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Estimates for Fourier transforms of surface
measures in R? and PDE applications

Michael Greenblatt

Abstract. An explicit local two-dimensional resolution of singularities
theorem and arguments based on the Van der Corput lemma are used to
give new estimates for the decay rate of the Fourier transform of a locally
defined smooth hypersurface measure in R3, as well as to provide new
proofs of some known estimates. These are then used to give L? bounds
on solutions to certain PDE problems in terms of the L? norms of their
initial data for various values of p and q.

1. Background and theorem statements

Let @ be a smooth two-dimensional surface in R3, and let a be a point on Q. We
consider the Fourier transform of a small portion of the surface near a, localized
using a smooth bump function supported near a. After a translation and rotation,
without loss of generality we may take a = (0,0,0) and assume that (0,0,1) is
normal to @ at the origin. In this situation, we are looking at the following, where
¢(x,y) denotes a smooth real-valued bump function supported near the origin and
where S(z,y) denotes the function whose graph is given by Q:

(1.1) T(A1, A2, \3) = /R2 eMS@y)tidaT+iday g1 4y de dy .

Technically this is the Fourier transform of the surface measure at (—Ay, —A2, —A3),
but to simplify notation we will consider T'(A1, A2, A3) as written here. Note that
S(0,0) = 0 and VS(0,0) = (0,0) due to our assumption that (0,0,1) is normal
to @ at the origin. When S(z,y) is flat to infinite order, one gets very poor decay
(if any) in A; when A3 = A3 = 0 and there can be other pathologies, so we always
assume that at least one partial 5‘?5‘55(0, 0) # 0. When Ay = A3 = 0, the function
U(M1) = T(M\,0,0) becomes a standard scalar oscillatory integral, and it is well-
known (see [2], Chapter 6) that when S(z,y) is real-analytic, if ¢ is supported
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in a sufficiently small neighborhood of the origin then as Ay — oo one has an
asymptotic development of the form

(1.2) U(/\l) =S, /\17E (ln /\1)m + O(AIE (ln(/\l))m) .

Here m = 0 or 1, and the pair (e,m) is independent of ¢ and determined by the
resolution of singularities of S(x,y) at the origin. The constant cg 4 will be nonzero
whenever ¢ is nonnegative with ¢(0,0) > 0. When \; is negative, then U(\) is
just the complex conjugate of U(|A1]). Thus an expansion of the form (1.2) in ||
also holds as \; — —oo0.

In the more general smooth case, in [8] it is shown there is always an (e,m)
with € > 0 and m = 0 or 1 such that for |A;| > 2 one has an upper bound

(1.3) U] < e[| (I [Ar])™ .

We stipulate that |A\;| > 2 to avoid trivial cases where one has to change the
formula due to the fact that In(1) = 0. This (¢, m) has the property that if ¢
is nonnegative with ¢(0,0) > 0, then (1.3) will not hold for (¢/,m’) with € > e,
or for ¢ = ¢ with m’ < m. It was then shown in [13] that most of the time
one even has a development of the form (1.2). It was shown in [18] for the real-
analytic case and in [12] for the general smooth case that there are always certain
“adapted” coordinate systems in which one can read off (e,m) in terms of the
Newton polygon of S(z,y), and criteria can be given to determine if one is in such
an adapted coordinate systems.

Note that in (1.1), if for a given § > 0 one has |Xz| + |[A3] > J|A\1| then if
the support of ¢ is sufficiently small (depending on §) the gradient of the phase
in (1.1) is nonvanishing throughout the support of ¢. Thus one can do repeated
integrations by parts and for any N one can quickly get an estimate of the form
IT(\)] < Cn|A|=YN. Thus one always assumes that |Aa|+|A3| < 6| A1] for some small
but fixed §. In part because of this, in much of the work concerning the oscillatory
integrals (1.1), people have viewed (1.1) as perturbations of U(\;) and proven
upper bounds of the form |T'(\)| < Cgg|A1|"“(In|A1|)™, where ¢ and m are as
in (1.2) or (1.3). In particular, in the real-analytic case, a theorem of Karpushkin
([14], [15]) says that one always has upper bounds of this form. In the smooth
situation, for the case where e > 1/2 such upper bounds are a consequence of [6],
and for the € < 1/2 situation these upper bounds are proven in [11] and [13]. One
can obtain stronger results if one restricts to specific classes of functions, such as
when the Hessian determinant is nonzero (where one has the strongest decay), the
convex case considered in [3] and [5], or the class of surfaces in [7]. Curvature has
often played a prominent role in such theorems. Other oscillatory integrals related
to surface measure Fourier transforms were analyzed in [10].

We now let p = (A2, Az), so that A may be written as (A1, p). Our first theorem
says that in the general real-analytic case, one has |T(\y, 1, p2)| < Cs.g || /2.
It goes beyond what follows from the perturbation results (Karpushkin’s theorem)
when e < 1/2.
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Theorem 1.1. Suppose S(xz,y) is real-analytic. There is a neighborhood V' of the
origin such that, if ¢ is supported in V', then for some constant C's we have the
following, where |u| denotes the magnitude of the vector (pu1, pi2) :

(1.4) T (A, g1, p2)| < Cos |l ™2 [[@ller vy -

It can be shown that for many specific phases one gets a better exponent
than 1/2 in (1.4), but 1/2 is the best exponent that holds for all phases, as can be
seen when S(z,y) is a function of x or y only. Typically one does not expect to get
a better exponent than 1. This is because that is the decay rate for nondegenerate
phases, so if one chooses ¢ supported in a small ball where V.S and the Hessian
determinant of S are nonvanishing one will get a decay rate ~ |u|~t, which can be
seen by examining the || ~ || range and letting |ul, [A1] — oo.

The next theorem will provide a new proof of the perturbation results for gen-
eral smooth phase when ¢ < 1/3. In the terminology of Varchenko [18] and later
papers, this corresponds to when the height of S is at least 3. Although such results
are known in the real-analytic case by [14] and [15], and in the general smooth case
by [11] and [13], we give a new proof here to illustrate that such theorems can also
be proven with an appropriate resolution of singularities theorem, without refer-
ence to adapted coordinates and so on. While there are certainly commonalities
between the proof of Theorem 1.2 and the arguments in [11] and [13], there are
also noteworthy differences due to the use here of the resolution of singularities
theorem of the next section and its consequences such as Lemma 2.2, as opposed
to the type of subdivisions made in those papers.

Theorem 1.2. Suppose S(x,y) is smooth and (e,m) is as in (1.3). If e < 1/3,
then there is a neighborhood V' of the origin such that if ¢ is supported in V then
for [A1] > 2 one has

IT(A1s s p2)| < Cs [~ (In A ))™ [ @llor vy -

Again the |A\1| > 2 condition is here to avoid concerning ourselves with trivial
cases where one has to change the formula due to the fact that In(1) = 0.

PDE applications. We now assume S(z1,22) is real-analytic on some open
ball B centered at the origin with S(0,0) = 0 and VS(0,0) = (0,0). Suppose f(x)
is a complex-valued function on R? such that f (¢) is L' and is supported in B.
Let F denote the Fourier transform, and define S(—i0) to be the operator such that
F(S(—id)f)(€) = S(€)f(€). When f is a function of (¢, 1, z5) we interpret this to
be this multiplier operator in the z; and x5 variables, with ¢ fixed. In Section 5,
using Theorem 1.1 along with the general real-analytic version of Theorem 1.2 (i.e.,
Karpushkin’s work), we will prove the following.

Theorem 1.3. Suppose (e,m) is as in (1.3) for a real-analytic S(x,y) ande < 1/2.
If B is sufficiently small, then the following holds. Let 1 < p < oo. For g such
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that g € CX(B), let f(t,x1,22) be the solution on R? to the partial differential
equation

(1.5) g_{(t’%xz) = i5(—10) f(t, 21, 22),

f(ovxl,IQ) = g(l’l,l'g).

Then if 1 < q < oo satisfies 1/qg—1/p+3/4 <0, there is a constant Cp 4,5 such
that one has the estimate

1Fllq < Cp.q.s ([t +2)<H/a=1PHID (In(t] 4 2)) /e t/er3/ g,

The same is true if 1/q—1/p+3/4 =0, as long as p # 1 and ¢ # co. Here, the LP
and L9 norms are in the x variables.

We have the condition € < 1/2 in Theorem 1.3 since when € > 1/2 one can get
a stronger result by relatively rudimentary means. Consider now the case where
S(z1,22) > 0 in a neighborhood of the origin, and consider the oscillatory integral
R()‘h M1, /4L2) defined by

R(A1, p, p2) = / e~ NS a2 FiE iy 60y 29) day dy .
R2

In other words, we replace the iA1 S (21, 22) in (1.1) by —A1.S(x1, 22). In Lemma 5.1,

we will see (by a much easier argument than those proving Theorems 1.1 and 1.2)

that if the support of ¢ is sufficiently small then for A\; > 2 one has an estimate

RO, pn, )] < Csomin(Ar“(In A)™, [l ).
Then, in analogy to Theorem 1.3, one has the following theorem.

Theorem 1.4. Assume S is real-analytic and nonnegative on a neighborhood of
the origin. If B is sufficiently small, then the following holds. Let 1 < p < oo.
For g such that g € C2°(B), let f(t,z1,72) be the solution on R? to the partial
differential equation

%(t, I, £82) = 75(77:(9)]0(15, ZIy, xg),

F(0, 21, 22) = g(x1, 22).

Then if 1 < q¢ < oo satisfies 1/q —1/p+ 1/2 < 0, there exists a constant Cp 4 s
such that for t > 0 one has the estimate

1llq < Cpug.s (¢ +2)*CI71PHYD (In(¢ 4 2)) 72 a=PHA2) g,

The same is true if 1/q—1/p+1/2 =0, as long asp # 1 and q # co. Here, (e,m)
is as in (4.1) for S(x,y), and the LP and LY norms are in the x variables.
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Note that in Theorem 1.4, (€,m) is as in (4.1) and not as in (1.3). By [8], these
may differ only when (¢, m) = (1,0) in (1.3); in this case the (¢,m) in (4.1) may
be either (1,0) or (1,1).

Theorem 1.4 can be used to relatively quickly give the following. Here [S(—i0)]°
refers to the operator with Fourier multiplier (S(£;,£2))° (we will only be consid-
ering it on £ domains where S(&1,&2) is nonnegative).

Theorem 1.5. Again assume S is real-analytic and nonnegative on a neighborhood
of the origin, and again let (e,m) be as in (4.1) for S(z,y). If B is sufficiently
small, then the following holds. Let 0 < § < €. For g such that g € C°(B), let
f(z1,22) solve the equation

(1.6) [S(~id))°f =g.

Then if p € [1,00) and g € (1,00] such that 1/q—1/p+1/243/(2¢) <0, one has
an estimate of the form

Hf”q < Cpg,8,6 HQHP-

When m = 0, the same is true if 1/qg—1/p+1/2+6/(2¢) =0, so long as p # 1
and q # 0.

The condition that § < € is needed in Theorem 1.5 for the statement to make
sense; if § > e then S(£1,&)° is not integrable on a neighborhood of the origin
and one cannot even automatically refer to the solution to (1.6).

Theorems 1.3-1.5 are not intended to give the best possible exponents, or in
the case of Theorems 1.3-1.4, the best possible powers of |¢| and In|¢|, for any
particular S(x,y). Rather, they are illustrations of how one may interpret in terms
of PDE theorems the combination of Theorem 1.1 and 1.2 or their analogues for
R(A1, p1, p2), in such a way as to give a result for any given S(x,y).

Because Theorem 1.3 is closely tied to the oscillatory integral estimates of
Theorem 1.1-1.2 and Theorems 1.4-1.5 are closely tied to the analogous estimates
of Lemma 5.1, previous results on such PDE problems have generally been those
that follow from surface measure Fourier transform theorems such as those in [6]
and [7].

However, in the nondegenerate case (that is, when the Hessian of S(xy,z2)
is nonvanishing), it is relatively easy to bound T (A1, A2, A3) and R(A1, p1, p2) in
a precise way because the phase functions are now nondegenerate. In this case,
an analogue of Theorem 1.3 would be LP to L? asymptotic decay estimates for
solutions to the homogeneous Schrodinger equation with initial conditions having
Fourier transform in C.(R?), an analogue of Theorem 1.4 would be correspond-
ing LP to LY asymptotic decay estimates for solutions to the homogeneous heat
equation, and an analogue of Theorem 1.5 would be analogous estimates for frac-
tional powers of the Laplacian. Theorems 1.3—1.5 can be then be viewed as gener-
alizations to when S(x1,z3) is degenerate.
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2. The resolution of singularities theorem

We next describe the resolution of singularities theorem that we need for this paper.
There have been various resolution of singularities algorithms used in classical
analysis problems in two dimensions, such as those of [16], [18], and the author’s
earlier work. For the purposes of this paper we will use a modification of the one
used in [9], which was influenced by both [16] and [18].

Suppose f(z,y) is any smooth function on a neighborhood of the origin such
that f(0,0) = 0 and such that the Taylor expansion of f at the origin has at least
one nonvanishing term. After a linear change of coordinates if necessary we may
assume that if k& denotes the order of the zero of f(x,y) at the origin then the
Taylor expansion »_ af fagxayﬂ of f at the origin contains both a nonvanishing
frox® term and a nonvanishing fory* term. We will now apply the resolution of
singularities algorithm of Theorem 3.1 of [9] in the following fashion. We divide
the xy plane into 8 triangles via the x and y axes as well as two lines through
the origin, one of the form y = ma for m > 0 and one of the form y = ma for
m < 0. For certain technical reasons, these two lines cannot be ones on which the
function fo(z,y) = >, 15— fapz®y® vanishes. After possible reflections about
the z and/or y axes and/or the line y = x, modulo its boundary each of the
triangles is of the form B, = {(z,y) € R?: 2 >0, 0 < y < ax}.

We now apply Theorem 3.1 of [9] to the (reflected) f(z,y) on the portion of B,
contained in a sufficiently small neighborhood of the origin. Actually, we apply
a slight variant. If in the first step of the proof of Theorem 3.1 of [9] one does a
coordinate change of the form (x,y) — (z,y + cx+ higher order terms), instead
we just do a coordinate change (x,y) — (z,y + cx). This has some technical
advantages; see the proof of Theorem 2.1d) below. Other than this, we do exactly
the algorithm of Theorem 3.1 of [9]. The following theorem is then a consequence
of Theorem 3.1 of [9].

Theorem 2.1. Suppose B, = {(z,y) € R?> : 2 > 0,0 < y < ax} is as above.
Abusing notation slightly, use the notation f(x,y) to denote the reflected function
f(£x,+y) or f(Ly,xx) corresponding to B,. Then there is a b > 0 and a positive
integer N such that if F, denotes {(z,y) € R? : 0 < 2 < b,0 <y < ax}, then
one can write F, = U cl(D;), such that for to each i there is a ;(x) with
¥i(xN) smooth and ;(0) = 0 such that after a coordinate change of the form
ni(x,y) = (x, £y + ¢¥i(x)), the set D; becomes a set D. on which the function
foni(x,y) approzimately becomes a monomial d;x®y®*, a; a nonnegative rational
number and B; a nonnegative integer as follows.

a) Dl ={(z,y) : 0 <z <b, gi(x) <y < Gi(z)}, where g;(z™V) and G;(z") are
smooth. If we expand G;(z) = H;z™i +- -, then M; > 1 and H; > 0, and consists
of a single term H;x™: when B; = 0. The function g;(z) is either identically zero
or can be expanded as h;x™i + ---, where h; > 0 and m; > M;.

b) If B; = 0, then g;(x) is identically zero. Furthermore, the D) can be con-
structed such that for any predetermined 6 > 0 there is a d; # 0 such that on D},
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for all 0 <1 < «; one has
(2.1) 10, (f omi)(@,y) — dici(c; = 1) -+ (; = L+ 1)a® ! < §|dy] ™!

This § can be chosen independent of all the exponents appearing in this theo-
rem. Furthermore, if one Taylor expands f o m;(z,y) in powers of x'/N and y
as Zaﬁ Fopx®y®, then oy < a+ M, for all (o, B) such that F, g # 0, with
equality holding for at least two (c, B), one of which is (v, 0) and another of which
satisfies 5 > 0.

c) If B; > 0, then one may write f = fi+ f4 as follows. The function fion;(x,y)
has a zero of infinite order at (0,0) and is identically zero if f is real-analytic.
The function fi on;(x™N,y) is smooth and there exists a d; # 0 such that for any
predetermined § > 0 (which can be chosen independent of the exponents appearing
in this theorem) the D} can be constructed such that on D}, for any 0 <1 < «; and
any 0 < m < B; one has

|00 (f1 omi)(x,y) — ai(ai — 1)+ (a; — L+ 1)B;(Bi — 1)
(2.2) (B = m D)y x| <6 dy | iy

d) If B; = 0 and we write ;(x) = k;x™ + -+, then either ¢¥;(x) = kx for
some ki, ¥i(x) = kjax + Lix® with s; = M; > 1 and l; # 0, or ¢;(x) = kix + L;x% +
higher-order terms (if any), where l; # 0 and M; > s; > 1.

Proof. Part a) is part of the statement of Theorem 3.1 of [9], other than the form
of the upper edge of D} when §; = 0, which is given in the proof itself. Part c) is
also contained in the statement of Theorem 3.1 of [9].

As for part b), a weaker version was proved in [9] using equation (3.4) of
that paper, and the stronger statement here also follows from that equation; if
one divides D! into finitely many subwedges of width ~ ez for small ¢ and
then does a coordinate change of the form (z,y — cz?) on each subwedge that
transfers its lower boundary to the z-axis, then if the subwedges are narrow enough,
equation (3.4) of [9] implies that (2.1) holds. Decreasing € ensures that ¢ can be
made as small as one would like. As for the last sentence of part b), although it is
not in the statement of Theorem 3.1 of [9] it is shown in the proof.

Part d) is a consequence of the fact that in the version of the algorithm here,
for a D with 8; = 0 one starts with a coordinate change of the form (z,y) —
(z,y + kix), k; # 0 if needed. If additional coordinate changes are needed, then
the second coordinate change is either of the form (x, +y + LixMi) with M; = s;
and we are done, or it is of the form (x,+y + ;% 4 possible higher order terms)
in such a way that the domains eventually giving a 5; = 0 wedge already are of
width cz™ for some m > s;. Further iterations of the resolution of singularities
process will only add terms of degree greater than s; and narrow the wedge further,
resulting in an M; > s;. O

The next lemma is a consequence of Theorem 2.1 we will need for our argu-
ments.
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Lemma 2.2. Suppose D; is such that 8; = 0. Then on [0,b] x [0, H;] we may write

fomi(z,a™y) = 2% ri(y) + Ei(z,y) .

Here r(y) is a polynomial that does not vanish on [0, H;| and there is a § > 0 such
that for any l > 0 there is a constant Cy such that E;(x,y) satisfies

|0LEi(z,y)| < Cu goito-t,

Proof. Again write f on;(x,y) = Za’ﬁ F, px®y®. By part b) of Theorem 2.1, the
minimum of a 4+ M;f3 in the sum above is a; and furthermore F,, o # 0. Let
qi(z,y) be the polynomial . /5. F, 52%y?. Then by mixed homogeneity we
may write ¢;(z,y) = z%¢;(1,y/2™). We now do a partial Taylor expansion of
foni(z,y) in the form

(2.3) foni(z,y) = q(x,y) + Z Fopx®y? +0(2F).
a;<a+M; <K

Here K is a large number determined by our arguments. We have an O(z*) and
not an O(z%) + O(y*) remainder term here because 0 < y < H;z™i on D/.. Next,
note that (2.3) implies

(24)  fom(aaMy)=aqLy)+ > Fapz® MY+ 00").
a;<a+M; <K

By Theorem 2.1b), there are positive constants e; and F; such that on (0, b] x [0, H;]
one has o

< | fomi(z,a™y)|
< o

So by dividing by % and taking limits as z — 0 in (2.4) we have that ¢;(1,y) # 0
for 0 <y < H;. Thus Lemma 2.2 holds if we take 7;(y) = ¢;(1,y) and «o; + ¢ to be
the least value of a + M;[3 for which F,, g is nonzero other than a;; each time one
takes an x derivative each term in the sum of (2.4) loses a degree in z, as does the
O(x®) term. Thus as long as K is chosen sufficiently large (depending on [) the
conclusions of Lemma 2.2 follow. O

<E;.

€

3. Proof of Theorem 1.1

Let k > 2 denote the order of the zero of S(x,y) at the origin. Doing a linear
coordinate change if necessary, we may assume that we have |p1|/2 < |p2| < 2|u1],
and also that the Taylor expansion d,S(x,y) =>4 Sapr®y” has a nonvanishing
Sk—102" ! term and a nonvanishing Sy ;C,lyl“1 term, and that the same as true
for 0,,S(z,y). We divide a small rectangle centered at the origin into 8 regions via
the lines y = ma and the x and y axes as in the beginning of section 2, and then
after reflections about the x or y axes and/or the line y = +x as necessary we
assume we are working on 8 domains of the form {(z,y) : 0 <z <b, 0 <y < ax}.
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We now apply Theorem 2.1 to each 9,S(x,y), where S(z,y) now refers to the
phase in the possibly reflected coordinates of its domain. Let {D;}?_; denote the
domains resulting from applying Theorem 2.1 on these domains; we include the D;
from all 8 domains in a single list. Where ¢ is a cutoff function supported on a

small neighborhood of the origin, define T;(A1, u1, 2) by

(3.1) TiNvspogi) = [ NS () di dy.
D;

To be perfectly clear, we are still abusing notation slightly in (3.1); S(z,y) denotes
the phase function in the reflected coordinates. Since |u2| ~ |u1] (in both the
original and reflected coordinates), to prove Theorem 1.1 it suffices to show that if
the support of ¢ is sufficiently small, then for each i there is a constant C' depending
on S such that for || > 2 we have

IT5 (A1, g1, p2)| < Cluz| 72 6l ey -

(If |u| < 2 one may just take absolute values and integrate to get the result). The 4
for which 7;(x) in Theorem 2.1 is of the form (z, —y + 1;(x)) are dealt with the
same way as the ¢ for which n;(z) is of the form (z,y+;(x)), so we always assume
n;(z) is of the latter form.

Write T (A1, i1, pi2) = T}H(A, p, p2) + T2 (Aq, pa, p2), where

(3.2) Til(Ahm,uz):/ eMS@y)Finrtinzy g ) d dy
{(z,y)€D;:|p2|>2[X10,S(x,y)[}

and

(3.3) TiQ(/\l,u1,uz):/ eMS@)timatiney g0 ) da dy.
{(,y)€Di:|p2| <2|\ 8, S(z.y) |}

We bound T} (A1, 1, pa) first. We rewrite the right-hand side of (3.2) as

J (10, () + i) S iy
{(z,y)€Di:p2|>2|X10y S(z,y) |}

1

3.4 X
(3.4) iA0yS(z,y) + i

d(z,y) dv dy.

Note that since |p2| > 2|A10,5(z, y)| in the domain of integration, in the above
integration we have [iA\10yS(x,y) + ip2| > |pe2|/2. This implies that we may in-
tegrate by parts in (3.4), integrating (iA19,S(z,y) + ipg)eM S @y timatinzy and
differentiating the other two factors. If the derivative lands on ¢(z,y), we take
absolute values and integrate, using that |1/(¢\10,S(x,y) + iu2)| < 2/|pe|. The
result is a bound of Cﬁ”(ﬁ”cl(v), a better bound than what we need. If the
derivative lands on 1/(iA10,S(x, y) + iu2), we obtain a term bounded in absolute
value by

10,5z, v)|
35 léllerw /
) {(z,y)E€D;:|u2|>2|A10y, S(z,y)|} (6y5(m,y)+u2)2

dxdy .
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Because of the linear coordinate change performed at the beginning of the argu-
ment, |5‘§S(x, y)| # 0 on the domain of integration of (3.5). Thus for fixed z, there
are boundedly many segments on which

|6yy5(ac,y)| -+ 6yy5(m,y)

(0yS(x,y) + p2)? (9yS(x,y) + p2)?

Oyy S(z,y)

. . 1
On each such segment one can integrate back + (R CETE to obtain Tosw e

similar to in the proof of the Van der Corput lemma. Since

1 1
— | <2—,
yS(x,y) + po |22

we get that (3.5) is bounded by C®H¢H01(v), the same bound as we had for the
other term. Lastly, we observe that the endpoint terms in the integration by parts
also give a bound of Cﬁ”d)”cl(v). Thus T} (A1, p1, pa) satisfies the bounds we
seek.

We now proceed to bounding T2(A1, i1, 12). The argument from this point on
is done somewhat differently if 5; > 0 or §; = 0 for the domain D;, where §; is as
in Theorem 2.1, which we recall we are applying to 9,S(x,y).

Case 1. ; > 0.

We decompose D; = Uj; 1. Djji, where
Diji, = {(z,y) € Dy : 2777 < <2779, 277 <y —yy(a) <277},

and we correspondingly define
(3.6)

Tizjlc()\l»ﬂlaﬂ2) = / eMS@yTinetingy gy de dy.
{(z,y)EDijr:|p2|<2|A10y S(z,y) |}

The second y derivative of the phase in (3.6) is A1 Syy(x,y), which by part ¢) of
Theorem 2.1 can be written as A1 8;d;x% (y—1;(x)) ~ +o(| Az (y—s ()% 1),
It is here that we use the real-analyticity condition; if the function is not real-
analytic then the error term might not be o(|A\; 2% (y — v;(z))?~!|) in the event
that the lower boundary of D) is the x-axis. We now apply the measure version
of the Van der Corput lemma (see [4]) in the y direction, integrate the result in z,
and we get that

(3.7 T2, 1, p2)] < Cll@llor vy 277 (|Ag| 712 270/ 2k (BimD)/2)

In order for (3.6) to be nonzero, there must be at least one point in D; ;) for which
lpo| < 2|A10yS(z,y)|. Since |A\19yS(z,y)| does not vary by more than a constant
factor on Djyji, this means there exists a C' such that if (3.6) is nonzero then on
all of Dj;, one has

| < CIND,S(z,y)| < C[\| 277075,
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Substituting this into (3.7), we get that
(3.8) T2 (A, i, )| < C [ pllon vy 277772 (|2

We now add (3.8) over all (j, k), resulting in a bound of a constant multiple of

[l crvylpal =2, Since |pa| ~ |p1l, this gives us the needed bound of a constant
times [|¢|lcr (v lpl =12
Case 2. 3; =0.

This time we decompose D; = U;D;; where D;; = {(z,y) € D; : 27971 <z <
277}, and we correspondingly define

Ti2j(/\1a 1, fh2) :/ e M@ y)tinatiny d(z,y) dx dy.
{(z,y)€Di;:p2|<2[A10y S (z,y)[}

Let y = =MFas We write T (A1, p, po) = T3 (Ars i, p2) + T55 (A1, p1, o), where

Tig}()\laulal&) =/ v é(z,y)
{(z,9)€D;;:|p2|<2|A10y, S(z,y)|, [A\10y S(z,y)+pa|>[A1|1/22-7}
(3.9) x eMS@y)timztinzy qo. gy
and
Ti‘;()‘laﬂlaﬂﬂ =/ v é(z,y)
{(@9)€Dij:| p2| <2[A18y S(2,)], [A18y S(w,y)+pa|<[A1[H/22797}
(3.10) x M S@y)Fimetinay gy gy

For Tf; (A1, g1, p2) we integrate by parts in y exactly as we did in (3.4)—(3.5), using
that |\9,S(z,y) + p2| > [Ai[Y22797 in place of [M\10,S(x,y) + pa| > |ual/2.
Instead of a bound of Cﬁ”qﬁHcl(V), this time we get the bound

. . 1
T35 (M, p, p2)| < C277 2o I¢llcr vy
(3.11) = C277 |\ [P M2 g oo .
Here the WW)H@(‘/) factor is from the y integration and the 277 factor

is from the subsequent x integration. Like in Case 1, if (3.9) is nonzero then
on the domain of integration we have || < C|A10yS(z,y)|. By Theorem 2.1c¢),
10,S(z,y)| ~ x% ~ 277% here (since B; = 0). So in (3.11), the 27%/2 factor is
bounded by C|\;|'/?|u2| /2, and therefore (3.11) is bounded by

(3.12) C |po| 72 27 M2 bl oy -

Adding over all j gives a bound of C"|M2|_1/2||¢H01(V), the desired bound since
2| ~ |p1]. We next show that T75 (A1, 1, p2) is also bounded by (3.11), so that
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T;;()\l,ul,,ug) is also bounded by a constant times [u2|/2|¢[|c1(vy. Taking ab-
solute values in (3.10) and integrating, we get that |Ti‘§- (A1, g1, p2)| is at most

6llor vy x {(2,) € Dij : lna| < 2108, S(2,y)l, My S(w,y)+pa| < [Ma[22797}.

We now shift y by ;(x,y), so that where n; is in Theorem 2.1 we have that
T35 (A, pa, pr2)| s at most [|p]|c1 vy times
{(z,y) € Dij : |p2| < 2[A1 0y(S omi)(z, y)l,

(3.13) A0y (S 0m:)(x,y) + pal < [M[V/2 2797}
Here Dj; is the shift of D;; by t;(x) in the y variable. The condition that [us| <
2|A10y (S o mi)(x,y)| is used only to go from (3.11) to (3.12), and we use only the
M0y (Somn:)(z,y)+ p2| < |M|'/22777 condition in proving (3.11). So as to be able
to use Lemma 2.2, we change variables from y to iy in (3.13) and get a term
bounded by [|¢[|¢1 vy times

27 {(w,y) € [27771,277) < [0, H
(3.14) M8y (S o m)(w, 2™iy) + po| < M [V22797)].

Our use of 27771, 277] x [0, H;] here follows from parts a) and b) of Theorem 2.1.
By Lemma 2.2, we have that

102 (M18y (S 0 m)(w, a™iy) + p2))| > C [\ 2™~ > O |\ 279+,

Thus for a fixed y, the z-measure of the set in (3.14) is at most C|\|~1/22-/7+i@i=J,
Thus [|¢||c1(vy times the quantity in (3.14) is bounded by

C'IM |*1/2 9—iv+ioi—j—iM;

Pllcrvy -
Substituting back in for 7, this becomes

C| Ay |7V 27 iMi/2Hjei/2=) 8]l vy -
This is exactly (3.11). The condition that |pa| < 2|\10yS(z,y)| is now used exactly
as it was when going from (3.11) to (3.12). This again leads to the bound (3.12)
for |Ti‘§(A1, 11, f2)], and after summing this in j we are done.

4. Proof of Theorem 1.2

In the proof of Theorem 1.2 we will make use of sublevel set estimates that are
analogous to the oscillatory integral estimates we have been using. Specifically, if
f(x,y) is real analytic on a neighborhood of the origin such that f(0,0) = 0 and
V£(0,0) =0, for a given U contained in the domain of f(z,y) and an 0 < r < 1/2
we define

Au(r) = [{(z,y) € U= [f(z,y)] <r}.



ESTIMATES FOR FOURIER TRANSFORMS 431

Using resolution of singularities (see Chapter 6 of [2] for details), in the real-
analytic case if U is a sufficiently small ball centered at the origin then as r — 0
one has an asymptotic expansion of the form

(4.1) Ay (r) = Cy re | In(r)|™ + o(r€| In(r)|™) .

Here Cyy > 0 and (e, m) is the same as in (1.2), unless (¢,m) = (1,0), in which case
(e,m) could be (1,0) or (1,1). In [8] it is shown that in the general smooth case, an
analogue of (4.1) holds. Namely, there is a Cy such that Ay (r) < Cyre|In(r)|™,
and often (4.1) still holds. In [8] it is shown that in the cases where (4.1) does
not hold, m is always 0 and for all ¢ > ¢ there is a constant Cy, > 0 such
that Ay (r) > CU’EITE/. This extension to the smooth case does use the notion
of adapted coordinate systems, and is the only way in which this paper relies on
them. However, one can avoid relying on the use of adapted coordinate systems
entirely by doing arguments very similar to those of [8] on the constructions of
Theorem 2.1.
The above discussion leads to the following lemma.

Lemma 4.1. Let (e,m) be as above, and let {D;}"_, be the domains obtained by
applying Theorem 2.1 to f(x,y), and let (o, B;) be as in that theorem. Then there
exists a constant C' such that for each i and all 0 < r < 1/2 we have

(4.2) {(z,y) € D;: :E‘“yﬁi <r} <Crlln(r)™.

Proof. In the case that g;(x) is not identically zero in Theorem 2.1, some sliver
{(z,y):0 <2 <b:0<y< CzMi}is disjoint from D}, so 2% y” is bounded below
by C'z®+Mifi on D!. In part c) of Theorem 2.1, since f» has a zero of infinite
order at the origin, for any N one has an estimate of the form |fa(x,y)| < Cna™.
Thus in (2.2) one can replace f; by f, which implies f o ; is within a constant
factor of z®y% on D;. Since the Jacobian of 7; is everywhere equal to 1, the
measure of the sublevel sets of |f o n;| will be no greater than the measure of the
corresponding sublevel sets of |f|. Thus (4.2) holds.

Now consider the case where g;(x) is identically zero. Define DV = {(z,y) €
D! :y > xN}. Then exactly as above one has that |{(z,y) € DN : 2%yl < r}| <
Cnre|In(r)[™. In the case that a; > §; this is enough; a direct calculation reveals
that for large enough N, |{(z,y) € DN : x®yP < r}| is within a constant factor
of [{(z,y) € D} : x®yPi < r}|. In the case where a; < B, a direct calculation
reveals that |{(x,y) € DY : 2%yP* < r}| is of the form Cn7°¥ + lower order terms,
and that |{(z,y) € D} : 2%y < r}| is of the form Cr’+ lower order terms where
limy 00 Oy = 0. So like in the previous paragraph, o > € for each IV, and taking
limits as N — oo we get that § > €. So regardless of whether or not m = 0
or 1, (4.2) will hold and we are done. O

We now are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Let k > 0 be the order of the zero of S(x, y) at the origin. Ro-
tating coordinates if necessary, we assume that the Taylor expansion ) P Sagmo‘yﬁ
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of S(z,y) has nonvanishing Sory”* and Siox” terms. We perform the reflections at
the beginning of Section 2 and then apply Theorem 2.1 to (the reflected) S(z,y).
Note this is a different function from the previous section. Let {D;}!" ; be all of
the resulting regions. We will bound the portion of T'(A1, A2, Ag) = T (A1, pu1, fi2)
coming from a given D; and sum over all i. We will slightly abuse notation in the
following and refer to a reflected S(z,y) as just S(z,y). The argument naturally
breaks into three cases. The first is when ; in Theorem 2.1 is greater than 1 and
the lower boundary of D) is the x-axis (in other words, g;(x) is identically zero).
The second case is when either 3; = 0 or 8; > 1 and the lower boundary of D} is
not the z-axis. The third case is when j; is zero.

Case 1. 5, > 1 and g;(z) is identically zero.

Consider (2.2) when [ = 0 and m = ;. Because in (2.2) the function fs has a
zero of infinite order at the origin, on D} one has [0} (f2 o ) (x,y)| < Cya™ for
any N. Thus we may replace f1 by f (which is S here) to obtain that for some
constant C' we have

(4.3) 10,(S 0 ms)(w,y)| > C .

Denote by T;(A1, g1, u2) portion of the integral (1.1) coming from D;. In this
integral, we do the coordinate change n;(x,y) given by Theorem 2.1, obtaining

(4.4) Ti(AL, s p2) = / ei)xl(Som)(%y)-‘rimx-&-iuzy-i-ww/)i(x)¢i(l-’y) dzdy .
D!

The iuoy term might have a minus sign in front, but since that case is done exactly
the same way we will assume T;(A1, pu1, i2) is of the form (4.4). Here ¢;(x,y) is a
compactly supported function such that ¢;(z",y) is smooth for some N. We now
dyadically decompose T; = U;T;;. Denoting by D;; the set {(z,y) € D} : 27771 <
x < 277}, we define

(4.5) Tij (M1, g, pia) = / eix\l(Som)(x7y)+iu1x+iu2y+iuzw7z(af)q;i(m, y) dx dy.
Dy;

We now apply the standard Van der Corput lemma (see Chapter 8 in [17]) in (4.5)
in the y direction, using (4.3), and then integrate the result in z. One gets

(4.6) T35 (A1, i, )| < Cllgllr vy [Aa| =P 270/ P 277

In (4.5) we can get a crude estimate by taking absolute values and integrating,
obtaining a constant times ||¢||c1(1)277/Mi | M; as in Theorem 2.1a). Thus one
can extend (4.6) to

1725\, )] < C[@lon vy min(2 90, | 71/5 2905/ 273

An elementary calculation reveals that the measure of {(z,y) € D;; : x%yP <
1/|\1|} is within a constant factor of min(277—7Mi |\,|~1/Bigiai/Bi x 2=7). Thus
we have

T35 (A1, s p2)| < C bl [{(@,y) € Dyj = a®yP < |\ 71}
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Adding over all j then gives
(4.7) T3 (A1, s p2)| < C |ollery {(,y) € D - ziy’ < A7}

By Lemma 4.1, the right-hand side of (4.7) is bounded by a constant times
lléllcr vyl ALl ~¢(In[A1])™ and we are done. Note that the Case 1 argument did
not use any restrictions on the value of e.

Case 2. 5, =1 or §; > 1 and g;(x) is not identically zero.

Similar to in the previous case, when [ = m = 1 we can replace f; by f
in (2.2). When B; = 1 this is because z%~'y%~! is a power of z, so since
|%(f2 on)(x,y)] < Cna™ for any given N, changing from f; to f (which
is S here) will not interfere with the validity of (2.2). When f; > 1 and g;(z) is
not identically zero, we may do this replacement since a sliver {(z,y): 0 <z <b:
0 <y < CxMi} is disjoint from the domain, so that x*~1y%~! is bounded below
by C'x®i~1=Mifi=Mi and similar considerations apply. Thus we may replace f; by
f=Sin (2.2), and on D, we have a lower bound of the form

82
0zxdy

(4.8) (Som)(w,y)| > Cav=ty~t,
Note that %Zy(i/\l (Som)(x,y) +iurx + iy +ipathi(x)) = iA %;/(S on;)(x,y).
Thus (4.8) is relevant to Tk (A1, g1, ft2).

This time we dyadically decompose (4.4) in both the = and y directions. Specif-
ically, let Dyjr = {(z,y) € D} : 27971 <z <277 27F~1 <y < 27%} and define
Tijie (A, pur, pi2) by

(4.9) Tijie (A1, i, o) = / ez‘Al(Som)(xvy)+iu1x+w2y+iuzw7¢(af)(bi(m)y) dzdy .
Dijk

We now proceed similarly to in Case 2 of Theorem 1.1. Write Tjji (A1, g1, pi2) =
Tz}jkx ()\17 M1, /’62) + Tf]k; ()‘1? M1, /’[’2), where

Tib‘k(Alaulau2) :/ ¢1(‘r’y)
{(x,y)€Diji:|A10y S+pa| <A |1/22k—GeitkA)/2}
(410) X ei)‘l(Soni)(I,y)+i#1I+i#2y+i,u21/}i(:v) dx dy
and
Tizjk()‘l,/"'l,ﬂ2) :/ ) d)z(xvy)
{(2,y)EDij:I\10y S+pa|>| Ay |1/22k—(ei+kbi)/2}
(4.11) x e (Semi) (@ y)timetinzy+inzi(®) g dy

For (4.10), we simply take absolute values and integrate, obtaining

|Ti1jk:()‘17/i1,/"'2)|
(4.12) < C{(2,y) € Diji : |M0yS + pa| < [M|"/Z 257U FRBI2Y 6 oy -
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By (4.8), the absolute value of the x derivative of A\19yS + p2 is bounded below
by C|A\;|277(@i=D=kB:i=1) Qo for a given y, the z-measure of the set in (4.12)
is at most C|\;|~1/22k— (i t+kB:)/2 ¢ 9ilei=1)+k(Bi—1) — O\, |~1/22-d+(aitkBi)/2,

Inserting this into (4.12) and then integrating in y, we get that
(4.13) T (s, )| < C A |72 2777 FH ORI 6] 0oy

This is the estimate we will need. Moving on to Tfjk(/\l,ul,ug), we integrate by
parts in y in (4.11). We write e 1(Som:)(@y)timatinzy+inzi(z) a9

(i/\lay (S o 771')(-1" y) + Z'MQ)eiAl(507171)($7y)+iu1x+iuzy+iu2w¢(x)
1

4.14 X .
(4.14) iX10y(S 0 n;)(x,y) + ipe

We integrate by parts in (4.11) by integrating the left factor of (4.14) and differ-
entiating the rest. There are two places the derivative may land, namely on the

1/(iA10y(S o m;)(z, y) + ipe) factor, or on the ¢;(z,y) factor. In the first case, the
—Alayy(som)(ﬂﬁ,y)

i(9y (Som)(@,y)+p2)? "

in y, very similar to in (3.5). As in that situation, the end result of the y integra-

tion is a bound of C'|¢[|¢1 (v times the maximum of |1/(iX10, (S o n;)(x, y) + iu2)|
on the domain of integration, or C|Ay|~1/22-k+UeitkB)/2| ¢ o1y, We then do
the z integration to get an overall factor of C|A;|~1/227I=k+eitkB)/2| ¢ o1y,
which is the same as in (4.13).

differentiation gives

We then take absolute values and integrate

The second place the derivative may land is the ¢;(z,y) term. In this case we
take absolute values, bound [1/(i\10,S(x,y) + ipz2)| by |\|71/227k+(Gaitkbi)/2)
and integrate. The result is C|\;|~1/2279-2k+aitkB/2|¢|| o1 (1), better than
what we need.

Lastly, we have the endpoint terms of the integration by parts, which will give
the same bounds as in the last paragraph, or C|A;|~1/227I=kHFeitkB)/2| g o1y

Putting the above together, we conclude that

T (A, i, p2)| < C Ay |71/2 270 RHIthB2 | 6| 0y

We can rewrite this as

1

.. / e —
(4.15) |Tijk (A1, pr, p2)| < C H¢||Cl(v)/D (alzogPyi/e

ijk

One can take absolute values in (4.9) and integrate to get another (crude) bound
for |Tijr (A1, 1, p2)]. Incorporating this into (4.15) gives

1
. . < i [ —
(@16)  [Tou(n )| < C olloreyy [ min (1 )

ij
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Adding this over all 7 and k then gives

1
Ti A s s < Cl 1 / i (17 —>
T3 (A1, s p2)] < C |9l e vy D mm (| Ay |zeiyBi)1/2

(417) = ' Néllorwy ([{(y) € Dy 2y < 1/}

1 / 1
b . —
|Aq]1/2 {(z,y)€D}: z™iyBi>1/|A1]} (weiyhi)t/2

By Lemma 4.1, the measure of {(x,y) € D} : 2*y% < 1/|\|} is bounded by
C|A1]~¢In|A], the desired estimate. As for the second term, we write the integral
in terms of distribution functions. Namely, we have

1
/{(ﬂf7y)€D;:xa7ﬁyﬂi21/|)\l} (:160‘1'11151')1/2

(o] t_3/2 1
4.18 :/ ‘ (z,y) € D} : — < a%igyli <t ‘dt.
(4.18) a2 { ) |A1] }

By Lemma 4.1, this is at most

1
1
(4.19) C ~ 7324 In(t)™ dt .
1/ ]

Since € is being assumed to be at most 1/3 here, the integral converges and is
bounded by C|A;[*/27¢(In|A;])™. Thus the second term of (4.17) is bounded by

(4.20)  Clollero Ml 27 A )™ = C lldller vy ]~ (In A )™

This is the desired estimate and we are done. Note that the Case 2 argument only
required that € < 1/2, which was used to say that (4.19) converges.

Case 3. ; =0.

For this case, it will be helpful to use the following consequence of the Van der
Corput lemma from [1] which was also used in [11] and [13].

Lemma 4.2. Suppose [ is a smooth real-valued function on an interval I such
that for some integer n > 2 and some constants C,C" > 0, for all t € I one has
that C" < 1", |f@(t)| < C. Then there is a constant C" depending only on C
and C' such that for all A € R one has

| [0t at] < 0 (lolliminy + 1610 (14 N7

We now start the Case 3 argument. By Theorem 2.1a)-b), when 8; = 0 the
domain D} is of the form {(z,y):0 <z <b, 0 <y < H;zMi}. Thus we have

Ti( A1, p, p2) = / i (Soms) (@, y) Fimw-+ipay+ipatps (z)
{(z,y):0<z<b, 0<y<H;zMi}

(4.21) x ¢i(z,y)dxdy.
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By part d) of Theorem 2.1, either ¢;(x) = k;x for some k; (possibly zero), or
Y;(x) = k;x + ;2% + higher order terms (if any), where [; # 0 and 1 < s; < M;.
Thus if we write &(z) = ¢;(x) — k;x, then either {(z) = 0 or {(z) as a zero of
order s; < M; at the origin. Letting pus = p1 + k;p2, we correspondingly write the
expression (4.21) for T;(\1, p1, p2) as

(4.22) / e (Sem) (@) tinsrtia@C@) g, (1, y) de dy .
{(z,y):0<z<b, 0<y<H;zMi}

By Theorem 2.1b), there is some (o, 8) # (v, 0), 5 a positive integer, for which
the Taylor expansion of S o 7;(z,y) has a nonzero Sasz*y” term and for which
a+ M;f = ;. So o; > M,;. Since S(z,y) is assumed to have a zero of order at
least 2 at the origin, («, 3) cannot be (0,1) and the statement o + M;8 = «; in
fact implies that a; > M;.

We first prove Theorem 1.2 under the assumption that £(z) is not identically
zero and € < 1/3; the modifications needed in the cases where e = 1/3 or where £(x)
is identically zero will be described afterwards.

So assuming &(x) is not identically zero, for fixed y the phase in (4.22) can
be written as the sum of three terms. The first is A;(S o n;)(z,y), which is of
the form Ajd;z® plus a small error term by Theorem 2.1b), with corresponding
expressions for its @ derivatives. The second term is us(&(x) + y), where pé(x) is
of the form pio (l;z°* + O(2**?)), and the third is ps. It is the first two terms that
concern us here. Note that a; > M; > s; > 1, so that the exponents «; and s; are
distinct. As a result, the 2 by 2 matrix A; with rows (a;(c; — 1), s;(s; — 1)) and
(avi(a;—1)(;—2), si(s;i—1)(s;—2)) has determinant o (c; —1)s;(s;—1)(cv;—s;) # 0.
Thus for some constants ¢ and ¢/, for any vector v one has ¢'[|v] > ||Av|| > c||v].
In particular, letting v = (A1 d;x®, pol;z%), we have

[Aroi(a; — 1)dix® + si(s; — 1) paliz™

+ |)\104,L'(Oéi — 1)(041' — Q)dil‘ai’ + Si(Si — 1)(81' — Q)leil‘sil
(4.23) > c|(Mdix®, palix®))| .

Restating, (4.23) implies that for f(x) = d;x® 4 pal;z® + psz we have

).

Adjusting for error terms, if z is sufficiently small and the ¢ coming from The-
orem 2.1b) is sufficiently small (recall it can be chosen independent of the s;
and ), then independent of the parameters i, p2, and ps, if py(z) denotes the
phase function A1 (S o n;)(x,y) + psx + p2(&(x) + y) we similarly have

j@? £ (@)] + [ £ ()] = ¢ (|Mdiz™

+ |plix®

(4.24) |2%py ()] + |2°py ()] > ¢ (Madiz® | + |palia™]).

Next we dyadically decompose (4.22), writing T; = > ; Tij, where Tj; is defined by

(4.25)  Tij(A1, pa, pi2) :/ e gi(x,y) dz dy .
{(zy)27i-1<z<277, O<y<H;zMi}
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We scale (4.25) in z, obtaining

Tij( A1y pas pi2) = 27j/ eipy(z_j"”)qﬁi(Q*jx,y) dz dy .
{(z,y):1/2<x<1, O<y<H;zMi}

By (4.24), the phase function ¢(x) = p,(277z) satisfies

lq" ()] + |¢" (2)] > ¢ (|M277% | + g2

).

We now apply the Van der Corput-type lemma, Lemma 4.2, in the x direc-
tion letting f(t) = (J\1279% | + |u2279%|)g(z), and letting |A;277% | + |u277%
be what is called A in that lemma. The cutoff function ¢;(277z,y) is equal to
#2779,y + (277 x)) where 1;(z) is of the form ((z'/N) for a smooth ¢, for some
large N. Thus the effect of this cutoff function in an application of Lemma 4.2 in
the x direction is to an introduce a factor bounded by (something slightly better
than) Cl|¢||c1(vy. After applying Lemma 4.2 in the x direction with n = 3 and
then integrating in y we get

(4.26)  [Tij (A1, pir, )] < C277 MDY@ oa gy (| Ar 277 | + [pg 2795 ) 13,

We are only interested in the first of the two terms in the right hand side of (4.26),
so we use the bound

(4.27) g (M, s p2)| < Cll@llen vy 277 MHD Ay 2770 | 71/3,
By simply taking absolute values and integrating in (4.25), one has
g (M, s )| < C279 D 6] ooy
Combining this with (4.27), we get that
(4.28) ITij (M, i, )| < C 277D 6| 0y min(1, A 277 719)

By Lemma 2.2, |S o n;(z,y)| ~ 2% ~ 277% on D!, and furthermore the portion
of D! between 27971 and 277 has measure ~ 279 x 279Mi_ So (4.28) implies that

71/3) )

(4.29) |Tij(A1, pa, po)| < C7 ||¢H01(V)/ . . min(1, [A;z*
{(I,y)ED;: ze[2—1—172_J]}

We now argue as in (4.16)—(4.20). Adding (4.29) over all j gives

71/3)

T i1 p2)] < C gy / min(1, Az
D;

(4.30) = ooy (H(@.w) € Dy 2™ < 1/Inl}
b | 1
M3 S i@ pyenpasi sy @)Y
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For the first term in (4.30), by Lemma 4.1 the measure of {(z,y) € D} : 2 <
1/|A1]} is bounded by C|A1|~¢1In [A1], the desired estimate. In view of the form of
this sublevel set, we will not have a logarithmic factor so we even have that

1
(4.31) H(x,y)epgzx% <m}ﬂSCIA1I‘E-

1
For the second term of (4.30), like before we write the integral in terms of distri-
bution functions. We get

1 > 1 —4/3 /. @
/{( y)eD:x™i >1/|A1|} W N /1/A \ gt / e e Dtfin = e = i
x, fipi > 1 1
Inserting (4.31), this is at most
<1
(4.32) C 3¢ e,
1/ ]

Since we are assuming e < 1/3 for now, the integral (4.32) is absolutely integrable
and is bounded by C’|\;|~<*1/3. Thus the second term in the parentheses of (4.30)
is bounded by C’|A1|~¢. Adding together with the first term we see that we have
the estimate

(4.33) T (A1, pas p2)| < Cl@ller vy [

This gives the desired bounds (and even an extra logarithm when m = 1). This
concludes the proof where € < 1/3 and () does not have a zero of infinite order
at x = 0.

We now assume £(z) is identically zero, for any e < 1/3. Then for fixed y
the phase in (4.22) is the sum A;(S o n;(x,y)) and a linear function of x. Thus
by (2.1) we can just use Lemma 4.2 for second derivatives here, since the second
x-derivative of a linear function is zero. So if p,(x) again is the phase function
of (4.22), by (2.1) we have

[2%pl) (x)] > ¢|Adsa™

Then one can apply Lemma 4.2 for n = 2 instead of n = 3, and in place of (4.30)
we get a bound for |T;(A1, 1, 2)| of the form

1 1 1
C’ ' x, ED;Z.Z‘O“’<—'+—/ —).
||¢HCI(V)( {( Y) |)\1|} |)\1|1/2 (@)Dl v L} (mo‘i)l/Q)

A1l

Then performing the argument analogous to before once again gives (4.33), this
time only using that € < 1/2.

Lastly, we consider the case where ¢ = 1/3 and &(z) does not have a zero of
infinite order at # = 0. If we had [¢°p}(z)| > c[z®|, then we could proceed
as in the case where £(x) is identically zero since the argument required only
that € < 1/2. However this does not necessarily hold; this is because there can



ESTIMATES FOR FOURIER TRANSFORMS 439

be an x for which A\a;(a; — 1)d;z% + poesi(s; — 1)pel;z® = 0 and then the two
main terms of :Eng (z) cancel. However, since s; # «; there will always be an
integer jo such that so long as x is not in an interval [2770~1 27Jo+1] then one
does have |2?p}/(x)| > ¢[z**|. So we may apply the argument of the £(z) = 0 case
for T;; with j # jo or jo — 1. Adding these in j gives the bounds C||¢[|c1(vy|A1]~¢
of (4.33).

For j = jo or jo— 1, we apply the argument leading to (4.29) unchanged. Then
the steps leading to (4.32) lead to the bound

1 1 s
438) [Ty, p,) < Olllleny s [ gt
|)‘1| {t:t>1/|A\q], 2791 <t<2-7}

Since € = 1/3, (4.34) implies that we have
, 1
Tij| (A1, pa, p2)| < C H¢||01(V)W~

This is exactly the right-hand side of (4.33). Since there are only two such j, if we
combine with the earlier estimate for the the sum of the 7j; for which j # jo or
Jjo — 1, we see that (4.33) once again holds and we are done.

This completes the proof of Theorem 1.2.

5. Proofs of PDE theorems

We start with the proof of Theorem 1.3.

Proof of Theorem 1.3. Written on the Fourier transform side in the x variables,
equation (1.5) becomes

of R
a—{(tafl,ﬁz) =15(&1,62) f(t,61,62),

f0,61,62) = 9(&1,&2)-

This is solved by f(t,fl,fg) = 8182 g(£), &), We are looking for solutions for
when the support of §(&1,&2) is in a sufficiently small neighborhood of the origin.
So we may fix a ¢(£1,&2) supported in a neighborhood of the origin on which
Theorems 1.1 and 1.2 hold such that ¢(£1,&2) = 1 on a neighborhood B of the
origin, and we may assume that §(&;, &) is supported on B. Thus we may write

ft.61,8) = §(&1,&) 568 g(g1, &) .

Thus if T'(t, 21, x2) is as in Theorems 1.1 and 1.2 we have

(5'1) f(t,l‘l,l‘g) = (g * T)(t,l‘l,l‘g).
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Here the convolution is in the z variables for fixed ¢t. By Theorems 1.1 and 1.2,
one has

(5.2) |T(t,x1,22)] < Crnin (([t] + 2)~(In([t] +2))™, 2| ~1/2) .

(We can add 2 to [t| because |T'(t,21,x2)| uniformly bounded simply by taking
absolute values of the integrand and then integrating.) In view of (5.2), for a given
t it is natural to break up T(t,x1,x2) into (|t| + 2)~¢(In(Jt| +2))™ < |z|~/? and
(|t] +2)~(In(Jt| + 2))™ > |z|~/? pieces. To this end, for a given ¢ let jo be the
nearest nonnegative integer to the j for which 27 = (|| + 2)%¢(In(|t| + 2))~2™. As
usual, let X{:[z|<2i0} () denote the characteristic function of the ball centered at
the origin of radius 27° and let X{z:2i-1<|z|<2i} (7) be the characteristic function of
the annulus. Then we have

T(t, w1, 22)] < C 279072 X 01 <aioy (1, T2)
(5.3) +C Z 279/2 X{a:25-1<|z| <20} (T1,T2) .
Jj=jo+1
So by (5.1) we have

(£ 1, 22)] < C 279072 | |g| s X (if) <200} (21, 72) |
oo
+C Y 272 |g] * Xqwzi- <jal<2iy (21, 72)] -
J=jo+1
And therefore for any ¢, where the L? norm is in the = variables, we have

£t 1, m2)|lq < C279072 | |g] X{x;\x\<2jo}(l‘)Hq
(5.4) +C ) 277 |9 % X for2i1 <o) <20} (2]
j=jo+1

By Young’s inequality, if 1/¢ = 1/p+ 1/r — 1, the above is bounded by

[ee]
(5.5) C 27220/ gl 4 C Y 272 g,
Jj=jo+1

In the case that 2/r < 1/2, the above converges and we get
(5.6) 17 (8,21, @2)llqg < Cq 2770728200/ g,

The condition that 2/r < 1/2 translates into 1/p — 1/q > 3/4, which can occur
when p < 4/3. Given the definition of jg, (5.6) can be rewritten as

2/r—1/2

£t 21, 22)llq < Cq (It +2)* (n(lt] +2))7*™) 91l -

This is the same as

1 (t @1, 22) g < Cq (t] + 2)* < a=1PH/D (n(jt]  2)) = a2 /oH8/ D g,
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This gives Theorem 1.3, except in the case where the exponent 1/q—1/p+ 3/4 is
zero. In this case, the exponent —jo/2 4 2jo /7 is always zero, so (5.5) diverges. In
this case, one may use the Hardy—Littlewood—Sobolev inequality instead, directly
using the bound (5.3). For (5.3) says that |T'(t, z1,22)| < C|z|~'/2, and since 1/p =
1/q + 3/4, the Hardy-Littlewood—Sobolev inequality gives that || f(¢,z1,z2)|q =
lg*T(t, x1,22)|lq < Cqllgllp, as long as p # 1 and g # oo. This concludes the proof
of Theorem 1.3. O

In order to prove Theorems 1.4 and 1.5, in place of Theorems 1.1 and 1.2 we
use the following, which generalizes estimates for the u; = ua = 0 case in [2].

Lemma 5.1. Let S(x,y) be as in Theorems 1.4 and 1.5, and define R(A1, pi1, 2) by
(57) R()‘laulaMQ) = / e—)\ls(;c,y)—&-iula:-i-iH?y (b(l‘,y) dx dy .
R?

There is a neighborhood of the origin V' that if the support of ¢ is contained in V
then for Ay > 2 one has the estimate

[R(A1, s pi2)| < Cs| ]l or vy min (M) (I A)™, w7 -
Here (e,m) is as in (4.1).

Proof. We will first prove that |R(A1, p1,pu2)| < Csl[d|lcrvy(Ar) " (InA)™ and
afterwards that |R(A1, pu1, p2)| < Csl|@]lcr(vy|p| . For the first estimate, we take
absolute values on (5.7) and integrate, obtaining

(5.8) |R(A1, g, p2)| < CVH¢||CI(V)/ e M5@Y) gy dy .
\%
Note that
(5.9) /e*lswwdxdy:/ Me M {(a,y) €V s S(ay) < £}]dt.
1% 0

We can truncate the integral here at t = 1/2, since the ¢ > 1/2 portion gives an
estimate much better than what we need. Thus inserting (4.1) we must bound

1/2
/ Ae M [ Int|™ dt .
0
Changing variables to A1t here, the integral in (5.9) is at most
Ar/2
(5.10) )\1_6/ et (JInt] +1In ™.
0

Regardless of whether m = 0 or 1, equation (5.10) is bounded by CA] “(In A;)™.
Putting this back into (5.8) gives the desired estimate.

We now prove that |R(A1, p1, u2)| < Cselu/™'. As before we can assume
|| > 2 as the |u] < 2 case is obtained simply by taking absolute values and
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integrating. Rotating coordinates and shrinking our neighborhood V' of the origin
if necessary, we assume that for some k > 2 we have 8;/“,5' and 9%S are nonzero
on V. Since the x and y axes are interchangeable here, without loss of generality
we assume |us| > |u1]|. We write the phase in (5.7) in the form

e~ MS(@y)timatipsy

: )
—M0yS(x,y) +ipg/

(1) = (~X0,S(z,y) + ipn) e NSV ey (

Next, we integrate by parts in (5.7), integrating the factor (—A\19,S(z,y) + ip2)
e~ MS@y)timetinzy in (5.11) and differentiating the rest. The derivative can land
in two places. First, it can land on the ¢(x,y) factor. For this term, we take abso-
lute values and integrate, using the bound |m| < 1/|pe| < 2/|p|, and

we obtain the needed bound of C||¢||c1(vy|p| ™. The second place the derivative
A10yy S(2,y)

can land is the (=210, 5 (z,y) +ipa)2 "

factor, which becomes a factor of

1
—X10y S(x,y)+ipe
The resulting term is bounded in absolute value by

[A10yyS(,y)|
i ,y)|dx dy .
( ) /Rg |_/\16y5(l‘,y) +iu2|2|¢(1’ y)| x dy

We split this into two terms, depending on whether or not [\19,S(z,y)| > |usl.
We get that (5.12) is bounded by

|/\16yy5(35ay)|
oo g [0, y)| dr dy
/|,\16y3(x,y)>#2| (Alay‘s(xvy)P' (@)

A10yy S (z,
+/ 19y S (@ )l 2( il |p(,y)| dx dy
[A10y S (z,y)|<|p2] H3
[A10yyS(z,y)|
<Cldlewy, [ Dot W)L 4, g
D Jiemevine, s@aizlu (a0yS(@,y))?

1
(5.13) Lo~ / X0y, Sz, )| dac dy
Ho J{(z,9)€V: A8y S(z.y)|<|pal}

In the first term of (5.13) we integrate in y for fixed z. We use the fact 855(.1‘, y)#0

on V to split the interval of integration into boundedly many subintervals on which
[A10yy S(z,y)] 1

(10, 5T g7 10ads t0 £355ry at
the boundary points, which is bounded in absolute value by 1/|usz| given that on
the domain of integration one has |\10yS(z,y)| > |p2|. Thus the overall term is

bounded by C”‘ZSHCl(V)W% < C/”QSHCI(V)ﬁ as needed.

OyyS(x,y) has constant sign. Integrating the

In the second term of (5.13), we do the analogous argument, and the resulting
integration leads to £X19,S(x,y) at the boundary points of the subintervals of
integration. This time the condition that |[X\10,S(x,y)| < |p2| on the domain of
integration leads to the term being bounded by bounded by C’;—%||¢Hcl(v)|u2| <

C/”(?HCI(V)ﬁ and we are done. 0
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Proof of Theorem 1.4. The proof will proceed much like the proof of Theorem 1.3.
This time, on the Fourier transform side the PDE becomes

of

a(t7£1,§2) = 75(51752).]?(15751752)7

f(07£1a§2) = g(£1>€2)'

So if R(t,z1,x2) is as in Lemma 5.1, for ¢ > 0 the equation is solved by
f(ta-rla-rQ) = (g * R)(t,l‘l,l‘Q) .
By Lemma 5.1, we have
|R(t, 21, 22)| < Cmin ((t +2)"“(In(t +2))™, |z|7") .
This time we break into T'(t, x1,x2) into (t+2)~¢(In(t+2))™ < |z|~! and (t+2)~¢
(In(t +2))™ > |z|~" pieces. We let j; be the nearest nonnegative integer to the j
for which 27 = (t 4+ 2)°(In(¢ + 2))~™. Then in analogy to (5.3) we have
[R(t, @1, 22)] < C 277 Xygijw)<ainy (1, 72)
(5.14) +C Z 277 X (pi2i1 <|| <29} (T1, T2) .
J>i
So in analogy to (5.4), for any ¢ we have that || f(¢, z1,x2)|q is bounded by
C2ij1 || |g| * X{:v:|a:|<2j1}(x)Hq +C Z 27j1 H |g| * X{z:21_1§|a:|<21}(1')||q :
J>J1
By Young’s inequality, where 1/¢ = 1/p+ 1/r — 1, this is bounded by
Co T gl + C Y 27T gl
J>i1
So when r > 2 this converges and this time we have the bound

(5.15) 1F(t 21, 22)llg < Cq 272007 gl

The condition that r > 2 translates into 1/p — 1/q¢ > 1/2, which can occur
when p < 2. By definition of ji, (5.15) is the same as

2/r—1

1£ (8 21, 22)llg < Cq ((E+2)°(In(t +2))7) lgllp -

This in turn is the same as
€ —om\1/a—1/p+1/2
£t w1, m2)[lg < Cq (¢ +2)(In(t +2))7>™) T2 g,

This gives Theorem 1.4, except in the case where the exponent 1/¢g—1/p+1/2 is
zero. In this case, (5.14) gives that |R(¢,z1,22)| < C|z|~!, and then the Hardy—
Littlewood—Sobolev theorem gives that || f(t,z1,22)|lq = |lg * R(t, x1,z2)|q <
Cp.q.sllgll, as long as p # 1 and ¢ # oo and we are done. O
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Proof of Theorem 1.5. On the Fourier transform side in the z; and x5 variables,
equation (1.6) becomes

(5.16) fl&1,6) = S(&1,&) 70 §(&1, &) -

Like in the previous two theorems, the support condition on § means we can insert
a cutoff function in (5.16), turning the equation into

f(6,8) = §(61,&) S(&1,6)7° 6(61,&) -

Thus if we define Q(x1,x2) by

(517)  Qlar,wm) = / S(E1,62) 7 CEHIEE (e, 6) dy e,
R2

then we have
f=9%Q.
Next, note that if ¢ > 0 and § > 0 one has

o0
/ e 0 du = cst70 .
0

Inserting this into (5.17) gives

o0
Q(z1,12) = Czi/ (/ e~ wS(§1,62),,0—1 du> eiT1861+iT2€2 B(&1, &) dudey dés

R2 0

(5.18) _ 65/ u571</2 e~ wS(&1,62) Fiz1&itiza8e B(&1, &) d&y d§2> du
0 R

We perform the (£1,&) integration in (5.18), use the bounds from Lemma 5.1,
then integrate the result in w. The result is

(519)  [Qer,22)| < c/ U min (w4 2)(n(u + 2))™, |2 ~) du.

We now bound |Q(x1, z2)|. For |x| < 4, we just use the bound obtained by taking
absolute values and integrating in (5.17), and get |Q(x1,x2)| < C. Note that here
we use that J < ¢; the fact that (4.1) holds ensures that |S(&;, &)~ is integrable.

Now assume |z| > 4. If m =0, let ¢ = ¢, and if m = 1, let ¢ be any number
satisfying § < € < e. Then (5.19) gives

|Q(z1,22)] < C’/ u®~ min ((u+ 2)75/, |:E|71) du

i

|$|1/e

5*1du+C'/ w M u+2)"¢ du.
a1/~
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1/¢€ ,
The first term is bounded by €’ o7 o1 du, or C"|z|%/¢ =1, For the second

T=[ Jo
term, we have

(5.20) / W u+2)" du < / W= du.
\

x|t/ =2 |z|1/e =2

Given our assumption that § < €, (5.20) converges, and since |x| > 4, this is at

most o

c W
|1/’
This integrates to a term bounded by a constant times |x|5/5"1. Combining with
the first term, we conclude that for || > 4 we have

1Q(z1, m2)| < C ||,
Combining with the |z| < 4, bound we have
(5.21) 1Q(x1, 22)| < C min(1, |z*/¢ ).

Note that the right-hand side of (5.21) is in L" for r > 2¢’/(¢’ — ). Thus for such r,
by Young’s inequality, if 1/¢ =1/p+ 1/r — 1 one has a bound

(5.22) 1fllg = llg* Qllg < Cpa.s llgllp

One also has this bound when r = 2¢//(¢’ — §) by the Hardy—Littlewood—Sobolev
inequality, as long as p # 1 and ¢ # oo. Stated in terms of p and ¢ alone, we
have that an estimate of the form (5.22) holds whenever 1/¢ < 1/p—¢§/(2¢') —1/2,
unless 1/¢g=1/p—96/(2¢') —1/2 and p=1 or ¢ = .

Given how € was defined, our conclusions are therefore as follows. When m = 0,
there is an estimate of the form (5.22) whenever 1/¢ < 1/p —¢6/(2¢) — 1/2, except
when 1/g = 1/p—3§/(2¢) —1/2 and p = 1 or ¢ = co. When m = 1, there is an
estimate of the form (5.22) whenever 1/g < 1/p—3§/(2¢) —1/2. This concludes the
proof of Theorem 1.5. O
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