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Minimal mass blow up solutions for a double
power nonlinear Schrodinger equation

Stefan Le Coz, Yvan Martel, and Pierre Raphaél

Abstract. We consider a nonlinear Schrédinger equation with double
power nonlinearity
4/d

_ 4
u+euf lu=0 ec{-1,0,1}, 1<p<l+-=

10y + Au + |ul pi

in R? (d = 1,2,3). Classical variational arguments ensure that H*(R?)
data with [Juo||l, < [|Q]|, lead to global in time solutions, where @ is the
ground state of the mass critical problem (e = 0). We are interested by
the threshold dynamic [luoll, = [|Q]|, and in particular by the existence
of finite time blow up minimal solutions. For ¢ = 0, such an object exists
thanks to the explicit conformal symmetry, and is in fact unique from the
seminal work [22]. For e = —1, simple variational arguments ensure that
minimal mass data lead to global in time solutions. We investigate in this
paper the case € = 1, exhibiting a new class of minimal blow up solutions
with blow up rates deeply affected by the double power nonlinearity. The
analysis adapts the recent approach [31] for the construction of minimal
blow up elements.

1. Introduction
We consider the following double power nonlinear Schrédinger equation in RY:

Zau AU u4/du upfluzo 4
t + +| | +€| | ) 1<p<1+—) 66{—1,0,1}
U‘t:() = Uy, d

(NLS) {
This model corresponds to a subcritical perturbation of the classical mass critical
problem ¢ = 0 which rules out the scaling symmetry of the problem. It is well
known (see e.g [6] and the references therein) that for any ug € H*(R?), there exists
a unique maximal solution u € C((—=Ty,T*), H'(RY)) N CY((—T,,T*), H 1 (RY))
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of (NLS). Moreover, the mass (i.e. L? norm) and energy E of the solution are
conserved by the flow, where:

1 2 1 2+4/d 1 t1
Bw) = 3IVul} - 57 Il — e g Il

Moreover, there holds the blow up criterion:

(1.1) T* < 400 implies lTern [Vu(t)|, = +oo.
t *

In this paper, we are interested in the derivation of a sharp global existence criterion
for (NLS) in connection with the existence of minimal mass blow up solutions
of (NLS).

1.1. The mass critical problem

Let us briefly recall the structure of the mass critical problem € = 0. In this case,

the scaling symmetry
ux(t, ) = X 2u(\2t, \x)

acts on the set of solutions and leaves the mass invariant
lua(t, )y = [u(X?t, )l
From variational arguments [32], the unique ([3, 14]) ground state solution to
~AQ+Q - QI"'Q=0, QeH'RY), Q>0, Qradial
attains the best constant in the Gagliardo—Nirenberg inequality

2+4/d 4/d 2
lul3535 < Cllully® [Vull3,

so that for all u € H'(RY) we have

1 2 1 2+a/d 1 2 lell /4
. i = — =5 . 1/ Z 9 N -
(12) Beri(w) = 5 IVullz = 57775 el faya 2“v“H2[1 (I\Qllz) }

Together with the conservation of mass and energy and the blow up criterion (1.1),
this implies the global existence of all solutions with data |lugll, < [|@||5. In fact,
there holds scattering, see [10] and references therein.

At the threshold ||ugl|, = [|@]|,, the pseudo-conformal symmetry

1 1 z\ =2
(13) (3 ) e

applied to the solitary wave solution u(t,z) = Q(x)e' yields the existence of the
following explicit minimal blow up solution:

1 TN =2 i 1
= — — 41t e [t] = ~ —
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From [22], minimal blow up elements are classified in H'(R?) in the following sense
lu@ll; =1IQll; and T* < +oo imply w=S5

up to the symmetries of the flow. Note that the minimal blow up dynamic (1.4)
can be extended to the super critical mass case |ugll, > ||@|, (see [5]) and that it
corresponds to an unstable threshold dynamics between global in time scattering
solutions and finite time blow up solutions in the stable blow up regime

log |log | T — t||
1. \V ~ o[ 08108 _
(1.5) | U(t)HthT* \/ T _¢

We refer to [26] and references therein for an overview of the existing literature for
the L? critical blow up problem.

1.2. The case e = —1

Let us now consider the case of a defocusing perturbation. First, there are no
solitary waves with subcritical mass |uoll, < ||@]], from a standard Pohozaev
integration by parts argument. At the threshold, we claim:

Lemma 1.1 (Global existence at threshold for € = —1). Let ¢ = —1. Let uy €
HY(RY) with ||uoll, = |Q|l,, then the solution of (NLS) is global and bounded
in H'(R?).

The proof follows from standard concentration compactness argument, see Ap-
pendix A. The global existence criterion of Lemma 1.1 is sharp in the sense that
for all a* > 0, we can build an H'(R?) finite time blow up solution to (1.6) with
|uolly, = [|Q]l, + o and blow up speed given by the log-log law (1.5). This is a
consequence of the strong structural stability of the log log regime and the proof
would follow the lines of [28], [29], and [30].

Note that, as stated in the next Lemma (see Appendix A for the proof), the
usual virial argument also provides us with blowing up solutions with mass ar-
bitrary close to (but larger than) the critical mass. We have however no further
information on the blow-up behavior of these solutions.

Lemma 1.2. Let ¢ = —1. For any § > 0, there ewists ug € H'(R?) such that
lluolly = |Qlls + 9 and the solution u of (NLS) blows up in finite time.
1.3. The case e =1

We now turn to the case € = 1 for the rest of the paper, i.e., we consider the model
4
(1.6) 10w + Au+ |[u|¥%u + [ulPlu =0, where 1<p<1+ 7

First, from mass and energy conservation, using (1.2) and (B.2), H'(R?) solutions
with [Jugll, < [|Q|l, are global and bounded in H'(R?). However, large time
scattering is not true in general, even for small L? solutions, since there exist
arbitrarily small solitary waves.
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Lemma 1.3 (Small solitary waves). For all M € (0, ||Q||,), there exists w(M) > 0
and a Schwartz radially symmetric solution of

AQu — w(M)Qu + QA+ Q% =0, |Qull, = M.

The proof follows from classical variational methods, see Appendix B.
The main result of this paper is the existence of a minimal mass blow up
solution for (1.6), in contrast with the defocusing case ¢ = —1.

Theorem 1.4 (Existence of a minimal blow up element). Let d = 1,2,3 and
1 <p<144/d. Then for all energy level Ey € R, there exist ty < 0 and a radially
symmetric Cauchy data u(ty) € H'(R?) with

[u(to)lly = 1@lly,  E(ulto)) = Eo,

such that the corresponding solution u(t) of (1.6) blows up at time T* = 0 with
speed:

C(p) + os0(1)

(1.7) IVu(t)ll, = Tk

for some universal constants

— 4 1
“arapn <Y

Comments on the result

a

1. On the existence of minimal elements. Since the pioneering work [22], it has
long been believed that the existence of a minimal blow up bubble was related to
the exceptional pseudo conformal symmetry (1.3), or at least to the existence of a
sufficiently sharp approximation of it, see [2] and [16]. However, a new methodology
to construct minimal mass elements for a inhomogeneous (NLS) problem, non
perturbative of critical (NLS), was developed in [31], and later successfully applied
to problems without any sort of pseudo conformal symmetry, [4], [12], [20]. More
generally, the heart of the matter is to be able to compute the trajectory of the
solution on the soliton manifold, see [13], [18] for related problems for two solitary
waves motion. The present paper adapts this approach which relies on the direct
computation of the blow up speed and the control of non dispersive bubbles as
in [15].

Observe that the blow up speed (1.7) is quite surprising since it approaches the
self similar blow up speed [t|=1/2 as p — (1 +4/d)~.

2. Uniqueness. A delicate question investigated in [4], [20], [31] is the uniqueness
of the minimal blow up element. Such a uniqueness statement should involve
Galilean drifts since the Galilean symmetry applied to (1.6) is an L? isometry and
automatically induces minimal elements with non trivial momentum. Uniqueness
issues lie within the general question of classifying the compact elements of the
flow in the Kenig—Merle road map [11]. A more limited question is to determine
the global behavior of the minimal element for negative time, which is poorly
understood in general.
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3. Detailed structure of the singular bubble. The analysis provides the following
detailed structure of the blow up bubble:

(1.8) u(t,z) = ﬁ@(%)ﬂ”’?e”@ toltz),

where @ is the mass critical ground state, and

}1_{1(1)”’0(15)”2 =0, At)~GCplt]” ast—0",

for some constant C), > 0. Note also that the dimension restriction d € {1, 2,3} is
for the sake of simplicity but not essential.

The construction of the minimal blow up element for (1.4) can be viewed as part
of a larger program of understanding what kind of blow up speeds are possible for
(NLS) type models. Let us repeat that log-log type solutions with super critical
mass can be constructed for (NLS), but then the question becomes: do these
examples illustrate all possible blow up types, at least near the ground state profile?
The recent series of works [20], [21], and [19] for the mass critical gKdV equation
indicate that this is a delicate problem, and that the role played by the topology
used to measure the perturbation is essential. More generally, symmetry breaking
perturbations are very common in nonlinear analysis, and while they are expected
to be lower order for generic stable blow up dynamics, our analysis shows that
they can dramatically influence the structure of unstable threshold dynamics such
as in our case minimal blow up bubbles.

Aknowldedgments. The authors would like to thank the anonymous referee for
useful comments.

1.4. Notation

Let us collect the main notation used throughout the paper. For the sake of
simplicity, we work in the radial setting only. The L? scalar product and L9 norm
(¢ > 1) are denoted by

(u,v)y = Re(/R u(z)v(z) dm), lull, = (/R |u|qu)1/q.

We fix the notation:

F2) =122 g(z) = |o1P'2 F(z)

1 4/d42 1 1
— e — ptl
Tara Y 6= e

Identifying C with R?, we denote the differential of these functions by df, dg, dF
and dG. Let A be the generator of L?-scaling, i.e.,

d

The linearized operator close to () comes as a matrix

Ly =-A+1- (1 + 4/d>Q4/d, Lo=—A+1-QYd,
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(2. %)

is non-degenerate and spanned by the symmetries of the problem (see [14], [33] for
the original results and [8] for a short proof). It is completely described in H} ;(R?)
by the relations (we define p as the unique radial solution to L, p = |y|°Q)

(1.9) L-Q=0, LiAQ=-2Q, L_|yfQ=-4AQ, Lip=[yl*Q.
Denote by ) the set of radially symmetric functions f € C*°(R%) such that

and the generalized kernel of

Va e N, 3C,, ko >0, Vo e RY 0%f(2)] < Coll + |z])™ Q(z).
Recall that @ and its derivatives are exponentially decaying:
Ve e RY|VQ(2)| 4+ Q(x) e loh.

It follows from the kernel properties of L and L_, and from well-known properties
of the Helmholtz kernel (see [1] for the properties of Helmholtz kernel (i.e., Bessel
and Hankel functions) and Appendix A in [9], or proof of Lemma 3.2 in [27] for
related arguments) that

(1.10) Vgel, f+ €Y, Lifr =y,
(1.11) Vg€V, (9,Q)2=0, If- €Y, L_f =g.

It is also well known (see e.g. [23], [24], [31], [34]) that L; and L_ verify the
following coercivity property: there exists o > 0 such that for all € = g1 + ieg €
Hrlad(Rd);

(1.12) (Lyer,er)+(L_g2,e2) > pllelF — %((51,62)2 + (e1, ly1?Q); + (Ez,p)i)-

Throughout the paper, C' denotes various positive constants whose exact values
may vary from line to line but are of no importance in the analysis. When an
inequality is true up to such a constant, we also use the notation <, 2 or =.

~ o~y

2. Construction of the blow-up profile

In this section, we define the blow-up profile which is relevant to construct the
minimal mass solution —see Proposition 2.1 below.

2.1. Blow up profile

Let us start with some heuristic arguments justifying the construction. As usual
in blow up contexts, we look for a solution of the following form, with rescaled
variables (s,y):

ds 1 T

__ 1 iy(s) =i b(s)lyl? /4 _ -
U(t,l‘) - Ad/Q(S) w(s,y)e ) % - ﬁa Y=
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where the function w, and the time dependent parameters A > 0, b and ~ are to
be determined satisfying the following equation

(2.1) dws + Aw —w+ f(w) + Xg(w)
_ 2y Ay ol?
z(b+ A)Aw+( — )+ (b + b)) Ew — b<b+ A) o w =0,

where

dp —1)
2

Since we look for blow up solutions, the parameter A(s) should converge to zero as

s — 00. Therefore,

a=2-— € (0,2).

(2.2) w(s,y) = Q(y), b—l—%:bs—l—bQ:l—%:O

is a solution of (2.1) at the first order, i.e. when neglecting A\*|w[P~!w. However,
the first order error term A*QP? cannot be neglected in the minimal mass blow up
analysis (while it could be neglected easily in the log-log regime where A ~ e_ec/b).
Therefore, starting from @, we need to look for a refined blow up ansatz. Actually,
to close the analysis for any « € (0,2), we need to remove error terms at any order
of A* and b in the equation of w. It is important to note that in the process of
constructing the approximate solution, we cannot exactly solve (2.1) since we need
to introduce new terms in the equation (due to degrees of freedom necessary to
construct the ansatz) that will modify the modulation equations in (2.2). These
terms (gathered in the time dependent function 0(s) below) are responsible for the
specific blow up law obtained in Theorem 1.4.

Fix K e N, K > 1 (K > 20/« is sufficient in the proof of Theorem 1.4), and

Yk ={(,k)eN?* | j+k <K}

Proposition 2.1. Let A\(s) > 0 and b(s) € R be C' functions of s such that
A(s) + [b(s)] < 1.

(i) Existence of a blow up profile. For any (j,k) € X, there exist real-valued
functions Pj$ €Y, P, €Y and Bjx € R such that P(s,y) = Pk(y;b(s), A(s)),
where Pk is defined by

(2.3) Pr(yib,\):=Q)+ Y (©¥AFPH (y) 4o TIAFDap- (1)),
(j,k:)EEK

satisfies

Iyl2

i0sP + AP — P+ f(P)+ \*g(P) +0——P = Vg

where 0(s) = 0(b(s), A(s)),

O, )= > b¥AkTDeg,
(j,k)eXK
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and

(24)  sup (el2([Wxe(y)] +VEk(y)]))
yER
As
b+ 52

< —0]) + (bl + A7)+,

(ii) Rescaled blow up profile. Let
(25) Py(s,y) := P(s,y)e  POl*/4,
Then

As
(2.6) 0Py + AFy — Py + f(By) + X%g(5y) — i-FAB

_ As 2 |y| —ibly|?/4
——z(7+b)APb+(bs+b 0) =Py + Uce :

(iii) Mass and energy properties of the blow up profile. Let

TN
Pyaq(s,y) = X7 Pb( )\)e R

Then,

en |5 [k (fp —6) + (b2 + A<+,
(2.8) ‘gE(PMW)‘ S F(‘b — 0]+ (b2 + X)R+2).
Moreover, for any (j, k) € Xk, there exist n;, € R such that

(2.9) |E(Pons) - Wé’(b, 3|5 Wif)m

where

(2.10) Eb,\) = i—z - %AH 4+ N2 > b2 Nk, 4

(4,k)ES K, j+k>1

See a similar construction of a blow up profile at any order of b in [27]. One
sees in (2.6) the impact of the subcritical nonlinearity g(u) on the blow up law
bs + b — 0 = 0, which differs from the unperturbed equation b, + b = 0, and leads
to leading order to A* ~ b2, see (2.20).

Proof of Proposition 2.1. Proof of (i). For time dependent functions A(s) > 0,
b(s), we set
P=Q+X*Z where Z= Y b¥XePf i > p¥TIAeps
(J,k)EXK (J,k)EXK

= D (A (s)B; 4,

(4,k)EZK
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where P;k ey, ijk € Y and B; 1 are to be determined. Set

2
Wic = iPy+ AP = P+ |P[YIP + X |PPP71P e%P

The objective is to choose the unknown functions and parameters so that the error
term W g is controlled as in (2.4). First,

As : . 25—
iPy=i22 > (k4 Dab®AFHepE b, Y 25p2 I\ e pl
(k)€K (Gk)ESK
As , ,
- > (k4 DapHNEFep o N (25 1P ARTDe P
(4,k)eXK (j,k)ESK
= —i Y (k4 LHapTIARTDeph
(J,k)eEXK
— Z<b2 _ Z b2j/A(kl+1)aﬁj’,k’> Z 2jb2j—1A(k+1)anTk
(3", k") EXK (j,k)ESK
+ Y (k+ )btk pr
(4,k)EXK
+ (b2 - > sz/A<k’+1>@ﬁj,7k,) > @i+ npP Akt pe 4 phs
(4", K)EXK (j,k)ESK
where
As _ . -
W= (30) Y Gk el AR -0
(j»k:)ezK
(2.11) (02— 0) D BT (25iPf — (2 + 6P ).

(J,k)EXK

The purpose of such a decomposition is to express iPs in terms of powers of b
and A* (as P itself) plus an error term W' depending on the modulation laws
As/A+ b and bs + b? — 0 (rather than on \s/\ and bs) which will be controlled by
modulation theory.

We rewrite

iPo=—i Y ((k+1)a+2))pAFHepr

(J,k)EXK

. 2j+1y (k+1)a ;pPs,— 25\ (k+1)a ;pPs,+ P
+i ) BT Fim+ > b7 i 97,

J:k=0 j,k>0

where for j,k > 0, F{D,‘;’i is a polynomial with real coefficients in the P-ﬂf’k/ and
Bjr ke for (j', k') € T such that either ¥ <k —1and 7 <j+1or k' <k and
j' < j—1. Only a finite number of these functions are nonzero.
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Next, using AQ — Q + Q*/ 41 =0, we get

AP—P+|PMip=— Y~ prxtthep ph i N prti\Gter po
(J,k)EXK (4,k)EEZK

+(Q+A"Z) - f(Q) = \"df(Q)Z.

Let
K
ol = \*Z — \Z. ..\
Q+ kz::k b b )7

so that, for some real coefficients ¢y, ;,

K k
(212) FQ+X"Z) = f(Q) = Adf(Q)Z = Y NQUYTED e, 27+ 0.

k=2 =0
Thus,
AP _ P T |P|4/dP _ _ Z b2jA(k)+1)aL+Pj+k —3 Z b2j+1)\(k+1)aL_Pj—k
(4,k)EXK (j,k)ESK
Z b2j+1 /\(k—&-l)aij}c— + Z b2j/\(k+1)aij}€+ + \I/f.
i20k>1 JE0

where for j, k > 0, Ff *isa polynomial with real coefficients in @) and the P, By
for (', k') € Xk suchthat K <k—1andj <j.
Similarly,

M| PPPIP = Z b2j+1)\(k+1)aF]g7}€f+ Z b2j)\(k+1)(ijg,}€++\I/g’

j=>0,k>1 §>0,k>1
where
K—-1 1
T =\ <|Q N2 QNZ) = Y L QNZ, ., A“Z)),
k=0

and where for j, k > 0, F) Jg i is a polynomial with real coefficients in () and the P ok
for (j', k') € ¥k such that ¥’ <k —1 and j' < j.
Finally, we have

|y4| < Z b2j)\(k+1)a6 ) |y| Q

(J,k)eEXK
+Z Z b2j+1A(k+1)aFe}€* + Z ijA(k+1)aFe}€+7
75 75
73,k>0 7,k>0

where F f is a polynomial with real coefficients in @, the P, Y and the B i
for (j',k") € Lk such that &' <k —1 and j' < j.
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Combining these computations, we obtain

U= — Y DAL PY - F - BlulQ)
(j,k?)EEK
Z b2j+1/\(k+1)a(L—Png _Fj ((k+1)a+2])P+ )
(j»k)ezK

+ 0K ol w4,

where
_ Pg,i fx g, 0,+
ij F —|—Fj$ +F +ij,
and
poK Z b2j)\(k+1)aFj—f-k 4 Z b2j+1)\(k+1)aFka.
J:k>0, (3,k)EE K J:k>0, (j,k)¢E K

Note that the series in the expression of ¥>X contains only a finite number of
terms. Now, for any (j,k) € Xk, we want to choose recursively Pfk €Y and Bj
to solve the system

(S ) L+P j—t_k - 6J»k|y|2Q = 0,
j,k
! L_P7, — Fi+ ((k+1)a+ 2j) P, =0,

where F ik are source terms, polynomial with real coefficients in previously deter-

mined P, o and [ . We argue by a suitable induction argument on the two
parameters j and k. For (j,k) = (0,0), we see that the system writes

LiFffy = QF = Boolyl’Q = 0,
L_Pyy+aPy, =0,
(the term QP in the first line is coming from W9). By (1.11), for any Sy € R,

there exists a unique POJfo € Y so that L+PO+’0 — QP — Booly|?Q = 0. We choose
Bo,0 € R so that

2
(P Q)2 = (L P AQ)s = —2 (@7 + fo02-0.AQ) = 0

(recall from (1.9) that Ly AQ = —2@Q), which gives

p+1

4QPAQ)y _ 2d(p—1) Q1 _
(WPQ,AQ)2  p+1  |yQ|3

By (1.11), there exists F;, € ) (unique up to the addition of cQ) such that
L_Fyo+ ozPOJf0 = 0. Now, we assume that for some (jo, ko) € Xk, the following
assertion is true:

H (jo, ko) : for all (j, k) € Xk such that either k < ko, or k = ko and
J < jo, the system (S} 1) has a solution (Pj ko Li s B3, k), fk e

(213) ﬂ = 60,0 = —
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In view of the definition of Fiko, H (jo, ko) implies in particular that Fﬁko e.
We now solve the system (S}, x,) as before. By (1.11), for any £, 1, € R, there
exists a unique P;,ko € Y so that L+P£k0 - F;,ko — Bio.koly?Q = 0. We uniquely
choose Bj,.x, € R so that

(_FJ;JCO + <<k0 + l)Oé + QjO)Png»ko’ Q)2 =0.

By (1.11), there exists P; , € Y (unique up to the addition of ¢@)) such that

L_P . —F; i+ ((ko+1)a+ Qjo)ijg ko, = 0. In particular, we have proved that
if jo < K, then H (jo, ko) implies H (jo + 1, ko), and H (K, ko) implies H (1, ko +1).
This is enough to complete an induction argument on the two parameters (j, k).

Therefore, system (S, ) is solved for all (j,k) € Xk.
It remains to estimate ¥y and VWg. It is straightforward to check that

sup (e|y|/2(|\I/PS(y)| + |V\PPS(y)|)) S )\a( % + b‘ + [bs +b° — 0|)

yERd

Next, we claim

(2.14) W/ | < (AEFDe L \ep2K+2) Q.
Indeed, first, if y is such that |)\°‘%| < 1/2 then the result follows from (2.1)

and Taylor expansion of order K + 1. Second, if on the contrary, |/\0‘%| >1/2,
then, since Z € ), we have, for such y,

Qy) <2A%[Z(y)l S A" (1 +[y|") Q(y)
and so |y| > cA*/* (for some ¢ > 0) and

Qly) + | Z(y)| S e 8"

This finishes the proof of (2.14).
The proofs of estimates for V¥ ¢, ¥, and VW, are similar. Finally the following
estimates for U>X and V¥>X are clear:

|\II>K| + |V\I/>K| S ()\(K+2)(x + )\a|b|2K+2) Q1/2~
The result follows from K > 20/«

Proof of (ii). This is a straightforward computation which is left to the reader.

Proof of (iii). To prove (2.7), we hit (2.6) with ¢P, and compute using the
critical relation (P,AP)s = 0:

1d , . » _
§£|\Pb|\§ = (05 Py, iPy)s = (Wyce MW1/4 i py)
and (2.7) follows from (2.4). For (2.8), we have from scaling:

B(Pos) =52 (3 [ WAE= [ Py = [ 6r) = zEOLR),
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Therefore,
d 1 As ~ - o As
(2:15) —B(Poay) = S (“25 B0 R)+(E' (A R), 0P —ad* 2> | G(Ry)).
s A A A Jra

Using the equation (2.6) of Py, we compute:

(2.16) (E'(\, By) an>_ “(E'(\, Py),AP,) — (A +0)(E'(\, By),AP,)

2 ~ bly|2
+ (bs + b2 - 9)<ZE ()‘ Pb) |y| > + <iEl()‘>Pb)a “IJKe—zbu >
We now integrate by parts to estimate

dip—1)
2

(2.17) (E'(\, P,),AP,) = /Rd |VP|* — Q/Rd F(Py) — G(Py)

Rd
(2.18) =2E(\, P) + o) | G(PBy),

R4
where we have used o =2 — d(p — 1)/2, from which

d LA s
s EPorq) = ﬁ[ )\E()\ Py) — aA® » G(Py)
As [ = o
+5 [QE(A,Pb) +a) G(Pb)H

Rd

2 2 a\K+2
+A20( by 7 = 6] + (B2 + A7) K42

The estimate (2.8) on the time-derivative of the energy then follows from (2.15),

(2.16), (2.17), and (2.4).
Next,

1
NE(Puag) = [ VR - /F(Pw v [ e
R

=3 [vre+ S [ upiee- / Fpy - [ G

Thus, replacing P = Q + \*Z

1 b?
2B =5 [ V0P [ F@+ % [ wiet-x [ c@

e / (“AQ - f(Q))Re(Z) — A / 4(QRe(Z)

b2 2a
S [ wrare()+ 20 [ vz B2 [ i

/{F (Q+\"Z) — F(Q) — A f(QRe(2)}

e / (G(Q +\"Z) — G(Q) — N9(Q)Re(2)} .
Rd
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On the one hand, we recall that from Pohozaev identity,

3 [ vk [ F@-o.

and from the definition (2.13) of 5y,
6(Q) = g | P = s [ W@
R4

AQ+ f(Q) =@

and moreover

On the other hand, we observe, since [5, PJOQ =0,

A ZQ =X b¥ Nk
/]Rd Q Z 77]7k;a

(4,k)EXZK ,j+k>1

for some 7)§ e €R;

v [ zg@=a Y el

(J,k)ESK,k>1

for some 7)§Ik eR;

/\abQ /Rd |y|2QRe(Z) — )\ Z b2]/\ka nIII

(J,k)EXK,j>1

for some 7)?% eR;

2a 2 b2)\2a 272 a 2jyka IV
Rd|VZ| 5/, lyl222 = A > b2 \ke iy

(4,k)€XK,j>1,k>0

for some 77?2 € R. Moreover, by Taylor expansion as before, for some n}’k, 77?2 e R,

‘ / (F(Q+/\C’Z)—F(Q)—/\af(Q)Re(Z)—A“ > b%kan;{k)‘ S AEH)e
R4

(J,k)ESK,k>1

Aa/Rd(G(Qﬂaz)fG(Q)ang(Q)Re(Z)% 3 szA’““an,i)‘ngH)a,

(4,k)ESK k=2

Gathering these computations, we obtain (2.9). O
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2.2. Approximate blow up law

For simplicity of notation, we set

1
2d(p — 1) 1QIT
P+l yQlls

First, we find a relevant solution to the following approximate system

As
(2.19) bs +b% — BAY =0, b+ =0
Indeed, for |b| + A < 1, BA% is the main term in 6, and the only term in € that

will modify at the main order the blow up rate.

B =PBoo =

Lemma 2.2. Let

2 —2/a 2
200 )= (55 ) s = =

Then (Xapp(8), bapp(s)) solves (2.19) for s > 0.

Proof. We compute

b2 b by + b? As 9
— | =2 = -2B—)\*"
()\2>s A p A AT
and so
(2.21) — —— A = ¢p.

Taking the constant ¢g = 0, and using b = —\;/\ > 0, we find

As 28
M+a/2 {2 qf
Therefore,
_qa [2F ey, oA, 21
0= (3y5=5) - b=l =03
is solution of (2.19). O

Remark 2.3. We now express this solution in the time variable t,,, related

t0 Aapp- Let
2 —4/a
dlapp = /\ippds - (% V2 fﬁa ) s~/ ds.

Therefore (with the convention that t,p, — 0~ as s — 400),

(4 « « 28 4/«
(2.22) tapp = —Cs s (A=a)/e  where C, = 470[(5\/27&) .
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As a consequence, we obtain for t,,, < 0,

4 — 1/2
(2.23)  Aapp(tapp) = Cx [tapp|? @™, where CA:( aacs—(x/(4—(x)) )

2
(2.24) bapp (tapp) = Ch |tapp|a/(4 a) where €, = - Cs_a/(‘l_a)-

Now, we choose suitable initial conditions b; and A for b(s) and A(s) at some
large time s1, first to adjust the value of the energy of Py » , (up to the small error
term in (2.9)) and second to be able to close the perturbed dynamical system of
(A, b) at the end of the proof (see proof of Lemma 6.1 below). Let Ey € R and

8Ey
Jra ly1? @

Fix 0 < Ao < 1 such that 522 + CoAj™ > 0. For X € (0, Ao}, let

Co =

A
0 d
(2.25) ]-"(/\):/ : a .
A a/2+1 /2_[3@ + G p2—«

Note that the function F is related to the resolution of the system (2.21) for
co = Cp, see proof of Lemma 6.1.

Lemma 2.4. Let s1 > 1. There exist by and \1 such that

a/2
(2.26) N e e T
Aabp (1) bapp (51)
(2.27) FA) =s1, &b, M) = Co.

Proof. First, we choose A\;. Note that F is a decreasing function of \ satisfying
F(Xo) = 0 and limy o F(A) = +oo. Thus, there exists a unique A\; € (0, Ag) such
that F(A1) = s1.

For A € (0, Ao},
2 Ao 1 1
09 |l 7=
‘ W e N ‘ a/ Y T Y 8
dp
’S L+ /\ /,L1+0‘/2_(2_°‘) :
Thus,
) 1 for o € (0,4/3),
FA) — ———| << |logA| for a=4/3,
. o /%/\a/Q

N2=39/2 for o € (4/3,2).
To simplify, we will use the non sharp but sufficient estimate
2

< )\fa/4+)\273a/2'
o i)\a/2 ~
2—a

(2.28) ‘]-"()\) -
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Applied to A1, it gives

2 - - A2 - -
s1————| SN a/4+)\% 3¢/2and thus ‘#1‘ NE 1/2+sf e,
o %)\?/2 Aapp (1)

Second, we choose b;. From the definition of £, we have

h(b) := NiE(b, \1)

2 2 Qﬁ o o « i\~ ka
= - (a—sl) B m(/\l — Aopp(51)) + A9 E : BN
(j,k)EX K, j+k>1
2 \2 — —
2 (2 5/2 4/
=0 (a51> +O0(s777) +0(s; 7).

Observe that

[Abapp (s1)] S 57, 11 (bapp(51))] = 2bapp(s1) + O(s7%) = 7"

4/ “, it follows that there exists a unique b; such that

. 2 0 o
Since A\] =~ s

b1 — bapp(s1) S 5772 + 5177, h(br) = Co A3,
and so £(by, A1) = Cy. O

3. Existence proof assuming uniform estimates

This section is devoted to the proof of Theorem 1.4 by a compactness argument,
assuming uniform estimates on specific solutions of (1.6). These estimates are
given in Proposition 3.2.

3.1. Uniform estimates in rescaled time variable

The rescaled time depending on a suitable modulation of the solution wu(t), we first
recall without proof the following standard result (see e.g. [24]).

Lemma 3.1 (Modulation). Let u(t) € C(I, H*(R?)) for some interval I, be such
that

3.1 inf [|AG/% u(t, Aoy) €0 — 1 <9,
( ) ?slelll)/\oglo,voH 0 u( Oy)e Q(y)HH -

for § >0 small enough. Then, there exist C* functions A € (0,+00), bER, vy € R
on I such that u admits a unique decomposition of the form

__1 i (t) _ "
(32) u(t,r) = N0 (Poy +(t,)) e, YO
On 1, € satisfies the following orthogonality conditions:
(33) (£,iAPy)2 = (&, [y[*Po)2 = (e, ipp)2 = 0,

where py(t,y) = p(y)e = bOWI/4,
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Recall that P, was defined in (2.5).
Let Ey € R. Given t; < 0 close to 0, following Remark 2.3, we define the initial
rescaled time s; as

§1 = ’C;1t1|7a/(47a).

Let A1 and by be given by Lemma 2.4 for this value of s;. Let u(t) be the solution
of (1.6) for t < t1, with data

1 T
(3.4) u@l,x)33751%1<x:>.

As long as the solution u(t) satisfies (3.1), we consider its decomposition (X, b, €)
from Lemma 3.1 and we define the rescaled time s by

(3.5) s=81— /t 1 )\%(T)dr.

The heart of the proof of Theorem 1.4 is the following result, giving uniform back-
wards estimates on the decomposition of u(s) on [sg, s1] for some sg independent
of s7.

Proposition 3.2 (Uniform estimates in rescaled time). There exists so > 0 in-
dependent of s1 such that the solution u of (1.6) defined by (3.4) exists and satis-
fies (3.1) on [so, s1]. Moreover, its decomposition

1 , x
- = iy(s) -
U(S,Lﬂ) )\d/2(8) (Pb+€) (s,y)e y Y A(S)v
satisfies the following uniform estimates on [so, s1] :
/2 b
B30 el 557000, [Tl 1] [ 1| g e,
Mabe(s) bapp(s)

In addition,
|E(Pop(5)) — Eol = O(s7°).

Let us insist again that the key point in Proposition 3.2 is that sy and the
constants in the estimates are independent of s; — +o0.
3.2. Proof of Theorem 1.4 assuming Proposition 3.2

First, we convert the estimates of Proposition 3.2 in the original time variable ¢.
We claim:

Lemma 3.3 (Estimates in the ¢ variable). There exists to < 0 such that under the
assumptions of Proposition 3.2, for all t € [to,t1],

(3.7) b(t) = G [t (1 + 0p0(1)),  At) = Cx [f]7= (1 + 0sg0(1))

38)  le®lp ST
(39)  |E(Porns(t) - Eol = oro(1)
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Proof of Lemma 3.3. Using (3.6), (3.5), for all large s < s1,

t—t(s) = / N2(o) do = / X2 (o) [1 +O(eV?) + 0(02*4/%} do.

Recall that t,pp given by (2.22) corresponds to the normalization

—+o0
() == [ Nppl0): tamnls) =,
from which we obtain
t(s) = tapp(s)(1 + 0(1)) = =Cy s~ 479/ [1 4 0(1)].

The estimates of Lemma 3.3 now follow directly follow from (2.20) and Proposi-
tion 3.2 (see the definition of C and Cj in (2.23) and (2.24)). O

Now, we finish the proof of Theorem 1.4 assuming Proposition 3.2.

Proof of Theorem 1.4. Let (t,) C (t9,0) be an increasing sequence of time such
that t,, — 0 as n — +o0. For each n, let u,, be the solution of (1.6) on [tg, t,] with
final data at t,,

1 x
(3.10) wﬂm@=meS&W(MmQ’

where A(t,) = A\; and b(t,) = by are given by Lemma 2.4 for s; = |C; 't,| 5 a,
so that w, () satisfies the conclusions of Proposition 3.2 and of Lemma 3.3 on the
interval [tg,t,]. The minimal mass blow up solution for (1.6) is now obtained as
the limit of a subsequence of (u,). In a first step, we prove that a subsequence
of (un(to)) converges to a suitable initial data. Indeed, from Lemma 3.3, we infer
that (un(to)) is bounded in H*(R9). Hence there exists a subsequence of (u, (o))
(still denoted by (un(to)) and us(to) € H'(R?) such that

U (to) — Uso(to) weakly in H'(R?) as n — +oc.
Now, we obtain strong convergence in H*® (for some 0 < s < 1) by direct arguments.
Let x : [0, +00) — [0, 1] be a smooth cut-off function such that x = 0 on [0, 1] and
x =1on [2,+00). For R > 0, define xg : R — [0,1] by xr(z) = x(|z|/R). Take

any 0 > 0. By the expression of u,(t,) in (3.10), we can choose R large enough
(independent of n) so that

(3.11) / [ (tn) ]2 X R dz < 6.
Rd

It follows from elementary computations that

d
d_/ |un|2XRd:c:QIm/ Vxgr - Vun t, dx.
t Jra Rd
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Hence from the geometrical decomposition

1
A2 ()

un(ta JT) = (an(t) + En)<ta y)) ei%L(t)a

and the smallness (3.7)-(3.8) of €, and A,, we infer

d 9 C __R 2 C (—24K+1) =
— < 22n () ) < = o A—a |
55 [ 1O xmda] < 5o (7 + a0l ) < 1

Integrating between ty and t,, we obtain
2 c (—24K+1) 25 +1 2
[un(to)|" xrdr < 5 [t ™2 T Jun(tn)]” xR da.
R R

Combined with (3.11), for a possibly larger R, this implies

/d lun (t0)[2 X1 d < 26.
R

We conclude from the local compactness of Sobolev embeddings that for 0 < s < 1:
Un(to) = uso(to) strongly in HS(Rd), as n — ~+oo.

Let oo (t) be the solution of (1.6) with ue(to) as initial data at ¢ = ¢¢. From [6], [7]
there exists 0 < sg < 1 such that the Cauchy problem for (1.6) is locally well-posed
in H*0(R%). This implies that u., exists on [tg,0) and for any ¢ € [tg,0),

Un(t) — uso(t) strongly in H*°(R?), weakly in H'(RY), as n — 4o0.

Moreover, since limy, o0 [pa U (tn) = [pa @2, we have [, u2) = [z, Q% By weak
convergence in H!(R?) and the estimates from Lemma 3.3 applied to w,, tao(t)
satisfies (3.1), and denoting (€cc, Aoo, oo, Yoo ) its decomposition, we have by stan-
dard arguments (see e.g. [24]), for any ¢ € [ty,0), and as n — oo,

An(t) = Moo (t),  bn(t) = boo(t)y  Yn(t) = Yoo(t), en(t) = co(t) Hl-weak.
The uniform estimates on u,, from Lemma 3.3 give, on [tg,0),

(3.12) boo(t) = Colt| ™7 (1 4+ 010(1)),  Awo(t) = Crlt|T= (1 4 0110(1))
(K+1Do
(3.13)  leas(®)lln S [ o

and therefore we have

boo (1)

(3.14) 20

Cb o 4
= C_§|t|H == (1+ oro(1))

o (1 omo(1) =

R (1 +o010(1)),
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This justifies the form (1.8) and the blow up rate (1.7). Finally, we prove that
E(us) = Ep. Let tg <t < 0. We have by (3.9) and (2.9),

8Ey

E(bn(t), \u(t)) — —F—F=5 = orro(1
(bn (1), An(t)) T P #0(1)
where the o440(1) is independent of n, and thus
8Ey
E(bso (1), Ao (t)) — ——5=5 = 0r10(1
( ( ) ( )) fRd |y|2Q2 tTO( )

Using (2.9), we deduce
E(Poo roo oo (1)) = Eo = 0110(1)
and thus, by (3.12) and (3.13),
E(uos(t)) — Eo = 0r10(1).
Thus, by conservation of energy and passing to the limit ¢ 1 0, we obtain
E(ux(t)) = Ep.

This concludes the proof. O

3.3. Bootstrap estimates

The rest of the paper is devoted to the proof of Proposition 3.2. We use a bootstrap
argument involving the following estimates:

X 2(s) ’ b(s)
)\:gg (s) bapp(5)

for some small enough universal constant §(«) > 0. The following value is suitable
in this paper:

(3.15) le(s) g < 577,

1‘ < 5%

1 2
1 §(a) = mi (—, Z_ 1) .
(3.16) (o) = min 13 >0
For sp > 0 to be chosen large enough (independently of s1), we define
(3.17) s, = inf {7 € [so, s1]; (3.15) holds on [r, s1]}.
Observe from (2.26) that
)\?/2 ‘ by ~1/2 |, 2-4/a —6(a)
—_— - -1/ <s +s <s ,
)\:}{g(sl) bapp(s1) ' ' '

for s; large, and hence by the definition (3.4) of u(s1), s. is well-defined and
S« < s1. In 85, §6 and §7, we prove that (3.6) holds on [s., s1]. By a standard
continuity argument, provided that sy is large enough, we obtain s, = so which
implies Proposition 3.2. The main lines of the proof are as follows: first, we derive
modulation equations from the construction of P, second we control the remaining
error using a mixed energy/Morawetz functional first derived in [31].
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4. Modulation equations

In this section, we work with the solution w(t) of Proposition 3.2 on the time
interval [s, s1] (see (3.15)-(3.17)). We justify that the dynamical system satisfied
by the modulation parameters A, b is at the main order given by (2.19). Define

b+ As/A
Mod(s) = | b, + > — 6
1_’73

Lemma 4.1 (Modulation, additional orthogonality, error estimate). For all s €
[S*, 81],

(4.1) | Mod(s)| < =+,
|(e(5), Q)2] S s~HHY,

sup (e2([px |+ |Vipkl)) < 57K
yeRd

Proof of Lemma 4.1. The proofs of the two estimates are combined. Since £(s1) =0,
we may define

Sex = inf {s € [s,, 51]; |(e(7), Pb)2| < 7~ (E+2) holds on [s, s1]}.

We work on the interval [, s1].
Since P, verifies equation (2.6), we obtain the following equation for e:

(4.4) ies+ A — e +ibAe + (F(Py+€) — F(Py) + A (g(By + &) — g(Py))

. )\s 2 |y|2
- z(b—i— T)A(Pb +8)+ (1= ) (B +2) + (b + b = )P,

_ —ibly|?/4
= —Pe byl /4

where ¥ := U . Recall that equation (4.4) combined with the orthogonality condi-
tions chosen on & —see (3.3) — contains the equations of the modulation parameters.
Technically, one differentiates in time the orthogonality conditions for €, then uses
the equation (4.4) on e and the estimate (2.4) on the error term ¥. Here, as
n [31], the orthogonality conditions are chosen to obtain quadratic control in e.
Since it is a standard argument (see e.g. [25], [28], [31]), we only sketch relevant
computations.

Consider for example the orthogonality condition (g,iAPy)2 = 0. Differentiat-
ing in s, we obtain <53,iAPb> + <5,i5‘3(APb)> = 0. Since

d b —_—
—(APy) = ((AP)s —i—|y[?AP) e~ tblWI7/4
7 (AP) (( )s — i1yl )e )
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and

As ko _
(AP)y = \° <a7 (Z + > kAP 4 ij’k))

(j»k)ezK
o X w3 ewer),
(4K €T K (4,k)ESK

proceeding as in the proof of Proposition 2.1, and using the properties of the
functions Pjik, we note that

sup (2| L AR )| ) < 1Mod(s)] + B2(s) + X7 (s).

Thus, by (3.15),
[(£,i0s(APy))2| S [le(s)ll (I Mod(s)] + b (s) + A%(s)) < s~% Mod(s)| + s~ "+,

Next, we write <58,iAPb> = 7<i58,APb> and we use the equation of e. We start
by the contribution of the first line of (4.4). Remark that by (3.15),

(4.5) F(Po+e) = [(P) = e WA (F (P eM1/2e) — f(P))
= e~ iblvl*/4g(P) (eib|y|2/4€) +O(|e]?)
= e*ib\y\2/4df(P) (eib|y|2/45) + 0(572|€|),

(46) X (9(Py +2) = 9(By)) = O(N[el) = O(s~ el

2 . 2 2
(4.7) Ac + ibAe = bW/ (e IV1/4g) 4 bQ%&
and

2
_ iyl g p Ul
AP, = (AP ib% P).

Therefore, using (3.15) and P = Q + Oy (s72) (see the definition of P in (2.3)),

we have

(= Aete—ibAe — (F(Py+2) — [(P)) + A\ (g(Py +2) — g(Py)) , AP,

= (= AP ) e e pQr (eI A A Q — ib%@w(s”nsm
= (Lo (@ /5),AQ) — (L (M), iyPQ) + O e

= (e, 1 (AQ)) — 5 (e e L ([yPQ)) + O(s 2 el)

= —2(c, e WI/AQ), + 2b(c, i P/AAQ), + O(s 2 ell,)
= —2(e, Py)2 + 2b(s, iAPy)y + O(s2||e]|,) = O(s~ K +2),
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Note that we have used algebraic relations from (1.9), then (3.15), (£,iAP)2 =0
and the definition of s...
The part corresponding to the second line of (4.4) gives

(MOD, APy)z = —(bs +b” = 0)[ly Py 5 + O(|Mod(s)][|<]],)
= —(bs +5° = 0)([lyQl5 + O (s7%)) + O(s~*| Mod(s)]),

where
o . )\s 2 |y|2
MOD = —i(b+ 5N APy +e)+ (1 —7s)(Py +e) + (bs +b° — G)TPZ,.

Finally, from the estimate (2.4) on ¥, we have

2
‘(\I/,AP - ib%P)z‘ < 572 Mod(s)| + s~25+2),
Combining the previous estimates, we find
by + 0> — 0] < 572 | Mod(s)| + s~ E+2),

Using the other orthogonality conditions in (3.3) in a similar way, together
with (1.9), we find

| Mod(s)| < s72 | Mod(s)| + s~ K+2),
We deduce that for all s € [s., 1],
(4.8) | Mod(s)| < s~ (K+2),
By conservation of the L? norm and (3.4), we have
lu()li3 = lus0)ll3 = 1Po(s0)ll5-

Thus, by (3.2),

(lu() 13 = 1P()]12 — lle(s)I13)

= Sl + S P DIE ~ IP(s)]3)-

N =

(e(s), Po)2 =

Moreover, by (2.7), (3.15) and (4.8),

i/ |P? S 57K,
ds Rd ~

Integrating and combining the previous estimates with (3.15), we obtain, for all
S € [Sux, $1],

(4.9) |(e(s), Py)a] S s~ HF9).
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Therefore, s.. = s, and the estimates (4.8) and (4.9) are proved on [s, s1]. Com-
bining the definitions (2.3) of P and (2.5) of Py, the expressions (2.20) of A\ypp and
bapp, and the smallness from (3.15), we get

P, — Q| < QY*s™

Together with (4.9) this gives (4.2).
Finally, note that (4.3) is a direct consequence of (2.4), (3.15) and (4.1). O

5. The mixed energy Morawetz monotonicity formula

In this section, following [31], we introduce a mixed energy/Morawetz functional
to control the remaining part of the solution in H'(R?). First, define the energy
of € as

H(s.2) = IVl + 05 = [ (F(Py+2) = F(R) = dF(R)2) dy
e / (G(Py + 2) — G(Py) — dG(Py)e) dy.
Rd

Note that as in [31], the time derivative of the linearized energy H for e
cannot be controlled alone, and one has to add a virial type functional such
as 2Im [, V(|y|>/2)Veedy. In practice, due to the lack of control on |yel|,, we
replace %|y|?> by a function whose gradient is bounded, which we introduce now.

Let ¢ : R — R be a smooth even and convex function, nondecreasing on R,
such that

L

—r
o(r) =4 2

3r+e " forr>2,

and set ¢(z) = ¢(|z|). Let A > 1 to be fixed. Define ¢4 by ¢a(y) = A%¢ (%) and

for r < 1,

1
J(e) = 3 Im g Voa-Veedy.

Finally, set

S(s,¢) (H(s,) +b(s)J (e(s)))-

1
- N(s)
The relevance of the functional S lies on the following two properties.

Proposition 5.1 (Coercivity of S). For any s € [s., s1],

S(s,e(5)) (s[5 + O(s™2E+Dy).

1
At(s)
Proposition 5.2. For any s € [s., 1],

b

d
[S(e.2(6N] 2 315

is (le(s)l3 +O(s~20<40)).

)
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The rest of this section is organized as follows. We first prove Proposition 5.1
in §5.1. In §5.2 we compute the time derivative of H and in §5.3, the time derivative
of J. We finish the proof of Proposition 5.2 in §5.4.

5.1. Coercivity of S

We prove Proposition 5.1. We first claim a coercivity property for H, consequence
of the properties of L and L_ (see (1.12)) and of the orthogonality conditions of
(see (3.3)).

Lemma 5.3 (Coercivity of H). For all s € [s., s1],
H(s,€) 2 |lell + O(s™2(HD).

Proof. From the orthogonality conditions (3.3), (4.2), and estimates (3.15), the
following holds:
(&, [y*Q)2 = (&, 1y1*Py)2 + O(blllelly) + O lelly) = O™ el ),
(e,ip)2 = (e, ipp)2 + O([bllelly) = O(s™ el ),
(6,Q)2 = O(s™KHY).

—~~

From (3.15), we have
A /d(G(Pb +e)— G(Py) — dG(Py)e) dx = O(s*2|\5||§{1).
R
Next, (denoting € = &1 + iea),

4 1
’F(Pb Y &) = F(Py) — dF (Py)e — (1 + E)Q“/d S5 53‘
S e EWIe? 4 g4 (e 2(1b] + A%).

Thus, from (3.15),

4 1
| [ P e = PP - dF (R = (14 3) @412 = 5 QU4ed] S O ),
R4
and

1

1
[H(s,2) = 5(Laeren) = 5(Leae)| S Ol ellfn):

Combining these estimates with the coercivity properties of Ly, L_ (see (1.12)),
we obtain the result. O

Since
2 _ 2
bJ ()] < [Bl[[Vall el S O™ lellzn)

~

(from (3.15)), Lemma 5.3 implies Proposition 5.1.
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For future reference, we also claim a similar localized coercivity property (see
a similar statement in [17] and equation (3.72) in [31]). Define

Hu(s,e) = % /RdV5TV2¢>AV5‘dy + %Heng */Rd (F(Py +¢) — F(P,) — dF(Py)e) dy
e /R (G(Py+¢) — GUB,) — dG(By)e) dy.

Lemma 5.4. There exists Ay > 1 such that for any A > Ag, for all s € [s., s1],
Ha(s,e) 2 [lel3 + O(s 25 FY).

For now on, we consider A > Aj.

5.2. Time variation of the energy of e

Lemma 5.5. For all s € [s, s1], we have

@ (s, e5)) = 22 (196l — (P +2) — S(P), AS))

+0(s™FH) 1+ O(s|felf7n)-
Proof of Lemma 5.5. The time derivative for H separates into two parts:

d

SH(s, ()] = DoH(s,€) + (DoH(s,€), ),

where D; (respectively, D.) denotes differentiation of the functional with respect
to s (respectively, €). In particular,

DuT(s.2) == [ (P (f(Py+2) = F(P) ~ & (P)2)
[ (P (0Pt o) - 9(R) ~ dg(Py))
Rd

Ca %)\“ /]R (G(Ry+) ~ G(Ry) — dG(Ry)e).

Note that

Sl , . ) WP, e ly[?
[ (Pb)s: s_ZbSTP:Ps_Z(bs+b —ﬁ)\a)TP—f—Z(b —ﬁAa)TP.
By (2.11), (3.15) and Lemma 4.1, we obtain

AY < g3,

~

As
|(Pb)é,,|§s*267|y|/2 and ‘T

Thus,
_ 2
|DsH(s,)| S 572 ||l -
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Now, we compute (D.H (s,),e,). Note that (4.4) rewrites

s —iblul?
(5.1) dies— D.H(s,e)+ Modop(s)Py —i 5N Ae+ (1 —v5)e+e lyl*/4 gy — 0,

where
Modoy(5) Py 1= —z(b—i— AA )APb—i— (1= 74) Py + (bs + b2 — )%P
Using (5.1), since (iD.H (s,e), D-H(s,e)) = 0, we have
(D-H(s,e),e5) = (iD-H(s,¢),i€s)
—(iDH (s,€), Modop(s) Py ) + 5> <2D H(s,e),ilAe)
(5.2) — (1= 7)(iD-H(s,€),e) — <’LD5H(S,E), e /A g,
From (4.5), (4.6) and (4.7) in the proof of Lemma 4.1
D.H(s,e) = —Ac 4 ¢ — (f(Pb +e) = f(B) = A*(9(P +¢) — g(B))
_ e (L+Re( )-HL Im( bl ))+szg+ b2|y| e+ O(s2e]).

Therefore, using the orthogonality conditions (3.3), (4.2), (4.9) and estimates (3.15),
we have (see also proof of Lemma 4.1),

(D:H(s,e), APy) = —2(g, Py)s + b(e,iAPy)s + O(s72|[e]|,) = O(s~FFD).
Thus, from Lemma 4.1,

ﬁ+b( [(D-H(s,e), AR,)| < O(s~K+9)),

Using similar arguments we get
(D.H(s,e),iPy) = —4(g, APy)s + O(s 'e|l,) = O(s ™ e]l,) = O(s~E+D)
and
<D H(s,e),i |y4|2Pb> = (e, pp)2 + O(s Ye|ly) = O(s7lell,) = O(s~F+D),
Using Lemma 4.1, we obtain in conclusion for this term
(iD-H(s,),Modop(s)Py) = O(s~ <),
Next, we have

(iD-H(s,e),iAe) = (DH(s,e), Ac)
=(—Ae+e—(f(Pr+e)— f(P)=A"(9(Ps +¢) — g(P)), Ae).
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Note that (by direct computations)
{—Ae,Ae) = ||Ve|5, (e,Ae) =0
and by (3.15),
[(A(g(Py + €) = 9(Py), Ae)| S O(s™?lel| ).
Thus,

Al

7<iD5H(s, £),ile) =

>|>’

*(IVell3 = (F(Py+2) = F(P), Ac) ) + O lel70).
For the first term of (5.2), we claim

(1 —s)(iD-H(s,€),¢)|
= (1 =) {(F (P + ) — f(B) + A(g(Py + ) — g(By)).€)
< | Mod(s)| (Il + llel3: ) = O(s™lell3)-

Finally, the second term of (5.2) is estimated by (4.3) and (3.15)
|(iD=H (s, ), ¥)| < O(s™ " le]| jp) < O(s™FFHD) + O(s™° el 7).

Gathering these estimates, we have proved the lemma. O

5.3. The time derivative of the Morawetz part

Lemma 5.6. For all s € [s4, s1],

£[J(5(s))] = /Rd Vel V2paVedy — E/Rd le|?A%p 4 dy
(P +€) — [(Ry), 5A0ac + V6aVE) + O(s~KF2) 1+ O el )

Proof. From the definition of J(¢), we have

d

g[(](e(s))] =Re /Rd iss(%AQﬁA?Jr V¢AV5> dy.

We replace ie; using (4.4). First, from standard computations,
1 - - T2 - 1 272
Re fAe(—AqSAerngAVe) dy= | VeTV2pVedy — = | |e|2A2¢4 dy,
Rd 2 R4 4 Rd
1 _ _
Re/ e(5A042 + VoaVE) dy = 0,
Rd \2

As . 1 _ _
= Ae(=A +VoaV =0.
3 Re/Rdz 5(2 GAE oy 5) dy=20
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Next,

1
wRe [ (9P +2) = g(P0) (5004 + V6.72) dy
R
= O\ lellz) =05 llellzn)-
The term corresponding to the second line of (4.4) is estimated as follows:

lyl>, 1
: Pb,2A¢A5+V¢AVs>‘

< [Mod(s)lllell 2 < O(s~3K+2).

~

‘<—i(b+%)A(Pb o) (1) (Pyte) — (bs+b>—0)

Finally, by (4.3),
; 1
‘<‘I,e—zb|y|2/4’ §A¢A§+ V¢AV§>’ < O(S_(K+4)H5”Hl) < O(S_(2K+4)).

The result follows. O

5.4. The Lyapunov property
Proof of Proposition 5.2. By definition of S, we have

L1502 = g ( — 452 (H(s5,) 4 bI(0)) + [ (s,2(5))]

+ b%[J(e(s))] + st(e)).

First, we claim the following estimate:

63) ) +b TN = [ VETE0uTedy Vel

b _
+ 2O0(el[}) + 053K 49),

Proof of (5.3). It is essential to see from Lemmas 5.5 and 5.6 that the main
nonlinear terms are cancelling. Indeed, by integration by parts, we have

“Re [ (F(P+e) - f(P)Aedy =~ GRe [ (f(P+2) = F(P))edy

~Re /R YV(E(R, <)~ F(Ry) — dF(Ry)e) dy
+Re [ (F(P+2) = F(P) = ()Y P dy
——gRe [ (f(R+2) — F(P))edy
4 dRe / (F(P, + ) — F(B,) — dF(P,)e) dy
Rd

+ Re /Rd (f(Py+¢) — f(Py) — df (Py)e)yV Py dy,
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For the localized part, this gives

“Re /Rd(f(Pb te)— f(Pb))(%AgbAe‘Jr vm%) dy
= - %Re /Rd(f(Pb + 6) - f(Pb))A¢A§dy
+ Re /R AGA(F(Ry +<) — F(Ry) — dF(Ry)e) dy

+ Re /Rd(f(Pb +e) — f(Py) — df (Py)e)VpaV Dy dy.

Writing these two terms as above, it becomes clear that when y or V¢4 appear,
they are multiplied by V Py, which is exponentially decaying in space (see Proposi-
tion 2.1). Therefore, such terms are controlled by expressions involving only ||| ;1.

Therefore, combining Lemma 5.5 and Lemma 5.6, we have

S +b TN =b [ VIT0uTzdy Vel
+(b+ %) <|v5||§ - gRe/Rd(f(Pb V)~ f(Py)Edy
+dRe / (F(Py + &)~ F(Py)—dF(Py)e)
Rd
U +2) = SP) = (T Py )
b ( - e [ R+ 2) = S(R)(A0a — dedy
e [ (F(P+2) = F(R) ~ dF(P)e) (Ao — d) dy
w1 [ (7R +) = £(7) = AP0~ 1)V Py
~07 [ 1ePA%0udy + O CR) + 02 e,
1 Jra

By [b+ As/A| £ O(s7%), we have

(b 3) (19613 - 5Re [ (R0 = ppzy
4 dRe/ (F(P, + &) — F(Py) — dF(P,)e) dy
Rd

+ Re/Rd(f(Pb +&) — f(Py) — df (Py)e)yV P, dy)’ < 54 ||5||§{1
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Next,

b= 5Re [ (7B €)= PN Dy

—AJ2

1 e _
S5 [ IPIRIAGA — d + |24/ dy 5 el + O s e,
R

and similarly for the terms
bRe /Rd(F(Pb te) — F(Py) — dF(Py)e)(Ada — d) dy,
bRe /Rd(f(Pb &) — f(B) — df(P)e)(Va — y)V By dy.

Next,
=6 [ lePaoady] < g5l

In conclusion for this term, we have obtained (5.3)

Using —As/A = b+ O(s72) and the expressions of H and H 4, we have

425 H(s,2) L {H (s, 2(3))] + b T (e(5))

> 4bH (s,¢) + b/ Vel V2paVeady — b||Ve |3
Rd

b - )
A (lell7) + O(s™2llel ) + O(s™ 2K +)
b ,
R 2bH A(s,€) + 20H (s,¢) + —10(H5||2H1) + 0(572Hg|\2H1) + O(s~ K+,

Thus, by the coercivity properties Lemma 5.3 and Lemma 5.4, we obtain (for A
large enough and s( large enough)

4 % H(s,e) + %[H(s, e(s))] +b d%[J(g(s))] > blle]%n + O(s~CE+),

Since |[As/A| ~ [b] = O(s71), bs = O(s72) and J(g) = O(||5||§{1), we have
(&

A

18 ()] 2 57 (el +Ofs~C2)).

This finishes the proof. O

NITEN S 5720z,

and thus
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6. End of the proof of Proposition 3.2

In this section, we finish the proof of Proposition 3.2. Recall from §3.3 that our
objective is to prove s, = s¢ by improving estimates (3.15) into (3.6). Therefore, it
is sufficient to prove the following lemma which closes the bounds (3.15) provided
d(a) > 0 has been chosen small enough (e.g. as in (3.16)).

Lemma 6.1 (Refined estimates). For all s € [s., s1],

(6.1) ()l gn S s~ H5FY,
e/ b

(6.2) 2(3) _ 1‘ (s) _ 1‘ < §~1/2 4 g2-4/a
)\%p (s) bapp (s)

Proof. First, we prove (6.1). From Proposition 5.1, and the expression of .S, there
exists a universal constant x > 1 such that for any s € [s., s1],

1
At

R

(63) (Il = R2720D) < S(s.2) < 5 el

x| =

From Proposition 5.2, possibly taking a larger x,

d 1b -
(6.4) 5[5(5,5(5))] Z - (el — K25~ 20KHD),
Define
St 1= inf {S S [3*781]7 ”5(7—)”]-[1 < 25277(K+1) for all 7 € [3»31]}~

Since €(s1) = 0, by continuity s+ is well-defined and s; < s;. For the sake of

contradiction, assume that s; > s.. In particular, ||e(sy)|| 1 = 2&28;(K+1). Define
sy i=sup{s € [st,s1], (™)l > ke~ EFD for all 7 € [st, 8]}

In particular, sy < sy < s1 and ||e(sy)| 0 = fis;(KH), and from (6.4), S is nonde-
creasing on [s+, s;]. From equations (6.3)—(6.4) and the estimates on A (see (3.6)),
we obtain

le(si)lF — w257 25T < kXU (s) S(sy,(s1)) < KXY (s1) S(s4,€(s¢))

A (st) 2 M(st) a4
< W2 S (o) < S s
N(sy) P N(sg) 7

8
<2 /@4<ﬁ> o Si—2(K+1) <2 “45;2(K+1)’
5t

: 2 —2(K+1
since K > 4/a. Therefore ||e(sy)||7: < 3;<;4&r (K+1)

Hence s; = s, and (6.1) is proved.
Now, we prove (6.2). The main idea is to use a conservation law on (b, A) which
can be found from the differential system satisfied by (b, \), but that we rather

, which is a contradiction.
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derive from energy properties of the blow up profile. Recall that A(s1) = A1 and
b(s1) = b1 are chosen in Lemma 2.4 so that

8K
Jra ly1?Q*

In particular, we deduce from (2.9) that |E(Py, 1, ) — Fo| < s7°. Using (2.8)
and (3.15), (4.1), for all s € [s., s1],

F(A(s1))=s1 and  E(b(s1),A(s1))

d — «@
’%E(Pb/\,'y)’ <s (K+2)+4/a

In particular, by integration, we find, for all s € [s., s1], |E(Pyr(s)) — Eo| < s76

(recall K > 20/«) and using (2.9) at s,
€00, 2(s) — 78

 Jpe 91PQ2

We obtain from the expression (2.10) of £ with Cy = %:
R
2

- 5o e £ 5

-6

where the error term O(A*/s?) comes from @ and cannot be improved. In this
estimate, since A2 ~ s~4* and /5% a0 s7* whether or not CyA? is controled by
the error term depends on the value of a. We address both cases at once in what
follows. Since b~ /2,

/\a/2
527

2

2—«

(6.5) ’b - A* 4+ CoA2 | <

and with [A\s/X +b| < s~ K+ we obtain (see (2.25) for the definition of F)
As

Ae/2+1 /%JFCO)\zfa

Integrating (6.6) on [s, s1], we obtain
|F(A(s1)) = F(A(8) = (s1 = s)| S s
and thus, by F(A(s1)) = s1 (this choice was done in Lemma 2.4), we obtain
F(\(s) =s+0(s7h).
Therefore, using (2.28) and the definition of Aapp(s) in (2.20),
Nt (s)
\/2(s)

(6.6) —1|=|F(s) -1 <s72

1' < g2y g2d/a

(
We reinject this estimate into (6.5) and use the definition of bap;, to conclude:
b(8) = bapp(s) + O(s73/2 4 s~ =)/,
This finishes the proof. O
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A. Proof of Lemmas 1.1 and 1.2

Proof of Lemma 1.1. By contradiction, assume that there exists a blow up solution
u(t) of (NLS) with e = —1 and |[u(t)||, = ||Q]|5. Let a sequence t,, — T € (0, 400]
with || Vu(ty,)||; = 400 and consider the renormalized sequence

vn(x) = /\(tn)d/2 W(tn, A(tn)xz), Atn) = %
Then, by conservation of mass,
[onlly = 1Rl
and conservation of energy and € < 0,
Eerit(vn)

Ey = E(un) > Ecrit(un) = )\2(t ) .

Therefore, the sequence v,, satisfies:

[onlly = 1@y, [Vonlly, = VR, lifgiupEcrit(vn) <0.

From standard concentration compactness argument, see [24], [32], there holds, up
to a subsequence, for some z, € R%, v, € R,

On (- —xp)e™ — Q in H'YR?).

n—-+o0o
In particular,
||’0an+1
||U(tn)|‘p+1 =—p o — > too as n— oo,
A2(+D) (tn)
which contradicts the a priori bound from the energy conservation law and (1.2):
1 1
Ey = E(u) > Eey — P> —/ P
0 (u)_ crlt()+p+1 || 1 ||
This concludes the proof. O

Proof of Lemma 1.2. Let § > 0. We first recall the virial identity

d? 244/a  d(p —
et = (172 - 2+ S

=16 5(u) - A=W

Define for a,b € R the rescaled function Qqp by Qup(x) = a%Q(abx). We have
1Qaplly =~ Q1
1
E(Quas) = a*b~ (45 V Q3 -

1
244/d —1)/2— +1
QI +a® 7 @l ).

2+4/d
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Recall that the critical energy vanishes at Q:

2+4/d
QU548 =0

1 2
51Val - 7

Take b € R such that ||Qquplly = ||@l; + 6. Then b < 1 and for @ large enough we
have

E(Qap) < 0.

Choose now up = Q4. By conservation of energy and the virial identity, we have

d? 9

S lleu(®)]3 < 16 B(Qu) <0
which implies blow-up in finite time of u for positive and negative times and con-
cludes the proof. O

B. Proof of Lemma 1.3

For the sake of simplicity, we give the proof only for d > 2. The case d = 1 would
require an additional (standard) concentration compactness argument (see [32]).
For M < [|Q]|,, set

Ay ={ue HL4(RY) with |ul,= M}
and consider the minimization problem

Iy = inf E(u).

u€An
First, we claim
(B.1) —oo < Iy <0.
Indeed, from (1.2) and
d 2 1-d(p-1)/2
(B-2) / [ul*! < Can(p) IVully® ™2 flull =

with 1 < p < 1+ 4/d, we note that I; > —oo and that any minimizing sequence
is bounded in H'(RY). Let u € Ay and vy (z) = A¥?u(A\x), then vy € Ay and

1 1
12 +1
Blwn) =¥ Fanl®) = ey L

In particular, for 0 < A < 1 and v # 0, E(vy) < 0 and (B.1) follows.

Second, let uy = )\%u()\m), so that

2 4
4 1 1 /\71)71(2+E)7d
E(uy) = Apo1+2—d _/ Vul? — _/ p1| _ / 2+4/d
(ux) 3 o [Vul P |u ST A)d o |u
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We observe that

d /4 1 , 1 .
aE(UA)M:l—(pil—i—Z d)[Q/RdIVuI P Rdlul }

e (8 e

Together with [juy|, = /\P%f%Hqu, which implies %HuAHzM:l > 0, this proves
that

(B.3) I(M) is decreasing in M.

To finish, let (u,) be a minimizing sequence. Up to a subsequence and from
the standard radial compactness of Sobolev embeddings (see [3]),

4
U, =~ u in H'RY, wu,—u in LI, 2<q<24 -

Hence
E(u) <Iy and |jul, <M.

From (B.3) and the definition of Iys, we deduce ||ul|, = M and E(u) = Ip;. From
a standard Lagrange multiplier argument, u satisfies

Au+ u) Y+ [uP T = wu

for a constant w € R. The sign w > 0 now follows from a standard Pohozaev type
argument.
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