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Focal points and sup-norms of eigenfunctions

Christopher D. Sogge and Steve Zelditch

Abstract. If (M,g) is a compact real analytic Riemannian manifold,
we give a necessary and sufficient condition for there to be a sequence of
quasimodes of order o(\) saturating sup-norm estimates. In particular,
it gives optimal conditions for existence of eigenfunctions satisfying maxi-
mal sup norm bounds. The condition is that there exists a self-focal point
xo € M for the geodesic flow at which the associated Perron—Frobenius
operator Uy, : L*(S5, M) — L*(S;, M) has a nontrivial invariant L* func-
tion. The proof is based on an explicit Duistermaat—Guillemin—Safarov
pre-trace formula and von Neumann’s ergodic theorem.

1. Introduction and main results

Let (M, g) be a compact boundaryless Riemannian manifold. We then let ®;(z, ) =
((t),£(t)) denote the homogeneous Hamilton flow on T*M\0 associated to the
principal symbol [¢], of v/—A, with A = A, denoting the Laplace—Beltrami oper-
ator of (M, g). Since ®; preserves the unit cosphere bundle S*M = {|{|, = 1}, it
defines a flow on S*M which preserves the Liouville measure. For a given x € M,
let £, C SEM denote those unit directions & for which ®,(z,¢) € SEM for some
time t # 0, and let |£,| denote its surface measure du, in S¥M induced by the
Euclidean metric g,. Thus, £, denotes the initial directions of geodesic loops
through .
In [23] it was shown that

(1.1) llexll ey = o(AT1/2),

if
L. =0 forall z € M,

whenever ey is an L?-normalized eigenfunction of frequency A, i.e.,

(1.2) (A+2\ey =0, and / lex|?dV = 1.
M
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Here, dV = dV;; denotes the volume element associated with the metric. Moreover,
there is a corresponding bound for the L? — L norm of projection operators onto
shrinking spectral bounds, i.e.,

(1.3) HX[A,A+0(1)] ||L2(M)_>LW(M) = o()\("*l)h),
By this we mean that, given € > 0, we can find a §(¢) > 0 and A. < oo so that

(1.4) IXpass@ Fllzean < e A2 Flliaan, A= A,

with X(xa+s) L?(M) — L*(M) denoting projection onto frequencies (i.e., eigen-
values of v/—A) in the interval [\, A + d].

In [22] this result was improved by showing that if R, C £, C SXM is the set
of recurrent directions over z and if |R,| =0 for all z € M, then we have (1.1).

We shall now give a simple and natural further refinement in the real analytic
case which involves an ergodicity condition. The real analytic case is simple to
analyze due to the fact that if x € M then there are just two extreme possibilities
regarding the nature of £, C S:M, the loop directions. Indeed, as shown in [23],
either |£;] = 0 or £, = S:M. In the second case there is also a minimal time
£ > 0 so that ®y(z,§) € S:M, meaning that all geodesics starting at « loop back at
exactly this minimal time £. We call such a point a self-focal point. We note that
there may exist more than one self-focal point and the minimal common return
time £ of the loops may depend on = but for simplicity of notation we do not give
it a subscript. If we then write

(15) (I)g(iﬂ,f) = (%Uz(f))a §€ S;Mv
then the first return map
(1.6) Nyt SoM — S;M

above our self-focal point is real analytic. Following Safarov [17], we can asso-
ciate to this first return map the Perron—Frobenius operator U, : L?(S:M, dju,) —
L?(S*M,du,) by setting

(1.7) Usf(€) = f(n:(€)) V' Ju(€), [ € L*(S; M, dps),

where J,.(§) denotes the Jacobian of the first return map, i.e., nidu, = J,(&)dp,.
Clearly U, is a unitary operator and

(1.8) n:(Fdpta) = Un(f)dpis.

The key assumption underlying our results is contained in the following:

Definition 1.1. A self-focal point x € M is said to be dissipative if U, has no
invariant function f € L?(S*M). Equivalently, ®; has no invariant L' measure
with respect to dji,.

The dissipative condition is a spectral condition on U,. If U, has any L2
eigenfunction g then U,g = €?g form some e € L? and then U,|g| = |U.g| = |g|.
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Hence the dissipative condition is the condition that the spectrum of U, is purely
continuous. For this reason, one might prefer the term ‘weak mixing’; but that
might create the wrong impression that ®, is weak mixing with respect to some
given invariant measure. The term ‘dissipative’ refers to the Hopf decomposition
of &, on S} M into conservative and dissipative parts. As discussed in §1.5, lack
of an L? eigenfunction does not necessarily imply that the conservative part is of
measure zero, so the term ‘dissipative point’ does not precisely mean that &, is a
dissipative dynamical system.
Our main result then is the following.

Theorem 1.2. Let (M,g) be a real analytic compact boundaryless manifold of
dimension n > 2. Then (1.1) and (1.3) are true if and only if every self-focal point
18 dissipative.

Remark. The condition that every self-focal point is dissipative implies that
(1.9) AT [Verll Lo any = oA T172).

For expository simplicity we will not prove it here, but the proof is almost the
same.

On any surface of revolution, the invariant eigenfunctions have sup norms of
order ~ \("=1/2 and achieve their suprema at the poles. The norm of the gradients
achieve the bound (1.9) at a distance C'/A away from the poles. The dissipative
condition rules out such examples.

Theorem 1.2 is stronger than the result in [22]. Indeed, if |[R;| = 0 then U,
cannot have an invariant L? function and so (1.3) would hold. The reason is that
existence of f € L? with U, f = f implies (by (1.8)) that | f|?dp.. is a finite invariant
measure in the class of du,. By the Poincaré recurrence theorem, |f|?dpu, - almost
every point would be recurrent, and thus the set of recurrent points would have
positive p, measure.

Theorem 1.2 is in a sense the optimal result on the problem of relating sup-
norms of eigenfunctions to properties of the geodesic flow. As will be discussed
at the end of the introduction, the result can only be sharpened by further un-
derstanding of the dynamical question of relating existence of an invariant f €
L2(S*M,dpu,) to the structure of loops of (M, g).

1.1. Geometry of loops and self-focal points

Associated to a self-focal point z is the flowout manifold

(1.10) A= |J G's;M.
0<t<t
It is an immersed Lagrangian submanifold of S*M whose projection

m: A, — M

has a “blow-down singularity” at ¢t = 0,¢ = £. For this reason self-focal points were
called blow-down points in [22].
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We may view A,, as the embedding of the mapping cylinder C, of n,, i.e., as
(1.11) Ce =SiM x [0,0]/ =, where (&¢) 2 (P(x,£),0)
In [22] it is proved that the map
1o(6t) = GH (2, &) : Cp — Ay C SEM

is a Lagrange immersion whose image is A, C SiM. If ¢ is the minimal period
of all loops (i.e., if there are no exceptionally short loops) then t.[s:x(0,¢) is an
embedding.

Focal points come in two basic kinds, depending on the first return map 7,.
We say that x is a pole if

Ny =1d, : S;M — S; M.
Equivalently, the set CL, of smoothly closed geodesics based at x is all of S} M,
(1.12) zisapoleif CL, =S;M, CL,={€S;M:P,(z,8) = (x,§)}.

On the other hand, it is possible that 7, = Id only on a set of zero measure in £,
which in the analytic case means that it is almost nowhere the identity and £,
must have codimension > 1. We call such a 7, twisted. Thus,

(1.13) x is self-focal with a twisted return map if codim (CL;) > 1.

Examples of poles are the poles x of a surface of revolution (in which case all
geodesic loops at x are smoothly closed). Examples of self-focal points with twisted
return map are the four umbilic points of two-dimensional tri-axial ellipsoids, from
which all geodesics loop back at time 27 but are almost never smoothly closed [13].
The only smoothly closed directions are the geodesic (and its time reversal) defined
by the middle length ‘equator’. There are topological restrictions on manifolds
possessing a self-focal point. In [1] a manifold with such a point is denoted a F;"°
(or Y;*°-)-manifold; if £ is the least common return time for all loops it is denoted
by L;°. If (M, g) has a focal point zo from which all geodesics are simple (non-
intersecting) loops, then the integral cohomology ring H* (M, Z) is generated by one
element [15]. For an F;"° manifold, H*(M,Q) has a single generator (Theorem 4
of [1]). Most results on manifolds with self-focal points consider only the special
case of Zoll metrics; see [2] for classic results and [16] for some recent results and
references.

In the case of a triaxial ellipsoid E C R3, the first return map 7, is a to-
tally dissipative expanding map of the circle with two fixed points, one a source
and one a sink. It has invariant J-measures at the fixed points and an infinite
locally L' invariant measure on each component of the complement. According to
Theorem 1.2, the eigenfunctions of E cannot achieve maximal sup norm bounds.
In fact, the result of [22] already rules out maximal eigenfunction growth on the
ellipsoid.
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Note also that the analog of (1.3) is automatic in the Euclidean case since, by
Plancherel’s theorem and duality,

|/ T fE e < e VEATT g, A2
{geR™: [¢]€[AA+3] Leo ()

Thus, by Theorem 1.2, the condition as to whether or not there is a self-focal
point € M so that U,g = g for some 0 # g € L?(S*M), with U, as in (1.7), pro-
vides a necessary and sufficient condition determining when the spectral projection
operators on M also enjoy improved sup-norm bounds over shrinking intervals. Be-
sides [23] and [22], earlier works on related problems are in [3], [4], [20], [24] and [25].
We should also point out that in (1.4) one needs that d(¢) — 0 as € — 0 since,
for any compact n-dimensional Riemannian manifold (M, g), by (5.1.12) in [19],
one has

lim sup A~ (=172 Xt +11 1220y = oo (ar) > 0.
A— o0

1.2. Coherent states associated to self-focal points

The proof of Theorem 1.2 extends beyond eigenfunctions to certain kinds of quasi-
modes, which play a fundamental role in the proof. To construct them, we fix
p € S(R) satisfying

(114 p>0, p(0)=1, 0<p<1, and p(t)=0if ¢ ¢ (—1,1).
We set
P=v-A,

and consider the operators

(1.15) p(T(\ — P)) = %/Rp(%) eith e=itP gt

If we freeze the second component of the Schwartz kernel of (1.15) at a focal
point zy we obtain a semi-classical Lagrangian quasi-mode

(1.16) Yor(@) = p(T(A = VA)) (2, 20)

associated to the Lagrangian submanifold (1.10) in the sense of [5] and [6]. That
is, it is a semi-classical oscillatory integral with large parameter A whose phase
generates (1.10). More precisely, {wf”\OT} is a one-parameter family of quasi-modes
depending on the parameter T' (as well as the semi-classical parameter \). We refer
to (1.16) as coherent states centered at zo. In terms of an orthonormal basis of
real valued eigenfunctions {e;}5%,

oo

V() = A" N (T (A= \) e5() e (o).

Jj=0

The following lemma explains the precise sense in which (1.16) are quasi-modes:
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Lemma 1.3. For each T', ¥\° is a semi-classical Lagrangian distribution associ-
ated to the Lagrangian (1.10) whose principal symbol pulls back under i, to
1
2 piNt A< ) |dt|1/2 ® |dpa |1/2
T
One has

(1.17) Y3z < C,
and, moreover, for any € there exists To so that for T > Ty,
(1.18) 1A+ X) 3o |l2 < Cel.

For fixed T', (1.16) is therefore a very kind of weak quasi-mode but as a family
it behaves like a quasi-mode of order o()) as T — oo.

Further, the value of wi?T at its peak point zg equals

o

(1.19) ATOTOEN " p(T( = Ag)) (e5(0)),

Jj=0

and as we will see, this peak value is of maximal growth if and only if U, (1.7) has
an invariant L? function.

The fact that v 7 is a semi-classical Lagrangian quasi-mode is an immediate
consequence of the well-known parametrix construction for e (see (2.4)), from
which it is clear that one may express (1.16) as an oscillatory integral with large
parameter A. The symbol can also be evaluated as in the Lemma directly from
this expression and the principal symbol of e~*F computed in [7]. Note that
the symbol is invariant under the geodesic flow on the long time interval where
p(t/T) =1. As T — oo one gets a kind of time average over orbits and we will
see that the family (1.16) behaves as a family of approximate quasi-modes with
invariant symbols. It is natural to ask whether the invariant L? function can be
‘quantized’ to construct a quasi-mode of order o(\); we discuss this in §1.6.

It is also not hard to see that (1.18) is valid. Indeed, since p € S(R), we have
forany N =1,2,...,

/M|<A+A2> 2o ()2 dv = A== ”Z (T = M) (e (20))?
< Oy A~ l>z 2 (14 TIA = ) (e (20))?

<CnT™? )\‘("‘1) SN A+ TIN= X))V (ej(20))?
J
< ONT72)2,
if N —2 > n, using in the last step the fact that
Yo (G@)yP<c+ptt, uxo.
\j €[p,p41]

Using this fact one also easily obtains (1.17).
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1.3. Outline of the proof of Theorem 1.2

We now outline the strategy we shall employ in proving Theorem 1.2 and explain
the role of the quasi-modes (1.16).

First, we shall prove the o(A"~1/2) bounds (1.1) and (1.3) under the assump-
tion that every self-focal point is dissipative. As we pointed out before, because of
our real analyticity assumption, there are two extreme cases: self-focal points and
non-focal points (where |L;] = 0). Thus, it is natural to split our estimates for
eigenfunctions or quasi-modes into two cases. The first, which is new, is to prove
favorable bounds in a ball around each dissipative self-focal point. The second,
which was dealt with in [23], is to prove such bounds near a non-focal point.

After we prove (1.3), we shall prove the converse direction: the o(A("~1)/2)
bounds at self-focal points for which U, (1.7) has no nonzero invariant L? functions
can be turned around to show that there are Q(A™~1/2) bounds if nontrivial
invariant functions do exist.

The main estimate is as follows: If all focal points are dissipative, then for
any € > 0, we prove that there are finite Ty = Tp(c) and Ag = Ao(e) so that
(as in (1.19))

(1.20) D> p(Toh = X)) (e;(®)* e A1 A= Ao, y € M,
7=0

Since p(0) = 1, it is plain that this estimate implies the first assertion, (1.1), of the
theorem. As mentioned above, we split the proof of (1.20) into two very different
cases: (1) (1.20) is valid in a neighborhood of a given dissipative self-focal point,
and (ii) (1.20) is valid in a neighborhood of any non-focal point.

The role of the quasi-modes (1.16) in the proof of the first part of Theorem 1.2
is explained by the following.

Proposition 1.4. Let x be a dissipative self-focal point in our real analytic compact
boundaryless manifold of dimension n > 2. Then for any ¢ > 0, we can find a
neighborhood N (z,€) of x and finite numbers T = T (z,€) and A = A(z,€) so that

(1.21) ip(T()\ — X)) (ej(y)? <eX" ', if yeN(z,e), and A > A.
=0

The proof of the estimate (1.21) at a self-focal point y uses the dissipative
assumption and the von Neumann mean ergodic theorem. To extend the estimate
to points y in a neighborhood of a self-focal point, we use the rather explicit
formula for the wave trace formula for large times T of Safarov [17], [18], which
shows the leading part of the left side of (1.21) varies smoothly. Consequently, if
the inequality in (1.21) holds at the self-focal point, it holds in some neighborhood
of the self-focal point when A is sufficiently large.

Remark. The proof of Theorem 1.2 and Proposition 1.4 shows that the suprema
of |ex(z)|, respectively |Vex(x)|, is obtained in a ball of radius O(1/)) around a
self-focal point. But it does not show that the suprema are obtained at a self-focal
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point, and obviously both suprema cannot be attained at the same point. Since ey
oscillates on the scale 1/, it is a priori possible that it vanishes at the self-focal
point and takes its suprema in a ball of radius C'//A around the self-focal point.
Thus, Proposition 1.4 shows that not only is |e)(y)| small at the dissipative self-
focal point but also that there is “propagation of smallness” to a neighborhood of
such a point.

The other case, which we need to handle in order to prove the first part of
Theorem 1.2, is to show that we also have these types of bounds near every non-
focal point:

Proposition 1.5. Let x € M and assume that |L,| = 0. Then, given any e > 0,
we can find a neighborhood N (z,¢€) of x and finite numbers T = T(z,e) and A =
A(z,e) so that (1.21) is valid.

Proposition 1.5 is a special case of Theorem 1.1 in [23], but we shall present its
simple proof for the sake of completeness. As in [23], it uses an idea coming from
Ivrii’s [12] proof of his generalization of the Duistermaat—Guillemin theorem [7].

Before outlining the proofs of the propositions, let us see how they imply (1.3).
We first claim that (1.20) is valid if and only if, given ¢ > 0, there are numbers
do = do(e) and Ag = Ap(e) so that, for every y € M,

(1.22) ST (e)? <eant, if A> Ao
{J: A= 21 <80}

This clearly implies (1.3) since

HX[)\»/\JF‘;]HiP(IVI)HLOO(]VI) = sup Z (ej(y))Q'
VEM 15 x e A+a]}
We shall also make use of this fact when we prove the first part of Corollary 1.6.
To prove our claim that (1.20) is equivalent to (1.22), we first note that,
by (1.14), p(s) > 1/2 when |s| < §, for some fixed 6 > 0. From this it is clear
that (1.20) implies (1.22). Since p € S(R), it follows that for any N = 1,2,3,...
there is a constant Cy so that

ST (T = 2)(e;®))? < On Y (1+Told — A1) ™" (e5(1))%.
j=0 j=0

As a result if we take dp in (1.22) to be 1/Tp and N = n+1, we conclude that (1.22)
implies (1.20).

We now use a compactness argument to show that the propositions imply (1.22).
Proposition 1.4 implies that, if € > 0 is given and if x is a self-focal point then there
must be a neighborhood A (z,¢) of x and numbers §, > 0 and A, < co so that

(1.23) Z (ej(y))2 <eA" L if y e N(a,e), and A > A,.
[Xj =<6z

Proposition 1.5 implies the same conclusion for any non-focal point z. Since
{N(z,€)}senr is an open covering of M, by Heine-Borel, there must be a finite sub-
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covering. In other words, there must be points z; € M, 1 < j < N, so that M C
ULy MV(xj,e). By (1.23),if Ag = max{A,,,..., Ayy }, and 6p = min{dy,, ..., 0y },
then we must have (1.22). As discussed above, this implies (1.20), hence (1.3), and
therefore (1.1).

1.4. Generalization to fat quasi-modes

With a small additional effort, the proof of Theorem 1.2 establishes a more general
result for growth rates of “fat quasi-modes” or quasi-modes of order o()). They
are defined as follows: when n = 2 and n = 3, we say that a sequence {¢y,} of
quasi-modes of order o(X) if

(1.24) / |62, 2dV =1, and [[(A+A})da, |22y = o(Ak).
M

In higher dimensions, n > 4, as explained in [22], pp. 164-165, one needs to modify
this definition in order to get natural results by requiring that

(1.25) /|¢Ak|2 dV=1, and |Spx,.c0)Orll=an + [[(A+A)dr, || 22(ar) = 0o(Ak)

if Sion,,00): L?*(M) — L*(M) denotes the projection onto the [2\x, o) frequen-
cies. As was shown in [22], condition (1.24) automatically implies (1.25) if n = 2
or n = 3, and, moreover, if |R,| = 0 for each « € M, then

(1.26) @Al Lo (ary = o(A"H/2)

whenever ¢, is a sequence of quasi-modes of order o(\).
As we shall see, an equivalent formulation of Theorem 1.2 is the following.

Corollary 1.6. Let (M,g) be a compact real analytic boundaryless manifold of
dimension n > 2. Then (1.26) holds for quasi-modes of order o(\) if and only if
every self-focal point of M is dissipative.

We shall prove this easy consequence of Theorem 1.2 in the final section of
the paper and also state a natural problem about whether the above quasi-mode
condition can be weakened if the sup-norms are Q(A(»~1)/2),

1.5. Hopf decomposition and existence of a finite invariant measure in
the class of du,

In this section we explain the term ‘dissipative’ in Definition 1.1.

Let ® be an invertible measurable map of a measure space (X, u). A set W
is called wandering if the sets ® ¥ for k > 0 are disjoint, i.e., if no point of W
returns to W. @ is called conservative if there exists no wandering set of positive
measure. P is called recurrent if for all Borel sets A, almost every point of A
belongs to the set A,e. of points returning at least once to A,

Aree = AN [j >k (A).

k=1
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It is called infinitely recurrent if almost all points of A belong to
Ajngi={r € A:®" € A, for infinitely many k > 1} = A N ﬂ U dF(A).

n=1k=n
The recurrence theorem ([14], Theorem 3.1) states that the following are equivalent:
e d is conservative;
e d is recurrent;
¢ @ is infinitely recurrent;
The Hopf decomposition states:

Theorem 1.7 ([14], Theorem 3.2). If ® is null-preserving and non-singular, then
there exists a decomposition of X into two disjoint measurable sets C' and D
(the conservative and dissipative parts), so that

e C is O-invariant;
e ®|c is conservative;
e There exists a wandering set W so that D = |J~_ ®*W.

We are of course interested in the Hopf decomposition for & = &,, X = S¥M
and p = p,. The term ‘dissipative’ in Definition 1.1 is intended to suggest that
(®y, S:M, du,) is dissipative if there exists no invariant f € L?(S:M, dpu,) for the
unitary operator U,,. It is obvious that if such an invariant f exists, then .. (C) > 0.
However, in the class of measurable dynamical systems, there exist examples (due
to Halmos) of conservative systems without finite invariant measures. The recent
review [8] contains several equivalent criteria for existence of a finite invariant
measure in the class of p. It is not clear to us whether p;(C) > 0 in our setting
implies existence of an invariant L? function, and we do not claim that ®, is
dissipative if x is a dissipative self-focal point.

1.6. Potential further improvements

There are three potential avenues for improvement of Theorem 1.2.

The first is purely geometric or dynamical. It is possible that existence of
an invariant L? function for U, at some self-focal point 2 implies that z is a
pole.! Furthermore, it is possible that there do not exist real analytic Riemannian
manifolds (M, g) with dim M > 3 which have self-focal points with twisted first
return maps. For instance, it does not appear that ellipsoids of dimension > 3
have self-focal points.

It would also simplify the proof if we knew that there are only a finite number of
self-focal points with twisted first return maps for analytic (M, g). It is not hard to
prove that if there does exist an infinite number of such points, then the first return
times tend to infinity as they approach a limit point. All known examples have
only a finite number of self-focal points with twisted first return maps. For further
comments on the geometry we refer to [27].

'In the two-dimensional case this is proven in an addendum, [26]; however, the case of higher
dimensions remains open.
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Second, it is a natural question if one can use an invariant L? function f
in L?(S:M) to construct a better quasi-mode. The classical construction of a
quasi-mode satisfying
1A+ 2)ga|l2 < C

as an oscillatory integral [6] requires a smooth invariant density on (1.10). On the
one hand, it is possible that the invariant f is always C'*°. On the other hand, it is
possible that one can quantize a ‘rough’ density to construct a quasi-mode. In the
real analytic case, there is a possible construction using the FBI transform which
we plan to investigate in future work. See the discussion in §4 for further details.
Finally, it is natural to generalize the argument of this article to general C*°
metrics. Our assumption that ¢ is real analytic is only to simplify the geometric
analysis of loopsets. In general, they can be badly behaved, and that requires
further approximations and arguments. We plan to give the general proof in a
subsequent article. However, the present one contains the main analytical ideas.

1.7. Organization

The paper is organized as follows. In the next section we shall prove that we
have the o-bounds (1.3) provided that the Perron—Frobenius operators (1.7) above
every self-focal point have no nonzero invariant functions. Then in §3, we shall see
that this proof can be easily modified to give the remaining part of Theorem 1.2,
by showing that we cannot have (1.22) if y = z is a self-focal point where the
operator U in (1.7) has a nontrivial L?(S*M) function. Finally, in §4 we shall give
the simple argument showing that Theorem 1.2 implies Corollary 1.6 and discuss
further problems for quasi-modes.

2. Proof of o(A(™~1)/2) bounds

As we noted above, to prove the o-bounds posited in Theorem 1.2, it is natural to
split the analysis into two cases: bounds near self-focal points and near non-focal
points. Let us start by giving the argument for the former.

2.1. Analysis near self-focal points with no invariant L? functions

In this subsection we shall prove Proposition 1.4. So let us assume that z is
a self-focal point, and that ¢ > 0 is the first return time for the geodesic flow
through z. Thus, ®,(S;M) = S;M, with £ being the minimal such time. We also
are assuming that the associated Perron—Frobenius U has no nontrivial invariant
L2(S:M) functions.

Our assumption about ¢ does not rule out the existence of subfocal times
0 <ty < ¢ and directions & € SiM with @, (z,§) € SEM (i.e., loops through z of
length shorter than ¢). On the other hand, the set &, C SiM of such directions
must be closed and of measure zero. As a result, it will be a simple matter to
modify the argument for the case of no subfocal times to handle the general case.
We shall do so at the end of this subsection.
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To simplify the notation, we note that, after possibly rescaling the metric, we
may, and shall take ¢ to be equal to one. We then let n =1, : SiM — SiM, as
n (1.5), be the first return map and U = U,, as in (1.7), the associated unitary
operator on L?(S:M). Assuming that the operator U in (1.7) has no nonzero
invariant functions, we must show that there is a neighborhood N (z) of x in M so
that we have (1.21).

Using the Fourier transform, we can rewrite the left hand side of (1.21) as

(2.1) Zp(T()\ —Xj)ej(x)ej(y) = % /[)(t/T) (eitp)(m)y)e—it)\ dt,

and, because of our assumptions, the integrand vanishes if |t| ¢ (—=T,T). Here
(e“P )(m,y) denotes the kernel of the half-wave operator e’**. It follows from
Hoérmander’s theorem [9] on the propagation of singularities and our temporary
assumption that there are no subfocal times, that (¢,y) — (e”P) (y,y) is smooth
when y =z and ¢t € R\Z.

On the other hand, (e")(z,z) will be singular when t = v € Z. We recall
that for ¢ near a given such v and y near z, one can write down a parametrix for
this half-wave operator which is a finite sum of terms of the form

(22) (QW)in / eiSV'j (t.4,8)—iz¢ Ay, 5 (tv Y, =z, f) df, .7 = 1, crey N(V),

where, up to Maslov factors, i°* (see [7], p.68), the principal symbols of the a, ;
are nonnegative zero order symbols and the phase functions S, ;(¢,y,§) are real-
valued, homogeneous of degree one in ¢ and generating functions for portions of the
canonical relation associated with P. That means that, if p(x, &) is the principal
symbol of P, then

(2.3) Sy (t,y, &) = p(y, VaSuj(t,y, §)).

We therefore can write, for || < T and y in a small neighborhood of z,

N(@)
(2:4) () (o) = (2m) " Y0 D7 [ eSO (1 y.y,€)de + On(1),

WI<T j=1

where, because of our assumption that there are no subfocal points, we may assume
that

(2.5) ay;(t,z,z,§) =0, if t¢ (v—06,v+9),

with ¢ > 0 small but fixed.
By the Hamilton—Jacobi equations associated with p(x, &), this means that if
t = v{ = v and we have that a, (v, z,z,€) # 0 for some v =0,=£1,...,£T, then

(26) VQ;SVJ‘(V,.Z',§) = 771/(5)’ § S S;Ma

where 7(€) is as in (1.5), and n* = nono- - -on is the v-fold composition of n if v > 0,
while n* = n~" if n < 0, and °(¢) = £. Additionally, since e®* o (eF)* = I, one
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sees, by a theorem of Hérmander (see e.g., [19], Theorem 6.1.4) that we must also
have that for v as above

N(v)

(2.7) D lavy(vz, 2,0 (€)= V/J7(€) mod Sig,
j=1

J7(€) = [det(dn”(£)/dS)|, & € SpM.

Based on this, we conclude that in order to prove (1.21), it suffices to show that,
given € > 0, there is a neighborhood N (z,¢) of = so that if T is large and fixed,
we have

N(v)
(28) 17 3 SN [ [ ote/T) XS0 0, 1,06 dg i

v<T j=1

<eANTL 407N,y e N(z,e).

To prove this, as in [7] and [17]-[18], we shall use stationary phase in the r
and ¢ variables, if we write § = rw, where w € Sy M. Given our assumption that
N (SiM) = SiM, v =0,£1,£2,..., this is all we can do. In view of this, it is
natural to rewrite (2.8) in the equivalent form

N(v)
(2.9) T“% 3 E:A%ﬂw‘gex—ﬁ+oaT@—%, y € N(z,e),

I<T j=1

where
(2.10) Ayd(y)==(2w)‘1J(/}xt/TveﬂMSwa“&f>—ff-¢>ak@,y,y,xg)dgdt

We shall get the gain A~! in the right side of (2.9) from stationary phase in
these two variables, while an additional gain of O(e) at y = x will come from von
Neumann’s ergodic theorem if T = T'(¢) is large and fixed. Uniformity over a
small neighborhood of x (depending on e and T') will come from stationary phase
with parameters, due to the fact that the Hessian of the phase function in the ¢, r
variables is nondegenerate for every fixed direction w € S*M at x. We shall use
the fact that if the leading coefficient in the stationary phase expansion is small at
a self-focal point, then it is small in a neighborhood of this point.

Let

(211) wu,j(t,yvg) = Su,j(t’yvg) —y-&—1

denote the phase function in (2.10). Let us first argue that (2.9) is valid when y is
our self-focal point x. We follow an argument in [17], [18].

If we fix a direction w € SEM (so that p(x,w) = 1) and write £ = rw, then by
the Euler homogeneity relations we have

(2.12) Oy itz rw) =0 <= S, ;(t,z,§) —x-£=0.
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In other words,

(2.13) 6rwy,j(t,m,£) =0 = Y, (t,z,£) = —t.
Additionally, by (2.3),
(214) at'l/)l/,j (t7 Y, f) =0 = p(yv VJCSI/,j (t7 Y, f)) = ]-7

meaning that if a, ;(v,z,2,§) # 0 and if n”(§) = V.5, ;(t, z0,§)) is as in (2.6),
then ¥ (§) € SiM. The Hessian of ¢, ; in the ¢, r variables therefore must be of
the form

0 pla,n”(€)) )
2.15 H = )
(2.15) &= porrien "0
in view of (2.3) and the fact that p(x,n”(£)) is homogeneous of degree one. Thus,
(2.16) det H(z) = —1.

Therefore, by stationary phase (e.g., Theorem 7.7.5 in [11]), we have

oo pT
; t
(2.17) A, (x) = (27r)*1// / elw“vﬂ'(t“’”’)ﬁ(f> ay;(t,z,z, drw)r™tdr dt dw
0oJ-T

! /e—i/\l/ ﬁ(%) ay; (v, z, 2, \w) dw + Op (A 72).

By (2.7),

N(v)
(2.18) Z lay (v, , 2, \w)| = /J" (W) + Or(A7H).

j=1

By (2.17), (2.18) and the fact that 0 < 5 < 1, we have
N(v) N(v)
T S @ ST S [ a0 e+ 0507
lv|<T j=1 <t j=1 75eM
(2.19) =ty VI (w) dw + Or(A72).
e’ S:M

Therefore, we would have (2.9) if we could show that, given £ > 0, we can
chose T' > 1 so that

3
(2.20) TNy VIV (W) dw < .
<t 7S50 M 2

If 1 denotes the function on S*M which is identically one, and if U: L?(S:M) —
L?(S:M) is as in (1.7), then we can rewrite the left hand side of (2.20) as

<T*1 3 v, ]1>.

W<
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Since U: L?(S:M) — L?(S:M) is unitary, by von Neumann’s ergodic theorem,

1 , . .
oT Z U”1— II(1), in L*(S:M), as T — oo,

lv|<T

where I7(1) denotes the projection of 1 onto the U-invariant subspace of L?(S%M).
Our assumption that this operator has no nonzero invariant functions means that
(IT(1), 1) = 0, and therefore we have (2.20) if ' = T'(¢) is sufficiently large.

We have shown that

(2.21) Yy Z |A,(z)] <eXT1/2 4+ Or(A72).

lv|<T j=1

Let us now argue that because of (2.16), this implies that we can find a neighbor-
hood N (z,¢) of z so that (2.9) is valid which would finish the proof of (2.8).

The situation at = was simple since the phase functions 1, ;, as a function of r
and ¢, only had critical points on the support of the amplitudes exactly at r = 1
and ¢t = v. If we assume that y is sufficiently close to x, and, as we may, that the a, ;
satisfy (2.5) with § > 0 sufficiently small, it follows from (2.16) and the implicit
function theorem that there are unique pairs (¢, ;(y,w), 7, (y,w)), which depend
smoothly on y and w € S; M so that if we replace z by y in the oscillatory integral
n (2.17), the unique stationary point of the phase (¢,7) — ¢, ;(t,y, rw) occurs at
this point. Also, assuming that y is close to « we will have that r, ;(y,w) is very
close to 1 and ¢, ;(y,w) is very close to v if a, ;(v,z,rw) # 0. Let H, ;j(y,w) =
H, (t,;(y,w),ry,;(y,w)) denote the Hessian of the phase function at the stationary
point. It then follows that det H,, ; is close to —1 if y is close to x. Therefore by
stationary phase (e.g. [11], Theorem 7.7.6), for y close to x, we have the following
analog of (2.17):

// / My, (ty,rw) p(t/T)ay ;(t,y,y, \rw)r™tdr dt dw

(2.22) :)‘_1/|detHv,j|_1/2 e~ M) b(t,, i(y,w)/T)

X Ay, 5 (tu,j (yv W), Y, Y, )‘T'V,j (yv w)w) Tv,j (y, w)n_ldw + OT()‘_2)7

where the constant in the O7(A~2) error term can be chosen to be uniform for y
sufficiently close to z. We conclude that

N(v)
> (1A ,j<:c>|)\
lv|<T j=1
N(v)
<A Y [ det B ) (s 010
lv|<T j=1

X |aV7j( v,j (yv w)v Y9, )‘TVJ' (yv w)w” Tv,j (yv w)n71

—p(W)|ay,; (v, z, z, Aw)|| dw + OT(A72).
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Since a,; € S{, and t,;(y,w) and r,;(y,w) are smooth functions for y near x
which satisfy ¢, j(z,w) = v and r,, ;(x,w) = 1, it follows that each of the preceding
integrals is a smooth function of y near x, which vanishes when y = z. Therefore,
by (2.21), we deduce that (2.9) must be valid if N (z,e) is a sufficiently small
neighborhood of z, since at this point, T" has been fixed.

Handling the contribution of sub-focal times

To complete the proof of Proposition 1.4, we must remove the assumption that at
our self-focal point we have ®,(x, &) ¢ S*M for any £ if ¢ is not an integer multiple
of the return time ¢. As before, we may assume that ¢ = 1.

We note that if § > 0 is smaller than the injectivity radius of (M, g), it follows
that we can never have ®;(z,£) € S:M for some t € [v — §, v+ 0] with v € Z since
O, (x,€) € SEM. Thus, in any such time interval, (¢,y) — (e“P) (y,y) is smooth
aty=aift € [v—o0,v+\{v}

To use this, fix 5 € C§°(R) satisfying

(2.23) B(s) =1, |s| < %6, and supp B C (—9,9).

We then can write

p(T(A—=P))(y,y) = K(T,\;y) + R(T, \; ),

where
(2.24) K(T,\;y) = — Z /ﬁ (t —v) p(t/T) (e ”P)(y,y) e di,
lv|<T
and
(2.25) R(T,\y) = — Z / (1—B(t —v)) p(t/T) () (y,y) e~ dt.
lv|<T

Since for every v € Z, [v] < T, B(t — v)(e"")(y,y) can be written as in the
right side of (2.4) where the amplitude satisfies (2.5) and (2.7), it is clear that the
proof of (1.21) under the assumption that there are no subfocal times shows that,
given T' = T'(g) large enough and fixed, there is a neighborhood Ny of x so that

(2.26) |[K(T,\; )| < e L 4+ 07(\"72), y € No.

As a result, the proof of Proposition 1.4 would be complete if we could show that
for a given fixed T there is a a neighborhood N7 = N (e, T') of x so that

(2.27) |IR(T, \; )| < e L+ 0r(A"72), yeN.
For if we take N/ = My N N7, we then have
p(T(A=P))(y,y) <2eA" "+ O0r(A"7?), yEN,

which implies (1.21), as € > 0 is arbitrary.
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To prove (2.27), we note that the set

sz{(x,g) € SiM: Dy(x, &) = (x,n), some n, t € [-T,T]\ U (1/—6/2,1/+6/2)}

lv|<T

is closed. Moreover, since we are assuming that (M, g) is real analytic and we
are avoiding the focal times v € Z, this subset of S} M must have measure zero
(see [23], p.416). Therefore, working in local coordinates in the cotangent bundle,
given g9 > 0, we can choose a C*°(R™\0) function b(§) which is homogeneous of
degree zero so that if B(&) =1 — b(), then

(2.28) 0<b<1, / bdw < g9, &y Nsupp B=10.
Sn 1

The last condition means that if we write ®;(z, &) = (x(t),£(t)) then if £ € supp B

e = {m(t): te[-T.7)\ | (1/76/2,1/+6/2)}

[v[<T

is a union of geodesic segments all of which are disjoint from x. Since the geodesic
distance from ¢ to « is a continuous function of £ € S; M, it follows that

min  d,(x, > 0.
cnin o dy (2, %)

Similarly, there must be a neighborhood A of x such that for y € N if (y(t),£(¢)) =
P, (yv f) then

(2.29) {y(t): tel-T,71\ | (V—6/2,1/+5/2)} ¢ N, if £€supp B.

lv|<T

Therefore, by Hormander’s propagation of singularities theorem [9], if ¥ € C§°
equals one near x but is supported in N, it follows that if we let B(y, D) be the
operator with symbol B(y, &) = U(y)B(§), then

S (1- Bt - ) (By. D) 0 *F) (y,y) € C(-T.T] x M),

v|<T
due to the fact that 5(¢t — v) equals one on [v — %6, v+ %5]. Consequently,
itP —itA g
o 3 [ (=8 =) 6/) (Bly. D) o ) () dt = Or (1),
lv|<T
Since, if b(y, D) is the operator with symbol ¥(y)b(&), we have

U(y)R (T Ay)
P / ) 6(t/T) ((B(y, D) + by, D)) 0 e™F) (y,y) e "> dt,

| I<T
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we would therefore obtain (2.27) if we could show that

%TLT’/ Z (1 —B(t— V)) p(t/T) (bo eitp)(y,y) oA gt
\

v|<T

(230) < E)\n_l T OT,b(/\n_Q)-

If
mrp(r) = 3 / (1= B(t — 1)) p(t/T)e " dr,

lv|<T

then the quantity in the left side of (2.30) is

|3 (- ) (o)) )|

=0
Since mr g € S(R), it follows that
mrp(r)] < Crpn(1+[r)™Y, N=1,23...

As a result, the left side of (2.30) is bounded by

Cro.v ) (L4 A= X))~V lbe;(v)] le; (v)]

Jj=0

< Cran (4 =0 Ve ) (0= uh Ve wF)

=0 =0

using the Cauchy—Schwarz inequality in the last step. Recall that, by the gener-
alized local Weyl formula (see, e.g., Theorem 5.2.3 in [21]), there is a constant C'
depending only on (M, g) so that if A is a classical zero order pseudodifferential
operator with principal symbol a(z, ), we have

(2.31) > Me@P<on [ jamoP st 0an ).
A ENA+1] p(y,§)<1

Combining this with the preceding inequality implies that the left side of (2.30) is

1/2
< CM,T,ﬁ Ant (/ |b|2 dw) + OM’T’@b()\n*z),
Sn—l

and, therefore, if g in (2.28) is small enough, we obtain (2.30), which completes
the proof.

2.2. Analysis near non-focal points

We shall now give the proof of Proposition 1.5. It is very similar to the argument
that we just gave to prove bounds for the contribution of subfocal times for the
estimate near self-focal points.
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We are assuming that at a given z € M we now have |£,| = 0, and we need
to show that (1.21) is valid. Recall that £, C SiM is the set of unit directions
such that ®.(z,&) € SEM for some t # 0. In other words, the set of initial unit
directions for geodesic loops through x.

Note that we then have that

L ={¢eSiM: ®y(z,£) € SiM for some t € [-T,T]\{0}}

is closed and of measure zero. It follows that, given ey > 0, we can find a b €
C*>°(R™\0) which is homogeneous of degree zero so that we have the following
analog of (2.28):

(2.32) 0<b<1, / bdw < g9, LI Nsupp B = 0.
Sn—l

The last condition means that if £ € supp B and § > 0 the geodesic two segments
given by
Ye=A{z(t): 6 <[t| <T}

are disjoint from x if ®4(z,§) = (x(t),£(t)). As before, this yields

in  d,(x, > 0,
(i (T, 7e)

and so there must be a neighborhood A of z so that if y € N and (y(t),£(t)) =
q)t(ya g) then
{yt): 6<[t|<T}¢N, if {€supp B.

Therefore, if U € C§° equals one near  but is supported in N and if we let B(y, D)
be the operator with symbol B(y, &) = ¥(y)B(&), by propagation of singularities,

(2.33) (Bo ™) (y,y) € C({5 < [t| < T} x M).

To use this, fix § € C§°(R) which equals one on [—26,24]. Since for T' > 1 we
have the uniform bounds

L itT -1 —N _
’QWT/ﬂ(t)p(t/T)e di| < ONTH A4 )Y, N=123...,

it follows from the sharp local Weyl law that

’ﬁ/ﬁ(t)p(t/T)(e”P)(y’y) oA dt’

<CT S (4= A" o) < CT A

=0
Therefore, by (2.1), and the fact that if b(y, &) = U(y)b(§), then B(y, D)+b(y, D) =

U(y), with ¥ equal to one near x, we conclude that we would have (1.21) if we
could show that for fixed T"> 1 we have

1

2.34 —
(2.34) 27T

(1= B(1)pt/T) (Boe™)(y,y) e dt = Opr(1),
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and

2 35 ‘2 T /(1—6(t))p(t/T) (boeitP) (y)y) e—it)\ dt‘ S CT\/a/\”_l‘i‘Ob,T(/\”_Q)_

The first bound (2.34) just follows from (2.33) and the fact that S equals one
n [~24,24). If

1
21T
then the left side of (2.35) equals

mr5(T) = (1—B(t)) p(t/T) " dt,

’ i mr (A = A;) (be;)(y) e (y)‘~

Since mp g € S(R), we can use the Cauchy-Schwarz inequality to see that for
every N = 1,2,3,... this is dominated by a constant depending on T', § and N
times

(S n=nDesw) (S a+ =)

=0

Thus, (2.35) follows from (2.31), which completes the proof of Proposition 1.5.

3. Q(A(®~1/2) bounds at self-focal points with U-invariant
functions

In this section we shall finish the proof of Theorem 1.2. Since we have just shown
that we have (1.3) when at every self-focal point @ € M the associated Perron—
Frobenius operator U = U,, in (1.7) has no nonzero L?(S; M )-invariant functions,
we would be done if we could establish the following.

Proposition 3.1. Let (M, g) be a compact boundaryless real analytic Riemannian
manifold of dimension n > 2. Assume that x is a self-focal point and that £ > 0 is
the first return time for the geodesic flow. Suppose further that, if U: L?(S:M) —
L2(S:M) is the associated Perron—Frobenius map over x, we have

(3.1) Ug=g, some 0#g¢e L*(S:M).

Let B denote the number of conjugate points counted with multiplicity along y(t),
0 <t <¢, with y(t) being a unit speed geodesic starting at x. Then if

27
(3.2) e == (k+ B/4),
there is a ¢ = ¢(M) > 0 so that
(n—1) 2 .
(3.3) hknigfu ( Z ((ej(x)) ) >¢c, if 0 >0.
Aj € B +0]

The number S here is independent of the geodesic starting at x, and it is also
commonly referred to as the Maslov index of the geodesic.
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Since ) )
|’X[Hkvﬂk+6]HLZ(]\/I)_>L00(1\/[) = Su}aj Z (ej(y)) )
ve Aj €[t i 0]
it is clear that if (3.3) is valid then we cannot have (1.4), which is the remaining
part of Theorem 1.2.

To prove the Proposition, as above, let p € S(R) be as in (1.14). Then clearly,
we would have (3.3) if we could show that there is a uniform constant ¢ > 0 so
that whenever T' > 1 is fixed we have

(3.4) ZP (e — A7) ((ej(@)” = ™, k> N,

for some Nr < oo. One obtains (3.3) from this by taking 7' = §~! after recalling
that p > 0 and p(0) = 1.

To prove (3.4), as before, we may assume that £ = 1. For the sake of simplicity,
we shall also assume that there are no sub-focal times, since by the argument at
the end of §2.1, their contributions to (3.4) will be 0( n=1). We therefore, are
assuming that

(€, €) # (2,€), Ve S;M, if t¢Z
Then, by (2.17), we have that

21 S p(T (i — Ap)) ((e5(2))
7=0

N(v)
=T Z / ik 5(v /T Zal,] v, 2, 2, upw) dw + Op(uf=2).

V=—00

Since (see §3 of [7], (3.2.15) in [10] and [2]) we have the more precise version
of (2.18)

N(v)
(3.5) Z (IVJ(I/,CL',IL',/ML]CLU) :iyﬁ\/ JV(W)+OT(/“LI;1)7
j=1

if p(v/T) # 0, and since py, is given by (3.2) with ¢ = 1, we conclude that, modulo
Or(u}~?) terms, the left side of (3.4) equals (27)™™ times

T 1 Z / (v)T) \/JV—dw> :Mg—l(rl i p(v/T) (U”]l,]l)).

V=—00 V=—00

Since p is nonnegative and p(0) > 0, it follows that there is a constant ¢ > 0,
which is independent of T', so that

M
7! Z W/T) ULy > oM™ Y (U"LT), M =cT.

v=—00 v=—M
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By von Neumann’s ergodic theorem we have that

where IT(1) denotes the projection of 1onto the U-invariant subspace of L2(S%M).
Since our assumption (3.1) gives that

(I (1), 1) >0,

we conclude that (3.4) must be valid, which completes the proof of Proposition 3.1.

4. Bounds for quasi-modes

In this section, we shall prove Corollary 1.6. Recall that we are assuming that ¢
are quasi-modes satisfying (1.25), i.e.,

(4.1) /|¢A|2dV =1, and |[Spxc0)OallL=n) + (A + X2l r2(an = o(N),

with S[2x,00) denoting the projection on to frequencies in [2), 00). By Theorem 1.2,
if there is a a self-focal point = for which the operators in (1.7) have a nontrivial
invariant function satisfying (3.1), then we know that there is a uniform constant
¢ > 0 so that, given any 6 > 0 we have

: —(n—1)/2

timsup A2 x| 2 gy poe () = €

A—00
Thus, in this case, if 0; — 0, we can find ¢,; with spectrum in [A;, A; 4] satisfying
loa;ll2 = 1 and [|¢y, [loc > C/\;nfl)/z. Consequently since the {¢y;} are clearly
quasi-modes of order o()), to finish the proof we just need to prove that (1.26) is
valid when all the self-focal points are dissipative.

To do this, we just use the fact that, by Lemma 2.5 in [22], we must have

@Al Loe (ary = o(A"H72)

in this case, which completes the proof.

Remark. As we mentioned in §1.6, it would be interesting to see whether we
can obtain Q(,ufﬁn_l)/ 2) bounds for quasi-modes of order zero whenever there is
a self-focal point © € M satisfying (3.1). We recall these are ones satisfying the

stronger variant of (1.25), which says that

1A+ 1)y 2oy = O(1),  and / Gy PV = 1.

Such quasi-modes were constructed in [22] when the map £ — 7(§) equals the
identity map on an open subset of S; M, which, of course, is a stronger condition
than (3.1). It is plausible that in the real analytic setting, one may construct
quasi-modes of order zero corresponding to a self-focal point such that U, has an
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invariant L? function. The idea is to use |f|?du, as the ‘symbol’ or invariant
measure in the quasi-mode construction. In the real analytic setting, one can try
to ‘quantize’ (A, | f|?du. ) using Toeplitz quantization in a Grauert tube around M;
we plan to investigate this in future work.
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