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Critical stationary Kirchhoff equations in RY
involving nonlocal operators

Patrizia Pucci and Sara Saldi

Abstract. In this paper we establish existence and multiplicity of non-
trivial non-negative entire (weak) solutions of a stationary Kirchhoff eigen-
value problem, involving a general nonlocal integro-differential operator.
The model under consideration depends on a real parameter A and in-
volves two superlinear nonlinearities, one of which could be critical or
even supercritical.

1. Introduction

In recent years stationary Kirchhoff problems have been widely studied. We re-
fer to [2], [19], [15], [18], [21] for problems involving the classical Laplace operator,
to [16], [4] for the p-Laplacian case, and to [27] for Kirchhoff models with critical ex-
ponents. For evolution problems we refer to [5], [8], [3] and the references therein.
More recently, following [14], Fiscella and Valdinoci [20] proposed a stationary
Kirchhoff variational model, in bounded regular domains of R, which takes into
account the nonlocal aspect of the tension arising from nonlocal measurements of
the fractional length of the string. In [2], [18], and [20], the authors use variational
methods, as well as a concentration compactness arguments. In [15] and [21], vari-
ational methods are still used, but the stationary Kirchhoff problems are set in the
whole of R, In [16] and [4], the so-called degenerate case is covered (see also [5],
[8], [27]), that is, the main Kirchhoff non-negative non-decreasing function M could
be zero at 0, while in [20] only the non-degenerate case is covered. Lately, several
papers have been devoted to problems involving critical non-linearities and non-
local elliptic operators; see [9], [10], [23], [24], [25], [26], [27] in bounded regular
domains of RV, and [7], [21] in all R, and the references therein.

In this paper, inspired by the above articles and the fact that several interesting
questions arise from the search of nontrivial non-negative (weak) solutions, we
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deal with existence and multiplicity of nontrivial non-negative entire solutions of a
Kirchhoff eigenvalue problem, involving critical non-linearities and nonlocal elliptic
operators. More precisely, we consider the problem

M ([u]? ) Lrcu= Iw(z)|ul??u — h(z)|u]">u in RV,

() (s = [ ole) = ul) K (o — ) dady,

where A\ € R, 0 < s < 1, 2s < N, and %k is an integro-differential nonlocal
operator, defined pointwise by

Liole) =5 [ [26@) - ol + ) = ola ~ pIK ) do

for any function ¢ € C§°(RY). The weight K: RN \ {0} — R is a measurable
function satisfying the natural restrictions

(K1) there exists a number 8 > 0 such that K (z)|z|N 25 > 8 for all z € RV \ {0};

(K2) mK € LY(RY), where m(x) = min{1, |z|?}.

Clearly, when K(x) = |z|~(V+2%)  the operator .Zx reduces to the more fa-
miliar fractional Laplace operator (—A)®, which, up to a multiplicative constant
depending only on N and s, is defined by

(—AYo(r) = % /RN 2p(x) — @<|Z|—]i\_ff2)s_ oe =) g4

for any rapidly decaying function ¢ of class C>(R¥), see Lemma 3.5 of [17].
The nonlinear terms in (£ ) are related to the main elliptic part by the request
that

(1.1) 2 < ¢ < min{r, 2"},

where 2* = 2N/(N —2s) is the critical Sobolev exponent for H*(RY ). The weight w
satisfies

(1.2) we LPRY)N LY (RY), with p=2%/(2* —q), o> g,

loc

while h is a positive weight of class Llloc(RN ). Finally, h and w are related by the
condition

(1.3) /RN [Z’g;:} O e~ H e R

The Kirchhoff function M : R — R satisfies the following condition:

(M) M is an increasing and continuous function, with M(t) > 0 for t > 0, and
A () = [} M(7)dr.
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Problem (£2,) is said to be degenerate when M(0) = 0, and non-degenerate
when M (0) > 0. In this paper we cover only the non-degenerate case, as in [20].
From now on we put M (0) = mg and recall that mg > 0 by (M).

A typical prototype of Kirchhoff function is given by
(14)  M(t) =mo+2bt, withmo=M(0)>0, b>0 and mo+b>0.

When M is of the type (1.4), problem (£2)) is non-degenerate when mg > 0 and
b > 0, while it is degenerate if mg = 0 and b > 0. We refer to [16], [3], and [4] for
further details and references.

In (£2)) the Kirchhoff function M, which represents the elastic tension term,
depends on the Gagliardo fractional norm [-]s i arising from general kernel K and
generating nonlocal operators L. It is clear from symmetry properties that if u
is a solution of () also —u is a solution of (Zy). The main result of the paper is:

Theorem 1.1. Under the above assumptions, there exists X > 0 such that (2y)
admits at least two nontrivial non-negative entire solutions for all X > X, one of
which is a global minimizer of the underlying functional Jy of (22y), and the second
independent solution wuy is a mountain pass critical point of Jx. In particular,
lluall = 0 as A\ — oo, where || - || is the natural solution space norm of ().
Moreover, there exist \* and X\, with 0 < \* < X\** <\, such that

(1) (L) possesses only the trivial solution if A < A\*;

(i) () admits a nontrivial non-negative entire solution if and only if A > \**.

The paper is organized as follows. In Section 2 we define the main solution
space X and give some preliminary results, from which we derive (i ) of Theorem 1.1.
In Section 3 we prove the existence of A > 0 such that, for all A > X, problem (y)
admits a first nontrivial non-negative entire solution and then, thanks to a modified
version of the mountain pass theorem established in [6], we construct a second
independent nontrivial non-negative entire solution uy of (#2). We end Section 3
by proving the asymptotic property for u) stated in Theorem 1.1. Finally in
Section 4 we prove part (ii) of Theorem 1.1.

2. Solution spaces and preliminaries

Throughout the paper D*(RY) denotes the completion of C§°(RY) with respect
to the Gagliardo norm

)|2 1/2
= (L )

The embedding D*(RY) < L? (RY) is continuous, that is,
(2.1) lul|o- < Co-[u)s for all u € D¥(RY),

1—
where C3. = c(N)LSS) by Theorem 1 of [22], see also Theorem 1 of [12].
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By (K>), for all ¢ € C§°(R") the function

(z,y) = [p(x) — )] - VK (x —y) € L*(R*Y).

Let D3 (RM) be the completion of C§°(RY) with respect to the Hilbertian
norm [-|s i, defined in (£7)) and induced by the inner product

22 (wohx = [[ @) = uw)- o) o) Ko - ) de dy
R
Clearly, by (K1), the embedding D3 (RY) < D*(R") is continuous, being
(2.3) [u]s < B~ Y2 [u)s i for all u € D5(RY).
Hence, by (2.1) we obtain

(2.4) |ull2- < Co B2 [u]s i for all u € Dy (RY).

Finally, the space X denotes the completion of C§°(R”") with respect to the norm

el = (2 e+ lall2) % where [lul; ), = / @)l da.
The embedding
(2.5) X < D3 (RN) s continuous,
with [u]s x < ||u|| for all w € X. In particular, by (2.1) and (2.3),
X < D% (RY) — L2 (RY).
Moreover, for all R > 0 and p € [1,2*), the embedding
(2.6) D (RN) < LP(Bg)

is compact. Indeed, D% (RY) < D*(RN) < H*(Bg) by (2.3) and the embedding
H?(BRr) << LP(Bpg) is compact for all p € [1,2*) by Corollary 7.2 of [17].

We also have the following main embedding result, whose proof is referred to
the Appendix.

Lemma 2.1. The embedding D3 (RY) < LI(RN w) is compact, with
(2.7) wllgw < Cwluls e for all u € Die(RY),
and €,y = Cayx Hw||}p/q6’1/2 > 0. Furthermore, the embedding

X —— LYRN, w)

s also compact.
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An entire (weak) solution u of (£2y) is a function in X such that

(28)  M([uf? ) p)exc = A /

w(x) [u|9% updr — / h(z) Ju|" "2 updz,
RN RN

for all ¢ € X, where (-, ), k is given in (2.2).
Lemma 2.2. If A€ R and u=wuy € X \ {0} satisfy

(2.9) M ([ul? )l g + lully, = Alullf

q,w

then A > 0 and

(2.10) K1 A 7D <y | g < K2 AT/2TD,

where k1 and Ko are positive constants independent of A\ and uy.

Proof. Let v € X \ {0} and X € R satisty (2.9). By (2.7), (M) and (2.9),

Q1) S €k S S (2 ) B <A S

Hence, A > 0, being u # 0. Moreover, Al|ul|?2 > mo/C, that is [[ulgw. >
KiAY =9 with k1 = (mo/€2)Y (=2 In other words, the first part of (2.10)
holds true. By Young’s inequality,
b a® bP
<4+
a o + 3

with a = h(z)?"|ul? > 0,b = Mw(z)h(z)~ 9" >0,a =r/g>1and B =r/(r — q)>1,
we find

w(z) |ul? < %h( ) ul” + r—q (lj\(w)(q/)ry/(r—q)

Integration over RY, (M) and (2.9) give

—-Tr
molul? e < M(Wl2 )2 < = ullpp+ = HN00 < L g X/,

being ¢ < r. Since u #Z 0 by assumption, the last inequality and (2.11) yield
the second part of (2.10), with xy = [(r — q)€2 H/mqr]'/2. This completes the
proof. O

If (2,) admits a nontrivial entire solution u € X, then A > 0 by Lemma 2.2,
and actually A > A\ by (2.10), where \g = (K'/l/IQQ)Q(T‘_Q)(Q_Q)/q(T‘_Q) > (0. Define

A =sup{\ >0 : (L,) admits only the trivial entire solution for all ;1 < A}.

Clearly A* > Ao > 0. Theorem 1.1 (i) follows directly from the definition of A\*.
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For the proof of Theorem 1.1 we use variational arguments since the entire
solutions of (Z2)) are exactly the critical points of the natural underlying energy
functional Jy associated to (£2y), that is

A

(2.12) Ia(u) = 5 ([u]2 k) — " [[ul

1
g,w + ; ||u||:,h7 u < Xv

where . is defined in (M). Clearly, Jy is Gateaux-differentiable in X and, for
all u, p € X,

(), ) = M([u]2 1) (1, @) xc — A / w(a) |ult2 up da
RN

(2.13)
+/ h(z) |u|""? u g dz,
RN

where (-, ) denotes the duality pairing between X and its dual space X’.

Thanks to the results of this section, from now on we assume that A > 0,
without loss of generality.

Lemma 2.3. The functional Jy: X — R is bounded below and coercive in X.
In particular, any sequence (up)n i X such that (Jx(un))n ts bounded admits a
weakly convergent subsequence in X .

Proof. Let us consider the following elementary inequality: for every kq, ko > 0
and 0 < o < f3,

kl)a/(ﬁfa)

(2.14) e |t — ko [t]? < Cug by (k— for all ¢ € R,
2

where C3 > 0 is a constant depending only on « and 5. Taking k1 = Aw(z)/q,
ky = h(z)/2r, a = q, B =7 and t = u(z) in (2.14), for all x € R we have

)

A ol e — U e r/r—q) [W(E)"
Yot - G2 (o)l < ex e [

1/(r—q)
2 x ‘1]

where C = Cy, [2r/q]q/(r_Q) /q. Integrating the above inequality over RV, we get
by (1.3),

r
r,h < C)\)

q,w

A 1
—ullg . — 5 [lul
q 2r

where Cy = CHX"/("=9 > 0 by Lemma 2.2.
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Therefore, by (M), for all u € X,

Inw) 2 gmalul? e = Sl + Flul
= gmolul? e = [Nl = 5 lulza] = gl + Sl
(2.15) > Smolull e — O+ o[l
> smolul s+ 5 (lull2, — 1) = Oy
SRLLMLULES WO

Hence, J) is bounded below and coercive in X. The last part of the lemma follows
at once by the coercivity of Jy and the reflexivity of the space X, proved in
Proposition A.1. O

For any (z,u) € RY x R, put

(2.16) £ (@) = (@)l — h(@)lul"2u,
so that

_ [ ) vzéwm ul? — h(x [ul”
(217) Flaw) = [ (o0} do = Zw(@)al” - he) -

Lemma 2.4. For any fized u € X the functional F,, : X — R, defined by

Fulv) = = [z, u(z)) v(z) de,

is in X'. In particular, if v, — v in X then Fy(v,) — Fu(v) as n — oco.

Proof. Fix u € X. Clearly F, is linear. Moreover, using (2.7), we get for allv € X

Fu) < A / w(@)lult o] dz + / h(@)ul " oldz
RN

RN
< Aul

re 1olle < V2 (Ao llullg ) + llully ) Il

and so F, is continuous in X. O

fw 10l g0 + flul

Lemma 2.5. The functional Jy : X — R is of class C*(X) and J) is sequentially
weakly lower semicontinuous in X, that is, if u, — u in X, then

(2.18) Jx(u) < liminf Jy (uy,).

n— oo

Moreover, Jy attains its infimum e = ey in X, which is an entire solution of ().
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Proof. A simple calculation shows that 3./ ([u]? i) is convex in X, since .# is

convex and monotone non-decreasing in R by (M) and of class C*(X). Therefore,
%/// ([u]g ) 1s sequentially weakly lower semicontinuous in X by Corollary 3.9
of [13], so that

(219) A ([u]? ) < liminf A ([un]? 1)
along any sequence (up )y, with u, — u in X.

Denote with @, the functional u + |[ul[{ ,,/¢. By Lemma 2.1 and Theorem 3.10
of [13] we also have that ®,, is weakly continuous, so that in particular ®,, is con-
tinuous in X. Furthermore, ®,, is Gateaux-differentiable in X and for all u, ¢ € X,

(@, (u), ) = /RN w(x) [u|9"% upda.

Now, let (up)n, v € X be such that u,, = v in X and fix ¢ € X, with [J¢|| = 1.
By Lemma 2.1 and Proposition A.8 (ii) of [6], it follows that v, = |u, |9 %u, —
v = |u|?"%u in L9 (RN, w). Therefore,

(@ (un) = @3, (), @) < flon — vl [l

by (2.7). Hence, ||®), (uy) — Pl (u)|lx < Cyllvn — v|lg w, that is D (u,) — D!, (u)
in X’. Thus, ®,, is of class C*(X) and, as n — oo,

gw < Cyllvn —vlgr w,

(2.20) / w(x)|un|q72un<pdm—>/ w(z) [u|T? updr
RN RN

for all ¢ € X.

Finally, it remains to show that also the functional u > |[[ull};/r, denoted
by @, is of class C*(X). The continuity of @}, follows from the continuity of the
embedding X < L"(RY,h). Hence ®;, is weakly lower semicontinuous in X, again
by Corollary 3.9 of [13]. On the other hand, @}, is Gateaux-differentiable in X and
for all u, ¢ € X,

(@}, (u), ) = /RN h(z)|u|" "% upde.

Let (un)n, u € X be such that u, — win X. Then, u, — u in L"(RY k), and
$0 vy = |un|""2u, — v = |u[""2u in L™ (RN, h) by Proposition A.8(ii) of [6].
Therefore,

19, (1) = @4 ()l < 5D [0 = vllyrs - [l < 0w = vl = o(1)

peX
llell=1

as n — oo. This gives the C'! regularity of ®.
Suppose now that w, — u in X. Fix a subsequence (v, )i of the sequence

n = v, = |u,|""%u,. Of course u,, — u in X and by Proposition A.2 there
exists a further subsequence (unk)j such that w,, — wa.e. in RY. Thus Up,,. —
"] J J

v = |u[""2u a.e. in RY. On the other hand, (vnkj ); is bounded in L™ (RN, h),
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since

; l:h = Hunkj||7fh and (u”h ); is bounded in L"(R™, k). Therefore,
U, — v in L™ (RN, h) by Proposition A.8 (i) of [6]. In conclusion, due to the ar-

bitrariness of (v,, )k, the entire sequence v, — v in L” (RN,h) as n — oco. In
particular, for all p € X,

(2.21) / h(zx) |u,|"™ 2ung0dx%/ lu|" "% updx
RN

as n — 0o.
For the second part of the lemma, let (uy)n, © € X be such that v, = u in X.
The definition of Jy and (2.17) give

) = Ialn) = 3 L) = A 0] + [ (o)~ Flo ]
Hence, by (2.19),
(2.22) i sup [ (0) — /()] < lim st /]R P ()~ Fl,w)] do.
By (2.16) and (2.17), for all ¢ € [0, 1],
Fu(yu + t(un — ) = f(yu + t(un
(2.23) = flz,u) + (up —u /fu 2, u+ (U — u)) dr,

where clearly f,(z,2) = Mg — 1)w(x)|z|772 — h(x)(r — 1)|2|"~2. Multiplying (2.23)
by u, — u and integrating over [0, 1], we obtain

F(z,u,) — F(z,u) = f(z,u)(u, —u)
- + (un / / Ju(z,u+7(u u))dr) dt.

By (2.14), with t = z, k1 = Aw(z)(q — 1), k2 = h(z)(r — 1), « = ¢—2 > 0 and
B=r—2>0, we get
w(m)’“/q} (¢-2)/(r—q)

(2.25) fulz,z) <20 w(m)Q/q{ e

)

where (1 is a positive constant, depending only on ¢, r and A. Consequently, (2.24)
yields

[ P ) - Palds < [ feu)(w, - wydo
RN RN
O HE D ), — |2,

(2.26)

by Hélder’s inequality and (1.3). Now, Lemma 2.4 gives

(2.27) lim flx,u)(u, —u)de =0,

n— oo RN
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and Lemma 2.1 implies
(2.28) nh_}néo |tn, — ullgw = 0.

Combining (2.26)—(2.28) with (2.22) we get the claim (2.18).
Finally, Corollary 3.23 of [13] yields the existence of a global minimizer e = ey
of Jy in X for each A > 0 and e is therefore an entire solution of (Zy). O

3. Existence of two solutions

The number

< . q q T

X= it (Dl )+ Ll }
lleellq,w=1

is positive. Indeed, for all u € X with ||ul|4,. = 1, by Holder’s inequality and (1.3),

we have

w(m) T T T
o= [ e M@ ultds < OOl

Consequently, we get

4q 2 moq ; .2 (g—7) moq 4 r(q—r)/
5%([u]8 )+ _||“||rh—T[U]S,K+ 4 (- r/q>2€2 +;H‘1 r/a

w

In other words, X > mqq/2¢2 + ¢H@~ /9 /r > 0, as stated.

Lemma 3.1. For all \ > X there exists a global nontrivial non-negative minimizer
e € X of Jx with negative energy, that is Jx(e) < 0. In particular, e is a nontrivial
non-negative entire solution of ().

Proof. By Lemma 2.5 for each \ > 0 there exists a global minimizer e = ey € X
of Jy, that is
= inf .
Ia(e) = inf Ji(v)

We prove that e # 0 whenever A > A, showing that Jy(e) < 0.
Let A > A. Then there exists a function v € X, with ||v]|¢,.o = 1, such that

q
Molgw =2> 5 (0]3x) + - Hvllm

that is A )
Ia(v) = —///([ 2x)—= H UG + - vl < 0.

In particular, Jy(e) < Jx(v) < 0, as requlred.

Hence, for any A > X equation () has a nontrivial entire solution e € X
such that J)\(e) < 0. Finally, we may assume e > 0 in RY. Indeed, |¢| € X, being
|le(@)| = le(y)|| < |e(x) — e(y)] for all x, y € RN. Moreover, Jx(|e|) < Jx(e), since
ulls,x < [u]s k for all w € X and so =///([|e|]S i) < A ([e]2, K) by (M). This gives
Jx(e) = Jx(le]), due to the minimality of e. O
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Proposition 3.2. The non-negative entire solutions of () are exactly the crit-
ical points of the C1(X) functional

1 A 1
Aa(u) = 5///([16]3,1() 3 [[u] aw T " [|ul

oy UEX.

Proof. It is evident from the proof of Lemma 2.5 that also _#) is of class CL(X).
For any non-negative function v € X, we have #)(u) = Jx(u), so that non-
negative entire solutions of (7)) are critical points of #5. To see the vice versa,
first observe that [u™(x)—u™ (y)] < |u(z)—u(y)| and [u™(2)—u~ (y)] < |u(z)—u(y)|
for all z, y € R, so that both «* and u~ € X for all u € X. Furthermore, for all
ue X,

(u, 0o i = / / (@@ ) + u (@t () + e () — u ()P K (o—y) dedy

B
> [U_]g,K-

Finally, if v € X is a critical point of £, then, taking the test function ¢ =

—u~ € X, we get, by (M),

0= M([u]? ) (u, —u™)s i + luT 17 = mo [uT]2 k + [uTll7, 2 0

in other words v~ = 0 in X, that is the critical point u of _#\ is non-negative
in RV, O

By Lemma 3.1 and Proposition 3.2, the global nontrivial non-negative mini-
mizer e € X of Jy is also a critical point of _#) and #\(e) = Jx(e) < 0.

Lemma 3.3. For any v € X \ {0} and A > 0 there exist o, depending on v and X,
with o € (0, [v]s,x), and o = a(p,\) > 0 such that Zx(u) > « for all v € X,
with [u]s,xk = 0. Furthermore, Jx also satisfies the mountain pass geometry stated
above.

Proof. Let u be in X, with [u]s x = 0. By (M) and (2.7),

mo

Arla) 2 I 2 B - S efult e > (52 - 2 et

2

Therefore, it is enough to take p, with 0 < ¢ < min {(moq/Q/\ﬁfu)l/(q_Q), [U]S,K}
and the number a = (mg/2 — A\€% 0772 /q)0* > 0 satisfies the assertion. The last
part of the lemma follows now at once. O

The proof of Lemma 3.3 shows in particular that, for all A > 0, the trivial
solution v = 0 is a strict local minimum of both Jy and ¢\ in X. Indeed, fix
a positive number p, with ¢ < (moq/2A€2)/(4=2) Then for all v € X, with
0 < [Jul| < o, by (M) and (2.7),

Mo _ A

N [

Aalu) 2 da(w) > (

as stated.
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Proof of the first part of Theorem 1.1. We recall that #Z\ is of class C'(X) by
Proposition 3.2. Moreover, by Lemmas 3.1 and 3.3 and Theorem A.3 of [6], for
all A > X there exists a sequence (uy,), in X such that for all n

1 2
(3.1) ex < Ia(up) <en+ = and || _Zx(un)||x < -

where

ey = Viren;tren[g% Aa(y(t)) and T'={ye C([0,1]; X) : v(0) =0, 7(1) =e}.

By Lemma 2.3 the sequence (u,), is bounded in X. By Propositions A.1, A.2,
Lemma 2.1 and the fact that L9(RY w) and L"(RY,h) are uniformly convex Ba-
nach spaces by Proposition A.6 of [6], it is possible to extract a subsequence, still
relabeled (uy, )., satisfying

U, = u in X, up —u in L"(RN h), [un]s,k — £,

3.2
(3.2) Uy, —u in LYRN w), uf —ut in LYRN, w),

for some v € X and some £ € R, since |u} (z) — ut ()| < |un(x) — u(x)| for all
r € RY. In particular, by (M),
(3.3) M([un)? ) = M(£*) >0 asn — oo.

We claim that |up, — u|| = 0 in X. Clearly, (_Z5(un) — Z5(u),un —u) — 0 as
n — 00, since u,, = w in X and _Z{(u,) = 0in X’ as n — oo by (3.1) and (3.2).
Hence, as n — oo,

o(1) = <//<(Un) - //{(u),un —u)
(3:4) = M([un]? ) [unl? g + M ([ul2 )[ul2 x

= Gt e [ 2 M 0] = [ (o) =gl =) o

where g(x,2) = Aw(z)(27)?"! — h(x)|z|"~22 for (x,z) € R¥F!. Thus, using the
notation (2.16) and putting 7, = (un,u)s x [M([un)? ) + M ([u]2 )], we get,
by (2.25), Holder’s inequality and (1.3),

M ([un)? g )[un)? g + M ([u]? 0)lul? x

=+ [ Toe) = 9] (= ) da+ o1
1
= In + /RN (Un — U)2dm/0 Gul(@,u + t(u, —u))dt + o(1)

< I+ /RN (tn — u)zdm/o Sulz, w~+ t(u, —w))dt + o(1)

< S +2C HO™2/ |y, — w2, + o(1).
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Passing now to the limit as n — oo, we have that M (¢£2)(? + M([u]fK)[u]fK <
[u]? i [M (%) + M ([u]? k)], that is £ < [u]s x by (M) and (3.3). In other words,

[U]S,K < lim [Un]s,K =/(< [U]S,Ka
n—o0
which implies at once that
(3.5) [un —uls,.x — 0,

since u, — w in X < D35(RM) and D4 (RY) is a Hilbert space. Thus, (3.4)
and (3.5) yield that

0< h(av)(|un|’“_2 Uy, — |u|’a_2 u) (uy, —u)de =0
RN

as n — 0o. Hence,
(3.6) ltn — u||Z:h < kr/ h(a:)(|un|’“_2 Uy, — |u|’a_2 u) (up, — u) de — 0,
RN

thanks to Simon’s inequality | — &|" < k- (|€]" 72 — |&]"72&0) - (€ — &), valid for
all £, & € R, being r > 2. Therefore, ||u, —ul/;, — 0 as n — co. Combining this
fact with (3.5) we obtain that ||u, — || — 0, that is u, — v in X as n — oco.

We next prove that u is a second independent nontrivial non-negative entire
solution of problem (£2)). Clearly, for any ¢ € X,

(3.7) (L (tn),0) = M ([un]? 1) ttms @) — / 92, %) 0 i,

RN

with ¢ defined above. Now, by (2.20) and (3.2), as n — oo,

[ @ @ ede [ ) @)l

RN RN

for all ¢ € X. Hence, since u,, — u in X, passing to the limit as n — oo in (3.7)
and using also (2.21) and (3.5), we have for all ¢ € X

M([ul? 1) (1, ) = A /

wle) (@) pdo — [ ho) |l P upda,
RN

RN
since (7} (un),p) = 0 as n — oo for all p € X by (3.1).

Finally, Zx\(u) = cx = lim, o0 Z(un), being #y € C'(X) by Proposi-
tion 3.2. Therefore, u is a second nontrivial independent critical point for #,

being Zx(u) = cx > 0 > _Zx(e), that is u is a second nontrivial non-negative
entire solution of (). O

From Proposition 3.2 it is clear that the second nontrivial non-negative entire
solution © = uy € X, constructed in the proof above, is a critical point of Jy, with
Ia(u) = Za(u) =cx>0> _#x(e) = Jr(e). We next prove an important property
of the asymptotic behavior as A — oo of ¢y.
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Proposition 3.4. Under the assumptions of Theorem 1.1,

lim C\ = 0,

A—00
where cy is the level in (3.1) of the mountain pass solution uy of (Zy), constructed
wn the proof of Theorem 1.1.

Proof. Let A > X and let e € X be the function given in Lemma 3.1. Since .J)
satisfies the mountain pass geometry of Lemma 3.3 and the path ¢t — te, t € [0, 1],
is in T" defined in (3.1), it follows that there exists ¢y € (0,1) such that Jy(txe) =
max;e(o,1] Ja(te), being ¢y > 0. Hence, (J}(txe),e) = 0. Thus, (Jy(txe),tre) =0
and by (2.13)

(3.8) M([txel? )ltxels i = A5 llelld o — € el p-

Let (An)n be a sequence, with \,, — co. We suppose that A\, > X for any n € N,
without loss of generality. Thus, there exists ¢ > 0 and a subsequence (t,, )i of
(ta, )n such that ¢,, — t as k — oo. Clearly t = 0. Otherwise, (3.8) implies

M([te]? g)ltels & + lltelly.n = IItelld,. Jm A, = oo,
—00
which gives an obvious contradiction. In particular, the entire sequence (¢, )n

converges to 0. This shows that

lim th = 0,
A—00

being (A )n, with A, — 0o, arbitrary. In conclusion, as A — oo,

1 A 1,
0 < ex < max Jr(te) = Ja(tae) = 5. ((tael2ae) = 15 el + - 5 el
1 lell7n
< §=///(t§[€]3,1<) + . =ty =0,
since of course .#(7) — 0 as 7 — 0T. This completes the proof. O

Proposition 3.5. Under the assumptions of Theorem 1.1,

lim HU)\H = O,
A—00

where uy is the mountain pass solution of (), constructed in the proof of Theo-
rem 1.1.

Proof. Using the notation of the statement, it is clear that

(3.9) limsupluy]s,x < oo and limsup|lux|rn < co.
A—00 A—r00

Otherwise from (2.15) and Proposition 3.4 we would get an easy contradiction.
Now, fix a sequence (A, ), with A\, = 00 as n — oo, and let n +— u,, = uy, be the
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corresponding mountain pass sequence of solutions of (), ). Hence, there exists
a subsequence (un, )i of (tn)n, a function v € X and a number ¢ € RY such that
[tn, s,k — £ and

Up, — uin D(RY),  wp, — win LYRY w),  u,, — uin L"(RY,h)

as k — oo, by Proposition A.1 and Lemma 2.1. Assume by contradiction that
u # 0. Then, (2.9) holds along any solution u,, , so that

M(€2)€2 + lim sup ||u”kHZ,h = Hqu,w lim Ay,
k— 00 k—o0

which contradicts (3.9). Therefore, u = 0 as stated and the entire sequence (uy)n
satisfies (3.2), with u = 0.
By (2.8), for all n € N and all ¢ € X,

M(funlZ )@+ [ @ ool e = Ao [ (o) 12w o o

RN

Thus, by (2.21) the left-hand side approaches zero as n — oo, since u,, — 0 in X.
Hence also the right-hand side should tend to zero as n — oo. In particular,
by (2.20),

; qa _
Therefore, [uy]s,x — £ = 0 by (2.11), that is u, — 0 in D% (RY), by (3.2) and
the fact that D3 (RY) is a Hilbert space. Moreover, (2.9) and (3.10) imply at once

that u, — 0 in L"(RY, k). In conclusion, u, — 0 in X. Since the sequence (),
with A, — oo, is arbitrary, this completes the proof. O

4. Existence of non-negative entire solutions
Put
A =1inf {\ > 0: (X)) admits a nontrivial non-negative entire solution} .

Lemma 3.1 assures that this definition is meaningful and, thanks to Lemma 2.2,
we have that A > \** > \*, where A* was introduced in Section 2.

Theorem 4.1. For any X\ > \**, problem (7)) admits a nontrivial non-negative
entire solution uy € X.

Proof. Fix A > X\**. By definition of \** there exists p € (A**,\) such that J,
has a nontrivial critical point v, € X, with u, > 0 in RY. Of course, u, is a
subsolution for (£2)). Consider the following minimization problem:

116112 (), C={veX:v>u,}
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Clearly C is closed and convex by Proposition A.2, and in turn also weakly closed
in X. Moreover, by Lemmas 2.3 and 2.5, Theorem 6.1.1 of [11] can be applied
in X and so in the weakly closed set C. Hence, J attains its infimum in C, i.e.,
there exists uy > u,, such that Jy(uy) = inf,ec Jx(v).
We claim that wuy is a solution of (£2y), which is clearly non-negative. Indeed,
take p € C°(RY) and € > 0. Put
. = max{0,u, —ur —ep} >0 and v.=uy+ecp+ .,

so that v, € C. Of course, 0 < (J}(ur),ve —un) = e(J5(un), @) + (J5(ur), pe), and
in turn,

1
(4.1) (TA(un), ) = == (Ja(un), ¢e)-
Define Q. = {z € RV : uy(2) + ep(z) < upu(z) < ur(z)}, so that Q. is a subset of

supp . Since u,, is a subsolution of () and ¢. > 0, then (J3 (uy),¢-) < 0. In
particular,

(Ia(ur); =) = (Ja(un), pe) + (Ja(un) = I3 (un), pe) < (Ty(ur) = Ty (wp), @2)-

Using the notation of (2.16), we get
| [ )= ) -ze@]de] <= [ 170 - 1w o)
since 0 < —u — e = u, — ux +€lp| < glp| in Q.. Therefore,
<J//\(“>\)a§0€> < <M([U/\]s K)UN — “u ?K)“m%%
+e [ 1) — £ w0l o) ds.

By the convexity of %//l([u]gK) in X, we have

S [l ) 2 5 (a2 1)+ (M (a2 Jirs e — )
> G 1)+ T (0, 0 = ) (] 00 = 03]

so that <M([u,\]§K)’LL)\ - M([“u]i}()umuu —ux)s x < 0. Hence,

i) <z ([ vt [ wy)doay).

R2N
where 9 (z) = [f(z,ux) = f(z,u.)| - |¢| and

U (x,y) = [M([uAl? x) (ur(@) — ux(y)) = M([uu)? g) (up(@) — uu(y))]
x [p(x) —o(y)] - K(z —y).
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Now

J[ vewia=[] ey [] U () do dy
R2N Q.xQ. Qe X (RN\Q,)
+// %(x y) dx dy
(RN\Q.) x

// my|dmdy+// U (x,y)| dedy.
Q. xRN RN x Q.

(e <e ([ wdes [[ eyl ey

+ // |% (x,y)| dz dy) =c ..
RN x Q.

We claim that ¢ is in L'(supp ). Indeed, |f(z,uy) — f(x,u,)| is in L.
being

Thus,
(4.2)

(RY),

f (@, un) = fla,u,)| < dw(@) (u™ +ud ™) + h(e) (u) ™ +up ).

In fact, by Holder’s inequality and (1.2), we obtain

(43) [ wlops e < lsupp ol ul s = €,
supp ¢

and C; = Cy(supp ). Finally, since h € LL _(RY) and uy € L"(RY,h), then

1/r
(4.4) [ neutar< ([ n@ds) = ca
Supp ¢ ’

supp
with Cy = Ca(supp ¢). The estimates (4.3) and (4.4) hold also for w,. The claim
is so proved.
We next show that

4.5 lim Z. =0.
( ) 5—l>%1+ ‘
Indeed, fQ x)dr = o(1), since |Q:] — 0 as ¢ — 0%, Q. C supp ¢ and by the

fact that ¢ € Ll(supp ©).
Now, % (z,y) € LY(R*N), being X — D3 (RY) by (2.5). Thus for all > 0
there exists R, so large that

/ / % (2,y)| dedy < /2. / / % (2,y)| dwdy < /2.
(supp ) X (RN\Br,)) (RN\B,) % (supp )

Since = |Bg, x Q| = 0as e — 0" and € L'(R?"N), there exist
0, > 0 and &, > 0 such that, for all € € (0,&,],

< 0y, // |?/:Ey|d:ndy<— and // |?/:Ey|d:cdy<—
Q. % Br, 2 Br, 2

|Q X BR”




18 P. Pucct AND S. SALDI

Therefore, for all € € (0,¢,),

// U (z,y)|dxdy <n and // U (x,y)| dedy <n,
QXRN RN xQ,

being Q. C supp . Hence (4.5) holds.

In conclusion, by (4.1), (4.2) and (4.5) we finally get (J(ur), ) < o(e) as
e — 07, so that by (4.1) it follows that (J5(ux), ) > o(1) as e — 0T. Therefore,
(J5(uy), ) > 0 for all ¢ € Cg°(RY), that is (J}(un),p) = 0 for all ¢ € C§°(RY).

Since X = C§°(RN) “'“, we obtain that wy is a nontrivial non-negative solution

of (,@,\) O

Theorem 4.2. Problem (Py«+) admits a nontrivial non-negative entire solution
n X.

Proof. Let (\,)n be a strictly decreasing sequence converging to A** and u,, € X be
a nontrivial non-negative entire solution of (2, ). By (2.8) we get, for all p € X,

(4.6) M([tn]? 1)ty @) sc = / ful, un) dz,
RN

where n +— fo(z,u,) = A\w(2)|un |9 2wy, — h(x)|un|""%u,, similarly as defined
n (2.16). By (2.8)—(2.10) and the monotonicity of (Ay,),, we obtain

molun]? g + [unllyn < M([unl2 )lunl2 k + lunlly

= An lfunlg,, < BEALFTA2=0 < g N HT0D)

Therefore ([un]s,x)n and ( n)n are bounded, and in turn also (||u,|), is
bounded. By Propositions A.1, A.2, Lemma 2.1 and the fact that L9(RY w) and
L"(RY | h) are uniformly convex Banach spaces in virtue of Proposition A.6 of [6],
it is possible to extract a subsequence, still relabeled (uy,),, satisfying

(47 U, —~u in X, up, —u in L"(RN,h), [tn]s,x — €,

- Up, —u in LIYRN, w), up — u  ae. in RY,

for some u € X and some ¢ € R}. In particular, by (M),
M([un]iK) — M%) >0 asn— oo.

Furthermore, u > 0 a.e. in RY. We claim that « is the solution we are looking for.

To this aim, we first show that [u]s x = ¢. Since u,, is a nontrivial non-negative
entire solution of (#2),), it follows that (J} (u),y) =0 for all p € X and for all
n € N. In particular, taking ¢ = u,, — u, we obtain

0= <J//\n (un), un —u) = M([“n]E,K) ([UH]E,K - <unau>s,K)
“8) o [luall = [ wle) 2 ws]

- lunlln — / h(@)an |72 i
RN



CRITICAL STATIONARY KIRCHHOFF EQUATIONS 19
Clearly (un,u)sx — [u]ﬁK and [ w(@)|un |9 2uqude — |ull?,, as n — oo,
by (4.7). Thus, passing to the inferior limit in (4.8) and using also (2.21), we get

(49) M) (@~ [ ) + (Tt 17, — [l = 0.

Now, [u]s,x < liminf, o [us]s,x < ¢ and HuHﬁh < lim infnﬁoo||un||7f7h, so that the
two addends in (4.9) vanish, being both non-negative. In particular, this yields
that [u]s xk = ¢, since M (£?) > 0 by (M). Therefore, passing to the limit in (4.6)
as n — oo, we get, by (2.20) and (2.21),

M([ul? ), 9o i = A /

RN

w(z) [u|? % updr — / h(z) [u|" " updx
RN

for all ¢ € X. Hence u is a non-negative entire solution of (Py««).
We finally claim that w #Z 0. Indeed, (2.10) applied to each wu,, implies that

[tnlq.e0 = w1 A P7?, s0 that, by (4.7),
[ullgw = Hm [lunlgw > k1 (A7) 7D > 0,

since A, N\ A** and \** > 0. This shows the claim and completes the proof. O

Proof of part (ii) of Theorem 1.1. The existence of A\** > \* follows directly from
Lemma 3.1, as already noted. The definition of A**, Theorems 4.1 and 4.2 show
at once the validity of (ii) of Theorem 1.1. O

Of course the nontrivial non-negative entire solutions constructed in Theo-
rems 4.1 and 4.2 are also critical points of _#).

A. Appendix

In this section we present briefly some useful results, which seem not so well known,
even if foreseeable. The first can be proved proceeding essentially as in the proof
of Proposition A.11 in [6], but we give the argument in order to make the paper
self-contained.

Proposition A.1. The Banach space (X,| - ||) is reflexive.

Proof. The product space Y = D35 (RY) x L"(RY k), endowed with the norm
llully = [u]s,x + ||©|lrn, is a reflexive Banach space by Theorem 1.22 (ii) of [1],
since D3 (RY) is a Hilbert space and L"(R¥,h) is a uniformly convex Banach
space by Proposition A.6 in [6].

The operator T: (X, |- [|lv) — (Y, - |ly), T(uw) = (u,u), is well defined, linear
and isometric. Therefore, T'(X) is a closed subspace of the reflexive space Y,
and so T'(X) is reflexive by Theorem 1.21 (ii) of [1]. Consequently, (X, | - |ly) is
reflexive, being isomorphic to a reflexive Banach space. Finally, we conclude that
also (X, ] - ||) is reflexive, because reflexivity is preserved under equivalent norms,
being ||ul| < |jully < v2|ul| for all u € X. O
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The next proposition is given for functions in X, but of course remains valid
also in the main fractional weighted Sobolev space D3 (RY).

Proposition A.2. If (uy)n, u € X and u,, — u in X, then, up to a subsequence,
Up — u a.e. in RY.

Proof. Let (u,)n and u be as in the statement. Then, u,, — uasn — oo in LP(Bg)
for all R > 0 and p € [1,2%) by (2.5) and (2.6). In particular, in correspondence
to R = 1 there exists a subsequence (u1,)n Of (un), such that uy, — u a.e.
in B;. Clearly u;, — u in X and so, in correspondence to R = 2, there exists
a subsequence (ug,,)n of (u1,,)n such that us, — w a.e. in By, and so on. The
diagonal subsequence (s, 5)n Of (Un)n, constructed by induction, converges to u
a.e. in RN agn — oo. O

For completeness we end by presenting:
Proof of Lemma 2.1. By (1.2), (2.1), (2.3) and Hdlder’s inequality, for all u €
Dy (RY),

Il gw < (/]RN w(x)pdx> 1/0q . (/RN |U|2*dac> 1/2 <Gy

< Cye ]| Y1872 [u], i,

that is, (2.7) holds.
Let us now show that ||, —u||q.. — 0 as n — oo whenever u,, — u in D (RY).
By Holder’s inequality,

1/p
/ w(@)|un — ul%dz < M(/ w(z)@dm) = o(1)
RN\ Bgr RN\Bgr

as R — oo, being w € L?(RY) by (1.2) and M = sup,, ||un, — u
€ > 0 there exists R, > 0 so large that

wl|g/[u]s

3. < oo. For all

n

sup/ w(z)|u, — ullde < e/2.
RN\Brg,
Moreover, by (1.2), Holder’s inequality and (2.6) we have
q _
/B ) 1 < [l e~ 0l ) = 00
as n — 00, since o’q < 2*. Hence, there exists N, > 0 such that
/ w(x) Juy, —ul?de <e/2
BRE
for all n > N.. In conclusion, for all n > N,

= / w(z) [u, —ul?dz +/ w(x) Ju, —ulfdr <e,
RN\BRE BRE

l[un —ul

as required.
The last part of the lemma follows at once by (2.5). O
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