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Fitting a Sobolev function to data I

Charles Fefferman, Arie Israel, and Garving Luli

Abstract. In this paper and two companion papers, we produce efficient
algorithms to solve the following interpolation problem: Let m > 1 and
p >n > 1. Given a finite set E C R™ and a function f : E — R, compute
an extension F of f belonging to the Sobolev space W™P (R™) with norm
having the smallest possible order of magnitude; secondly, compute the
order of magnitude of the norm of F. The combined running time of our
algorithms is at most CNlogN, where N denotes the cardinality of E,
and C depends only on m, n, and p.

1. Introduction

In this paper and [20], [21], we interpolate data by a function F : R™ — R whose
Sobolev norm has the least possible order of magnitude. Our computations con-
sist of efficient algorithms, to be implemented on an (idealized) von Neumann
computer.

Our results are the analogues for Sobolev spaces of some of the main results of
Fefferman—Klartag [15], [16], [17] on interpolation of data by functions in C™(R™).

Let us set up notation and definitions. Fix m,n > 1 and 1 < p < co. We work
in the Sobolev space

1/p

(11) X =L™P(R") with seminorm |[|Fllx = (J 3 FP dx)

Rn |at|=m
or

1/p
(1.2) X=W™P[R") with norm |[Flx = (J S RFxP dx) .
Rll
[o|<m

We make the assumption

(1.3) p>n,
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so that the Sobolev theorem tells us that

(1.4) X c Cro(R™).

We write ¢, C,C’, etc. to denote “universal constants”, i.e., constants deter-
mined by m,n,p in (1.1), (1.2). These symbols may denote different universal
constants in different occurrences.

Now let

(1.5) E={z1,...,2n} CR™.

Then X(E) denotes the vector space of all real-valued functions on E, equipped
with the norm (or seminorm)

Ifllx(e) = inf {||Fllx : F€ X,F=f on E}.

Let A > 1 be a constant. An “A-optimal interpolant” for a function f € X(E)
is a function F € X that satisfies F = f on E and [|Fllx < A - [[fllx(g)-

Our goal here is to solve the following

Problems:
(A) Compute a C-optimal interpolant for a given function f € X(E).
(B) Given f € X(E), compute a number |||f]|| such that

clIflll < fllxcey < CHIFII.

We owe the reader an explanation of what it means to “compute a function”
in Problem (A). First of all, our computations are performed on a computer with
standard von Neumann architecture. We assume that each memory cell can store a
single integer or real number. We study two distinct models of computation. In the
first model (“infinite-precision”) we assume that our computer deals with exact
real numbers, without roundoff errors. Our second, more realistic model (“finite-
precision” ) assumes that our machine handles only S-bit machine numbers for some
fixed, large S. To work with the finite-precision model, we make a rigorous study of
the roundoff errors arising in our algorithms. For simplicity, in this introduction,
we restrict attention to the infinite-precision model.

To “compute” a function F € C’f;;] (R™), the computer first performs “one-
time work”, then answers “queries.” A query consists of a point x € R™, and the
computer responds to a query x by computing 0*F(x) for all |a| < m —1.

We want algorithms that make minimal use of the resources of our computer.
For the computation of a function F as in Problem (A), the relevant resources are

e the number of computer operations used for the one-time work,
e the number of memory cells used for all the work,
e and the number of computer operations used in responding to a query.

We refer to these as the “one-time work”, the “space” (or “storage”), and the
“query work”, respectively.
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For the computation of the single number [[|f||| in Problem (B), the relevant
computer resources are the number of operations used, and the number of memory
cells required. We refer to these as, respectively, the “work” and “storage”.

We are concerned with algorithms that work for arbitrary f and E. If we
allowed ourselves favorable geometric assumptions on E, our problems would be
much easier.

We can now state our results in their simplest form. Recall that N denotes the
number of points in our finite set E.

Theorem 1. One can compute a C-optimal interpolant for a given function f €
X(E), with one-time work < CNlogN, storage < CN, and query work < ClogN.

Theorem 2. Given f € X(E), one can compute a number ||f||| such that
c Il < Hllxcey < CHIFII;
the computation uses work < CNlogN and storage < CN.

Obviously, in Theorem 1, the one-time work must be at least N, since we have
to read the data; and the query work is at least 1, since we must at least read the
query. Similarly, in Theorem 2, the work must be at least N. Hence, for trivial
reasons, the work of our algorithms can be improved at most by a factor log N.

Very likely, the work and storage asserted above are best possible.

To prepare to state our results in their full strength, we recall the following
results from our previous paper [18].

Theorem 3 (Extension operators). There exists a linear map T : X(E) — X such
that Tf is a C-optimal interpolant of T for any f € X(E).

Theorem 4 (Formula for the norm). There exist linear functionals & : X(E) — R
(1=1,...,L) such that
« L<CN,

e and the quantity

L 1/p
il = (3 lewrr)
1=1

satisfies
clllfll < [Ifllxcey < CIIflll - for all f € X(E).

To prove Theorems 1 and 2, we will compute the linear map T and the func-
tionals & in Theorems 3 and 4. To do so, we exploit a sparse structure for T
and &1, established in [18].

We recall the relevant definitions.

Let Q ={wr1,...,wy,,. } be a finite list of linear functionals on X(E). Then we
say that Q is a “set of assists” if each w+ can be written as

Iy
(1.6) wy () =) mviflzvi) (feX(E);
i=1
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where I, > 1, uyi € R, zy; € E are independent of f, and

Vmax

(1.7) > I, <CN.
v=1

The point is that if (1.7) holds, then for a given f € X(E) we can compute all
the assists wq (f),...,wy,,, (f), using at most CN computer operations. It will
be useful to precompute the w- (f), because each of these quantities may be used
many times in subsequent calculations.

Let QO ={w1,...,wy,. } be a set of assists.

A linear functional

E:X(E) >R

has “Q-assisted bounded depth” if it can be written in the form
I J
(1.8) E(f) =) Nif(zi)+ ) Bjws, (f)forall f € X (E),
i=1 j=1

where I, ], Ai, Bj,v; and z; € E are independent of f, and
(1.9) I+]<C.

If (1.8), (1.9) hold, and if we have precomputed w1 (f),..., Wy, (f), then we
can calculate & (f) using at most C computer operations.

We call (1.6) and (1.8) “short forms” of the assists w, and the functional &,
respectively. Note that a functional may be written in short form in more than
one way.

A linear map T: X (E) — C’f;;] (R™) will be said to have “Q-assisted bounded
depth” if for each x € R™ and each multiindex o« of order |&| < m — 1, the linear
functional

(1.10) X(E) > f — 0%Tf (x)

has Q-assisted bounded depth.
In [18], we proved the following sharper version of Theorems 3 and 4.

Theorem 5. There ezists a set of assists Q ={w1,..., W~ } such that the linear
map T in Theorem 3, and the linear functionals &1,...,&L in Theorem 4, may be
taken to have Q-assisted bounded depth.

If we knew the assists w1,...,wy,,,, and the functionals &;,...,&r in their
short form, then we could easily compute |||[f||] in Theorem 4 by first computing
the w+ (f), then computing the &, (f). The whole computation would require
only CN computer operations.

Similarly, suppose we knew the assists w, and the linear functionals (1.10) in
their short form.

Given f € X (E), we could precompute w; (f),...,wy,,. (f) with at most CN
operations, after which we could answer queries: Given a query point x € R™, we
could compute 9*Tf (x) (all |[x] < m—1) in at most C operations. Thus, we could
give highly efficient solutions to Problems (A) and (B) above.
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Unfortunately, the proof of Theorem 5 in [18] is not constructive. It does not
supply any formulas for the assists w~, the functionals &, or the operator T. Our
purpose here is to remedy this defect by proving the following result.

Theorem 6 (Main theorem). For suitable Q ={wq,...,w~ .}, T, &1,...,& as
in Theorems 3, 4, 5, the assists w~, and the functionals & can all be computed in
short form, using work < CNlogN and storage < CN. Moreover, after one-time
work < CNlog N in space < CN, we can answer queries as follows:

A query consists of a point x € R™. The response to a query X is
a short-form description of the functional (1.10) for each |o| < m — 1.
The work to answer a query is < ClogN.

To prove Theorem 6, we modify the proofs of Theorems 3, 4, 5 in [18]. Let us
first review some of the ideas in [18], and then explain some of the modifications
needed for Theorem 6. Our discussion will be highly simplified, so that the basic
ideas are not obscured by technical details.

We introduce a bit more notation. If F € C{’;j (R™) and x € R™, then we
write Jx (F) (the “jet” of F at x) to denote the (m — 1% degree Taylor polynomial
of F at x. Thus, Jx (F) belongs to P, the vector space of all (real) polynomials of
degree at most (m —1) on R™.

We write Q, Q’, etc. to denote cubes in R™ with sides parallel to the coordinate
axes. We write 0g to denote the sidelength of a cube Q.

Our review of [18] starts with a local version of our present Problem (A). Let
Q C R™ be a cube, let xo € Q be a point, and let Py € P be a jet. We pose the
following Local Interpolation Problem:

LIP(Q, E, f,x0,Po): Find a function F € L™P (R™), depending linearly
on (f,Po), such that

F=fon ENQ,
Jxo (F) = Po, and

J Z |0*F (x)|P dx is as small as possible up to a factor C.
Q

[o|=m

If we can solve LIP (Q, E, f,x0,Po) whenever Q is the unit cube Q°, then we
can easily find a linear extension operator T as in Theorem 3. Moreover, careful
inspection of our solution to LIP (Q°,E,f,x0,Po) in [18] yields also Theorems 4
and 5. Thus, the heart of the matter is to solve LIP (Q°, E, f,x0, Po).

To do so, we first associate to any point x € R™ the crucial convex set

o(x,E)={Jx(F):FeX||F[lx <1,F=0on E}.

This set measures the ambiguity in J (F) when we seek functions F € X satisfying
F=f on E, with control on ||F|y.

Using the geometry of the convex sets o (x,E), we will attach “labels” A to
cubes Q C R™. A label is simply a set of multiindices of order < m — 1. Very
roughly speaking, we say that Q is “tagged” with A if either
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¢ Q consists of at most one point in E, or

e the scaled monomial y (51()20“'er - (y —x)” belongs to o (x,E) for all x € A
and x € ENQ.

If Q is tagged with A, then we are relatively free to modify 0*F (x) for o €
A and x € E when we seek a solution F to our local interpolation problem
LIP (Q) E, f, %o, PO)-

The notion of tagging gives rise to a Calderén—Zygmund decomposition CZ (A)
of the unit cube Q° for each label A. The cubes of CZ (A) are the maximal dyadic
subcubes of Q° that are tagged with A.

There is a natural order relation < on labels. If labels A, B satisfy A < B, then
the decomposition CZ (A) of Q° refines the decomposition CZ (B). The maximal
label under < is the empty set (), and the Calderén—Zygmund decomposition CZ (f))
consists of a single cube Q°. The minimal label under < is the set M of all
multiindices of order < m — 1. The decomposition CZ (M) is so fine that each
Q € CZ(M) contains at most one point of our finite set E.

We now use the decomposition CZ (A) to solve Local Interpolation Problems.
By induction on the label A (with respect to the order <), we solve the problem
LIP (Q, E, f,x0, Po) whenever Q € CZ (A).

In the base case, A = M, the minimal label.

Since any Q € CZ (M) contains at most one point of E, our local interpolation
problem LIP (Q, E, f,x0, Po) is trivial.

For the induction step, fix a label A # M. Let A~ be the label immediately
preceding A in the order <. We make the inductive assumption that we can
solve LIP (Q’, E, f,x', P’) whenever Q" € CZ (A). Using this assumption, we solve
LIP (Q,E,f,x0,Pp) when Q € CZ(A). To do so, we recall that CZ (A~) refines
CZ (A), hence our cube Q is partitioned into finitely many cubes Q, € CZ (A™).
For each Q~, we carefully pick a point x, € Qy and a jet Py, € P. Our inductive
assumption allows us to solve the local problem

LIP (Qv, E, f,xy,Py)

for each v. Using a partition of unity, we patch together the solutions F, to the
above local problems, and hope that the resulting function F solves our problem
LIP (Q,E, f,x0,Po). It works provided we do a good job of picking the jets P..
We refer the reader to the introduction of [18] for some of the ideas involved in
picking the Py. (See especially the discussion in [18] of “keystone cubes”).

Thus, we can complete our induction on A, and solve LIP (Q, E, f, x0, Po) when-
ever Q € CZ(A).

In particular, since CZ (()) consists of the single cube Q°, we have succeeded
in solving any local interpolation problem LIP (Q,E,f,xo,Po) with Q = Q°. As
explained above, this allows us to deduce Theorems 3, 4, 5. That’s the good news.

The bad news is that we cannot tell whether a given cube Q is tagged with a
given label A, since that requires perfect knowledge of the convex sets o(x, E) CP.
Therefore, our Calderén-Zygmund decomposition CZ (A) and our proofs of The-
orems 3, 4, and 5 in [18] are non-constructive.
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To overcome the obstacle, we introduce here a variant of our local interpolation
problem, a variant of the convex set o (x, E), and a modified definition of tagging
of a cube Q with a label A. We still cannot tell whether a given Q is tagged with
a given A. However, using ideas from [18], we show how to test Q for tagging
with A. If Q passes the test, then it is tagged with A. If Q fails the test, then we
do not know whether Q is tagged with A, but we know that a somewhat larger
cube Q' D Q cannot be tagged with A.

We show how to implement the above test by efficient algorithms. Moreover, if
we are given dyadic cubes Q1 C Q2 C -+ C Qy such that Q1 NE=---=QyNE,
then we can test all the Qi simultaneously. This idea is useful if our set E involves
vastly different lengthscales. It provides a crucial speedup that allows us to bound
the work by NlogN as promised in Theorem 6.

Using the above tests, we produce a decomposition CZ (A) analogous to the
decomposition defined in [18]. This allows a constructive proof of Theorems 3, 4,
and 5. To implement that proof by efficient algorithms and thus establish Theo-
rem 6 requires additional ideas not discussed in this introduction.

This concludes our sketch of the proof of Theorem 6. We again warn the reader
that it is highly oversimplified. The sections that follow, along with [20], [21], will
give the correct version. In the next section, we start from scratch.

We mention several open problems related to our work.

¢ In place of our standing assumption p > n, we may assume merely that p >
n/m. The Sobolev theorem would then tell us that L™P (R™) C C{__ (R™).
Consequently, any F € L™P (R™) may be restricted to a finite set E, and
our Problems (A) and (B) still make sense. It would be very interesting to
understand the problems of interpolation and extension for L™P (R™) and
WM™P (R™) when n/m < p < n.

e Is it possible to dispense with the assists Q ={w1,...,wy,,, } in Theorem 4,
and write each &; in the form

I
Euf) =) Puflzu)
i

with I, i and z1; € E independent of f, and with |I] < C? Shvartsman [37]
has proven this for X = L%P (Rz) (p > 2). Perhaps, it is true for general
L™P (R™). The analogous result for interpolation by functions in C™ (R™)
is contained in Fefferman—Klartag [17]. For the extension operators T in
Theorem 3, one cannot get away without assists; see [19].

These issues are connected with “sparsification”; see [2].

¢ We have constructed essentially optimal functions F € X that agree perfectly
with a given function f on E. It would be natural to require instead that F
agree with f up to a given tolerance. More precisely, given f € X (E) and a
positive function u: E — (0, 00], we should compute a function F € X that
minimizes
(1.11) IFIE + D nGFO) (P,

x€E
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up to a universal constant factor C. (When p(x) = 400, we demand that
F(x) = f (x) and delete the corresponding term from the above sum.) Com-
pare with Fefferman-Klartag [17].

It would be interesting to study the problem of optimizing (1.11) for general
L™P (R™) and W™P (R"™) (p > n). The work of P. Shvartsman [36] on the
Banach space L"P (R™) + LP (R™, du) is surely relevant here.

¢ It would be very interesting to produce practical algorithms that (unlike our
present algorithms) compute C-optimal interpolants for a not-so-big universal
constant C.

This paper is a part of a literature on “Whitney’s extension problem”, going
back over 3/4 century and including contributions by many authors. See e.g.,
H. Whitney [40]-[42], G. Glaeser [22], Y. Brudnyi and P. Shvartsman [5]-[8],
P. Shvartsman [32]-[35], J. Wells [39], E. Le Gruyer [28], [29], M. Hirn and E. Le
Gruyer [23], C. Fefferman and B. Klartag [16], [17], N. Zobin [43], [44], E. Bier-
stone, P. Milman, and W. Pawtucki [3], [4], as well as our own works [10]-[15], [25],
and [27].

We are grateful to Bernard Chazelle, Bo’az Klartag, Assaf Naor, Pavel Shvarts-
man, and Nahum Zobin for many enlightening conversations. We are grateful also
to the American Institute of Mathematics, the College of William and Mary, the
Fields Institute, and the Banff International Research Station for hosting work-
shops on Whitney’s problems. The support of the AFOSR and the NSF is grate-
fully acknowledged.

Let us now begin the work of interpolating data.

2. Preliminaries

2.1. Notation

Fix integers myn > 1 and a real number p > n. We work in R™ with the £

metric. Thus, given x = (x1,...,Xn) € R™ we denote
x| := max |xi|.
X = max e

Given nonempty subsets S, S’ C R™, we denote

dist(S,S’) :=inf{|x —y| : x € S,y € '},
diam(S) := sup{|x —y| : x,y € S}

A cube takes the form
Q= [x1—8/2,x1 +8/2) X -+ X [xn —8/2,xn +5/2).

Let xq = (x1,...,%n) and 8g := & denote the center and sidelength of the cube Q,
respectively. Let A - Q (A > 0) denote the A-dilate of Q about its center. Hence,
the cube A - Q has center xg and sidelength Adq.
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A dyadic cube takes the form
Q=[1-25G1 +1)-25) x - x [jn- 25 (in +1)- 25)

for j1,...,jn, K € Z.

We say that two dyadic cubes Q and Q' touch either if Q = Q’, or if Q is
disjoint from Q’ but the boundaries 0Q and 9Q’ have a nonempty intersection.
We write Q +» Q' to indicate that Q touches Q’.

We may bisect a dyadic cube Q into 2™ dyadic subcubes of sidelength %6Q in
the natural way. We call these subcubes the children of Q. We write Q" to denote
the parent of Q, i.e., the unique dyadic cube for which Q is a child of Q.

We let P denote the vector space of real-valued (m — 1)-st degree polynomials
on R™, and we set D := dim P. We identify P with RP, by identifying P € P with
(a P(O))chKm 1-

Given F € C 1 (R™) and a point x € R™, let JyF € P (the “jet of F at x”)

loc

denote the (m — 1)-st order Taylor polynomial
1
P = 3 —0%Fx) - (x—x)*.
[x|<m—1

Given P,R € P, we define the product P ©®x R=]x(P-R) € P.

Sobolev spaces. We work with the Sobolev space X = L™P (R") with seminorm
IFllx = (J 3 [0%F(x |de)
|o|=m

We assume throughout that p > n. Given a connected domain Q C R™ with
piecewise smooth boundary, let X(Q) = L™P(Q) be the Sobolev space consisting
of functions F: QO — R whose distributional derivatives 9*F (for |«| = m) belong
to LP(Q). On this space we define the seminorm

Pl = (] X oropax)”’
||=m

We may restrict attention to domains that are given as the union of two intersecting
rectangular boxes. (A rectangular box is a Cartesian product of left-closed, right-
open intervals.)

Lists. A list = is a collection of elements that can contain duplicates. Hence, for
a list

(2.1) =={&,..., &}
we may have & = &,/ for distinct £, ¢’. We define # [Z] = L for the list (2.1).
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Given a sequence (ag) of real numbers, indexed by elements & in =, we define

Zaa—Zaae

Eez
Given a sequence Zp,...,=p of lists, Where Zm = {é[m] [m]} for each
1 < m < M, we define the list =y U --- U Zp by taking all the elements in the

respective sublists together, namely

- (1] [M]
':'1U' '—'M*{Ev] y . )EL] )E )ELM}

We do not remove duplicate elements when forming the union of lists.

Convention on constants. A wuniversal constant is a positive number deter-
mined by m,n, and p. We use letters C,c,C’, etc, to denote universal constants.
Let t € R. We use the symbol C(t) to denote a positive number that depends
only on m,n,p, and t. A single letter or symbol may be used to denote different
constants in separate occurrences.

We write A < B or A = O(B) to indicate the estimate A < CB, and we write
A ~ B to indicate the estimate C™'B < A < CB. Here, the constant C depends
only on m,n, and p.

Similarly, we write A <¢ B or A = O¢(B) to indicate the estimate A < C(t)-B
and we write A ~¢ B to indicate the estimate C(t)~'-B < A < C(t) - B. Here, the
constant C(t) depends only on m,n,p, and t.

2.2. The infinite-precision model of computation

For infinite-precision, our model of computation consists of an idealized von Neu-
mann computer [38] able to work with exact real numbers. We assume that a single
memory cell is capable of storing an arbitrary real number with perfect precision.

We assume that each of the following operations can be carried out using one
unit of “work”.

¢ We read the real number stored at a given address, or entered from an input
device.

e We write a real number from a register to a given memory address or to an
output device.

e Given real numbers x and y, we return the numbers x +y, x —y, xy, x/y
(unless y = 0), exp(x), and In(y) (if y > 0), and we decide whether x < vy,
X>Yyorx=uy.

e Given a real number x, we return the greatest integer less than or equal to x.

e Given dyadic intervals I = [x,y) and ] = [a, b), both contained in [0, c0), we
return the smallest dyadic interval containing both I and J.
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The above model of computation is subject to serious criticism, even without
our assumption on the rapid processing of dyadic intervals. (See [17], [24], [31].)
Therefore, in [21], we will give a model of computation in finite-precision. We
believe that our finite-precision model faithfully reflects a subset of the capabilities
of an actual computer (e.g., we don’t assume any possibility of parallel processing).

Presumably, few readers will want to wade through the issues arising from
implementing our algorithms in finite-precision. Hence, we first present our results
assuming the above infinite-precision model of computation. We then explain how
to modify our algorithms in order to succeed in the finite-precision model. These
modifications are described in [21].

2.3. Basic estimates on Sobolev functions

Let P denote the vector space of (m — 1)t degree polynomials.
Given a point x € R™ and a number 6 > 0, we define

[Plx.5 ;= max [0PP(x)|-8/BI*™/P~™ for P e P.
|B|<m—1

Thus, |P|x,s is a norm on P. The unit ball of this norm is B(x,8) = {P € P :
‘P‘x,é < ]}
We next present a few basic properties of the objects defined above.

Lemma 7. Let Q C R™ be a cube and let K > 1. For any polynomial P € P, the
following estimates hold:

m—1

5o™IPILri@) ~ D 88 ™IV Pllr(q) ~k IPl,s for x € KQ, § € [K™ '8¢, Kdq].
k=0

[Plxr,sr < C(K) - |Plx,s for |x —x'| <K& and & < Kd'.
B(x,8) C C(K)-B(x',8") for |x —x'| <K& and 6 < Kd'.

Here, C(K) depends only on m,n,p, and K.

We present a few useful estimates on functions in X(Q) = L™P(Q), where
Q C R™is a cube. These estimates originate from the classical Sobolev inequality
(Proposition 8) and an interpolation inequality (Proposition 9).

Proposition 8 (Sobolev inequality). Let Q C R™ be a cube, and let F € X(Q).
For any x,y € Q, and any multiindex  with |B| < m—1, we have

0P JxF— F)(y)] < C- 55 PP || Fllxq).

Proof. The estimate is an easy consequence of the Sobolev embedding theorem
and Taylor’s theorem.

We first review the Sobolev embedding theorem. Let F € X(Q) = L™P(Q).
Due to our standing assumption that p > n, we can use the Sobolev embedding the-
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n

orem (see [30]), which implies that F belongs to the Holder space! cmhi=3 (Q),
and moreover we have an estimate on the Holder seminorm:

(2.2) [Fllcm11-nm(q) < K- [Flimr(q)-

Here, K = K(m,n,p). In particular, K is independent of Q. We refer the reader
to [30] for a proof of the estimate (2.2) when Q = [0,1)™. We can prove (2.2) for
the same choice of K and a general Q C R™ using a standard rescaling argument.
We provide details below.

Let Q C R™, and let F € L™P(Q). Let T: R™ — R™ be a transformation of the
form t(x) = R-x+x0 (R > 0, xo € R") satisfying that T maps Q° := [0,1)™ onto Q.
We define a transformed function F = Fo 7 : Q° — R. The Sobolev and Holder
norms relevant to our discussion are transformed in a simple fashion. Indeed, by
a change of variables we have

~ m - 1/p
[IFllLm.p Qo) :< |[V™(F(R - x 4+ x0))| dX)
QO
1/p
—Rmn/p (J VTP dx) = RV E -
Q

Similarly, we have ||ﬂ\cn1 11n/p(Qe) = R™ VP ||| cm1.1 n/P(Q)

We apply the known version of the estimate (2.2) to the function F. Thus, we
obtain ||FHCm71‘17n/p(Qo) < K- ||FHLm,p(QO). From the above equations we thus
deduce that

[Fllcm 11 wrmiq) < K- [Fllima)-

This completes the proof of (2.2).
Recall that JxF is the (m — 1)5* degree Taylor polyomial of F at x. Hence, by
definition,

1
(2.3) IEOEY 0Ty =) (y eR™).
[ax]<m—1
Taylor’s theorem states that
P F =Rl < C- lx—y™ L Fllen 1

for any F € C™~1Y(Q), any x,y € Q, and any multiindex B with || < m —1.
Here, C = C(m,n,vy) depends only on m, n, and y. We apply this estimate with
vy =1—n/p and use (2.2) to see that

8P (JxF = F)(y)] < CK- e —y[™ P11 IF|[ Lo

for any F € L™P(Q). We bound |x —y| < 8q to prove the desired estimate and
complete the proof of Proposition 8. O

Here, C™ 1Y (Q) (y € (0,1]) is the Holder space consisting of all functions F: Q — R that
satisfy the estimate [0%F(x) — 0%F(y)| < A - [x —y|" for some A < oo and for all multiindices «
with || = m —1 and all x,y € Q. The Hélder seminorm of F in C™1¥(Q) is defined to be the
infimum of all such constants A.
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We can formulate the Sobolev inequality as an estimate involving the norms |~|X‘ s
introduced earlier. Indeed,

[JxF— ]yF|y,5Q < C|[[Fllx(q) whenever x,y € Q.
Proposition 9. Let Q C R™ be a cube, and let F € X(Q). For any multiindez 3
with |B] < m, we have
105FlLr(q) < C- [5G * IFllr (@) + 85 P IFllxi)]-

Proof. A standard scaling argument allows us to reduce to the case when Q =
[0,1)™. For a proof of this estimate, see [30]. O

Lemma 10. Let Q C R™ be a cube, and let F € X(Q). For any x € Q, we have
(2.4) 5o ™ [[Fllr(@) < C- [”FHX(Q) + Z |66F(X)|6g‘+n/pfm}
[BI<m—1
< C" [IIFllx@) + 8™ IFlle (@]
For any cube Q" C Q, we have
(2.5) So™ IFlle (@) < C” - [8MIFllLe (@) + IIFllx(Q)]-
Here, C,C’,C" denote constants depending only on m,n, and p.

Proof. Let Q C R™, and let x,y € Q.
From the Sobolev inequality and the definition (2.3) of the Taylor polyomial,
we have

[F(y)| < |Fly) — JxF(y)| + [JxF(y)]
SE TP Flky + Y [0PFR)| - [x— P,
[Bl<m—1

Hence,

J F)[P dy S 837 " [[FIG g - VOlQ) + Y [3PF(x)|” J x —y[ PP dy
Q |Bl<m—1 Q
P sIBlp+
S8Q" P+ D PR3
[Bl<m—1
We raise each side to the power 1/p. This implies the first estimate in (2.4).

We now complete the proof of (2.4). Let || < m —1, and let x,y € Q.
As before, from the Sobolev inequality and (2.3) we have

[0PF(x)| < [0PF(x) = 0P (JyF) ()| + [P (Jy F)(x)]
< 68*\(3%11/13”]:”}&(@ + Z |86+"F(y)| . |x—y|M

[yI<m—1—B]

—IBl— [yl
<50 PP IR )+ Y [aPTYR)| -89
[yI<Sm—1—|B]|
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We raise this estimate to the power p and average over y € Q. Hence,
[Bl—m/ lvl-n/
0PF(x)[ S 85 P IFllxq > 3 TP q)
IYISm*1*IB\

We apply Proposition 9 to estimate the terms in the sum over y. We see that
19P+YF||Ln () is bounded by C - [85 P Py q) + 80 [IFl|Lr ()]
Thus, we conclude that

—IBl— —IBl—
PF(x)] < 85 PP Flls) + 80 PP IFlle o)

We thus obtain the second estimate in (2.4).
We will finally prove the inequality (2.5). Let Q’ C Q be given cubes. Then (2.4)
implies that

— | —
5™ [Flle (@) S Fllxo) + Y [9PF()|- 88 ™P™™  for any x € Q.
[Bl<m—1

(Here, we use that g/ < dg and [B|+n/p —m < 0.) By averaging p-th powers
in the above estimate, we see that

— |
5™ [Fllri) S IFllko) + Y 85 ™ 13PFllLo (g
[BI<m—1

Finally, we apply Proposition 9 to estimate the terms in the sum over 3. Thus, we
see that 6‘5,‘7“1”6‘31:”@(@) (0 < |B] £ m —1) is bounded by C - [||Fllx(q) +
66T/TLHF||LP(Q/):| . This completes the proof of (2.5). This concludes the proof
of Lemma 10. O

Lemma 11. Let Q',Q"” C R™ be cubes with intersecting closures, and suppose
that %SQN < 0qgr £ 20qgn. Then for any R',R" € P and any H € X, we have

661/11”]2/ —RN”LP(QI) 5 563“ HH_RIHLT’(E—EQ') Q// HH R HLT’ 65 //)
+ [Hllxss oy + Hlx(s3 gy
Proof. First we write

6Q/ ||R/ NHLp( /) < 6Q1/11HH R ||Lp 63 /) +6Q171||H RNHLp 65 )

4
For any fixed x € & Q ﬂ Q” Lemma 10 gives that
_ IBl4+5—m
Som IH=R"[n (30 S HIxs3qn + D BP(H=R")(x)[85, °
[Bl<m—1
and also
B " IBl+5— < m 7
S PP(H—R) )5 IMllgcss oy + 5 IH = Rl (53 .-
[Bl<m—1

This implies the conclusion of the lemma. O
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A rectangular box B C R™ is a Cartesian product of coordinate intervals that are
left-closed and right-open, where each interval has a nonempty interior. The length
of each interval is a sidelength of B. The aspect ratio of B is the ratio of the longest
to shortest sidelength of B.

Let K > 1. Suppose that B is a rectangular box with aspect ratio at most K.
We can map a cube onto B by applying a transformation of the form t: (x1,...,%n)
= (01X1y ..y Onxn), with 1 < [§5] < K for j =1,...,n. Let F € X(B). By pre-
composing F with the transformation T, and using Proposition 8 (the Sobolev
inequality), we see that

(2.6) [0P(F—JyF)(x)] < C(K) - [|Fllx(g)[x —y[™ /P~ 1Pl

for all x,y € B, || < m— 1. We raise this estimate to the power p, and integrate
over x € B to obtain

(2.7) 0P (F = JyF)lie (8) < C(K) - [|F|lx(s) diam(B)™ 1P,

Lemma 12. Let By, B, be rectangular boxes with aspect ratio at most K and with
B1NBy #0. Then for any F € X(By UB3), any x,y € By UB2, and any B with
Bl < m—1, we have

(2.8) 0P (JxF —F)(y)] < C(K) - [x —y|™ 1BF=m/P. {IFllx,) + IFllx(B,) } -

Proof. If either x,y € By or x,y € B then (2.8) follows from the estimate (2.6).
Otherwise, we may assume that x € By and y € B,. Pick z € By N B, with the
property that |x —z| < |[x —y| and |y — z|< |x —y|, and note that

[JxF — ]yF|y,\xfy\ < [IxF— ]ZF|U7\X*U\ +J-F — ]yF|y,\xfy\
S xF = J2Flz x—z) + [J2F = JyFlzjy—z  (by Lemma 7).
Now, (2.6) implies that

TxF =Ty Flyx—yl < CK) - {IFllxcBy) + [Fllxso) ) -
This completes the proof of the lemma. O

Our last result is a special case of the Jones extension theorem [26].

Proposition 13. Let Q be a cube in R™. Then there exists a bounded linear
map T: X(Q) — X, such that T(F) = F on Q, and [|T(F)|x < C|[F|lx(q) for each
F € X(Q). Here, the constant C depends only on the parameters of the function
space X, i.e., on the numbers m,mn,p.

2.4. Trace norms

Given a finite subset E C R™, let X(E) denote the space of all functions f: E — R,
with the trace seminorm

Hf”x(g) = 1nf{||FHX :F e X, F=fon E}
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Given a cube Q C R™, and given (f,P) € X(E) & P, let
(2.9)

) F=fonENQ
|(f,P)|@q :=inf(M >0 : JFeX s.t. }

[Fllx(q) +8q™IF=Pllr (@) =M
Note that ||(f,P)||q is a seminorm on the space X(E) @ P.
Let

(2.10) G(Q)::{PGP: JpeX st ©=0omENQ }

lellxQ) + 8™ le —Plliriq) <1

Note that o(Q) C P is convex and symmetric (P € 0(Q) = —P € o(Q)).
As an easy consequence of our definitions, we have the following result.

Lemma 14. Given cubes Q1 C Q2 such that g, < Adq,, we have ||(f,P)[|q, <
C(A) - ||[(f,P)|lq, and 0(Q2) C C(A)-0(Q1). In fact, one can take C(A) = A™.

Our next result relates the convex sets 0(Q1) and o(Q2), where Q1 C Q2 are
cubes that may have vastly different sizes.

Lemma 15. Given cubes Q1 C Q2, we have

(2.11) o(Q2) ccC- [O‘(Q])-FB(XQ”&QZ)].
If additionally Q1 NE = Q2 NE, then also
(2.12) ¢~ [0(Q1) + Blxq,,50,)] € 0(Qa).

Proof. Suppose that R € 0(Q2). By definition, this means that there exists ¢ € X
such that ¢ =0 on Q2NE, and ||§x(q,) + 857 [|[¢—Rlltr(q,) < 1. In particular,
we have ¢ =0 on Q1 NE. Also, the Sobolev inequality implies that

[dllsciqr) +0Q7T 1d —Jxq, Pllrr (@) < ClldllxiQ) < Clldlxq,) < C.

Hence, Jxo, ¢ € Co(Q1). (Recall that xq, is the center of the cube Q1.)
Similarly, using the triangle inequality followed by the Sobolev inequality, we
have

5™ xa, @ — RllLr(as) < 8™ i — Rlltr(qa) + 8™ lld — Jxq, Pllr Q2
<80 [0 = RllLr @y + Clldllx(Q < T+ C.

Thus, ]XQ1 é—ReC- B(XQ1 N 5Q2)'

Hence, we have shown that R = Jx_ ¢+(R—]XQ] ¢) € Co(Q1)+CB(xq,,00q,)-
Since R € 0(Q2) was arbitrary, this proves the first inclusion (2.11).

We now assume that Q; N E = Q2 NE and prove the second inclusion (2.12).

Let R € 0(Q1) + B(xq,,0q,), i-e., suppose that R = P + P# with P € o(Q1)
and P# € B(XQ],(SQZ).
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By definition, P# € B(xq,,8q,) implies that |P#|XQ] g, <1, hence
(2.13) Sy [P#[l1r(Q,) < C  (see Lemma 7).

By definition, P € o(Q) implies that there exists ¢ € X such that ¢ = 0
on Q1 NE and [[@[lx(q,) + g |9 = Pllriq,) < 1. We now pick ¢ € X with
@ =@ on Qq and ||¢[|x < C|l@[[x(q,)- (See Proposition 13.) Note that ¢ =0 on
Q1 NE = Q2NE. Moreover,

S 1@ — Rl (@a) < 8GM 1@ —Pllir(qa) + 8™ IP*llir (qu)
<8o7 10 —PllLr(q,) +C (by (2.13))
< CooM e = Pllr (@) + Cll@llx(q,) + € (by Lemma 10)
< C'8qT e = Pllir @) + Cll@llx,) +C" < C".

Since we also have ||@||x(q,) < C, it follows that R € Co(Q2). Since R € o(Q1) +
B(xq,,0q,) was arbitrary, this proves (2.12) and completes the proof of the lemma.
O

2.5. The depth of linear maps

Let E ={z1,...,zn} C R™. We fix this enumeration of E for the rest of the paper.
A linear functional w : X(E) — R may be written as

N
(2.14) w(f) = Z W - f(z;) for real coefficients py,..., un.
j=1

That is the long form of w. Let depth(w) (“the depth of w”) be the number of
nonzero coefficients p; in (2.14).

Suppose depth(w) = d. Then let 1 <j; <j2 <--- <jg < N be the indices for
which p # 0 above. Also, let [ = pj, for k =1,...,d. Then we can write w in
the form

d
w(f) = Z Bk - f(z5,).
=1

That is the short form of w.

To store w in its long form, we store pi, ..., uN-
To store w in its short form, we store d, [1,...,d, and j1,...,jq-
Let Q = {wn,...,wk} be alist of linear functionals on X(E), each given in short

form. Recall that a list may contain duplicates. Hence, we can have wy = wy
with k # k’. We store the list Q by storing a list of pointers to the functionals in
Q. If we have stored two lists of functionals Q and Q’, then we can compute and
store Q U Q' using work at most C - [#(Q) + #(Q)].

A functional & : X(E) @ P — R may be written in the form

N
(2.15) E(f,P) =AP) + D wf(z)
=1

for coefficients py,...,un and a functional A : P — R. That’s the long form of &.
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Let d € N. A functional & : X(E) & P — R has Q-assisted depth d provided
that

Vmax

(2.16) E(f,P) =AP)+1(f) + D vv wi, (),
v=1

where 1 : X(E) — R is a linear functional, and depth(n) + Viax < d. That is a
short form of & in terms of the assists (). Note that perhaps we can describe a
given & in many different ways in short form.

To store the long form of &, we store A, [y, ..., uN. See (2.15).

To store a short form of & (in terms of the assists Q), we store A, Viax,

Y1y eosYvimaxs Kiye-y Kya, and the short form of . See (2.16).
A linear map S : X(E) ® P — P has Q-assisted depth d provided that

(f,P) — 0% [S(f,P)] (0) has Q-assisted depth d, for each |&| < m —1.

To store a short form of the map (f, P) — S(f, P), we store a short form of each of
the linear functionals (f,P) — 0% [S(f,P)] (0) (for |&| < m —1).
A linear map T: X(E) & P — X has Q-assisted depth d provided that

(f,P) = 0% [T(f,P)] (x) has Q-assisted depth d, for each x € R™, |of < m — 1.

We can represent the map T on a computer by giving an algorithm that accepts
queries: A query consists of a point x € R™. The response to a query is a short
form of each of the linear functionals (f, P) — a“[T(f, P)] (x) (for || <m—1).

When we say that a linear functional w has bounded depth, we mean that its
depth is bounded by a universal constant C.

When we say that a linear map T (or linear functional &) has Q-assisted bounded
depth, we mean that T (or &) has Q-assisted depth d, where d is at most a universal
constant C.

2.6. Sets of multi-indices

Let M denote the collection of all multiindices « = (ot1,..., on) of order o =
o+ oy <m-—1.

We define a total order relation < on M as follows: Given distinct o« =
(t1y.eeyon)yB=(B1y..-,Pn) € M, let k € {1,...,n} be the maximal index such
that oc;+- -+ # B1+- - -+PBk. Then we write o« < B if o+ - +o < B+ - +Px,
and we write o« > 3 otherwise.

We also define a total order relation < on 2. Given distinct subsets A, B C M,
pick the minimal element o € AAB (with respect to the order relation defined
above). Then we write 4 < B if « € A, and we write B < A otherwise. Here,
AAB denotes the symmetric difference (A\ B)U (B \ .A). Note that M is minimal
and that the empty set () is maximal with respect to this order relation on 2.

Lemma 16. The following properties hold.
o Ifo,p € M and || < |B| then & < B.

e Ifo,peM,a<p and |y| <m—1—|B|, thenx+v < +.
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Given A C M, we say that A is monotonic if for every o« € A and y € M with
l[y| <m—1—|«|, we have x +v € A.

Remark 17. Assume that A C M is monotonic, P € P, xo € R™, and 0%*P(xo) =0
for all @ € A. Then, for x € R™ and « € A, we have

P(x)= )

[yl[<m—1—|«]

1
—0%YP(x0) - (x —x0)Y =0.
v!

Hence, 0%P = 0 for any « € A.

2.7. Bases for the space of polynomials

Let € € (0,1) be a given real number. We assume throughout this section that

e < small enough constant determined by m,n,p.

2.7.1. Bases. Suppose we are given the following.
e A set of multiindices A C M.
¢ A collection of polynomials (Py)xe4 with each Py € P.
¢ A symmetric convex subset 0 C P.
e A point x € R™, and real numbers A > 1, 6 > 0 (we call § a “lengthscale”).

We say that (Py)xeca forms an (A, x, €, 8)-basis for o if the following conditions
are met.

(B1) Py ce-8ld+m/Pm .5 forall x € A.
(B2) 0PP4(x) =84 forall o, B € A.

(B3) [0PP,(x)| < e-8/*-IFl forallx € A, p €M, B > «.

(Here, d«p denotes the Kronecker delta: dop =11f c=0; dop =0 if ax#p.) We say
that (Py)aca forms an (A, x, €,8, A)-basis for o if, in addition to (B1)—(B3), the
following condition is met.

(B4) [0PP,(x)| < A -8Bl for all x € A, p € M.

Remark 18. An (A, x, €, 0)-basis is automatically an (A, x, €’,8’)-basis, for e’ > €
and 8" < &6. An (A, x,€,8,A)-basis is automatically an (A, x,e’,d, A’)-basis,
for ¢/ > e and A’ > A. However, there is no simple relationship between an
(A, x,€,8,A)-basis and an (A,x,¢€,d’,A)-basis, due to the positive powers of &
appearing in condition (B4).

Note that an (A, x, €, 8)-basis is also an (A, x, C™e, Cd)-basis for any C > 1.

Remark 19. The notion of bases admits a natural rescaling, described below.
Given P € P define the polynomial Ty 5(P) € P by

Ty,5(P)(z) =P(5- (z—x) +x).
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Assume that (Py)xeca forms an (A, x, €, 8)-basis for a symmetric convex set
0 C P. Define the rescaled polynomials Py = 5~ %1, ,5(P«) for oc € A. Also define
the convex set of polynomials

= _ {6n/P*mTX76(P) . P c 0_}.

Then (B1)-(B3) imply that (Py)xes forms an (A, x, €, 1)-basis for .
Similarly, under the assumption that (Py)xea forms an (A, x, €, 8, A)-basis for
o, we deduce that (Py)xea forms an (A, x, €, 1, A)-basis for G.

2.7.2. Tagged cubes. Assume that we are given a subset E C R™, a set of
multiindices A C M, and a cube Q C R™.

We say that Q is tagged with (A, €) provided that #(ENQ) < 1 or there exists
A’ < A such that

0(Q) has an (A',xq, €,8¢g)-basis (recall that xq = center of Q).
Remark 20. Note that every cube is tagged with (A, €) with A = 0.

Let real numbers n € (0,1), A > 1, and 6 > 0 be given. Let A be a set of
multiindices of order < m —1, and let M = (Mup)a,pea be a matrix (with real
entries).

We say that M is (n, A, 8)-near triangular provided that

n'élcx‘ilﬁ‘ if“)BEAa BZ‘X)
Moc _6oc S
Map = Sl { A-SIH=IBl i o B e A

Lemma 21. If the matrices M = (Myp)«, BeA,I\N/l = (Maﬁ)“ BeA are (M, A\, 0)-
near triangular and (n,/\ d)-near trmngular respectively, then MM s (R, A, d)-

near triangular if | < 1, where = C - (n/\—i—n/\) and A = CAA for a universal
constant C.

Proof. Suppose that o, 3 € A and 3 > «. Then

(MM)ap = Y May Myg.
YEA

If y € A and v > «, then the corresponding term in the above sum is bounded in
magnitude by nASI¥—YIgI=IBl — nAII=IBI  Alternatively, if y € A and vy < B
then the relevant term is bounded in magnitude by ﬁ/\é“"' B, The total number
of terms is at most D = dim(P), hence we see that |( (MM) 4 sl < 18l¥~IBl with
as in the statement of the lemma.
Next, observe that
(MM)OLCX = Z Mcxy Myoc-
YEA
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If y € A and either v > « or v < «, then the relevant term in the above sum is
bounded in magnitude either by A8/ *I—YIgI=lxl — y A or by qAS!*I—IYIghyI=lxl —
A, respectively. If v = «, then the relevant term in the sum is equal to

Maa Maa = (1+0Mm)(1 +0O[)) =1+ OMm +1).

Hence, we find that |(MM)cxoc =1 <n.

Finally, we assume that &, € A and 3 < o. Then the estimates |Mgy| <
A8l *=IY and |,I\7ly[3| < ASYIZIBl imply that |(M,I\7l)oq3| < ASIM=IBl with A as in
the statement of the lemma.

This concludes the proof of Lemma 21. O

Lemma 22. Assume that nAP is less than a small enough constant depending
on m and n. Then the following holds.
o If the matric M = (Mug)ua,pea is (N, A, 0)-near triangular, then M is in-
vertible and the inverse matriz M~ is (CnAP, CAP, 8)-near triangular.

Here, D = dim(P), and C depends only on m and mn.

Proof. Let Y = (84 + Xij)i,j=1,....k be a K x K matrix, where the Xj; are variables.
Let (Y~")ap be the entries of Y=! (a,b = 1,...,K). Cramer’s rule gives

detY=P(X) and (detY)- [(Y")ab —8ab] = Pab(X),

where P(X), Pqy (X) are K-th degree polynomials in X = (Xjj)i,j=1,....k. In P, Pqy,
we separate the monomials containing only the variables Xi; with i < j from the
monomials containing at least one variable Xi; with i > j. We write P = Py 4 P4
and Pqp = Pap,0 + Pab,1, where the monomials in Po, Pqp,0 contain only Xi; with
1 <j, and the monomials in Py, Pyp 1 contain at least one Xi; with 1 > j.

Suppose that Xi; = 0 for i > j. Then Y is upper triangular with 1’s on the main
diagonal, hence the same is true of Y~'. It follows that Py = 1, and Pap,0 =0 for
a > b. Now we drop the assumption that X;; = 0 for 1 > j, and assume instead
that [Xyj| < fori>jand [Xi;| < A for all i,j. (Here, 0 <n <1< AL

We write C,C’,C”, etc. to denote constants depending only on K. By exam-
ining each monomial separately, we see that

[P1(X)], [Pab,1(X)] < CnAKTT) and  [Pap,0(X)| < CAK.

Combining these estimates with our knowledge of Py and Pap,0 (a > b), we con-
clude that

CnAK-T1 ifa > b,

K—1 .
|[detY —1] < CnA"™') and  |(detY) - ((Y )ab_éab)lg{C/\K all @, b.

This immediately implies the following result:
(*) Let Y = (Vi) be a K x K matrix, satisfying
|Yij — 6ij| <n fori>j and |Yij| < A (all 1,j),

where nAK~T is less than a small enough constant depending only on K.



296 C. FEFFERMAN, A. ISRAEL, AND G. K. LULI
Then the inverse matrix Y~ = (Y1) qp) satisfies

(Y D ap —8an| SCnAX T fora>b and [(Y ")ap| < CAX (all a,b).

Let M = (Mupg)«,pea be an (n, A, 8)-near triangular matrix. Let o1 < ax <

.-+ < ax be the elements of A. Applying (*) to the matrix Yi; = 6'“”*‘“)"1\/[%“).,
we find that M~ is (CnAK—T, CAK| §)-near triangular, as claimed in Lemma 22.
O

Lemma 23. Let x € R™. Suppose 02 C C - [0o7 + B(x,0)], and suppose o2 has
an (A, x, €,d,A)-basis. Then o1 has an (A,x, CeA,d, CA)-basis. Here, C depends
only on m, n, and p.

Proof. By rescaling, we may assume without loss of generality that & = 1. (See
Remark 19.)

Let (Po)aca be an (A, x, €,1,A)-basis for 05. Then
e Py € €0y C Celoy +Bx, 1] (e A);

* PPL(x) =8pa (B o€ A);

o [PP(x)|<e (xEABEMP>);

o [OPPL(x)| <A (x€APBeM).

The first bullet point above gives 5“ = Py + (5“ — Py) with Py € Ceoy (all
o € A) and [3P(Py — Py )(x)| < Ce (all x € A, B € M).

The four bullet point properties of the P, now yield the following properties of
the Py.

e PoeCeoy (xeA);

* [0PPa(x) —8paf < Ce (B, x € A);

e [0PP,(x)] < Ce (x€ABEMB>);
o [0PPL(x)] < CA (€ AR e M).

Inverting the matrix (9PP«(x))p,ac4, We obtain a matrix (May)«,yea such that
Z PPL(x) Muy =85y (ByYy €A and Mgy —8ay| < Ce (a,y € A).
xeA

Set P¥ =Y ,c 4 Pa«May for y € A. Then
o P¥ e Ceor (yeA);

« FPY(x) =08py (B,Y €A

« [OPPY(x)| S CA (Y€ ABEM).
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For > v, we have
FPE(x) = ) 0PPu(x)May + ) 0PPa(x)May.
x<y x>y
For the sum over & <y, we note that f >y > «, hence
|0PP,(x)| < Ce, whereas |[Myy| < C.
For the sum over « > vy, we note that
|0PPL(x)] <A and |Mgy| < Ce.

Therefore,

o [0PPY(x)| < CeA (Y €ABEM,B>Y).

Thus, the (P#)VEA form an (A,x,CeA,1,CA)-basis for o7, which is what we
asserted, since 6 = 1. O

Lemma 24. Let x € R™, € >0, and 1 < Z < e '/? be given. Suppose that Z
exceeds a large enough universal constant. Let (Py)xeca be an (A, x,€,d)-basis
for o, with

(2.17) max{[0P P (x)|8/FI71*: e A, B e M} > Z.

Then o has an (A’,x,Z7%,0)-basis, with A" < A. Here, k > 0 is a universal
constant.

Proof. By rescaling, we may assume without loss of generality that 6 = 1. (See
Remark 19.)
Our hypothesis tells us that (Py)«e.4 is an (A, x, €, 1)-basis for o, meaning that

(2.18) Py € €- 0
(2.19) PPy(x) =8ap (o, B € .A); and
(2.20) 0FPL(x) <e (€A BEM, B>a).

Pick the minimal multiindex & € A with maxpge a [0PPx(x)| > Z. (See (2.17).)
Thus,

(2.21) 0PPL(x)| < Z, forallfeM, xc A a<g,
and there exists o € M such that
(2.22) 98P (x)| = max [0 Pec(x)| = Z.

Note that fo # & by (2.19), and Bo < & by (2.20). Thus, Bo < @.
Let the elements of M between 3¢ and & be ordered as follows:

Bo<Pr < <Pr=1

Note that k+1 < #M =D.
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Pick k € {0,...,k} such that
10PTP4 (x)[Z/ P+ > [3Bep(x)|ZY/ P+ for all € € {0, ..., k).

In particular, setting p = By, we have

o (2.22)
(2.23) 0P Px(x)| > 2P/ (P jgRop(x)| > ZV/PTY 1 and
(2.24) 0P P(x)| > ZV/ PV RPP(x)| for L=Kk+1,...,k
If B € M, > &, then (2.20) and (2.23) give
0PP(x)| < e <1< Z271/(P+1|aPpg(x).

Meanwhile, if B € M, B < B < &, then (2.24) states that

0P Px(x)| < 27/ P+ 9P (x)],
Thus,
(2.25) 0P P&(x)| < Z /P 3BP(x)| for any p € M, B > P.

Note that [P Px(x)| > 1, thanks to (2.23). Hence, (2.19) and (2.20) show that

(2.26) B<wand B ¢ A.

Set Pz = Px/0PPx(x). Then

(2.27) Pg€e-o, from (2.18) and \aEPa(x)\ > 1;
(2.28) | aﬁP X <z7VPH (B e M, B> B), from (2.25);
(2.29) [2PPg(x)| < ZP/UFP) (B e M), from (2.22) and (2.23); and
(2.30) OPP5(x) = 1.
Now define
PLi=P5 — D 0'Pg(x)Py.
YEAY<PB

We derive some estimates on P%. From (2.19) we see that

aapg(x):aapg(x) — ) OP(X)8ay =0 (x€Aa<p).

YEAY<B

Thanks to (2.20), (2.29), and (2.30), we have

(2.31) |63P§(x)—1\§ Z Y P5(x) ||aBP x)| < CZP/(P+De,

YEAY<B
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Meanwhile, if B > B and y < B, then p >+y. Hence, by (2.20), (2.28), and (2.29),

we have

OFPE()I < [0PP5 (x| + D [0YPz(x)| - [2PPy (x)]
YEAY<B
<Z oW +CZore (BeEM,B>B).

From (2.18), (2.27), and (2.29), we have

Pg ce-o+C-zZP/P+e.5C (CZD/(D+1)e)~G.

For each y € A, v < B, (2.26) implies that v < &. Hence, from (2.21) and (2.29)
we have
0PPE(y)| < C-ZEPHI/BED (B e M),

Since € < Z7', if € is sufficiently small then (2.31) implies that 6§P§(X) €

[1/2,2]. Hence, we may define /ﬁg = Pg / aﬁPg (x). The estimates written above

show that

(2.32) ﬁg € (C : ZD/(DH)G) -0y

(233)  3PPs(x)=0,5 (BEAB<P or p=P)

2.34)  [9PPg(x)| < C.z V/(P+1 4 . zP/DHDe (e M, B > B); and
B

(2.35)  [0PP(x)| < C.ZBEPHN/IDFN (g e M),

Foreach & € A, o < B, set ﬁx = Pa—aEP‘X(X)ﬁE. Note that \aﬁpa(x)\ <e<l,
thanks to (2.20). From (2.18) and (2.32), we have

2.36 Py € (CZP/(P+Ve) . g,
(2.36) (
From (2.20) and (2.35), we have

0PPa(x)] < [0PPa(x)] +[0PPu(x)| - [0PP5(x)| < € + € - CZ(2PH1/(D+T)
(2.37) < Ce.zEPHI/BHD (B e M, B> «).

From (2.19) and (2.33), we have

PPy (x) = 3PPy (x) — 0PPL (x)0PP5(x)

] Bap—0PPa(x)dgy  =8up cifBEA B<PB
T PFPa(x) —0PPL(x)o5=0  :ifp=P
(2.38)  =0dqp if either B < B and B € A, or f = p.

Set Z_z {aeAra< B}U{B}. Then (2.26) shows that the minimal element of
AAA is B. Therefore, A < A.
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From (2.32)—(2.34) and (2.36)—(2.38) we deduce that

(ﬁa)cxeﬂ is an (A, x,C- (Z~ DT 4 Z BT €), 1)-basis for o.

Since € < Z72 and & = 1, this implies the conclusion of Lemma 24. O

Lemma 25. There exist constants K1,k € (0,1] depending only on m, n, and p
such that the following holds.

Let x € R™. Suppose that ¢ has an (A, x, €,d)-basis.

Then there exists a multiindex set A’ < A, and there exist numbers k' € [K1, K3]
and A > 1 with €< A1°°D < e%'/2 such that o has an (A’,x,e~’, 8, A)-basis.

Here, D = dim P.
Proof. By rescaling, we may assume without loss of generality that & = 1. (See
Remark 19.)

Let Ao = A and L =2P, and let k € (0,1) be as in Lemma 24. Set

co=e€, eg =X /200D)" anq Zy = ek T/200D) g0 L

Note that (Z¢) * = e¢ and Zy < (€¢_1)" /2 for each £ > 1.
Let (P&O))OLGA be an (Ap, X, €0, 1)-basis for 0. We carry out the following iter-
ative procedure:

Stage 0. From Lemma 24, we have either

Case A: [0BP)(x)| < Z; forallx € Ao, B € M,

or

Case B: There exist polynomials (P&]))cxeA,, such that (PEX”)“GA, is an
(A1,x, €1, 1)-basis for o, for some A < Ap.

In Case A we terminate. In Case B, we pass to:

Stage 1. From Lemma 24, we have either

Case A: |6BP&])(X)| <Z, forallx € Ay, € M,
or
Case B: There exist polynomials (P&z))aeAz, such that (P&z))aeAz is an
(A3, x, €2, 1)-basis for o, for some A, < Aj.
In Case A we terminate. In Case B, we pass to Stage 2, and so forth.
Since Ao > A1 > Ay >+ and #{A: A C M}=L, there exists {€{0,..., L—1}
such that Case A occurs in Stage {. Thus,

(P&e))aeAz is an (Ag, x, €¢, 1)-basis for o, with

[0PP(x)| < Zesr for all x € Ag, B € M.
Note that

Ke o Ke Ke
€¢ - Z]OOD — g (200D)0  (200D)¢H] 100D — g2(200D)t — /€Z~

41
Note that €, = €% for k’ = k!/(200D)!. We set A = Zg.1. Then the above
conditions imply the conclusion of Lemma 25, since = 1. O
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Lemma 26. Let x,y € R™; assume that |[x —y| < C&. Suppose o has an
(A, x,€,8,A)-basis. Assume that eAP is less than a small enough constant de-
pending on m, n, and p.

Then o has an (A,y, CeA?PT15, CA2P*+1) basis.

Proof. By rescaling, we may assume that & = 1. (See Remark 19.) Let (Py)xea
be an (A, x, €, 8, A)-basis for 0. Thus,

e Pheeo (xe A

o PPL(X) =0pa (Byx € A);

e [0PFPy(x)| <€ (x€ABEMB>w);
o [0PPL(x)| <A (x€ ABEM).

For p € M and @ € A with 3 > «, we have

98 Paly)| = | 3 08 YPu() - (y x| < Ce.
5

Also,

0% Pa(y) = 0%Pql Z a“*VP x)-(y—x)¥ = 1+Error, where |Error| < Ce.
V#O
On the other hand, for general f € M and « € A, we have

98 Paly)| = | 3 08 YPalx) - (y x| < CA.
>3

Thus, (3PP« (y))p,aea is a (Ce, CA, 1)-near triangular matrix. Therefore,
the inverse (May)a,yea of (0PP(Y))p,aca

2.39
( ) is (CeA?P, A?P)near triangular.

For each vy € A, we define P# =)
the Py, we read off the following.

* [0PPY(y)| < CAZPHT (B e M,y € A);

o P¥ cCeA2PHg (y e A).
Finally, for each § € M and vy € A with > vy, we have

QPPE (W) < Y 10PPa(y)] - Moyl + Y [0°Pa(y)] - [Mao

wed Pa - May. From the properties of

a<y x>y

<) Ce-CAPTT4 Y CA-CeA™  (see (2.39))
x<y x>y

< CeAZPT,

Thus, (P#)VEA is an (A,y, CeA?P+1 1, CA?P+1)basis for o. O
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Lemma 27. There exists kK > 0 depending only on m, n, and p, such that the
following holds. Let x,y € R™. Suppose that ¢ has an (A,x,€,d)-basis and that
|x —y| < C8. Then, there exists A < A such that o has an (A’,y, €*, §)-basis.

Proof. By Lemma 25, there exist k' € [k1, k2], A’ < A, and A > 1, such that
o has an (A’,x, €', 5, A)-basis, and e A'0°P < <"/,

Here, k1, k2 > 0 are universal constants.
Thus, o has an (A’,y, Ce®' A2P+1 5 CA2P+1) basis, due to Lemma 26.
Note that Ce* A2P+1 < Cex'/2 < €<1/4 if € is less than a small enough

universal constant. Hence, o has an (A’,y,e"'/4, 6)-basis. This completes the
proof of Lemma 27. O

Lemma 28. Suppose that Q' C Q and Q is tagged with (A, €). Then Q' is tagged
with (A, €), where x > 0 depends only on m, n, and p.

Proof. Let Q" C Q, and suppose Q is tagged with (A, €). Then either #(QNE) <1
or 0(Q) has an (A’,xq, €, dq)-basis for some A" < A. (Recall that xq is the center
of Q.)

If #(QNE) <1 then #(Q’'NE) <1, hence Q' is tagged with (A, €*) for any
k > 0, which implies the conclusion of Lemma 28.

Suppose instead that

0(Q) has an (A’,xq, €,5q)-basis with A" < A.

Then Lemma 25 implies that there exist k’ € [k1,k2], A > 1, and A” < A’, such
that

0(Q) has an (A", xq, ex’, 5q, A)-basis,
with €< . A100D < ex'/2, Here, k1, k2 > 0 are universal constants.
We have |[xqg'—xq| < dq, since xg: € Q' C Q and xg € Q. Hence, Lemma 26
implies that
0(Q) has an (A", xq", CeX AZDHT 8q, CA?P 1) basis.
Since Lemma 15 gives o(Q) C C[o(Q’) + B(xq/,0q)], Lemma 23 implies that
0(Q’) has an (A", xq", CeX'A1OD | §q, CA'P)-basis.
Since 6g+ < 0q and Ce®'A100D < Cex'/2 < ex'/4 < e<1/* we see that
o(Q’) has an (A”,xq, e/ 8q/)-basis.

Recall that A” < A’ < A. This completes the proof of Lemma 28. O
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2.7.3. Computing a basis. We fix x € R™ and A C M.
Recall that P is the vector space of polynomials on R™ of degree at most m—1,
and D = dim P. We identify P with RP, by identifying P € P with (a“P(x))BeM.

We define
Pl =) [3PP(x)].
B

Suppose we are given A > 1. In this subsection, we write c(A), C(A), etc. to
denote constants determined by m, n, p, and A. We write ¢, C, etc. to denote
constants determined by m, n, and p.

Let q be a nonnegative quadratic form on P; thus, q(P) > 0 for all P € P.
We are given a symmetric D x D matrix (qgy)g,yem, with

(2.40) aP)= >  dpy-0°PP(x)-9"P(x) forP e P.
B,yeM

Let © C P be a symmetric convex set with
(2.41) {PeP:q(P) <A} CTC{PeP:q(P) <A}

Given x € R™, (qpy)p,yem, O € (0,00), and A C M, we want to compute
(approximately) the least 1 for which there exists a collection (Py)xe4 of (m —1)-st
degree polynomials such that

(2.42) Py €n'/2gldHn/P—m .5 (o € A),
(2.43) OPPL(x) = 8pa (Byx € A),
(2.44) |0PPL(x)| <n'/26/¢71B1 (x e A, B eM, B> ).

To compute such an 1, we introduce the quadratic form

(245)  M®((Pa)aca) i= D q@™ P lxpy)+ 3 (3IFI1*IaPP,(x))?

xeA acA,peM
B>
LYy s gy, 08P 0Pl
a€AB,yeM
+ ) (8PP P, (x))2,
acA,peEM
B>a

which is defined on the affine subspace
(2.46) H = {P = (Pa)aca : PP« (x) = 8pq for o, p € A}.
For fixed q, A, x, we denote

Numin(8) = min M®(P),
PeH

which we regard as a function of & € (0, c0).
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The definition of Nyin(d) shows that

(2.47) we can satisfy (2.42), (2.43), (2.44) if 1 > C(A) * Nmin(d), but
' we cannot satisfy (2.42), (2.43), (2.44) if n < ¢(A) - Mmin(0).

Hence,
(2.48) T has an (A, x,n"?2 8)-basis if 1> C(A) TNmin(d), but not if 1< c(A) TNmin(d).
Moreover,

52 2m
(249) nmin(61) S nmin(éz) S (a) nmin(61) for 61 § 62)

which follows at once from the definition of Myin.

We now compute an expression that approximates the function nmin(8).

We identify the index set Z = {(o,B) : &« € A, € M\ A} with {1,...,]}
(J = (#A) - (#M—#A)) by fixing an enumeration of Z. We introduce coordinates
w=(Wj)i<j<) = Wap)aeca,perra € R on the space H. We denote

1
(2.50) Prle) = —(z=x)%+ ) B,waﬁ(z— x)P forwe R
BeMN\A

We identify
(2.51) ﬁw = (P‘&v)chA € H with w= (Wj)]gjg] = (WocB)oce.A,BEM\A S RJ.

We wish to minimize the quadratic function M?® (w) = Mé(ﬁw) over w € RJ.
We write

N J J
(2.52) MP(w) = ) Afwiw; —2) bjw;+m®
1,j=1 j=1
= (ASw,w) — 2(b% w) + m®.

Here, we specify a symmetric matrix A® = (A5 ), vector b® = (b{’) and scalar m®

— all functions of 6 > 0. Here, we write (-, ) to denote the standard Euclidean
inner product on RJ. We express

(2.53) Z cil, srtv/p,

(2.54) Z J),, 8T/P,

(2.55) m® = Z Cpy SHTY/P

u?‘v

for computable coefficients Cuw Cuw and cy; here, the sums on p and v are finite,

and i and v are integers. The coefficient matrix (cuv) is symmetric with respect
to (1,j). We compute these expressions by writing equation (2 45) in w-coordinates.

The quadratic function M? is nonnegative, hence A% > 0.



FITTING A SOBOLEV FUNCTION TO DATA I 305

Let € > 0. We eventually send € to zero. We define
(2.56)  MSP(w) := (AS%w,w) —2(b%, W) + m®, where Afj’é = Af]- + €dij.
Note that A®? is invertible because A% > 0 and € > 0. Cramer’s rule shows that

(2.57) (AT = [A©°]3 DERY ay, dMeek
. Y det(Ae,é) Z(’gl b[@léye ez/

for computable numbers aEk,, beer, Ax, and y¢; here, the sums on k,k’,¢,0’ are
finite, and k,k’,,¢” are nonnegative integers. We write [A©®];; to denote the (i,j)-
cofactor of the matrix A®?®. .
The minimum of the quadratic function M®®(w) is achieved when
VME® (w) =0,
namely, for w = w®?® = (AS®)71b%. From (2.56) we see that the minimum
value is

Me,é(we,é) _ <Ae,6 (Ae,é)*1 be, (Ae,é)*1 b‘5> —2<b5, (Ae,zs)*1 b5> +md
— (%, (A9%) 7 b%) +m?.
5

Therefore, based on (2.57) and based on the form of the vector b® and scalar m
written in (2.54), (2.55), we learn that

~ , Qe M X
(2.58) min M9 () = ek’ 9k -
weRJ ZK,E’ bee/ dYte

for computable numbers ayyx/, brks, Ak, and ye,. We abuse notation, since the
exponents Ay in (2.58) might differ from the exponents Ay in (2.57). However,
note that the denominator of (2.58) matches the expression in the denominator
of (2.57). Also note that all exponents in (2.58) have the form p+v/p for p, v € Z.

The minimum value of M?®(w) converges to the minimum value of M?®(w) as
€ — 0. Hence,

!
. . Z ,akk/67‘kek
(8) = min M®(w) = lim kK .
T]Inln( ) WER] ( ) 54}0“’ Zz e, bu/6Y5€€/
)

Canceling the smallest powers of € from the numerator and denominator above,
we obtain the formula

_ ZE:1 apde
ZeL:1 bedYe

for nonzero coefficients ay, be. All the coefficients and exponents in (2.59) can be
computed using the numbers in (2.58). Both Ay and vy, have the form p+ v/p
with w,v € Z. Here, we abuse notation, since Ay and y; may be different from
before. By collecting terms, we may assume that

(2.60) |7\k—7\k/| >c¢ and |’Yg —‘Ygl| >c fOI‘k;ék/, E;«é@’.

(259) nmin(é)
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Here, both K and L are bounded by a universal constant, and ¢ > 0 is a universal
constant.

We have thus obtained a computable expression for Mmin(d).

We approximate 1y, (0) with a piecewise-monomial function using the follow-
ing procedure.

PROCEDURE: APPROXIMATE RATIONAL FUNCTION

Given nonzero numbers ay, by and numbers Ay, v, satisfying (2.60), let

_ ZE:] a8

Y bedve
We assume that K, L are bounded by a universal constant, and nmin(8) > 0 for
5 € (0,00). We further assume that ny,in(8) satisfies (2.49).

We compute a collection of pairwise disjoint intervals I, with (0,00) = Uy1y,
and we compute numbers ¢+, A, associated to each I, such that the function

Ne(8):=cy -8 fordel,

nmin(é)

satisfies
c: nmin(é) S n*(é) S C- nmin(é) for all & € (O) OO)
The algorithm requires work and storage at most C. In particular, the number of

distinct intervals I, is at most C.

Ezxplanation. We will analyze separately the numerator and denominator in the
rational function Ny, (8). We define

B = U Likr , with I := {8 € (0,00) : 51 -[ad™| < |ar 8™/ | <5+ |ard |},
Kk’
and similarly
C = U Jeer ,  with Jeer == {5 € (0, 00) ;571 |bg5y"‘| < |b@/5y5'| <5- |b@5yz|} .
0£L
Let I € (0,00) \ B. For 4 € I, all elements in the set {|ak6)‘k| :1<k< K} are
nonzero and are separated by at least a factor of 5. We choose k such that |ay ™|

is maximized. By continuity, the same k must work for all & € I. By summing a
geometric series, we have

D awd | <27 ad™| forall § € L
k/#£k
We obtain the analogous estimate for C using a similar argument. Hence, for any
interval I C (0,00) \ (BUC),
there exist unique k = k(I) € {1,...,K}and £ =£(I) € {1,...,L}
(2.61) < such that |ad™|>2 Z |ay: 8| and |bedY| >ZZ [be/dY| for all 1.
k' #k [

The fact that k = k(I) and £ = £(I) are unique is obvious from the above statement.
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The endpoints of each nonempty interval Ik = [hy,,, hy, /] are solutions of
the equations |ax 8| =5 - |axd™*| and |ax 8’| = 571 - |ax8™|, namely hy,,
and hy,, are among the numbers

1/ =) ar (/A=A
5 = (s]==[) " and 8, = (571 [) T
Ay Ay’

Thus, the endpoints h]:k/,hfgk, of the intervals Iyy/ are computable. Moreover,
using (2.60) we see that

dt hi;
- lo kk
J k%,JIkk/ t kg, ( kk/>

= l}\k/ — log(ZS) < A, where A = A(m,n,p),
k#£k/

For a similar reason, the endpoints of the intervals J¢. are computable and

| $=a
ct

We replace each pair of intersecting intervals among the Iy and Jges with their
union. We continue until all the remaining intervals are pairwise disjoint. Thus,
we can compute pairwise disjoint closed intervals 1}* and pairwise disjoint open
intervals I, such that

Vmax Hmax

Buc=J Iy, (0,00)\(BUC) = U Iy,
v=1
and
(2.62) J dt _J dat <2A  for each v.
[bad t T e t

Note that Vmax < #{Ikk’} + #{IN’} < K? + L2 and Mmax = Vmax + ]7 hence Vmax
and Hpax are bounded by a universal constant.

From (2.61), there exist indices k = k() € {1,...,K} and ¢ ={(pn) €{1,...,L}
for each p such that

(2.63) Jaxd™[>2 ) |awd™| and [bed¥[>2 ) [be:dY| forall § € I,
k/#k /4L

We can compute k(p) and £(p) for @ =1,..., tmax, using a brute-force search.

Let p be given, and set k = k(p) and € = £(pn). We have npin(d) = %, with

N(9) :aké)\k + Z Clk/é)\k/ and D(8) =bedYt + Zb€/5y8/~
k/#k 0L
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From (2.63), we have

1 NG _3 1 _D@E) 3
=< <= =< <= 11 L.
IS =2 M g sy freallbel
Hence,
A
(1/4) - Mmin (8) < %“g’y < (9/4) - Mmin(8)  for all § € I,.
¢ 4

We fix 6, € I for each v. Note that e A < §5/6y < e*Aforall b € I
by (2.62). Hence, (2.49) implies that

C- nmin(é) S nmin(év) S C 'T]min(é) for all 6 c Ii’,ad.

We define

ay )5)\’““) .
(2.64) N.(8) = b”:)zsw(u) if § € I,
MNmin(0v) if & € Ib2d,

From the previous two paragraphs, we see that My (8) and 1. (8) differ by at
most a universal constant factor for all & € (0, c0).

The above computations clearly require work at most C.

That completes our description of the procedure APPROXIMATE RATIONAL
FUNCTION. O

We have computed a piecewise-monomial function 1, () differing from 1, (8)
by at most a constant factor. Thus, we see that the properties (2.48) and (2.49)
of Numin(d) imply the first and second bullet points below.

ALGORITHM: FIT BASIS TO CONVEX BODY

Given a nonnegative quadratic form q on P, given a point x € R™, and given
a set A C M: We compute a partition of (0,00) into at most C intervals I, and
for each I, we compute real numbers Ay, c, with ¢y, > 0, such that the function

N(8):=cy - 8™ for 6 €l

has the following properties.

e Let & C P be a symmetric convex set that satisfies {q < A7} C T C {q < A}
for a real number A > 1. Then, for any & > 0, © has an (A,x,n'/2, §)-basis
if n > C(A) - 14(d), but not if n < c(A) - 1« (d).

e Moreover, ¢ -1« (87) <N«(62) < C-1n.(01) whenever ]]—061 <6, < 108,.

e The components of the piecewise-monomial function 14(8), i.e., the inter-
vals I, and the numbers Ay, ¢y, can be computed using work and storage at
most C.

Here, ¢ > 0 and C > 1 are constants depending only on m,n, and p, while ¢(A) > 0
and C(A) > 1 are constants depending only on m,n,p, and A.
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2.8. Algorithms for linear functionals

ALGORITHM: COMPRESS NORMS

Fix 1 < p < oo and D > 1. Given linear functionals py,...,up : RP — R
(L > 1), we produce linear functionals u}, ..., u5 : RP — R such that

D L D
¢ WP <) P <C- ) [uiv)[P forallv e RP.
i=1 i=1

i=1

The work and storage used to do so are at most C'L. Here, ¢, C,C’ depend only
on D and p.

Ezxplanation. In this explanation, ¢, C, C’, etc., depend only on D and p.
We start with a few elementary estimates. Let (Q, dp) be a probability space.
Then, for f: Q — R measurable, the mean f = IQ fdu satisfies

fi< ([ irag)™,

7P +J f—FPdp < cJ I[P dp.
Q Q

hence

Also,
J [f[Pdu < C|f|P + CJ If — f|Pdp.
Q Q

Applying the above to the function f — b for a constant b, we find that
(2.65) c{|¥—b|P +J |f—¥|vdu} < J f—b[Pdu < C{|¥—b|P +J |f—¥|Pdu}
Q Q Q

with ¢, C > 0 depending only on p.

We now return to the task of constructing uj,..., upy.

We proceed by induction on D. In the base case D = 1, the construction
of pj is trivial. For the induction step, fix D > 2, and assume we can carry out
CoMPRESS NORMS in dimension D — 1. We show how to carry out that algorithm
in dimension D.

Let wy,...,ur : RP — R be given linear functionals. We write

(2.66) p.i(\h yoos ,VD) =4+ [ﬁiVD — rl'l(\h yeooyVD—1 )]

with B; > 0, and we let [ ={i: ; # 0}. If I is empty, then we succeed simply by
setting pfy = 0 and invoking COMPRESS NORMS in dimension D — 1. Suppose I is
non-empty. Let
— P
By )
jel
We view I as a probability space, with

Prob(i) :== pY/B foriel
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Then

> Jwivi,..,vp)P =B - Y Prob(i) - [vp — By 'i(vi,...,vp 1)
iel iel

Invoking (2.65), with b = vp and f(i) = B;]ﬁi(w y+..yVD_1), We see that

¢ Iwilviy..o,vp)P

iel
<B- {|VD —Hviy...y,vp1)fP
+ ) Prob(i) - [m(v1,. VDA)—ﬁf]ﬁi(\m---,vnqﬂp}
iel
<C) [w(viy...,vp)l?,
iel
where
(2.67) E(viy...y,vp 1) ZPYOb AR Rmiviy ..y vpo1) b
iel

Consequently, ZiL:] [1i(vi,...,vp)|P differs by at most a factor of C from

B |[vp —f(vi,y...,vp-1)|P
+{B- > Probi) - [i(vi,...,vp-1) = By Fav1, ., vD 1)
iel
+Z|ﬁi(vly~-~>VD71)|p}
igl

L
= B |vp —f(w1,. VD71)|p+{Zmia("])---aVDf”_ﬁi(\’]a---»VDf]Hp}a
i

where

_ 1~

H(Vh -y VD 1 ZBP Hi V]) )VD71)'
Applying COMPRESS NORMS in dlmensmn D —1 to the expression in curly brackets
in the first box above, we obtain functionals uj,...,u5_; : RP-T — R such that
Z?;]] [uf(viy...,vp_1)|P differs by at most a factor of C from that expression in
curly brackets.

Setting

(2'68) HTD(VH )VD) B]/p vb _H(VM-H»VD*])])
we see that Z?;]]mf(v],...,vl),]ﬂp + |uh (viy ..., vp)|P differs by at most a
factor of C from Z{‘:] [wi(viy...,vp)|P.

This completes our explanation of COMPRESS NORMS; note that the work and
storage required are as promised. O
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ALGORITHM: OPTIMIZE VIA MATRIX

Given 1 < p < oo and given a matrix (ae¢)i1<e<t, 1<j<j, we compute a matrix
(bje)1<j<y, 1<e<t for which the following holds.
Let y1,...,yr be real numbers. Define

L

X; =) bjye for j=1,...,].
=1

Then, for any real numbers x1,...,xj, we have

L J L J
Z‘yg—‘rzagjxlf‘pSC] -Z‘y(—f—zaijxj‘P
=1 j=1 =1

=1

with C; depending only on | and p.
The work and storage used to compute (bje)i<j<j,1<¢<1i are at most CL,
where C depends only on J.

Explanation. We write ¢, C, C’, etc. to denote constants depending only on J,
and c(p), C(p), etc. to denote constants depending only on | and p.

For the case ] =1 of our algorithm, we proceed as follows. Let (ag1)1<¢<r be
a given matrix.

If (ag1)1<e<r is identically zero, then the conclusion holds for any choice of
(b]g)]ggg[_ if we take C; = 1.

We suppose instead that (ae;) # (0). Let

L
—1

(2.69) bie = —( Z |Clg/] |p) . |(1@] |p71 sgn(agy) for1 <€<L,

0=1
where sgn denotes the signum function: sgn(n) := 1 for 1 > 0, sgn(n) := —1 for
1N < 0. We compute the matrix (b1¢)1<e<r using work and storage at most CL.

For given real numbers yi,...,yr we set
- ye-laa P
DTV e
=1 tag o M L olaenl?

Define a probability measure du and function f on {1,..., L} by setting du({) =
lag1|P/Y |ax1|P, and setting f(€) =y¢/aer if agr # 0 and f({) = 0 otherwise. We
then have x* = — [ fdp.

By applying (2.65) we see that [|f+x*|Pdp < C(p) [|f+x|Pdp for any x € R.
Therefore,

Z lye/aer +x*[Plaegi [P < C(p) Z lye/aer +x|P|agi|P  for any x € R.
L:aeq#0 L:ae1#0

This gives the desired conclusion in the case ] = 1.
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For the general case, we use induction on J.

Let ] > 2, and let 1 <p < oo and (agj)1<e<r,1<j<j be given. Then

L J L
(2.70) > ’yg + ) agy ‘p =y 'ﬁe + ) ayy ’p
= =1 =

with
(2.71) Yo=y¢+ag-xy fort=1,...,L

Applying our algorithm OPTIMIZE VIA MATRIX recursively to 1 < p < oo
and (aej)i<e<t,1<j<j—1, we produce a matrix (b]g)]<]<] 1,1<e<r, for which the
following holds.

e Let yYi,...,yYr be real numbers, and set
L ~
(2.72) %= buge forj=1,...,]—1
=1
Then, for any real numbers x1,...,Xj_1, we have

—1

~—

(2.73) i ’

|||\/]

L ]

P

ejxj‘ SC(P)E ‘ E @]XJ"
=1 j=1

From (2.70)—(2.73), we draw the following conclusion.
Let real numbers yr, ..., yr, and x1, ..., Xy be given. Define yy,...,yr by (2.71),
next define X1,...,Xj—1 by (2.72), and finally set

(2.74) Xj = Xj.
Then

L ] . L J .
(2.75) Z ‘ye +Zaej%‘ < C(P)Z’yz +Z%‘Xi’

=1 =1 =1 =1
and
L ~
(2.76) /ijZijg-(yg—l-Clg]S(\]) forj=1,...,]—1.
=1
Thus,
(2.77) Xj :Zgjgyg—l-gj;c\] forj=1,...,]—1, where
=1

L
(2.78) ngijg(lg] fOI‘jZ],...,]—].
=1
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Next, note that

Yo+ Z Xy =

L
[ Z jeye + g]X]} +agX;

J—
ox
J— L J—1
Z Z z/yz/}—i-{aa—i-Zagjg]—}?]
=1 =1 j=1

= {u

We set
J— L
(2.79) Yyt =y Z Z bjeryer forl=1,...,L
j=1 =1
and
J—1
(2.80) he = aey + Z Q¢ 9j ford=1,...,L.
j=1
Thus,
L )
(2.81) Z ’yz + Z CngX]‘ Z|y°““‘ + th]|p
=1 i=1
Here, (2.81) holds whenever X1, ...,Xj—1 are determined from Xy via (2.77).

Note that it is too expensive to compute y§'" for all £ (1 < { < L); that com-
putation would require ~ L?] work. However, the y" are determined by (2.79);
they are independent of our choice of Xj.

Applying the known case ] = 1 of our algorithm OPTIMIZE VIA MATRIX, we
compute from the hy a vector of coefficients v, (1 < ¢ < L), for which the following
holds.

Let U1,...,Yr be real numbers. Set X = Z€L=1 Ye¢ye. Then

Z|ye +hex[P < C(p Z|yz + hex|P
=1

for any real number X.
Taking y¢ = yp*" for £ =1,...,L, we learn the following. Let

L
(2.82) Xy = ZW Yo,
=1

and then define X1,...,%;_; from X via (2.77), i.e.,

L
(2.83) %= bjye+gxy forj=1,...,]—1.
=1
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Then

(2.84) i ‘yg +Zazjgj‘p <Clp))_ ‘waau%‘P.

(See (2.81).)
From (2.75) and (2.84), we see that

L J L J
P P
(2.85) Z(szrZazjfcj( < C(D)Z‘UHZ%M‘ :
0=1 j= =1 j=1
Here, X1,...,% are computed from (2.82),(2.83); and x1,...,xj are arbitrary.

We produce efficient formulas for the %;. Putting (2.79) into (2.82), we find
that

L J-1 L

ZW { Ji ignlw/}—iwyw iZ[ZWaﬁ]Eje'ye/
j=1 =1 =1

t=1 e=1j=1 ¢=1
J-1 L

i{w*- Zwlae'j]gﬂ}'yb

=1 j=1 ¢'=1

—

Therefore, setting

L
(2.86) Ay =) yeay forj=1,...,]—1
=1
and
-1
(2.87) b =ve+ ) Ajby fort=1,...,L
j=1
we find that
L
(2.88) X =) by
=1

Substituting (2.88) into (2.83), we find that

L
X :Z{gﬂ+9jbﬁ#}ye forj=1,...,]—1.
=

Thus, setting

(2.89) bl# =bje+ bl forj=1,...,]—1,
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we have

L
(2.90) % =) biy, forj=1,...,]—1.
=1

Recalling (2.88), we see that (2.90) holds for j = 1,...,]. Thus, with X1,...,%;
defined by (2.90), we have

L ] L )
> ’yz +)ag ’p <Cp) ) ‘ye + D ayx; ‘p
=1 1

=1 j=1 j—
for any real numbers x1,...,xj. (See (2.85).)
So the matrix (bﬁ#hgjg ,1<t<L is as promised in our algorithm.
Let us review the computation of (bﬁ#).
* Recursively, we apply the algorithm OPTIMIZE VIA MATRIX to the arguments
(aej)i<e<t,1<j<j—1, and p; this yields (bje)1<j<j—1,1<0<L-

¢ Next, we compute from (2.78) the quantities

L
Jj :ijg Qey fOI‘j = 1,,]—]
=1
e We then compute from (2.80) the numbers
-1
he = Clg]-FZ(lgj gj fort=1,...,L.
j=1

e We apply the case ] = 1 of OPTIMIZE VIA MATRIX to the L x 1 matrix (hg),
to produce the numbers v, (¢ =1,...,L).

e From (2.86) we then compute the numbers

L
A]':Z‘}/g(lgj forjz],...,]—].
=1

o We set o

bl =ve+ ) Ajby fort=1,...,L
=1
(See (2.87).)
¢ Finally, we set
bi# =bje+gibf" forj=1,...,J—Tandt=1,...,L
(See (2.89).)
One can now check easily that our algorithm uses work and storage at most CL,

as promised.
This concludes our explanation of the algorithm OPTIMIZE VIA MATRIX. O
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3. Statement of the main technical results

Suppose that E C 31_on is finite, where Q° =10, 1)™. We assume that N = #(E) > 2.
If A C M, then let A~ C M denote the maximal subset less than A. (See
Section 2.6 for the definition of the order relation < on 2™.)
For each A C M, we will define the following.

¢ A decomposition CZ(.A) of Q° into dyadic cubes. We guarantee the following.

(CZ1) If Q,Q’ € CZ(A) and Q > Q’, then 18q < 8q’ < 28¢ (“good geome-
try”).

(CZ2) 1IfQ € CZ(A) and 8g < c.(A) then S(A)Q is not tagged with (A, e1(A)).
Moreover, S(A) = 9 for A = M.

(CZ3) In the case A # M:

If Q e CZ(A), Q' € CZ(A™), Q' € Q and dg/ < ¢, (A)dq then the
cube 3Q is tagged with (A, e2(A)).
(CZ4) In the case A= M:
If Q € CZ(M), then 3Q is tagged with (M, ez (M)).
(CZ5) In the case A # M:
CZ(A™) refines CZ(A).
(We do not exclude the possibility that CZ(A~) = CZ(A).)

Moreover, c.(A), €1(A),e2(A) € (0,1) and S(A) > 1.

e A collection CZpain(A) consisting of all cubes Q € CZ(.A) such that 2—2Q N
E # 0.

e For each Q € CZpain(A), a list of functionals in short form Q(Q,.A) C
[X(g—iQ NE)] " (the “assists”) such that

> > depth(w) < CN.

QECZmain(A) weQ(Q,A)

e For each Q € CZmain(A), a list of functionals Z(Q, .A) C [X(g—iQ NE)& 77]*,
each having Q(Q, A)-assisted depth at most C. We guarantee that

> #[2(Q,A)] <CN.
QECZain(A)
We set Y
P
M(Q‘A)(f’P):( > Ii(f,P)|p> :

£€Z(Q,A)
For each (f,P) € X(g—iQ NE) ® P, we guarantee that

¢ [, Pl 1+atanq < Mg (f,P) < C-[(f,P)]| &5 .

Here, 0 < a(A) < 1/64.



FITTING A SOBOLEV FUNCTION TO DATA I 317

For each Q € CZmain(A), a linear map T(g, 4) : X(g—iQ NE)d P — X with
the following properties.

(E1) T(g,4)(f,P)=fon (1+a(A))QNE for each (f,P).

(E2) HT(Q,A)(‘C»P)||§((1+a[A))Q) + 56mp”T(Q,A)(f)P) - P”fp((pra(A))Q) <
C [M(q,a)(f,P)]" for each (f,P).
(E3) T(g,4) has Q(Q, A)-assisted depth at most C.

The constants c.(.A), S(A), e1(A), €2(A), a(A), c, C depend only on m,n,p,
and A. The constant S(A) is a positive integer.

Remark 29. Note that both Z(Q,.4) and Q(Q,.A) are lists, hence they may
contain more than one copy of the same linear functional. In the sums in the
third and fourth bullet points, we include separate summands for each occurrence
of a given functional & € Z(Q,A) or w € Q(Q,.A). See Section 2.1 for more
information on our notation concerning lists.

To compute the objects defined above, we will produce the following algorithms.

ALGORITHM: CZ-ORACLE. We perform one-time work at most CNlog N in
space CN, after which we can answer queries. A query consists of a point
x € Q°. The response to the query x is the list of all cubes Q € CZ(.A)
such that x € %Q. To answer the query requires work and storage at most
ClogN.

ALGORITHM: COMPUTE MAIN-CUBES. With work at most CN log N in space
CN, we compute the collection of cubes CZyain(A).

ALGORITHM: COMPUTE FUNCTIONALS. With work at most CNlogN in
space CN, we compute the following.

— For each cube Q € CZpain(A), the list of functionals Q(Q,.4), with
each functional written in short form.

— For each cube Q € CZuyain(A), the list of functionals Z(Q,.A), with each
functional written in short form (in terms of the assists Q(Q,.4)).

ALGORITHM: COMPUTE EXTENSION OPERATOR. We perform one-time work
at most CNlog N in space CN, after which we can answer queries. A query
consists of a cube Q € CZpain(A) and a point x € Q°. The response to
the query (Q,x) is a short form description of the Q(Q, .A)-assisted bounded
depth linear map

(f,P) X(%Q n E) P - Iy T £ P).

To answer the query requires work and storage at most ClogN.



318 C. FEFFERMAN, A. ISRAEL, AND G. K. LULI

4. Data structures

4.1. Algorithms for dyadic cubes

4.1.1. Dyadic cuboids. We define a dyadic interval to be a subinterval [a,b) C
[0, 00) where

a= ) 82%, b= ) 5,2%, eachd,,8,=0or],

v=—00 v=—00
only finitely many 6+, 8 are nonzero, and for some p,
6y =0, forv > 8, =0, 8, =1; 8, =8, =0forv<p.

The dyadic cuboids to be defined in a moment, will be Cartesian products of
dyadic intervals. Thus, by definition, a dyadic cuboid Q C R™ will be a subset
of [0, 00)™.

Fix a dimension n. A dyadic cuboid Q is a Cartesian product of the form

[a1,b1) x -+ X [an,bn) CR™,
where each [ai, bi) is a dyadic interval, and one of the following holds:
(1) All the [ai, bi) have the same length,
or for some j (1 <j<n),
(2) All the [ai, bi) (T <1i<j) have the same length, and each [ai, bi) j <1< n)
has length %(b1 —ai).
To bisect the cuboid Q means the following.

Case 1: Suppose Q is as in (1). Then we bisect [an,by) into two dyadic

intervals I’ = [an, %) and I = [%b",bn).

To bisect Q, we express Q as the disjoint union of the two dyadic cuboids
Ql =la,b1) x - x[an-1,bn1) X I
and
Q" =lar,b1) x -+ x[an—1,bn_1) x 1"
We call Q' the lesser dyadic child of Q, and we call Q” the greater dyadic child
of Q.
Case 2: For somej (1 <j <n), suppose Q is as in (2). Then we bisect [aj, bj)
into two dyadic intervals I’ = [aj, g%bl) and I = [E;Ql,bj).
To bisect Q is to express Q as a disjoint union of the dyadic cuboids
Q' =la1,by) x -+~ x[aj_1,b5-1) x I" x [aj1,bj41) X -+ x [an,bn)
and
QH = [Cl],b]) X X [Clj,],bj,]) x 1" x [aj+1,bj+1) X X [Cln,bn)

We call Q' the lesser dyadic child of Q, and we call Q” the greater dyadic child
of Q.
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To understand dyadic cuboids and their dyadic children, it is convenient to
think of base 2 expansions of real numbers. Let DR (“dyadic rationals”) be the
set of all sums of the form ) 37 8(v)2Y, where finitely many §(v) are equal to 1,
and all other §(v) are equal to zero.

We define a map ¥ : DR™ — DR as follows.

Let x = (x1,...,Xn) € DR™, with each x; = ) . 8i(v)2" as in the defini-
tion of DR. Then we define

(oo} n
Yx)= > ) &2 eDR.
v=—00 i=1
Thus, 1 is a 1-1 correspondence between DR™ and DR.

We define a 1-1 correspondence between dyadic cuboids in R™ and dyadic
intervals in R, by the following rule:

The dyadic cuboid Q C R™ corresponds to the dyadic interval I C R if and only
if DRNI =Y ((DR)™ N Q). By thinking about base 2 expansions of numbers, one
sees easily that this is indeed a 1-1 correspondence between dyadic cuboids in R™
and dyadic intervals in R. Let us denote this 1-1 correspondence by I =¥(Q).

Suppose that Q is a dyadic cuboid, with lesser dyadic child Q' and greater
dyadic child Q”. Then ¥(Q’) and ¥(Q”) are the two dyadic children of the
dyadic interval W(Q); and W(Q') lies to the left of ¥(Q”). Again, we leave to the
reader the verification of this fact.

We now define a binary relation on dyadic cuboids, and another binary relation
on dyadic intervals. We will see that these two relations are both order relations,
and moreover, the two order relations are equivalent via the 1-1 correspondence Y.

For cuboids: Let Q1, Q2 be distinct dyadic cuboids.

e If Q1 C Q32, then we say that Q2 < Q.

e If Q2 C Qq, then we say that Q1 < Q..

e Suppose Q7 and Q; are disjoint. Let Q be the least common ancestor of Q1
and Q, among dyadic cuboids. Let Q’, Q” be the lesser and greater dyadic
children of Q, respectively. Then one of Q1, Q2 is contained in Q’, and the
other is contained in Q”.

- If Qi C Q" and Q2 C Q”, then we say that Q1 < Q.
—If Q2 C Q’and Qi C Q”, then we say that Q2 < Q.

For dyadic intervals: Let 17,1, be distinct dyadic intervals.
e If Iy C I, then we say that I, < I.
e If I, C Iy, then we say that I; < I.

e If I; and I, are disjoint, then let I be the smallest dyadic interval containing
I; and I,. We bisect I into I’ and 1", with I’ lying to the left of I"”7. Then
one of Iy, I, is contained in I’, and the other is contained in I”.

— If I; c I’ and I, C I”, then we say that I7 < I,.
— If I; c I’ and I; C I”, then we say that I; < I;.
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Thus, we have defined binary relations < on dyadic cuboids, and on dyadic
intervals. It is clear that these two relations correspond to each other via the 1-1
correspondence ¥ between dyadic cuboids and dyadic intervals.

Next, we check that < is an order relation. To see this, it is most convenient
to work with dyadic intervals. By examining each case mentioned above, we see
that [(11,b1) < [(lz,bz) if and only if either a1 < az] or [a; = a2 and by < byl.

This makes it obvious that < is an order relation.

We will make use of the following.

Proposition 30.

(1) Let Iy, 11 be dyadic intervals, and suppose Iy < 1. Then either 1 C Iy, or
Iinl, = 0.

(2) Let 11,1,15 be dyadic intervals, and suppose 11 < I, < I3. If I1NI; =0
then Iy N13 = 0.

Proof. (1) holds simply because we cannot have Iy C I when Iy < I5.

To check (2), let I; = [ai, bi) for i = 1,2,3. We have a1 < ay, and [a1,b7) N
laz,by) = 0. Hence a; > by. Since I; < I3, we have also az > az. Therefore,
as > by, and thus [a7,by) N [az,b3) =0, as claimed. O

Corollary 31. Let I} < Iy < --- < IN for dyadic intervals I1,...,In (N > 2).
Then one of the following holds:

o All of 1Io,--- ,INn are contained in 1.
o All of 15,...,IN are disjoint from 1.

e For somej (2 <j < N), we find that I5,...,1; C It and Ljq1,...,In are
disjoint from Iy.

Corollary 32. Let Qq,...,Qn be dyadic cuboids (N > 2), and suppose Q1 <
Q2 < --- < Qn. Then one of the following holds:

o All of Qz,---,QnN are contained in Q1.
o All of Qz,...,Qn are disjoint from Q1.

e For somej (2 <j < N), we find that Q2,...,Q; C Q1 and Qji1,...,QnN
are disjoint from Q1.

We briefly discuss the computer implementation of dyadic cuboids. In our
infinite-precision model of computation (see Section 2.2), a dyadic cuboid Q can be
stored using at most C memory locations?. We can compute the lesser and greater
children of a given dyadic cuboid. We can determine whether two given dyadic
cuboids are disjoint, and if not, then we can determine which one contains the
other. We can also decide whether two given cuboids are equal. These operations

2In the finite-precision model of computation to be described in [21], we will deal only with

dyadic cuboids whose sides have length between 27CS and 2S5 for an integer S > 1. We will
assume that an S-bit word can be stored in a single memory location.
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require work and storage at most C. (In this paragraph C denotes a constant
depending only on the dimension n.) We note also that we can compute the least
common ancestor of two given dyadic cuboids using work and storage at most C.
(Recall that in our model of computation it takes a single operation to compute the
smallest dyadic interval containing two given dyadic intervals.) It follows that we
can compare two given cuboids under the order relation < using work and storage
at most C.

4.1.2. Preliminary definitions. A B-Tree is a rooted finite tree T such that
every node has zero, one or two children. We write root(T) to denote the root of T.

Let x € T be a node. Then Descendants(x, T) denotes the set of descendants
of x in the tree T, and Nondescendants(x, T) denotes the set T\ Descendants(x, T).

If x = root(T), then of course Nondescendants(x, T) is empty.

If x # root(T), then Nondescendants(x, T) is again a B-Tree, with the same
root as T.

In any case, Descendants(x, T) is a BTree with root x.

(Here, we adopt the convention that each node is a descendant of itself.)

For any BTree T, we write #(T) for the number of nodes in T.

When we implement a BTree T in the computer, we store the nodes of T, a
pointer to the root of T, and a pointer from each node of T (except the root) to its
parent. Also, we mark each node to indicate whether it is a leaf (recall that a leaf
is a node with no children); and we mark each internal node (i.e. each non-leaf)
with pointers to each of its children.

A binary tree is a BTree such that each node has either zero or two children.

DTrees and ADTrees

FixT<p<oo,n>1,D2>1.

A DTree is a BTree T each of whose nodes x is identified with a dyadic cuboid
Qx C R™, such that the following hold.

* Let y be a child of x in T. Then Q, is a proper sub-cuboid of Q.

* Let y,z be distinct children of x in T. Then Q, and Q. are disjoint.

An ADTree is a DTree T each of whose nodes x is marked with D linear func-
tionals p¥,...,u} on RP.

(“D” in “DTree” stands for “dyadic”; “AD” in “ADTree” stands for “aug-
mented dyadic”.)
ALGORITHM: BTREE]

Given a BTree T with #(T) > 2, we produce a node x.,;;, € T, other than the
root of T, such that

#[Descendants(x,,;. (T), T)] < % #(T)

and

#[Nondescendants(x,;;, (T), T))] < % #(T).

The work and storage used to do so are at most C-#(T) for a universal constant C.
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Explanation. We first mark each node of T with the number of its descendants.
We then start with X = root(T). Initially, #[Descendants(x, T)] = #(T) > %#(T).

While (#[Descendants(x, T)] > 5 #(T))

{/* Note that X cannot be a leaf of T, hence there are one or two children
of x. */

We let y be a child of X having as many descendants as possible (among
the children of X). We then set X :=1. }

The above loop will terminate, since otherwise we would obtain an infinite
descending sequence in the finite tree T.
When the loop terminates, we have

7

(4.1) #[Descendants(x, T)] < 5

#(T).

—_

We will check also that X is not the root of T, and that

7 ().

(4.2) #[Nondescendants(x, T)] < )

Since the work and storage of the above procedures are at most C - #(T), we can
return X, (T) =X, and our algorithm will perform as promised.

Thus, it remains only to check that X is not the root of T, and that (4.2) holds.

That X is not the root of T follows at once from (4.1).

To check (4.2), we note that X arose from its parent X* by executing our loop
for the last time. We have #[Descendants(x™, T)] > %#(T) since we executed the
loop to produce X from X .

Also,

#[Descendants(xt, T)] = 1+ Z #[Descendants(y, T)]
y children of X+
< 1+ 2 - max{#[Descendants(y, T)] : y children of X}
=1+ 2. #[Descendants(x, T)]},

since X has at most 2 children, and since X has at least as many descendants as
any child of X*.

Therefore, 142-#[Descendants(x, T)] > %#(T), hence #[Descendants(x, T)] >
%#(T) — 17 Since #(T) > 2, we find that

>2
20

7 1 1
S#() = 3) > To#(T).

#[Descendants(x, T)] 7

#M -+ (

Thus, #[Descendants(x, T)] > %#(T), from which (4.2) follows at once.
This completes our explanation of the algorithm BTREEL. O
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4.1.3. Control trees. Let T be a BTree. If x,y € T, then we write x <y if and
only if x is a descendant of y in T.

Let T be a BTree. We call T a sub-tree of T if T consists of nodes in T and if
the following condition holds: for any nodes x <y <zin T, ifx,z € T then Yy € T.

A control tree candidate for T is a finite binary tree T (1 e., each internal node
of T has exactly two children), whose nodes are marked as follows.

o Let & be any node of T. Then & is marked by a pointer to a BTree called
BT(¢), which is a sub-tree of T. We mark & with a pointer to a node
Xroot(&) € T which is the root of BT(&).

o Let & be any internal node of T. Then the two children of & in T are marked
separately as gochild(§) and staychild(§); and the node & is marked by a
node X, (&) € BT(E).

e Let & be any leaf of T. Then & is marked by a node Xigicarea (&) € T.

Let T be a BTree. By induction on #(T), we define a particular control tree
candidate for T, called the control tree for T, to be denoted CT(T). The inductive
definition of CT(T) proceeds as follows

Base case: Suppose #(T) = 1. Thus, T consists of a single node xo. We then
take CT(T) to consist of a single node &0, marked with the nodes X, qicated (£0) = X0
and X001 (&0) = X0, and also marked with a pointer to the BTree BT (&p) = T. Note
that CT(T) is a control tree candidate for T. Thus we have defined CT(T) in the
base case.

Induction step: Suppose #(T) > 2, and suppose we have already defined
CT(T’) for any BTree T’ with fewer nodes than T. We define CT(T) as follows.

We apply to the BTree T the algorithm BTREEL, to produce a node x.,;;,(T) € T.
We know that x,,;,(T) is not the root of T; and that

#[Descendants(x.,;, (T), T)] < #( ), and

~ 10
#[Nondescendants(x,,;. (T), T)] < ﬁ#(T)~

Let T,, := Descendants(x...;(T), T) and T.., := Nondescendants(x....(T), T).
Then T,,, Tmy are BTrees, with fewer nodes than T. By induction hypothesis, we
have already defined the control trees CT(T,,), CT(T.,.,)-

We define the tree T to consist of a root Eo, together with the two trees CT(T,,),
CT(T...,), where we take the two children of &y to be the roots of CT(T,,) and of
CT(T.iay). Thus, T is a binary tree. We mark the nodes of T to form a control tree
candidate for T, as follows:

¢ We keep the markings of the nodes of CT(T,,) and CT(T.,.,), without change.

e We mark the root of CT(T,,) as gochild(&p), and we mark the root of
CT(T...,) as staychild(&p).

e We mark the root &y with the node x_,1;.(E0) = Xepiie (T).

¢ We mark the root &y with a pointer to the tree T, i.e., we take BT(&p) =
and Xroot(&0) = the root of T.
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We define CT(T) to be the marked tree T. This concludes our inductive defini-
tion of CT(T). To show that CT(T) is a control-tree candidate for T, we just need
to establish the following lemma.

Lemma 33. Let T be a BTree. Then BT(E) is a sub-tree of T for each & € CT(T).

Proof. The proof is by induction on #(T).

If #(T) = 1 then BT(§) = T for the single node & in CT(T). The result is
immediate.

Suppose that #(T) > 2, and suppose that lemma holds for all trees with fewer
nodes than T.

If € is the root &g of CT(T), then BT(&) = T by definition, hence the conclusion
of the lemma is obvious.

If & is not the root of CT(T) then & is a node in either CT(T,,) or CT(T.,..,).

Thus, by the inductive hypothesis, BT (&) is a sub-tree of either T, or T..,.
Since T,, and T, are sub-trees of T, we conclude that BT(&) is a sub-tree of T.

This concludes the proof of the lemma by induction. O

Lemma 34. The following properties of CT(T) hold.
(A) The number of nodes of CT(T) is 2#(T) — 1.

(B) Moreover, any descending sequence in CT(T) has length at most 1+Clog(#(T))
for a universal constant C.

(C) Finally,
> #(BT(E) < C-#(T) - {log, (#(T) + 13
£€CT(T)
for a universal constant C.
Proof. We prove (A) by induction on #(T). If #(T) = 1, then by definition
#(CT(T)) =1, so (A) holds in this case.

For the induction step, suppose we know (A) for all trees with fewer nodes
than T (#(T) > 2). We establish (A) for T. Indeed, with x_,;(T) as in the
definition of CT(T), we know that CT(T) consists of the root &y, the control tree
CT(Descendants(x.,.;.(T),T)), and the control tree CT(Nondescendants(x. ., (T),T)).
Hence,

# CT(T) =1+ # CT(Descendants(x.,;, (T), T))
+ # CT(Nondescendants(x.,.;,,(T), T)),
whereas
#T = # Descendants(x,,;;.(T), T) + # Nondescendants(x.,.;, (T), T).

Since # Descendants(x.,:.(T), T), # Nondescendants(x,,;,(T),T) are strictly less
than #(T), the induction hypothesis gives

# CT(Descendants(x ., (T), T)) = 2 - # Descendants(x (1), T) — 1
and

# CT(Nondescendants(x.,;,(T), T)) = 2 - # Nondescendants(x.,;,,(T), T) — 1.
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Adding the above, we find that # CT(T) —1 =2 #T — 2, proving (A) for the
BTree T. This completes our induction and proves (A).

To prove (B), we check that #BT(&’) < % - #BT(&) whenever &’ is a child
of & in CT(T). Indeed, this follows from the definition of BT(§) and the defining
property of x_,;;,(T) by an obvious induction on #(T).

For a descending chain &gy, &1, &2,...,& in CT(T), we therefore have

1< #BT(&) < (9/10)'#BT(&o) < (9/10)° - #[T].
Thus, £ < %, proving (B).
To prove (C), we prove by induction on #(T) that
(%) > #BT(E) < #T - {logige(#T) + 1}.
£€CT(T)

For #(T) = 1, this holds because BT(&p) = T where &y is the one and only node
of CT(T).

Assume (*) holds for all BTrees with fewer nodes than T, where T is a given
BTree with #(T) > 2. Then by our induction hypothesis we have

() ) #BT(E) = #BT(root(CT(T))) + > #BT(&)

£eCT(T) £eCT (Descendants(xsp1it (T),T))

+ > #BT(E)

£€CT(Nondescendants(xepiis (T),T))
< #(T) + # Descendants(x,,,;, (T),T) - {1 + 108100 [# Descendants(xspm(T),T)]}
+ # Nondescendants(x.,;, (T),T) - {1 +10g10 0 [# Nondescendants (X, (T),T)] }
We know that
1+ 1logyg o [# Descendants (X, (T), T)] < logyg,0 #T and that
1 +1logyg /e [# Nondescendants (., (T), T)] < logqq /0 #T.
Hence, (1) yields the estimate
Z #BT(&) < #T +logyg,0 (#T) - # Descendants (X, (T), T)
£€CT(T)
+10g10,0 (#T) - # Nondescendants(x.,.;:(T), T),
thus proving (). The proof of our lemma is complete. O

ALGORITHM: MAKE CONTROL TREE (DELUXE EDITION)

Given a BTree T, we produce the control tree CT(T). The work and storage
used to do so are at most C - #(T) - (1 + log #(T)) for a universal constant C.

Explanation. We simply follow the definition in the obvious way. Where the def-
inition proceeds by induction, the algorithm calls itself recursively. The assertion
about the work and storage follows from Lemma 34, assertion (C), and also the
bound on the running time of the algorithm BTREEL, which is used as a sub-
routine. |
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We will not use the Deluxe edition explained above, because it uses too much
storage.

ALGORITHM: MAKE CONTROL TREE (PAPERBACK EDITION)

Given a BTree T, we produce the tree CT(T) with all its markings except for
the BTrees BT(&) (& € CT(T)). For each & € CT(T) we indicate whether BT(§)
is a singleton.

The work used to do so is at most C - #(T) - (1 4+ log #(T)), and the storage
used is at most C - #(T). Here, C is a universal constant.

Ezxplanation. We proceed as in the deluxe edition of the algorithm MAKE CON-
TROL TREE, except that we delete T when we are finished using it.
We spell out the details.

If #(T) = 1, then we take CT(T) to consist of a single node &g, marked
With Xindicated (£0) = Xroot(&0) = the one and only node of T. We indicate
that the BTree BT(£0) is a singleton.

If #(T) > 1, then we execute the algorithm BTREE1 to produce the node
Xsplit(T)'

/* In a later variant of this algorithm, we insert code here */

We compute the trees T’ = Descendants(x..;,(T), T) with root x.,.;(T), and
T” = Nondescendants(x.,;,(T), T) with root = root(T).

To produce the trees T', T” efficiently, we can simply erase the marking
indicating x...;;(T) as a child of its parent in T, and then produce pointers to
the roots of T/, T”. This destroys the tree T after we no longer need it.

Recursively, we apply the paperback edition of MAKE CONTROL TREE to T’
and T”. Thus, we obtain CT(T’) and CT(T”) with all their markings, except
for the markings BT(&’) (§' € CT(T’)) and BT(&") (§” € CT(T”)). These
latter markings have not been computed (or rather, they were computed and
then deleted).

The tree CT(T) then consists of the two trees CT(T’) and CT(T"), together
with a root &y. The children of &g are the roots of the two trees CT(T'),
CT(T"). We mark the root of CT(T’) as gochild(&p), and we mark the root
of CT(T”) as staychild(&p). Also, we mark the root &y of CT(T) with the
node X,y (£0) = Xepe(T) € T.

We mark the root &y of CT(T) with the node X,o01(&0) = the root of T.
(Recall that BT (&p) = T.) We indicate that the BTree BT (&) is not a
singleton. We do not mark the root &y with anything else to tell us what the
tree T was before we destroyed it.

This completes our description of the algorithm.

Let us check how much time and space are used.



FITTING A SOBOLEV FUNCTION TO DATA I 327

Let Time(T) be the number of operations needed to execute the paperback
algorithm for the tree T. Recalling that the algorithm BTREE1 uses work C#(T)
to produce x,,;,(T), we see that

Time(T) < C#(T) + Time(T’) + Time(T"),

and we recall that #(T'),#(T") < %#(T) and that #(T’) + #(T") = #(T).
Hence, it follows by induction on #(T) that

Time(T) < C#(T) - [1 +1logyg,0 #T1.

Thus, the work required to execute our paperback algorithm is as promised.
Next, we study the storage used by our paperback algorithm, which we denote
by &(T).
Since we erase T, we see easily that

S(T) < max{C- #(T),&6(T') + &(T") + C},

ie.,

[S(T) + Cl < max{C'#(T),[&(T") + Cl + [&(T") + Cl.
Since #(T) = #(T') + #(T"), it follows by induction on #(T) that

[S(T) + CI < C"#(T).
This proves that the storage used by our paperback algorithm is as promised. O

ALGORITHM: MAKE CONTROL TREE (HYBRID VERSION)

Given an ADTree T, with each node x € T marked by functionals p},...,pu} :
RP — R, we produce the control tree CT(T) with all its markings ezcept for the
trees BT (&) (§ € CT(T)). For each node & € CT(T), we produce functionals
uiy .oy 15t RP — R such that

D

D
> WP and Y [ub()P
1 i=1

xEBT(E) i=

differ by at most a factor C(D,p) for any v € RP. (This makes sense because
BT(£) is a sub-tree of T for each &.)

We mark each node & € CT(T) with such functionals p‘]z, ey p]‘%.

We mark each node & € CT(T) to indicate whether BT(§) is a singleton.

The work and storage needed to execute this algorithm are at most C#(T) -
log(#T) + 1] and C#(T), respectively.

Ezplanation. We proceed as in the explanation of the paperback edition of MAKE
CONTROL TREE, with the following changes.

If #(T) = 1, then the tree CT(T) contains only the root node &y. We set
pfo =uf fori=1,...,D, for the one and only one node x € T.

If #(T) > 2, then we proceed as follows. Where we wrote

/* In a later variant of this algorithm, we insert code here */
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we now insert a call to COMPRESS NORMS (Section 2.8). Thus, with work and

storage at most C#(T), we produce functionals uj, ..., uj : RP — R such that
D D
2D WP and ) k(v
xeT i=1 i=1

differ by at most a factor C(D,p) for any v € RP.

Instead of recursively applying the paperback edition of MAKE CONTROL TREE,
we now recursively apply the hybrid version.

Just before the sentence “This completes the description of the algorithm” we
set ufo =i fori=1,...,D.

Since BT(éo) =T, our uf" behave as we ask.

The work and storage needed to execute this algorithm are as promised. O

4.1.4. Encapsulations. Let T be a DTree, and let CT(T) be its control tree.
Recall that each node & € CT(T) is marked with a BTree BT(§) consisting of
nodes of T. Also, each node x € T is marked with a dyadic cuboid Q.

Let Q be a dyadic cuboid. An encapsulation of Q is a set S of nodes of CT(T),
such that {x € T : Qx C Q} is the disjoint union of the sets BT (&) as & varies
over S.

ALGORITHM: ENCAPSULATE

Let T be a DTree with N nodes. After CN(1+log N) one-time work in space CN,
we can answer queries as follows:

A query consists of a dyadic cuboid Q.

The response to a query Q is an encapsulation S of Q, consisting of at most
C + Clog N nodes of CT(T).

The work and storage used to answer a query are at most C+ ClogN. Here, C
denotes a constant depending only on the dimension n.

Ezxplanation. Suppose T is not a singleton.

Let x.,i:.(T) be the node produced by the algorithm BTREEL.

Write T’ = Descendants(x.,...(T), T) and T” = Nondescendants(x,.;.(T), T).

We ask: For which nodes x € T do we have Qx C Q 7 To answer this question,
we compare the dyadic cuboids Q and Q,_,,(t)- There are three cases:

Case 1: Q C Qx,,,,,(1)- In this case, we never have Qx C Q for an x € T".

Hence, in this case, {x € T: Qx C Q} ={x € T’ : Qx C Q}. Thus, we have
reduced matters from T to T'.

Case 2: Qy_ .. (1) & Q. In this case, all x € T’ satisfy Qx C Q.

Therefore, in this case,

xeT:QxCcQl={xeT”":QxCcQIUT’
={x € T"”:Qx C Q}UBT(gochild(root of CT(T))).

Thus, we have reduced matters from T to T".

Case 3: Q. .,,(1) M Q = 0. In this case, no x € T satisfy Qx C Q, hence
xeT: QxCQ}={xeT"”: Qx CQ}. Again, we have reduced matters from T to T".
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Cases 1, 2, 3 are the only possibilities, since Q and Qx_ (1) are dyadic cuboids.

Thanks to the above remarks, the following procedure produces an encapsula-
tion, when applied to & = root(CT(T)).

¢ One-time work: Paperback edition of MAKE CONTROL TREE.

e Procedure Encap(Q,/E\,):
/* Produces an encapsulation S of Q for the BTree BT(§). */

— If s a leaf of CT(T), then Encap(Q,:‘:) returns {&} if O N @ C Q,
and returns () otherwise.

— If € is an internal node of CT(T), then let X = xspm(z), &= gochild(z),

o~

&" = staychild(§).
x If Q C Qg, then return the set produced by (recursively) executing
Encap(Q, &’).
x If Qz € Q, then return the union of {§’} with the set produced by
(recursively) executing Encap(Q, &”).
x If Qz N Q = 0, then return the set produced by (recursively) exe-
cuting Encap(Q, &”).

Note that the one-time work here is simply that of the paperback edition of
MAKE CONTROL TREE; hence, we perform one-time work at most CN(1 + log N)
in space CN.

Regarding the query work, note that the “depth” of the recursion (i.e., the
number of recursive calls to Encap(-,-)) is at most T + ClogN, since #(BT(&))
decreases by at least a factor of % each time we pass from a node & to gochild(¢)
or staychild(§).

Therefore, the work and storage used to answer a query are at most C+C log N.
In particular, #(S) < C+ Clog N, since it takes work at most C+ Clog N to write
down S.

This completes our explanation of the algorithm ENCAPSULATE. O

ALGORITHM: ADPROCESS

Given an ADTree T, (recall that each node x € T is marked with a dyadic
cuboid Qx and with linear functionals pj,...,uy : RP — R) with N nodes, we
perform one-time work at most CN(1 + logN) in space CN, after which we can
answer queries as follows:

A query consists of a dyadic cuboid Q.

The response to a query consists of linear functionals u?, ceny ug :RP - R

such that
D D
S pdMP and > Y )P
i=1

x€T, QxCQ i=1

differ by at most a factor C for any v € RP.
The work and storage needed to respond to a query are at most C- (log N +1).
Here, C depends only on p,n,D (n = dimension of the cuboids).
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Explanation. We perform the one-time work for the algorithm ENCAPSULATE,
and we perform the hybrid version of the algorithm MAKE CONTROL TREE. Thus,
we produce the control tree CT(T); each node & is marked with linear functionals
uhy ..oy 15t RP — R such that

D
D lut@)P and ) Zm
i=1

x€BT(&

differ by at most a factor of C for any v € RP.

Moreover, thanks to the query algorithm in ENCAPSULATE, we can answer
queries as follows.

A query consists of a dyadic cuboid Q. The response to a query Q consists of
a set S of at most C 4+ Clog N nodes in CT(T) such that {x € T: Qx C Q} is the
disjoint union over & € S of BT (&) C T.

Given v € RP, we have therefore

> im?(vnp—z{ > Zml i

xE€T:QxCQ i=1 £€S  xeBT(§

which differs by at most a factor of C from

D
() ) ) [P

£esSi=1

Applying the algorithm COMPRESS NORMS (Section 2.8) to the linear functionals
uf (§,€S;1=1,...,D), we obtain linear functionals u?,. N ug, such that for
any v € RP, the quantity (*) differs from ZP:] |u§2 (v)|P by at most a factor of C.
Thus, p.?, ceey p.8 satisfy the desired condition.

The one-time work of the above algorithm is at most CN(1 + log N), in space
CN, thanks to our estimates of the one-time work of ENCAPSULATE, and the work
and storage of the hybrid version of MAKE CONTROL TREE.

The query work of our algorithm is at most that of the algorithm ENCAPSU-
LATE, together with the work of applying COMPRESS NORMS to the p.f (& €S;
i=1,...,D).

Since #(S) < C(log N + 1), the work of applying COMPRESS NORMS is at most
C(log N +1). The query work of ENCAPSULATE is also at most C(log N + 1).

Therefore, the total query work of our present algorithm is as promised.

This completes our explanation of the algorithm ADPROCESS. O

4.1.5. Making a tree from a list of cuboids. Fix a dimension n, and let
Q1,...,Qn be a sequence of distinct dyadic cuboids in R™. We assume that

(4.3) Q1< Q< - <Qn.

(See Section 4.1.1 for the definition of the order relation < .)
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ALGORITHM: MAKE FOREST

Given 1 < i < lona < N, we produce the following:

e A sorted list i1 < 12 < -+ < ip consisting precisely of all the i such that
Lopare < 1 < 1.4, and such that there exists no i’ with i, < i’ < 1i.,4 and
Qi € Qir. The list is computed as a linked list: We do not compute an array
i1,12,...,1r. Rather, we compute the initial entry iy, and we mark each i,
with a pointer to its successor iy41 (1 <v < L). The last entry i is marked
with a NULL pointer.

e For each i (i.pan <1< 1.,4) we produce a pointer which is NULL if 1 appears
in the list i7,...,1r, and otherwise indicates i” such that among all i’ such
that 1,0, < 1" < 1eq and Qi € Qi/, the cuboid Qi is the smallest with
respect to inclusion.

To do so requires at most C - (igng — toare + 1) - (1 +1log N) work and at most
C - (lewa — leware + 1) storage, aside from that used to hold the list (4.3). Here, C
depends only on the dimension n.

Ezplanation. We proceed recursively, by induction on i.,4 — iicar-

In the base case: i.,q = 1. LThen our task is trivial, and it takes work and
storage at most C.

The induction step: Suppose i.,q > lua. Lhen, by Corollary 32, we have one
of the following cases.

Case 1t Qiyure 15+ 5 Qiena € Quugane-
Case 2: Qiori+1y- -+ Qi,,g are all disjoint from Qi ,-

Case 3: For some j (e + 1 <j < iena), we have Qi i1y +++5 Q5 € Qivrunes
and Qj¢1y...,Qi,,, are disjoint from Q.-

We can determine which of these cases holds, simply by checking Qi.,...+1 N
Qi and Qi N Q4. Moreover, if Case 3 holds, then we can find j by doing
a binary search. This requires work at most C- (1 +1log N) and storage at most C,
aside from the storage used to hold the given cuboids (4.3).

We describe how to proceed in Case 3. Later, we explain the modifications
needed for Cases 1 and 2.

Suppose we are in Case 3, with j known. Recursively, we apply the algorithm
MAKE FOREST to indices ..., + 1 and j (in place of i, and i..,) and also to
indices j + 1 and i,,4 (in place of i, and i..4).

Thus we obtain the following:

(4.4) 1 <1ir<--- <1, alinked list of all 1 € {isar + 1y- -+, ]}
such that Qs is maximal (under inclusion) among Qi +1,---, Qj-
(4.5) For cachi € {isare +1,...,j}, either a NULL pointer indicating that

Q; is maximal as in (4.4), or else a pointer to the I+ € {luare + 154443}

such that QL 2 Q7 with QL as small as possible under inclusion.
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(4.6) if <if <--- <ify,alinked list of all i* € {j+1,... 100}

such that Q;# is maximal (under inclusion) among Qj41,..., Qi .-

(4.7) For each i € {j +1,...,1wa}, either a NULL pointer indicating that
i# appears in the list (4.6), or else a pointer to the if eff+1,... iemat

such that Q,# 2 Qi# with Q,# as small as possible under inclusion.
+ +

We now produce the desired output for i..q, lena-

e Qur linked list 1; < 12 < -+ < iy consists of the list i?ﬁ < i? << if#,

with if = 1.ar added to the beginning of the list. (Since the lists in question

are implemented here as linked lists, it takes work at most C to add if to
the list.)

e Our pointers are as follows.
Forie{j+1,...,1ma), the pointers are precisely those produced in (4.7).

For i € {isa: + 1,...,j}, we take the pointers produced in (4.5). However,
for each iy in the linked list (4.4), we set the pointer associated to iy (which
was NULL in (4.5)) so that it indicates i,

For 1 =1i,..., we take a NULL pointer.

The work needed to implement the above bullet points is at most
C + C - #{Maximal cuboids under inclusion among Qi +1,..., Qj}

This concludes our description of the algorithm in Case 3. It produces the
desired information thanks to the inclusions and disjointness conditions that hold
in Case 3.

Cases 1 and 2 are similar to Case 3, but easier.

In Case 1, there are no {j+1,..., 1.4} to deal with, so we omit all steps relevant
to J+T1,...,lenal

Similarly, in Case 2, there are no {i.... + 1,...,j} to deal with, so we omit all
steps relevant to {igae + 1,..., ]}

Thus, in all cases, our recursive algorithm works as promised, except that we
have not yet estimated the work and storage needed to carry it out.

Regarding the work, which we call 20(i,;art, lena), We note that (in Case 3) we
have

W (iiarey tena) < C - (1 4+1og N) + W (isare + 1,7) + 200 + 1,100a)
(4.8) + C - #{Maximal Q; (under inclusion) among Qi_,.,,+1,---, Qj}.

In Case 1 we have instead

w(istart) i'end) S C : (] + 1OgN) + m(i'start + 1)ie11d)
(4.9) + C - #{Maximal Q; (under inclusion) among Qi_,...+1y- -+, Qiwna }-
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In Case 2 we have
(4.10) W (iirares tena) < C- (1 4+1og N) + W(ie + 1y ina)

since there are no pointers to modify in Case 2.

To analyze (4.8),(4.9),(4.10), we introduce NR(i,aylena) = the number of
cuboids Qi among Qi,...»-- -, Qi.,, that are not contained in any other Qi among
Qicenrer -+ -y Qiong - (“NR” stands for “Number of Roots”.)

Then (4.8),(4.9),(4.10) together with the known inclusions that follow from
Corollary 32 tell us the following.

In Case 3, with j as given in that case, we have

(4']‘1) QU(i‘start) end) < C (1 + IOgN) + m(i‘start + 1)]‘)

+ (G + 1, i) + C - NR(iuare + 1,)
and
(412) NR’(i’start)iend) = ] + NR(j + ])iend)'

In Case 1, we have instead
(4.13) W(iiiares tena) < C+ (T 410gN) + W(iare + Ty lena) + C - NR(Liare + 1, 1ena)
and
(4.14) NR(Larey tena) = 1.

In Case 2, we have

(415) w(litart) end) < C (] + 1Og N) + w(istart + ])iend)
and
(416) NR(iStarHi‘end) = ] + NR’(i’start + 1)i’end)'

Consequently, in Case 3 we have

I:Qn(lﬁtart) end) + C NR( %art) end)] S QN : (] + IOgN)
+ [ Wi + 1,3) + €' NR (b + 1,7)]
+

(4.17) [0 + 1, 1) + C'NR( + 1, iena) ]

(Here, we pick C’ big, and then pick C” much bigger.)
In Cases 1 and 2, we have instead

I:Qn(lﬁtart) end) + C NR( %art) end)] S
(4.18)

" (1 +1logN)

C
+ [W(are + 1y tena) + €' NR(feure + 1, Hena) |-
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Also, when 1i.,,,. = 1.,q We have
(4.19) W (Lutares tena) + €' NR(Lugarey ena) < 7.
Thanks to (4.17)- - (4.19), induction on i.,4 — i yields the estimate
W (tarares tena) + € NR(Lurarey tena) < C7 - (1 +10g N) - (Lo — tapare + 1)
In particular,
W(Lares lena) < C- (T +10gN) - (g — Lovare + 1)

as promised in the statement of MAKE FOREST.

Next, we analyze the storage needed to execute MAKE FOREST.

We implement the pointers as global data (see the second bullet point in the
statement of the algorithm); this requires space at most C - (io,q — luare + 1). Let
S (searey lena) be the space in which we can execute our algorithm MAKE FOR-
EST (1sparey Lona ), DOt counting the space needed for the pointers, but including the
space needed to compute and display the linked list; see the first bullet point in
the statement of the algorithm.

In Case 3, we see that

6(i’start)i’eud) S C + 6(istart + 1)].) + G(j)i’eud)'
In Case 1 and in Case 2 we have instead
S (Lotarey tena) < C+ S(iuare + 1y iena)-

Since also & (iury toware) < C, it follows by induction that & (i, tend) <
C(iend - iscarc + ])

Thus, the storage used in executing MAKE FOREST (1ary lena) 1S as promised.

This completes our explanation of that algorithm. O

ALGORITHM: FILL IN GAPS

Suppose we are given a cuboid Q and a list Qi) - .-y Qi,,q Of pairwise disjoint
cuboids, sorted so that Qi,.,, < Qiut1 < -+ < Qji,,,- Assume that each Q; C Q

We produce a DTree T consisting of cuboids, with root Q, and with leaves
Qicenres - - - Qiy (and with no other leaves). Each node of T is either a leaf, the
parent of a leaf, or has precisely two children.

The work and storage used to do so are at most C - (1o,q — logare + 1) - 10g(1ong —
Toare + 2) and C -« (ieng — 1o + 1), respectively. Here, C depends only on the
dimension n.

Ezplanation. 1f any Qi = (AQ, then there is only one Qj, so we take our DTree to
consist only of Q. Suppose otherwise. R R

If ina —leware +1 < 2, then we can take our DTree to have root Q, and take Q to
have children Qi .,.y.-+.y Qi..q- Thus, our present algorithm is trivial in this case.

Suppose instead ie,q — iuae +1 > 3. We take Q to be the least dyadic cuboid
(under inclusion) that contains Qi and Qi_,. Let Q’, Q” be, respectively, the
lesser and greater child of Q¥ (as dyadic cuboids).

Since Qi < -+ < Qi,,q and the Qj are pairwise disjoint, it follows that
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. Q# C Q
e Qi C Q7 for each i =i, uey- -+ Lona-
e There exists j (loar < j < lewa) such that

Qistarm“'»Q]'CQ/ and Q]'+1)'~')QieudCQN'

(These properties are obvious for dyadic cuboids, since they are obvious for dyadic
intervals; see our discussion of the 1-1 correspondence ¥ in Section 4.1.1.)

We can recursively apply the present algorithm to produce DTrees T’ T” with
roots Q’,Q”, respectively. The leaves of T’ are precisely Qi,,..,.-.,Qj; and the
leaves of T are precisely Qj41,..., Qiupa-

Our DTree T will consist of a root Q, together with T and T”. The two children
of Q will be Q’ and Q”. This T is obviously as promised.

Aside from recursively calling on itself, the above algorithm uses work at most
Clog(#(T) + 1) and storage at most C (not counting the storage used to hold
Qicenrer - - -y Qiung ) The factor of log(#(T) + 1) comes from a binary search used to
find j.

Therefore, altogether, our algorithm uses work and storage at most
C-#(T)log(#(T)+1) and C-#(T), respectively, where T is the DTree arising from
the algorithm. Since the leaves of T are precisely Qi,...,---, Qi..4, and since each
node of T (other than the leaves and parents of leaves) has 2 children, we see that

#(T) < C-#(leaves of T) = C - (lena — totare + 1)-
Thus, the work and storage of the algorithm are as promised. O

ALGORITHM: MAKE DTREE

Suppose we are given a list of distinct cuboids Q1,...,Qn. With work <
CN(T +log N) in space CN we produce a DTree T with the following properties.

e Bach of the Qj is a node of T.
e BEach node of T is marked as original if and only if it is one of the Qj.

¢ Furthermore, we mark each node Q of T to indicate either the smallest (under
inclusion) original node containing Q, or else to indicate that no such original
node exists.

e The number of nodes of T is at most CN.

Ezplanation. We pick a cuboid Q°° that strictly contains the cuboids Q1,..., Qn.

Applying the algorithm MAKE FOREST, we make a tree T(') with nodes
Q°,Qq,...,Qn, such that Q is a descendant of Q' in TV if and only if Q C Q.

Note that Q°° is the root of T(1).

Recall that each non-root node in T(") is marked with a pointer to its parent.
We mark each internal node in T with pointers to its children, using an obvious
algorithm. We also mark each non-root node in T() to indicate that it is original.

By repeatedly applying the algorithm FILL IN GAPS to anode Q of T(V) together
with a list of its children (sorted under <), we imbed the tree T(") in a DTree T(?)
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that has at most CN nodes. The nodes in T(") retain their markings in T(2).
At each stage, we indicate the smallest original node containing each of the newly
generated nodes (if such an original node exists). Indeed, if Q = Q°, then we
mark each of the new nodes Q' generated by FILL IN GAPS to indicate that Q is
not contained in any original node. If Q # Q°, then we mark each of the new
nodes Q' generated by FILL IN GAPS to indicate that the smallest original node
containing Q’ is the node Q.

This completes the construction of the marked DTree T(2).

One can easily check that the algorithm satisfies the desired work and storage
bounds. O

ALGORITHM: COMPUTE NORMS FROM MARKED CUBOIDS

Suppose we are given a list Qq,...,Qn of distinct dyadic cuboids in R™, with
each cuboid Qi marked with linear functionals u?",...,ug" : RP — R. Let
N=Y1 (Li+1).

Given 1 < p < 0o, we perform one-time work at most CN(] + logl(l) in space
CN, after which we can answer queries as follows:

A query consists of a dyadic cuboid Q in R™.

The response to the query Q is a list of linear functionals ﬁ?, ceey ﬁg :RP S R,
for which we guarantee the estimate

D Li D
c Y JARWIP < Y ) WP <C) [ARM)[P forallv e RP.
j=1 QiCQj=1 j=1

The work and storage used to answer a query are at most C - (1 +logN). Here, c
and C depend only on n, p, and D.

Ezplanation. For each i=1,...,N, we apply COMPRESS NORMS (see Section 2.8)
to the functionals ujQi (1 <j < Li). We obtain linear functionals fy, ... ,ﬁ%‘ :

RP — R such that
D L; D

(420) ¢ ) [EXWP <) [u@P <C Y B[P forallveRP.
j=1 j=1 j=1

We then construct a Dtree T such that each cuboid Qj is a node of T. This
requires an application of the algorithm MAKE DTREE. We guarantee that T has
at most CN nodes.

We mark each node Qi of T (1<i1<N) with the linear functionals 1, .. ., Egi :
RP — R. We mark each node Q of T that is not among Q1,...,Qn with linear
functionals E?, . ,Eg :RP — R, all of which are simply zero.

Equipped with these markings, T becomes an ADTree. (See Section 4.1.2 for
the definition of an ADTree.)

Applying the algorithm ADPROCESS to the ADTree T, we perform one-time
work, after which we can answer queries. A query consists of a dyadic cuboid Q
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in R™. The response to the query Q is a set of linear functionals ﬁ?, .. .,ﬁg :

RP — R such that
D D D
) BEMP< Y Y EE WP <C) [PV forallveRP.
j=1 QiCQ j=1 j=1

This estimate and (4.20) show that the functionals ﬁ?, ceny ﬁg satisfy the conclu-
sion of the present algorithm. The work and storage used are easily seen to be as
promised. O

ALGORITHM: PLACING A POINT INSIDE TARGET CUBOIDS

Given a list of dyadic cuboids Q1,...,Qn C Q° (not necessarily pairwise
disjoint), we perform one-time work < CN(1 +logN) in space < CN, after which
we can answer queries as follows:

A query consists of a point x € R™.

The response to a query x is either one of the Q; containing x, or else a promise
that no such Q; exists.

The work to answer a query is at most C - (T + log N).

Here, C depends only on the dimension n.

Ezxplanation. We construct a DTree T and its control tree T = CT(T) with at
most CN nodes (using the paperback edition of MAKE CONTROL TREE), such that
each of the Qj is a node of T. We mark each node of T as original if and only if
it is one of the Qj. Furthermore, we mark each node Q of T to indicate either the
smallest (under inclusion) original node containing Q, or else to indicate that no
such original node exists. (See MAKE DTREE.)

Recall that each internal node & € T has two children, marked as gochild(&) and
staychild(&). Each internal node & € T is also marked with a node Q... (&) € T.
Each node & € T is marked with a node Qyoot (&) = the root of the DTree BT ().

Recall that we’ve marked each & to say whether BT(£) is a singleton.

Recall that BT (root(T)) = T. Also recall that

BT(gochild(&)) = Descendants(Q.,... (&), BT(&)), and
BT (staychild(&)) = Nondescendants(Q.,:. (&), BT(&))

for each internal node & € T.
Let x € R™ and & € T be given. We consider the following procedure.

PROCEDURE FIND-ORIGINAL-NODE (X, §)

We determine whether x is contained in an original node in BT(E). If such an
original node exists, then we exhibit one.

The above procedure answers our query when applied to & = root(T).

We now assume that & € T is arbitrary. We ask whether x is contained in an
original node in BT(§&).

To study our question, we compare x with the root Qroet(&) of BT(E). If
x & Qroot(&), the answer is obviously NO.

(No original node Q € BT(&) contains x.)
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Suppose x € Qoot(&). If Qroot (&) is original, the answer is obviously YES, and
we exhibit Qroot(&) as an original node containing x.

Suppose Qroot (&) is not original. If Qroot(&) is a leaf of BT(E) (i.e., BT(§) is a
singleton), then the answer is obviously NO.

Suppose Qqroot(&) is not a leaf of BT(&) (i.e., BT (&) is not a singleton). We
then compare x with Q.,;.(&) € BT(&).

If x ¢ Q.ui(&), then all the descendants of Q... (&) in BT(E) are irrelevant
for our discussion, i.e., they can’t possibly contain x. Therefore, in this case it’s
enough to ask whether x is contained in an original cuboid of
Nondescendants(Q.,.;. (&), BT(&)).

Thus, in this case, we can pass from the root & to & = staychild(&) € T, and
we can answer our question by recursion.

On the other hand, suppose x € Q....(§). We examine the following two
situations.

e Suppose Q... (&) is contained in an original node of T. Furthermore, suppose
that the smallest original node Q € T containing Q... (&) is contained in
Qroot(a)- Note that Qsplit(a) and Qroot(a) are nodes in BT(&), and Qsplit(zv) <
Q < Quoot(&) (inclusion), hence Q is a node of BT(&) because BT(E) is a
sub-tree of T (see Lemma 33). Thus, the answer to our question is YES. We
exhibit the original node Q € BT(£) containing x.

e Suppose that either Q... (&) s not contained in an original node of T, or that
the smallest original node containing Q... (&) is not contained in Qoot(E).
This means that none of the original nodes in BT(&) contain Q.,;;,(&). Then
any original node in BT(&) that contains x must be a descendant of Q. (&).

Therefore, we may pass from & to &~ = gochild(§) € T, and we can answer
our question by recursion.

So, in all cases, we can answer our question.

The one-time work is at most CN(1 + logN). The query work, apart from
recursing, is at most C. We recurse at most C- (1+log N) times, since T has depth
at most C - (1 +logN). So, the query work is at most C - (14 logN), as desired.

This completes the description of the procedure FIND-ORIGINAL-NODE. As
mentioned before, this yields the algorithm PLACING A POINT INSIDE TARGET
CUBOIDS. O

4.2. The Callahan—Kosaraju decomposition

Let E C R™ with #(E) = N > 2. A well-separated pairs decomposition (WSPD)
of E is a finite sequence of Cartesian products Ej x Ef,...,E{ x E{’ contained in
E x E, with the following properties.

(WSPD1) Each pair (x’,x"”) € E x E with x" # x” belongs to exactly one of the
sets E; x B}/ (for € =1,...,L). Moreover, E;NE/ =0 for ¢ =1,...,L.

(WSPD2) Foreach{ =1,...,L, we have diam(E;)+diam(E;) < 10~ "0 dist(E}, E;).

(WSPD3) We have L < CN, for some constant C depending only on the dimen-
sion m.
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The next algorithm arises in the work of Callahan and Kosaraju in [9] (see
also [17]).

ALGORITHM: MAKE WSPD

With work at most CN log N in space at most CN, we compute a WSPD for E
and we compute representative pairs (x;,x;) € E; x B/ for £ =1,...,L.

We do not explain here what it means to “compute” a WSPD. This does not
matter, however, since we will only need the representative pairs (x;,x;').

4.3. The BBD tree

We recall a few of the results of Arya, Mount, Netanyahu, Silverman and Wu in [1].
Given E C R™ such that #(E) = N > 2, and given x € R™, we can enumerate
the points of E as yi,...,yn so that

X—yi| <[x—y2f < - < [x—yn|-

We define di(x, E) = [x — yk|. The definition of di(x, E) is clearly independent of
the chosen enumeration.
The following result is contained in [1] (see also [17]).

Theorem 35. There exists an algorithm with the following properties:

e The algorithm receives as input a subset B with #(E) = N > 2. The algorithm
performs one-time work at most CN log N using storage CN, after which the
algorithm is prepared to answer queries.

e A query consists of a point x € R™.

o The answer to a query x consists of two distinct points X1,X2 € E with
Ix — X1 < 2d1(x, E) and |[x —X2| < 2d2(x, E).

o The work required to answer a query is at most ClogN.
e Here, C depends only on the dimension n.
The proof of Theorem 35 relies on a data structure called a BBD Tree, which

is associated to E. As another application of the BBD Tree, we have the following
algorithm (see [17]).

ALGORITHM RCZ

Given real numbers A(x) (x € E), we perform one-time work at most CN log N
in space CN, after which we can do the following.
Given a dyadic cuboid Q, we can compute the following numbers and points.

. #ENQ).
e min{A(x):x € ENQ} (or a promise that E N Q is empty).
* A representative point x(Q) € ENQ (if ENQ #0).

e diam(QNE).

This computation requires work at most Clog N.
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Explanation. The computation follows directly from ALGORITHM RCZ1 in Sec-
tion 25 of [17] and ALGORITHM REP1 in Section 27 of [17]. These algorithms
explain how to compute the quantities min{d(x,.4):x € ENQ} and #(E N Q),
and how to compute a representative point x(Q) € ENQ when ENQ # 0. The
numbers 8(x,.A) (x € E) in Section 25 of [17] are treated as arbitrary given real
numbers (except in Lemma 1 in Section 25 of [17], which is not used elsewhere in
the relevant algorithms). See Section 4.6 of this paper for a related discussion.

For each 1 < i < n we define coordinate functions Ai(x) = x; for x =
(X1,...,Xn) € E. Applying the computation in the first bullet point, we com-
pute the quantities

T =min{x; 1 x = (x1,...,%n) € ENQ}, and
si:=max{x{ : X = (X1,...,xn) EENQ} (1 <i<n).

Thus, we can compute diam(E N Q) = max{|si —ri| :1=1,...,n}. (Recall that
diameters are measured using the £*° norm.) O

Remark 36. Let Q be a dyadic cube. We can decide whether 3Q NE is nonempty,
and if so we compute min{A(x) : x € EN3Q} and #(EN3Q). We use a divide and
conquer strategy. We write 3Q as the disjoint union of 3™ dyadic cubes Q- of
sidelength 6g. We apply ALGORITHM RCZ to each Q.. We can tell whether
E N 3Q is nonempty by checking whether E N Qy is nonempty for some v. We
complete the computation using the formulas

min{A(x):x € EN3Q} = Irgnmin{A(x) x € ENQy}

#(EN3Q) =) #(ENQy).

Similarly, we can compute min {?\(x): x€EN %Q} and #(Eﬁg—ZQ) (ifEN g—ZQ# 0).
Here, we use the fact that g—iQ is the disjoint union of 130™ dyadic cubes of
sidelength ]]TSSQ.

Hence, by replicating the argument in ALGORITHM RCZ, we can compute
diam(E N3Q) and diam(E N %Q).

All the above computations requires work at most Clog N after the one-time
work of ALGORITHM RCZ has been carried out.

4.4. Clusters

Suppose we are given E C R™ with #(E) =N > 2.

Suppose we are given A > 1. Assume A exceeds a large enough constant
determined by n. Assume also that A is an integer power of 2.

In this section, let C, ¢, C’, etc. denote constants determined by m, and
let C(A), c(A), C'(A), etc. denote constants determined by A and n.

These symbols may denote different constants in different occurrences.

Recall that we use the 1°°-norm and 1*°-metric on R™: for x=(x1,...,xn) ER™,
we have [x| = maxi<i<n [Xil.
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A subset S C E is called a cluster if
#(S)>2 and dist(S,E\S) > A3 - diam(S),

where dist(S,E\S) =00 if E\ S = 0.
A cluster S is called a strong cluster if

dist(S,E\ S) > A® - diam(S),

where dist(S,E\S) =co if E\ S = (.

A cluster that is not a strong cluster is called a weak cluster.

Let S be any finite non-empty subset of R™. The lower left corner of S, denoted
by LLC(S), is defined by

LLC(S) = (x1,...,xn) € R™,
where x; = min{y; :y = (y1,...,yn) € S} for 1 <i<n.
The upper right corner of S, denoted by URC(S), is defined by

URC(S) = (X1,...,xn) € R™,
where x; = max{yi :y = (Y1,...,yn) € S} for 1 <i<n.

Note that diam(S) = |LLC(S) — URC(S)|, since we are using the 1°° metric
on R™.

If S € R™ is finite and #(S) > 2, then we define the descriptor cube of S to be
the smallest dyadic cube Q such that Q contains LLC(S) and 3Q contains URC(S).
We note that S has one and only one descriptor cube.

We write DC(S) for the descriptor cube of S.

If LLC(S):(XJ{, ...,xk) and URC(S):(Xl ..., xh), then every (x1,...,xn) €S
satisfies x% <x; < XiT for 1<i<n.

Hence, if Q =1I; x - x I, is the descriptor cube of S, we have x%,xl € 31; for
1 <1i<m, consequently, we have x4 € 3I; for 1 <i <mn. It follows that x € 3Q.

Thus, if Q = DC(S), then S C 3Q. Moreover, diam(S) > ¢dq, by the minimal
property of Q.

ALGORITHM: FIND DESCRIPTOR CUBE

We perform one-time work < CNlogN in space CN, after which we answer
queries as follows. A query consists of a dyadic cube Q. The response to a query
is as follows:

Either we guarantee that #(3Q NE) < 1, or we guarantee that
#(3QNE) > 2 and we compute the descriptor cube DC(3QNE) together
with the points LLC(3Q NE) and URC(3Q NE). The query work is at
most Clog N. - o

Explanation. We perform the one-time work of the BBD tree, after which we can
do the following:

We compute #(3Q N'E) using ALGORITHM RCZ (see Remark 36). If #(3Q N
E) < 1 then we indicate as such and terminate the computation. Otherwise, we
guarantee that #(3Q N E) > 2 and proceed as follows.
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Suppose we assign to each x € E a label A(x) € R. After one-time work at most
CNlog(N) we can answer queries, as follows.

A query is a dyadic cube Q and a response to a query is maxycgn3zqQ A(x) and
minyeen3Q A(x). The query work is at most Clog N. (See Remark 36.)_

Taking A(x) to be the i" coordinate of x for each x € E and looping over all i,
we see that we can perform one-time work at most CNlog(N), after which, given
any dyadic query cube Q, we can compute LLC(3Q NE) and URC(3Q N E) with
work at most ClogN. o -

After we obtain LLC(3Q NE) and URC(3Q NE), we can compute DC(3Q NE)
with work at most C. - - o

This completes the explanation of the algorithm FIND DESCRIPTOR CUBE. O

ALGORITHM: MAKE CLUSTER DESCRIPTORS

We produce a list of dyadic cubes Q? o L , with the following properties:
e For each 1, the set S; =3QFP NE is a cluster.

e Every strong cluster is one of the the S; above.

e For each 1, the cube QICD is the descriptor cube of S;.

e L<CN.

e The cubes QfP,..., QP are all distinct.

The algorithm uses work at most CN log N in space CN.

Ezplanation. We perform the one-time work to make representatives (x%,,x?) (1 <
v < Viax) of the well-separated pairs decomposition of E. Thus, Viax < CN and
for any x/, x”” € E with x’ # x”, there exists v such that

X — x|+ " —=x2 <1079 —x"| and
X' — x|+ X =X <1070 |, — XY

(See Section 4.2.)

We perform the one-time work of the algorithm FIND DESCRIPTOR CUBE.

We perform the one-time work of the BBD tree. After that, given a dyadic
cube Q, we can compute #(E N3Q) in time ClogN. (See the algorithm RCZ in
Section 4.3.)

For each v, we let $$#"4=3Q<INE, where Q%" is a dyadic cube containing x/,
with 2[x}, — x| < 8qeana < 8[X,, — x|,

Instead of computing S (which will take too much work), we compute Q<.

To test whether we “like” S, we test whether

(4.21) #(EN3Q%nd) = #(E N 3Qend),

where QCand D Q¢nd s a dyadic cube with sidelength A46Qcand (This test takes
work Clog N after we perform the one-time work of the BBD tree. Recall that A
is a power of 2.)
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If we like S5 (i.e., (4.21) holds), then we apply the query algorithm within
the algorithm FIND DESCRIPTOR CUBE to find

DC(s¢d) = DC(3Q N E).

We then add DC(S$*9) to the list of the cubes {Q{P}.
If (4.21) does not hold, we do nothing further regarding Q<*d.
Thus, we produce a list of cubes
cD cD
'l Yooy L .
Note that L <vp.x < CN, since each Q? arises from Q4 for some 1<V <Vyax.
If we like S$*d| then S¢nd = 3Q%d N E is a cluster. Indeed, since

#(E N3Qeand) = #(E N 30nd),
we have
(4.22) dist(Send E\ §eand) > dist(3Qend R™ \ 3Qcand)
> cA? dQeana > € 'A% . diam(S¢and);
in obtaining inequality (4.22), we used S = 3Q¢d N E C 3Q%"d and
(4.23) #{(E\ S n3Qemd) = # {(EN3Q™) \ (EN3Qed)} =o.

This completes the proof that S$*¢ is a cluster whenever (4.21) holds.

Next, we show that whenever we like S$4 = 3Q%d N E (i.e., (4.21) holds),
then
{Q?D — DC(Sf,and), S = Ss/and}

satisfies

(4.24) S1 =3Q¢P

Indeed, since Q¢ = DC(S$), we have

(4.25) S1 =S4 c3QPP NE.

On the other hand, dgeo and dqema are both comparable to [x}, —xZ|. Indeed,

for Q$*4, this follows from the defining condition. For QYP, we have x,,x €
3Qsnd N E = §sand < 3QEP, hence

Xy, = x4 < Cdgen.
Also, since S¢nd =3Qcand N E, we have
diam(S$$) < 38 geana < Cxl, — x|,
hence Q?D = DC(S8*n4) satisfies
Sgen < C- diam(S<d) < ' |x,, —x”].

Thus, as claimed, 8geana and 5Q1CD are comparable to [x], —x%|.
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Furthermore, since x,, € 3Q$*"4 N 3Q¢EP, it follows that

3QTP NE CAQY™ NE =3Q5™! NE;

the last equality holds since we like S$#1d.
Therefore,
(4.26) 3Q¥P NE c 3Qend nE = send — 5y,

From (4.25) and (4.26), we obtain (4.24).

Since QEP =DC(S%14), it now follows that Q¥ =DC(S;), and $;=3QFPNE.

Since S; = S$*4 and S is a cluster, we have shown that Sy is a cluster.

We have now proven the first, third, and fourth bullet points asserted in the
specification of our algorithm MAKE CLUSTER DESCRIPTORS.

Next, we show the second bullet point: every strong cluster is one of the S;.
Indeed, let S be a strong cluster. Thus, #(S) > 2 and

dist(S,E\ S) > A® - diam(S).
Fix x/;x” € S such that |x’ — x”| = diam(S). Then we can find v such that

X!, — x|+ X2 —x" <1070 ' — x| = 1070 diam(S).

We have
(4.27) dist(x’,,S) < |x, —x/| <107 diam(S) and
4.28 dist(x”,S) < [x” —x"] < 107'° diam(S).

Y% v

Since x,,,x? € E and dist(S,E\'S) > A> - diam(S), from (4.27) and (4.28), we
conclude that x,,x7 € S.

Next, we show that S = S = 3Q<%d N E.

By definition of Q$*¢, we have x/, € Q¢ and

(4.29) 2|x5, = x§| < dgeana < 8IX, — X4

Therefore, every point z € R™ such that [z —x/,| < 3 [, — x| belongs to 3Q"d.
On the other hand, since x/, € S, we know that every x € S satisfies

/ll

. 3
Ix — x| < diam(S) =[x’ —x"| < 3 X, —x2|.

Therefore, S C 3Q$*4, Since S is a cluster, S C E. Thus,
S C3Q¢™NE.

If S #3Q%d N E, then there would exist & € (3Q*NE)\'S. We would then
have
dist(E\S,S) < |8 — x| < Cdgeana < C'[x}, — x| < C' diam(S),
contradicting our assumption that S is a strong cluster.

This completes the proof that § = S$*"d = 3Q%*"d N E, where the last equality
follows by definition.
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Next, we check that we like S$74, i.e., that

#B3QI™MINE) = #(3Q5™ N E),
where Q¢4 5 Q, is a dyadic cube with O ycana = A%sq, .

Indeed, suppose not. Then there would exist & € (3Q% N E)\ (3QdNE) C
E\ S, where the last inclusion holds because S = 3Q%"d N E. We have

dist(E\ S, S) <R —x\| < COpeana = CA*8 geana
< C'A*IX, — x| (see (4.29))
< C'A% - diam(S) (since x,,x” € S),

vy Ay

contradicting our assumption that S is a strong cluster. This completes the proof
that we like Snd.

We now know that DC(S¢14) is one of the QFP, and that (for the same 1), we
have Sy = §¢and = G,

This proves the second bullet point asserted in our specification of the algorithm
MAKE CLUSTER DESCRIPTORS.

It remains to verify the last bullet point of the algorithm MAKE CLUSTER
DESCRIPTORS, i.e., the cubes ?D, e ED are all distinct. Since L < CN, we
can sort the Q?D7S and remove the duplicates with work CN log N.

Now all bullet points asserted in the specification of our algorithm hold.

The reader can easily check that the work and storage of our algorithm are as
promised. O

Remark 37. Note that the clusters S; produced (implicitly) by the above algo-
rithm are all distinct, since their descriptor cubes ?D are all distinct, and any
cluster has one and only one descriptor cube.

ALGORITHM: LOCATE RELEVANT CLUSTER

After performing the algorithm MAKE CLUSTER DESCRIPTORS and other one-
time work, we can answer queries as follows: A query consists of a point x € R™,
for which there exist a strong cluster S and a point x(S) € S such that

(4.30) Adiam(S) < [x—x(S)| < A" dist(E\ S, S).

We do not assume that S or x(S) is known.

The response to a query x is one of the descriptor cubes FD produced by
the algorithm MAKE CLUSTER DESCRIPTORS such that (4.30) holds for S = Sy :=
3Q€D N E and for some x(S) € S.

The one-time work is at most CN log N in space CN; the query work is at most
ClogN.

Ezplanation. Suppose (4.30) holds for some S and for some x(S) € S.

Assume that x € S. Then A - diam(S) < |x —x(S)| < diam(S). This gives a
contradiction if A > 1. Hence, we have shown that x ¢ S.

Assume next that x € E\S. Then dist(E\S,S) < [x —x(S)| < A~ dist(E\S, S).
This gives a contradiction if A > 1. Hence, we have shown that x ¢ E\ S.
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We have proven that x ¢ E. Now,
dist(x, $) < [x —x(S)| < A~ dist(E\ S, S),
and if E\'S # 0 then

dist(x, E\ S) > dist(E\ S, S) — dist(x, S) > dist(E\ S, S) — [x — x(S)|
> dist(E\S,S) — A~ dist(E\ S, S) > (1/2) dist(E\ S, S).

If E\'S =0, then by definition dist(x,E\ S) = oco.
Therefore,
dist(x, E\'S) > cA - dist(x, S),

which yields
dist(x, S) = dist(x, E).

Using the BBD tree, we compute a number A > 0 such that
8- dist(x, E) < A < 32-dist(x, E),

and such that A is a power of 2.

We then produce the dyadic cube Q7 of sidelength A containing x.

We claim that S =3Q# NE.

To see this, note that dist(x,E\ S) > cA-dist(x,S) = cA - dist(x, E) > c’AA.
On the other hand, x € Q# and 8q# = A.

Therefore, 3Q#NE C S. If 3Q#NE # S, then there exists * € S\ (3Q#NE) C S.
On the other hand, since x € Q# and dg# = A > 8dist(x, E), we know that %Q#
contains a point of E; say X € %Q# N E. Note that x € 3Q#¥ NE CS.

Thus, R, %x € S, with x € %Q# and R € 3Q#. Therefore,

diam(S) > |8 — X[ > cdg# = cA > ¢ - dist(x, E) = ¢ - dist(x, S)
> c[|x — x(S)| — diam(S)] , since x(S) € S,
> c [A diam(S) — diam(S)], by (4.30).

Thus, diam(S) > ¢-(A—1)-diam(S). Since S contains at least two points (because
it is a cluster), we have reached a contradiction. This completes the proof of our
claim that S = 3Q# NE.

Since S is a strong cluster, its descriptor cube DC(S) is among the cubes QICD
produced by the algorithm MAKE CLUSTER DESCRIPTORS.

We can compute DC(S) by applying the algorithm FIND DESCRIPTOR CUBE to
the query cube Q7; this produces DC(S) because S = 3Q# N E.

Accordingly, our algorithm proceeds as follows:

¢ Compute A, a power of 2, such that 8dist(x,E) < A < 32dist(x, E), using
the BBD tree.

 Produce the dyadic cube Q¥ of sidelength A, containing x.

o Apply the query algorithm in FIND DESCRIPTOR CUBE to the query cube Q7.
This produces the cube DC(S).
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¢ By a binary search, locate DC(S) among the cubes Q?D, ceny Q(ED produced
previously by the algorithm MAKE CLUSTER DESCRIPTORS. This produces
one of the QY'P, which is the descriptor cube for the cluster S in (4.30); in
particular S = Sy = 3QFP N E satisfies (4.30), for some x(S) € S.

Thus, our algorithm does what we promised. The work and storage of the
algorithm are easily seen to be as promised also. O

ALGORITHM: MAKE CLUSTER REPRESENTATIVES
For each of the cubes ?D, ceny (ED produced by the algorithm MAKE CLUS-

TER DESCRIPTORS, we compute a point

x(S1) € St =3Qf° nE.
The algorithm uses work < CNlog N in space CN.

Ezplanation. For each QICD (a dyadic cube), we use the BBD tree to compute a
point x(Sy) € 3QICD N E (which we know to be non-empty, since it is a cluster).
We use the fact than 3QFD is the union of 3™ dyadic cubes; the required algorithm
can be found in Section 4.3.

The work and storage are as promised. O

Since every strong cluster is one of the S;, we have computed a representative
point of every strong cluster and possibly also of some weak clusters.
For each of the clusters S = Sy := 3QFP N E we define the halo H(S) by

(4.31) H(S) = {y €R™: A -diam(S) < ly —x(S)] < A" - dist(E \ S,S)}

where x(S) is the cluster representative produced by the algorithm MAKE CLUSTER
REPRESENTATIVE.
Finally, we recall Lemma 6.7 from [18].

Lemma 38. Fiz a cluster S = 3QEP NE. Suppose that x € H(S) and x’ € H(S)
satisfy |x — x(S)| > |x" —x(S)|. Assume furthermore that x and x’ belong to the
same connected component of H(S). Then there exist a finite sequence of points
X1y...,xL € H(S), and a positive integer L., with the following properties:

e X1 =xand xp =x’.
[Xer1 —x(S)| < [xe =x(S)| for t=1,...,L—1T.

o Ixg—xei1| <A 2x¢ —x(S)| for t=1,...,L—1.
o Ixerr, —x(S)] < (1= A=3)[xe —x(S)| for 1 < L < L—L..
o L, <A3

Remark 39. Lemma 6.7 in [18] was stated incorrectly in dimension n = 1. Here,
we include the minor yet necessary modifications. The additional assumption
that x and x’ belong to the same connected component of H(S) is required, since
in dimension n = 1 the halo H(S) consists of two connected components. Clearly,
if x and x’ belong to distinct connected components there can be no finite sequence
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as in the statement of the lemma, and so this extra hypothesis is necessary. We shall
not prove this lemma in the case n = 1, as the argument is quite obvious. The proof
of Lemma 6.7 in [18] remains valid when n > 2, since then the halos are connected.

4.5. Paths to keystone cubes

We assume we are given a finite subset E C R™, with N = #(E) > 2.

We are also given constants K > 10, A > 10. We assume that A is greater than
a large enough constant determined by n. We further assume that A is a power
of 2 and that K is an odd integer.

We write ¢, C, C’, etc. to denote constants that depend only on the dimension n;
we write c(K), C(K), and C'(K), etc. to denote constants that depend only on K
and n; we write c(A), c(A), C'(A), etc. to denote constants that depend only
on A, K;n. These symbols may denote different constants in different occurrences.

We suppose we are given a locally finite collection CZ consisting of dyadic cubes
that form a partition of R™. We do not assume that any list of CZ cubes is given;
in fact, there are infinitely many CZ cubes. Rather, we assume that we have access
to a CZ-ORACLE. Given a query point x € R™, the CZ-ORACLE returns the one
and only Q € CZ that contains x. We do not count any calls to the CZ-ORACLE
in the one-time work or the query work of any of the algorithms presented here;
we will instead keep track of the number of calls to the CZ-ORACLE.

We make the following assumptions on the decomposition CZ.

* (Good geometry) If Q,Q’ € CZ and Q «» Q’, then £;8g < 8o/ < 648¢.
e (E is nearby) For each Q € CZ, we have #(9QNE) > 2.

Due to good geometry, we see that there exists a constant cg > 0, which
is an integer power of 2 depending only on the dimension n, such that, for any
Q,Q’ € CZ we have

(4.32) (1+8cc)QN(1+85)Q" #0 — Q+ Q.

We next make a few definitions.

A finite sequence S = (Q1,Q2,..., QL) consisting of CZ cubes is called a path
provided that any two consecutive cubes in the sequence touch. This property may
be equivalently written as

Q1= Q2= Q3= QL.

We sometimes say that the path S joins Q1 to Qr.
A path § = (Q1,...,Qr) is called exponentially decreasing if there exist con-
stants 0 < ¢(A) < 1 and C(A) > 1 such that

8q,, < C(A)- (1 —c(A) g, for1 << <L

In particular, the constants c(A) and C(A) are assumed to be independent of the
length L of the sequence S.

A cube Q € CZ is called keystone provided g/ > 8¢q for each Q' € CZ that
meets KQ. (Obviously, this definition depends on the choice of K, which will always
be clear from the context.)
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Recall that a subset S C E is called a cluster if #(S) > 2 and dist(S,E\ S) >
A3 . diam(S).

There is a special collection of clusters S = 3QPP NE (1 < € < L) arising
in the algorithm MAKE CLUSTER DESCRIPTORS. We compute the representative
point x(S) € S associated to each such cluster S using the algorithm MAKE CLUS-
TER REPRESENTATIVE. For each such cluster, we let the halo H(S) be defined as
in (4.31).

From this point onward in the section, until further notice, we shall assume that
n > 2. We make use of this assumption in several of the results that follow. Toward
the end of this section we sketch the modifications required in dimension n = 1.

Now suppose we are given x € (1 + cg)Q NH(S), where Q € CZ and S =
SQFD N E for some fixed 1 < { < L.

If 5g < €lx —x(S)| for a small enough constant €, then since alsox € (T4+cg)Q,
we have

dist(10Q,x(S)) = [x =x(S)[ =108¢q = (1/2) - [x = x(S)| = (A/2) - diam(S),

hence
dist(10Q, S) > dist(10Q, x(S)) — diam(S) > (A/4) - diam(S),
which implies 10Q NS = 0.
Additionally, note that
(4.33) 10Q C B(x(S), [x = x(S)[+108q) C B(x(S),2|x —x(S)]),

since we assume g < €[x —x(S)|.
On the other hand,

dist(x(S),E\'S) > dist(S,E\ S) > A |x — x(S)|

since we assume that x € H(S).

Together with (4.33), the above estimate tells us that 10Q N (E\ S) = 0.

Since also 10Q N'S = (), we now know that 10Q N E = ), contradicting our
assumption “E is nearby” for the cube Q € CZ.

Thus, our assumption g < €[x —x(S)| must be false. We have proven the
following.

Suppose Q € CZ, x € (1+¢cg)Q NH(S), where S =3Q¢P NE.

(4.34) Then 8¢q > clx —x(S)].

Remark 40. Suppose Q,Q’ € CZ and x € (14+¢cg)Q, x’ € (1+cg)Q’. From (4.32)
and the good geometry of CZ we see that

8o < C-[dg +Ix—x].
This estimate and its analogue with Q and Q' interchanged tell us that

(4.35) ¢ [Sg+x—xX] < [6q +Ix—x] <C-[6q +x—x].
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Lemma 41. Let S = 3QICD N E be a cluster produced by the algorithm MAKE
CLUSTER DESCRIPTORS, and let x(S) € S be its associated representative. Recall
that

(4.36) H(S) = {y e R": A -diam(S) < [y —x(S)| < A~ - dist(E\ S, S)} .
Let x € (1 +¢g)QNH(S), with Q € CZ. Finally let QC4(S) be the CZ cube
containing x(S). Then 8q and dgcz(s) + Ix —x(S)| differ by at most a factor C.

Proof. From (4.35) we deduce that dgcz(s) +[x —x(S)| and dq + [x —x(S)]| differ
by at most a factor of C. From (4.34), we have 6 > c¢|x —x(S)|. Combining these
two estimates, we obtain the conclusion of the lemma. O

Lemma 42. Let S = 3QFD N E be a cluster produced by the algorithm MAKE
CLUSTER DESCRIPTORS. Let x,x" € H(S), and let Q,Q" € CZ, with x € Q and
x'€ Q' If [x —x'| < A7 2[x — x(S)], then Q «» Q.

Proof. By Lemma 41, we have
Ix' —x| < A7 [[x = x(S)| + 8gcz(s)] < CA ?5q.

Since x € Q, we have x’ € (1 +¢cg)Q. Also x’ € Q" C (1 +c¢g)Q’. Thus
(1+¢cc)QN(T+cg)Q’ # 0, which implies that Q «» Q’. Here, we use (4.32). O

We assume that we have done all the one-time work for the algorithms in
Section 4.4. Thus, the query algorithms from Section 4.4 are at our disposal in the
present section. Recall that the one-time work just mentioned consists of work at
most CNlog N in space at most CN.

ALGORITHM: KEYSTONE-OR-NOT

Given a cube Q € CZ, we produce one of the following outcomes:
(KEY 1) We guarantee that Q is a keystone cube.
(KEY 2) We produce a cube Q' € CZ such that

dgr < %6Q and Q' NKQ #0,

and such that there exists an exponentially decreasing path of CZ cubes
Q=Q Q&= Qu=0Q,

with L < C(K), and

(4.37) 5q, < CK) - (1—c(K)Y - 8qg, for T<V<L<L

The work, space and number of calls to the CZ-ORACLE required by the algo-
rithm are bounded by a constant C(K).

Ezplanation. Since K is an odd integer, we can partition KQ into K™ many dyadic
cubes Q., each of sidelength 6g. For each Q., we apply the CZ-ORACLE to
determine QS$Z, the CZ cube containing the center of Q.
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The cube Q is keystone if and only if Q$% D QV for each v. Thus, we can test
whether Q is a keystone, using work at most C(K) and using at most C(K) calls
to the CZ-ORrRACLE. If Q is a keystone, then we are done.

Suppose Q is not a keystone cube. We claim that there exists a path Q = Q1 «
Q2 &+ Qr asin (KEY 2). This claim was essentially proven in Lemma 6.12
of [18]. The main difference is that the keystone cubes in [18] are defined with
K = 100, whereas here K is an odd integer of size at least 10 (to be fixed later). By
making superficial modifications to the argument in Lemma 6.12 of [18] we prove
our claim in the present setting.

To find an exponentially decreasing path as in (KEY 2), we first enumerate
all the paths of CZ cubes Q = Q1 ¢ Q2 ¢ -+ «» Qr with L < C(K), and we
then “test” each path to see whether it satisfies the necessary conditions: 8g, <
(1/2)8q, QL NKQ # 0, and (4.37).

There are at most C(K) such paths, and we can generate them using work,
space and calls to the CZ-ORACLE at most C(K), because, given a cube (NQ e CZ,
we can determine all the cubes (~Q' € CZ such that (NQ — (NQ’ , by using at most C
calls to the CZ-ORACLE. (Just query the CZ-ORACLE using as x the center of each
dyadic cube Q’ such that Q < Q' and 6]—45(3 <8y < 646@')

We can “test” a given path using work and storage at most C(K), and using
no calls to the CZ-ORACLE.

This concludes the explanation of the algorithm KEYSTONE-OR-NOT. O

ALGORITHM: LIST ALL KEYSTONE CUBES

We produce a list Q?é, ceey Qf#, consisting of all the keystone cubes in CZ.
Each keystone cube appears once and only once in our list. We have L# < C(K)N.
The algorithm uses work at most C(K)N log N in space C(K)N, and at most C(K)N
calls to the CZ-ORACLE.

Ezxplanation. Let Q% € CZ be a keystone cube. Since Q# € CZ, there exists
a point x € 9Q7 N E due to our assumption that “E is nearby”. Let Qy be
the CZ cube containing x. Then 8q, > 8g# because Q7 is keystone; moreover,
8q, < Cdg# because of good geometry. Hence, for each keystone cube Q7 there
exists x € E such that

(4.38) x €9Q% and g, <8q# < 8q,.

To generate all the keystone cubes we may therefore proceed as follows.

We loop over all x € E. For each x € E, we produce the unique CZ cube Qy
containing x, using the CZ-ORACLE. We then list all the dyadic cubes Q7 satis-
fying (4.38) (there are at most C such Q¥ for a fixed x). Finally, we apply the
algorithm KEYSTONE-OR-NOT to test each Q% to see whether it is a keystone
cube. We discard the cubes Q# that are not keystone and retain the remaining
cubes. Clearly, a single iteration of the loop requires at most C(K) calls to the
CZ-ORACLE and additional work at most C(K).
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Thus, with work and storage at most C(K)N, and with at most C(K)N calls to
the CZ-ORACLE, we produce a list Q?E, ceey Q##, with L# < C(K)N, consisting of
all the keystone cubes, but possibly containing multiple copies of the same cube.

With work at most C(K)NlogN in space C(K)N, we can sort the list Q?ﬁ, e ,Q##
and remove duplicates. This completes our explanation of the algorithm LisT ALL
KEYSTONE CUBES. O

ALGORITHM: MAKE AUXILIARY CUBES
For each QFD, S = SQFD N E, produced by the algorithm MAKE CLUSTER
DESCRIPTORS, we compute a point x{*"® € H(S) such that

(4.39) 2A - diam(Sy) < [x{¥"* —x(S1)| < 8A - diam(Sy)

and we compute Q¢*""?, the CZ cube containing x>,
The algorithm uses work < C(A)Nlog N in space C(A)N, and makes at most
C(A)N calls to the CZ-ORACLE.

Ezxplanation. For each 1 <1 < L we compute diam(S;); see Remark 36. We choose
x € R™ satisfying

2A - diam(Sy) < [x —x(S1)] < 8A - diam(Sy).

Note that we necessarily have x € H(S;). After picking such a point x = x{*"#, we
call the CZ-ORACLE to determine Q{**®.

Recall that there are at most CN distinct indices 1; see the algorithm MAKE
CLUSTER DESCRIPTORS. Thus, in the present algorithm, the work, storage and
number of calls to the CZ-ORACLE are bounded as required. O

From Lemma 41 and the definition of Q™ (1 < 1 < L), we obtain the
following;:

Lemma 43. Assume thatn > 2. Let Q € CZ and 1 € {1,...,L}, and suppose that
(4.40) cA'® . diam(S1) <|x —x(S1)|< CA~'0 . dist(S1, E\S1) for all xe(1+¢g)Q.
Then there exists an exponentially decreasing path S = (Q1,...,Q?) joining Q
to Q§xtra,

Proof. Denote the point x®*"8 = x$*r2 ' the cube Q®"® = Q*"?, and the cluster

S = Si. By the conditions in the algorithm MAKE AUXILIARY CUBES, we have
Xextra c Qextra n H(S)

We will construct an exponentially decreasing path & = (Q1 Seny QT) that joins

Q to Qextra_
Let x € Q. From (4.40), we see that x € Q N H(S). From (4.39) and (4.40) we
see that

x> —x(S)| < 8A diam(S) < cA'® diam(S) < |x —x(S)].

Lemma 38 implies that there exists a sequence of points x1,...,x; € H(S) and
an integer J, > 1, satisfying the following bullet points.

e x7; =x and xj = x*"?,
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o [xj41 = x(S)] < [xj =x(S)[ for j=1,...,]—T.

o Xy —xjr1| S ATy —x(S)| forj=1,...,]—1.

o Pxyey. —x(S)| < (1= A=) —x($)| for 1< < J—T..

o J. <A
(Our assumption that n > 2 implies that the halo H(S{) has a single connected
component. When n = 1 we cannot use Lemma 38, hence we will have to modify
our approach.)

Since |x; —x(S)| is a non-increasing sequence, (4.39) and (4.40) imply that
2A diam(S) < [x™" —x(S)] = |x; — x(S)] < [xj — x(S)| < |[x1 —x(S)]

=[x —x(S)| < CA "0dist(S,E\'S) < A~ 'dist(S,E\S) for1<j<].

Hence, xj € H(S) for each j =1,...,].

Let Q; (1 <j < J) denote the CZ cube containing xj. Thus Q; = Q and

Qj = Q™2 (Recall that x; =x € Q and xj = x®™"a ¢ Qoxtra,)
By the third bullet point and by Lemma 42 we have

(441) Qj(—)Q]'+] fOl"j:L...,I—].

Hence, 0q, ., and 8q, differ by at most a factor of 64, thanks to good geometry.
Recall that cg > 0 is a universal constant satisfying (4.32). We now prove the
following:

Claim. If 1 < Jo <] satisfies

(4.42) |X]0 —x(S)| > cq - 5QCZ(5),
then
(4.43) 8q,, < C(A)- (1—c(A) T8q, foralll<j<j <o

Proof of Claim. Since the sequence |x; —x(S)| (1 <j <) is non-increasing, (4.42)
implies that [x; —x(S)| > cg - dqcz(s) for all 1 <j < Jo. Thus, Lemma 41 implies
that

c-xj—x(S)] <dq; < C-|xj—x(S)| forT <j <Jo.

This estimate and the fourth bullet point written above imply that
50, SC-(1-A) " 38q,, for1<JL<]Xk<]To.
Since 8q; ., and 8q; differ by at most a factor of 64, and since 1 < J. < A3, we
obtain (4.43). This completes the proof of the claim. O
Since |x;—x(S)| (1 <j < J) is non-increasing, the following cases are exhaustive.
Case 1. [xj —x(S)| > cg - dgcz(s)-
Case 2. There exists 1 <] <] — 1 such that

° |XT+] —X(S)| <Cg - 6QCZ[S)7 and

° |XT—X(S)| > CG ~5QCZ(5).

Case 3. [x1 —x(S)| < cg - dqgcz(s)-
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First, we consider Case 1. In this case, (4.42) holds with Jo = J. Hence, (4.43)
implies that

8q, < C(A)-(1—c(A)) T8q, for1<j<j <]
We define the sequence S := (Q1,...,Qj). The above estimate and (4.41) show

that S is an exponentially decreasing path joining Q to Q®x'ra,

Next, we consider Case 2. In this case, (4.42) holds with Jo = J. Hence, (4.43)
implies that

(4.44) 5q, < C(A)-(1—c(A) T8q, for1<j<j <T.

Recall that x(S) € Q¢4(S), and X7 = x(S)] < cg - Sqez(s). Hence, x5, €
(1 + 8cg)QC4(S). Since also X1 € QTH we see that (1 + ESCG)QTJr1 N1+
8cc)QC4(S) # 0, hence Q7q & QC4(S) thanks to (4.32).

Moreover, since |x; — x(S)]| is non-increasing, we have

extra X(

|X S)| = |X] —X | < |X]+1 —X(S)| § CGg - 6QCZ(5)

Recall that x(S) € Q¢4(S). Hence, the above estimate shows that x®*%a ¢
(14 8c)QC4(S). Since also x°X"@ ¢ Q%2 we see that (1 4+ 8cg)QC4(S) N
(1 +8cc)Qe ™ £ (), hence QCZ4(S) +» Q°*¥® thanks to (4.32).

We define the sequence

= (Qh Qlw . ~)Q:) = (Q1,Q2y..., QT, QT+1’ QCZ(S), QeXtra)_

From (4.41), we see that Q] “ QJH 1<j< T— 1), hence o) . and 85 . differ

by at most a factor of 64, thanks to good geometry. Comblned with (4 44), this
shows that S is an exponentially decreasing path joining Q to Q®x'ra,

Lastly, we consider Case 3. In this case, Q1 < QC4(S) and Q¢4(S) « Q&b
as in the discussion of Case 2. Hence, the exponentially decreasing path S :=

(Q] , QCZ(S), Qextra) jOiIlS Q to Qextra.

This completes the proof of Lemma 43. O
A cube Q € CZ is called interstellar provided that
(1+3cg)QNE=0 and diam(A'QNE) <A '%q.
Any cube Q € CZ that is not interstellar will be called non-interstellar.

ALGORITHM: TEST AN INTERSTELLAR CUBE

We perform one-time work at most C(A)NlogN in space C(A)N, after which
we can answer queries.

A query consists of a cube Q € CZ.

The response to the query Q is as follows. We first determine whether Q is
interstellar. If it is, then we find an index 1 <1 < L such that S = S; = 3Q?D NE
satisfies

(4.45) cA'? - diam(S) < [x —x(S)| < CA~'0 . dist(S,E\ S),
for all x € (14 cg)Q. The query work is at most C(A)log N.



FITTING A SOBOLEV FUNCTION TO DATA I 355

Ezplanation. We determine whether Q is interstellar by computing diam(A'°Q N E)
and by testing whether (1 4+ 3cg)Q NE = ) using the BBD tree. We compute
diam(A'°Q N E) using the algorithm RCZ in Section 4.3. We use that A'°Q can
be expressed as the disjoint union of finitely many dyadic cubes of sidelength 8¢ /2;
see Remark 36. Similarly, we test whether (1 + 3cg)Q NE = 0 using the BBD
tree and the fact that (1+3cg)Q can be expressed as the disjoint union of finitely
many dyadic cubes of sidelength cgdq/2; again, see Remark 36. This computation
requires work and storage at most C(A)log N.

The proof of Lemma 6.3 in [18] shows that if Q is interstellar, then for some
cluster S we have (4.45) for all x € (1 +¢cg)Q.

It follows that S is a strong cluster and therefore S is among the clusters Sy
produced by the algorithm MAKE CLUSTER DESCRIPTORS. Hence, for any
x € (14+cg)Q we have S = 3Q N E, where Q is a dyadic cube such that 6@ €
8 - dist(x, E), 64 - dist(x, E)] and x € Q.

Therefore, given an interstellar Q, we can learn which Sy satisfies (4.45) as
follows:

e Let x be the center of Q.
e Compute dist(x, E) up to a factor of 2, using the BBD tree.
¢ Compute a dyadic cube Q with x € Q and 8dist(x, E) < 5@ < 64 dist(x, E).

e Using the algorithm FIND DESCRIPTOR CUBE, compute the descriptor cube
QP =DC(3Q NE).

e We know that QP will be one of our cubes QP produced by the algorithm
MAKE CLUSTER DESCRIPTORS. By a binary search, we find 1 such that

QCD — FD.
e Thus, we find the 1 for which S = S = 3Q¢P N E satisfies (4.45).
This process takes work < C(A)log N and uses at most C(A) calls to the CZ-
ORACLE. 0O
ALGORITHM: LIST ALL NON-INTERSTELLAR CUBES

Using work at most C(A)Nlog N in space C(A)N and making at most C(A)N
calls to the CZ-ORACLE, we produce all the non-interstellar cubes Q € CZ.

Ezplanation. We compute representatives (x.,,xZ) € Ex E (v = 1,..., Viax)
arising in the WSPD. These representatives have the property that, for each
(x’yx”) € E x E\{(x,x) : x € E}, there exists v such that

1
] x| < X
and Vpax < CN.

Let Q € CZ be non-interstellar. Then either (1 4+ 3¢g)Q NE # 0 or
diam(A'°Q NE) > A71%5q. In the second case, there exist two points x’,x” €
AT°QNE with [x’ —x"”| > A~198q. Hence, in the second case there exists v such
that x,,xJ € AT"QNE and |x}, — x| > A" 5q.
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We have shown the following: If Q € CZ is non-interstellar, then

3x € E such that x € (1 +3¢cg)Q, or
Jv such that xJ,xJ € AT"QNE and [x}, — x| > A" "84.

v

Thus, to list all the non-interstellar cubes we can proceed as follows:

For each x € E, find all the cubes Q € CZ such that (1 + 3cg)Q contains x.
There are at most C such cubes for each fixed x. We produce these cubes by
making at most C calls to the CZ-ORACLE.

For each v = 1,...,Vyax, find all the dyadic cubes Q such that x,,xI €
ATTQNE and 6g < A''|x{ —x{|. There are at most C(A) such cubes for each
fixed v.

We have produced a list that contains all the non-interstellar cubes, and con-
sists of at most C(A)N dyadic cubes. We now pass through this list and remove
any cubes that are interstellar. We then sort the remaining cubes and remove
duplicates.

Thus we have computed the list of all non-interstellar cubes.

The reader may easily check that our algorithm performs as promised in terms
of work, storage, and calls to the CZ-ORACLE. O

We now create a list USUAL-SUSPECTS, consisting of all keystone cubes and
all non-interstellar CZ cubes, and all the cubes Q{*™ produced by the algorithm
MAKE AUXILIARY CUBES.

There are at most C(A)N cubes in the list USUAL-SUSPECTS, and we can pro-
duce the list using work < C(A)NlogN, storage < C(A)N, and at most C(A)N
calls to the CZ-ORACLE.

We assume that our list USUAL-SUSPECTS is sorted so that Q,Q’ € USUAL-
SUSPECTS and 8g < 8¢/ = Q precedes Q' in the list USUAL-SUSPECTS. Thus, all
the smallest cubes are located at the beginning of the list. We may also assume
that the list USUAL-SUSPECTS contains no duplicates.

This can be achieved by doing extra work at most C(A)N log N in space C(A)N.

In preparation for the next two algorithms, we prove a small lemma.

Lemma 44. Fir constants A* > 1 and 0 < a” < 1. Suppose we are given finite
sequences

1 ] <] [1]
S8, 8

M] . <[M] ¢[M] [M]
SM s M 8 L8 iy

of positive real numbers. Assume
. 5E<]§A#,(]_a#)efe’6y’<] for1<k<M and]ﬁf’gfgl_“‘],
e s < —a )M fr1 <M

e S =M forT<k<M 1.
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Then the sequence

1 1 2 2 3 3 —1
(87t e et e el e e e )
= (5],52,...,5])
satisfies o
& < (A*)2.(1—a®)Y T8 for1<i <j<].
Proof. Let 1 <j’' <j <.
First, suppose that §; = 6?(] and &5, = 6%] with 1<k <Mand1<{ <<

L. Then we have

5; =6 < A*.(1—a#) sl = A% . (1 —a#) 5.

We consider the remaining case. Namely, suppose that 6; =6 Ek] and 0j/ = 6%/]
with 1<k’ <k<M,1<¢<L¥ and 1< <L¥. Then we have

8 =8 < A% . (1—a#)t 15l = A% (1 )50

-1 =111 ([k—1]
<A#* . (1—a®)" (1 —a®)t & .

Now, iterating the above reasoning we obtain

(k—1]-1 K11 _q [k +1]

(1= af)t 5
(k]

e
L0 11 Ll g ]
(1= a#) (1— a#) 5y,

85 =8 < AF.(1—a#)T(1 - a#)t

=111 L1 4

=A% . (1—a®)" (1 —a¥) (1 —a®)

[k—1]—1

1
< (AF)P(1—a®) (1 —a®)"
= (A#)z . (1 — a#)]*] 6]'/.

This completes the proof of the lemma. O

ALGORITHM: MARK USUAL SUSPECTS

We mark each cube Q appearing in the list USUAL-SUSPECTS with a keystone
cube K(Q) such that Q is joined to K(Q) by an exponentially decreasing path.
That is, there exists a finite sequence of CZ cubes

Q=Q1 = Q2 -+ Qrqg) =K(Q)
such that
8q,, < C(A)- (1 —c(A) g, for1 << <L(Q).

We do not compute Q1,...,Qr(q)—1, but we guarantee that they exist.

If Q is keystone, then we guarantee that £(Q) = Q.

The algorithm does work at most C(A)Nlog N in space C(A)N, and it makes
at most C(A)N calls to the CZ-ORACLE.
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Explanation. For each Q in the list USUAL-SUSPECTS we will compute a keystone
cube K(Q) € CZ such that we guarantee that there exists a list of sequences of CZ
cubes

51:( 5”3---» E[]H))

SZ :< EZ]a---» [LZ[]Z]))

[M] M]
Sm = ( 1 »~-~»QL[M])»
with the following properties.
e The initial cube of St is Q and the terminal cube of Spm is K£(Q), i.e.,

[1] M]
1= and Qv = K(Q).
e The terminal cube of a sequence matches the initial cube of its successor:

Moo= for 1<k<M 1.

e Each sequence is connected and exponentially decreasing:

[k] [k] [k]
Qi «Qy & Qi

and

o for1 <@ <e<LM,

O i < Cyp- (1 —C#)eieléQ[
4 1%

Q
Moreover, we guarantee that

Here, c4 € (0,1) and Cx > T are controlled constants. In this discussion, a
“controlled constant” is a constant that depends only on A, K, and n.

If these conditions hold, then we say that Q and K(Q) are connected by a chain
S1y...,SMm with constants cx and Cx.

By concatenating the sequences Sy,...,Sm we obtain a sequence of CZ cubes
as in the algorithm MARK USUAL SUSPECTS, with C(A) = (C4)? and c(A) = c4.
See Lemma 44. Thus it suffices to compute a keystone cube K(Q) and verify the
existence of a suitable chain for each Q in the list USUAL-SUSPECTS.

Recall that the cubes in USUAL-SUSPECTS are sorted according to their size.
We loop through all the Q in USUAL-SUSPECTS, starting with the smallest cubes
at the beginning of the list. We will compute K(Q) in the body of the loop, which
is presented below.

We fix Q in USUAL-SUSPECTS. By induction, we may assume that for each Q’
in USUAL-SUSPECTS with g/ < 8g we have computed a keystone cube £(Q') to
which Q' is connected by a chain with constants ¢4 and Cx.

We assume that c is less than a small enough controlled constant, and that Cx
is greater than a large enough controlled constant. We will later pick cx and Cy
to be controlled constants, but not yet.
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We perform the following procedure.

MAIN PROCEDURE

o We initialize Q"' = Q.

e Let Mpax be a large enough integer determined by A, K, and n, to be picked
later.

e We perform the following loop: for (k=1,...,Mpax — 1)

{

}

— We execute the algorithm KEYSTONE-OR-NOT to produce one of two

outcomes.

(Outcome A) We guarantee that QI is a keystone cube. We then
return the cube Qout = Q[k] indicating that it is a keystone cube, and
terminate the loop.

(Outcome B) We witness that Q¥ fails to be a keystone cube: We
compute a cube Q¥+ ¢ CZ with dquesn < léQ o and QU+

KQM £ 0, such that there exists a sequence Sy = ( [k], R [Lk[]k]) of
CZ cubes, with L™ < C(K) and

k [k] [k] [k] k+1]
Q[ ] _ PN Q RPN Q Q[ +

Lkl —
such that
5 g < CA) - (1T—=c(AN" Y8 . for1 <@ <e<LM,
Qe Q.7
Combining the estimate 6Qm < 6 ) with our bound on L™, we
(k]
see that '

L0 _q
5Q[L[1k] < (1—¢(A)) '5Q[]k].

Here, ¢(A) and C(A) are controlled constants.

If k = Mpax — 1 then we return the cube Qout = Q[ max] - Using the
algorithm KEYSTONE-OR-NOT, we determine whether Qo is a keystone
cube, and after indicating the result to the user we terminate the loop.

We will now analyze the output of the MAIN PROCEDURE.

Suppose that the MAIN PROCEDURE returns Qout = Q[MO] with 1T < My <
Mnax. Recall that the MAIN PROCEDURE indicates whether Q[MO] is keystone.

According to the construction in the MAIN PROCEDURE, the following MAIN
CONDITION holds: there exists a chain connecting Q = Q" to QMo! with con-
stants c(A) and C(A).

(If My = 1 then a trivial chain connects Q to Q"' = Q.)

The construction proceeds in three cases below.

Case 1. Suppose that Q!Mol is keystone. According to the MAIN CONDITION, Q
is connected to the keystone cube Q™¢) by a chain with constants cy and Cy.
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Here, we assume that cx < c(A) and Cx > C(A). Therefore, we can define
K(Q) = Q[MO] and the requisite properties listed in the bullet points at the
beginning of the explanation will be satisfied. This concludes the analysis in Case 1.

Note that, if Q is keystone, then My = 1 and Q! = Q. To see this, just
examine the MAIN PROCEDURE. Hence, K(Q) = Q when Q is keystone. This
proves one of the conditions in the algorithm.

In the remaining cases, Q™e) is not a keystone cube. We then have My =
Muax because the loop on k cannot terminate early. Hence, by construction,
Q[Mma"] is mot a keystone cube, and

(4.46) 8o Mmaxt <27 8 iMmar 1 < oo e <27 Mmct g oy = 27 Mt T g o

We can determine whether Q™Mmax) appears in the list USUAL-SUSPECTS using
a binary search. This takes work at most C(A)logN.

Case 2. Suppose that QMmaxl is in the list USUAL-SUSPECTS. From (4.46)
and since M. > 2, we have 5Q[mel < 176Q, hence Q[Mma"] precedes Q in
the list USUAL-SUSPECTS. By induction hypothesis, we have computed a keystone
cube K(QMmax]) to which QMmaxl is connected by a chain with constants c4
and Cyx. Moreover, another chain connects Q to QMmaxl (by the Main Condition).
By concatenating these chains, we see that Q is connected to (QMmaxl) by a chain
with constants cy and Cyx. Here, we require that cx < c(A) and Cx > C(A).
We may thus define K(Q) := K(QMmax) and the requisite properties are satisfied.
This concludes the analysis in Case 2.

Case 3. Suppose that QMmaxl is not in the list USUAL-SUSPECTS. Then
QMmax is interstellar, since all non-interstellar CZ cubes appear in the list USUAL-
SUSPECTS. Using the algorithm TEST AN INTERSTELLAR CUBE, we determine a
value of 1 such that

cA"0 . diam(Sy) < [x —x(S1)| < CA'0 . dist(S, E\'Sy) for all x € (14cg)QMumaxl,

By definition, the cube Qfi* := Q¢*'r appears in the list USUAL-SUSPECTS.
By Lemma 43 there exists a sequence of CZ cubes Q7 =+ --- <5 Qr such that

Qi = QM) QL = Q™ and
5q, < C(A) - (1—¢c(A) Y 8q,, for 1< <<,
for controlled constants ¢(A) and C(A).
Hence, 8gfin < C(A)éQ[Mmax] < C(A)Z*Mma"éQ. We pick
Mmax > log, (C(A)) + 1,
and thus we obtain the estimate §gnn < %6Q.

Now, there exists a sequence of CZ cubes 61 e Qi such that Q1 =

Q, Q~ = QMuwaxd and L < C(A ) for a controlled constant C(A). This is a
consequence of the construction in the MAIN PROCEDURE. We concatenate the
sequences (Q@)1 <t<i and (Q¢)i<e<r. The resulting sequence (Q1, . QL) satisfies

. Q1 =Q, and Qf = Qfin,
L4 QgHQng] for 1 S@ST_\
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CSC(A) (1= (AN 8q,, for 1</ <0<L
54 .

Q)

S
o 5~

INA
N[—

© 1
Here, ¢’/(A) and C’(A) are controlled constants. The last two bullet points imply
that N
5o, < (1—c"(A)"5q,

for a controlled constant ¢”/(A) < c¢/(A). Hence, Q is connected to Q" by a chain
(in fact, the chain consists of a single sequence) with constants ¢”/(A) and C’(A).

Moreover, since dgan < 176Q, we know that Q™ precedes Q in the list USUAL-
SUSPECTS.

By induction hypothesis, we have computed a keystone cube K(Qf") to which
Q" is connected by a chain with constants c4 and Cg. Moreover, as shown
above, Q connects to Q" by a chain with constants c¢”/(A) and C’(A). Hence, Q
connects to (Qfi") by a chain with constants cy and Cyx. Here, we assume that
cy < c”(A) and Cy > C'(A). We may thus define £(Q) := K(Qf") and the
requisite properties are satisfied. This concludes the analysis in Case 3.

We review what we have achieved. By looping over all the cubes Q in the
list USUAL-SUSPECTS (sorted by size), we have computed for each Q a keystone
cube K(Q), and we have verified that Q is connected to K(Q) by a chain with
constants cx and Cx. We may choose cx and Cy to be controlled constants.
As mentioned before, by Lemma 44, there thus exists an exponentially decreasing
path connecting Q to K£(Q).

The reader may easily check that our algorithm performs as promised in terms
of the work, storage, and number of calls to the CZ-ORACLE

This concludes the explanation of the algorithm MARK USUAL SUSPECTS. O

MAIN KEYSTONE CUBE ALGORITHM

We perform one-time work, after which we can answer queries.
A query consists of a cube Q € CZ. The response to a query is a keystone

cube K(Q).

We guarantee the following:

» For each Q € CZ there is a finite sequence of CZ cubes

Q=Q e Qe = QL=K(Q)
such that

5q, < C(A) - (1 —c(A) " Y8g, for1< <(<L

 If Q is keystone, then K(Q) = Q.

e As part of the one-time work we compute a list called BORDER-DISPUTES,
consisting of pairs (Q,Q’) with Q,Q’ € CZ. A pair of CZ cubes (Q, Q')
belongs to BORDER-DISPUTES if and only if £(Q) # K(Q’) and Q «+ Q’. We
guarantee that the list BORDER-DISPUTES consists of at most C(A) - N pairs
of CZ cubes.
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¢ The query work is at most C(A)log N. The query work makes at most C(A)
additional calls to the CZ-ORACLE.

¢ The one-time work is at most C(A)Nlog N in space C(A)N. The one-time
work makes at most C(A)N additional calls to the CZ-ORACLE.

Ezxplanation. As part of the one-time work, we execute the algorithm MARK
USUAL SUSPECTS. Hence, each cube Q from the list USUAL-SUSPECTS is marked
with a keystone cube K(Q), and we guarantee that there exists an exponentially
decreasing path connecting Q and K(Q). Furthermore, if Q is keystone, then we
guarantee that £(Q) = Q.

We now explain the query algorithm.

Let Q be a CZ cube. By a binary search, we can check whether Q belongs to
the list USUAL-SUSPECTS. This requires work at most C(A)logN.

If Q € USUAL-SUSPECTS, then we have precomputed K(Q) satisfying the first
bullet point. -

Note that all the keystone cubes are among this list of USUAL-SUSPECTS. Hence,
the second bullet point will always hold.

If Q ¢ USUAL-SUSPECTS, then Q is interstellar, since all non-interstellar CZ
cubes are among the USUAL-SUSPECTS.

Applying the algorithm TEST AN INTERSTELLAR CUBE, we compute an index 1
for which

cA'0 - diam(Sy) < x —x(S1)| < CA710 . dist(Si,E\ Sy) for allx € (1+¢g)Q,

where S; = 3QICD N E. Hence, for this index | we have
(4.47) (1+¢c)Q C H(Sy).

(See the definition of the halo H(S;) in (4.36).) This computation requires work
at most C(A)log N and uses at most C(A) calls to the CZ-ORACLE.

By Lemma 43, there exists an exponentially decreasing path of CZ cubes join-
ing Q to QP moreover, Q$*™ is among the USUAL-SUSPECTS. Therefore, we
have precomputed a keystone cube K(Q§*), to which Q{*™ may be joined by
an exponentially decreasing path.

We set £(Q) := K(QF**). Note that Q is joined by an exponentially decreasing
path to Q{’Xtﬁ and that Q{*" is joined by an exponentially decreasing path to
K(QP*™®). Hence, there exists an exponentially decreasing path as in the first
bullet point. The second bullet point holds vacuously. Indeed, all the keystone
cubes are among the USUAL-SUSPECTS, and Q is not among the USUAL-SUSPECTS,
hence Q is not keystone. -

Thus, we have succeeded in responding to the query Q.

We see that the work and the number of calls to the CZ-ORACLE in the query
work are controlled as required.
This concludes our explanation of the query algorithm.

Next, we explain how to generate the list BORDER-DISPUTES.
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Suppose that Q,Q € CZ, with Q « Q Assume that neither Q nor Q appears
on the list of USUAL-SUSPECTS. Then our query algorithm sets K(Q) := K(Q**")
and K(Q) := K(Q¥'™), where (1 +¢g)Q C H(S1) and (1+¢6)Q C H(S;), with
the usual definitions $; = 3Q{® NE and $; = 3QiCD NE. See (4.47).

We recall Lemma 6.5 in Section 6 of [18], which states that the halos H(S) are
pairwise disjoint as S varies over all the clusters.

Since (1+cg)QN(1 +C6)Q # 0, it follows that Sy = Sg, hence Q; = DC(Sy) =
DC(S7) = Qy, hence L =1.

Therefore, £(Q) = K(Q{*™*) = K(Q¥*™*) = K(Q).

Consequently, whenever Q, Q’ € CZ with Q +» Q" and K(Q) # K(Q’), either Q
or Q' is among the USUAL-SUSPECTS.

Using our list USUAL-SUSPECTS and the CZ-ORACLE, we can easily generate a
list of all pairs of CZ cubes

(4.48) [ (Q,Q') such that Q « Q' andQ or Q" € USUAL-SUSPECTS. |

There are at most C(A)N such pairs, and we can generate them, sort them
and remove duplicates with work < C(A)Nlog N in space C(A)N, making at most
C(A)N calls to the CZ-ORACLE.

Using our query algorithm, we can simply test each pair (Q, Q') satisfying (4.48)
to determine whether K£(Q) = K(Q).

This produces the list BORDER-DISPUTES, satisfying the third bullet point of
our algorithm. Since the are at most C(A)N pairs satisfying (4.48), the fourth
bullet point holds as well.

Note that we perform work < C(A)NlogN in space C(A)N, and make at
most C(A)N calls to the CZ-ORACLE, in pruning the list (4.48) to make the list
BORDER-DISPUTES.

This concludes our explanation of the MAIN KEYSTONE CUBE ALGORITHM. 0O

The one-dimensional case. We now assume that n=1. As noted before, Lemma 43
does not apply in this case. The cause of this failure is the fact that in one
dimension the halo H(S) has multiple connected components. Indeed,

H(S) ={y € R™: A -diam(S) < [y —x(S)| < A~" - dist(E\ S, S)}

is the union of two disjoint intervals.
We start by modifying the construction of x{*** and Q{*"# from the algorithm
MAKE AUXILIARY CUBES. Instead of the points x{*2 we define

X%Xtra’i _ X(Sl) + 4A . djam(sl).

This definition yields the following result, just as before.

* ALGORITHM: MAKE AUXILIARY CUBES (VERSION II). For each Q¥P, Sy =

3QFP N E, produced by the algorithm MAKE CLUSTER DESCRIPTORS, we
compute two points X"~ xP*"®F € H(S;) such that

2A - diam($1) < [ —x(S1)| < 8A - diam(Sy) for j € {+, ).



364 C. FEFFERMAN, A. ISRAEL, AND G. K. LULI

We guarantee that each of the connected components of H(S) contains one
of the points x{*"®~ x> We also compute Q7" and Q{*"®™*, the
CZ cubes containing x{*"®~ and x7*""»* respectively. The algorithm uses
work at most C(A)Nlog N in space C(A)N, and makes at most C(A)N calls

to the CZ-ORACLE.

We require the following result, which is a modified version of Lemma 43.

Lemma 45. Assume that n = 1. Let Q € CZ, and suppose that, for some
X € (] + CG)Q;

(4.49) cA' - diam(Sy) < [x —x(S1)] < CA'0 - dist(Sy, E\ S1).
Assume that j € {+, —} is chosen so that xf’ma’j and x belong to the same connected
component of H(Sy).

Then there exists an exponentially decreasing path S = (Q1,..., Q?) joining Q

to Qi:xtra,j )

To prove this lemma we mimic the proof of Lemma 43. Let x and X?Xtra’j be
as above. We apply Lemma 38 to the points x and xfxua‘j, which belong to the
same connected component of H(S;) according to hypothesis. Thus there exists a
sequence X1, ...,x; € H(Sy) such that x; = x and x; = Xfxua‘j, which satisfies the
remaining conditions described in the proof of Lemma 43. The remainder of the
argument follows the proof of Lemma 43 in an obvious way.

The remaining modifications necessary for the case n = 1 are described below.

¢ (Following algorithm LIST ALL NON-INTERSTELLAR CUBES, in the definition
of USUAL-SUSPECTS.)

The list USUAL-SUSPECTS consists of all keystone cubes and all non-interstellar
cubes, and all the cubes Q{*"® ™, Q"™ produced by the algorithm MAKE
AUXILIARY CUBES (VERSION II).

¢ (The explanation of the algorithm MARK USUAL SUSPECTS, in the analysis
of Case 2.)

We know that (1+¢g)Q’ C H(S1). We determine j € {+, —} such that xf’ma’j
belongs to the connected component of H(S;) that contains (1+cg)Q’. For
that L and that j, the cube Q" = Qthra‘j appears in the list USUAL-SUSPECTS,
and by Lemma 45 there exists a sequence of CZ cubes Q' = Q1 « Q2 ¢
-+ > QL = Q" such that. ..

We set £(Q) :=K(Q").

¢ (The explanation of the MAIN KEYSTONE CUBE ALGORITHM, in the analysis
of the case in which Q is not interstellar.)

We know that (T+cg)Q C H(S1). We determine j € {+, —} such that X(l%xtra,j
belongs to the same connected component of H(S1) which contains (14+cg)Q.

We know that Q can be joined by an exponentially decreasing path of CZ
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cubes to Q7" and that Q"™ is among the USUAL-SUSPECTS. Therefore,

we have precomputed a keystone cube K (Qfxma‘j ), to which Qfxma‘j may be
joined by an exponentially decreasing path.

We set K(Q) 1= K(Q™J).

¢ (The explanation of the MAIN KEYSTONE CUBE ALGORITHM, in the defini-
tion of BORDER-DISPUTES.)

Then our query algorithm sets K(Q) = K( (fxm“j) and £(Q) = K(Q%Xtm‘i)

where (1+ ¢cg)Q and x{"™’ are contained in the same connected compo-

)

nent of H(S;), and where (1 + CG)Q and X%Xtm‘j are contained in the same
connected component of H(S7).

Since (T +¢c)Q N (1+c¢cg)Q # 0, while the halos H(S) are pairwise disjoint
as S varies over all clusters, it follows that Sy = S;. Moreover, (1+4cg)Q and
(T+ce )Q are contained in the same connected component of H(S) = H(S;),

extra,j _ Xextra,]7

hence x; i . Thus we have 1 =1 and j = 5

Therefore, K(Q) = K(Q?Xtra’j) = K(Q%Xtra’i) = IC(Q)
This concludes the list of modifications required to treat the case n = 1.

4.6. CZ decompositions

4.6.1. Preliminaries.

Lemma 46. Let 0 < v < 1 with vy an integer power of two. Let CZ be a col-

lection of pairwise disjoint dyadic cubes. We assume either that CZ is a dyadic

decomposition of a unit cube Q° or that CZ is a dyadic decomposition of R™.
Assume that for all Q,Q’ € CZ with Q < Q’, we have ydq: < 8q <y '8qg’.

Then, for any Q,Q’ € CZ with (1+v/2)QN(1+v/2)Q’ # 0, we have Q < Q’.

Proof. We assume that CZ is a dyadic decomposition of Q°, where Q° is a unit
cube. The case in which CZ is a dyadic decomposition of R™ is treated similarly.
Let Q,Q’ € CZ satisfy (1+v/2)QN(1+v/2)Q" # 0 and g > dg+. For the
sake of contradiction suppose that Q and Q' do not meet. That is, we assume
that the closure of Q is disjoint from the closure of Q’.
Fix a point z € (1+v/2)QN (1 +v/2)Q’. Now,

aQ.Q) = inf h—x < inf e—zl+ '~z < (y/4)sq + (/43
x'eQ’ x'eQ’

where in the last inequality we use that z € (1 4+v/2)Q and z € (1 4+ v/2)Q".
(Recall that we use the {*° norm on R™.) Since g/ < 0q, we conclude that

d(Q,Q") < (v/2)dq.

Consider the subset

Do =|J{Q:QeC% Q- Q} cQ°.
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According to good geometry, each of the above Q satisfies 66 > v8qg. Thus,
because the cubes in CZ are a partition of Q°, we have

{yeQ°:d(y,Q) < (3y/4)-8q} C Dq.

Hence, since d(Q,Q’) < (v/2)dq, we know that Dq intersects Q. Therefore,
there exists Q € CZ with Q +» Q and QN Q’ # 0. Hence, because the cubes in CZ
are pairwise disjoint, we must have Q = Q’. Thus, Q' +» Q, which contradicts our
assumption that Q and Q' do not meet. This completes the proof of the lemma
by contradiction. O

4.6.2. Review of known results. We review several results from Sections 20-26
in [17]. In those sections, we are given the following data (see Section 20 in [17]):

e A finite subset E C R™, with #(E) =N, N > 2.
e A real number A, > 1, assumed to be an integer power of 2.
e For each x € E and A C M, a positive real number 5(x,.A). 3

These data define a family of Calderén—Zygmund decompositions of R™, called
CZ(A), indexed by subsets A C M.

Here, CZ(.A) consists of the maximal dyadic cubes Q C R™ of sidelength 6g <
A;] such that either

(a) #(5QNE) <1, or
(b) for some A" < A we have d(x, A’) > A5q for all x € EN5Q.
The following algorithm is presented in Section 26 of [17].

Given Ay, E, (8(x,A)) acm,xeE, we perform one-time work at most CN log N
in space CN, after which we can answer queries as follows.

A query consists of a subset A C M and a point x € R™. The response to the
query (A,x) is the one and only one cube Q € CZ(A) containing x. The work to
answer a query is at most ClogN. Here, C depends only on m and n.

We will make a slight change here by replacing 5Q by 3Q in the definition
of CZ(A) (see (a) and (b) above). This change affects nothing significant in the
relevant discussion in [17].

The only point worth mentioning is the proof of good geometry. Lemma 2 in
Section 21 of [17] asserts that if (14+2cg)QN(1+2c¢)Q’ # 0 with Q, Q’ € CZ(A),
then %6Q < 08qgs < 20qg. Here, cg > 0 is a small constant depending only on the
dimension n.

The proof of that lemma requires slight changes; the argument given in [17]
shows that 38q < 8g/ < 28q for any Q,Q’ € CZ(A) with Q + Q’. Thus,
applying Lemma 46 (with y = 1/2), we see that

[Q,Q/ € CZ(A), (1 +2cc)Q N (1 +2CG)Q/ #+ @] - %5Q < 5Q/ < 25Q.

This proves the “good geometry” of the cubes in CZ(A).

3We recall from [17] that Lemma 5 in Section 20 there makes use of a particular choice of the
d(x,.A), but that lemma has no effect on anything else in Sections 20-26 of [17]. Again, see the
remarks in the first few paragraphs of Section 20 in [17].
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4.6.3. A Calder6n—Zygmund oracle. Assume we are given the following data.

e We are given a finite set E C Q°, with Q° C R™ a dyadic cube of unit
sidelength; we assume that #(E) = N, N > 2.
S

e We are given a number A(x) (0,1] for each x € E. We denote A =

(A(X))X€E'

Given the data above, we define a Calderén—Zygmund decomposition CZ(&)
of Q° as follows: CZ(A) consists of the maximal dyadic cubes Q C Q° such that
either #(EN3Q) <1 or A(x) > 8¢q for all x € EN3Q.

ALGORITHM: PLAIN VANILLA CZ-ORACLE

Given E, A as above, we perform one-time work at most CN log N in space CN,
after which we can answer queries.

A query consists of a point x € Q°. The response to the query x is the one and
only one cube Q € CZ(E) containing x.

The work to answer a query is at most ClogN. Here, C depends only on the
dimension n.

Ezxplanation. We take A, = 1 and §(x,.A) = A(x) for each x € E, A C M, and
we apply the query algorithm given in the previous section. O

Remark 47. As a special case, we can apply the PLAIN VANILLA CZ-ORACLE to
the “classic Whitney decomposition” of Q°, which consists of the maximal dyadic
subcubes Q C Q° such that #(EN3Q) < 1. In fact, we need only pick 6.,,., with
0 < dopant < ﬂwminﬂx —y| : x,y € E,x # y}, and then take A(x) = 8., for
all x € E.

Such a number §.,,,; may be computed with one-time work < CN once we have
the well-separated pairs decomposition available. The classic Whitney decompo-
sition coincides with CZ(&). We will use the Oracle for this decomposition in a
later section.

We close this section with an easy generalization of the PLAIN vaANILLA CZ-
ORACLE. We assume we have already defined a decomposition CZ,4 of Q° con-
sisting of pairwise disjoint dyadic subcubes. We make the following assumptions:

e If Q C Q° is a dyadic subcube and #(EN3Q) < 1, then Q is contained in a
cube of CZ,,4.

e Good geometry: If Q,Q’ € CZyq and Q + Q' then %SQ <0qgr < 20q.

e We have available a CZ,,-ORACLE: Given a query point x € Q°, the CZ,,-
ORACLE returns the one and only one cube Q € CZ,, containing x.

We define a decomposition CZyeyw of Q° to consist of the maximal dyadic cubes
Q C Q° such that either Q € CZ,, or A(x) > 8¢ for all x € EN3Q.
We clearly see that the decomposition CZyeyw has good geometry, namely

1
I Q Q" € CZuew and Q & Q' then 35q < 3q/ < 280.
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Applying Lemma 46 with y = 1/2, we obtain
(4.50)

If Q,Q" € CZpew and g—ZQﬂ g—ZQ' # 0, then Q « Q' and %6(2 < dqr < 28q.

We finish this section with the following algorithm.

ALGORITHM: GLORIFIED CZ-ORACLE

Given E and A as above, we perform one-time work at most CNlogN in
space CN, after which we can answer queries.

A query consists of a point x € Q°. The response to the query x is a list
containing all the cubes Q € CZ,., such that x € g—i

We answer the query using at most Clog N computer operations as well as at
most C calls to the CZ,q-ORACLE.

Explanation. First, given x € Q°, we show how to compute the unique cube
Qx € CZpew containing x. In fact, Qy is simply the larger of the following two
cubes:

e The cube returned by the CZ,,-ORACLE in response to the query x.

e The cube returned by the PLAIN VANILLA CZ-ORACLE applied to A =
(A(x))xeE in response to the query x.
The above computation requires work at most Clog N and one call to the CZgq-
ORACLE.
Next, given x € Q°, we show how to compute a list of all Q € CZpey such
that x € g—iQ. To do so, we first compute the cube Qx € CZycw containing x.
By (4.50), our desired list of cubes consists only of dyadic cubes Q C Q° such that

[xe gQ and %5% <50 <250, .

There are at most C such cubes, and we can easily list them all.

Now, we test each such Q to see whether Q € CZpew. To do that, we just
compute the one and only one cube Q € CZyey containing the center of Q, and
we check whether Q = Q.

This completes our description of the GLORIFIED CZ-ORACLE. It is trivial
to check that the algorithm works, and that the one-time work, query work, the
storage, and the number of calls to the CZg1q-ORACLE are as promised. O

4.6.4. Basic algorithms. In the present section and in the next section (Sec-
tion 4.6.5), we assume that we are given the following.
e A finite set E C ;—ZQO, with Q° a dyadic cube of unit sidelength in R™, such
that N := #(E) > 2.
¢ A collection CZ consisting of dyadic cubes Q C R™. We assume that CZ is
locally finite, i.e., any given compact set S C R™ intersects a finite number
of cubes Q € CZ. Furthermore, we assume

1
(Good geometry): if Q «» Q" and Q,Q’ € CZ, then géQ < 0qr < 80q.
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e We assume we are either in
Setting 1: The cubes in CZ partition Q°, or
Setting 2: The cubes in CZ partition R™.

e We assume that a CZ-ORACLE is available. The CZ-ORACLE accepts queries.
In Setting 1, a query consists of a point x € Q°; in Setting 2, a query
consists of a point x € R™. Given a query x, the CZ-ORACLE produces a
list of the cubes Q € CZ such that x € g—iQ. This requires work at most
C-logN.

We see that CZ satisfies the hypotheses of Lemma 46 with y = 1/8. Thus,
1
(4.51) If —QO Q # (@ and Q,Q’ € CZ, then Q + Q' and 86Q < 8qg/ < 88q.

Let Q € CZ and Q € CZ\{Q} be given. Let xq be the center of f Q. Suppose
that £Q NB(xq,d) # 0 for some 0 < & < & min{d, 8o - Then 2Q N £Q # 0.
From (4 51), we see that 0q and b3 differ by at most a factor of 16 Thus,

because Q and Q are disjoint dyadic cubes, we have
d 16 > 1 —0F
(XQa Q) Q 32°Q

(Recall, distances are measured using the ¢*° metric.)

However, our assumption that 6 2Q N B(xq,d) # 0 implies that d(xq,Q) <
5+ 646Q < 326 This Contradlctlon establishes

(4.52) if Q,Q € CZ and Q # Q, then B(xq,8) N 2—26: () for & < 1

o min{éa, dq)-

Under the above assumptions, we give the following algorithms.

ALGORITHM: FIND NEIGHBORS

We can answer queries as follows. A query consists of a cube Q € CZ. The
response to the query Q is the list of all cubes Q' € CZ such that Q' «~ Q. To
answer the query requires work at most Clog N.

Ezplanation. We first explain how to test whether a given dyadic cube Q" C R™
belongs to the collection CZ. In Setting 1, it is necessary that Q' C Q°. Assuming
that this is the case, we examine the center xg/ of Q’. We query the CZ-ORACLE
on xq- to produce the list of all cubes Q € CZ with xg/ € %Q. This list contains
at most C cubes, thanks to Good Geometry. Note that Q' belongs to this list if
and only if Q' belongs to CZ. We can check the former condition using work at
most C.

Let Q € CZ be given. We wish to list all the Q" € CZ such that Q' + Q.
According to good geometry, each such Q' also satisfies %6Q <dqr < 85qg. Wecan
list all the dyadic cubes Q' with Q” «» Q and §8q < 8¢+ < 85¢. We remove from
this list those cubes that do not belong to CZ. We return a list of the remaining
cubes.
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This completes our description of the algorithm FIND NEIGHBORS. It is easy
to check that the algorithm operates as promised, and that the amount of work is
as promised. O

ALGORITHM: FIND MAIN-CUBES

After one-time work at most CN log N in space CN, we produce the collection
of cubes CZyain :={Q € CZ: %Q NE # 0}. We mark each cube Q € CZpyain with
a point x(Q) € %Q NE.

Ezxplanation. We loop over x € E. For each point x € E, we list all the cubes
Q € CZ such that x € g—ZQ. This requires N calls to the CZ-ORACLE. For each Q
obtained above, we set x(Q) := x for the relevant x. Thus, we produce a list of all
the cubes in CZp,in, possibly containing duplicates. After sorting this list, we can
find and remove duplicates, and obtain our desired list of the cubes Q € CZyin
marked by points x(Q). O

4.6.5. Partitions of unity. Aside from a decomposition CZ satisfying the con-
ditions laid out in Section 4.6.4, we assume that we are given a cube Q C R™, and
real numbers 0 < T < 1/64 and A > 1. We are also given a finite subcollection
Q C CZ with the following properties:

(4.53) For each x € Q we have x € (1+7/2)Q for some Q € Q.
(4.54) 8 < Adg for each Q € Q.

(We do not assume here that Q is dyadic.)

By (4.51), we see that the collection {£2Q : Q € Q} has bounded overlap,
meaning that for each Q € Q there are at most C cubes Q' € Q such that
g—iQ N g—i "+ (). Here, C depends only on the dimension m.

For each Q € CZ we choose a cutoff function éQ € C™(R™) such that
o supp(@Q) c(1+ ‘Z—F)Q .
o 5Q >0 on R™.
e 0g>1/20on (1+3)Q.
¢ [0%0q(x)| < C(F) - 85 for x € R™, [ < m.
We choose §Q to depend only on Q and T.

We assume the existence of a query algorithm for éQ. For instance, we can
take O¢g to be a tensor product of univariate splines, in which case the next algo-

rithm is trivial.
ALGORITHM: COMPUTE CUTOFF FUNCTION

Given a cube Q € CZ, a point x € Q°, and 0 < T < 1/64, we compute the jet
Jx(0q) using work and storage at most C.

In the next lemma we use the cutoff functions éQ to construct a partition of
unity. Recall that xg denotes the center of a cube Q.
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Lemma 48. There exists 98 € C™(R"™) for each Q € Q, such that

O 3r
(4.55) supp 98 C (1 + Z)Q,
.56 Q(x <CE) -85 forx € R™, |af <m,
4 %08 (x)| < C(7) -5, forx € R™, |a
(4.57) 1= Z 68 on Q.
Qe

Moreover, GQ =1 near xqg and GQ =0 near xq+ for all Q" € O\ {Q}.
Here, the constant C(T) depends only on T, m and n.

Proof. We set
= Z éa(x) for x € R™.
QeQ
Because 56 > 1/2 on (1+7/2)Q, the condition (4.53) implies that ¥ > 1/2 on Q
We can easily see that

65
(4.58) 0%W(x)| < C(F)5,™ forx e 2QQEQ laf<m.

More precisely, since supp(éé) C 245‘6, any cube Q € Q that contributes to

the sum defining ¥(x) must satlsfy Q N 26 # 0. (Recall that x € g—i 2
Moreover, 66 and 0q differ by at most a factor of 16 for any such Q; see (4.51).
Hence, (4.58) follows from (4.56) and from the fact that the sum defining W(x) has
at most C nonzero terms for each fixed x, a consequence of the bounded overlap
of the cubes in Q.

Let 1 € C™([0,00)) be a function with n(t) > 1/4 for t € [0,1/2), and n(t) =
for t > 1/2. Let Q € Q. We define

_ 8a(¥)
noW¥(x)’

Clearly, supp 98 C supp §Q C (1 +37/4)Q. Moreover, (4.58) implies that

a function in C™(R™).

0% oW (x)] < C(F5,™ forx e %Q, o < m.

Using that n o W(x) > 1/4, we obtain

_ 65
003 (x)| = ‘a“[n OW}(X)‘ < C(M8, forx e o Q laf<m.
Finally, note that

O 0o(x) ¢ Oo(x) A
(4.59) Q%QGQ(X)(%HOMX)Z e =1 forxeQ.

(Here, we use the fact that noW¥(x) =W¥(x), since ¥ > 1/2 on Q)
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Recall that 6%2 0 and that supp(eg) C £Q for each Q € Q. Thus, from (4.52)

and (4.59) we deduce that there exists & > 0 such that 68 =1 on B(xq,d) and

68 =0on B(xq/,d) for every Q" € O\ {Q}.
This completes the proof of the lemma. O

Lemma 49. Given a function Fo € X((1+7)Q N Q) for each Q € Q, we define

F:= Z FQGS on Q, with 98 as in Lemma 48.
QeQ

Then, given a polynomial Pq € P and a point yg € Q for each Q € Q, we have

P = . P —mp _ P
IFIR ) < CAT - | 3 IRl 1 mr0na) 80" IFe = Pall, 1imr0na)]

QeQ
(4.60) + ) > SRR (P — Po ) yQ)P)
Q.Qce  IBl<m-1

(14+T)QN(1+7)Q'#0

Here, the constant C(A,T) depends only on ¥, A, m, n, and p.

Proof. Let Q' € Q be given, with Q N (1 + Q! #0.
Let x € Q N(1+%)Q’. Recall that ZQEQBS =1 on Q, hence
F=Fq + ) 03-(Fq—Fq/) onQ.
QeQ

Differentiating the above equation, for |¢| = m we have

OF(X) =0%Fu(x)+ )} coeff(B,y) - 3P (Fq — For)(x) - 9703 (x).
QeQ B+vy=«
(1+3TT)Q9X

There are at most C nonzero terms in the above sum, thanks to bounded overlap
of {(1+7)Q:Q € 9} R

Let Q € Q be such that (1 + 37/4)Q > x. Note that x € QN (1 +7)Q and
xeQN(1+7Q".

In the above sum, if || = m then B = « and y = 0. These terms are bounded
in magnitude by [0%Fq (x)| + [0%Fq- (x)|.

In the above sum, if || < m — 1 then we have

08 (Fq — FQ ) (x)| <[9P (Fq — PQ) (x)| + 8P (Pq — Pq ) (x) + [P (Fq: — Pq/) (x)I-

Since Q N (14 37/4)Q # 0 and dg < Adg (see (4.54)), the sidelengths of the

rectangular box Q N (1 +7)Q are comparable to dg (up to a constant factor
depending on T, A and n). Similarly, the sidelengths of the rectangular box Q N
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(1+7)Q’ are comparable to dg/. Thus, by an easy rescaling argument, Lemma 10
shows that
0P (Fq — Po) (%)

—a me Bl
< C(AT) (5Q "IFQ = Pallir(14mqna) + 9
')

|aB FQI— (X)|

IR T m—
< C(A,7) - (6Q’ "lIFor =Pl (1470 na) T 00

v HFQ”X (1+7)QNQ) )

Bl—%
TRl mena)-

If p +v = « then |y| = m —|p], hence

07031 < C(A,T) - 55 = C(A,T) - 58 ™.

Hence,

P°F(x)| < C(A,T) ) {\a“FQ(x)|+5gm7||FQ—PQHU,((HF)QQQ)

QeQ
(1+7)Q>x

n

- 1Bl
+8q" [Fallx(rimanay + D 10F(Po—Pa )l 8§ m}
Bl<m—1

(note that the cube Q' enters into the above sum)
— —-m—3
< C(A,T) Z [‘a“FQ(X”‘FéQ ! ||FQ_PQHU»((1+?)QmQ)

QeQ
(1+7)Q>x

N IBI-
+8q" [Fallx(rimanay + 2 10F(Po—Pa)ya)l-8q m}

[Bl<m—1

(note that yo € Q and x € (1 +7)Q, hence yg — x| < Cdq; thus, the above
inequality follows from Lemma 7).

We now raise each side to the power p, integrate over Q N1 g)Q and sum
over |&| = m. Thus we obtain

F P B < T |: F P =
IFll @14 370 < CAT) Q%g IFQllz (149 qna)

(1+7)Q'N(1+T)Q#£0
- (IBl—m)p+
+80"™ IFe = Pallyy (1imona) 2 10%(Pa =P )lyQ)lP 85" ™.
[Bl<m—1

Finally, summing over Q' € Q, we obtain the conclusion of the lemma, thanks
to (4.53) and the bounded overlap and good geometry of Q. O

We resume our discussion in [20].
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