with Lemma 2.8, we get
|| (@0 —+ 92) diVUOHLlTBB/1‘172
<C Hdiv UoHLlTBa/lp H@o + 92||L5,9]~33/1q72 +C HdiV UO”LlTBE/f H@0+92||L%3Bs/1472

922N 9N(3/p—3/p+2)

= CT(C(N) tem )(HGOHL?B?G“ - HQQHL%BZ’Q"*Z)
oN(3/p=3/p+2) 1
4.2 <CT Z
(428) <C (V) (c(N)+ v).
and

(4.29) || 62div [, pla=>

<C HdiVUOHZ%B;/lpfl ”91”2%32,/1“71 + C'||div UOHZ%BEY/I’?” ”91“2%32,/{‘*1

oN QN(S/ﬁ—S/p+1)) T 9N(3/q—3/p+2)

SCTUQ(C(N)+ o) caNE
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and
(4.30) [ L(a) (VU0)*||y gvo—2
§_1|\L(a)VU0||Lgngff“l)

T p,1

(U0l prp—+ 1L (@) VWl s + VT
< - 3/5— .
CHVUOHLl Bg/lp 1(HVU0||L§932/1P”L( )HL%"B?'Y/‘I 1

V00l e s 1 L@ 1)
T 2N(6/p—6/p+3) 3
e X el g s
By Lemma 2.6 and (4.4), we get
[E@)VU VU |y g + [| L(a) (VU] y oo

(4.31)
< CIL@ I g gora (1900 VT goga-a + (VD)2 -2

< a
T Pg1
< Clall .z s (1900l /e 1V 01z a2 + 19Ty s IV e o

< 0Xr (g
Summing up (4.22)—(4.31), we deduce that
C (T1/22N(3/1773/p+1) 4+ ToN@B/p=3/p+2) 4 3/2 2N(3/ﬁ+3/q76/p+3))
Zr < TN
3_3 3_3
+ C(YT + ca s Ig(lj)v? P ) Zr + CY} + C XrY7
3_3 3_3
L+ T2t Y TZN((q ;+2))(XT +Yr)

Cl+Xr)*(Z

+C(1+ X7) ( T+ )
C T 2N (6/p—6/p+3)

(4.32) + Ve (1+XT)3|\Q|\L%OBS,/FI

Step 4. The completion of the proof
Due to max{2/p—1/q—1/p, 3/5(1/q— 1/p)} < €, we can take N big enough

T1/2 9N (3/p—3/p+1) . T 2N (3/4-3/p+2) )
o) <1, 0 <

such that

for any T < Ty = 272N(+e),
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Then by a continuous argument, we infer from (4.13), (4.14), (4.21) and (4.32)
that for any 7' < Tp,

Cy (1 +T QN(S/q—3/p+2))
C(N) ’

O, (1 +T2NB/q=3/p+2)
XT § 1( i ) )
C(N)
Cs (1 4+ T1/29N@B/p=3/p+1) L T QN(S/q—3/p+2))
C(N) ’

Yr <

Zr <

where the constants Cy, Ca, C3 are independent of N. Then we deduce from (4.11)
and (4.3) that

10(To)ll garp—2 = 1|61 (To)ll g2ro—2 = [1©0(To) || /o2 = [102(T0)l| o/p—2
> aN(@=3/q-3/p=30) _ (19~5(3/a-3/p+e) _ (9N (38/(20)~3/(2)~5¢/2)
— 0 oN@B/p=3/(29)=3/(2p)=3¢/2)

> g 9N (2-3/q—3/p—3¢)

This completes the proof of Theorem 1.2. O
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