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Endpoint estimates for commutators of singular
integrals related to Schrodinger operators

Luong Dang Ky

Abstract. Let L = —A+V be a Schrodinger operator on RY, d > 3, where
V is a nonnegative potential, V' # 0, and belongs to the reverse Holder class
RH /5. In this paper, we study the commutators [b, T| for T in a class K1,
of sublinear operators containing the fundamental operators in harmonic
analysis related to L. More precisely, when T' € K, we prove that there
exists a bounded subbilinear operator % = Rr: Hi (RY) x BMO(R?) —
L*(RY) such that

) T(S(f,0)] = R(£,0) < [[b, TI(H)| < R(f,0) +|T(S(£,0))],

where & is a bounded bilinear operator from H}(R%) x BMO(R?) into
L' (R?) which does not depend on T. The subbilinear decomposition (%)
allows us to explain why commutators with the fundamental operators
are of weak type (Hi,L'), and when a commutator [b,T] is of strong
type (HE, LY).

Also, we discuss the H} -estimates for commutators of the Riesz trans-
forms associated with the Schrédinger operator L.

1. Introduction

Given a function b locally integrable on R, and a (classical) Calderén—Zygmund
operator T', we consider the linear commutator [b, T'] defined for smooth, compactly
supported functions f by

b, T1(f) = bT(f) = T(bf).

A classical result of Coifman, Rochberg and Weiss (see [12]), states that the com-
mutator [b, 7] is continuous on LP(R?) for 1 < p < oo, when b € BMO(R?). Unlike
the theory of (classical) Calder6n—Zygmund operators, the proof of this result does
not rely on a weak type (1,1) estimate for [b, T']. Instead, an endpoint theory was
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provided for this operator, see for example [37], [38]. A general overview about
these facts can be found for instance in [28].

Let L = —A + V be a Schrodinger operator on RY, d > 3, where V is a
nonnegative potential, V' # 0, and belongs to the reverse Holder class RHy 5.
We recall that a nonnegative locally integrable function V' belongs to the reverse
Hélder class RHy, 1 < g < o0, if there exists C' > 0 such that

(3 [vean) " < & [ viyar

holds for every balls B in R?. In [16], Dziubanski and Zienkiewicz introduced
the Hardy space H}(R?) as the set of functions f € L'(R?) such that £l ==

IMLfllpr < oo, where My, f(x) := sup,~, |e*F f(x)|. There, they characterized
H}(R?) in terms of atomic decomposition and in terms of the Riesz transforms
associated with L, R; = 5‘$J,L*1/2, j = 1,...,d. In the recent years, there is
an increasing interest on the study of commutators of singular integral operators
related to Schrédinger operators, see for example [7], [10], [21], [32], [43], [44], [45].

In the present paper, we consider commutators of singular integral operators T'
related to the Schrodinger operator L. Here T is in the class Iy, of all sublinear op-
erators T, bounded from H}(R%) into L*(R?) and satisfying for any b € BMO(R?)
and a a generalized atom related to the ball B (see Definition 2.3), we have

| (b—=bp)Tal,, <CbllBmo,

where bp denotes the average of b on B and C > 0 is a constant independent
of b and a. The class K, contains the fundamental operators (we refer the reader
o [28] for the classical case L = —A) related to the Schrédinger operator L:
the Riesz transforms R;, L-Calderén—Zygmund operators (so-called Schrodinger—
Calder6n—Zygmund operators), L-maximal operators, L-square operators, etc. (see
Section 4). It should be pointed out that, by the work of Shen [39] and Defini-
tion 2.9 (see Remark 2.10), one only can conclude that the Riesz transforms R;
are Schrodinger—Calderén—Zygmund operators whenever V- € RHy. In this work,
we consider all potentials V' which belong to the reverse Holder class RH /.

Although Schrodinger—Calderén—Zygmund operators map H1 (R?) into L*(R?)
(see Proposition 4.1), it was observed in [32], [48] that, when b € BMO(R?), the
commutators [b, R;] do not map, in general, H} (R) into L!(R?). In the classical
setting, it was derived by M. Paluszyniski [35] that the commutator of the Hilbert
transform [b, H] does not map, in general, H!(R) into L'(R). After, C. Pérez
showed in [37] that if H'(R?) is replaced by a suitable atomic subspace H}(R?)
then commutators of the classical Calderon—Zygmund operators are continuous
from H}(R?) into L'(R?). Recall that (see [37]) a function a is a b-atom if

i) supp a C @ for some cube Q,
i) [lall~ < 1QI™,
i) [paa(z)de = [z, a(z)b(z)de = 0.
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The space H} (R?) consists of the subspace of L*(R?) of functions f which can be
written as f = Zjoil Ajaj where a; are b-atoms, and \; are complex numbers with
> [Nl < oo, Thus, when b € BMO(R?), it is natural to ask for subspaces of
H} (R?) such that all commutators of Schrédinger—Calderén-Zygmund operators
and the Riesz transforms map continuously these spaces into L*(R?).

In this paper, we are interested in the following two questions.

Question 1. For b € BMO(R?). Find the largest subspace H} ,(R?) of H] (R%)
such that all commutators of Schridinger—Calderon—Zygmund operators and the
Riesz transforms are bounded from Hj ,(R?) into L'(R?).

Question 2. Characterize functions b in BMO(R?) so that "Hi’b(Rd) = H}(R?).

Let X be a Banach space. We say that an operator T: X — LY(R?) is a
sublinear operator if for all f,¢g € X and «, 8 € C, we have

| T(auf + Bg)(@)| < |l [Tf ()| + 8] Tg(=)]-

Obviously, a linear operator T: X — L'(R?) is a sublinear operator. We also say
that an operator T: Hj (R?) x BMO(R?) — L1(R9) is a subbilinear operator if
for every (f,g) € H} (R?) x BMO(RR?), the operators T(f,-): BMO(RY) — L1(R9)
and T(-,g): HL(RY) — L'(R?) are sublinear operators.

To answer Questions 1 and 2, we study commutators of sublinear operators
in K. More precisely, when T' € K, is a sublinear operator, we prove (see The-
orem 3.1) that there exists a bounded subbilinear operator | = Ry: H} (RY) x
BMO(RY) — LY(R?) so that for all (f,b) € Hi(R%) x BMO(R?),

where & is a bounded bilinear operator from H} (R?) x BMO(R?) into L!(R?) which
does not depend on T (see Proposition 5.6). When T' € Ky, is a linear operator,
we prove (see Theorem 3.4) that there exists a bounded bilinear operator R =
Ry: Hi (RY) x BMO(R?) — L'(R?) such that for all (f,b) € H; (R?) x BMO(R?),

(1.2) b, TI(f) = R(f,0) + T(S(f,b)).

The decompositions (1.1) and (1.2) give a general overview and explains why
almost commutators of the fundamental operators are of weak type (H}, L'), and
when a commutator [b, T is of strong type (HL, L).

Let b be a function in BMO(RY). We assume that b non-constant, other-
wise [b,T] = 0. We define the space Hi,b(Rd) as the set of all f in HL(RY)
such that [b, Mr](f)(z) = Mr(b()f(:) — b(-)f(-))(z) belongs to L'(R?), and
the norm on H} ,(R?) is defined by |[fllsn , = [Ifllm [bllByo + 1[0, ML)l L1
Then, using the subbilinear decomposition (1.1), we prove that all commutators of
Schrodinger—Calderén—Zygmund operators and the Riesz transforms are bounded
from Hi}b(Rd) into L'(R?). Furthermore, Hi’b(Rd) is the largest space having
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this property, and "H}J’b(Rd) = H}(RY) if and only if b € BMOILOg(Rd) (see Theo-
rem 7.5), that is,

1

z,7)| B(z,r)

HbHBMOlog = Bsup (log (e + ﬁ) B

()

[by) = ban| dy) < o,

where p(z) = sup{r > 0: fB(i’T) V(y)dy < 1}. This space BMOILOg (R%) arises
naturally in the characterization of pointwise multipliers for BMOy(R?), the dual
space of H}(RY), see [3], [33].

The above answers Questions 1 and 2. As another interesting application of
the subbilinear decomposition (1.1), we find subspaces of H}(R¢) which do not
depend on b € BMO(R?) and T' € Ky, such that [b, 7] maps continuously these
spaces into L'(R?) (see Section 7). For instance, when L = —A + 1, Theorem 7.10
state that for every b € BMO(R?) and T € K, the commutator [b, 7] is bounded
from H,' (RY) into L' (RY). Here H,"' (R?) is the (inhomogeneous) Hardy-Sobolev
space considered by Hofmann, Mayboroda and McIntosh in [23], defined as the set
of functions f in Hj (R?) such that 0, f,...,0:,f € Hi (R?) with the norm

d
1Flgnn = Il + D 10s, Flls

Jj=1

Recently, similarly to the classical result of Coifman—Rochberg—Weiss, Gou
et al. proved in [21] that the commutators [b, R;] are bounded on LP(R?) when-
ever b € BMO(R?) and 1 < p < dd—fq where V' € RH, for some d/2 < ¢ < d.
Later, in [7], Bongioanni et al. generalized this result by showing that the space
BMO(R?) can be replaced by a larger space BMO[, o (R?) = Up>oBMO/, o(R?),

where BMOy, 4(R?) is the space of locally integrable functions f satisfying

1 1
Iflwon.o = su ( 1) Fatunldy) <
e B(z,r) (1 + p&))e |B(I’T)| B(z,r) (@)

Let R} be the adjoint operators of R;. Bongioanni et al. established in [6]
that the operators R} are bounded on BMO[,(R%), and thus from L*(R?) into

BMOy, (R?). Therefore, it is natural to ask for a class of functions b so that the
commutators [b, R5] map continuously L>*(R?) into BMOL(R?). In [7], the au-
thors found such a class of functions. More precisely, they proved in [7] that
the commutators [b, R] map continuously L>°(R%) into BMO(R%) whenever b €

BMOlog > (RY) = LJ9>0BMOlog (RY). Here BMOILO%(RCI) is the space of functions
fe LIOC(Rd) such that

<log(e+ p(f)) 1
( ) B(z,7)| JB(zn

A natural question arises: can one replace the space L>(R%) by BMOy(R%)?

|f(y) - fB(xm)l dy) < 0

[/ lgnotes, = sup
B(z,r)
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Question 3. Are the commutators [b, R}, j = 1,...,d, bounded on BMO7 (R%)
whenever b € BMOILC’%oo (R4)?

Motivated by this question, we study the Hj-estimates for commutators of the
Riesz transforms. More precisely, given b € BMOy, o (R?), we prove that the com-
mutators [b, R;] are bounded on H}(R?) if and only if b belongs to BMOE’%OO (R9)

(see Theorem 3.6). Furthermore, if b € BMOILO%(Rd) for some 6 > 0, then there
exists a constant C' > 1, independent of b, such that

d

C_1||b||BMolfi < HbHBMOL,e + z; H [baRJ]HHi%Hi <C HbHBMolfi'
]:

As a consequence, we get the positive answer for Question 3.
Now, an open question is the following:

Open question. Find the set of all functions b such that the commutators [b, R;],
j=1,...,d, are bounded on H}(R?).

Let us emphasize the three main purposes of this paper. First, we prove the
two decomposition theorems: the subbilinear decomposition (1.1) and the bilin-
ear decomposition (1.2). Second, we characterize functions b in BMOy, +(R?) so
that the commutators of the Riesz transforms are bounded on H}(R?), which an-
swers Question 3. Finally, we find the largest subspace Hj, ,(R?) of H} (R?) such
that all commutators of Schrédinger—Calderén—Zygmund operators and the Riesz
transforms are bounded from "Hi’b(Rd) into L1 (R9). Besides, we find also the char-
acterization of functions b € BMO(R?) so that "Hi’b(Rd) = H}(R?), which answer
Questions 1 and 2. Especially, we show that there exist subspaces of H} (R4 which
do not depend on b € BMO(R?) and T € Ky, such that [b, T] maps continuously
these spaces into L'(R?), see Section 7.

This paper is organized as follows. In Section 2, we present some notations and
preliminaries about Hardy spaces, new atoms, BMO type spaces and Schrédinger—
Calderén—Zygmund operators. In Section 3, we state the main results: two decom-
position theorems (Theorem 3.1 and Theorem 3.4), Hardy estimates for commu-
tators of Schrodinger—Calderéon—Zygmund operators and the commutators of the
Riesz transforms (Theorem 3.5 and Theorem 3.6). In Section 4, we give some ex-
amples of fundamental operators related to L which are in the class Kr. Section 5
is devoted to the proofs of the main theorems. Section 6 is devoted to the proofs
of the key lemmas. Finally, in Section 7, we give some examples of subspaces of
H} (R9) such that all commutators [b, 7], T € K1, map continuously these spaces
into L'(R9).

Throughout the whole paper, C' denotes a positive geometric constant which is
independent of the main parameters, but may change from line to line. The symbol
f ~ g means that f is equivalent to g (i.e. C~1f < g < Cf). In R%, we denote by
B = B(x,r) an open ball with center z and radius r > 0, and tB(z,r) := B(x,tr)
whenever ¢ > 0. For any measurable set E, we denote by xpg its characteristic
function, by |E| its Lebesgue measure, and by E¢ the set R?\ E.
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2. Some preliminaries and notations

In this paper, we consider the Schrodinger differential operator
L=—-A+4+V

on R% d > 3, where V is a nonnegative potential, V # 0. As in the works of
Dziubanski et al [15], [16], we always assume that V' belongs to the reverse Holder
class RHg/3. Recall that a nonnegative locally integrable function V' is said to
belong to a reverse Holder class RH,, 1 < g < oo, if there exists C' > 0 such that

(1 [ vnra) < & [ vioyas

holds for every balls B in R%. By Hélder inequality, RH,, C RH,, if ¢1 > g2 > 1.
For ¢ > 1, it is well-known that V € RH, implies V € RH,;. for some ¢ > 0
(see [19]). Moreover, V (y)dy is a doubling measure, namely for any ball B(x,r)
we have

(2.1) /B L V= Cy / V() dy.

B(z,r)

Let {T:}t~0 be the semigroup generated by L and Ti(z,y) be their kernels.
Namely,

Tifa) = 1) = [

Ti(z,y)f(y)dy, feL*RY), t>0.
Rd

We say that a function f € L*(R?) belongs to the space H} (R?) if
[fllem o= [MLfllzr < oo,

where My f(z) := sup,~ |T;f(2)| for allz € RY. The space H1 (R?) is then defined
as the completion of H} (R?) with respect to this norm.

In [15] it was shown that the dual of Hi(R?) can be identified with the space
BMO7(R?) which consists of all functions f € BMO(R?) with

1
I fllemoy, = [|fllBMO + sup =— |f(y)|dy < oo,
" p(x)<r [B@,7)] /B2
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where p is the auxiliary function defined as in [39], that is,

1
(2.2) p(x) = sup {7“ >0 : ﬂ/ V(y)dy < 1},
r B(z,r)

x € R Clearly, 0 < p(z) < oo for all 2 € R%, and thus R? = J
sets B,, are defined by

nez Bn, where the

(2.3) B, ={xeR? : 27(F/2 < p(g) <272},
The following proposition plays an important role in our study.

Proposition 2.1 (see [39], Lemma 1.4). There exist two constants k > 1 and
ko > 1 such that for all x,y € R?,

K p(x) (1 + |~Tp(m)y|>—ko < py) < rpla) (1 n |:Ep(,r§/|>k0/(ko+1)'

Throughout the whole paper, we denote by Cj, the L-constant
(2.4) Cr =89k

where kg and k are defined as in Proposition 2.1.
Given 1 < ¢ < oo. Following Dziubaniski and Zienkiewicz [16], a function a is
called a (H}, g)-atom related to the ball B(xo,r) if r < Cpp(zo) and

(i) supp a C B(zo,7),
(it) llallze < [B(wo,r)[V/171,
(iit) if 7 < &= p(xo) then [p, a(x)dz = 0.
A function a is called a classical (H', ¢)-atom related to the ball B = B(zq,r)

if it satisfies (i), (ii) and [, a(z)dz = 0.
The following atomic characterization of Hj (R?) is due to [16].

Theorem 2.2 (see [16], Theorem 1.5). Let 1 < g < co. A function f is in H; (R?)
if and only if it can be written as [ = Zj Ajaj, where aj are (H},q)-atoms and
> 1Al < oo. Moreover,

TR D SV ENED PPV
J J

Note that a classical (H!, g)-atom is not a (H},q)-atom in general. In fact,

there exists a constant C' > 0 such that if f is a classical (H?, q)-atom, then it

can be written as f = >7_) Aja;, for some n € Z*, where a; are (H}, q)-atoms

and Z;‘L=1 |Aj| < C, see for example [47]. In this work, we need a variant of the

definition of atoms for H} (R?) which include classical (H!, q)-atoms and (H}, q)-

atoms. This kind of atoms have been used in the work of Chang, Dafni and Stein,
see [11], [13].



1340 L.D. Ky

Definition 2.3. Given 1 < g < co and € > 0. A function a is called a generalized
(H},q,e)-atom related to the ball B(zg,r) if

(i) supp a C B(zg,r),
(i) [lallze < |B(xo, )|,

(iil) ‘/Rd dx' < p(:zo))s'

The space HL’%f (R9) is defined to be set of all functions f in L'(R?) which
can be written as f = Z]Oil \j a; where the a; are generalized (H},q,¢)-atoms
and the \; are complex numbers such that Zjoil [Aj] < oo. As usual, the norm on

Hi"{l’t (Rd) is defined by
Il =inf {315 F =D A}
j=1 j=1

The space H;’ ’q’ °(R?) is defined to be set of all f = Z§=1 Aj aj, where the a;
are generalized (H 1,4, €)-atoms. Then, the norm of f in H}:’g_{fl(Rd) is defined by

k k
W lhgne = inf {57 015 F = g5}
j=1 j=1

Remark 2.4. Let 1 < ¢ < oo and € > 0. Then, a classical (H, ¢)-atom is a
generalized (H},q,¢)-atom related to the same ball, and a (H},q)-atom is Cr°
times a generalized (H},q,c)-atom related to the same ball.

Throughout the whole paper, we always use generalized (H} , g, )-atoms except
in the proof of Theorem 3.6. More precisely, in order to prove Theorem 3.6, we
need to use (H},q)-atoms from Dziubanski and Zienkiewicz (see above).

The following gives a characterization of H} (R™) in terms of generalized atoms.

Theorem 2.5. Let 1 < ¢ < 0o and ¢ > 0. Then, Hy“$(R?) = HL(R?) and the
norms are equivalent.

In order to prove Theorem 2.5, we need the following lemma.

Lemma 2.6 (see [31], Lemma 2). Let V' € RHgy/;. Then, there exists o > 0
depends only on L, such that for every |y — z| < |z —y|/2 and t > 0, we have

ly — 2|7

Yy — _ |2
|Tt(l‘,y) Tt(l‘ Z)| <C(| \/E |) ¢ d/2€ |z—y| /tSCW'

Proof of Theorem 2.5. As My, is a sublinear operator, by Remark 2.4 and Theo-
rem 2.2, it is sufficient to show that

(2.5) M@l <€
for all generalized (H},q,¢e)-atom a related to the ball B = B(xo, 7).
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Indeed, from the L9-boundedness of the classical Hardy—Littlewood maximal
operator M, the estimate M, (a) < CM(a) and Holder inequality,

(2.6)  [IMr(@)li2m) < ClIM(@)|r1@m) < C12BIY [M(a)]z0 < C,

where 1/¢' +1/¢=1. Let = ¢ 2B and t > 0, Lemma 2.6 and (3.5) of [16] give

T3 (a |—’/ Ti(x,y)a )dy‘
'/ Ti(z,y) — Ti(z, 20)) dy‘ + [T (, zo I’/ dy’
<c 790 re

C .
| — zq|dtoo * |z — xq|dte
Therefore,

[Mer(a)llzr2p)e) = | sup ITi(a)| |1 ((2B)e)

770 e
2.7 <C ————dx+C ——dx < C.
@7 @B)e [T — zo|dTo0 @2B)e [T — wo|?Te
Then, (2.5) follows from (2.6) and (2.7). O

By Theorem 2.5, the following can be seen as a direct consequence of Proposi-
tion 3.2 of [47] and Remark 2.4.

Proposition 2.7. Let 1 < ¢ < oo, € >0 and X be a Banach space. Suppose that
T: Hi’flf{i(Rd) — X is a sublinear operator with

sup { |Tallx : ais a generalized (H},q,e) — atom} < oc.

Then, T can be extended to a bounded sublinear operator T from H} (RY) into X.
Moreover,

||f||H£—>X < Csup{||Tallx : ais a generalized (Hj,q,c) — atom}.

Now, we turn to explain the new BMO type spaces introduced by Bongioanni
Harboure and Salinas in [7]. Here and in what follows fp := Wl BI Jp f(x) dx and

For > 0, following [7], we denote by BMOy, 4(R?) the set of all locally inte-
grable functions f such that

1
Ifllvion = sup (m MO, B(m,r») < oo,
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and BMOILO% (R?) the set of all locally integrable functions f such that

_ log (e + p(m)/r)
1/ snotes, = =P (W MO(Q,B(CM)D < 00.

When 6 = 0, we write BMO ' %(R?) instead of BMOIE)%(Rd). We next define

BMO;, o (R?) = U BMO,, ¢4(R?)
6>0

and
BMO72 (R?) = | BMOY® (RY).
6>0

Observe that BMOy, o(R?) is just the classical BMO(R?) space. Moreover, for
any 0 < 6 <6 < oo, we have

(29 BMOL(R?) C BMOL ¢ (R?), BMOY%(RY) c BMOY%, (R?)
and
(2.10) BMO7%(R?) = BMOy, o(R?) N BMOY®,_(R?).

Remark 2.8. The inclusions in (2.9) are strict in general. In particular:

(i) The space BMOy, o (R) is in general larger than the space BMO(R?). In-
deed, when V(z) = |z|?, it is easy to check that the functions b;(z) = |z;|?
j=1,...,d, belong to BMOy o (R?) but not to BMO(R?).

(ii) The space BMOlog (R?) is in general larger than the space BMOYS(R?).
Indeed, when V(z) = 1, it is easy to check that the functions b;(x) = |z;|, j =

., d, belong to ]31\401L°§>o (R%) but not to BMO'8(R%).

Next, let us recall the notation of Schrodinger—Calderén—Zygmund operators.

Let 6 € (0,1]. According to [33], a continuous function K : R% x R\ {(z, ) :
r € R?} — C is said to be a (4, L)-Calderén—Zygmund singular integral kernel if
for each N > 0,

C(N) |z —y[\ =N
2.11 K(z,y)| < 1+
(2.11) Kl s g (15
for all x # y, and
)
2.12 K —K(z K Ky <o EmE
(2.12) |K(z,y) — K2, y)| + [K(y, v) (y,w)l_0|m7y|d+5

for all 2|z — /| < |z — y|.
As usual, we denote by C2°(R%) the space of all C>-functions with compact
support, by S(R?) the Schwartz space on R<.
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Definition 2.9. A linear operator T : S(R?) — &'(R9) is said to be a (4, L)-
Calderén-Zygmund operator if T’ can be extended to a bounded operator on L%(R%)
and if there exists a (4, L)-Calderén—Zygmund singular integral kernel K such that
for all f € C°(R?) and all = ¢ supp f, we have

Tf(x) = g K(z,y) f(y) dy.

An operator T is said to be a Schrédinger—Calderén—Zygmund operator associ-
ated with L (or L-Calderén—Zygmund operator) if it is a (d, L)-Calderén—Zygmund
operator for some § € (0,1]. We say that T satisfies the condition 7*1 = 0 if there
are ¢ € (1,00] and € > 0 so that [,, Ta(x)dr = 0 holds for every generalized
(H},q,¢e)-atoms a.

Remark 2.10. (i) Using Proposition 2.1, inequality (2.11) is equivalent to

C(N) [z —yl\~N
Ryl |z —yl (H p(y) )

for all x # y.

(ii) By Theorem 0.8 of [39] and Theorem 1.1 of [40], we sece that the Riesz
transforms R; are the L-Calderén-Zygmund operators satisfying Rj1 = 0 when-
ever V € RHy.

(iii) If T is a L-Calderén—Zygmund operator then it is also a classical Calderén—
Zygmund operator, and thus 7' is bounded on LP(R%) for 1 < p < oo and bounded
from L'(R9) into L1:°°(R9).

3. Statement of the results

Recall that Ky, is the set of all sublinear operators T bounded from Hj (R?) into
L*(R?) and that there are ¢ € (1,00] and £ > 0 such that

[(b—bp) TalLr < Cllbllamo
for all b € BMO(R?), any generalized (H}, g, ¢)-atom a related to the ball B, where
C > 0 is a constant independent of b, a.
3.1. Two decomposition theorems

Let b be a locally integrable function and T € K. As usual, the (sublinear) com-
mutator [b, T'] of the operator T is defined by [b, T](f)(z) := T ((b(z)—b(-)) f(*)) (z).

Theorem 3.1 (Subbilinear decomposition). Let T' € K. There exists a bounded
subbilinear operator R = Ry: Hi(R?) x BMO(R?Y) — LY(R?) such that for all
(f,b) € HL(RY) x BMO(R?), we have

where & is a bounded bilinear operator from H}(R%)x BMO(R?) into L*(R?) which
does not depend on T .
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Using Theorem 3.1, we obtain immediately the following result.

Proposition 3.2. Let T € K so that T is of weak type (1,1). Then, the sub-
bilinear operator T(f,g) = [g, T|(f) maps continuously H}(R%) x BMO(RY) into
LY (RY).

As the Riesz transforms R; = 0,,L~/? are of weak type (1,1) (see [30]), the
following can be seen as a consequence of Proposition 3.2 (see also [32]).

Corollary 3.3 (see [32], Theorem 4.1). Letb € BMO(R?). Then, the commutators
[b, R;] are bounded from H}(R?) into L1>°(R?).

When T is linear and belongs to Kp, we obtain the bilinear decomposition
for the linear commutator [b,T] of f, [b,T|(f) = bT(f) — T(bf), instead of the
subbilinear decomposition as stated in Theorem 3.1.

Theorem 3.4 (Bilinear decomposition). Let T be a linear operator in K. Then,
there exists a bounded bilinear operator R = Rr: HL(RY) x BMO(R?) — LY(R?)
such that for all (f,b) € HL(R?) x BMO(R?), we have

b, T)(f) = R(f,b) + T(S(f, b)),

where & is as in Theorem 3.1.

3.2. Hardy estimates for linear commutators

Our first main result of this subsection is the following theorem.

Theorem 3.5. (i) Let b € BMOY5(R%) and T be a L-Calderén-Zygmund operator
satisfying T*1 = 0. Then, the linear commutator [b, T| is bounded on Hi(R?).

(ii) When V € RHyg, the converse holds. Namely, if b € BMO(R?) and [b, T is
bounded on HL(R?) for every L-Calderén—Zygmund operator T satisfying T*1 = 0,

then b € BMO'8(R). Furthermore,

d

Ibllarotes = l1bllmto + D 10, Ril [l s s -
j=1

Next result concerns the H} -estimates for commutators of the Riesz transforms.

Theorem 3.6. Let b € BMOy o (RY). Then, the commutators [b,R;], j =
1,...,d, are bounded on H}(R?) if and only if b € BMOILOFOO(Rd). Furthermore, if
be BMOILO,% (R9) for some § > 0, we have

d
Bllpnioies, = IBllmsro. + S 11 Rl -

j=1

Remark that the above constants depend on 0.
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Note that BMO'8(R?) is in general proper subset of BMOlog (RY) (see Re-
mark 2.8). When V € RH,, although the Riesz transforms R; are L-Calderén—
Zygmund operators satisfying R71 = 0, Theorem 3.6 cannot be deduced from
Theorem 3.5.

As a consequence of Theorem 3.6, we obtain the following interesting result.

Corollary 3.7. Let b € BMO(RY). Then, b belongs to LMO(R?) if and only if
the vector-valued commutator [b,V(—A + 1)=12] maps continuously h*(R%) into
RY(RY RY) = (R (RY),..., R (RY)). Furthermore,

Ibllsato ~ [Bllmsto + |16 V(=2 + 172 [y s oy

Here h!(RY) is the local Hardy space of D. Goldberg (see [20]), and LMO(RY)
is the space of all locally integrable functions f such that

| flltao = BS(I;B«) (log (e + ) MO(f, B(z, ))) < 0.

It should be pointed out that LMO type spaces appear naturally when studying
the boundedness of Hankel operators on the Hardy spaces H!(T¢) and H'(B)
(where B? is the unit ball in C? and T¢ = 9B?), characterizations of pointwise
multipliers for BMO type spaces, endpoint estimates for commutators of singular
integrals operators and their applications to PDEs, see for example [5], [9], [24],
[25], [28], [36], [41], and [42].

4. Some fundamental operators and the class Ky,

The purpose of this section is to give some examples of fundamental operators
related to L which are in the class Kp,.

4.1. The Schrodinger—Calderé6n—Zygmund operators

Proposition 4.1. Let T be any L-Calderon—Zygmund operator. Then, T belongs
to the class Ky,.

Proposition 4.2. The Riesz transforms R; are in the class Kr,.

The proof of Proposition 4.2 follows directly from Lemma 5.13 and the fact
that the Riesz transforms R; are bounded from H} (RY) into L*(R?).
To prove Proposition 4.1, we need the following two lemmas.

Lemma 4.3. Let 1 < g < co. Then, there exists a constant C > 0 such that for
every ball B, f € BMO(R?) and k € Z+,

q
(g [ 1100 = fotras) ™" < v
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The proof of Lemma 4.3 follows directly from the classical John—Nirenberg
inequality. See also Lemma 6.6 below.

Lemma 4.4. Let 1 < ¢ < 0o and € > 0. Assume that T is a (0, L)-Calderdn—
Zygmund operator and a is a generalized (H},q,€)-atom related to the ball B =
B(xg,r). Then,

| Tall agar+1p\or gy < C 2740 2k p|H/a~t
for all k =1,2,..., where §o = min{e,d}.

Proof. Let x € 2KT1B\ 28B, so that |z — zo| > 2r. Since T is a (§, L)-Calderén—
Zygmund operator, we get

|Ta<x>|§|/<K<x,y>f K(z,0)) aly) dy] + K w0 | [ ato)

< C/ | $|od|+6 a(y)|dy + C r *1m0|d (1+ |3;(_:c:)0|)5(p(;0))6

do

re T

<C C C .
|z — x0|d+5 |z — zoldte = 7 |z — xo|dtoo

Consequently,

%0
|TallLac2r+1p\2k By < Cm |2k+1B|1/q < C 27 koo |k B|1/q 1 O

Proof of Proposition 4.1. Assume that T is a (4, L)-Calderén—Zygmund for some
§ € (0,1]. Let us first verify that T is bounded from H}(R?) into L'(R%). By
Proposition 2.7, it is sufficient to show that

[Tal[z: <C
for all generalized (H},2,d)-atom a related to the ball B. Indeed, from the L2-
boundedness of T" and Lemma 4.4, we obtain that
[ee]
|Talr = |TallLr2B) + Z ITall L1 (2x+1 B\2x BY
k=1

(o)
< CL2BY2 T o pallall 2 + € Y [241B12 2749 |2k B|1/2 < €
k=1

Let us next establish that
I(f = fB)Tallzr < Cl fllemo

for all f € BMO(R?), and for any generalized (H},2,d)-atom a related to the ball
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B = B(xg, ). Indeed, by Holder’s inequality, Lemma 4.3 and Lemma 4.4, we get

I(f—fB)TallL:

=(f = f8)Tallpes + Y _I(f = f8)Tallpi@ripeorn
k>1

<|I(f = fe)xesllL2lIT|| L2 Lo lal L2 + Z I f = fBllL2@k+1 By I Tall L22x+1 B\2% B)

E>1
< C|fllemo + Y C(k + 1) fllemo 28T B[V/2277 |28 B|71/2 < €' f||pmo,
k>1
which ends the proof. O

4.2. The L-maximal operators

Recall that {T}}+~0 is heat semigroup generated by L and T;(z,y) are their kernels.
Namely,

Tof(z) = e f(z) = /R Tiw,y) f(y)dy, [e€L2RY, ¢>0.
Then the “heat” maximal operator is defined by
My f(x) =sup [T f ()|,
t>0
and the “Poisson” maximal operator is defined by
M f(x) = sup | P, f(x)],
t>0

where

—t2/(4u)
e~ tVL
P f(r) = Lf(a 2\/—/ 372 Ty f(z) du.
Proposition 4.5. The “heat” maximal operator My, is in the class Ky,.

Proposition 4.6. The “Poisson” mazimal operator MY is in the class K.

Here we just give the proof of Proposition 4.5. For the one of Proposition 4.6,
we leave the details to the interested reader.

Proof of Proposition 4.5. Obviously, M, is bounded from H}(R?) into L*(R?).
Now, let us prove that

|(f = fB) M)l < C| fllBMO

for all f € BMO(RY), any generalized (H},2,00)-atom a related to the ball B =
B(xg,r), where the constant op > 0 is as in Lemma 2.6. Indeed, by the proof of
Theorem 2.5, for every = ¢ 2B,

770

Mp(a)(z) <C

|z — mo|dtoo”
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Therefore, using Lemma 4.3, the L2-boundedness of the classical Hardy-Littlewood
maximal operator M and the estimate My (a) < CM(a), we obtain that

I(f — fB) Mr(a)| L1
=[|(f = fB) Mr(a)llLr@p) + |(f — fB) ML(a)|z1(@2B)e)

<C|f = fBllezen) || M(a)|| 2 + C |f(x) = fB(zo,m]

|z—z0|>27

7o

|x — @g|dtoo
< C|lfllBmo,

where we have used the following classical inequality:

r70
) — ————dz < C ,
S )~ Fotann] e 4 < o

which proof can be found in [17]. This completes the proof of Proposition 4.5. O

4.3. The L-square functions

Recall (see [15]) that the L-square funcfions g and G are defined by

s = ([ lrarnef §)"

t

and

o= ([ [ lommnuwl %"

Proposition 4.7. The L-square function g is in the class K .
Proposition 4.8. The L-square function G is in the class Ky .

Here we just give the proof for Proposition 4.7. For the one of Proposition 4.8,
we leave the details to the interested reader.
In order to prove Proposition 4.7, we need the following lemma.

Lemma 4.9. There exists a constant C > 0 such that
h/ 5 c
(4.1) |t 0Ty (x,y + h) — t O, Ty (x,y)| < C(%) =d/2 o= % lz—yl*/t

forall |h| < |z —y|/2,0 < t. Here and in the proof of Proposition 4.7, the constants
d,c € (0,1) are as in Proposition 4 of [15].

Proof. One only needs to consider the case v/t < |h| < |z — y|/2. Otherwise, (4.1)
follows directly from (b) in Proposition 4 of [15].
For v/t < |h| < |z — y|/2. By (a) in Proposition 4 of [15], we get

| tc'?tTt(x, Yy + h) - tatTt(lL', y){ S Ctid/z efc\x7y7h|2/t + thd/Q efc\xfy\Q/t
<C (%)51?‘6‘/2 e~ §lm=vl’/t,
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Proof of Proposition 4.7. The (Hi — L') type boundedness of g is well-known, see
for example [15], [22]. Let us now show that

I(f = f)e(a)lzr < ClfllBMoO

for all f € BMO(R?), any generalized (H},2,d)-atom a related to the ball B =
B(zg,r). Indeed, it follows from Lemma 4.9 and (a) in Proposition 4 of [15] that
for every t > 0, z ¢ 2B,

10,7, (a)(x)| = | /B (t0Tu(w,y) — t BTy, 20)) aly) dy + t T (x z0) /B ay) dy|

r \¢ c 2
< C(—) =d/2 = §lz—aol*/t |,
<o( lallz

+Ct7d/2efc|x7xo\2/t(1+ NG N \/E)>—6<p(r )>5

p(z)  plzo o
r s c 2
< o 7d/2 7—\x7x0| /t'
< C(ﬁ) /2 e

Therefore, as 0 < § < 1, using the estimate e~ 5/7=%01’/t < (¢, d)(—t—z)4+2,

[z—x0]?
X PING e e, dEY1/2
g(a)(z) < C{/o <?> t—d ezl ol*/t . }

le—zo|® |, 2 5 d+2 o0 2.6 1/2
<of [ ()rilesm) Tl )
0 t |$ — 1’0| t ‘$—$0|2 t t
7“6
|z — @o|dH0
Therefore, the L2-boundedness of g and Lemma 4.3 yield

I(f = fe)e(@)ler = [I(f = fB) 8(@)llLr2m) + I(f = fB) 8(@)l 1 ((2B)e)

<C

1
-
<|If = rallL g(a)lrz +C (@) = [B@or)| 55 42
I = dollemla@e +0 [ |1~ oo =
< C| fllsmo,
which ends the proof. O

5. Proof of the main results

In this section, we fix a non-negative function ¢ € S(R?) with supp ¢ C B(0,1)
and fRd @(z)dx = 1. Then, we define the linear operator £ by

9(f) = 3 (Yo = @2 (nif))
n,k
where ¢, 5, n € Z, k =1,2,...is as in Lemma 2.5 of [16] (see also Lemma 6.2).

Remark 5.1. When V(z) = 1, we can define (f) = f — ¢ x f.
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Let us now consider the set & = {0, 1}4\ {(0,---,0)} and {¢° } e the wavelet
with compact support as in Section 3 of [4] (see also Section 2 of [28]). Suppose
that 97 is supported in the cube (1/2 —¢/2,1/2 + ¢/2)? for all 0 € £. As it is
classical, for ¢ € £ and I a dyadic cube of R? which may be written as the set of
such that 27z — k € (0,1)%, we note

V9 (x) = 29/27 (2 — k).

In the sequel, the letter I always refers to dyadic cubes. Moreover, we note kI the
cube of same center dilated by the coefficient k.

Remark 5.2. For every o € £ and I a dyadic cube. Because of the assumption
on the support of ¢, the function ¢ is supported in the cube cI.

In [4] (see also [28]), Bonami et al. established the following.

Proposition 5.3. The bounded bilinear operator 11, defined by

I(f,9) =Y > (f.45) (g, 97) ()7,

I oc€&

is bounded from H'(R?) x BMO(R?) into L'(R?).

5.1. Proof of Theorem 3.1 and Theorem 3.4

In order to prove Theorem 3.1 and Theorem 3.4, we need the following key two
lemmas, whose proofs will given in Section 6.

Lemma 5.4. The linear operator §) is bounded from H}(R?) into H'(R?).
Lemma 5.5. Let T € Kr. Then, the subbilinear operator
Uf;6) = b, TIHS = H(f)
is bounded from Hi(R?) x BMO(R?) into L'(R?).
By Proposition 5.3 and Lemma 5.4, we obtain:

Proposition 5.6. The bilinear operator S(f,g) := —IL(H(f),g) is bounded from
H}(RY) x BMO(R?) into L'(R?).
We recall (see [28]) that the class K is the set of all sublinear operators T
bounded from H*(R?) into L'(R?) so that for some q € (1, 0],
H (b - bB) TG‘HLl < C ||b||BMO,

for all b € BMO(R?), any classical (H',q)-atom a related to the ball B, where
C > 0 a constant independent of b, a.

Remark 5.7. By Remark 2.4 and as H!(R?) C H} (R%), we obtain that K, C K,
which allows to apply the two classical decomposition theorems (Theorem 3.1 and
Theorem 3.2 of [28]). This is a key point in our proofs.
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Proof of Theorem 3.1. As T € K;, C K, it follows from Theorem 3.1 of [28] that
there exists a bounded subbilinear operator V: H'(R?) x BMO(R?) — L'(R)
such that for all (g,b) € H'(R?) x BMO(R?), we have

(5.1)  |T(=II(g,b))| = V(g,b) < | b, T)(g)| < V(g,b) + | T(~T1(g,b))|
Let us now define the bilinear operator SR by

R(f,0) == [U(f, D)+ V(H(F),b)

for all (f,b) € H}(RY) x BMO(R?), where U is the subbilinear operator as in
Lemma 5.5. Then, using the subbilinear decomposition (5.1) with g = H(f),

| T(S(f,0)] = R(f,0) < [ b, TI(H] < [T(S(F,6)] +R(f.b),

where the bounded bilinear operator & : H} (R%) x BMO(R?) — L'(R9) is given
in Proposition 5.6.
Furthermore, by Lemma 5.5 and Lemma 5.4, we get

IR 0)l[ L < U D)o + IV, 0|
< Clif iz lbllevo + C ) a1blBvo < Cllf |l a [1bllBMmo,

where we used the boundedness of V on H'(R?) x BMO(R?) into L'(R?). This
completes the proof. O

Proof of Theorem 3.4. The proof follows the same lines except that now, one deals
with equalities instead of inequalities. Namely, as T is a linear operator in Ky, C IC,
Theorem 3.2 of [28] yields that there exists a bounded bilinear operator W :
HY(R?) x BMO(R?) — L*(R?) such that for every (g,b) € H'(R?) x BMO(R?),

[0, T1(9) = W(g,b) + T(-1l(g,b))
Therefore, for every (f,b) € Hi(R?) x BMO(R?),
[0, T1(f) = R(f,0) + T(S(f,0)),
where R(f, b) := U(f,b)+W(H(f),b) is a bounded bilinear operator from H} (RY)x
BMO(R?) into L*(R%). This completes the proof. O
5.2. Proof of Theorem 3.5 and Theorem 3.6

First, recall that VMO (R?) is the closure of C°(R%) in BMOy (R?). Then, the
following result due to Ky [29].

Theorem 5.8. The space Hi (RY) is the dual of the space VMO (R?).

In order to prove Theorem 3.5, we need the following key lemmas, whose proofs
will be given in Section 6.
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Lemma 5.9. Let 1 < g < oo and 0 > 0. Then, for every [ € BMOlog o (RY),
B = B(xz,r) and k € Z*, we have

k)0+1

|2kB|/ )~ fl"dy) s i o (

where the constant ko is as in Proposition 2.1.

”f”BMOlLO%e’

A a

)k +1)

Lemma 5.10. Let 1 < g < oo, € >0 and T be a L-Calderén—Zygmund operator.
Then, the following two statements hold:

(i) If T*1 =0, then T is bounded from Hi(RY) into H'(RY).

(ii) For every f,g € BMO(R?), and for every generalized (H},q,¢)-atom a re-
lated to the ball B,

| (f = fB) (9= 98) T al|,, <C|fllemo llgllzmo-

Proof of Theorem 3.5. (i). Assume that T is a (J, L)-Calder6n—Zygmund operator.
We claim that, by Lemma 5.10, it is sufficient to prove that

(5.2) 1(b—bB)allmy < Clbllgyows
and
(5.3) 16— bs) Tallmy < C bl o

hold for every generalized (H},2,8)-atom a related to the ball B = B(zg,r) with
the constants are independent of b, a. Indeed, if (5.2) and (5.3) are true, then

[TV @]y <[ 0~ b5) Tally +C [T~ b)),

<C HbHBMolLOg +C ||THH£—>H1 || (b—bp) aHHi <C HbHBMO‘LOg'
Therefore, Proposition 2.7 yields that [b, T] is bounded on H}(R?); moreover,

1071 gy y <€

where the constant C' is independent of b.

The proof of (5.2) is similar to the one of (5.3) but uses an easier argument;
we leave the details to the interested reader. Let us now establish (5.3). By
Theorem 5.8, it is sufficient to show that

(5:4) |66 —b5) Ta| ,, < Clbllgyores 1¥llBMmO,,
for all ¢ € C°(R?). Besides, from Lemma 5.10,
[ (= ¢5)(b—bp)Tall,, <Clblsmo ¢lsro < Clbllgyoes I¢llBymo..

This together with Lemma 2 of [15] allow us to reduce (5.4) to showing that

55) g (e 2220) | 4= b5) T, < C o
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Setting £ = /2, it is easy to check that there exists a constant C' = C(eg) > 0
such that

log(e + kt) < C'k®log(e + t)
for all £k > 2,¢ > 0. Consequently, for all k£ > 1,

(5.6) log (e + @) < C2% log (e n (p(m") >k°+1>.

2k+1yp

Then, by Lemma 4.4 and Lemma 5.9, we get

log (e+ )H (b—bp)Tal|,.
= log (e—i— )H (b—bg) TGHL1(2B)
—+ Z log (6 -+ M%) || (b - bB) Ta||L1(2k+lB\2kB)
k>1
p(x)\ ko1
< C'log (e + (2—:> ) H b— bBHLQ(QB) |Tal[ 2

ko+1
+ CZ ke log (6 + (QPIEf(l)Z") i ) || b— bB||L2(2k+1B) ”TGHLQ(%‘HB\Q’“B)
E>1

<C |QB|1/2”b”B]\/[olLog llall 22
+ C«Zka(k_ + 1) |2k—HB|1/2HbHBMOlLOg 2—k6 |2kB|—1/2
E>1
< CHbHBMolLOga

where we used 0 = 2¢. This ends the proof of (i).

(ii) By Remark 2.10, (ii) can be seen as a consequence of Theorem 3.6 that we
are going to prove now. d

Next, let us recall the following lemma due to Tang and Bi [44].

Lemma 5.11 (see [44], Lemma 3.1). Let V € RHgy/5. Then, there exists co € (0,1)
such that for any positive number N and 0 < h < |z — y|/16, we have

C(N 1 Vi(z 1
| K2, y)| < \(m)/\ T (/ 7( ZH dzt )
(1+ o) ) |z —y] B(a,Ja—y|) 1T = 2] |z — y|
and
|K($y+h) (xy)|
C(N hco v 1
S ‘(;C—)‘ N co+d—1 (/ (23171 dz + )a

where Kj(x,y), j=1,...,d, are the kernels of the Riesz transforms R;.
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In order to prove Theorem 3.6, we need also the following two technical lemmas,
whose proofs will be given in Section 6.

Lemma 5.12. Let 1 < g < d/2 and ¢y be as in Lemma 5.11. Then, Rj(a) is C
times a classical (H*, q, co)-molecule (e.g. [40]) for all generalized (H} ,q, co)-atom
a related to the ball B = B(xo,r). Furthermore, for any N > 0 and k > 4, we
have

CN)

Q—kCO |2kB|1/q_1,
1+ )"

(5.7) | Rj(a)HLq(2k+1B\2kB) =

where C(N) > 0 depends only on N.

Lemma 5.13. Let 1 < q < d/2 and § > 0. Then, for every f € BMO(RY),
g € BMOy ¢(R?) and (H},q)-atom a related to the ball B = B(xq,7), we have

H (g gB) ||L1 <C Hg”BMOL 0

and
| (f = fB) (9 — 9B) R;(a)|| ., < ClIfllBmo llgllBMOL 4-

Proof of Theorem 3.6. Suppose that b € BMOlog > (RY), ie. be BMOIE%(Rd) for
some 6 > 0. By Proposition 3.2 of [47], in order to prove that [b, R; ;] are bounded
on H}(RY), it is sufficient to show that || [b, Rj](a a)llg < CHbHBMOIEgG for all

(H},d/2)-atom a. Similarly to the proof of Theorem 3.5, it remains to show

(5.8) [ (6= b5)all ;< Cllbllpyoes,
and
(5.9) 16 =b5) Rj(@)]| y < C lbllpyioi,

hold for every (H},d/2)-atom a related to the ball B = B(zg,r), where the con-
stants C' in (5.8) and (5.9) are independent of b, a.

As before, we leave the proof of (5.8) to the interested reader.

Let us now establish (5.9). Similarly to the proof of Theorem 3.5, Lemma 5.13
allows to reduce (5.9) to showing that

(5.10) tog (e 222) || 6~ bis) By )] .. < C Bl

Setting & = ¢ /2, there is a constant C' = C'(g) > 0 such that for all k£ > 1,

(5.11) log (e + @) < 2% log (e + (;gff?)n)km).
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Note that 7 < Cpp(z) since a is a (H},d/2)-atom related to the ball B(zg,r).

In (5.7) of Lemma 5.12, we choose N = (ko + 1)6. Then, Holder inequality, (5.11)
and Lemma 5.9 allow to conclude that

log(eer >H (b—0bg) Rj(a ||L1

= log (e + ) || (b—bp) R ||L1 (24B)
+ Z log (e + %) | (b—bp) Rj(a/)||Ll(2k+lB\2kB)
k>4

ko+1
< Clog (o + (222" )||bf bl 1ty g1 185 0) 10

+022ks log <e+(2k+1 ) > || bBHLﬁ(zkHB) ||Rj(a)HLd/2(2k+lB\2kB)
k>4

—k
< CBllparors, + C IBllpaores, D k27
k>4

<C ”b”BMolLO%

where we used ¢g = 2¢. This proves (5.10), and thus [b, R;] are bounded on H} (R%).

Conversely, assume that [b, R;] are bounded on H}(R?). Then, although b
belongs to BMOlog (R9) from a duality argument and Theorem 2 of [7], we would
also like to give a dlrect proof for completeness.

As beBMOy, o(R?) by assumption, there exist § >0 such that b€ BMOy, o(R%).

For every (H},d/2)-atom a related to some ball B = B(wg,r). By Remark 2.4
and Lemma 5.13,

| Rl =b5) 0l < |6 = bs) Rifa) 2 + € b Ril

< Cbllsymo, 4 + C | [b Ril|| 111

1
L—HL

I )|

hold for all j = 1,...,d. In addition, noting that r < Cpp(x¢) since aisa (H},d/2)-
atom related to some ball B = B(zg, r), Holder inequality and Lemma 1 of 7] (see
also Lemma 6.6 below) give

| (0—bB)al,, <IIb—"bsllra@-—=p)llalLizm < ClblBmoy ,-

By the characterization of H}(R?) in terms of the Riesz transforms (see [16]),
the above proves that (b — bg)a € Hi (R?), moreover,

d
(5.12) | (b =bp)all,, < C(IIbIIBMoL,e +> |, Ra’]HHbH;)

j=1

where the constant C' > 0 is independent of b, a.
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Now, we prove that b € BMOlog 5(R?). More precisely, the following:

log(e + p(0) /7) :
m MO(b, B(xo,7)) < C(”b”BMOL,e + Z | b, Rj]HHiﬁHi)

j=1

(5.13)

holds for any ball B(zg,r) in R? In fact, we only need to establish (5.13) for
0 <7 < p(zg)/2 since b € BMOy, o(R?).

Indeed, in (5.12) we choose B = B(xo,r) and a = (2|B|)~'(f — f5)x5, where
f =sign (b—bp). Then, it is easy to see that a is a (H},d/2)-atom related to the
ball B. We next consider

p(o

))+X<rp<xo>](| m0|)1og( p(z0) )

9o (@) = Xjo) (|2 = w0 log (2 Fy——

Then, thanks to Lemma 2.5 of [33], one has |/gs,.r|[BM0, < C. Moreover, it is
clear that g,,.(b — bg)a € L'(R?). Consequently, (5.12) together with the fact
that BMO (R?) is the dual of H}(R?) allows us to conclude that

log(e + p(wo) /7) p(0)
mMO(b»B(%a ) < 3log (252) MO(b, B(wo, 7))
- / 9ao.r(z) (b(z) — bB) alz )dm‘ < 6[gzo,rllBMOL [|(B—bB) all g1

(Hbl\BMoLﬁZ 6By i)

j=1
where we used r < p(z9)/2 and
1
b(z)—b d b(z)—b dz.
0w =bs)ate)de = grmes [ (@) <] do

B(xo,r)

This ends the proof. O

6. Proof of the key lemmas

First, let us recall some notations and results due to Dziubanski and Zienkiewicz
n [16]. These notations and results play an important role in our proofs.

Let P(z) = (47r)*d/2e"x‘2/4 be the Gauss function. For n € Z, the space
h}(R?) denotes the space of all integrable functions f such that

pe(z,y) f(y) dy| € L*(RY),

M f(x) = sup [Py*f(z)] = sup
0<t<2-m 0<t<2—m

R4
L |z —y/? . .
where the kernel p; is given by p(z,y) = (4mt)~%2e~ "3 —. We equipped this
space with the norm || f||n: := || M f|l L1
For convenience of the reader, we list here some lemmas used in our proofs.
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Lemma 6.1 (see [16], Lemma 2.3). There exist a constant C > 0 and a collection
of balls Byy, = B(xni,27"?), n € Z,k = 1,2,..., such that x, € By, B, C
Uy Bn,k, and

card {(n',k') : B(anx, R27"?) N B(wp w, R27/?) #£ 0} < R
for allm,k and R > 2.

Lemma 6.2 (see [16], Lemma 2.5). There are nonnegative C*°-functions ¥y, i,
n € Z,k=1,2,..., supported in the balls B(x, 1,2 ~"/?), such that

S up=1 and [Vuplz~ < C2%

n,k

Lemma 6.3 (see (4.7) in [16]). For every f € Hi (R?), we have

S e fllns < ClL s

n.k
To prove Lemma 5.4, we need the following.
Lemma 6.4. There exists a constant C = C(p,d) > 0 such that
(6.1) | f = &o-nse* fllgu SCIfllny,  for alln € Z, f € by (RY).

The proof of Lemma 6.4 can be found in [20]. In fact, in [20], Goldberg proved
it just for n = 0; however, by dilations, it is easy to see that (6.1) holds for every
n € Z, f € h:(RY) with an uniform constant C' > 0 depends only on ¢ and d.

Proof of Lemma 5.4. It follows from Lemma 6.4 and Lemma 6.3 that

19l = || 3 Worf = - = War ),

n,k

< || nsf = pawax @usD||, < CX Wonifllng < C NSl

n,k n,k
for every f € H}(R?). This completes the proof. O

For 1 < ¢ < co and n € Z. Recall (see [16]) that a function a is said to be a
(h}, q)-atom related to the ball B(xg,r) if < 217"/2 and

(i) supp a C B(zo,r),
(it) llallze < |B(ao,m)[V/e71,
(ili) if r <2717"/2 then [, a(z)dz = 0.

In order to prove Lemma 5.5, we need the following lemma.
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Lemma 6.5. Let 1 < ¢ < oo, n € Z and x € B,. Suppose that f € hl(R%)
with supp f C B(x,2'=™/2). Then, there are (H},q)-atoms a; related to the balls
B(zj,7;) such that B(zj,r;) C B(x,227/?) and

F=Y "Naj, D INISCU Sl
j j

with a positive constant C independent of n and f.

Proof. By Theorem 4.5 of [16], there are (hl,q)-atoms a; related to the balls
B(zj,r;) such that B(x;,r;) C B(z,227"/2?) and

=D Nas Dl < Clllag
J J

Now, let us establish that the a;’s are (H},q)-atoms related to the balls
B(xj,75).

Indeed, as z; € B(x,227"/2) and = € B, Proposition 2.1 implies that r; <
227n/2 < Cpp(zj), where Cp is as in (2.4). Moreover, if r; < &p(mj), then
Proposition 2.1 implies that r; < 2717"/2 and thus [, a;(z)dz = 0 since q;
are (hl,q)-atoms related to the balls B(xj,7;). These prove that the a;’s are
(H},q)-atoms related to the balls B(x;,r;). O

Proof of Lemma 5.5. As T € Ky, there exist g € (1,00 and £ > 0 such that
(6.2) || (b - bB)TaHLl <C HbHBMO

for all b € BMO(R?) and generalized (H} ,q,)-atom a related to the ball B.

From the fact that ]H[lL’%’n(Rd) is dense in ]H[i";’t (RY) = H}(RY) (see Theo-
rem 2.5), we need only prove that

()l = || 0. TI(f =B 0 < ClFllaz [bllsnmo

holds for every (f,b) € HlL’%’i(Rd) x BMO(RY).

For any (n,k) € Z x Z*. As z, 1 € By, and ¢y, 1 f € hL(RY), it follows from
Lemma 6.5 and Remark 2.4 that there are generalized (H} , g, €)-atoms a?’k related
to the balls B(z" F N ¥y such that Bz} o k) C B(znx,2%7/?) and

(6.3) Gnif =Y NPFaE, ST AE] <
J

J

with a positive constant C' mdependent of n,k and f.
Clearly, supp pg—n/2 * a e B(xp 5, 5.2~ ”/2) since supp ¢ C B(0, 1) and supp

a? e B(2n x, 227/2); the following estimate holds:

lipa—nrz % a5 F Lo < llponrellzalla] ™ rr < (272)* /D] s

< C| B(wnp, 527"/
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Moreover, as T,k € By,

5.27"/2\e
Cppka P da| < "y a™k <C( ) .
| [ o v i da] < paalun oMl < € (32—

These prove that ¢g-n/2 * a?’k is C times a generalized (H},q,¢)-atom related to
B(2n x,5.27"/2). Consequently, (6.2) yields

n,k
(6.4) || (6= bp, ,5.2-m/2) T(po-nse xai )| . < CllbllBMmo-
By an analogous argument, it is easy to check that
n,k

(o—n/2 * a; )(b— bB(xn,k,azfn/Z))

is C||b|lpmo times a generalized (H7p, %,E)-atom related to B(zp,5.27"/2).
Hence, it follows from (6.3) and (6.4) that

| 16 ] (92-rnr2 % (n k)| 1o < || (0= 0B 5.2-nr2)) T(Po-nre % @) 12
+ H T((b = bp(a, ,5.2-7/2)) (P2-n/2 * (?/Jn,kf)))’
(6.5) < C|[Ynkflln [|b

where we used the fact that T is bounded from H} (R?) into L'(R9) since T' € K.
On the other hand, by f € H}ﬂ_{i(Rd), there exists a ball B(0, R) such that

supp f C B(0,R). As B(0,R) is a compact set, Lemma 6.1 allows to conclude
that there is a finite set T'r C Z x ZT such that for every (n,k) ¢ I'g,

Ll

nt [10]|BMO,

B(zn 1,2 7"?) N B(0, R) = 0.
It follows that there are N, K € Z* such that
N K
f = an,k.f = Z an,kf-
n,k n=—N k=1

Therefore, (6.5) and Lemma 6.3 yield

N K
0l < | D S| BT (o W) |

n=—N k=1 Lt
< Clplevo Y [Unkfllny < Cliflla IblBro,
n,k
which ends the proof. O

Proof of Lemma 5.9. First, we claim that for every ball By = B(xq,70),

(ko+1)0
I+ o)™

(z0)
log (e + (%)k‘)“)

66 (g [ W) fmlay) <o

@ B ”f”BMolL‘)i'
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Assume that (6.6) holds for a moment. Then,

1/q
9d
|2kB| / - f5l y)

1/q k1
= Qch|/ f2kB|qdy) +Z::0|f2a+13—f2a3|

(ko+1)0 J+1,1 0
0ty )0 T +§j¢£ii@l—wu 1
>~ log( )k) +1) BMO Og g <€+ p(a:) ) BMOE%

27+1p
k)0+1)9

&
(P
(1+

2
px
log (e + (5

<Ck

)k0+1) HfHBMolLoyge'

It remains to prove (6.6). Let us define the function h on R as follows:

1, HARS BOv
o — | —
W)= Zolrm ol Cop B,
To

0, x ¢ QB(),

and notice that
|z —yl

(6.7) |h(x) — h(y)| < e

Setting f := f — fap,. By the classical John—Nirenberg inequality, there exists
a constant C' = C(d, ¢) > 0 such that

/q a 1/a
(1 J, 1100 = 1) ™ = (157 [, 14070 = 7y )
< C||hf]Bumo-
Therefore, the proof of the lemma is reduced to showing that
(ko+1)6

(1+70/p(x0))

h~ < C log
|| f”BMO = 10g (6 + (p(-rO)/TO)koJrl) H‘ICHBMOL,G

namely, for every ball B = B(z,r),

ot ro/plao) ™"
(6.8) |B|/ |h(y)f(y) — (hf)p|dy < 1og(e+(( RYERTTEEY (Fi{s

Now, let us focus on inequality (6.8). Noting that supp h C 2By, inequal-
ity (6.8) is obvious if BN 2By = (. Hence, we only consider the case BN 2By # 0.
Then, we have the following two cases:
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The case r > ro. The fact BN 2By # () implies that 2By C 5B, and thus

IBI/ | h(y)Fy) — (b ;dy<2|B|/|h Y| dy

(14 2ro/p(0))’ T
log (e + p(x0)/(2r0)) ' "BMOLG

f2Bo|dy =

)) (ko+1)0

|QBO| BO

0+ ro/p(zo T
log (e + (p(xo) /ro)ko 1) I 'BMOLY

<C

The case r < ro. Inequality (6.7) yields
h(y hf Bldy <2— / h(y thB dy
EIAK %<2 J, 1M |

<2157 [, 106 () = Tl
+2|f3|®/ ﬁwh(m—h(y))dy\dm

(6.9) <2 [ 17 = ol dy+ 42 1f = fon|.

By r <1y, B= B(z,r) N B(xo,70) # 0, Proposition 2.1 gives

_ k ko+1
"o T (1+|m xol)ogc(u o ) .

p(z) = plx) = p(xo) p(zo) (7o)
Consequently,
. (/o))"
|B| / I - log(e+p( )/7) ”f”BMOlOg
1+ To/P(ﬂco))(kOH)e
(6.10) log (e + (P(mo)/ro)ko‘*‘l) HfHBMolLoge’
and
L (1+ 2370 /p(z))°

| F(W) = fBG20m) [ dy < log (¢ + p(x)/(25r0)) 1 llmnogs,

(1 + To/p(:co)) ko+1)6
IOg (6 —+ ( ( )/7’ )k0+1) ||f||BM01°g .

|B(.Z‘, 237“0)| B(z,2370)

(6.11)

Noting that, for every k € N with 21y < 237,
qa 1
D]y

(1 + 20/ (@) (14 ro/ plao
log (e + P(m)/(237“0)) ”f”BMOlLOf% <C log (e n (p(mo)/To)kO'H) ”f”BMO‘LOEGv

|f(y) = forripldy

|fort1p — forp| < 2

)) (ko+1)0

<C
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allows us to conclude that

(1 + ro/plao)) "
ok (e + (plaa) frayot) | IBv0l

Then, the inclusion 2By C B(z,23rg), together with the inequalities (6.9),
(6.10), (6.11) and (6.12), yield

5 [ 1nw hf>B|dy<2|B|/ £w) ~ foldy
+ 4= (| f50.m = fo25m)| +4"MO(f, B, 270)))
To

(1 +ro/p(a)) """
log (e + (p(xo)/ro)ko+1) HfHBMolOf%

(6.12) | fB(w,m)—fB(w,20r0)| < Clog(e + ro/7)

<C<1+—log<e+ ))
(14 ro/plao)) ™’ T
> log (e n (p(fﬂo)/To)kOH) BMOLO,ge’

where we used ;- log(e+ %) < supy<; tlog(e+1/t) < oo. This ends the proof. O

By an analogous argument, we can also obtain the following, which was proved
by Bongioanni et al (see Lemma 1 of [7]) through another method.

Lemma 6.6. Let 1 < g < oo and 0 > 0. Then, for every f € BMOLﬁ(Rd),
B = B(x,r) and k € Z, we have

|2kB|/ fB|qdy) <0k(1+m

Proof of Lemma 5.10. (i) Assume that T is a (0, L)-Calderén—Zygmund operator
for some § € (0, 1]. For every generalized (H},2,§)-atom a related to the ball B, as
T*1 = 0, Lemma 4.4 implies that T'a is C times a classical (H*, 2, §)-molecule (see
for example [40]) related to B, and thus ||Ta||g: < C. Therefore, Proposition 2.7
yields T maps continuously H} (R9) into H'(R?).

(ii) By Lemma 4.3, Lemma 4.4 and Holder inequality, we get

| (f = fB) (9 —98)Tall,,

= H (f - fB) (g - gB)TaHLl(2B) + Z || (f - fB) (g - gB)TaHLl(QM—lB\QkB)
k>1

<|f- fB||L2‘1’(2B) g — QBHL2Q’(2B) 1T (a)ll e

(ko+1)6
) I lsvo,-

+ Z If- fB||L2q’(2k+1B) llg — gB”L?‘I'(Zk‘HB) ||T(a)HL‘1(2’“+1B\2’€B)
k>1

< C|flsmollglemo+d . Cle+1)%[ fllsmollglsmol2E T B[V 27k |2k /-t
k>1

< C|/fllsmollgllBMmo,

where 1/g+1/¢' = 1. O
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Proof of Lemma 5.12. It is well-known that the Riesz transforms R; are bounded
from H}(R?) into H'(R?), in particular, one has [y, R;(a)(z)dz = 0. More-
over, by the Li-boundedness of R; (see [39], Theorem 0.5) one has ||R;(a)|ra <
C|B|*/a=1. Therefore, it is sufficient to verify (5.7). Thanks to Lemma 5.11, as a
is a generahzed (H},q,co)-atom related to the ball B, for every x € 2*+1B \ 2FB,

|<’/ i(z,y) j(mmo dy‘+|K mm0|‘/ dy'
</ C(N) ly — x|
(14 fo = ol /ple)) " T b = ol

V(=) 1
——t—dz+ ——— b |a(y)| dy
{/B(a:,h:—a:o) |.Z‘ - Zld_l |l‘ - .Z‘0| } | ( )|
C(N) 1

(1+ fz = ol /(o)) ™ T | = ol

V( ) co
(/B@,x_m) et ) ()

(6.13)
ow (1 / LGP iy
T Z)M N 22 @)t g e o =2l 2RB

Here and in what follows, the constants C'(N) depend only on N, but may change
from line to line. Note that for every z € 2¥*1B\2*B, B(z, |z —x¢|) C B(z,2""1r)
C B(zo,2F2r). The fact V € RHg/s, d/2 > q > 1, and Hélder’s inequality yield

(6.14) H/ Lzl_ldz‘
B(z,|z—x0]) |.Z‘ - Zl

< (2M+1p)l-2/d {/ (/ W2 dZ>QQ/d dm}l/q
- S t1B\2kB \J B(a2ktiny [T — 2471

d/2 2/d
< C (2Fr)1-2/d |2k+1B|1/q—2/d{/ dx/ IV(z)|di1 dz}
B(z,2k+1r) B(wo,25+2r) |z — 2|

< C2%r |2kB|1/q—1/ V(2)dz.

B(xzo,2k+27)

La(2k+1B\2F B,dz)

Combining (6.13), (6.14) and Lemma 1 of [21], we obtain that
C’(N) <r602kr|2k3|1/q*1 1
)N

(1 + (xo) (Zkr)d+co_1 (1 + 2?12;)1\[0

| Rj(a)

HL‘I(2’€+13\2’<B) =

2-
V(z)dz + |2’““B|1/‘1>
/]3(300,2’“‘*'27") |2kB|
cv)
= (L 25/ p(xo))N
where Ny = log, Co+1 with Cy the constant in (2.1). This completes the proof. O

Q—kCO |2kB|1/q_1,
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Proof of Lemma 5.13. Note that r < Cpp(xo) since a is a (H},q)-atom related to
the ball B = B(zq,r); and a is C,® times a generalized (H}, g, co)-atom related to
the ball B = B(xg,r) (see Remark 2.4). In (5.7), we choose N = (ko + 1)0. Then,
Holder’s inequality and Lemma 6.6 give

oo

|| (9—9B) Rj(a)HLl = H (9—9B) Rj(a)||L1(24B)+ZH (9—9B) Rj(a)HLl(gk-HB\QkB)
k=4

< g =98l @ip) 1Rl Lamsra [la]|La

+ Z g — 9Bl Lo @er15\2x 5y 1R5(@) || La(ar+1B\2x B)
k=4

2k+1r>(ko+1)9

plx)
Q—kCO |2kB|1/q—1

[ee]
< Cllgllsmo, , + CZ(k +1) |2’€+1B|l/q’ (1 +
k=4

1

o\ (ko+1)0
L+ 25

“|lgllBMoy

< CllgllBmoy 45

where 1/g +1/¢’ = 1. Similarly, we also obtain that
| (f = fB) (9= g8) Rj(a)|| . = | (f = fB) (9 — 98) R;j(@)|[ 11 s 5

+ Z | (f = fB) (9 —9B) Rj(a)HLl(Q’“‘HB\T“B)
k=4

< |f = fBllz2e @imy |9 = 9Bl 20 (21 | Bj(a)][ Lo

+ Z If— fBHLZq/(2’€+1B) g — 9B||L2q’(2k+13) |R;j(a)llLa(er+15\25 B)
k=4

< C | flismo llgllBMoy, 4

which ends the proof. O

7. Some applications

The purpose of this section is to give some applications of the decomposition
theorems (Theorem 3.1 and Theorem 3.4). To be more precise, we give some
subspaces of H} (R9), which do not necessarily depend on b and T, such that all
commutators [b, T], for b € BMO(RY) and T € K, map continuously these spaces
into L'(R?).

Especially, using Theorem 3.1 and Theorem 3.4, we find the largest subspace
H};b(Rd) of H}(R?) so that all commutators of Schrédinger—Calderén—Zygmund
operators and the Riesz transforms are bounded from Hi’b(Rd) into L'(R%). Also,
it allows to find all functions b in BMO(R?) so that Hj ,(R?) = Hj (R?).
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7.1. Atomic Hardy spaces related to b € BMO(R?)

Definition 7.1. Let 1 < ¢ < 00, € > 0 and b € BMO(R?). A function a is
called a (Hi,b,q,e)—atom related to the ball B = B(zg,r) if a is a generalized
(H},q,e)-atom related to the same ball B and

(7.1) ‘/Rda(m) (b(a) — b) de| < (p(;0)>6'

As usual, the space Hi”%’E(Rd) is defined as Hqumf (RY) with generalized (H},q,¢)-
atoms replaced by (Hi}b, q,€)-atoms.
Obviously, H,%°(R%) C HlL’?af (RY) = H} (RY) and the inclusion is continuous.

Theorem 7.2. Let 1 < ¢ < oo, ¢ > 0, b € BMO(R?) and T € K. Then, the
commutator [b,T) is bounded from H}J:’é’s (RY) into L*(RY).

Remark 7.3. The space H} (R?) which has been considered by Tang and Bi [44]
is a strict subspace of Hé’%’E(Rd) in general. As an example, let us take 1 < g < oo,
e>0,L=-A+1, and b be a non-constant bounded function, then it is easy
to check that the function f = xp(o,1) belongs to H}J:’é’s (RY) but not to H}(R?).
Thus, Theorem 7.2 can be seen as an improvement of the main result of [44].

We should also point out that the authors in [44] proved their main result
(see [44], Theorem 3.1) by establishing that

| b, Rj)(a)|| .. < CllbllBmo

for all H}-atom a. However, as pointed in [8] and [28], such arguments are not
sufficient to conclude that [b, R;] is bounded from H;}(R?) into L'(R) in general.

Proof of Theorem 7.2. Let abe a (Hi,b, q,€)-atom related to the ball B = B(xg, ).
We first prove that (b — bg)a is C ||b||pmo times a generalized (H}, (g + 1)/2,¢)-
atom, where ¢ € (1,00) will be defined later and the positive constant C' is inde-
pendent of b, a. Indeed, one has supp (b — bp)a C supp a C B. In addition, from
Holder inequality and John—Nirenberg (classical) inequality,

| (0=b5) a2 <[ (0=05) X5y /v lalla < Cllblleao | BT/ @D,

where § = ¢ if 1 < ¢ < co and ¢ = 2 if ¢ = co. These together with (7.1) yield
that (b — bg)a is C ||b||pmo times a generalized (H}, (¢ + 1)/2,)-atom, and thus
(b —bp)allm; < CblBymo-

We now prove that &(a, b) belongs to H} (R9).

By Theorem 3.4, there exist, for 7 = 1,...,d, bounded bilinear operators
R;: Hi (RY) xBMO(RY) — L'(R?), such that

[b, Rj](a) = R;(a,b) + R;(S(a, b)),
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since R; is linear and belongs to Ky, (see Proposition 4.2). Consequently, for every
j=1,....d,as R; € K,

| Ri(&(a,b))||,. = || (b—bB) R;(a) — R;((b — bg)a) — R,(a,b)]| .,
|| (b—bB) R HL1+HR a1 || (0= bB GHHHFH% (a,0)| L
||b||BMO~

This together with Proposition 5.6 prove that &(a,b) € H:(R?), and moreover
that

(7.2) 16(a, b))l < CllbllBymo-

Now, for any f € Hl’q’s (R%), there exists an expansion f = Y7, Agar where
the ay are (Hp 4, q,¢)- atoms and Yoo [Ae] < 2HfHH1qE Then, the sequence

{>"h_1 Akak n>1 converges to f in Hé’q’ (R9) and thus in H}(R%). Hence, Propo-

sition 5.6 implies that the sequence {G(Zzzl Ak, b) bn>1 converges to &(f,b)
in L'(R9). In addition, by (7.2),

HG(iwk»b)H <3 Il 16 By < C e Ibllsco
k=1 k=1

We then use Theorem 3.1 and the weak-star convergence in H; (R?) (see [29])
to conclude that

[0, 71 e < IR2 (£, 000 + 1T Ny 00 16(F 0y
< Ol fllay olevo + Cllfll gras [bllBmo < Cllf[l g IbllBMmO,

which ends the proof. O

7.2. The spaces HJ, ,(R?) related to b € BMO(R?)

In this section, we find the largest subspace Hi,b(Rd) of H} (R?) so that all com-
mutators of Schrodinger—Calderén—Zygmund operators and the Riesz transforms
are bounded from H};b(Rd) into L!(R?). Also, we find all functions b in BMO(R9)

so that Hj ,(R?) = Hj(R).
Definition 7.4. Let b be a non-constant BMO-function. The space Hi’b(Rd)
consists of all f in H}(R?) such that [b, M](f)(x) = Mp(b(z)f(-) — b(-)f(-))(x)
belongs to L'(R?). We equipped ’Hi,b(Rd) with the norm

£1l32t,, = If e Ibllmato + || b, ML -

Here, we just consider non-constant functions b in BMO(R?) since [b,T] = 0
if b is a constant function.
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Theorem 7.5. Let b be a non-constant BMO-function. Then, the following state-
ments hold:

(i) For every T € Kr, the commutator [b,T] is bounded from Hj ,(R) into
L' (RY).

(ii) Assume that X is a subspace of HL(R?) such that all commutators of the
Riesz transforms are bounded from X into L*(R?). Then, X C Hib(Rd).

(i) H} ,(R?) = H}(RY) if and only if b € BMOY*(RY).
To prove Theorem 7.5, we need the following lemma.

Lemma 7.6. Let b be a non-constant BMO-function and f € HE(RY). Then, the
following conditions are equivalent:

(i) fe My, (RY.
(i) &(f,b) € HL(RY).
(iii) [b, R;](f) € L*(R?) for all j = 1,...,d.

Furthermore, if one of these conditions is satisfied, then

£ a2y, =z NolBato+ [ 1B, MO e = 1 f Ly [bllBro + 1SS, b)llary

d
1 L [8llmsto+ D | b RA 11,

j=1
where the constants are independent of b and f.

Proof. (i)« (ii). As My € K1, (see Proposition 4.5), by Theorem 3.1, there is a
bounded subbilinear operator R : Hi (R?) x BMO(R?) — L!(R?) such that

Consequently, [b, Mr](f) € L*(R?) if and only if &(f,b) € H} (R?); moreover,

[fllaee , = [f1lmy bllBro + S, 0) [y -

(ii) & (iii). As the Riesz transforms R; are in Ky (see Proposition 4.2), by
Theorem 3.4, there are d bounded subbilinear operator R; : Hi (R?) x BMO(R?) —
LY(RY), j =1,...,d, such that

b, B;](f) = R;(f,b) + R;(S(f,1))-

Therefore, &(f,b) € Hi (R?) if and only if [b, R;](f) € LY(RY) for all j =1,...,d;

moreover,

d
£ 1Lz bIBreo + IS0 ey ~ Iy Ibllsvo + D || R - B

j=1



1368 L.D. Ky

Proof of Theorem 7.5. By Theorem 3.1, there is a bounded subbilinear operator
Rr: HE(RY) x BMO(RY) — L'(R?) such that

Applying Lemma 7.6 gives for every f € Hi,b(Rd),

[ . TVH L < NT Wz o0 16,01z + (R (£, 0)]] 22
< Clflls, +C s Ibllmato < C 1 fles .
Therefore, [b, T is bounded from Hi,b(Rd) into L'(R?). This ends the proof of (i).

The proof of (ii) follows directly from Lemma 7.6.
The proof of (iii) follows directly from Theorem 3.6 and Lemma 7.6. O

7.3. Atomic Hardy spaces H % (R?)
Definition 7.7. Let o € R. We say that the function «a is a HlLo}ga—atom related to
the ball B = B(zg, r) if

(i) supp a C B,

(ii) flallz2 < (log (e+ 2222))*|B|=1/2,
(iii) / a(x)dr = 0.
Rd

As usual, the space HlLoi (R?) is defined as HlL’?af with generalized (H},q,¢)-
atoms replaced by H lLo,ga—atoms.

Clearly, H}—j%(Rd) is just H'(R?) C H}(R?). Moreover, H}—fi (RY) C H}:Oi, (R%)
for all @ < /. Tt should be pointed out that when L = —A 4+ 1 and o > 0, then
HlLoi (R?) is just the space of all distributions f such that

Miw/A L
/Rd (log(e + () n)" <

for some A > 0. Moreover (see [27] for the details),

a0 WA
e, ~ i r>0 [ ey < 1)

Theorem 7.8. For every T € K1, and b € BMO(R?), the commutator [b, T is
bounded from HlL‘i’il(Rd) into L*(RY).

Proof. Let a be a Hkil—atom related to the ball B = B(xzg, ). Let us first prove

that (b—bp)a € Hi (R?). As H} (R?) is the dual of VMO (R?) (see Theorem 5.8),
it is sufficient to show that for every g € C°(R9),

H (b— bB)a’gHLl < C||bllBmo [lgllBMOL -
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Indeed, using the estimate |gp| < C'log(e+p(x0)/7)|l9]lBMO,, (see Lemma 2 of [15]),
the Holder inequality and the classical John—Nirenberg inequality give

< |[(g—98) (b—bs)al|,, + 95| (b bs)al|,

<\ (g—g8)xB| . || (6—05)x5| . llallL

p(xo)

+C log (e + 222 llgllnio, || (6 = b) xa |2 lall

< Cljbllsmo llgllBMmoy, »

which proves that (b —bg)a € Hi(R?), moreover, ||(b—bg) allg: < C'|[bllBmo-
Similarly to the proof of Theorem 7.2, we also obtain that

16Dl < Cllfl e [Blono
for all f € HILO% L(R?). Therefore, Theorem 3.1 allows to conclude that

116 TV 2 < Cllfll gz, [BllBM0,

which ends the proof. O

As a consequence of the proof of Theorem 7.8, we obtain the following result.

Proposition 7.9. Let T € K. Then, T(f,b) := [b,T](f) is a bounded subbilinear
operator from Hkil(Rd) x BMO(R?) into L'(R9).

7.4. The Hardy-Sobolev space H}'(R%)

Following Hofmann et al. [23], we say that f belongs to the (inhomogeneous)
Hardy—Sobolev Hi’l(Rd) if f,00, fy--.,0u,f € HL(R?). Then, the norm on Hi’l(Rd)
is defined by

d
||f||H£’1 = I fllaz + Z 10, fll 1 -
j=1

It should be pointed out that the authors in [23] proved that the space H" X (R%)
is just the classical (inhomogeneous) Hardy—Sobolev H''1(R9) (see for example [1]),
and can be identified with the (inhomogeneous) Triebel-Lizorkin space F}"*(R%)
(see [26]). More precisely, f belongs to H11(R?) if and only if

Wo(h) = { S [P i) e L,

I oc€€

moreover,

(7:3) e = Wy ()L

Here {97 }scs is the wavelet as in Section 4.
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Theorem 7.10. Let L = —A + 1. Then, for every T € Kz, and b € BMO(RY),
the commutator [b, T is bounded from Hi’l(Rd) into L*(R?).

Remark 7.11. When L = —A 4+ 1, we can define H(f) = f — ¢ = f instead

of H(f) = 22, x(Wnkf — Pa-ns2 * (Ynkf)) as in Section 5. In other words, the
bilinear operator & in Theorem 3.1 and Theorem 3.4 can be defined as &(f,g) =

~I(f —px* f,9). As H(f) = f — @ = f, it is easy to see that
0z;((f)) = H(0s, f)-

Here and in what follows, for any dyadic cube Q = Q(y,r) := {z € R?: —r <
xj—y; <rforalj=1,...,d}, we denote by Bg the ball

Bo:={zeR: |z —y| < 2\/&7‘}.
To prove Theorem 7.10, we need the following lemma.

Lemma 7.12. Let L = —A+ 1. Then, the bilinear operator II maps continuously
HY(RY) x BMO(R?) into H} (R?).

Proof. Note that p(x) = 1 for all 2 € R? since V(x) = 1. We first claim that there
exists a constant C' > 0 such that

(7.4) [+ @3 |y < ©

for all dyadic I = Q[zg,r) and o € £. Indeed, it follows from Remark 5.2 that supp
(1+ 1|74~ (9)2 C el C eBy, and it is clear that [|(1+ |I|7Y4) "1 (49)?| L= <
79|l L < CleBr|~!. In addition,

‘/ (L4 1Y) @] (@) de| = (L+ |17V < C :
R4 p(xo)
Hence, (1 + |I|7*/4)~1(9)? is C times a generalized (H}, oo, 1)-atom related to
the ball ¢By, and thus (7.4) holds.

Now, for every (f,g) € H“'(R%) x BMO(R?), (7.4) implies that

1Tl = | 3000808 .0 )7

Hl
I oe& L

<SS (1w (A +11177) g, 67)

1 oce&
< CIWy (Nl gl zoz < ClILf Il llglismo,

where we have used the fact that BMO(R?) = F9%2(R%) is the dual of H'(R?)
EY2(R), we refer the reader to [18] for more details.

o

Proof of Theorem 7.10. Let (f,b) € Hi’l(Rd) x BMO(R4). Thanks to Lemma 7.12,
Remark 7.11 and Lemma 5.4, we get

16(f, 0y < CUHH Nz [[blBvo < Cllfll g [[bllBmo-
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Then we use Theorem 3.1 to conclude that
[0, T o < IR0 (£, 0) e + 1Ty 00 16(F, D)1y < C LN 2 IBllBaso,

which ends the proof. O
As a consequence of the proof of Theorem 7.10, we obtain the following result.

Proposition 7.13. Let L=—-A+1 and T € Kr. Then, T(f,b) := [b,T](f) is a
bounded subbilinear operator from Hi’l(Rd) x BMO(RY) into L'(R4).
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