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Fine properties of Newtonian functions and the
Sobolev capacity on metric measure spaces

Luk4s Maly

Abstract. Newtonian spaces generalize first-order Sobolev spaces to ab-
stract metric measure spaces. In this paper, we study regularity of New-
tonian functions based on quasi-Banach function lattices. Their (weak)
quasi-continuity is established, assuming density of continuous functions.
The corresponding Sobolev capacity is shown to be an outer capacity.
Assuming sufficiently high integrability of upper gradients, Newtonian
functions are shown to be (essentially) bounded and (Holder) continuous.
Particular focus is put on the borderline case when the degree of integra-
bility equals the “dimension of the measure”. If Lipschitz functions are
dense in a Newtonian space on a proper metric space, then locally Lipschitz
functions are proven dense in the corresponding Newtonian space on open
subsets, where no hypotheses (besides being open) are put on these sets.

1. Introduction

First-order analysis in metric measure spaces requires a generalization of Sobolev
spaces as the notion of a (distributional) gradient relies on the linear structure of
R™. The Newtonian approach makes use of the so-called upper gradients and weak
upper gradients, which were originally introduced by Heinonen and Koskela [20]
and Koskela and MacManus [27], respectively. Shanmugalingam [37], [38] estab-
lished the foundations for the Newtonian spaces N'P, based on the L? norm of a
function and its (weak) upper gradient and hence corresponding to the classical
Sobolev spaces WP, cf. Bjorn and Bjérn [5] or Heinonen, Koskela, Shanmugalin-
gam and Tyson [21]. Various authors have developed the elements of the Newtonian
theory based on function norms other than L? in the past two decades, see e.g. [11],
[13], [17], [28], [42]. So far, foundations of the theory in utmost generality were
obtained by Maly in [31], [32], where complete quasi-normed lattices of measur-
able functions were considered as the base function spaces. The question of when
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Newtonian functions can be regularized using Lipschitz truncations was the focus
of Maly [33]. The current paper goes further and studies regularity properties of
Newtonian functions and of the corresponding Sobolev capacity.

One of the main points of interest is the so-called quasi-continuity, which can
be understood as a Luzin-type condition, where a set of arbitrarily small ca-
pacity can be found for each Newtonian function so that its restriction to the
complement of that set is continuous. Existence of quasi-continuous representa-
tives was first shown by Deny [12] for functions of the unweighted Sobolev space
WL2(R™, dz). An analogous result in Sobolev spaces W1 P(R", dx) is given in
Federer and Ziemer [15], see also Maly and Ziemer [30], and the situation in
weighted Sobolev spaces is discussed in Heinonen, Kilpeldinen, Martio [19]. In met-
ric spaces, Shanmugalingam [38] showed that Newtonian functions in N1? have
quasi-continuous representatives if the metric space is endowed with a doubling
measure and supports a p-Poincaré inequality (see Definition 6.1 below). The hy-
potheses were weakened in Bjorn, Bjorn and Shanmugalingam [8], where density of
continuous functions was proven sufficient to obtain existence of quasi-continuous
representatives of NP functions. The current paper provides an analogous re-
sult for the Newtonian space N'X built upon an arbitrary quasi-Banach function
lattice X.

In [8], still assuming the density of continuous functions, all N7 functions
were further proven to be quasi-continuous on condition that the metric space is
proper (i.e., if all bounded closed sets are compact). In order to show a similar
property of all N'X functions in proper metric spaces, the quasi-Banach function
lattice X needs to possess the Vitali-Carathéodory property (i.e., the quasi-norm
of a function can be approximated by the quasi-norms of its lower semicontinuous
majorants). Bjorn, Bjorn and Maly [7] give counterexamples that show that this
property is vital.

Since the Vitali-Carathéodory property is crucial for the presented results,
we will look into the question of when a general quasi-Banach function lattice X
possesses it. Vitali [43] proved that the L' norm of a measurable function on R"
can be approximated by the L' norms of its lower semicontinuous majorants.
His result can be easily generalized to LP(R™) with 0 < p < co. We will show that
it suffices that X contains all simple functions (with bounded support) and these
have absolutely continuous quasi-norm. Moreover, counterexamples of X violating
either of these two conditions and hence lacking the Vitali-Carathéodory property
are provided.

Quasi-continuity of Newtonian functions in N'X is closely connected with regu-
larity of the Sobolev capacity C'x. Namely, under the assumption that continuous
functions are dense in the Newtonian space N'X, all Newtonian functions are
quasi-continuous if and only if C'x (or an equivalent capacity in case X is merely
quasi-normed) is an outer capacity. Actually, the density of continuous functions
need not be assumed in the forward implication.

Furthermore, quasi-continuity can be applied to show that locally Lipschitz
functions are dense in a Newtonian space on any open subset of a metric space
provided that locally Lipschitz functions are dense in the Newtonian space on the
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entire metric space. The noteworthy part of this claim is that the open subset as
a metric subspace need not support any Poincaré inequality and the restriction of
the measure need not be doubling any more. In general, it is however impossible
to obtain density of Lipschitz functions.

It was observed already by Morrey [35] in 1940 that the classical Sobolev func-
tions in R™ have (Hoélder) continuous representatives if the degree of summability
of the weak gradients is sufficiently high compared to the dimension. A similar
result based on a p-Poincaré inequality was obtained by Hajtasz and Koskela [16]
in metric spaces endowed with a doubling measure, after introducing an analogue
of the dimension. Recently, Lu, Yang and Yuan [28] looked into Holder continuity
of Newtonian functions with gradients in Morrey spaces. As we are considering
Newtonian spaces based on general function lattices, our tools suffice to study the
borderline case when the degree of summability (in terms of a Banach function
lattice quasi-norm) of upper gradients is essentially equal to the “dimension” of
a doubling measure. We will establish conditions that guarantee that all New-
tonian functions are essentially bounded and have continuous representatives (in
equivalence classes given by equality up to sets of capacity zero). If the metric
measure space is in addition locally compact, then all Newtonian functions are in
fact continuous.

The structure of the paper is the following. Section 2 provides an overview of
the used notation and preliminaries in the area of quasi-Banach function lattices
and Newtonian spaces. In Section 3, we study the Sobolev capacity, still without
the assumption of density of continuous functions. After that, in Section 4, we move
on to quasi-continuity and its consequences for the Sobolev capacity and continu-
ity of Newtonian functions. Density of locally Lipschitz functions on general open
sets is shown in Section 5. A very short introduction to rearrangement-invariant
spaces is provided in Section 6, whose main focus however lies in establishing suf-
ficient conditions for Newtonian functions to be essentially bounded. In Section 7,
existence of continuous representatives and continuity of all representatives is dis-
cussed. Several lemmata for calculus of (minimal) weak upper gradients are given
in the appendix.

2. Preliminaries

We assume throughout the paper that P = (P,d, u) is a metric measure space
equipped with a metric d and a o-finite Borel regular measure p such that every
ball in P has finite positive measure. In our context, Borel regularity means that
all Borel sets in P are p-measurable and for each u-measurable set A there is
a Borel set D D A such that u(D) = u(A). Since p is Borel regular and P
can be decomposed into countably many (possibly overlapping) open sets of finite
measure, it is outer regular, see Theorem 1.10 in Mattila [34].

The open ball centered at z € P with radius r > 0 will be denoted by B(z, 7).
Given a ball B = B(z,r) and a scalar A > 0, we let AB = B(x, A\r). We say that u
is a doubling measure, if there is a constant cqp > 1 such that u(2B) < cqp pu(B)
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for every ball B. We will assume that p satisfies the doubling condition only
in Sections 6 and 7, where essential boundedness and continuity of Newtonian
functions are studied.

A metric space is proper if all its closed and bounded subsets are compact. A
doubling metric measure space (and hence a metric space with a doubling measure)
is proper if and only if it is complete, see Proposition 3.1 in Bjoérn and Bjorn [5].

Let M(P, p) denote the set of all extended real-valued p-measurable functions
on P. The symbol Lip.(€2) stands for Lipschitz continuous functions with compact
support in Q. The set of extended real numbers, i.e., R U {£oo}, will be denoted
by R. We will also use R, which denotes the set of positive real numbers, i.e.,
the interval (0,00). The symbol N will denote the set of positive integers, i.e.,
{1,2,...}. We define the integral mean of a measurable function u over a set E of
finite positive measure as

1
Up = uduz—/udu,
P ]fa M(E) E

whenever the integral on the right-hand side exists, not necessarily finite though.
We write E € A if E is a compact subset of A. The notation L < R will be used to
express that there exists a constant ¢ > 0, perhaps dependent on other constants
within the context, such that L < ¢R. If L < R and simultaneously R < L, then
we will simply write L ~ R and say that the quantities L and R are comparable.
The words increasing and decreasing will be used in their non-strict sense.

A linear space X = X (P, u) of equivalence classes of functions in M (P, p) is
a quasi-Banach function lattice over (P, ) equipped with the quasi-norm || - || x if
the following axioms hold:

(PO) || - ||x determines the set X, i.e., X = {u € M(P,u): ||ul|lx < oo};

(P1) |- |lx is a quasi-norm, i.e.,

e ||lullx = 0if and only if v =0 a.e.,

e |lau||x = |a| |ul|x for every a € R and u € M(P, u),

e there is a constant ¢, > 1, the so-called modulus of concavity, such that
[lu + o] x < e (Jullx + |v]|x) for all u,v € M(P, p);

(P2) || - ||x satisfies the lattice property, i.e., if |u| < |v| a.e., then |Ju||x < ||v]x;

(RF) ||-||x satisfies the Riesz—Fischer property, i.e., if u,, > 0 a.e. for all n € N, then
>0, “"HX < 3> c|unllx, where ¢, > 1 is the modulus of concavity.
Note that the function 7 | u, needs to be understood as a pointwise (a.e.)
sum.

Observe that X contains only functions that are finite a.e., which follows from (P1)
and (P2). In other words, if ||u||x < oo, then |u| < oo a.e.

Throughout the paper, we will also assume that the quasi-norm ||- || x is contin-
wous, i.e., if [Ju, —ul|x — 0 as n — oo, then ||uy,||x — |lul]|x. We do not lose any
generality by this assumption as the Aoki-Rolewicz theorem (see Proposition H.2
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in Benyamini and Lindenstrauss [4] or Theorem 1.2 in Maligranda [29]) implies
that there is always an equivalent quasi-norm that is an r-norm, i.e., it satisfies

[+ ol < flull” + [lof|",

where r = 1/(1+log, ¢,) € (0, 1], which implies the continuity. The theorem’s proof
shows that such an equivalent quasi-norm retains the lattice property. Moreover,
|- ||" satisfies (RF) without any constants, i.e., |> 5", unHT <30 Nl

The Riesz—Fischer property is actually equivalent to the completeness of the
quasi-normed space X, provided that the conditions (P0)-(P2) are satisfied and
that the quasi-norm is continuous, see Theorem 1.1 in Maligranda [29].

If ¢, = 1, then the functional || - || x is a norm. We then drop the prefix quasi
and hence call X a Banach function lattice.

A (quasi)Banach function lattice X = X (P, pu) is a (quasi)Banach function
space over (P, u) if the following axioms are satisfied as well:

(P3) || - llx has the Fatou property, i.e., if 0 < u, wu a.e., then |lu,||x 7 ||| x;
(P4) if a measurable set E C P has finite measure, then || xgllx < oo;

(P5) for every measurable set £ C P with u(E) < oo there is C > 0 such that
S luldp < Cp|lul|x for every measurable function u.

Note that the Fatou property implies the Riesz—Fischer property. Axiom (P4) is
equivalent to the condition that X contains all simple functions (with support of
finite measure). Condition (P5) implies that X C L (P, u).

In the further text, we will slightly deviate from this rather usual definition of
(quasi)Banach function lattices and spaces. Namely, we will consider X to be a
linear space of functions defined everywhere instead of equivalence classes defined
a.e. Then, the functional || - ||x is really only a (quasi)seminorm. Unless explicitly
stated otherwise, we will always assume that X is a quasi-Banach function lattice.

We will say that X is continuously embedded in Yioc, denoted by X < Y, if
for every ball B C P there is cemb(B) > 0 such that |[uxgs|ly < cemv(B)||uxs|lx
whenever u € M(P,u). The global continuous embedding X < Y is defined in a
similar fashion by letting B = P. It is also worth pointing out that axioms (P4)
and (P5) of a (quasi)Banach function space X are in general more restrictive than
L — Xjoe and X — Llloc, respectively. Namely, the axioms express that the
embedding inequality between function norms holds whenever B is a set of finite
measure (possibly unbounded).

A measurable function u has absolutely continuous quasi-norm in X, if it sat-
isfies that

(AC) ||luxe,|llx — 0 as n — oo whenever {E,}52, is a decreasing sequence of
measurable sets with p((—, E,) = 0.

The quasi-norm || - ||x is absolutely continuous if every u € X has absolutely
continuous quasi-norm in X.

Observe that if u € M(P, p) has absolutely continuous quasi-norm in X and
if ¢ is non-atomic, then u € X. It follows from the dominated convergence theorem
that the LP norm is absolutely continuous for p € (0, 00). On the other hand, L?»*>°
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(i.e., the weak-LP spaces) and L lack this property apart from in a few exceptional
cases. For example, if 1 is purely atomic, 0 < 6 < p(A) for every atom A C P, and
u(P) < oo, then every quasi-Banach function lattice has absolutely continuous
quasi-norm since the condition u((°_, E,,) = 0 implies that u(E,) = 0 for all
sufficiently large n € N. However, (purely) atomic measures lie outside of the
main scope of our interest.

Next, we will show that the quasi-norm of a function in a quasi-Banach function
lattice X can be approximated by the quasi-norms of its lower semicontinuous (Isc)
majorants provided that all simple functions with bounded support satisfy (AC).
Note that X may very well be a weak-type space (e.g., L with p < oo) since
we do not need to assume that every function in X has absolutely continuous
quasi-norm in X.

Proposition 2.1 (Vitali-Carathéodory theorem). Let X be a quasi-Banach func-
tion lattice. Suppose that xp satisfies (AC) and lies in X whenever B C P is
bounded and measurable. If u: P — R is measurable, then

(2.1) lullx = inf{||v||x : v > |u| on P and v € lsc(P)}.

In particular, the hypotheses are fulfilled if X is a rearrangement-invariant
quasi-Banach function space (see the definition in Section 6 below) whose funda-
mental function ¢x satisfies lim;_,0; ¢x (t) = 0, which can also be expressed as
X ¢ L.

The theorem’s origin can be dated back to 1905, when Vitali [43] showed
that every function f € L'(R",du) coincides a.e. with a function of the Baire
class 2. Namely, he showed that there exist sequences {u}7°, and {lx}>, of
upper semicontinuous (usc) minorants and lsc majorants, respectively, such that
up / f and U N, f everywhere in R, and [jug([zr = || fllzr and [|le]lzs — [|f] 22
as k — oo. In 1918, Carathéodory [10] has shown that usc minorants and lsc
majorants with the same convergence properties exist for every f € M(R™,du),
i.e., even if f ¢ LY(R™, dpu).

The Isc majorants in the proof below are constructed similarly as in the proof
of Lemma 2.3 in E. & M. Jarvenpii, K. & S. Rogovin, and Shanmugalingam [22],
where merely X = LP with p € [1,00) was considered.

The hypotheses that yp lies in X and that yp has absolutely continuous
(quasi)norm in X for every bounded set B C P are vital for the proposition. For
example, take u = X0y on R. Then, [Jul|x = 0 for every quasi-Banach function
lattice X as u =0 a.e. For X = L>°(R), the norm of xp lacks the absolute conti-
nuity whenever |B| > 0. Then, ||v|]|x > 1 for every Isc majorant v of w. The norm
| flly = [g|f(t)/t]dt gives rise to a function space Y such that L>(R) ¥ Y.
In particular, there are bounded measurable sets B C R with xp ¢ Y. We ob-
tain that ||v||ly = oo for every lsc majorant v of w since v > 1/2 in some open
neighborhood of zero.

Proof of Proposition 2.1. Let u be given. The lattice property (P2) yields that
[lul|x < inf, ||v]|x, where the infimum is taken over all lsc majorants v of u.
Hence, if ||u||x = oo, then the desired identity holds trivially. Suppose instead that
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[|ul| x < oo. Without loss of generality, we may assume that u is non-negative. We
will show that there is a sequence {v;}52; of Isc majorants of u such that v; — u
in X (i.e., ||v; —ullx — 0) as j — oo. Continuity of the (quasi)norm of X then
yields that ||v;||x — |lu|]|x as desired. Therefore, it suffices to find v € lsc(P) for
every € > 0 so that v > u everywhere in P and ||v — u||x <e.

Fixing an arbitrary point zy € P, we can decompose P as a union of an
open ball and open spherical shells centered in zq, i.e., P = U;il P, where
Pe={reP:k—-2<d(z,zo) < k}.

Let ¢ > 0 be fixed. For each £ € N, we will find an Isc function vy that
dominates u on Py while ||(vy — u)xp, || x < /(2¢,)*, where ¢, > 1 is the modulus
of concavity of X (i.e., the constant in the triangle inequality in (P1)).

Fix k € Nand let § = £/c2(2¢.)"(2 + ||xp.|lx). Let Eoo = P N u~1(c0).
Then, u(Es) = 0. For every n € N, we define E,, = Py Nu~!([(n — 1)d,nd)).
Due to the outer regularity of 1 and the absolute continuity of the (quasi)norm
of xp, in X, there are open sets U, and V,, such that E, C U, C P with
Ixv\E.llx < 1/n(2c,)", and Es C V,, C Pr with [[xv,[[x < §/(2¢,)". Define
now vy : P — [0, 00] by

oo

ve(z) =Y (ndxu, + xv,)-

n=1

Obviously, vy € lsc(Py) and vi > u on Pg. Then, we can estimate

v (@) —u(x) <Y (ndxw, (x) + xv,, (&) = (n = 1)dxp, ()

i
L

o

(ndxu,\g, (@) + oxz, () + xv, (2))

3

3
Il
_

)

ndxu,\E, () + 0xp, (2) + D xv, ().
n=1

3
Il
_

3

The triangle inequality and the Riesz—Fischer property give that

(22) o = wixmillx < ¢ (63 nel lxoamllx + ol lx + 3 e,

n=1 n=1

%)

€
< 2+ Ixpllx) = ek
Let now v(z) = maxgen vg(z) for all x € P. Note that for each « € P, there
may be at most two values of k such that vi(x) > 0 and in that case they are
consecutive. Define thus P;, = {z € Py : v(x) = vi(x) > vgt1(x)}. Then, the sets
Py, k € N, are pairwise disjoint and v(z) = u(z) = 0 whenever z € P\ Uz, Py,
which together with (2.2) leads to the estimate

S
k=1

(o) (o)
lo—ullx = | Y- (- u)xr, LSl wmllx <c.
k=1 k=1

O
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By a curve in P we will mean a non-constant continuous mapping y: I — P
with finite total variation (i.e., length of v(I)), where I C R is a compact interval.
Thus, a curve can be (and we will always assume that all curves are) parametrized
by arc length ds, see e.g. Section 7.1 in Heinonen [18]. Note that every curve is
Lipschitz continuous with respect to its arc length parametrization. The family
of all non-constant rectifiable curves in P will be denoted by I'(P). By abuse of
notation, the image of a curve v will also be denoted by ~.

A statement holds for Modx -a.e. curve if the family of exceptional curves I'.,
for which the statement fails, has zero X -modulus, i.e., if there is a Borel function
p € X such that f7 pds = oo for every curve v € ', (see Proposition 4.8 in [31]).

Definition 2.2. Let u: P — R. Then, a Borel function g : P — [0, co] is an upper
gradient of u if

(2.3) u(1(0)) — u(y(1y))] < / gds

v

for every curve v: [0,1,] — P. To make the notation easier, we are using the
convention that |(+00) — (£o00)| = co. If we allow g to be a measurable function
and (2.3) to hold only for Modx-a.e. curve ~: [0,1,] — P, then g is an X -weak
upper gradient.

Observe that the (X-weak) upper gradients are by no means given uniquely.
Indeed, if we have a function u with an (X-weak) upper gradient g, then g + h
is another (X-weak) upper gradient of v whenever & > 0 is a Borel (measurable)
function.

Definition 2.3. We say that function u € M(P, u) belongs to the Dirichlet space
DX if it has an upper gradient g € X. Let

(2.4) lull vax = llullx + inflg]lx,

where the infimum is taken over all upper gradients g of u. The Newtonian space
based on X is the space

N'X = N'X(P,p) == {u € M(P,p) : |Ju]| yix < o0} =X NDX.
Given a measurable set © C P, we define
Ny X(©)={ule:ue N'X andu=0in P\ O}.

Note that we may define DX via X-weak upper gradients and take the infimum
over all X-weak upper gradients ¢ of u in (2.4) without changing the value of the
Newtonian quasi-norm, see Corollary 5.7 in [31]. Let us also point out that we
assume that functions are defined everywhere, and not just up to equivalence
classes p-almost everywhere. This is essential for the notion of upper gradients
since they are defined by a pointwise inequality.



FINE PROPERTIES OF NEWTONIAN FUNCTIONS AND THE SOBOLEV CAPACITY 227

It has been shown in [32] that the infimum in (2.4) is attained for functions
in N'X by a minimal X -weak upper gradient. Such an X-weak upper gradient is
minimal both normwise and pointwise (a.e.) among all (X-weak) upper gradients
in X, whence it is given uniquely up to equality a.e. The minimal X-weak upper
gradient of a function v € N'X will be denoted by g, € X.

The functional || - ||yix is a quasi-seminorm on N'X and a quasi-norm on
NX := NX /~, where the equivalence relation u ~ v is given by ||u — v|| yix = 0.
The modulus of concavity for N'X (i.e., the constant in the triangle inequal-
ity) is equal to ¢,, the modulus of concavity for X. Furthermore, the Newtonian
space NLX is complete and thus a quasi-Banach space, see Theorem 7.1 in [31].

3. Sobolev capacity

When working with first-order analysis, it is the Sobolev capacity that provides
a set function that distinguishes which sets do not carry any information about a
Newtonian function and thus are negligible. In this section, we will show a certain
rigidity property of the capacity. Furthermore, if P is locally compact and if the
Vitali-Carathéodory theorem holds, then we will obtain that the capacity is outer
regular on sets of zero capacity.

Definition 3.1. The (Sobolev) X -capacity of a set E C P is defined as
Cx(E) = inf{|Ju||yix : v >1on E}.

If X is r-normed for some r € (0, 00), then we define the (Sobolev) X ,r-capacity of
aset £ C P by

Cx.(E) = inf{(J|luls + lg|l%)*" : w>1 on E and g is an upper gradient of u} .

The function lattice X will be implicitly assumed to be r-normed whenever the
capacity Cx , is used. We say that a property of points in P holds Cx-quasi-
everywhere (Cx-g.e.) if the set of exceptional points has X-capacity zero.

Observe that the capacities Cx and éx,r are equivalent, viz.,
min{1,2"/" 1} Cx (E) < Cx ,(E) < max{1,2"/""1}Cx(E) for every ECP.

Therefore, it is of no importance whether the notion of quasi-everywhere is defined
using C'x or C'x . The capacities Cx (E) and Cx ,(E) may be equivalently defined
considering only functions w such that yg < u < 1, see Proposition 3.2 in [31].
If X is normed, then Cx = CEXJ. Despite the dependence on X, we will often
write simply capacity and g¢.e. whenever there is no risk of confusion of the base
function space.

A capacity C is an outer capacity, if C(E) = infg C(G), where the infimum
is taken over all open sets G O E. Based on the quasi-continuity of Newtonian
functions, we will show in Proposition 4.8 below that Cx , is an outer capacity.
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It was established by Theorem 3.4 in [31] that Cx is o-quasi-subadditive, i.e.,

cx (U B) =Y doxE).
j=1 j=1
In particular, C'x is countably subadditive if ¢, = 1. Next, we will show that so

is 6’X7T(~)’“ regardless of the value of ¢, > 1 or r > 0.

Lemma 3.2. The function Cx ,.(-)" is o-subadditive, i.e.,

whenever E1,Eo,--- C P.

Proof. If C x.r(E;) = oo for some j € N, then the wanted inequality holds trivially.

Suppose therefore that Cx . (E;) < oo for every j € N. For each E;, j € N, we can
hence find u; € N'X with an upper gradient g; € X such that XE; Suj <1, and

a5 + N9l < Cxr(Ej)" +27¢. Let u=sup;s uj and g = sup;»; g;. Then,
XUz, B; Su < 1, while g is an upper gradient of u by Lemma 3.3 in [31]. Hence,

oo

~ i

Cor (UES) < Il + gl = || sup [y + || sup ][
= i>1 i>1

o0
<[
j=1

Letting ¢ — 0 completes the proof. O

oo oo oo
T T ~
e, = Dt + g% <2+ CxnEy)
j:l 7j=1

Jj=1

If Cx (F) =0, then u(E) = 0. The converse is however not true in general. The
natural equivalence classes in N'X, where u and v are equivalent if ||[u —v|| y1x = 0,
are in fact given by equality qg.e. as shown in Corollary 6.16 of [31].

The following proposition shows a certain rigidity property of the Sobolev ca-
pacity of an open set, which is an important hypothesis in Proposition 4.4 below.
The usual Sobolev capacity in R™ has this property trivially by definition, see
Definition 2.35 in Heinonen, Kilpeldinen and Martio [19]. The idea of the claim
and its proof originates in Proposition 5.22 of [5]. It is noteworthy that we do not
need Cx (or C'x,) to be an outer capacity to obtain this result.

Proposition 3.3. Let G C P be open and suppose that w(E) = 0. Then,
Cx(G)=Cx(G\E) and Cx,(G)=Cx,(G\E).

Proof. Obviously, Cx(G) > Cx (G \ E) as the capacity is monotone.

The converse inequality holds trivially if Cx (G\ E) = co. Hence, suppose that
Cx(G\ E) < co. Let € > 0. Then, there is u € N1X with an upper gradient g € X
such that xg\p < u <1 and [Jul|yix < [Jullx +[lgllx < Cx(G\ E) +e¢.
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Let v = max{x¢g,u}. Then, u = v outside of G N E, whose measure is zero.
Hence, ||ul|x = ||v]lx. We will show that g is an X-weak upper gradient of v.
Let v: [0,1,] — P be a curve such that A'(y~1(G N E)) = 0 and (2.2) is satisfied
for all subcurves v' = +|;, where I C [0,1,] is a closed interval. By Lemma 4.9 and
Corollary 5.9 in [31], Mod x-a.e. curve ~ satisfies these conditions.

If v(0) € G N E, then there is « € (0,1,) such that y(a) € G\ E as v~ 1(G)
is open in [0,1,] and N'(y"1/(G N E)) = 0. If v(0) ¢ GN E, then we set a = 0.
We obtain that v(y(0)) = u(y(a)).

Similarly, if () € G N E, then there is § € («,l,) such that v(8) € G\ E.
We set 8 = I, otherwise. Consequently, v((ly)) = u(v(8)). Therefore,

31 [p((0) = v(r()] = [ulv(e)) — u(v(8)] < / RCE / gds.
Y, B] ol

Thus, g is an X-weak upper gradient of v as (3.1) holds for Mod x-a.e. curve 7.
Hence

Cx (@) < vllvix < llollix + llgllx = llullx +llgllx < Cx(G\E) +e.

Letting € — 0, we see that Cx (G) < Cx (G \ E) as needed.
The equality for Cx , can be shown analogously. O

For an arbitrary set, adding a zero set (with respect to the capacity) does not
change the capacity of the set even if Cx is not subadditive but merely quasi-
subadditive as we are now about to see.

Lemma 3.4. Let E, F C P. Suppose that Cx (F) = 0. Then, Cx(EUF) = Cx(F)
and Cx ,(EUF) =Cx,(E).

Proof. By monotonicity, Cx (E U F) > Cx(E) and Cx,,.(EUF) > Cx,(E). The
converse inequality for Cx , follows from the o-subadditivity of ng.

If Cx(F) = oo, then the converse inequality holds trivially. Suppose now
that Cx(FE) < co. Let ¢ > 0 and let yg < u € N'X be such that |jul|yix <
llullx +l9llx < Cx(E)+e, where g € X is an upper gradient of u. Set v = u+ xp.

Then, v = u q.e., whence |[v||x = ||u[|x and g is a weak upper gradient of v by
Corollary 5.11 in [31]. As v > xgur, we have Cx(EUF) < |v|nyix < |Jv]|x +
llgllx < Cx(E)+ €. Letting ¢ — 0 shows that Cx(FUF) < Cx(E). O

The following result generalizes Proposition 1.4 in [8] in a similar fashion as
Proposition 4.7 in Bjorn, Bjorn, and Lehrbéck [6]. It shows that in locally compact
(and hence in proper) metric measure spaces, the Sobolev capacity C'x (and hence
also C x,r) 18 an outer capacity at least for zero sets whenever lsc majorants provide
good estimates of the function norm.

Proposition 3.5. Assume that P is locally compact and that X is a quasi-Banach
function lattice possessing the Vitali-Carathéodory property, i.e., it satisfies (2.1).
Let E C P with Cx(E) = 0. Then for every € > 0, there is an open set U D F
with Cx (U) < €.
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Proof. Suppose first that there is an open set G O E such that G is compact.

Let ¢ > 0. Since Cx(E) = 0, we have that xg = 0 q.e. in P and hence
Xzl nix = 0 by Proposition 6.15 in [31]. Thus, there is an upper gradient g € X
of xg such that ||g|]|x < e. By (2.1), we can find v,p € X Nlsc(P) that satisty
v > xg and p > g everywhere in P, while ||v||x < ¢ and ||p||x < e. Let o = vxe.
Since G is open and contains E, we have that xg < v € X Nlsc(P) and ||9||x < ¢
as well.

Let V={z € P:9(x) >1/2}. Then, E C V C G and V is open. Furthermore,
Ixviix <2[o]x < 2e. Let

u(z) = min{l,i{{lf/(p—i— 1) ds} ,

v

where the infimum is taken over all (including constant) curves connecting x to
the closed set P\ V. Then, ulg € Isc(G) by Lemma 3.3 in Bjérn, Bjorn and
Shanmugalingam [8] since G, being compact, is a proper metric space and p + 1 is
bounded away from zero. Consequently, u € Isc¢(P) asu=0on P\ V D P\ G.

Now, let U = {x € P: u(x) > 1/2}. The set U is open due to the semicontinuity
of u. We can show that u = 1 on E, whence E C U. Indeed, let 7 be a curve
connecting arbitrary « := v(0) € E with y :=v(ly) € P\ V. Then, fw(p +1)ds >
IXe(z) — xE(Y)| + 1, > 1 as p is an upper gradient of xg. Furthermore, u < xv
and (p 4+ 1)xv is an upper gradient of u due to Lemmata 3.1 and 3.2 in [8]. We
can therefore estimate the capacity

Cx(U) < 2lulvix < 2(lIxviix + I+ Dxvlix)
<2((1+e)llxvlix +alloxvlix) <2((1+¢)2e +ae) <10¢e.

If no open neighborhood of E has a compact closure, then we can apply sep-
arability and the local compactness of P to write E = [J,2, E,, so that for each
n € N there is an open set G, D E, with a compact closure. In particular,
Cx(E,) = 0. By the previous part of the proof, we can find open sets U,, D F,
with Cx (Uy,) < ¢/(2¢,)"™. Let now U = |J;—; U,. Then, U is open and

Cx(U) < ZC?CX(Un) <e€
n=1

by the o-quasi-subadditivity of Cx. O

Remark 3.6. In the previous claim, it in fact suffices to assume that there exists
an open set G O FE that is locally compact instead of requiring that the entire
space P is locally compact. It is, however, currently unknown whether such lo-
cal compactness is really necessary. On the other hand, the Vitali-Carathéodory
property is crucial. In view of Proposition 2.1, it suffices that X contains bounded
functions with bounded support and these have absolutely continuous norm in X.
In [7], Bjorn, Bjorn and Maly have constructed a metric measure space P and a
function space X = X (P) such that Propositions 2.1 and 3.5 fail.
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4. Quasi-continuity and its consequences

In this section, we study when Newtonian functions possess a Luzin-type prop-
erty, the so-called quasi-continuity, which then leads to the fact that the Sobolev
capacity is an outer capacity. The Sobolev capacity defined via the Newtonian
quasi-norm characterizes the equivalence classes well, but in general it need not
be an outer capacity then. Outside of the Newtonian setting, it is customary to
introduce the Sobolev capacity so that it is an outer capacity by definition, cf. Def-
inition 2.35 in Heinonen, Kilpeldinen and Martio [19] or Section 3 in Kinnunen and
Martio [26].

In Section 5, the quasi-continuity will help us establishing the density of com-
pactly supported Lipschitz functions in N} X (), where Q C P is open.

Definition 4.1. A function u: P — R is weakly quasi-continuous if for every ¢ > 0
there is a set &/ C P with Cx(E) < e such that u|p\ g is continuous. If the set E
can be chosen open for every € > 0, then w is quasi-continuous.

By continuity of an extended real-valued function, we mean that the function
does not attain the values 0o and is in fact real-valued.
As the capacities Cx and Cx , are equivalent, it is insignificant whether the

notion of (weak) quasi-continuity is defined using C'x or 6’X7r.

Lemma 4.2. Assume that for every ¢ and every E C P with Cx(E) = 0, there
is an open set U D E with Cx (U) < e. If u is quasi-continuous, then every v that
coincides with u q.e. is also quasi-continuous.

In view of Proposition 3.5, the hypotheses of the lemma are satisfied if P is
locally compact and if X has the Vitali-Carathéodory property (2.1) (which, in
particular, it does by Proposition 2.1 if X contains all bounded functions with
bounded support and these have absolutely continuous quasi-norm in X).

Proof. Let € > 0. Define E = {z € P : u(z) # v(x)}, so Cx(E) = 0. Thus, we
can find an open set U D E with Cx(U) < €/2¢,. Since u is quasi-continuous,
there is an open set V with Cx (V) < £/2¢? such that u|p\y is continuous. Let
G = UUV. Then, Cx(G) < € and v|p\g = ulp\g is continuous. Hence, v is
quasi-continuous. O

Next, we will see that if the Sobolev capacity is an outer capacity, then the
distinction between weak quasi-continuity and quasi-continuity is not needed.

Proposition 4.3. Suppose that C'x or éx,r s an outer capacity. Then, a function
s quasi-continuous if and only if it is weakly quasi-continuous.

Proof. Quasi-continuous functions are trivially weakly quasi-continuous.
Let u be weakly quasi-continuous and let ¢ > 0. Then, there is a set £ C P
with Cx(E) < € (resp. Cx,(E) < ¢) such that u|p\g is continuous. Since Cy

(resp. éx,r) is an outer capacity, there is an open set G O E with Cx (G) < € (resp.

Cx,-(G) < ¢€). Then, u|p\¢ is also continuous, whence u is quasi-continuous. O
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For functions that are absolutely continuous along Mod x-a.e. curve, the equal-
ity a.e. implies equality on a larger set, namely, q.e. (see Proposition 6.12 in [31]).
Similarly, we have the following result for quasi-continuous functions.

Proposition 4.4. Suppose that both uw and v are quasi-continuous. If u =1v a.e.,
then u=wv q.e.

Sketch of proof. Kilpeldinen [25] has proven the claim for abstract outer capacities
that satisfy the rigidity condition of Proposition 3.3 under the assumption that u
and v are weakly quasi-continuous. His proof works verbatim if the hypotheses of
the capacity being outer and the weak quasi-continuity of v and v are replaced by
the hypothesis that u and v are quasi-continuous. O

Since a Egorov-type convergence theorem (see Corollary 7.2 in [31]) holds in
Newtonian spaces based on an arbitrary quasi-Banach function lattice X, we will
obtain that Newtonian functions are weakly quasi-continuous provided that con-
tinuous functions are dense in N'X.

Sufficient conditions for density of (Lipschitz) continuous functions in N'X have
been discussed in [33] using the connection between Hajtasz gradients, fractional
sharp maximal functions, and (weak) upper gradients in doubling p-Poincaré spaces
(see Definition 6.1 below). Roughly speaking, Lipschitz functions are dense in
N1X if a certain maximal operator of Hardy-Littlewood type satisfies weak norm
estimates and the quasi-norm of X is absolutely continuous.

In Theorem 7.1 below, it will be shown that Newtonian functions have continu-
ous representatives (with respect to equality q.e.) if P supports a certain Poincaré
inequality, p is doubling and the quasi-norm of X is sufficiently restrictive in com-
parison with the “dimension of the measure”. In that case, the continuous functions
are trivially dense in N'X.

It was established by Ambrosio, Colombo and Di Marino [1] (cf. Ambrosio, Gigli
and Savaré [2]) that Lipschitz functions are dense in N1? := N'LP for p € (1, 00)
if P is proper, endowed with a doubling metric. In particular, neither a Poincaré
inequality, nor a doubling property of the measure is needed.

Proposition 4.5. If continuous functions are dense in N'X, then every function
u € N'X has a quasi-continuous representative i = u q.e. Hence, u is weakly
quasi-continuous.

Proof. Let u € N'X be approximated by a sequence {u}32; C C(P)NNX so that
up — u in N'X as k — oo. By Corollary 7.2 in [31], there is & € N'X such that
= u q.e. and for every € > 0 there exists an open set U, with Cx (U.) < ¢ such
that a subsequence {uy, }52; converges uniformly to @ on P \ U.. Hence, i|p\p.
is continuous and @ is quasi-continuous. Writing E = {z € P : u(x) # a(x)}, we
have Cx (U. U E) < ¢ by Lemma 3.4 and u|p\(y.ug) is continuous whence v is
weakly quasi-continuous. O

In Proposition 3.5, we saw that C'x is an outer capacity for zero sets under
certain hypotheses. As a consequence, we obtain that functions with a quasi-
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continuous representative are in fact quasi-continuous by Lemma 4.2. Then, New-
tonian functions are quasi-continuous by Proposition 4.5 provided that they can
be approximated by continuous functions. Hence, we have the following result.

Corollary 4.6. Assume that P is locally compact and X is a quasi-Banach func-
tion lattice with the Vitali-Carathéodory property (2.1). In particular, we may
assume that X contains characteristic functions of all bounded sets and these have
absolutely continuous norm in X. If continuous functions are dense in N'X, then
every u € N'X is quasi-continuous.

The original idea of Proposition 4.5 and Corollary 4.6 for X = L? under con-
siderably stronger assumptions can be traced back to Shanmugalingam [38], whose
result was later generalized by Bjorn, Bjorn, and Shanmugalingam [8].

Proposition 4.7. Suppose that there is a cover P = |J;—, Pk, where Py, is open
and that for every k € N, there is 8, > 0 such that Cx ({x}) > 0y for each x € P.
Then, weakly quasi-continuous functions are continuous.

In particular, if all functions in N'X are weakly quasi-continuous (which holds,
e.g., if continuous functions are dense in N'X), then N'X C C(P).

Proof. Set e, = 0i/2 for every k € N. Let u be weakly quasi-continuous. Then,
there is Ey with Cx(Ex) < e such that u|p\ g, is continuous. Consequently,
Pr N Er, = 0 because every x € Py, satisfies Cx ({z}) > 0p > Cx(FE)). Thus,
ul|p, € C(Py). Since Py, is open, u is continuous at every point of Py.
Finally, u is continuous everywhere in P as P = (J,-; Pi. Hence, u € C(P).
If continuous functions are dense in N'X, then all functions in N'X are weakly
quasi-continuous by Proposition 4.5. O

So far, we have seen that Cx (or éX,r) being an outer capacity on zero sets
implies that Newtonian functions are quasi-continuous (under some additional as-
sumptions). The next proposition shows that the converse is actually stronger.
Namely, if Newtonian functions are quasi-continuous, then C x,r 1s an outer capac-
ity on all sets (without any additional assumptions). An analogous result for C e
with p € [1,00) was given in Corollary 1.3 of [8].

Proposition 4.8. Assume that all functions in ]~\71X are quasi-continuous. Then,
Cx., is an outer capacity, i.e., Cx ,(E) = inf Cx ,.(G) for every E C P, where
the infimum is taken over all open sets G O FE. Moreover, if X is normed, then
Cx is an outer capacity.

Sketch of proof. If X is normed, then C'x = CN'X,,, with » = 1. Hence, it suffices to
prove that C x,r 1S an outer capacity.

The proof of the outer regularity of C 'x,r goes through almost verbatim as the
proof of Corollary 1.3 in [8]. The only modifications needed are: (i) to replace the
capacity Cp(-)/? by Cx.(-)"; and (ii) to replace the Newtonian norm || f||x1.» by
1% + llgfll%, where g5 € X is a minimal X-weak upper gradient of f € N'X
(while f stands for either u, v, or w in the original proof). O
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The following proposition quantifies the difference between a.e. and q.e. equiv-
alence classes in Newtonian spaces. Namely, N'X contains only the “good” rep-
resentatives of the functions that lie in an a.e. equivalence class of a Newtonian
function.

Proposition 4.9. Assume that P is locally compact and that continuous func-
tions are dense in N'X. Suppose further that X has the Vitali-Carathéodory
property (2.1). In particular, it suffices to assume that x g satisfies (AC) and lies
in X whenever B C P s bounded and measurable. Let uw: P — R be such that
w=uv a.e. in P for some function v € N'X. Then, the following are equivalent:

(a) ue NX;

(b) wo~y is absolutely continuous for Modx -a.e. curve ;

(¢) w is weakly quasi-continuous;

(d) w is quasi-continuous.

Proof. Proposition 2.1 gives (2.1) if xp € X satisfies (AC) whenever B C P is
bounded.

The equivalence (a) < (b) was established by Proposition 6.18 in [31], without
any assumptions on P.

The implication (a) = (c) is shown in Proposition 4.5.

The equivalence (c¢) < (d) follows by Proposition 4.3, whose hypotheses are
satisfied due to Corollary 4.6 and Proposition 4.8.

In order to show that (d) = (a), assume that u is quasi-continuous. It follows
from (a)=(d) that v is quasi-continuous since v € N'X. Then, u = v q.e. by
Proposition 4.4. Therefore, |[u — v||yix = 0 by Proposition 6.15 in [31], which
yields that v € NX. O

5. Density of locally Lipschitz functions

Let © C P be measurable. Then, it can be naturally considered as a metric
measure space on its own, where both the metric and the measure are inherited
from P (by restriction). Given a (quasi)Banach function lattice X = X (P, ), we
define the restricted space X (©) by its (quasi)norm |u|| x(e) := ||@xel x, where @ is
any extension of a function u: © — R to P. The Newtonian space N'X(0) is then
defined in accordance with Definition 2.3 as the set of those functions in X (©) that
have an upper gradient in X (©). Observe that N'X(0) D {u|e : u € NX(P)}
and the inclusion may be strict unless © is an extension domain (see e.g. Bjorn
and Shanmugalingam [9] and references therein for some results on N!P-extension
domains).

The aim of this section is to prove that locally Lipschitz functions are dense
in N'X(Q), where Q C P is open, provided that (locally) Lipschitz functions are
dense in N'X(P). Note that we will not pose any assumptions on 2 besides being
open. We will however need P to be proper and X to have absolutely continuous
norm such that L>(Q) < Xj,c(£2). Here, we generalize the results of [8], where X
was just LP.
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It has been shown in Section 3 of [33] that Newtonian functions can be approx-
imated by their truncations if the (quasi)norm of X is absolutely continuous. We
can extend this result if all Newtonian functions are quasi-continuous. Namely,
Newtonian functions that vanish outside of a measurable set © can be approxi-
mated by bounded functions whose support is a bounded subset of ©. The case
X = LP with an open O was discussed in [8], where the fundamental idea came
from [39].

By Definition 2.3, N3 X (©) consists of those functions in N1X(©) that can be
extended by zero yielding a function in NX(P). Therefore, we may (and will)
consider every function in Ng X (©) to be also an element of N'X(P) that vanishes
outside of O.

Lemma 5.1. Let X be a quasi-Banach function lattice with absolutely continu-
ous quasi-norm. Assume that all functions in N'X are quasi-continuous. Then,
every function in N} X (0) can be approzimated in N'X by bounded functions with
bounded support lying in ©.

Proof. Let u € N} X (0©) with an X-weak upper gradient g € X. It has been shown
in Corollary 3.4 of [33] that the truncations of u get arbitrarily close to u in N'X.
Therefore, we may assume that u is bounded.

Next, we will show that we may assume that u has bounded support. Let us
fix zg € P and write ¢, (z) = (1 —dist(z, B(xg,n)))" for n € N. We want to prove
that w,, — u in N'X as n — oo. Since §j = X A(zo,n,n+1) is an upper gradient of
1 — 4y (z) = min{1, dist(z, B(zg,n))}, where A(zg,n,n + 1) is the closed annulus
{zx € P:n <d(z,z9) <n+ 1}, the product rule (Theorem A.1) yields that the
function g, = (1 —%n)g + X A(zo,n,n+1) is an X-weak upper gradient of (1 — 1)y, )u.
Moreover, g, < (u + g)XP\B(zo,n)- Hence,

[ = wtpn || vix < flu = wibnllx + [lgnllx

< ||UXP\B($O»77/)HX + H(u +g)XP\B(:vo,n)||X =0 asn—o0

due to the absolute continuity of the quasi-norm of X. Therefore, we do not lose
any generality if we suppose that u has bounded support.

Since w is quasi-continuous, there are open sets U, C P, k € N, such that
ulp\v, is continuous while Cx(Ux) — 0 as k& — oo. Thus, there exist functions
wy € NX such that yp, < wy <1 and |wg|nyix — 0 as k — oco. By Corollary 7.2
in [31], we may assume that wy — 0 q.e., passing to a subsequence if necessary.
The sets Gy, == Uy U{x € P\ Uy : u(z) < 1/k} are open in P, whence P\ Gy C ©
is closed. Let

0 for |t| < 1/k,
me(t) = 2(|¢| — 1/k)sgnt  for 1/k < |t| < 2/k,
t for |t| > 2/k.

By the chain rule (Theorem A.2), we obtain that g, cu—u = GuX{o<|u/<2/k} a-€.
as the function ¢t — ny(t) — t is 1-Lipschitz and supported in [-2/k,2/k]. The
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absolute continuity of the norm of X now yields

11k 0 u — ul| vix < [Juxqociui<2/ryllx + lguX(o<iul<2/pllx — 0 as k — oo

since (o {z € P : 0 < |u(z)| < 2/k} = 0. As n, is 2-Lipschitz, we can estimate
Gnrou < 2gy a.e. Let up = (1 — wi)(nr o w). Then, uy, is supported within P\ G,
and the product rule gives that

lwk —me o ullvix = [|(k 0 w)wi || nix
< H(nk o u)wk”X + ”(nk o u)gwk +gnkouwkHX
< e o ull poe (lwkll x + e llgwi [1x) + 2¢ | guwe ] x -

For an arbitrary ¢ > 0, we obtain that [[g,wk|x < c.(ellgullx + [|guXELe)llx),
where Ej(¢) = {z € P : wi(x) > e}. Then, limsup,_, . ||guwrl|x < c.llgullx by
the absolute continuity of the quasi-norm of X since pu((;—, Ex(¢)) = 0. Letting
e — 0, we see that ||gywg|]|x — 0 as k& — oo. The choice of wy ensures that
loklx + lguwellx = lwellvex — 0 as k - oo Thus, [[ug — mi 0 ullyix — 0
as k — oo. O

We can go even further if P is a proper metric measure space. If 2 C P is open
and if locally Lipschitz functions are dense in N'X, then the Newtonian functions
that vanish outside of {2 can be approximated (in the norm of N'X) by Lipschitz
functions that are compactly supported within €.

Proposition 5.2. Suppose that P is proper and €2 C P is open. Assume that X is
a quasi-Banach function lattice that has absolutely continuous quasi-norm. Assume
further that L>(Q) < Xioc(2) (which in particular holds if X satisfies (P4)). If
locally Lipschitz functions are dense in NX, then Lip.(Q) = N X ().

Proof. Since bounded functions with compact support in ) are contained in X
by the embedding L>°(Q) < Xjoe(Q), we immediately obtain that Lip.(Q2) C
N§ X(92). Now, we will show that Nj X () is a closed subset of N'X. Let {us}72 4
be a Cauchy sequence in N} X (2). Then, there exists a function u € N'X such
that [Jux — ul|xyix — 0 as k — oo since N'X is complete by Theorem 7.1 in [31].
By passing to a subsequence if needed, we have that u; — u pointwise g.e. in P
by Corollary 7.2 in [31]. Hence, u = 0 q.e. in P\ Q. Let & = uxq. Then,
@ = u q.e. in P. Therefore, ||i — u||y1x = 0 by Proposition 6.15 in [31] and hence
|luk —@l|yix — 0 as k — oo, where @ € N} X. Consequently, N} X (Q) = N} X (Q).

Let now u € NJX(Q), v # 0. Due to Corollary 4.6 and Lemma 5.1, we
may assume that u is bounded and has bounded support within €. In fact, sptu
is compact since P is proper. Let € > 0 be arbitrary. There exists a locally
Lipschitz function v € N'X such that |[u — v|yix < e. Next, we define n(z) =
(1 — 2dist(x,sptu)/d)*, where § = min{1, dist(spt u, P \ Q)}. The support of 7 is
compact in 2, and g, < 2/4 since n is 2/d-Lipschitz. Moreover, Xspto < 7 < 1.
Consequently, v € Lip.(£2) and the product rule (Theorem A.1) gives g,(1—p) <

|v|gy 4 gv. Since 1 —n = 0 on sptu, Corollary A.4 yields that g,1—,) = 0 a.e.
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on sptu. Corollary A.4 further implies that g,—, = g—, = g, a.e. outside of sptu
because u — v = —v there. Thus,

v —vnllvix < [[oxpysptullx + (10197 + go)XPrsptullx
< ”'UXP\Sptu”X + CA(”'UXP\SptuHXHgnHL‘X’ + ||gUX'P\sptu||X)

2¢,
< (1 =+ T) H'UXP\sptu”X + CA”gvX’P\sptu”X
2¢,
< (14 22 (1 = xprprallx + 9u-oxProprallx) -

Therefore,

QCA QCA
lv —vnlnix < (1 + T) lu—vl|yix < (1 + T)E'

The triangle inequality in N'X now yields that

Cy
= vnllnix < el = vl + o = vnlli) < 26 (1+ 2 )e,

completing the proof of the inclusion N} X (2) C Lip.(€2). m

Finally, if we consider the space of Newtonian functions on an open subset 2 of
a proper metric space P, then the density of locally Lipschitz functions in N1X (P),
implies the density in N'X (). What makes this claim interesting is that we do
not impose any other conditions on 2. In particular, it has been shown earlier that
Lipschitz functions are dense in N1X (P) if P supports a p-Poincaré inequality and
the maximal operator M, has certain bounds, but here we do not assume that {2
(as a metric subspace of P) is a p-Poincaré space nor that u|q is doubling. On
the other hand, we merely obtain density of locally Lipschitz functions, which is
however not unexpected in view of Examples 5.8-5.11 in [5].

Example 5.3 (Example 5.4 in [8]). Let P be the slit disc B(0,1)\(—1,0]C C=R2.

Then, f(z) = max{0,2|z| — 1} argz belongs to N'?(P)\ Lip(P) for all p > 1.

Theorem 5.4. Under the hypotheses of Proposition 5.2, locally Lipschitz functions
are dense in N'X(Q).

Proof. Let u € N'X(Q) and let ¢ > 0 be arbitrary. Since P is proper, we may
find an increasing sequence of open sets f = Qo # Q1 € Qs € --- € Q so that
Q= Ujoozl Q;. Let np = 01in Q. For each j = 1,2,..., choose n; € Lips(€2;+1)
such that xo, < 7; < 1 and then define u; = un; (1 — n;_1), which gives that
uj € NgX(Qj4+1\ Q;-1). It is easily seen by induction that Z?Zl uj = uny, for

oo

every k = 1,2, ..., which leads to equality u = ).~ u; everywhere in Q.

j=1
By Proposition 5.2, there exists v; € Lipe(€2,+1\$2;_1) such that ||Ju;—v;||yix <
(2¢,)7e for every j = 1,2,.... Let v = Z‘;‘;l v;j. For every x € €, there is a
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neighborhood U 3 x such that at most three terms in this sum are non-zero in U,
whence v is locally Lipschitz in €. The triangle inequality now yields that

o0
lu—vllvoe@) < Y& llu; —villvix < e 0
j=1

6. Boundedness of Newtonian functions

In the setting of Sobolev spaces WP (R™), it is well known that Sobolev functions
are essentially bounded and have continuous representatives if p > n. A finer
distinction of function spaces is however needed for p = n, e.g., certain Zygmund
or Lorentz norms can be used to ensure the boundedness. A similar result can
be obtained for Newtonian functions if we introduce the notion of dimension of
a doubling measure p. Therefore, we will assume that p satisfies the doubling
condition in this (as well as in the next) section.

In R™ with the Lebesgue measure A", we have \*(2B) = 2" \"*(B) for every ball
B C R"™. The doubling condition gives u(2B) < capipu(B) = 2'°82 vty (B). Even
though log, cqp1 can play the role of the dimension, it need not be sharp for the
results about boundedness and continuity of Newtonian functions. It can be easily
shown (see, e.g., Lemma 3.3 in [5]) that for every s > log, cqp1 there is ¢ > 0 such
that

(B(y,r)) ¢
,/j(BB(g, 7)) = (%)

whenever 0 < r < R, x € P, and y € B(z, R). Considering a simple example of
weighted R" with a non-constant weight w € L>°(R™) such that 1/w € L>®(R"™), we
see that (6.1) holds with s = n < log, capl and ¢; = 1/||w||oo||1/w|l0o- Therefore,
the dimension will be replaced by s < log, cqn1, preferably as small as possible, such
that (6.1) is satisfied. Note however that the set of admissible exponents s may be
open, see e.g. Example 3.1 in Bjorn, Bjorn and Lehrbéck [6]. Tt is insignificant for
the notion of dimension whether we require that (6.1) holds for all y € B(z, R) or
only for y = z (i.e., only for concentric balls) since

1 MBW.n) - p(Bly:r) _ pBly,r) p(Bly. B) _ - #By:1)
Pu(Bly, R) ~ p(B(x,R)) — p(Bly, R)) p(B(x, R)) = " w(B(y, R))’

If P is connected, then there are ¢, > 0 and 0 < o < s such that

(6.1)

pBly.r) _ (T)"

u(B(z.R) ~ "\R

(6.2) =

whenever 0 < r < R < 2diamP, z € P, and y € B(z, R), see Corollary 3.8 in [5].
Similarly as above, if (6.2) holds with some o, then it holds with all ¢’ < o. The
set of admissible exponents in (6.2) may be open, see Example 3.1 in [6]. Moreover,
it may happen that ¢ < s even if both o and s are the best possible exponents
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(provided that these exist). The metric measure space is called Ahlfors Q-regular if
both (6.1) and (6.2) are satisfied with 0 = s =: Q. However, the Ahlfors regularity
is a very restrictive condition that fails even in weighted R"™, unless the weight is
bounded away both from zero and from infinity, see e.g. Example 3.5 in [5].

We will show that all Newtonian functions are locally essentially bounded (and
have continuous representatives, which will be shown in the next section) provided
that the function lattice X is continuously embedded into L? = for some p > s or

loc
into L*(log L){.t% in the borderline case p = s > 1, where s is the “dimension of
the measure” given by (6.1), under the assumption that P supports a p-Poincaré
inequality. If a slightly stronger Poincaré inequality is assumed, then we will show
that the embedding X < Lf(;i suffices to obtain local essential boundedness of

functions in N'X (and hence so does X < L*(log L)'~1/#).

Definition 6.1. We say that P supports a p-Poincaré inequality with p € [1,00)
if there exist constants cp; > 0 and A > 1 such that

1/p
(6.3) ][ |u —up|dp < cprdiam(B) (][ g’ du)
B

AB

for all balls B C P, for all uw € L, (P) and all upper gradients g of .

This inequality is sometimes called a weak p-Poincaré inequality since we allow
for A > 1. Moreover, P supports a p-Poincaré inequality if and only if (6.3) holds
for all measurable functions u and all p-weak upper gradients g of u, where the
left-hand side is interpreted as oo whenever upg is not defined or ug = +oo. We
can also equivalently require that (6.3) holds for all w € L*°(P) and all (p-weak)
upper gradients g of u. These characterizations were shown in Proposition 4.13
of 5. If X — LP ie. if | fxBlir < cemb(B)|fxalx for all balls B C P and
f € X, then we may also require validity of the inequality for all X-weak upper
gradients g of u, which follows by Lemma 5.6 in [31].

If P supports a p-Poincaré inequality for some p € [1, 00), then it also supports
a ¢-Poincaré inequality whenever ¢ € [p,00) due to the Holder inequality. It also
follows that P is connected (see, e.g., page 25 of Shanmugalingam [37]), whence p,
being doubling, is non-atomic.

Both Zygmund and Lorentz spaces, which have been mentioned earlier, belong
to a wide class of function spaces, the so-called r.i. spaces, i.e., Banach function
spaces that are rearrangement-invariant. Thus, they satisfy not only (P0)—(P5)
with the modulus of concavity ¢, = 1, but also

(RI) if v and v are equimeasurable, i.e.,
p{z e Pru(x) >t}) =p({r e P:o(z) >t}) forallt >0,

then [lullx = [|v]lx.

For a detailed treatise on r.i. spaces, see Bennett and Sharpley [3].
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For f € M(P,p), we define its distribution function py and the decreasing
rearrangement f* by

pr(t) = p{z € P:[f(x)| > t}), tel0,00),
ff@)=mf{r >0:pup(r) <t}, tel0,00).

The Cavalieri principle implies that || f[|z1(p,.) = sl or@e Ay = 1 lor@s 2y

We define the fundamental function of a rearrangement-invariant quasi-Banach
function lattice X as ¢x(t) = ||xg,||x, where E; C P is an arbitrary measurable
set with p(Fy) = min{t, u(P)}, ¢ > 0. Note that different spaces may very well
have the same fundamental function, which is the case, e.g., of the Lebesgue LP
and the Lorentz LP? spaces as ¢r»(t) = ¢prea(t) = tY/P for t < p(P) whenever
p € [1,00) and q € [1, 00]. For another example, the Orlicz space LY based on an
N-function ¥ has the fundamental function ¢y v (t) = 1/¥~1(1/t).

We also have the continuous embedding of X into the weak-X space for every
r.i. space X, which can be expressed by the inequality sup,.,u*(t)ox () < ||u| x.

In the next proposition, we will see that a p-Poincaré inequality gives not only
an integral but also a supremal estimate for the oscillation of a Newtonian function,
provided that p is sufficiently large.

Proposition 6.2. Suppose that P supports a p-Poincaré inequality with p > s
such that (6.1) is satisfied. Suppose further that X < L}, .. Let By C P be a fized

ball of radius R > 0. Then, there is a constant cg, > 0 such that for every ball
B C By of radius r € (0, R), we have

em 2 B
(6.4) Cx-esssup|u(z) —up| S Cemb (2AB)r

s | S 1(2AB)/7 lgxaxsllx < csor' P llgxannllx

whenever g € X is an X-weak upper gradient of u € N'X. Moreover, we can
estimate cp, & Comnb(2ABo)(R* /11(2XBy))'/P.

Note that we need to assume that » < R for the second inequality in (6.4) as
it may happen that r > R even if B C By.

Proof. Let By = B(y,R) C P and B = B(z,r) C By be arbitrary balls with r < R.
Then, Cx-esssup,¢p [u(r) —up| = esssup,cp |u(x) —upg| by Corollary 6.13 in [31]
since |u —up| € DX.

By Proposition 4.27 in [5] and by the embedding X < L _ we obtain that

loc?

lgxaasllLr _ Comb(2AB)r
—upl <
eSfesgp|u(x) ug| Sr POVIRE < MOVIRG

By applying (6.1), we see that ¢s(2Ar)°/1(2AB) < (2AR)*/u(2ABy). Hence,

llgx2aB]x -

T r®

1/p R® 1/p
L ——. LY <gpl=s/p(—— .
w(2AB)Y/P " (/,L(Q)\B)) =7 (cs,u(Q)\BO))
Moreover, Cemb(2AB) < Cemb(2ABy), which yields the desired estimate

Comb(2AB)r
1(22B)Y/»

lgxaasllx < o' ™*/P|lgxarsllx - o
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Corollary 6.3. Assume that P supports a p-Poincaré inequality with p > s such
that (6.1) is satisfied. Let Q C P be a fized open set. Assume further that X is an
r.0. space with fundamental function ¢ and that

(6.5) cg(Q) == sup ¢(t)<]€t ar )Up < 0.

0<t<p(Q) B(7)P

Then, for every ball B of radius r > 0 such that 2AB C 2, we have

llgxaanllx
Cx-esssup|u(z) —up| < cp(Q) r —r—,

whenever g € X is an X -weak upper gradient of u € N'X.

Proof. In the proof of Proposition 6.2, we have seen that

1/p
Cx-esssup |u(z) —up| < 7“(][ gP du) .
zeEB 2AB

By the Cavalieri principle and by the embedding X < weak-X, it follows that

1/p 1(2AB) oag)* P /p
(]iw o du) _ (]g ((gx /\Z)(t)(t)¢(t)) dt)l

W) gy 1/ (9x208)" (1)0(7)
§¢(“(2AB))(]€ ¢(t)p> 0<fril;1L%)2/\B) P(u(2AB))

Y

The previous proposition and corollary can be refined in the critical case p = s;
we will however need to assume that X is embedded into the Zygmund space
L*(log L)* for some « > 1. That result will be further improved under somewhat
stronger assumptions on P.

O

Definition 6.4. For p > 1 and a > 0, the Zygmund space LP(log L)*(E), where
E C P is measurable and p(FE) < oo, consists of measurable functions u: E — R
such that

w(E)
p _ ] p(E)\ Y
4L 1og Ly (5) */0 (U (t)<1+10g P > ) dt < oo.

As an alternative, which is well-defined even if u(E) = co, we may use

w(E) 1yanp
P _ * + =
(6.6) Welngog oy = | (w0 (1+108% 1)) ar.

where log™t denotes the positive part of log.
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It is easy to see that ||ull| Lr(og 1)~ (E) = ||©]|Lr(10g L)~ (E) Where the constants
depend on p(E) < oo. Obviously, LP(log L)® = LP. Furthermore, the Zygmund
spaces are classical Lorentz spaces and they coincide with certain Orlicz classes
whenever & > 1/p. Tt is customary to drop the respective exponent in the notation
LP(log L)*(E)ifp=1ora=1.

Proposition 6.5. Suppose that P supports an s-Poincaré inequality with s given
by (6.1). Assume that X — L*(log L){. for some o > 1 if s = 1 and for some
a>1i4fs>1. Let By C P be a fixed ball of radius R > 0. Then, there is a
constant cg, > 0 such that for every ball B C By of radius r € (0, R), we have

Cemb(2AB)r
(6.7) Cx—essesgp lu(z) —up| S 7;(2)(\3)1/)5 llgxaxsllx < csollgxerslx
x

whenever g € X is an X -weak upper gradient of w € N'X. Moreover, we can
estimate cg, ~ Comb(2ABo) R/ 1(2\Bo)"/*.

Proof. Let By = B(y,R) C P and B = B(z,r) C By be arbitrary balls. It follows
from Corollary 6.13 in [31] that

Cx-esssup [u(z) — up| = esssup |u(z) — up|
z€B zeB

as lu —up| € DX.
Let = € B be a Lebesgue point of w and set B = B(z,r) and B,, = B(z,27"r)
forn=0,1,2,... Then,

(o)
u(z) = nh—{r;ouén =ug+ Z(ugwl — “En) .
n=0

Applying the triangle inequality, the doubling condition, and the s-Poincaré in-
equality (where an X-weak upper gradient g € X of u may be used in light of the
embedding X — L*(log L)%, < L{..) yields

loc loc
(o)
<Y u-up i
n=0" Bn+1
i s 1/s
S f g s e (f o)
n=0" Bn n=0 ABn
We have cou(AB) < 2" u(AB,,) by (6.1), whence

e /s e , /s
nZ%Z‘"(fAE” g du)l < M(/\’;V)l/s nz%(/}\é g° du)l )

n

o0
u() —ugl <D |ug, ., —ug,
n=0

Let us, for the sake of brevity, write g = gx,5. Since P is connected due to
the Poincaré inequality, we have that u(AB,) < ¢,27 " u(AB) for some 0 < o < s
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and ¢, > 1 by (6.2). Let A = CU/,L()\E ). Applying the Hardy—Littlewood inequality
and replacing g by its decreasing rearrangement, we obtain that

o /s X, rr(ABy) s X2, 2A 1/s
S([ o) < ([ Tgera) ([ swra)”
n=0 ABn n=0 “0 n=0 70

If s =1, then splitting the integration domain dyadically gives that

S rwa=y [

n=0 n=0 j=n

2797 A

dt = jzo(jJrl)/z‘ G (t)dt.

—(G+o A

2797 A

(J+1)“A

If s > 1, then the Holder inequality for series with s’ = s/(s — 1) yields that

00 277 A 1/s > (n + 1 a/s’ 27"7A 1/s
6.8 ( / g (1)" dt ( / G (1)" dt
( )7;)0 ;n+1a/s g*(t)
> S rTA Vs &1 1/s’
< 1 as/s ) ( )
< (nzom paper [ > )
where the latter series converges since o > 1. Next,
o0 277 A 0 0 27974
S [ g wrde= 30 e [ gy
n=0 0 n=0 j=n 2-UtDoA
oo J 2=io A 00 9—i 4
=Y Yt [ pwras e [ g
on=o 2-(i+1)o A = 2=+ 4
We have thus shown for all s > 1 that
[e's) 9—no A 1/3 [e's) 27_'/UA
([ gwra) syusne [ gwr.
=0 0 =0 2—(i+1eo A

We can estimate (j+1)*° < (14log A/t)** for t € (27017 A 2799 A). Therefore,

0 TI7A I7A as
Z(j+1)“/2 dt<2/2 (1+10gA) dt.
-

=0 *(J‘FI)UA (G+1)o A

The decreasing rearrangement §* is supported in [0, #(AB)] and hence
A (AB) =
AN as » o UW(AB)\ s
/ g*(t)’ (1 + log —) dt = / g*(t)° (1 + log M) dt
0 t 0 t

H()‘E) Aé as

<(1 +logcg)“/ g (t)° (1 + log %)

0

IS
Le(log L)*(AB)
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Putting all the estimates together, we obtain

lgx sl Ls(log L)>(AB)

lu(z) —ug| Sr —17
B /,L()\B)l/

The triangle and the s-Poincaré inequality provide us with the estimate

lug —up| < |lug —u2B| + |uep —up| < ][~|U_U2B|du+][ |u — uzp| dp
B B

/s lgx2xB Il Ls (1og L) (22B)
< u — uspl|d §7"<][ gsd> <r g .
]iB' | 2\B : w(2AB)Y/s

Altogether, we see that

lgxarBll L (log L) (22B)
(@) —up| < |u(@) —ug| +Jug —up| S 7 ((2AB)/s
Cemb(2)\B)T
< @pye 19easlx < enlloxasllx

where (6.1) has been applied to estimate r/u(2AB)Y/* < R/(csp(2ABo))/*. The
Lebesgue differentiation theorem, which holds true since p is doubling (see Sec-
tion 1 of Heinonen [18]), yields that a.e. x € B is a Lebesgue point of u, whence
this inequality holds for a.e. x € B and thus for the essential supremum over B. O

The technique used in the previous proof for s > 1 seems to work even if we
assume that X < L*log L(loglog L)? with 8 > 1/s’. The main difference in the
proof would be to replace (n +1)*/¢" in (6.8) by (n + 1)/ log(n + 2)?. It also
appears to be possible to iterate the logarithm several times raised to suitable
powers. Nevertheless, we refrain from properly formulating and proving this claim.

It follows by Talenti [41] that Zygmund—Sobolev functions in R™, n > 2, are
bounded for every o > 1/n’ := 1 — 1/n, which indicates that 1 is not the optimal
borderline value for the exponent « in the previous proposition. On the other
hand, 1/n’ is sharp, which can be seen by considering u(z) = y/loglog(e?/|z|)
for x € B := B(0,1) € R®, n > 2. Apparently, v is unbounded even though
u € N*L"(log L)*(B) € W'L"(log L)*(B) for every a € [0,1/n’].

We will show in Corollary 6.9 below that we can in fact obtain the local essential
boundedness of Zygmund-Newtonian functions for all &« > 1/n’ as a special case
of a more general result if P supports a stronger Poincaré inequality.

Definition 6.6. The Lorentz space LP*(P) for 1 < p < o0 is the Banach function
space that consists of the measurable functions u: P — R such that

1 o0
lellzeey = = / (1) /71 dt < 0o
0

The following proposition shows that in the borderline case it suffices that the
(X-weak) upper gradient lies in the Lorentz L*! space. A similar claim was proven
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by Romanov [36] under a highly restrictive assumption that p is s-Ahlfors regular,
i.e., both (6.1) and (6.2) hold with s = ¢. His paper served as an inspiration to
use Abel’s partial summation formula in the proof below.

The price we have to pay is that a stronger Poincaré inequality is needed. Actu-
ally, assuming that P supports an s-Poincaré inequality is enough if P is complete.
By Keith and Zhong [24], the Poincaré inequality is a self-improving property in
that case and hence P supports a p-Poincaré inequality with some p < s.

Proposition 6.7. Suppose that P supports a p-Poincaré inequality with 1 < p < s
such that (6.1) is satisfied. Assume that X < LlOC Let By C P be a fized ball of
radius R > 0. Then, there is a constant cg, > 0 such that for every ball B C By
of radius v € (0, R), we have

emb(2AB
(6.9) Cx-esssup |u(z) —up| < Cemb(2AB)r

eB s 19slx < enllgxos|ix
xr

whenever g € X is an X-weak upper gradient of u € N'X. Moreover, we can
estimate cp, ~ cemb(Qx\Bo)R/u(Z)\Bo)l/s.

Proof. Let By = B(y, R) C P and B = B(z,7) C By be arbitrary balls with r < R.
Then,

Cx-esssup [u(z) —up| = esssup |u(z) — up|
rEB r€B
by Corollary 6.13 in [31] since |u —up| € DX.
Let z € B be a Lebesgue point of u and set B = B(x,r). Similarly as in the
proof of Proposition 6.5, we obtain that

(6.10) u(z) — ug| grir"(][

1/p
g" du) :
n=0 2-"AB

Let us, for the sake of brevity, write g = gx, 5. The embedding LPl < LP, whose
norm is 1, and the doubling condition give that

1/p n Pl g x —n\B ||Lp,1 R+
(6.11) (7[ g° d/i) ”ng ,\B”L P ~ < I (0,11(2 ,\NB)) (RT) '
27mAB p(27mAB) /P w(2—nB)Y/p

Let I, = ||§*X(O H(Q_m\g))HLp,l(Rﬂ. Summation by parts allows us to write

—n

N 2
6.12 L
(612 nzo p(2~mB)L/P

-1 n —

N
(ZZ kB 1/p Ini n+1>+kzol"’ kB l/p

w0 ko H(2
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for every N > 0. Inequality (6.1) yields that 27% = 2=%r/r < (u(27%B)/u(B))/*
and that p(27NVAB) ~ u(27V B). Recall also that 1 < p < s. Then,

N N NAB
o—k 1/5 1/p (277 AB)
> s Z“— / oy
P M( k:B 1/p et 1/5 0
< 1 Z(M(Q—NE))l/pl/s/u(QNAé) (L ar
~ = jg g
WB <2—kB> :
(6.13) < 19Xz amy I 1) ZN: (=)o /=1

N(B)l/s k=0

where the last inequality with some o € (0,s] follows from (6.2). Due to the
absolute continuity of the L®! norm, we see that the last sum in (6.12) tends to
zero as N — oo. Therefore,

oo 92— n
(6.14) Z m Z Z kB l/p L - In+1).

n=0 M w0 ko H(2

Similarly as in (6.13), we can apply (6.1) and (6.2) to estimate

7,\,(]”*]”4,1)
Pt Q*kB)l/p

—o1(
n - 1p—1/s [H(2 "AB) )
~x /s—1
S T

s w(2="=1AB)
1 et w(2""AB)
< _ ZQ—ka(l/p—l/s) / g*(t)tl/s_l dt .
wB)Y* (= (2= =INE)

Inserting this estimate into (6.14) yields that

S 27" 1 #OB) 19" |sr m+)
6.15) > I, < — / G (et gy = M9 NIE @)
2By " w(B) o (B
Combining (6.10), (6.11), and (6.15) results in
r
—uxsl < ~ —— = s, .
lu(z) —ugl S u(B)l/S 19l o2 POV lgx gl

The triangle, the p-Poincaré, and the Holder inequality, as well as the embedding
L*' — L*® provide us with the estimate

jup ~ wa| < fup — uan| + [uzn ~ u| S { _fu~ vas|du
2B

1/p 1/s lgx2xsll L1 (p)
S ][ Pd <r ][ °d Sp—0—
( 2/\39 M) ( 2,\Bg M) n(2AB)Y/s
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Altogether, we see that

lu(@) —up| < |u(z) —ug|+ |ug — usl

< T||9X2/\B| LoY(P) Cemb(2AB)r
T u2AB)Ys T p(2AB)Ys

lgxarsllx < cB,llgxaaslx,

where (6.1) has been applied to estimate r/u(2AB)'/* < R/(csuu(2ABy))*/*. The
Lebesgue differentiation theorem (see Section 1 of Heinonen [18]) now yields that
a.e. ¢ € B is a Lebesgue point of u, whence this inequality holds for a.e. z € B
and thus for the essential supremum over B. O

Edmunds, Kerman and Pick [14] have discussed the optimal Sobolev embed-
dings W™ X (Q) — Y () for bounded domains @ C R"™. Theorem 6.5 in [14] yields
that X = L™!(Q) is the largest r.i. space such that W' X () < L>(Q). There-
fore, the result we have just obtained is sharp when considering r.i. spaces as the
base function spaces X that N'X are built upon.

As mentioned earlier, we also recover an analogue of the result of Talenti [41] on
local essential boundedness of Newtonian functions based on the Zygmund space
X = L*(log L) Wlth a>1/s =1—1/s. Namely, it follows from the embedding
L*(log L)® s L¥! which is shown next.

loc loc?

Lemma 6.8. Let 1 < p < oo and suppose that E C P is a measurable set of finite
positive measure. Then, LP(log L)®(E) < LPY(E) if and only if o« > 1 —1/p.

Proof. Let a = u(E). We want to show that

v
/f D g ( /f 1+1og & )pdt) !

for every non-negative decreasing f € M(RT,\!). According to Proposition 1 in
Stepanov [40], this inequality holds true if and only if

a /=1y 1/(p-1)
b::/ ( - Jo ™ ! ) T g < oo
fo (1 +log(a/T))oP dr

We have the rough estimate fg(l —i—log(a/T))“” dr > t(1+1og(a/t))*?. Conversely,

¢ a a\op
1+ log — dT— / 1+10 —> dr
/0‘ ( gT Z /2n+1 g’T

oo

= ot ap (1 + log 2n+1)er
§227L+1<1+10g ) Z (1+1085) " m
n=0

Thus, fot(l + log(a/7))* dr ~ t(1 4 log(a/t))*P and we obtain that

@ ti/p 1/(p—1) a dt
bz/ ( ) tl/Pfldm/ -
o \t(1+log(a/t))er o t(1+log(a/t))er/(P—1)

The integral on the right-hand side converges if and only if & > (p — 1) /p. O
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Corollary 6.9. Assume that P supports a p-Poincaré inequality with 1 < p < s
such that (6.1) is satisfied. Suppose also that X — L°(log L)f . with some o >

1—1/s. Let By C P be a fized ball of radius R > 0. Then, there is a constant
¢B, > 0 such that for every ball B C By of radius r € (0, R), we have

emb (2AB
Cx-esssup |u(z) —up| S Cemb(2AB)r

eB Laapys 19xelx < esollgxans|x

whenever g € X is an X -weak upper gradient of w € N'X. Moreover, we can
estimate cp, ~ cemb(Qx\Bo)R/u(Z)\Bo)l/s.

Observe that similarly as in Proposition 6.7, it suffices to assume that P sup-
ports an s-Poincaré inequality if P is complete.

Proof. By Lemma 6.8, we see that X — Lf(;i. Then, the desired claim follows
directly from Proposition 6.7. O

7. Continuity of Newtonian functions

In Sobolev spaces in R™, one may deduce that there exist continuous representatives
if the L° norm of a function is (locally) controlled by the quasi-norm of its gradient.
A similar result, yet somewhat stronger, can be obtained in Newtonian spaces as
well. Namely, it suffices in the Newtonian case to redefine a function on a set of
capacity zero to obtain the continuous representative. If the metric measure space
is in addition locally compact, then all representatives are continuous.

We assume in this (as well as in the previous) section that p is a doubling
measure. Moreover, p is non-atomic since P is connected, which follows from the
Poincaré inequalities we will assume.

The following theorem refines Theorem 5.1 of Hajtasz and Koskela [16], where a
p-Poincaré inequality was used to show that there exist (1—s/p)-Holder continuous
representatives (with equality a.e.) whenever the upper gradient lies in LP and
p > s. The case when the degree of summability of an upper gradient is essentially
equal to s needs to be discussed using a finer scale of function spaces.

In R™, Kauhanen, Koskela, and Maly [23] have shown that it suffices that the
gradient lies in the Lorentz space Lﬁ)cl to conclude that there are continuous repre-
sentatives. Romanov [36] extended this result to Sobolev-type spaces on complete
metric measure spaces with an Ahlfors s-regular measure (i.e., u(B(z, 7)) ~ r* for
r < 2diamP). The Ahlfors s-regularity of the measure is a very strong require-
ment that fails even in (R™, w(z)dx) unless w(x) ~ 1. Besides, he did not work
with Newtonian spaces as such, but solely with Poincaré inequalities. His result
can be recovered as a special case of (d) in the following theorem.

Theorem 7.1. Suppose that P supports a p-Poincaré inequality and let s be given

by (6.1). Suppose that one of the following sets of assumptions is satisfied:
(a) p>s and X — LY ;

(b) 1=p=sand X — L*(logL){. for some a > 1;

loc
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(¢c) 1<p=sand X — L(log L)
(d) 1<p<sand X — L.

loc
Then, for every function v € N'X, there is v € N'X N C(P) such that u = v
Cx -quasi-everywhere. Moreover, v is locally (1 — s/p)-Hélder continuous in the
case (a).

e for some o > 1;

Proof. Let us exhaust P = |Jo—, By, where B,, = B(z¢,n) for an arbitrary point
xo9 € P. Next, we will find an exceptional set E with Cx(FE) = 0, where we lack
control over the oscillation of w € N'X. Let D = {z; € P : i € N} be a dense
subset of P and let

E = U U {:E € B(zi,q) : |u(x) —up(s,,q| > Cx-esssup [u(w) — uB(zi,q)|}.
i=1 q€Q+ weB(zi,q)

Since F is a countable union of sets of capacity zero, it has capacity zero as well.
Let us now fix a ball B := 4B,, = By, for an arbitrary n € N. For every pair
of points x,y € B, \ F, we can find z € D and r € Q7 such that d(z,y)/2 <r <
2d(z,y) and z,y € B := B(z,7) C B.
In the case (a), we use (6.4) to obtain that

u(z) —u(y)| < 2Cx-esssup Ju(w) = up| < cgr'™/P||guxarnllx
we

< cz(2d(z,y) Pl gullx -

Therefore, u|p,\ g is (1 — s/p)-Hélder continuous and hence uniformly continuous.
Since Cx (E N B,,) = 0, every point of F'N B,, is an accumulation point of B, \ E,
whence there is a unique continuation v,, € C(B,) of u|p,\g. Moreover, v, retains
the Holder continuity.

Let us now focus on the remaining three cases. Respective to the assumptions,
let Y = Y (P) be either the Zygmund space L*(log L)*(P) with norm given by (6.6),
or the Lorentz space L®!(P). Since |u — ug| € DX C DYjy, we obtain from
Corollary 6.13 in [31] that

Cx-esssup |u(w) — up| = esssup |u(w) — up| = Cy-esssup |u(w) —upg|.
weB weB weB

Applying (6.7) or (6.9) for the function space Y, we can find cz > 0 such that
(7.1) [u) —uly)] < 2 Cy-esssup fu(w) — up| < cgllguxarplly -
we

Now, let Ep C 2AB be a “super-level set” of Gulyyj such that p(Ep) = u(2AB).

More precisely, Ep is chosen as an arbitrary measurable subset of 2AB so that
infp, gu = sup,) 3\ g, gu- Abbreviating Gulsyg @8 gu and p(2AB) as 7, we have

{z € 2AB : gu(x) > gr(1)} CEp C{x € 2AB : §u(z) > Gu(T)}s

where g, is the decreasing rearrangement of g,. Consequently, we see that the set
Ep C 2B does not depend on the particular choice of B within B but merely on
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the measure of 2AB. Since Y is rearrangement-invariant, it holds that ||gu.xr|ly <
lguxEs|ly whenever F' C 2AB with u(F) < pw(Ep). In particular, (7.1) leads to
the inequality

lu(z) = u(y)| < cgllguxemsly -

Given an ¢ > 0, we can find a > 0 such that cgllguxeslly < € whenever
w(Ep) < a since Y has absolutely continuous norm. As P is connected, we have
w(2AB) < Coxgd(z,y)?, where o € (0,s] is from (6.2). If d(z,y) < (a/Car5)?,
then u(Ep) = u(2AB) < a. Thus, cgllguxes|ly < € and hence |u(x) — u(y)| < e.

This way, we have just shown uniform continuity of u|p \g. Thus, there is a
unique continuation v, € C(B,) of u|g,\ .

We have thus proven that in all the cases (a)—(d) there is a unique continuous
extension v, of u|g,\g for every ball B,,, n € N. Now, we define v on P by setting
v(z) = v,(x) whenever € B,. Then, v € C(P) and v = u outside of E, i.e.,

Cx-quasi-everywhere. Furthermore, v € Cloo’i_s/p(P) in the case (a). O

Several qualitative properties of the Sobolev capacity have been discussed in
Section 4, where one of the crucial assumptions was density of continuous functions.
Now, we have shown that under certain hypotheses, all Newtonian functions have
continuous representatives, whence the continuous functions are dense. Thus, we
may formulate the following corollary.

Corollary 7.2. Suppose that P is locally compact and X has the Vitali-Carathéo-
dory property (2.1). In particular, it suffices to assume that xp satisfies (AC) for
every bounded set B C P. Suppose further that the hypotheses of Theorem 7.1 are
satisfied. Then, Cx , is an outer capacity if X is r-normed. In particular, Cx is
an outer capacity if X is normed.

Proof. Proposition 2.1 yields that X has the Vitali-Carathéodory property under
the given assumption on xp for bounded sets B C P. (Recall that xp € X due
to (AC) as p is non-atomic.) By Theorem 7.1, every Newtonian function has a
continuous representative. Hence, continuous functions are dense in N'X. By
Corollary 4.6, every Newtonian function is quasi-continuous. Finally, it follows
from Proposition 4.8 that Cx, and Cx are outer capacities. O

We are ready to apply Propositions 6.2, 6.5, and 6.7 to find a lower bound for
the Sobolev capacity of a subset of a ball, in terms of the measure and radius of
the ball, if we know beforehand that the set has non-zero capacity.

Proposition 7.3. Suppose that P supports a p-Poincaré inequality and let s be
given by (6.1). Suppose that one of the following sets of assumptions is satisfied:

(a) 1<s<p<qand X < L]

loc’

l=p=s=:q and X < L*(log L)% for some a > 1;

loc
loc

)
(¢c) 1<p=s=:qand X — L*(log L){.. for some o > 1;
y1<p<s=:qand X — L>.

loc
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Let B C P be a ball with radius v > 0. Then, for every E C B with Cx(E) > 0,
we can estimate

H2AB) Y
Cx(E) 2 .
x(E) 2 Comb(2AB)(r + 1)
In particular, this estimate holds if u(E) > 0.
Proof. Let uw € N'X be such that yg < u < 1 everywhere in P and let g, € X

be a minimal X-weak upper gradient of u. Propositions 6.2, 6.5, and 6.7 and the
Hoélder inequality then yield

1 <|1 —up|+up = Cx-esssup |u(z) —up|+ 7[ udp
reEB J B

< Cemb(2AB)r luxsllLe o Cemb(2AB)(r + 1)|ulnix

S Sueapya Wt G S T g
Taking infimum over all such functions © € N'X, we obtain
H(2AB)Y/1

|

—1 1 > .
COx(B) =i fullvx 2 T oz B+ 1)

If X is an r.i. space, then it is possible to find an estimate of the capacity
expressed using the fundamental function of X, provided that the integral means
in LP can be suitably rescaled to the norm means in X.

Corollary 7.4. Assume that P supports a p-Poincaré inequality with p > s such
that (6.1) is satisfied. Let B C P be a ball with radius r > 0. Suppose further that
X is an r.i. space with fundamental function ¢ such that cy(P) < oo, where cg
is defined by (6.5), see Corollary 6.3. Then, for every E C B with Cx(E) > 0,

we can estimate
_ (u(2\B)

r+1
In particular, this estimate holds if u(E) > 0.

Cx(E)

Proof. In principle, it was shown in the proof of Corollary 6.3 that
p(2AB)! /P
P(1(2AB))

The desired result follows from Proposition 7.3. O

Cemb(2AB) < ¢4 (P)

Recall that the natural equivalence classes in N'X are given by equality outside
of sets of capacity zero. Therefore, in order to be able to prove that all Newto-
nian functions in a locally compact doubling Poincaré space are continuous if the
summability of the upper gradients (in terms of || -|| x) is sufficiently high, we need
to show that singletons have positive capacity. To that end, we will apply the
outer regularity of the capacity on zero sets.

Proposition 7.5. Assume that P is locally compact and supports a p-Poincaré
inequality and let s be given by (6.1). Suppose that one of the following sets of
assumptions is satisfied:

(a) 1<s<p<gqand X — L]

loc”
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(b) 1=p=s=:q and X — L*(log L)\, for some o> 1;
(c) 1<p=s=:q and X — L°(log L) . for some a > 1;
d)1<p<s=iqgand X — L3".

loc

Then, for every ball B C P of radius r > 0 and every x € B, we have Cx ({z}) 2
w(B)Y/(r +1) > 0.

Proof. Let B C P be fixed. Let Y = Y (B) be either LY(B), or L*(log L)*(B), or
L*1(B) as in the proposition’s hypotheses. Then, Y has an absolutely continuous
norm and satisfies (P4), whence Y has the Vitali-Carathéodory property by Propo-
sition 2.1. Let « € B and suppose for a moment that Cy ({x}) = 0. Then, Propo-
sition 3.5 yields that Cy ({z}) = infgs, Cy (G), where G is open. Such a set G has
positive measure and hence Cy (G) > 0. Thus, we can estimate Cy (G) > ¢(B) > 0
whenever G C B by Proposition 7.3. Hence, Cy ({z}) > ¢(B) > 0, which contra-
dicts the assumption Cy ({z}) = 0. Therefore, 0 < Cy ({z}) < Cx({z}) and the
claimed estimate follows from Proposition 7.3. m

In view of the previous proposition, we see that the Newtonian functions con-
sidered in Propositions 6.2, 6.5, and 6.7 are not only C'x-essentially bounded on all
balls, but bounded everywhere in the respective balls, provided that P is locally
compact.

Similarly, we will next show that Newtonian functions not only have continuous
representatives, but in fact are continuous. Thus, the claim is stronger than its
analogue for Sobolev functions in R"™.

Theorem 7.6. Under the assumptions of Proposition 7.5, every u € N'X is
continuous.

Proof. Let u € N'X. By Theorem 7.1, there is v € N'XNC(P) such that u = v q.e.
In other words, the set E = {x € P : u(x) # v(x)} has zero capacity. According to
Proposition 7.5, E' cannot contain any single point « € P as it would have positive
capacity then. Therefore, u = v everywhere in P, whence u € C(P). O

Appendix. Calculus for weak upper gradients

Throughout the paper, several tools for working with weak upper gradients have
been needed. Note that none of the results in this section requires the measure to
be doubling.

Theorem A.1 (Product rule). Letu,v: P — R be measurable. Assume that there
are measurable g,h > 0 such that wo~y,vo~y € AC([0,1,]) with

[(won)' @) < g(y(t)) and |(voy)' ()] <h(y(t) forae te(0,1,)

for Modx-a.e. curve v:[0,l,] — P. In particular, it suffices to assume that
g,h € X are X-weak upper gradients of u,v € DX, respectively. Then, |u|h + |v|g
is an X -weak upper gradient of uv.
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The theorem can be proven essentially the same way as Proposition 6.10 in [31]
or Theorem 2.15 in [5], whence the proof is omitted.

Observe that |u|h + |v]g need not be a minimal X-weak upper gradient of uv
even if g and h are minimal X-weak upper gradients of v and v, respectively. For
example, suppose that X = LP(0,1) with p > 1 and let u(t) = g(t) = e and
v(t) = h(t) = et for t € (0,1). Then, uv = 1, whence 0 is an upper gradient, of
uv, but |ulh + |v|g = 2.

Theorem A.2 (Chain rule). Suppose that g, € X is a minimal X -weak upper
gradient of u € N'X. Let ¢ : R — R be locally Lipschitz on R. Then, |¢' o ulg, is
an X -weak upper gradient of pou, where ¢' ou := 0 wherever undefined. Moreover,
if |¢' oulg, € X, then it is a minimal X -weak upper gradient of ¢ o u.

The chain rule (without the minimality claim) was shown in Proposition 6.11
in [31]. To prove that |¢’ o ulg, is a minimal X-weak upper gradient of ¢ o w,
one can follow the argument of Theorem 2.16 (see also Errata) in [5] applying the
background theory established in [31] and [32].

The following claims show that minimal weak upper gradients depend only on
the local behavior of Newtonian functions.

Proposition A.3. Let gy, g, € X be minimal X -weak upper gradients of u,v€ DX,
respectively. Then, g = guX{u>v} T GuX{u<v} 1 a minimal X -weak upper gradient
of w := max{u,v}.

Corollary A.4. Let g, g, € X be minimal X -weak upper gradients of u,v € DX,
respectively. Then, g, = gy a.e. on E :={x € P:u(z) =v(x)}. In particular, we
obtain that g, = 0 a.e. on {x € P :u(x) = c} for any constant ¢ € R.

Proofs can be led along the same lines as the proofs of Corollaries 2.20 and 2.21
in [5], while using the results of [31] and [32].
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