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Regularity estimates for convex functions
in Carnot—Carathéodory spaces

Valentino Magnani and Matteo Scienza

Abstract. We prove some first order regularity estimates for a class of
convex functions in Carnot—Carathéodory spaces, generated by Horman-
der vector fields. Our approach relies on both the structure of metric
balls induced by Hoérmander vector fields and local upper estimates for
the corresponding subharmonic functions.

1. Introduction

The present paper is devoted to the study of first order regularity properties of
convex functions in Carnot—Carathéodory spaces. An important class of these
spaces is that of Carnot groups, that can be seen as R"™ equipped with both a
group operation and a stratified Lie algebra of left invariant vector fields. By
definition, this algebra is spanned by a choice of elements X1, ..., X,,, along with
their iterated commutators. The latter condition is a special instance of the more
general Hormander condition for any given set X of vector fields. When we only
assume that the set X of vector fields satisfies this condition, we obtain a Carnot—
Carathéodory space. All linear combinations of elements of X' correspond to the
so-called horizontal vector fields. These vector fields yield the well known Carnot—
Carathéodory distance, hence they also generate the metric structure of the space,
see Section 2 for precise definitions. Convexity in this framework first appeared
in Carnot groups [11], [29], [26], then further extensions of this notion to general
vector fields have been considered in [37], [2] and [4].

Convexity plays an important role in the regularity theory for second order
elliptic non-divergence operators, due to the Aleksandrov—Bakelman—Pucci esti-
mate, [8]. The project of extending this approach to subelliptic non-divergence
operators was one of the main motivations for introducing convexity in Carnot
groups, [11], [10], [29], [26]. Other motivations come from the study of comparison
principles for fully nonlinear degenerate subelliptic equations, [2], [3].
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After these works, the study of convexity in this non-Euclidean framework has
known an increasing interest with several papers on topics like characterizations of
convexity, Lipschitz continuity, subdifferentials, first and second order differentia-
bility and monotonicity properties, [4], [7], [6], [12], [20], [21], [22], [26], [30], [32],
[36], [37], [38], [39], but this list could be certainly larger.

A geometric approach to convex functions with respect to general vector fields
was developed by Bardi and Dragoni in [2], according to the following notion.
If Q C R" is open and X = {X,...,X,,} are C? smooth vector fields on R",
we say that u: Q — R is X-convex, if u oy is convex, where v: I — § satisfies
4 =31, a; X; 0~ on the open interval I and a; € R are arbitrary. In analogy
with the approach of [26], v-converity with respect to X requires that

(1.1) V% u >0 in the viscosity sense.

It is interesting to notice that in the class of upper semicontinuous functions,
the notions of v-convexity and X -convexity do coincide, where the vector fields
of X are assumed to be of class C2. This characterization has been proved in [2],
along with Lipschitz continuity estimates of X-semiconvex functions in terms of the
L*°-norm of the function, see Theorem 6.1 and Remark 6.2 in [2] for more details.
In particular, here the vector fields are not required to satisfy the Hormander
condition. In the case of Carnot groups the previous characterization has been
established in [26] and the commutative case, corresponding to Euclidean spaces
goes back to [1]. Let us point out that the use of viscosity solutions in Carnot
groups first appeared in [5].

The investigation of fine properties of convex functions requires precise esti-
mates on their Lipschitz constant. In fact, when X generates a Carnot group
structure, we have the strengthened estimate

Co

(1.2) esssup |Vpgu(w)| < —][ |u(w)| dw
wEBy,» " JByar

for continuous weakly H-convex functions, [11], and upper semicontinuous v-
convex functions, [29], [26], where = varies in G, r > 0 and Cy > 0 is a suitable
geometric constant depending on the metric structure of G. Here B, , denotes
the metric ball with respect to the homogeneous distance fixed on the group and
Vu is the horizontal gradient (Xqu, ..., Xmu). Let us point out that in Carnot
groups the Lipschitz constant can be bounded by the L>-norm of the horizontal
gradient in a larger set, with controlled scaling, see for instance Lemma 6.1 of [31].
As a result, the estimate (1.2) immediately gives an integral upper estimate for
the Lipschitz constant.

The same estimate plays an important role in the study of fine properties
of convex functions in Carnot groups. This occurs for instance in relation to
both the second order differentiability, see for instance [30], and the distributional
characterizations of convex functions, [7]. The project of understanding these
results in a broader context certainly requires first to study the validity of (1.2)
for general Hormander vector fields. This is precisely our main result, according
to the next theorem.
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Theorem 1.1. Let X = {X1,...,X,,} be a set of Hormander vector fields, let
Q C R"™ be open and let K C Q be compact. Then there exist C' > 0 and R > 0,
depending on K, such that each X-convex function u: Q0 — R, that is locally
bounded from above, for every x € K satisfies the following estimates:

(1.3) sup |u| < C][ |u(w)]| dw,
Ba.r B,

x,27r

(1.4) fu(y) — u(z)| < ¢ 422 ]{9 (o) duw

r
for every 0 < r < R and every y,z € By ,.

We first point out that (1.4) joined with Proposition 2.10 immediately leads
o (1.2), hence the previous theorem contains the known case of Carnot groups.

However, in the proof Theorem 1.1, the absence of a group operation and of
dilations compatible with the distance represents the source of new difficulties.
In particular, this lack of homogeneity implies that the constant C' > 0 cannot
be chosen independently of K, as it occurs for Carnot groups, since in general
Carnot—Carathéodory spaces the doubling dimension may change from point to
point.

Let us present the main scheme to establish Theorem 1.1. The first point is
to prove the Lipschitz continuity of a X-convex function u: £ — R that is only
assumed to be locally bounded from above, then finding an upper estimate on its
Lipschitz constant in terms of |||/, see Theorem 4.4. Let us point out that this
theorem does not follow from [2], since here the authors consider X-semiconvex
functions that are also assumed to be locally bounded and upper semicontinuous.
In fact, the approach of [2] starts from the bound on the horizontal gradient
of the function in the viscosity sense, see Proposition 6.1 in [2], then the upper
semicontinuity assumption allows for translating this information into the wished
Lipschitz estimate, see Lemma 6.1 of [2].

We are forced to use a completely different approach, since our X-convex func-
tion is only locally bounded from above, so in principle could not be even mea-
surable. In fact, we use the stronger assumption that our vector fields satisfy the
Hérmander condition, hence we rely on the interesting result of [33], that allows
for covering the Carnot—Carathéodory ball by suitable compositions of flows of
horizontal vector fields in a quantitative way, depending on the radius of the ball.
This eventually leads to the proof of Theorem 4.4.

The previous step shows in particular that u belongs to the anisotropic Sobolev
space Wé’?loc((l), see Section 2. The crucial point now is to show that for every
x € Q the X-convex function u is a subharmonic with respect to a suitable “pointed
sub-Laplacian” L, = 27:1 YjQ, that is constructed around .

Theorem 1.2. Let X = {Xi,...,X,,} be a set of Hérmander vector fields,
let 2 CR™ be open, let xg € Q and let u: Q@ — R be a X-conver function that
is locally bounded from above. There exist o9 > 0 and a family of vector fields

Xy ={Y1,..., Y}, withY; = Z;”Zl a;;X;, and a;; € {0,1}, both depending on xo,
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such that By, 5, C Q and u is a weak subsolution of the equation

m
(1.5) ZYizv =0 on By, -
i=1
Since the Lebesgue measure is locally doubling with respect to metric balls
and the Poincaré inequality holds, the classical Moser iteration technique holds
for weak subsolutions to the sub-Laplacian equation, hence getting the classical
inequality

(1.6) sup u < Iﬁ:x][ |u(2)|dz
B,.r B

Y, 5 Y,

for 0 < r < 0, and y € B, ,, where the positive constants x,, o, and d; > 0
depend on x, see Section 5 for more information and in particular Corollary 5.4.
The lower estimate of u is reached using the almost exponential introduced in (3.2),
hence obtaining the following pointwise estimate

(1.7) 2N= yu(x) — (2N — 1) sup w < inf wu,

Bw,ﬁ& x,bs

where N, depends on z and it satisfies the uniform inequality 1 < N, < N on
some compact set, see Lemma 4.1. This eventually leads us to the proof of (1.3).
The estimate (1.4) is obtained joining Theorem 4.4 with Theorem 6.2. In sum,
the geometric part of our method arises from a quantitative representation of the
Carnot—Carathéodory ball by almost exponentials and it gives the lower estimates,
then the PDE approach leads to the upper estimates.

Our results have also an unexpected connection with the regularity of k-convex
functions studied by Trudinger in the same framework of Héormander vector fields,
see [37]. Here a smooth k-convex function has the property that all j-th ele-
mentary symmetric functions of the horizontal Hessian VZu are nonnegative for
all j=1,...,k and &k < m, where X = {X1,...,X,}. Then the nonsmooth
k-convex functions are defined as L -limits of smooth k-convex functions.

In the case k = m, it is not difficult to observe that (1.4) gives the local
Lipschitz continuity of nonsmooth m-convex functions with respect to Hérmander
vector fields. In fact, these functions are X'-convex. As a byproduct of this simple
characterization, we can improve a family of estimates in [37]. According to these
estimates, we have
(1.8) sup Ju(z) = uly)| <C / |u(z)| dz

x,ye’ d('r’y)a Q
T#y
for any nonsmooth k-convex function u : Q — R, where Q C R", 0 is compactly
contained in €, C is a geometric constant depending on Y/,

(1.9) a=k@Q+m—2)—m(Q—1)k " (m—1)""

for every k < m and « < 1 in the case k = m. Our estimate (1.4) precisely shows
that a can be chosen to be equal to one in the case k = m, that fits with (1.9).
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We conclude by a short description of the paper. Section 2 recalls some
elementary facts on Hérmander vector fields and Carnot—Carathéodory distances.
In Section 3, we present the basic properties of the so-called almost exponential.
Section 4 contains Theorem 4.4 along with its proof. In Section 5, we use the local
integral upper bounds for subharmonic functions to prove Theorem 1.2. Section 6
collects the preceding results in order to establish (1.3) in Theorem 1.1.

Acknowledgements. It is a pleasure to thank Daniele Morbildelli for some useful
comments on different notions of distances in Carnot—Carathéodory spaces.

2. Some basic notions and facts

Throughout the paper, we consider a family X of smooth vector fields X1, ..., X,,
on R™, which satisfy the Hérmander condition: for every x € R™ there exists a
positive integer r’ such that

(2.1) span{ Xg)(z) : |S| < 7'} =R".
For every multi-index S = (s1,...,5sp) € {1,2,...,m}?, we have set |S| = p and
(2.2) Xig) = [Xor, [0 [Xopn X, ] -] ] -

Remark 2.1. As a consequence of the Hérmander condition, for every bounded
set A C R™ we have a positive integer r, such that (2.1) is satisfied for all x € A
and 1’ = r. This follows from the smoothness of Hormander vector fields. In fact,
condition (2.1) with some ' implies its validity on all points in a neighborhood
of z and with the same maximal length /. The relative compactness of bounded
sets leads to our claim.

Definition 2.2 (Flow of a vector field). Let X be a smooth vector field of R™ and
let x € R™. We consider the Cauchy problem

Y(t) = X(7(1)),

7(0) = =,
and denote its solution by ¢t — ®X(x,¢). The mapping ®X defined on an open
neighbourhood of R™ x {0} in R"*! is the flow associated to X. The flow ®* will

also define the local diffeomorphism ®X(-) = ®X(-,¢) on bounded open sets for
sufficiently small.

Definition 2.3 (CC-distances and metric balls). For every z,y € R™ we define
the following distance

(2.3) d(z,y) =inf {t > 0: there exists v € 'y, (¢)},

where I'; () denotes the family of all absolutely continuous curves 7 : [0,¢] — R"
with v(0) = 2, v(t) = y and such that for a.e. s € [0,t] we have

(s) = _a;(5)X;(v(s)) and  max la;(s)] < 1.
j=1

1<j<m
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This distance along with its properties can be found in [35]. If the previous con-
dition is modified replacing maxi<;<m |a;(s)| with (32, <;<, a;(s)?)'/2, then in
the context of PDEs this distance first appeared in a work by Fefferman and
Phong, [13]. Metric balls are defined using the following notation:

B, = {z eR" :d(z,z) < r}, Dy, = {z eR" 1 d(z,z) < 7"}

for any r > 0 and x € R™. We say that d is the Carnot—Carathéodory distance,
in short CC-distance, with respect to X. Another analogous distance that will
be important for the sequel is the following one. Let I'; | (¢) be the family of all
absolutely continuous curves v: [0,¢] — R™ with v(0) =, v(¢t) = y, such that for

a.e. s € [0,t] we have

m

A(s) = Z a;(s)X;(v(s)) and (a1,...,am) € {xe1,...,ten},

where the curve (ai, ..., a,) is piecewise constant on [0,¢] and (ey, ..., e, ) is the
canonical basis of R™. Thus, we define the distance

(2.4) p(z,y) =inf {t > 0 : there exists y € ', ()} .

This distance in the framework of PDEs has been first introduced by Franchi and
Lanconelli, [14], [27], [15].

Remark 2.4. Let us consider X € X and t,7 € R, by definition of d and p, we
have
max {d(D} (), ®7 (2)), p(®F (), 7 (2))} < [t — 7]

for any = € R", whenever the flows are defined for times ¢t and 7.
Remark 2.5. Let X be the family of smooth Hérmander vector fields X1, ..., X,

introduced in Section 2. Then by a rescaling argument, one can easily check that
there holds

(2.5) d(z,y) = inf {6 > 0 : there exists v € Fiy} ,

where thy()( ) is the family of absolutely continuous curves v : [0,1] — R™ such
that v(0) = z, (1) = y and for a.e. t € [0, 1] we have

1<j<m

W(t)=zaj(t)Xj(v(t)) and  max |a;(t)| <9,

where d is introduced in Definition 2.3.

Lemma 2.6. Let d and di two CC-distances associated to the families of smooth
Hérmander vector fields X = {X1,..., X} and X1 = {Y1,..., Y.}, respectively.
Let {i1,j1, - jm-1} ={1,2,...,m} and assume that Y; = X; for all j # i1 and
Y, = Xi, + Xj,. Then we have 4=1d < dy < 4d.
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Proof. We can use for d and d; the equivalent definition stated in Remark 2.5.
Taking this into account, we fix a compact set K C R™ and choose any z1,zs € K,
setting d(x1,x2) = 0/2, for some ¢ > 0. Then there exists an absolutely continuous
curve v : [0,1] = R™ belonging to Fiy(k’). Clearly, we observe that

m—1
§=0a;, Y, (7) + (aj, —ai)Y;, (1) + Y a;, Y5, (7),
s=2

hence v € Fi‘fy()(l), then dy(z,y) < 20 = 4d(z,y). In an analogous way we get
d(x1,22) < 4di(x1,z2), concluding the proof. O

Next, we introduce the anisotropic Sobolev space Wj;p with respect to the
family X. Throughout, for every open set  C R™ we denote by C2°(2), the class
of smooth functions with compact support.

Definition 2.7. Given an open set  C R™, we define the X'-Sobolev space
W}(’p(Q), with 1 < p < oo, as follows:
WyP(Q) = {f e LP(Q), X;f € LP(Q), j=1,....m},

1

where Xu is the distributional derivative of u € Lj,,,

(€2), namely

(o) = [ uXiods o€ @)
Q
and X/ is the formal adjoint of Xj;, namely, X = —X,; — divX,.

The linear space W}(’p () is turned into a Banach space by the norm

m

Ifllwie ) = Ifllze) + S IXif |z -

j=1

A function u € W}f (Q) is an L-weak subsolution of

(2.6) Lu = ZX?U =0

i=1
m
if for every nonnegative n € ijQO(Q), we have Z/ XiuX ndx > 0.
=1 Q

Lemma 2.8. Let Q' be an open set compactly contained in  and let X € X.
There exists T > 0 such that the map ®X is well defined on ' x (—2T,2T) and
for every t € (—2T,2T), the mapping ®X(-,t) : ' — R™ is bi-Lipschitz onto its
image with inverse ®X (-, —t). The Jacobian Jx of ®X satisfies

Jx(z,t) =1+ Jx(z,t) and |Jx(z,t)] < CJt|
for all x € Q' and |t| < 2T, where C' > 0 is independent of x and t.

The proof of this lemma can be achieved by standard ODEs methods, see
also [25] and [17].
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Theorem 2.9. Every Lipschitz function on an open set Q@ C R™ is in W)l(oo(Q)

The proof of Theorem 2.9 can be found from either Proposition 2.9 of [17] or
Theorem 1.3 of [19]. From either these papers or the arguments of Theorem 11.7
of [23], it is also not difficult to deduce the following proposition.

Proposition 2.10. Let u: Q@ — R be a Lipschitz function. Let X be a vector
field of X and fix © € Q. Let ®(x) be the flow of X starting at x. Then the
directional derivative Lu(® (x))|i—o ezists almost everywhere and it coincides
with the distributional derivative Xu.

3. Almost exponentials and CC-distances

In this section, we introduce a kind of “discrete exponential mappings” for vector
fields and recall their properties, following notations and results of [33]. We define

X=Xy, Xp}, AP = {X(iiay 1 <01 <idg <mj,

and so on, in such a manner that elements of X*) are the commutators of length k.
We denote by Y7,...,Y, an enumeration of all the elements of xM o xm),
where 7 is an integer large enough to ensure that Yi,...,Y, span R™ at each point
of a fixed bounded open set 2 C R", see Remark 2.1. We call r the local spanning
step and ¢ the local spanning number of X, to underly that they depend on €.
It may be worth to stress that the Lie algebra spanned by X at some point need
not be nilpotent, although the local spanning step is finite.

If Y; is an element of XU, we say Y; has formal degree d; := d(Y;) = j. Let
I=(i1,...,in) € {1,2,...,¢}" be a multi-index and define from [35] the functions
Ar(@) = det [V ()., Yi, ()] and [l = max g2,

As a consequence of the choice of (Y1,...,Y,), we have that for every z € Q
there exists I € {1,2,...,¢}" with A;(x) # 0. We denote by d(I) the integer
d;, +---+d;, , where d;, = d(Y;,).

Definition 3.1. Let X,S € X and consider the mappings ® and ®;, that
coincide with ®X and ®}° respectively. Thus, for ¢ sufficiently small, we can
define the local exponentials exp(tX) := ®4X and exp(tS) := ®¢°, along with the
local product

exp(tX) exp(tS) = &% o ®L7.

Let S1,...,S; be vector fields belonging to the family X'. Therefore, for every
a € R sufficiently small, we can define
Ci(a, S1) = exp(aSi),
Cs(a, S1,52) = exp(—aSa)exp(—aSy)exp(aSs)exp(aSt),
Ci(a,S1,...,8) =Ci—1(a; Sa, ..., Sl)flexp(—aSl)C'l_l(a; Sa, ..., S))exp(aSt).
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By (14) of [33], for o € R sufficiently small we define the approzimate exponential

(3 1) eoS[(l ..... Dl _ Cl(gl/lv‘sl? e '7Sl)7 o >0,
' P Ci(lo|Mt, Sy, ..., 8)7, o <.

Following (16) of [33], given a multi-index I = (i1,...,in), 1 <i; < gand h € R”
small enough, then we introduce the almost exponential

h1Yi, nYip,
(3.2) EI,x(h) = €ap e eZpY (x)

The next theorem, that is contained in Theorem 3.1 of [33], shows that the almost
exponentials give a good representation of the Carnot—Carathéodory balls.

Theorem 3.2. If Q C R™ is an open bounded set with local spanning number q
and K C Q is a compact set, then there exist dg > 0 and positive numbers a and b,
b<a<1, sothat, given any I € {1,...,q}"™ such that

1
(3.3)  Ar(@)| 6D > = max  [As(@)] 0N, forz e K and 0 < § < bo,
2 Je{1,...q}"

it follows that By ps C Er({h € R™ : ||h||r < ad}) C By.s.
Following the terminology of [35], we introduce the following definition.

Definition 3.3. We say that two distances p; and ps in R™ are equivalent, if for
every compact set K C R"”, there exist cx > 1, depending on K, such that

et pi(x,y) < p2(z,y) < ckpi(z,y) forall z,y € K.

Remark 3.4. We have stated Theorem 3.2 using only metric balls with respect
to the distance d. In fact, in [33] the same symbol denotes the same distance, with
a different definition, see Remark 2.5. Up to a change of the constant b > 0 in
Theorem 3.1 of [33], we can replace the distance denoted by “p” in [33] with d.
In fact, these two distances are equivalent, due to Theorem 4 of [35], joined with
our Remark 2.5.

The following proposition has been pointed out to us by D. Morbidelli. It is a
consequence of the seminal paper by A. Nagel, E. M. Stein and S. Wainger [35],
and it can be also found as a consequence of Theorem 3.1 of [33].

Proposition 3.5. The distances d and p introduced in Definition 2.3 are equiva-
lent.

Remark 3.6. Notice that the inequality d < p is trivial. As a consequence of the
previous proposition, X-convex functions that are locally bounded are also locally
Lipschitz continuous with respect to d and any other equivalent distance, according
to the notion of equivalence given in Definition 3.3.
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We fix a multi-index I = (41,...,14,) and for each Y;, we have a multi index

k

Ji = (15, g3, .. ,jfl’jk) such that  Y;, = X,

iRl
where d;, is the formal degree of Y;, . We notice that 1 < ji* < mforalll < s <d;,
and d;, <r, where r is the local spanning step of X'. By definition of e,, we get

N,

hY; Hs:lkl exp(UShl/dik X;k) ) h > 07
(3.4) eaplk = N, )
Hs=lkl exp( - O'Nik+1,3 |h|1/dik X}\;Cik"!‘l—s) 9 h < 07

where o, € {—1,1}, N;, is the length of eZ:i

possibly iterated choice among the vectors

k 23 ik ik s :
and X%, X0k, ... ,XN% is a suitable

Xj;'ij;'k e ,Xj;,:k.
A simple calculation gives N;, = 2% — 2 4 2%~ We define N(I) =Y }_, 2N;,
along with the mapping G, : RN — R", that is,

n Nik Nik
(3.5) Grz(w) = H { H exp(wk,&gX}\’;ikas) H exp(wk,&lX;’“)}(x).
k=1 s=1 s=1

In the definition of G, we use the product to indicate the composition of flows
according to the order that starts from the right. The variable w denotes the vector

(w1,1,1, W1,2,15 -5 WI,N; 1, W1,1,2, W1,2,25 - -+, WL N 25000, W 1,250 -4, wn,Nin,Q)

i1s

belonging to RNU). The integer N(I) is locally uniformly bounded from above,
since every multi-index I = (41,...,4,) of Theorem 3.2 depends on x and satisfies
Ni, <27 —2+ 271 where r is the local spanning step of X, depending on the
fixed bounded open set Q. Therefore we have a local upper bound N defined as

(3.6) N =2n(2" 1 —2 42771y,
and clearly N(I) < N, where N is independent of I.

Definition 3.7. For every N € N\ {0}, we set |w||ny = maxg=1,. n |wg], for every
w € RN. The corresponding open ball is defined as

SN = {w e RV . lwln < (5} .
From standard theorems on ODEs, one can establish the following fact.

Proposition 3.8. If K C 2 is a compact set and N € N is positive, then there
exists 91 > 0 only depending on K, Q@ and X such that for every 0 < § < 61 and
every v € K we have By ns, C Q and for every integers 1 < ji,...,jn < m, the
composition

(expltonX;y) - - exp(ws X,) exp(wr X)) ()

is well defined and contained in By ns for all w € Sn 5.
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The previous proposition immediately leads us to the following consequence.

Corollary 3.9. Let Q be an open bounded set with local spanning number q and
local spanning step r. If K C ) is a compact set, then there exist 61 > 0 such that
for every x € K, every 0 < § < 61 and every multi-index I € {1,2,...,q}"™, the
mapping Gr . introduced in (3.5) is well defined on Sy ()5 and

GI,a:(SN(I),(S) - Ba:,]\_/'(S - Da:,]\_/'ﬁl - Q,
where N is defined in (3.6).

For any of the above multi-indexes I = (i1,...,4,), we introduce the function
Frq :R"— RN as follows:
F[7$(h1, ey hn) = (0'1,1(51 (hl)h}/dll ye e ,0'1,1\[7.’1 (51(h1)h}/dil 5 —0'1,1\[7.’1 52(h1)|h1|1/di1 5
oo =1 16a2(h) [ha [V 0181 (h) B T o 81 (R Bl )

in

where 0, ; € {-1,1}, k=1,...,nand j=1,...,N;,. More precisely, we have

n Nik
1/d;
(3.7) Fro(h) =Y { > ok 1 (hi) by ens
k=1 s=1
Ni,
- Z%,Nikﬂfs 82 (hy) | g M/ ek,s,z} )
s=1

where we have introduced the canonical basis

{ensi:1<k<n, 1<s<N;, i=1,2}

k>

of RV and the functions

1, z>0, 0, x>0,
51(5”):{0 r<o, nd 52(5”):{1 z < 0.

Remark 3.10. From the definitions of G, and Fr ., it is straightforward to
observe that £t , = G0 Fy, on a sufficiently small neighbourhood of the origin
in R™.

Theorem 3.11. If Q C R™ is an open bounded set with local spanning number q
and K C € is compact, then there exist dg > 0 and positive numbers a and b,
b<a<1, sothat for any x € K and 0 < § < dy and any I € {1,...,q}"™ with

1
an > L d(J)
(3.8) [A1(2)]07 2 5 Jeg{{?;?fq}nlh(w)|5 ,

we have By ps C Gr.({w € RN . l|lwl|nir < ad}) C B, ns C Dy ns, C
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Proof. From Theorem 3.2, we get the existence of dg,a,b > 0, with b < a < 1 such
that for every z € K, 0 < < dp and I € {1,...,q}" satisfying (3.8), we have the
inclusion

Byps C Ery({h € R" ¢ ||h]lr < ad}).

This proves the validity of this inclusion, since for every x € K and 0 < 6§ < Jp the
existence of I satisfying (3.8) is trivial. From formula (3.7), we have

(3.9) 1Fr 2 (B very = Ih]l; for all h € R™.

Remark 3.10 implies that E ,(h) = G4 o Fr(h) for all h € R™, possibly small,
such that Gy 4, introduced in (3.5), is well defined on F (k). In view of Corol-
lary 3.9, it is not restrictive to choose dy > 0 possibly smaller, such that Gy, is
well defined on

(3.10) SN(I),éo and G]J:(SN(I)’(;) C Bi’th C Di’tho c Q.

Taking into account (3.9), we have Fy,({h € R™ : ||h]|; < ad}) C Sn(s),s, that
leads us to the following inclusions:

(3.11) Byys C El,x({h cR": ||h||1 < aé}) C G]J;(SN(])’(;) - Bx,Néa

concluding the proof. O

According to [35], for x € R™, we set

A, )= > ()| 8D

Ie{1,2,...,q}m
From Theorem 1 in [35], we get the following important fact.

Theorem 3.12. For every K C R™ compact, there exist 5o > 0 and positive
constants Cp and Cs, depending on K, so that for all x € K and every 0 < § < dg

we have

|Ba.s|
< : < .
O A =

The point of this theorem is that it gives the doubling property of metric balls,
as shown in [35]. In fact, A is a polynomial with respect to 4, that only depends
on the enumeration of vector fields Y7,...,Y; on some fixed open bounded set (2.
Thus, we have the following corollary.

Corollary 3.13. For every compact set K C R"™ there exist positive constants C
and rg, depending on K, such that for every x € K and every 0 < r < rg, we have

|Bar,2v"| <C |Barﬂ“|-
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4. Boundedness from above implies Lipschitz continuity

This section is devoted to the proof of the local Lipschitz continuity of X-convex
functions that are locally bounded from above. More precisely, we will prove
Theorem 4.4.

Lemma 4.1. Let u: Q — R be a X-convex function on an open set  C R™ and
let K be a compact set. Then there exist 5o > 0, 0 < b < 1 and an integer N
only depending on K and X such that for every x € K, there exists an integer
1 < N, < N such that for every 0 < § < &y we have D, ns, C S and

(4.1) 2Ne () — (2N* — 1) sup u < inf w.

Bw,ﬁé x,bs

Proof. Let € be an open bounded set containing K such that Q' C Q, let r be the
local spanning step and ¢ be the local spanning number with local spanning frame

Yi,...,Y, on Q. We apply Theorem 3.11 to both K and ', getting an integer N
and positive number dy > 0, 0 < b < a < 1, depending on K, Q" and X, having the
properties stated in this theorem. Thus, we choose any x € K and 0 < § < dg, so
that we can find a multi-index I € {1,...,¢}" such that (3.8) holds. Theorem 3.11
implies that

Byys C G]J:(SN(])@(;) C B%N(; C Da:,Néo cq

where Gy, is defined in (3.5). In particular, the closure EN(IW satisfies
G1,2(Sn(1),a6) C .

Let us consider the scalar function p(w) = u o G ,(w), that is well defined for all
w € SN(1),q5- By definition of X-convexity, we have

= 2¢(0) = sup u < 2¢(0) = p(=wi,0,...,0) < p(w,0,...,0),

B. N5
whenever |w;| < ad. Notice that

w1 = 2u(x) — sup w.

B, x5

Of course, in the case supg ., U = +00, then the inequalities (4.3) become trivial.
For each wy € [—ad, ad], the function

[—ad, ad] 3 s — p(wr,s,0,...,0),
is convex with respect to s, hence arguing as before we get

H2 = 2/1/1 — Sup u < @(wl,S,O,---,O))-

z,N§
whenever |s| < ad. We can repeat this argument up to N(I) times, achieving

(4.2) pn(ry S uo Grao(w) for every w € EN(I)M;,
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where p; =21 —supg _ ufor j=1,..., N(I). In particular, we have
N(I)-1
vy =2¥Dufe) = (30 2)M =2V Du(z) - 2YO M+ M
§=0

with M = supp u. In sum, we have proved that there exist dop > 0, 0 < b < 1

z,N&§

and an integer N only depending on K and & such that for every z € K, we can
provide an integer 1 < N, < N, depending on x, such that for every 0 < § < &g

we have D, x5, C €2 and (4.1) holds. O
Corollary 4.2. Under the assumptions of Lemma 4.1, we have
(4.3) )
2u(:c) (2N —1) supp, o, U it w(x) >0,
Binf u > Nou(x) — (2N -1) supB ,u if u(z) <0and supg _u>0,
x,bs .

z.

u(z) —supp_ _ u if supp _ u<O.

The previous corollary immediately leads us to another consequence.

Corollary 4.3. FEvery X-convex function that is locally bounded from above on an
open set is also locally bounded from below.

We use throughout the distance function distq(A4,z) = inf,ca d(a,x), with
A CR™

Theorem 4.4. Let X = {X1,...,X,n} be a set of Hormander vector fields, let
Q C R" open and let u : Q — R be a X-convex function that is locally bounded from
above. It follows that w is locally Lipschitz continuous. More precisely, if K C )
is compact and 0 < r < distq(K,Q°), then for every x,y € K we have

(1.4 )~ uly)] < & dCe.y) sup .

where K, = {z € R" : distq(K, z) <1} C Q and C > 0 only depends on K and X.

Proof. First of all, from Corollary 4.3 it follows that w is locally bounded. Let us
choose 0 < D < distq(K, Q°) and consider the compact set

={z e R" : disty(K, z) < D},

that is clearly contained in 2. Choose any a > 0 such that D 4 « < distq(K, Q°).
Therefore for every z € Kp and X € X, we have

distq(Kp, @¥(z,1)) < d(@¥ (z,t),2) < |t| <

hence X (z,t) € Kpio = {z € R" : disty(K,2) < D +a} C Q for all |t| < a.
Hence &% is defined on Kp x [~a,a] and it is contained in the larger compact
set Kpya C Q. Let us fix 2,y € K such that p(z,y) < D. Let ¢ > 0 be
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arbitrary chosen such that p(z,y) + ¢ < D. Thus, by definition of p, there exists
p(z,y) <t <p(r,y) +ecand vy el () such that tg =0 <t <--- <t, =tand

(4.5) Y(t) = @59k (y(tho1),t — tr—1)
for all t € [ty—1,tx) and k =1,...,v, where 1 < j1,...,7, < m. We have that
d(y(t),x) < p(v(t),z) <t <t <D,

therefore the whole curve « is contained in Kp and any restriction |, , 4,1 can
be smoothly extended on [t;—1 — «, t, + o] preserving the same form (4.5). Since u
is locally bounded, we set

M= sup |u(w)| < +oo.
wWEKDpia

As a result, the X-convexity of u implies that the difference quotient

lu(y(tr)) — u(y(te—1))l
[tr — th—1]

is not greater than the maximum between |u(<I>XJ'k (v(tg—1),tk + o — tk,l)) -
u(y(tr))| o=t and Ju (@ (y(tg—1), —a)) — u(v(tk—1))|a~t. This proves that

uly(tr)) = u(y(te-))| _ 2M

|tk 7tk,1| (6%

It follows that

Ju(y) = u(@)] < D July(tr) — uly(tr-1)]
k=1

v

St~ i) < (ol y) +),

k=1

2M
<=
- T

with an arbitrary choice of £ > 0. In the case p(x,y) > D, we immediately have
|u(z) — u(y)| < 2Mp(x,y)/D, that leads to the inequality

2p(z,y) sup [u]

|U($) - u(y)| < min{D,a} Knin

for every z,y € K, where D, > 0 satisfy D + o < distq(K, Q¢). Thus, we choose
r = 2D = 2a < disty(K, Q). By Proposition 3.5, it follows that there exists a
constant C' > 0, depending on K, such that 4p(z,y) < Cd(z,y) for all z,y € K,
hence concluding the proof. O

Remark 4.5. The Lipschitz estimate (4.4) restated with respect to the distance p
has only explicit constants. Precisely, under the assumptions of Theorem 4.4 we
have 5

_2@y) ).

u(x) —u < —
u(@) —u)| < s s
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5. L-weak subsolutions and upper estimates

The point of this section is to show that locally bounded above X-convex func-
tions are L-weak subsolutions of (2.6), where X = {Xy,..., X,,} is a family of
Hormander vector fields. This will enable us to apply the following well-known
result.

Theorem 5.1. Let Q) C R"™ be an open bounded set, and let X be a family of smooth
Hérmander vector fields and let p > 0. Thus, there exists ro > 0, depending on )
and X, and there exists k > 1, depending on p, Q and X, such that whenever
u € Wy (Q) is a weak L-subsolution to (2.6), we have

1/p
(5.1) esssup u < K (][ |u(y)|pdy) ,
Bac,% Bw,T

for every x € Q such that 0 < r < min{ro, dist(2°, z)}.

The proof of this theorem is standard: it follows the celebrated Moser iter-
ation technique for weak solutions to elliptic equations in divergence form [34],
that applies to very general frameworks, including Carnot—Carathéodory spaces.
There are several independent works in this area, so we limit ourselves to mention
just a few of them, [28], [24], [9]. Further discussion of this topic can be found for
instance in [23].

In the proof of Theorem 1.2, we will use the following basic fact.

Lemma 5.2. Let X be a vector field on R™, let z € R™ be such that X (z) # 0 and
let w be a hyperplane of R™ transversal to X (z) and passing through z. There exists
an open neighbourhood A of z in 7, 7 > 0 and an open neighbourhood U of z in R™
such that the restriction of the flow ®X to A x (—7,7) is a diffeomorphism onto U.
Moreover, for every fixed system of coordinates (&1, ...,&n—1) on 7w, denoting by ¢
the previous restriction with respect to these coordinates and by Jy its Jacobian,
we get
(5.2) divX(z) = % o¢ H(x) forall x€U.

¢
Remark 5.3. From the definition of commutator and the fact that the family X
satisfies the Hormander condition, it is clear that for each z € R"™, there exists
X € X such that X (z) # 0.

Proof of Theorem 1.2. As observed in Remark 5.3, since X is a family of Hérman-
der vector fields, we must have some j; € {1,2,...,m} such that X;, (zo) # 0.
Thus, for each i = 1,...,m, we define Y; = X, if X;(x0) # 0and ¥; = X; + X,
otherwise, so that all ¥; do not vanish on zy. In view of Lemma 5.2, for each
i=1,...,m we can find an open bounded neighbourhood U; of xg, that is com-
pactly contained in €2, an open bounded set 4; C R"~!, 7; > 0 and a diffeomor-
phism ¢; : S; — U;, with S; = A; x (=7, 7), ¢; is the restriction of the flow
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of Y; and then it satisfies (5.2). We can find o > 0 such that By, s, is compactly
contained in U; for all i = 1,...,m. Let us choose any ¢ € C°(By,.s5,) with ¢ > 0.
Our claim follows if we prove that

(5.3) ) /B Yiu(z) Y o(z) dz > 0.

x(,80

We will prove a stronger fact, namely, the validity of

/ Yiu(z) Yp(x)de >0 forall i=1,...,m.
B

z0,80

By definition of X-convexity, we have that u(¢;(w,-)) is convex on the interval
where it is defined for all i« = 1,...,m. By Theorem 4.4, v is locally Lipschitz
continuous with respect to d. Iterating Lemma 2.6, no more than m — 1 times,
and observing that Xy = {Y7,...,Y,,} is also a family of Hérmander vector fields,
its associated distance d; is equivalent to d, that is obtained from X. Theorem 2.9
and Proposition 2.10 imply that u € W)l(’oo (©) and the pointwise derivative

Jloc

Or,u(x) = u(@Y (1) ico
dt

exists for almost every = €  and coincides with the distributional derivative Y;u,

up to a negligible set. In particular, there exists L > 0 such that |Y;u| < L almost

everywhere in U;, where Y;u is the distributional derivative of v along Y;. Since ¢;

sends negligible sets into negligible sets, we have that

0
(54) % u(d)l (w, s))|S:t = 8Yiu(¢(w, t)) = qu(fﬁz (w, t))
for almost every (w,t) € S;. There exist 0 < ¢; < 7; such that ¢p(A; x (—t;,1;)) = U]
still contains By, s,, hence for € > 0 sufficiently small, we can consider

Ti

(wo ¢i)e(w,t) = / (uo¢;)(w,s)) ve(t — s)ds,

—Ti

for all ¢ € (—t;,t;), where v. are one dimensional mollifiers. Since (u o ¢;)(w,-)
is convex on (—7;,7;) it is also locally Lipschitz, with distributional derivative.
It follows that

o0 9= 1) = (Do 61

for all w € A; and t € (—t;,t;). Due to (5.4), applying Fubini’s theorem it follows
that for almost every w € A; the pointwise derivative dy,u(w,t) equals the dis-
tributional derivative Yju(w,t) for almost every t € (—7;,7;), that is precisely
represented almost everywhere. As a consequence, we have

(65) (0 6)ewnt) = (Oruob)(w,t) = (Vi) 0 ). (w,1)
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for almost every w € A; and every t € (—t;,t;). Since (u o ¢).(w,-) is smooth and
convex for all w € A;, we achieve

82

y 5 (40 #)e(w, ) P(o(w, 1))y, (w, 1) dwdt > 0,

where S; = A; x (—t;,t;). Integrating by parts, it follows that the previous non-
negative integral equals the following one:

_ /S, %(u o d)i)e(w,t)% {o(pi(w, 1)) Iy, } dwdt,

that can be written as
0

[ (G000 500010 o+ 5 (006)ees) (porh) o ) o Yol

Clearly, we have 5
50 9i)(w,t) = (Yip)(di(w, 1)),
hence by Lemma 5.2, we obtain
0
- S,E(UO@%(W%)(%@)W(W’t))+(diinO¢i)(w,t) (p0¢i)(w,1))) Ty, dwdt > 0.

We can then pass to the limit as e — 07, taking into account that Y;u € L>°(U;)
and that both (5.4) and (5.5) hold, getting

[ (s {(Yieodi+ (@AYo ) pos) T dodiz0.
¢ ~(U7)
By a change of variables towards the former coordinates, we obtain

— [ Yiu@) (Vi) (@) + div¥i(a) p(x)} do = / Yiu(z) Y p(x) dz > 0,

’
Ui Bag,50

that establishes our claim. O

As a consequence of both Theorem 5.1 and Theorem 1.2, we get the following
consequence.

Corollary 5.4. Let Q@ C R"™ be open and let p > 0. If x € Q, then there exist
02,0, > 0 and Kk, > 1, depending on x, Q, p and X, such that B, s, C €,
0r < 02/2 and whenever u: Q — R is X-convex and locally bounded from above,
forally € B, 5, /2 and 0 <1 < 04, we have

1/p
(5.6) sup u < Ky (/ |u(z)[P dz) .
By,r/2 By.r
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Proof. Let x € Q and and consider the corresponding 4, > 0 given by Theorem 1.2,
such that B, 5, C Q and u is a weak subsolution of (1.5) where the vector fields Y;
depend on z. In view of Theorem 5.1 applied to the open bounded set B, s,, we
get some constants k, > 1 and 7, > 0, depending on B, s , p, and the vector
fields Y}, such that there holds

1/p
(5.7) ess sup u < Ky (/ |u(z)|pdz) ,
By,r/2 By,

for all 0 < r < min{r;,dist(Bg 5 ,y)}. Since for all y € B, 5, /2, we have
diSt(B;,ﬁwvy) > 59:/27

setting o, = min{r,, J,/2}, then (5.7) holds for all 0 < r < ¢, and for all y €
Bw,6$/2- O

Remark 5.5. Notice that we do not need to use the essential supremum in (5.6),
since X-convex functions that are locally bounded from above are locally Lipschitz
continuous, due to Theorem 4.4.

As a consequence of Corollary 5.4, we can easily establish the following result.

Theorem 5.6. Let 2 C R™ be open, let p > 0 and let K C  be compact. Then
there exists 0 > 0 and k > 1, depending on K, Q, X and p, such that for every X -
convex function u: @ — R that is locally bounded from above and for every x € K,
we have By » C §) and there holds

1/p
(5.8) sup u < K (/ |u(z)|pdy> forall 0 <r<o.
Bz ,r2 B

x, T

6. Regularity estimates for X-convex functions

In this section we combine the upper and lower estimates for X'-convex functions,
that give the proof of Theorem 1.1.

Theorem 6.1. Let Q C R™ be open, let K C Q) be compact and let u : Q — R be
a X -convex function that is locally bounded from above. Then there exists Cy > 0,
bo > 0 and Ny > 1, depending on K, such that for every x € K there holds

sup Jul < Cy / fu(z)| d=
x,r Bm,NOT
whenever 0 < r < by and Koy = {z € R : dist(K, z) < Nobg} C 2.

Proof. By Lemma 4.1, we have dg > 0,0 < b < 1 and a positive integer ]Sf such that
for every y € K, we have D, x5, C € and there exists with 1 < N, < N such that

(6.1) 2Nv u(y) — (2N — 1) sup u < inf u

B, ns By.vs
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for all 0 < ¢ < dp. Let us consider z € K and any 0 < §’' < bdy/4, observing that
there exists 2’ € B, s such that

u(z') > 7]{3 [u(z)|dz .

z,8

We clearly have infg_,, u > infp , , u, hence for some 1 < N, < N, we can apply
the estimate (6.1) at 2/, getting

inf u > 2N (') — (2N — 1) sup  w.
z,8/ B:L.I,N251/b

From the previous inequalities, it follows that
inf u > 72N][ lu(z)|dz — (2N —1) sup w.
B ’

B, 5 .6 B, nas'/

Theorem 5.6 provides 0 > 0 and x > 1 such that, up to choose dy > 0 possibly
smaller, such that Ndy < 0/2, hence N8¢'/b < o and it follows that

inf u> 72N]/ lu(z)|dz — (2N — 1) H][ lu(z)| dz.
B, s B, 5 B, nss'/b

x,8

As a consequence of Corollary 3.13, we have Qg > 0 and rg > 0 such that
_ 8\ Qo
1Bo wsspl <22 (N2) 7 |Busl,

up to making dq further smaller, namely, satisfying 2Ny < ro. It follows that

_ N\ @
inf u > —2V {H (16)% () ]]Z Ju(2)l dz
@5 b B, nss'/n
and also
_ 4\ Qo
sup u < k29 (N—) ][ lu(z)| dz,
Ba.-,d/ b Ba,-,IVSS’/b

that yield a constant Cy > 0 depending on K, such that
sup Ju| < C'()][ |u(z)| dz
Bw,T Bm,NOT

for every 0 < r < by and every z € K, with by = b§0/4 and Ny = N8/b > 1. By
the previous requirements on dg, being Noby = 209N, we also have

Koy = {Z eR™: diSt(K,Z) < Ny bo} C Q,

reaching the conclusion of the proof. O
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Theorem 6.2. Let Q) C R"™ be open, let K C Q be compact and let X > 1. Then
there exist C > 0 and Q > 0, depending on K and there there exists ¥ > 0,
depending on both K and X\, such that for every x € K and every 0 < r < T,
each X-convex function u: 0 — R that is locally bounded from above satisfies the
following estimate:

1
(6.2) sup |u| < C (/\ i ) ][ |u(z)] dz .
Ba.r -1 Baar
Proof. We fix any > 0 such that
Ky ={zeR":dist(K,z) < 8} C Q,

and apply Theorem 6.1 to K7, getting the corresponding positive constants C1, by
and N; > 1. We have in particular

{z e R" : dist(K1,2) < N1 b1} C Q.

Taking 0 < r < 8/\, we have B, », C K; for all z € K, and fixing a = (A—1)/Nq,
it follows that for 0 < r <7y and 71 = min{by /a, /A}, the inequality

sup Jul < €y / fu(=)] d
voar By, Nyar
holds for all y € K;. Now, let us fix z € K. Thus, whenever 0 < r < r; we can
cover the compact set D, , with a finite number of balls B, . centered at points
of D, ,, hence there exists x;, € D, , such that

sup Ju| < sup |ul.

By, B .

Cjg 1 aT

Since z;, € Ky and ar < by, Theorem 6.1 implies that

sup |u| < C’1/ |u(z)| dz = 01/ |u(z)] dz .
B

Ba:jo,ar Ba:jo,Nlar :L-JO,(Afl)r
As a result, we have proved that
Bz x ,(A-&—l)r
sup |u| < C’1 | 2ol 2)|dz < C’1 —Js 2)| dz
z,r 9310» /\ 1 | By ar |BIJO» A— 1 | Baar

for all 0 < 7 < 71, where ry also depends on A. Finally, we apply Corollary 3.13
to Ko, getting 72 > 0 and @ > 0 such that for all 0 < r < min{ry,r2/\ + 1} our
claim (6.2) holds with C' = C; 29. O
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