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Interpolatory estimates, Riesz transforms
and wavelet projections

Paul F. X. Miller and Stefan Miller

Abstract. We prove that directional wavelet projections and Riesz trans-
forms are related by interpolatory estimates. The exponents of interpola-
tion depend on the Holder estimates of the wavelet system. This paper
complements and continues previous work on Haar projections.

1. Introduction

This paper is concerned with wavelet systems, directional wavelet projections and
their estimates in terms of Riesz transforms. We continue and extend the methods
introduced in [18] and [13].

Let F denote the L#(R™) normalized Fourier transform. The Riesz transform R;
is the Fourier multiplier defined by

Let A = {0,1}™\ {(0,0,...,0}, and let S be the collection of dyadic cubes
in R™. We let
(05 :Qes,ceA

denote an admissible wavelet system of Holder exponent 0 < o < 1 and decay
estimates of order ¢ > 0. (The definition is given in (1.2) below.) For a fixed
direction € € A the associated orthogonal wavelet projection is defined as

WO ) =3 (w05 ¢S QI uwe LAR™).
QES

The results of this paper give pointwise estimates for the directional wavelet pro-
jection W) in terms of the Riesz transforms.
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Admissible wavelet systems. We specify now the wavelet systems we use in
this paper. Recall that I C R is a dyadic interval if there exist natural numbers
k,m € Z so that T = [(k — 1)2™,k2™][. Let I, ..., I, be dyadic intervals in R so
that |I;| = |I;|. Define the dyadic cube @ C R", as

Q=1 x---x1I.
We let s(Q) denote the side length of @, thus s(Q) = |[1|. Let S denote the

collection of all dyadic cubes in R™ and put A = {¢ € {0,1}" : ¢ # (0,....0)}.
We say that

(05 :Qes,ced

is an admissible wavelet system if {<pS)/\/|Q| :Q € S,e € A} is an orthonormal
basis in L#(R™) and there exists C' > 0,0 > 0 and 0 < o < 1 so that the following
conditions hold:

1) Localization with decay estimates:
dist(z, Q)) n(1+9)
s(Q)
2) Holder estimates of order a: if ,t € R™, and |z — t| < s(Q), then
dist(x, Q)\ —n(1+9)
@ )

(1.2a) o8 (2)] < 0(1 + z €R™.

(12b) ¢S (@) — 6 (0] < Cs(@) e — 1 (1+
3) Sectional oscillation for i € {j <n:eg; =1}:
(e) < dist(z, Q)\ —n(1+9)
(1.2¢) B:(0) ()| < O5(@) (14 =55
and for t € R™, with |z —t| < s(Q),
dist(z, Q)) n(1+9)

B (@) — Bl O)] < Cla —t1s(Q)'~ (14— 0

where E; denotes integration with respect to the variable x;,

)

(1.2d) Ez(f)(m)—/_xl flar, oo s, o, xn)ds, = (T1,..., T, .. Tp).

We refer to § > 0 and 0 < o < 1 as the decay and Holder exponents of a wavelet
system satisfying (1.2).

Directional wavelet projections. We fix an admissible wavelet system {gp(Qg)

Q € S,e € A}. For a given direction ¢ € A, let W) denote the associated
projection on L?(R"),

W) =3 (u,05) 05 1QI7, we LX(R™).
QEeS

We summarize next the main estimates in [18] and [13], and relate them to the
results of the present paper.
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Review of [18]. If the Holder exponent of the wavelet system satisfies 0 < o < 1,
the following Hilbertian estimates for W() are obtained with the method intro-
duced in [18]:

lullz™ | Rio (w18 — 1| Rig (w)]]2

(1.3) WO )ll2 < Allully™ |Ri, (w5 + A Y] ,

whenever e=(gq,...£,) and g;, =1. We have A=A(«,d) - o0 as o — 0 or § — 0.
The Lipschitz case when o = 1 is of particular interest. It appears as the limit
as o — 1 of the estimates (1.3). By L’Hopital’s rule, (1.3) implies

[[ul2

1.4 WE ()2 < A(1,6)(1+ 1o
(1.4) WO )l < AL 8)(1+log = 2

)i ullo.
If 0 < a < 1, is fixed and if one is not interested in the limiting behavior as o — 1,
then a simplified form of (1.3) is as follows:

€ A a76 —Q @
(15) Wl < 2 g Ry,

The estimates (1.3), (1.4) and (1.5) were proven in [18] by cotlarization of the
operator W,

The present paper extends the L?(R™) estimates (1.3) to the scale of LP(R™)
spaces. We use below the abbreviation ||R;,||, = ||Ri, : LP(R™) — LP(R™)]|. Our
main result asserts that, for Holder exponents 0 < a < 1 and 1 < p < oo,

W ()]l

(1.6) I Rig 13~ sy Rig (w)IIg = 1| Rig ()]
< Cl|Rig Iy * ully~ | Biy (w)l| + € ey o

whenever € = (g1,...&,) and &;, = 1. The asymptotic behavior of the constants
C =C(p,a,0) is as follows:

p*Cla, )

C(p,a,0) = and C(a,d) 200 as a—0 or 6—0.
Again the estimates for the Lipschitz case o = 1 appear as limit of (1.6) by using
L’Hopital’s rule:

[[wllpll Rio

1.7 W (u), < C(1+log
(1.7) [ o < ¢( 1Bl

) Rigully

where C' = C(p, 1,0). For fixed 0 < o < 1, a simplified version of (1.6) is the
following:

(1.8) WO ()l < lullp ™ 1| Rl -

l—«a

Specializing (1.6), (1.7) and (1.8) to the case p = 2 gives back (1.3), (1.4) and (1.5).
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Review of [18] and [13]. We next compare the inequalities (1.7) and (1.8) to
the interpolatory estimates for directional Haar projections [13]. Let

{hS):QeS,ce A

be the isotropic Haar system supported on dyadic cubes. (See Section 4 for the
definition.) The directional Haar projection is defined by

POu) =" (u,h)YhE Q7Y we LARY).
QEeS

In [13] we proved that for 1 < p < oo and 7, = max{1/2,1/p},

(1.9) 1PE @)l < C) lully | Rigull, ™™,

when € = (gq,...,&,) and g;, = 1. Comparing (1.9) to (1.8) we observe that:

1. In (1.8) the interpolation exponents for W() depend just on the order a of
the Holder estimates, and not on the value of p.

2. By contrast in (1.9), the P(®) estimates show a critical transition at p = 2.
The exponents in (1.9) are best possible, as shown in Section 8 of [13].
Hence (1.9) does not arise as the limit of @ — 0 from the estimates (1.8).

3. As Holder estimates are not available for the Haar system we exploit in [13]
that the discontinuities of Haar functions are concentrated at an (n — 1)
dimensional set, and that

(1.10) / 1) (@ = 5) = b (@)|P da < C'Js] - Q"™

4. It remains an open problem to prove interpolatory estimates for directional
projections W) when the underlying wavelets satisfy decay estimates only.
The particular interest in this question comes from theorems of G. Gripen-
berg [10] and P. Wojtaszczyk [22] who proved that wavelets with decay (1.2a)
form an unconditional basis in L?, (1 < p < 00) —without using assumptions
on smoothness.

Outlook. In [18] and [13], proving weak semi-continuity of separately convex
functionals —as conjectured by J. Ball and F. Murat [1] and L. Tartar [21] - pro-
vided the initial motivation for estimating Haar projections in terms of Riesz trans-
forms. For further motivation we refer to the analysis of Sverak’s counterexamples
to quasi-convexity in [19].

In the course of development [18] and [13], the inequalities (1.9) gave rise to
general questions of ordering singular integral operators on a given space by means
of interpolatory estimates. This includes the following problems:

1. Determination of the best possible exponents in interpolatory estimates.

See Section 8 in [13] for the sharp exponents between Haar projections and
Riesz transforms.

2. Extensions to vector valued singular integral operators. R. Lechner [12] ob-
tained the UMD version of [18], [13].



INTERPOLATORY ESTIMATES, RIESZ TRANSFORMS AND WAVELET PROJECTIONS 1141

3. Presently interpolatory estimates between singular integral operators are
known only for the setting of R™. For singular integrals over non commutative
groups (e.g., Heisenberg group, homogeneous Lie groups) such estimates are
open. See M. Christ [2], [3], M. Christ and D. Geller [4], P. G. Lemarie [14],
and Folland and Stein [8].

The results of the present paper and [18], [13] are the first steps in this direction.

2. The main results

Theorem 2.1 is the main result of this paper. The partial coercivity of Riesz trans-
forms (2.3) follows immediately from Theorem 2.1. We use below the abbreviation
| Riollp = || Riy : LP(R™) — LP(R™)]|, to denote the norm of the Riesz transform
on LP(R™).

Theorem 2.1. Let 1 < p < oo, 1<ig<n, ande = (g1,...e,) € A with g;, = 1.
If 0 < a < 1, then for any u € LP(R™),
W (@),

(2.1) R I3 lull3=2 1 R ()13 — 1 Rig ()]
< O Rigll® al}y | Ray () + C-— e o

where C' = C(p, o, d) and

2
C(p,a,d) = IM with C(a,0) 20 as a—0 or §—0.
If a =1, then
(22) WO, < C IRyl 1B ()l + € tog (Ll )y gy,
By (@)l

where C' = C(p,1,6). The estimate (2.2) appears as the limit of (2.1) as o — 1.

Remark 2.2. Clearly (2.1) implies that

WO @), < el | Rig ()15,

-«
and (2.2) yields

. ]
W), < Clog (1+ TR (T M Ria (@)l
10 p

Partial coercivity of Riesz transforms. The estimates of Theorem 2.1 imply
partial coercivity for the Riesz transforms. On the closure of W) (LP(R™)), the
Riesz transform R;, is invertible provided that e = (£1,...,&,) and &;, = 1. Indeed,



1142 P.F.X. MULLER AND S. MULLER

since W) is a projection, Theorem 2.1 gives
(2.3) [vllp < Cp, . 6)|[Rigvllp, v € WE(LP(R™)).

By (1.9) the same holds when W) is replaced by P). For the concept and
background we refer to T. Kato [11], F. Murat [20], B. Dacorogna [6]. The inter-
pretation of Theorem 2.1 as a partial coercivity estimate for Riesz transforms (2.3)
emphasizes the connection to [3].

The outline of the proof. We use the pattern of reduction applied previously
in [18] and [13]. In the present paper we exploit properties of the discrete Calderén
reproducing formula going back to Frazier and Jawerth [9]. We start the proof of
Theorem 2.1 with a multi-scale analysis of W () using a discrete Calderén reproduc-
ing formula. See [9]. We fix v,w € C*°(R™) so that supp Fv, supp Fw C [1/2,2]

and
1= (Fv)(2°0) (Fw)(2%).

ez
For any multi-index v € N and N € N, there exists A = A(vy, N) so that

10,0(@)| + [0 w(@)] < A1+ [2]) V.

Put v(z) = 20(2), we(x) = 27w (2%), and form the convolution product
de(z) =vexwe(x), (€ZL.
For any multi-index v € N® and N € N, there exists A = A(v, N) so that
(2.4) |0, dy(2)] < A2 DO (1 4 28y~
Finally we put
(2.5) Ay(u) =uxdy.
Then, as obtained by Frazier and Jawerth [9],
u= i Ay(u), we LP(R™),
f=—o0

where convergence holds in LP(R™).
We denoted by S the collection of all dyadic cubes in R™. Let j € Z and consider
the following subcollection of S:

(2.6) S ={Qes:|Ql =27},

The cubes in S; are pairwise disjoint. For £ € Z, € € A, and Q € S;, define
(2.7) To = Aire(93)

and

(2.8) T;7w) =3 (u fgr)es) 1R

QeS
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Thus we arrive at our basic Littlewood—Paley decomposition for the directional

wavelet projection,
[oe]

W)= 3 1 (u).

l=—00

Let 1 <ig<nand A;, ={e € A:e = (e1,...,6,) and ¢g;,, = 1}. As ob-
served in [18] and [13], for € € A;, we get

n
TR =T Riy + Y T By 0iR; |
iZih
where R; denotes the i-th Riesz transform, 0; denotes the differentiation with
respect to the x; variable and E;, the integration with respect to the z;,-th coor-
dinate. See (1.2d). Hence, putting

(2.9) kS = Ajre(Eiy0i0l)), Q€S

we obtain the representation

(2.10) TR (u) = T Rig () + Y Z ), koY oS QL.
QEeS 1#1
1FL0

The following two theorems record the norm estimates for the operators Te(s)
and Te(g)R;O1 by which we obtain Theorem 2.1. First we treat the case ¢ > 0. It
displays the crucial dependence on the Holder exponent of the admissible wavelet
system. Below and throughout the paper the constants C(p,«,d) > 0 satisfy the
conditions
p*C(a,9)

C(pvavé): P 1 »

where C(a,d) - 00, as a—0, or &—0.

Theorem 2.3. Let § > 0 and 0 < o < 1 be the decay and Hélder exponents of
the admissible wavelet system specified in (1.2). Let 1 < p < oo, £ >0 and € € A.

Then TZ(E) satisfies the morm estimate
(2.11) T, < C(p, 0, 8) 27"
Let 1 <ig <n, ande € A;,. Then,
(2.12) 1T R, < C(p, , 8) 261
When ¢ < 0 we get exponents independent of the Holder condition.

Theorem 2.4. Let § > 0 and 0 < o < 1 be the decay and Hélder exponents of the
admissible wavelet system specified in (1.2). Let 1 < p < co. Let £ < 0. Then for

e € A, the operator TZ(E) satisfies the morm estimate

(2.13) 1T, < Clp, e, 8) 271410,
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If moreover 1 <ig <mn, and € € A;,, then
(2.14) T R |, < Clp, a, 8) 2714 ).

Proof of Theorem 2.1. Theorems 2.3 and 2.4 yield the proof of Theorem 2.1 as
follows. Fix u € LP(R™). Define M € N by the relation

(2~15) oM—-1 ~ M < oM
[[Rio (w)lp

First we fix the Holder exponent wavelet system as 0 < « < 1. Thereafter we
consider the limit as & — 1. By Theorems 2.3 and 2.4, there exists C' = C'(p, v, 0)
so that

o0
ST, < 27 M
=M

and
M-—1 M-—1 21\/[_041\/1 1
SITOR < (Y 2 = O G
f=—o0 £=0

The constants C(p, a, §) stay bounded as a — 1. Since W) (u) = 3772 Te(s) (u),
triangle inequality gives

M—1
IWE ()], < Z|\T€>||p||u||p > TR | Rig (),

(2.16) =00
M 2M alM
< O (2M uly + S IR w)l )

Inserting the value of M specified in (2.15) gives the following upper bound
for (2.16):

o 1Biolly™* lull,™ | Ri ()17 — 1o ()]l

(2.17) Cl[Riq [l lull, ™ 1 Rig (w15 + SYEr—

The term arising in (2.17) has a well defined limit as a — 1. Indeed, by L’Hopital’s
rule,

M—aM _
lim 2~ _
a—m1l 9l—a _ 1
and hence
(218)  lim (217) = O Ry ;| Ry (@)l + € tog (102l Pl ey,
([ Rio (u) I

where C' = C(p, 1, 9). O
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Remark 2.5. The somewhat complicated form of (2.17) was used to obtain the
limit estimate (2.18). For fixed o < 1 we may simplify the upper bound (2.17) as
follows

[ C - (a7
(219)  IWOWI, < Tl R @, 1<p < oo
Also (2.18) may be simplified further,

2.20 WE (w)]], < Clog 1+ﬂ | Riy(w)]p, 1<p<ooc.
( ) H ) P ( ||Rzo(u)||p) 0 ) P

Remark 2.6. An alterative proof of (2.18) may be deduced directly from Theo-
rem 2.3 and Theorem 2.4. Define M € N by (2.15). Then

M—-1

STl <Cp.o)27™ and > TR, < Clp, )M
(=M f=—o0

Hence, by the triangle inequality,

(2.21) WS )], < Clp,6) 2™ [[ull, + C(p, 6) M || Rig ()| -

As M is given by (2.15), the right hand side of (2.21) is dominated by

[[elpll Rio
([ Rio ()]

The paper is organized as follows. In Section 3 we prove point-wise estimates
for the decay and smoothness of the systems {fé;e} and {kg’z)} defined in (2.7)
and (2.9). The cases £ > 0 and ¢ < 0 are given different treatment.

In Section 4 we present two general tools used to reduce estimates for integral
operators to those of rearrangements.

In Section 5 we combine the preparatory theorems of Section 3 and Section 4
to prove Theorem 2.3. Section 6 contains the proof of Theorem 2.4.

C(p,8) (1Bl 1 B () + Log R @)lp) . 1<p<oo.

3. Wavelets and convolution

Our basic concern are the norm estimates for the operators T’ Z(E) and TE(E)R;O Las
formulated in Theorem 2.3 and Theorem 2.4. We showed in the introduction that
this amounts to proving estimates for operators of the following form: first,

0 _
X(w) =Y (u, k™) 0 QI
QEeS

where .
kY = A (B, 003,

with @ € S;, and € € A;,, with i # 4.
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And second,
Y(w) =Y (w5 es 1017

QeS

where fé?)é = AJM(@Q)), with @ € S;. We recall also that in (2.5) the opera-
tor Aji is defined as convolution with d;y¢, where for any multi-index v € N”
and N € N there exists A = A(vy, N) so that

(3.1) 10y dye(@)] < A2CTPDGHO (1 4 97 +|g])=N

In Lemma 3.1 through Lemma 3.5 we record the point-wise estimates for the
systems {fé;)e} and {kg’z)} as needed for the purpose of this paper. Those are the
basis for the norm inequalities of the operators X and Y defined above.

3.1. Point-wise estimates for Aj+g(cpg))

The following lemma records basic point-wise estimates for fQ v £ > 0 and its
gradient.

Lemma 3.1. Assume that {@S): Q €S} satisfies (1.2). The system {fé;)e QES,
¢ >0} defined by (2.7) satisfies these basic estimates:

c o di , —n(146) n
(3.2a) 1§ ()] < C2 2(1+%) , zEeR"
. i dist(z, Q)\ —n(1+6) .
(3.2b) VIS (@)] < C2at 2+ (1 + %) , zeR™
(3.2) / S5 (@)de =

Proof. Let # € R*, Q € S; and £ > 0. Let A, = {t : |z —t| < C2797¢}. Since
Jdjse(x —t)dt =0 and t — djyo(z —t) is centered at A, we get

s @ = | [ dyasta =065 0 - o 00 0

</ e — )] - [0 ) — 08 @) e
diam(A,)® dist(x, Q)\ —n(1+9)
o g )

Invoking that diam(4,) < C2797 s(Q) = 279 and [, |djre(z — t)|dt < C
yields (3.2a).

< C/ |djqe(x —1t)|dt
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In a similar fashion we obtain the remaining estimates (3.2b). Put dj+g =
—+0vd; j+¢. Repeating the above argument with d;,, replaced by dj+g we get

|wj+ewé§><m>|=2f“\ [ wele =105 (1) — o (@) e

< 97+t / el — 0)] - [0 (8) — o8 () dt

il Q)19
s(Q)

< Ol gitt (1 4
O

Compactly supported wavelets. Let {¢§?)/\/ |K|: K €8, 8 €A} be an ortho-

normal basis in L?(R"), satisfying | ¢§<ﬁ) = 0 and the following structure condi-
tions:

(3.3) suppyf) € C- K, [y <€, Lip(yy)) < Cs(K)™"

We often write in place of {z/}g?)} just {¥rk }. The existence of compactly supported
wavelets was proven by I. Daubechies, see [15].

Low frequency slices of AJ+€(‘PS )) Here we prove point-wise estimates for

decay and regularity of the low frequency slices of f( )é when ¢ > 0. We define
those slices using a compactly supported wavelet ba51s {wK} satisfying (3.3). Fix
k € Z\ N and define

(3.4) po= Y. (UShvr)vx|K™, QeS;, jei.

KeS ik

Note that for k € Z\N and Q € S;, j € Z, there exists a unique cube Ky = K,(Q)
so that

(35) KoD2Q, Kpe Sj+k .
Pointwise estimates for pg and Vpg are as follows.

Lemma 3.2. Let £ € N and k € Z\N. Let vo = min{dén/2,1}. Then the system
of slices defined by (3.4) satisfies the following estimates:

B dist(t, Ko)\ —n(1+9)
. < al ok(n+vo) R A
(3.6a) po(t)] < €272 (1 M) ) ’
L dist(t, Ko)\ —n(1+9)
. - 1 9—al ok(n+vo) —
(3.6b) [VpQ(t)] < Cs(Ko)™ 2772 (1 K ) ’

where Q € S and Ko = Ko(Q) is defined by (3.5).
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Proof. Fix a dyadic cube @ € Sj, j € Z. Determine Ko € Sjy so that Q C Ko.
For any p € Z™ and K = Ko + ¢ - s(K() we prove the coefficient estimate

(3.7) S ) 1K < 27 9 IM00) (1 |y =n149),

Consider first the case |u| > 4. Then Lemma 3.1 gives
(3.8) |<fé;)g,w1<)| ||t < 27l || ~n(+0) ghn(140)

Note that (3.8) implies (3.7) by arithmetic.
Next consider |p| < 4. We use that fé;)é is of vanishing mean and rewrite

(3.9) ) r) = / S0 W (t) — b)) db,

where tg € Q. We decompose the domain of integration as follows. Let A¢(Q) = Q
and A;(Q) =2"-Q\ 2°7! - Q where 2¢ - Q is the cube with side-length 2¢s(Q) and
the same center as Q. Thus defined the sets A;(Q) = 2°-Q \ 2! - Q form a
decomposition of R™. Hence the right hand side of (3.9) is bounded by

L

(3.10) Z/A(Q) © ()W (t) — brc(t) |dt+2/ @) dt

i=|k|+1

For ¢ < |k| we exploit the Lipschitz estimates for ¢ i and use that diam(4;(Q)) <
C2's(Q) < Cs(K). Thus we get

Wk (t) — YK (to)l < C(2's(Q)) (Lipvk)™, te€ Ai(Q).
Invoking also the basic estimates of Lemma 3.1 gives
[ 1850 (o) - vl de
Ai(Q)

< 272 (215(Q)) ™ (Lipuixe ) 2 Q).

We take the sum over ¢ < |k| in (3.11) and get the following upper bound for the
first sum in (3.10):

(3.11)

—al (S( ))70|Q| —ind+ivyo al (S(Q))n+’yo
SIS ZQ =T

On the other hand, if i > |k| we have again by Lemma 3.1 that

/ S0 < clQ2etrne,
6

7

Since |K |27 "% = |Q|, summing over i > |k| gives

Z 27014 271;7’7,5 § C|K|27af 27“@‘7’7](5“”1).
i=|k|+1
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Recall now that we are treating the case |u| < 4. Hence we may rephrase the
above as
(o r )| [K|7H < Comet m Rlmeno) (1 oy [y ~m(40),

By the definition (3.4) of the slices, we obtain the pointwise estimates (3.6) from the
estimate (3.7). O

The scalar products (Aj_,_g(gog)),\IlK), K € Sjik, 0 < k < £ Here we
record a short but crucial consequence of Lemma 3.1. It is here where we explic-
itly exploit that our multi-scale analysis {d¢} is based on Calderén’s reproducing
formula and admits a factorization as

dgzvg*wg.
Lemma 3.3. Let j € Z,L €N, and 0 < k < {. For Q € S;, K € Sjy»,

dist(K, Q) ) —n(1+9)

(312) &), W)l < C2 2K (14 =

Proof. Recall that Aj+g(g0$)) =djqe* <pS) where dj1¢ = vjqe * wjqe. Hence

(D95 Uic) = (wive 5 95 vje % Vi) |
By Lemma 3.1 we get

dist(z, Q) ) —n(1+4)
s(Q) '

Similarly, using that j + ¢ > j 4+ k > j, the proof of Lemma 3.1 gives routinely the
estimate

(3.13) fwive * 95 (@) < 27 (1+

dist(z, K) ) —4

(3.14) oo ne(a)] < 20 (14 =

Taking into account that s(K) < s(Q) we get

At {K,Q)y 1+

5(Q)

Combining this with the pointwise estimates (3.13) and (3.14) gives (3.12). O

§C|K|(1+

3.2. Point-wise estimates for A;, (Ezoalgog))

We turn to the analysis of the system k:( =Ajye (E 819062 ) as defined by (2.9)
The cases £ > 0 and ¢ < 0 will be treated separately. We begin with the case ¢ > 0.



1150 P.F.X. MULLER AND S. MULLER

Lemma 3.4. Let ¢ € A;,. The system {kg’i) Q€ S,1 # io, £ > 0} defined
by (2.9) satisfies the structural conditions

i _ dist(z, Q) —n(1+9)
1 k(év ) < 2@ al 1 )
(3.152) kg (@)l < oot (1 =2 )

i o0 dist(z, Q) —n(1+9)

15b k(é’) < 2j+€2€ al 1 hy W)
(3.15b) Vi (@) < C =)
(3.15¢) kS (x)da =0,
Rn

with C > 0 independent of Q € S, i # ig, or { > 0.

Proof. Fix Q € §, and x € R". Put e = Eiogog), then

ko (@) = | Oudjro(z — 1) eq(t) dt.
R7L

By (1.2) for admissible wavelets we get for € R™,

dist(z, —n(1+38)
(3.16) leq ()] gcs(Q)(H%) +)
and for t € R™, with |z —t| < s(Q),
(3.17) leg(x) —eq(t)] < Clx — t|as(Q)17a (1 i %)n(lﬂi)

Hence, with (3.1) and (3.17), we obtain (3.15a) and (3.15b) by repeating the proof
of Lemma 3.1. It remains to check (3.15¢). Since Aji, commutes with differenti-

ation, kg’i) = 0;Aje(eq). Hence the decay of eq and A req imply

/ kS (x)da =0,

that is (3.15c¢). O
Next we treat the case £ < 0.

Lemma 3.5. The family {kgz) :Q €S, i# iy, L <0} satisfies the conditions

(£.0) —(nt+1)¢] g dist(z, Q) ~n(1+9)
1 <(C2 1+27"—=
(3.18a) kg (@) < C ( + «0) ) ,
@) =16 9—(n+1)[e] _jg_dist(z, Q) ~n(1+9)
1 <(C2 2 142
(3.18b) IVES (@) < © ( n 0 ) ,
(3.18¢) / kS (2) de =0,

where C > 0 is independent of Q € S, i # ig, or £ < 0.



INTERPOLATORY ESTIMATES, RIESZ TRANSFORMS AND WAVELET PROJECTIONS 1151

Proof. Fix ) € S, and x € R". Put again e = E;, @S) so that

Ky (e) = [ cole — 00duit)dr.
By (1.2) we have
(3.19) leq(@)] < C(1+ dist(z, Q)/5(Q) """ s(Q)
By (3.1) we get
(3.20) [0idjrelly < C2771 and  ||0idjyel|leo < C 270160 2514

We distinguish between the following cases:
1. dist(z, Q) > 2M¥s(Q).

2. dist(z, Q) < 2I45(Q).
In the first case select p € Z™ so that z € 211 - Q 4 p2¥Is(Q). Then we have
with (3.19) and (3.20)

| cale = 00id;ua(tyit < 27O
(3.21) Jmn
< (14271 dist (2, Q) /s(Q)) Y g2 H),
In the second case we have dist(x, Q) < 215(Q). Select kg so that
2M5(Q) < dist(z, Q) < 2P F15(Q).
We may assume that kg > 1. Define the disk
Ag={y eR": [y — | < dist(z,Q)}
and the annuli
A ={y e R": 21 (dist(z, Q) < |y — x| < 2F( dist(z,Q))}.
Use (3.19) and (3.20) to obtain

| leate = Dot |dt<2 / leq (@ — )did; (1)) dt

A\Ag-1

—n(146)

(3.22) = CZ |Ak| (1+2° dist(z,Q)/5(Q)) s(@)10idj+elloo

k=0

oo
Z 2k‘ Qko —nd 2—(n+1)\é\.
k=0

Clearly (3.22) gives (3.18a). The gradient estimates (3.18b) follow from (3.1)
and (3.18a). O
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4. Review of basic dyadic operations

In this section we prove two auxiliary results on rearrangement operators. The
norm estimates for the operators Te(s), Te(s)

Proposition 4.2 and Theorem 4.3.

Ry, ! will be obtained as applications of

4.1. The Haar system

We recall the definition of the isotropic Haar system and its equivalence to ad-
missible wavelet systems. We use [7], [15], [17] as sources. Let I be a dyadic
interval and h; be the L normalized Haar function supported on I. Thus h; = 1
on the left half of I and h; = —1 on the right half of I. Given a dyadic cube
Q=1 x---x1I, and a direction € = (e1,...,&,) € A we define the Haar function

h(g) Hhs’ (i), z=(T1,...,2Tpn).

The Haar system {hg) :Q € S,e € A} is a complete orthogonal system in L?(R™).
Given f € LP(R"),

P/2
@) Gl < [ (X (P 101Q12) " < O

e€A, QeS8

where C, < Cp?/(p — 1). As is well known, wavelets, Calderén—Zygmund oper-
ators and Haar functions are related by LP equivalence. Any admissible wavelet

system {go(QE): Q € S,e € A} is equivalent to the Haar system {hg): QeS,ec A}
in LP(R™). For any choice of finite sums,

I TR
c€ A, QeS c€ A, QeS

we have equivalent norms
(42) Cp, @, 8) |l pony < N9l pony < C0rs8) [1f ]l o ny -

where C(p, a, ) < C(a, 6)p?/(p — 1). See [15], [7], and [17].

2. Rearrangements 1

We present two quick applications of Semenov’s theorem. The aim is to estimate
series formed by block bases of compactly supported wavelets, Proposition 4.2.

Semenov’s theorem. Let 1 < p < oo, and let p € Z". Semenov’s theorem
(see [17] and [16]) asserts that the rearrangement operator defined as the linear
extension of

(e) (e)
Tuthg = hoius@
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gives rise to a bounded operator on LP(R™) with

HT#HP < C(p)log(2 + |pl),

where C(p) < Cp?/(p—1). For our purposes, the logarithmic dependence on |/ is
crucial.

Proposition 4.1. Let {908) :Q € S,e € A} denote the wavelet system defined
by (1.2). Let 1 <p < oo, let w€Z™, and f € LP(R™). Then

|( S 10mm@l@l) | < cr.a0 108+ il
Qes

Proof. By Semenov’s theorem and (4.1), we have square function estimates as
follows:

w3 (T, wg>>21Q+ﬂs<Q>|Q|-2)”2Hp <o|(Ztre§rmaiar?) | )

QES QEeS

)

where C' = C(p)log(2+ |u|). By (4.2) the Haar and wavelet systems are equivalent,
so that with (4.1), the right hand side of (4.3) is bounded by

C(p, a,0)log(2 + [l flp - =

Block bases of compactly supported wavelets. We consider again a com-
pactly supported wavelet system {w%) : K € 8,8 € A} in L2(R") satisfying the
structure conditions (3.3).

Let {cx(Q) : K,Q € S} be a sequence of coefficients. Define the following
block basis:

(44) {/;Q: Z CK(Q) g)v QgSjv jGZ, ng,

KeS ik

and form the operator

So(f) =D (@) de|QI™.

QeS

Our aim is to prove that Sy is bounded on L?(R™) whenever {cx(Q) : K,Q € S}
satisfies (4.5). To this end we split the block basis along integer translates of @
and estimate with Semenov’s theorem. To be precise, let p € Z™. Then put

AQ.p)={K €Sur K CQ+ps(Q)} and dou= Y ex(Quil.
KeA(Q,n)

Define next

Suf) =D {f.00) baulQl ™

QeS
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Proposition 4.2. Let 6 > 0,j € Z, k € N. Assume that the sequence of coefficients
{cx(Q) : K,Q € S} defining (4.4) satisfies

dist (K, Q)>—"(1+5)

@5 @l < (1+ =5

s Q€Sj,K€Sj+k.

Then for any p € 7,
ISullp < Clp, a, )(1 + )~ Tog(2 + |ul)

and consequently

(4.6) [S0llp < C(p, @, 6).
Proof. Put
PWaou) = D lex@P 41
KeAw.m
By (4.5) we have
(4.7) 0*(Pgu) < CA+ )72 3™ giq) -

|p—v|<C
By the unconditionality of wavelet-bases,

@8 ISPl < O )| Xt garauial?) |

QeS

By (4.7) and Proposition 4.1, the right-hand side of (4.8) is bounded by

Cp, , O)(L+ )4 Tog (2 + [l | £l -

Since
So(f) = Y Sulf),
WEL™
this gives
IS0l < C(p,@,6) > log(2 + |ul)(1 + |p]) "+
HEZ"
and (4.6) holds true. O

4.3. Rearrangements II

We review here an auxiliary result on a rearrangement operator S that is induced
by mapping a dyadic cube to one of its dyadic predecessors. The operator was
introduced and studied in [13]. We define S in (4.10) and record its norm estimates.
Let A € N and let Q € S be a dyadic cube. The A-th dyadic predecessor of @,
denoted QM) is given by the relation

QW es, QW =2"Q, QcqQW.
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Let 7: & — S be the map that associates to each @) € S its A-th dyadic predecessor.
Thus

Q) =QW, Qes.

Clearly 7 : § — S is not injective. We canonically split S = Q1 U -+ U Qgnx such
that the restriction of 7 to each of the collections Qy, is injective: given @ € S,
form

UQ) ={wes:wh =q}.

Thus U(Q) is a covering of ) and contains exactly 2"* pairwise disjoint dyadic
cubes. We enumerate them, rather arbitrarily, as W1 (Q), ..., Wonr (Q). For 1 < k
< 27 define

Qr = {Wk(Q): Q € S}.
Note that 7: Q — S is a bijection, and

TWe(@) =Q, Wi(Q)€Qr, QES.

Let 1 < k < 2™ and let {Fgc) : @ € S} be any family of functions satisfying
J Fék) () dz = 0 and the following structural conditions: there exists C'>0, § >0
and 0 < o < 1 so that, for each Q € S,
dist(x, Q) ) —n(1+6)

(4.9a) IFY) (2)] < 0(1 )]

)

and for |z —t| < 5(Q),

dist(x, Q) ) —n(1+6)
5(Q)

We emphasize that Fé?k) may depend on k, by contrast the structural condi-
tions (4.9) are independent of the value of k. Define the operator S by the equation

(490) [P (@) - FP @) < Cs(@) e —t1*(1+

27L>\
(4.10) S)=3"3" (9.Fh) ealQl ™,
k=1QeQ

where {pg} is an admissible wavelet system satisfying (1.2). The operator S is the
transposition of the rearrangement operator defined by 7 followed by a Calderén—
Zygmund integral. The next theorem records the operator norm of .S, particularly
its joint (n, A)-dependence, on LP(R™).

Theorem 4.3. Let 1 < p < oo. The operator S defined by (4.10) is bounded
on LP(R™). The norm estimates depend on the value of A € N and the dimension
of the ambient space R™ as follows:

(4.11) 1S, < C(p, o, ) N2 27

Proof. Just transfer Theorem 5.2 in [13] from compactly supported wavelets to
those satisfying (4.9). O
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5. Proof of Theorem 2.3

In this section we prove Theorem 2.3. Section 5.1 is devoted to the estimates (2.11)
for the operator TZ(E), ¢ > 0. Thereafter we discuss the reduction of the esti-
mates (2.12) for Té(E)R;Ol, e € Aj,, to those of Té(g).

5.1. Estimates for Te(s)
We prove here (2.11) asserting that TZ(E), ¢ > 0 satisfies the norm estimates
(5.1) 172N, < Clp,a,8) 27"

We do this by performing a further decomposition of the operator TZ(E).

The decomposition of Te(e), £ > 0. We decompose the operator Te(g), >0
into a series of operators Ty ,,, m € Z using a compactly supported wavelet system

{wg(ﬂ) K € S§,08 € A}. We assume that {wg)/\/|K|} is an orthonormal basis in
L*(R™), satisfying [ ¢§<ﬁ) = 0 and the structure conditions

suppv' c o K, W<, Lipw?) < C diam(K).

We suppress the superindices () and, in place of {w%ﬁ)}, we write just {¢x}.
FixmeZ,j€Z,and Q € S;. Put

(5.2) o= Y. (DS, v ) v K|
KeSjte4m
and
(5.3) Tym(f) = (f,0q) 05 Q7L
QEeS

By construction,

Tr= Y Tom.

m=—0oQ

For fixed ¢ > 1 we consider below three cases:
—co<m< —{4—1, —£<m<0, and m=>0.

We prove accordingly that

—-1 0
(5.4) Z | Te,mllp < C(p, e, 6) 274, Z [Temllp < Cp, e, ) 2t

m=—0o0 m=—/
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and
o0
(5.5) D A Temlly < Clp, o, 8) 275
m=0
The estimates (5.4) and (5.5) yield || Ty||, < C(p,a, 5)27 as claimed.

Proposition 5.1. Let 1 < p < oco. Let § > 0 and o > 0 be fized in the definition
of the admissible wavelet system. Put o = min{nd/2,1}. For £ >0, and m < —¢
the operator Ty ,, satisfies the norm estimate

(5.6) | Te.mlly < Clp, e, 8) 27 27 Im+v0  /|m 1 ¢

Proof. Let j € Z and fix a dyadic cube @ € §;. Since £ +m < 0 there exists
a unique cube Ky € Sjis4m, so that @ C Ky. Lemma 3.2 gives the pointwise
estimates

7 1 —n(1+6
(5.7a) o (t)] < C 2ot g-Im+el(n+ro) (1+ dlst(t,Ko)) (1+9)

s(Ko)

)
and

~ i —n(1+9)
(5.7b)  |Vig(t)| < C diam(K,) L 27af 2= ImHtln+y0) (1 + M)

s(Ko)

We next invoke rearrangement operators. Let 7: § — S be the map that
associates to @ € S its |m + £|-th dyadic predecessor, denoted Q'™+ Thus

(@) = QI+l
In section 4.3 we defined the canonical splitting of S as
S=0;U---U an\m+e\,

so that for each fixed k < 2™+ the map 7: Qp — S is a bijection. Fix now
k < 2nlm+ and define the family of functions {Fé‘l,c) : W e 8} by the equations

(5.8) F_f?g)) — 9al g|m-+L](n+o) JQ, Q€ Q.

Let A = 2™+ and define the rearrangement operator S by
S (k)
k -1
S(f)zz Z <f>F.,-(Q)>90Q|Q| :
k=1QeQy

By (5.7), {F‘S‘]f) : W € S} satisfies the structure estimates (4.9). Apply Theo-
rem 4.3 with A = |m + £|, to obtain

IS1l, < c27m 4 /jm +- ],



1158 P.F.X. MULLER AND S. MULLER
where C' = C(p, o, 0). Hence with (5.8) we get

| Ten (Pl < C27 I+ S (f)]),

< o7 Jim | £l

where again C' = C(p, a, 0). O

(5.9)

We treat next the case m > 0 and ¢ > 0. Here we estimate the transposed
operator of Ty, which is given by

(5.10) Ty () = D (£,05)) g QI

QES
Proposition 5.2. Let 1 < p < oco. Form > 0 and £ > 0, we have
(5.11) 1 Temlly < C(p,a,8)27m 274

Proof. Fix £ > 0 and m > 0. Let j € Z and choose a dyadic cube @ € S;. The

structure estimates for Aj+g(g0$ )) in Lemma 3.1 translate into coefficient estimates

as follows. If K € Sj4¢4m, then

dist(K, Q) ) —n(1+6)

(512)  [(Ajrelpl)) )l - [KTH < C27m 2ot (14 ()

Using (5.12) and applying Proposition 4.2 to T}, gives the norm estimate
| Temllp < C(p,a,8)27m 27" O

Next consider ¢ > 0, —¢ < m < 0. The ingredients of the previous proof are
applied again.

Proposition 5.3. Let 1 <p < oo. Let £ > 0 and —¢ < m < 0. Then,

(5.13) | Te,mllp < Clp,a, §) 2™ 275,

Proof. We estimate the transposed operator T}, given by (5.10). Fix ¢ > 0 and
—¢ <m < 0. Let j € Z and choose dyadic cubes Q € S; and K € Sjyr4m. Next

we apply Lemma 3.3 and get

dist(K, Q) > —n(1+4)

(Ajre(e§) )] - [KI 7 < 0227 (14 s(Q)

Applying Proposition 4.2 to Ty, gives ||}, [l, < C(p,a,d)2™ 2t O
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The proof of Theorem 2.3. Part 1. The estimate (2.11) is now obtained as
follows. The assertions of Proposition 5.1, Proposition 5.2 and Proposition 5.3

imply

oo

(5.14) S M Temlly < Clpa,6) 274,
Since
(5.15) T = > Temlf),

we get (2.11).

5.2. Estimates for Te(e)Ri_o1

Here we prove (2.12). We fix £ > 0, 1 < iy < n, and ¢ € A;,. We now prove the
norm estimates for TE(E)RZ-_O Y by reduction to the estimates for the operator 7T Z(E)

Let j € Z and @ € S;. Recall that we put
0
Kg! = B (Biy0igy).

Proposition 5.4. Let 1 <p < oo. Let 1 <i#ig<nande € A;,. For { >0 the
operator X defined by

X(f)= (kS 05 QI

QeS

satisfies the norm estimates
(5.16) |X 1], < C(p,a,8) 277

Proof. It remains to compare the structure conditions (3.15) for the system kg %)

defining X with those for fg 9 defining the operator TZ(E). This gives

X1y < 21Tl
which implies (5.16). O
The proof of Theorem 2.3. Part 2. The estimate (2.12) is obtained as follows.
Proposition 5.4, in combination with the norm estimate (2.11) and the represen-

tation (2.10), imply that for £ > 0,

1T R |, < Clp, a, 6) 2700,
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6. Proof of Theorem 2.4

In this section we prove Theorem 2.4. For ¢ < 0 we obtain the norm estimates
for TE(E)R;)1 and Te(g) by the same method. Let i # ip and € € A;, and let £ < 0.

We show that then
TN, + 17O R |, < Clp, o, 6) 271 ).

We use the representations (2.8) and (2.10), and recall that we put
e e [X) e
S =De(9)), and kG = A5 (EidigS)), QES;.

We showed in Lemma 3.5 that {k(é NiQes i< 0} satisfies conditions (3.18).

It is easy to see that also the family {f, é;)é : Q € 8,0 <0} satisfies the structural
conditions (3.18).
Now we choose {gg,¢ : Q € S} satisfying the structure conditions (3.18). Define
the operator
X(f) =D (wgae el Q17"

QeS

In view of the preceding discussion, the LP estimates for X will apply to both Té(s)

and Té(g)R;0 L

To estimate X, we consider again the rearrangement 7: S — S that maps @Q € S
to its |¢|-th dyadic predecessor. Let Qi,..., Qqnjel be the canonical splitting of S
so that for fixed & < 27/l the map 7: Qi — S is bijective. Fix k < 2"/, Determine
the family {FIS‘],C) : W € S} by the equations

(6.1) FLly =2 g0,, Q€ Q.
Define the operator
onlel
=3 > (wFrg)eg Q7
k=1 QeQy

Apply Theorem 4.3 to S with A = |[¢|. This yields
(6.2) 151, < C(p, v, 8) 27 4]
Comparing the structure conditions gives
(6.3) 1l < Cp, e, 6) 27 V5],
Consequently, our upper bounds for || X ||, follow from (6.2). Indeed,
1X1, < Cp,a,8) 271 Je].
The above estimate for X gives finally

T + 1T R |, < Clp, o, 8) 274 1e) O
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