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Exponential integrability of mappings
of finite distortion

Tuomo Akkinen and Kai Rajala

Abstract. We consider mappings with exponentially integrable distor-
tion whose Jacobian determinants are integrable over the n-ball. We show
that the boundary extensions of such mappings are exponentially inte-
grable with bounds, and give examples to illustrate that there is not too
much room for improvement. This extends the results of Beurling [2], and
Chang and Marshall [3], [10] on analytic functions, and Poggi-Corradini
and Rajala [14] on quasiregular mappings.

1. Introduction

A mapping f: Q — R™, on a domain €2 C R™ has finite distortion if the following
conditions are fulfilled:

(a) fe Wl (R,

loc

(b) J; = det(Df) € LL,.(2),

loc
(c) there exists a measurable K;: Q — [1,00), so that for almost every x € 2 we
have
[Df(@)[" < Kg(x)Jf(x),

where |- | is the operator norm. If K < K < oo almost everywhere, we say that f
is K-quasiregular. If n = 2 and K = 1, we recover complex analytic functions.
See [15], [16] and [17] for the theory of quasiregular mappings, and [6], [7] for the
theory of mappings of finite distortion.

We consider mappings f: B™ — R™ for which f(0) =0 and

(1.1) / Jrdx < o,

where B"™ is the unit n-ball with Lebesgue measure a,.
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Our main results are concerned with mappings with exponentially integrable
distortion. More precisely, we assume that there are constants A, I > 0 such that

(1.2) / exp(AKy)dx < K.

We denote by F) i« the class of mappings satisfying these assumptions.

Integrating the derivative over radial segments and applying polar coordi-
nates, (1.1) and (1.2), it follows that if f € Fy x, then f has a radial limit f(&)
at almost every boundary point £ € S"~!. See [1] for the existence of radial limits
under milder assumptions. In this paper we prove an analog of known exponential
integrability results for the boundary extension f. We extend the results obtained
for analytic functions in [2] and [3] and for quasiregular mappings in [14] to the
class Fy x. We briefly recall these earlier results.

1.1. Exponential integrability for analytic functions

Let F1 be the class of analytic functions on the unit disc D with the above proper-
ties. Chang and Marshall proved the following sharp extension of an earlier result
by Beurling [2].

Theorem A ([3], Corollary 1). We have

2m
sup/ exp (|f(e”)[*) do < .
feFi Jo

This result is sharp in the following sense: define, for 0 < a < 1, the Beurling
functions B, : D — C, so that
1 1
log—1/2 ( )
1- az) 8 1—a?

Then, for each 0 < a < 1, B, € F1. Moreover, one can show that

Ba(2) = log (

2m
lim exp (v |Ba(ei9)|2) df = o0
0

a—1
for every v > 1. Essén [5] has generalized Theorem A, assuming instead of (1.1)
the weaker condition |f(D)| < 7.
1.2. Exponential integrability for quasiregular mappings

Let n > 2, and let Fx be the class of K-quasiregular mappings satisfying the above
properties. Theorem A was generalized by Poggi-Corradini and Rajala [14] in the
following form.

Theorem B ([14], Theorem 1.1). Let n > 2. Then

sup [ exp (al O/ de < .

feFK
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where
n \1/(n—1)
a=0-1)(5) :

Theorem B is sharp in dimension 2 in the sense that

27
sup [ exp (1 7)) do = o0
fEFK JO

for any v > 1/K. This can be seen by composing the Beurling functions with
a radial stretching, see Section 4. In higher dimensions, it is expected that the
theorem is not sharp for any K. The proof of Theorem B in [14] follows the
approach of Marshall [10] to Theorem A. A version of Theorem B for monotone
functions was proved in [12].

1.3. Exponential integrability for mappings of finite distortion

The main result of this paper is the following counterpart of Theorems A and B
for F k.

Theorem 1.1. Let n > 2 and \,K > 0. There exists a constant o = a(n, ) >0
such that

sup /SvH exp (a |f(§)|) d§ < oo.

feFak

This is sharp in the sense that there exists & = &(n, \) > « such that

sup [ exp (17(0)) de = .

fEF K

However, we do not know the best constant « in Theorem 1.1, even in dimension 2.
We discuss this issue in the next subsection.

1.4. Estimate for level sets

Marshall [10] gave a proof of Theorem A using an estimate of Beurling [2] on log-
arithmic capacity, together with sharp estimates established by Moser [11]. The
proof of Theorem B in [14] uses similar ideas and in particular an “egg-yolk prin-
ciple”, discussed in Section 5 below, and an extension of Beurling’s estimate to all
dimensions. We state a simple consequence of this estimate. Denote

Fo={¢es" " |f(9l>s}, Er={xeB" : |f(z)|=t}
and

A f(By) = / card f 1 (y) dH" 1 (y).

5m=1(0,t)
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Theorem C ([14], Theorem 1.5). Suppose that f is a K-quasiregular mapping in
a neighborhood of B such that | f(z)| < M whenever |z| <7 < 1. Then, for every
s> M,

H'H(F) < Cexp ( —(n—1) (%)1/("71) /1; (An_1f(gj))1/("_1)>’

where C' = C(n,r, K) > 0.

This result allows one to estimate the level sets of the boundary extension f
in the previous theorems, and it is sharp in dimension 2. We prove the following
version with exponentially integrable distortion.

Theorem 1.2. Suppose that f is a mapping of finite distortion in a neighborhood
of B", satisfying (1.2), such that |f(x)] < M whenever |z| < r < 1. Then, for
every s > M,

o s dt (n—1)/n
(13) H 1<Fs) SCleXp<C2(/M (_A f(E ))1/(n—1)> >7
n—1 t

where Cy,Cy > 0 depend on n and X\, and C1 also depends on r and K.

Theorem 1.1 follows from this estimate. We do not know the best constant Co
in Theorem 1.2, even in dimension 2. In Theorem C, the best constant can be
obtained by applying symmetrization methods to give sharp capacity estimates
for the conformal n-capacity. In Theorem 1.2 one needs to work with weighted
capacities, and it seems that symmetrization methods do not work here. Therefore,
we have to use a different method that does not give the best constant.

2. Proof of Theorem 1.1 assuming Theorem 1.2

Weaker versions of Theorem A and Theorem B, with constants below the critical
constant, are considerably easier to prove, using Theorem C. We demonstrate this
well-known fact. Since analytic functions are 1-quasiregular mappings, we only
consider Theorem B. First, recall that mappings in class Fx are equicontinuous.
In particular, there exists a constant ro = ro(n, K) > 0 such that

(2.1) [f(z)] <1 forevery |z| <1,

see [7]. We now claim Theorem B below the critical exponent. More precisely, we
claim that

(22) sup [ exp (1O D) de < o

feFk

whenever v < (n — 1)(n/(2K))Y/ (=1,
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Recall the notation Fy and A,_1 f(F:) from Section 1.4. To prove (2.2), we
apply Cavalieri’s principle and write

o0
/ exp (v [F(©)[""7V) dg = noy + —— / HrL(F) vV s (0D g,
sn—1 n— 0

Therefore, it suffices to bound

o0
/ H L (F,) e s ) g,
1

By Fatou’s lemma we may assume that f is defined on a neighborhood of B". Now
if s > 1 then by (2.1) and Theorem C we have

NV
wlm) < com (-0 (5) [ (Anlféf))” =

for all f € Fi. Moreover, Holder’s inequality, change of variables and (1.1) yield

dt
Et))l/(nﬂV

(2.3) (s — 1)n/(n71) < a}ﬂ"*l) /8
U (An-1 f(

and thus
W1 () < Coxp  — a(s - @),

where o = (n — 1)(n/(2K))"/ (=1, Therefore, since v < a,

o0
sup / H"‘l(Fs)e”’sl/(vkl)sl/(”_l) ds
feEFKJ1

o0
< C’/ e TP =a(s= )M Y 1/ (1) g < o,
1

In order to prove Theorems A and B one has to combine the arguments above
with a method developed by Moser [11] to give a sharp version of Trudinger’s
inequality. See Section 5 for further discussion.

As discussed above, we are not able to prove Theorem 1.1 with the best possible
constant. Therefore, the main difficulty in the proof is to establish Theorem 1.2.
This is more difficult than in the case of quasiregular mappings. Once we have
Theorem 1.2 at our disposal, Theorem 1.1 can be proved in a similar way as above.

Proof of Theorem 1.1. We repeat the steps above but with our new estimates.
First, the equicontinuity property (2.1) holds also in the class Fy x with rg =
ro(n, A\, K), cf. [7]. Let @ > 0 and f € F x. By Cavalieri’s principle we can write

/ exp (a|f(9)]) dgznan—i—oz/ H'H(Fy) e** ds
§n—1 0
and thus it suffices to bound

/ Ht (FS) e’ ds.

1
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Now if s > 1, then by equicontinuity and Theorem 1.2 we have

H”—l(pg) < (Cqexp ( — 02(/18 (An1f(gf))l/(nl))(n1)/”).

Moreover, (2.3) holds under our assumptions, and thus

H"il(FS) < C7exp ( — Oy a;l/"(s - 1))

Combining the estimates, we have
00 00 Z1i/m
sup / ?—["_1(Fs)eaS ds < C/ e~ C20n (571 g < oo,
feFrcJ1 1

if < Cy a;l/n. =

3. Proof of Theorem 1.2

3.1. Symmetrization and weighted modulus

We first discuss the methods used to prove Theorems C and 1.2. We will apply
modulus (or capacity) estimates. Let I be a family of paths in R”. Let p: R" —
[0,00] be a Borel measurable function. We say that p is admissible for T', or

p € Adm(T), if
/pds >1
.

for all rectifiable v € T'. If w is a non-negative measurable function, then the
weighted modulus Mod,, (T') is

Mod, (T") = inf " dx.
odo(D) = inf [ @)l do

If w = 1, then Mod(T") = Mod,,(T") is the conformal modulus.
Let 0 <7 < 1and M = max,<, |f(x)|. Consider the modulus of the family T’
of paths connecting B™(0,r) to Fs. Define

[ dt -1 [Df ()]l
31) pw) = (/M (A 1£(E))Y =) (Anr f(E)) Y

when |f(z)] =t € (M,s) and p(x) = 0 otherwise. Then p is admissible for T’
outside a negligible exceptional set. After a change of variables and an application
of the distortion inequality for f, this implies

Mody(1) < [ fe)" ds = (/M (An_lf(Zi))um-n)l".
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Therefore, Theorems C and 1.2 follow if a suitable lower bound for Mod, /g (I")
is found. In the case of quasiregular mappings, this amounts to proving a lower
bound for Mod(T"). In this case, the lower bound

n oy,

5 (1og Hn_l(Ff)l/(n—l) ) o

(3.2) Mod(T) >

can be established using symmetrization methods. More precisely, (3.2) is proved
by spherical cap symmetrization and it is sharp in the sense that the constant in
front of the logarithm is the best possible. Theorem C follows by combining the
estimates. See [14] and the references therein for details.

In the case of exponentially integrable K¢, one would also like to prove a sharp
lower bound for Mod /i (I') using symmetrization. It seems that symmetrization
methods cannot be directly applied to the weighted modulus. Using the exponen-
tial integrability of Ky one can, however, show that

Mod, /r(T) > C ¢ (Mod™(T)),
where o(t) = t/log(e + 1/t), and

Mod*(T) = inf / A COR
peAdm(T) Jpn log(e + p(z))

Now it follows from [4] that Mod™(T') is reduced under spherical symmetrization.
Therefore, we get

i} 1 —-n
Mod*(T'y) > C (log H"il(Fs)l/(nfl)) :

Combining the estimates gives
H" N (F,) < Crexp(—C2I(s, M)(=1)/njog =1/ (e+1(s,M))),

where

s du
(3.3) I(M,s) :/M (An,lf(Eu))l/(nfl)'

This is weaker than what is claimed in Theorem 1.2. Therefore, we need to find an
alternative method for proving Theorem 1.2. In what follows, we prove a better
lower bound directly for the integral of p™ using elementary chaining arguments
and the exponential integrability of K.

3.2. Proof of Theorem 1.2

Let f satisfy the assumptions of Theorem 1.2. Fix 0 < r < 1/2 and set

M = max |f(x)].

|| <r



1466 T. AKKINEN AND K. RAJALA

Let s > M, and let p be the function in (3.1). Also, define p : R™ — [0, 0],
Jy ()
(Anor f(E0) 7Y
when |f(z)] =t € (M,s) and p(z) = 0 otherwise (I(M,s) is defined in (3.3)).
Then we have

(3.4) pla) < pla) K (@)"/"

almost everywhere by the distortion inequality. If v connects B™(0,r) to Fs =
{£eS" L |f(€)] > s}, we have

plz) = I(M, 5)71

(3.5) Lpds > I(M, S)_l/f(v) a 1f(E|1 |))1/(H) ds(z) > 1

whenever the change of variables formula holds for the restriction of f to . It is not
difficult to see that the exceptional set does not affect any of the estimates below.
We also have

(3.6) / plx)de = I1(M,s)* ™"

Indeed, applying change of variables and polar coordinates, and recalling the defi-
nition of A,,_1 f(E}), we have

I M n ~ n d — Cardfil(y) dy
(M, s) / px)" du /M<y<s (.An—lf(Elyl))n/(n_l)

3 cardf~(y) dH" 1 (y)
- dt = I(M, s).
/M/S"—l(O,t) (Aan(Et))”/("*l) b (M, s)

We claim that

(3.7) /n plz)" dz > C’g(log %@)ql,

where C; and Cs are as in the statement of the theorem. The theorem follows by
combining (3.6) and (3.7). To prove (3.7), we will use a parametrization of B" by
“spherical coordinates” as follows. For j € N, set

(3.8) Aj=10,1]"n{277 <=, <279H1},

and divide A; into 27"~V closed cubes Q7 of side length 277 with disjoint interiors.
More precisely,

Q) =[11277, (i1 + 1) 279 X ... X [i1277, (in_1 +1)277] x [277,279+1],

where i = (i1,...,in_1) € {0,...,27 =1}, Denote by Q7 the collection of Q?:s
at level j, and set

Q:Uij.
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We also denote Q3 = [0,1]"~* x [1,2], and
G =10,1]"""' x[0,2].
The top of a cube Q{ is
T(Q) = Q] n{w, =277}
We say that Q7 and Ql 1 are consecutive if
Q) c Q.

Moreover, we say that a cube @', is a descendant of QJ (I > j) if there is a sequence
of consecutive cubes starting from Qg ending at Ql,, meaning any two cubes in
order from the sequence are consecutive. With this terminology, each cube in Q
has 2"~ ! descendants at the next level. ,

The set T(QY) can be mapped onto T'(Q?) by scaling the first n — 1 coordinates
by a factor of 277 and composing with a translation. Denote such map by ¢; and
let 17:[0,1) = R™, I3(t) = (1 — t)¢;(v) + t¢j11(v). Then

{t(t) - veT(Q))}

is a family of line segments connecting T(QZ) to T(Qg,‘H) in QZ Adding these line
segments together, we get piecewise linear paths connecting the tops of any two
consecutive cubes. Recall that our goal is to estimate H"~!(Fs) by the n-integral
of p. Applying the estimate below to the upper half space and lower half space, we
may assume that z,, > 0 for every x € Fy. There exists a universal constant L > 0
and an L-bi-Lipschitz homeomorphism h : G — A% (1/2,1), where

At(1/2,1) = {2 € B*(0,1) \ B"(0,1/2) : z,, >0},

so that A maps the bottom of G onto the upper half of the unit sphere and the top
onto the upper half of S"~1(0,1/2).

For each k € N, let Gy = [0,1]"7! x [27%,2 +27%] and hy: Gi, — G, hi(z) =
h(z1,...,Tn_1,2Zn — 27F). Moreover, define

P’C:{QG QF hk(Q)“ﬂ#@}, pr = card Py.
Then, since the hy(Q):s cover Fy, we have
™ 1( ) < [ 1p 2= k(n— 1)

where L is the bi-Lipschitz constant of h. Therefore, (3.7) follows if we show

“ \n Cy -n

Since f has exponentially integrable distortion in a neighborhood of B it is con-
tinuous in that neighborhood and thus uniformly continuous in B™. Therefore,
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taking k large enough, we may assume that |f(z)| > s in hr(Q) for every @ € Py.
Fix Q(¢) € P, £ = 1,...,px, and let T’y denote the family of paths in Gy that
connects the bottom of Q(¢) to the top of Gy, which are constructed from the line
segments described above and line segments of length 27% parallel to ,, axis con-
necting the top of QY to the top of Gj. If v € I'y, then hy o~y connects S"~1(0,1/2)
to Fs. If hy(y) meets S"~1(0,1/2) at a point z/2, we define 7 to be hy o~y outside
B"(0,1/2), and the line segment J connecting z/2 and rz in B™(0,1/2). Then +’
connects Fy and B™(0,7). Therefore, by (3.5),

(3.10) /pds /pOhkds>L /pdsszl,

outside the exceptional set, where L is the bi-Lipschitz constant of h.
Let {ij (0) ;?:0 be the sequence of consecutive cubes containing the paths v €T'y,.
With the parametrization introduced above and change of variables we have

/ /pOhkdstSQj(”_l)/ pohydx.
7(QY) /U, Q!

Thus integrating (3.10) over T(QY), yields

k
1< CLZQJ'“H)/

= QL (®

pohk(x)dﬂchCL/ plz) dr +e(k),

A(r1/2) 12[™

where C' depends only on n, A(r,1/2) = B"(0,1/2)\ B"(0,r). The term (k) > 0
comes from the line segments connecting T'(Q) to top of G. Moreover, limy,_, », £(k)
= (0 and thus it can be absorbed to the left hand side. Summing over £ gives

Pk
3.11)  pr<CL 2100 [ o hy(w)dw + peCL ) g
j n
=1 =1 Q! A(r1/2) 1Z]
J
First assume that )
CL/ pz) dr < -.
Ar1/2) 12" 2

By (3.11) we have

Pr Kk
(3.12) pr < ZCLZZZJ'("*)/; p o hy(x)de.

=1 j=1 Qi (0)

Define

Ajr(z) =Y S(k,Q)xq(x),
QeQ

where S(k, Q) denotes the number of cubes in P which are descendants of Q.
Then we may write (3.12) as (recall the notation A; given in (3.8))

k
pi < QCLZQJ'(”*U/ (pohw)(z) Aji(x)de.

j=1 Aj
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Applying Holder’s inequality and the pointwise inequality (3.4) gives

k
pr<2CLY 2 / (p o ha)(@) By () da

j—l Aj

)<n71>/n

/ Ky (i ()"0 AT () da

j=1

<2003 POV po byl (max S(k. @)
7j=1

(n—1)/n
([ Kl @)
Aj

Moreover, by the definition of A; , we have

/ K (hi(2) 0D A, () do < pro 20" maxv][ K (hi(2)) 0D da,
A, Qe Jg

where { denotes integral average. Invoking Jensen’s inequality with the convex
function t + exp(M" 1), we see that for any Q € Q7,

(3.13) ][Kf NY =D dgy < A=Y (=D gt/ (n=D) () 9im),

Combining the estimates, we have

(3.14) i < CLp(n 1)/n Z”POhk”nA (Iréax S(k Q))l/n l/n(,Can)7
Jj=1

where C' depends on n and A\. We next split the sum in (3.14) into two sums which
are estimated separately. Let

ar = k —log, (py, 1/(n= 1)).

If j < ay, we use the trivial estimate

max S(k, Q) < p.
QeQy

When j > ai, we have

max S(k < g(k=5)(n— 1)
e (k,Q) <

since each cube has 2"~ descendants at the next level.
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Combining the estimates and applying Holder’s inequality to the sums, we have

ag
(CL) "o <pi Y 160 hillna, log™/™ (K 27)

j=1
k
Py ST 90 b, a, 207D/ 1og! (277
j=ar+1

< pral ™| p o hillm.c log!/™ (K 29)

k

n—1)/n | ~ n—1)/n —J n— jn (n=1)/n

+pl<cl DI 56 el 26D/ ( ZQ 7 1og"/ 1) (97 )) _
j=ar+1

There exists a universal constant C’ > 0 such that

i 277 log!/ ("= (K 27m) < €7 27 log!/ (M) (K 29k,
j=ar+1
Moreover, by the definition of ay,
(3.15) gar = g~k pl/(n=1).
Combining the estimates gives (we may assume K > 1)
1< 0" al"™ V" | plln g log™ (K0 29%) < O [|]|n g log(C27%),

where C”" depends on n and \. Applying (3.15) to aj gives (3.9).
We are left with the case

1
(3.16) < CL/ GO
2 Ar1/2) [Z|™

where C' and L are as in (3.11). We can apply the pointwise inequality (3.4) and
Jensen’s inequality, in a similar way as above, to show that

(3.17) / 22) 4 < Y1l tog
A(r1/2) [2|™ r

where C' depends on n and A. Notice that, by increasing the constant C accord-
ing to r if needed, we may assume that the inequality (1.3) holds for all values
of s > M such that r < H"~1(Fy). On the other hand, if r > H"~1(F}), then (3.16)
combined with (3.17) gives (3.9).

Notice that the constant Cy there only depends on n and A, while C; depends
on K as the estimate above shows, but also on n, » and A as discussed earlier. The
proof of Theorem 1.2 is complete.
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4. Example

We next show the sharpness of Theorem 1.1, apart from the constant a. We
first consider dimension n = 2. Let n > A > 0. We define a radial stretching
f:R?2 = R? by £(0) =0, and

, when |z| <1

z —022
mexp( 1gn(l I))

fz) =

z, when |z| > 1.
Also, let M : D — Hg be the Mobius transformation

1=z

M(z) = T,

onto the right half plane Hg. Moreover, let B,: C — C, 0 < a < 1, be the Beurling
functions defined in the introduction. Now define a mapping

Gy:D—C, Gy=ByoM tofoM.

Then G, (0) = 0. Moreover, since M ~! o f o M is one-to-one and maps D onto D,

/ Jo. (2)dA(z) = / Ba(2)dA() < 7.
D D

The distortion of f is not difficult to calculate. Outside D the distortion is 1, and
in DN Hg we have

(4.1) Ky(z) = % :max{% log <i>,<% log (é))A},
cf. [7]. Since M and B, are conformal, we have
/ exp (A Kg, (2)) dA(z) = / Jar-1(w) exp (A Ky (w)) dA(w).
D Hr

Applying (4.1), and our assumption 7 > A, we see that the integral on the right is
finite and only depends on /. In particular, the integral does not depend on a.
We conclude that there exists I = KC(n, A) such that G, € Fx x forevery 0 < a < 1.
We now have Beurling’s estimate for the functions By:

H'({0: |Ba ()] > M,}) > Cexp(—M2),

where C' > 0 is independent of a, and M, = logl/2 (1/(1 — a)). Applying this
estimate and the definition of f, we have a similar estimate for G,. Namely,

(4.2) HL ({01 |Ga(e®)] > M, }) > C1exp(—/nM,),

where C7 > 0 depends on the constant C' above and \. Let v > 0.
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Applying (4.2), we have the following chain of inequalities:

M, 4 M, 4
[ e = etaz [T {60 2 )t a
0 0

CH M,

> N etdt =~v"1C (Vi) Ma,
e “Jo

This and Cavalieri’s principle together imply

27
sup / exp (& |Ga(e)]) db = oo
O0<a<lJo
whenever & > v/\.

In dimensions n > 3, examples showing the sharpness of Theorem 1.1, except
for the constant «, can be constructed in the same way. Namely, replacing f with

q n/(n-1)
fa) |z—|ex (%), when |z <1
€T) =
x, when |z] > 1

with a large 7, and the Beurling functions B, with the quasiconformal logarithm
maps sending ae,, to infinity. The Mo6bius transformations are chosen so that they
map the unit ball onto a half-space. We leave the details to the interested reader.

5. Egg-yolk principle and Moser’s inequality

In [10] Marshall conjectured and egg-yolk principle whose validity would simplify
his proof of Theorem A. The conjecture was proved in [13] by Poggi-Corradini.
In [14], the following generalization was established and applied to prove Theo-
rem B.

Theorem D ([14], Theorem 1.6). Let n > 2. There exists 0 < ro(n, K) < 1 such

that, if f: B" — R" is a K-quasiregular mapping and f(0) = 0, then 0 < M <
max|q|<r, | f(x)| implies

/ Ji(x)de > o, M™.
{If (@) <M}

We notice that the following generalization holds.

Theorem 5.1. Letn > 2. There exists 0 < ro(n, A\, K) < 1 such that if f: B" — R"
satisfies (1.2) and f(0) =0, then 0 < M < max,|<r, |f(x)| implies

/ Ji(x)de > o, M™.
{If (@) <M}
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One of the main tools in the proof of Theorem D is Poletsky’s inequality, which
says that if f is K-quasiregular and I" is a path family, then

Mod(f(T)) < K™ '"Mod(T).

If f has exponentially integrable distortion, we have the corresponding inequality
in the form

Mod(f(I")) < Mod -1 (T).

This inequality as well as the following estimate are proved in [8].

Lemma 5.2. Let f satisfy (1.2). Let 0 < 4r < R < 1. Then there exist constants
C1,Cy > 0 depending on n, \ and KC such that

R/2 ds 1-n
n—1 < -
Mod e (I') < 01(/% s log(Cas™m) ) ’

where T is the family of all paths connecting B™(0,r) to R™\ B"(0, R).

Theorem 5.1 can be proved by following the proof of Theorem 1.6 in [14] and
replacing the estimates there by the estimates above. We omit the details.

As discussed earlier, we do not know the optimal constant C5 in Theorem 1.2.
However, a Moser-type result can still be established as follows.

Theorem 5.3. Assume that Theorem 1.2 holds with constant Cy = (3. Then

Theorem 1.1 holds with constant o = Ba™ /™, i.e.

o [ e (B IF€)) d < o

fEFN K

Recall that the proof of Theorem 1.1 in Section 2 gives the theorem with o <

Qn /" Theorem 5.3 shows that integrability still holds at the critical exponent.

We need the following generalization of Moser’s inequality. This is a corollary of
Theorem 3 in [9].

Theorem E. Let : [0, 00[— [0, 00[ be a strictly increasing local Lipschitz function
satisfying ¥(0) = 0 and

/OOO (¢'(t))" dt < 1.

Then there is a constant C,, depending only on n such that
[ee]
/ exp (¢(t) — /) @D < o,
0
Proof of Theorem 5.3. Cavalieri’s principle yields

(5-1) /S exp (Bag (O] de = nan+ Bag " / Tt (E) P ds,

0
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Choose 7 as in Theorem 5.1, and let M = max|,|<y, |f(7)[. Then, by (1.1) and
Theorem 5.1, we have M < 1 and

M
(5.2) T4 () da :/0 Ay 1 f(E) dt > ap M™

/{xeB”:f(af)SM}

Again, we may assume that f is continuous up to the boundary. By Theo-
rem 1.2 and by (5.1) it suffices to estimate

1 lloo
/ exp (6 a—l/ns o Qﬁ(n_l)/n(s)) ds,
0

where ¢(s) = 0 when 0 < s < M and

n/(n— ) dt
o(s) = g/ (n=1) /M (An,lf(Et))l/(nil)

for s > M. Define ¢: (0,00) — (0, 00),

() S, fo<s<M
s) =
o(s)+puM, ifs>M.

( BnM )1/("1)
o I A f(By) dt '

Notice that ¢(0) = 0 and @'(s) > 0 for every s > 0. Furthermore,

Here

@(nfl)/n < ()O(nfl)/n + (MM)(nfl)/n

Using this and (5.2) it suffices to estimate the integral

[l f1loo
(5.3) / exp (8 a s — 95("*1)/"(3)) ds.
0

Let ¢: (0,00) — (0, 00),

s if y = @(s)
o) = { 1Flloer £ > [3lc.

Changing variables with s = ¢(y) in (5.3) gives

/0 exp (Ba~V"(y) —y "I/ ¢ (y) dy.

Integrating by parts, we see that it suffices to estimate

/ exp (Ba ™ "e(y) — ym =D/ y= 1 dy.
0
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Note that
Pt Byt if0<y<puM

Bay "¢ (y) = { 1/(n—1
ﬁ_l/n OéT_Ll/n (-An—lf(Ed;(y))) / ), if Yy > /,LM.

So by change of variables y = (), the definition of p and (1.1) we have

/0 (Boz /™! ()" dy

—-n gn . — —LBg—"n i
=t e M 0 57 0= 1) [ (A () dy
m

= Ml—n ﬂ” Oz,r_Ll M + Oé,r_Ll / -An—lf(Et) dt
M
= a;f/ An 1 f(BEy)dt <1.
0

Now invoking Theorem E gives the claim. The proof is complete. a
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