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On the ¢°-boundedness
of a family of integral operators

Chiara Gallarati, Emiel Lorist and Mark Veraar

Abstract. In this paper we prove an ¢°-boundedness result for integral
operators with operator-valued kernels. The proofs are based on extrapo-
lation techniques with weights due to Rubio de Francia. The results will
be applied by the first and third author in a subsequent paper where a
new approach to maximal LP-regularity for parabolic problems with time-
dependent generator is developed.

1. Introduction

In the influential work [34], [35], Weis has found a characterization of maximal
LP-regularity in terms of R-sectoriality, which stands for R-boundedness of a fam-
ily of resolvents on a sector. The definition of R-boundedness is given in Defini-
tion 3.15. It is a random boundedness condition on a family of operators which is
a strengthening of uniform boundedness. Maximal regularity of solution to PDEs
is important to know as it provides a tool to solve nonlinear PDEs using lineariza-
tion techniques (see [4], [23], and [25]). An overview on recent developments on
maximal LP-regularity can be found in [7], [21]. Maximal LP-regularity means that
for all f € L?(0,T; X ), where X is a Banach space, the solution u of the evolution
problem

(1.1) {“'(t) = Au(t) + f(t), t€(0,T)

u(0) =0

has the “maximal” regularity in the sense that ' and Au are both in L?(0,T; X).
Using a mild formulation one sees that to prove maximal LP-regularity one needs
to bound a singular integral with operator-valued kernel Ae(t=%)4,
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In [11] the first and third author have developed a new approach to maximal
LP-regularity for the case that the operator A in (1.1) depends on time in a measur-
able way. In this new approach R-boundedness plays a central role again. Namely,
the R-boundedness of the family of integral operators {Ij : k € K} C LP(R; X) is
required in the proofs. Here [} is defined by

(1.2) (T f) () = / K(t - ) T(t, ) f(s) ds,

where T'(t,s) € L(X) is a two-parameter evolution family and K is the class of ker-
nels which satisfy |k|x f < M f for f: R — R, simple and where M is the Hardy—
Littlewood maximal operator. For evolution families one usually sets T'(t,s) = 0
if t < s.

In this paper we give a class of examples for which we can prove the R-
boundedness of {I;, : k € K}. We now state a special case of our main result. It is
valid for general families of operators {T'(,s) : —oo < s <t < oo} C L(LI(Q2, w)).
We will not use any regularity conditions for (¢, s) — T'(t, s) below.

Theorem 1.1. Let Q C R? be an open set. Let p,q € (1,00). Assume that for all
Ag-weights w,

(13) HT(tv 8)||£(L‘I(Q,w)) < Cv s,t € Ra

where C' depends on the Ag-constant of w in a consistent way. Then the family of
integral operators {I,: k € K} C L(LP(R; LY(Y))) as defined in (1.2) is R-bounded.

In the setting where T(t, s) = e(*=5)4 where A is as in (1.1), the condition (1.3)
also appears in [10] and [17], [18] in order to obtain R-sectoriality of A. There (1.3)
is checked by using Calderén-Zygmund and Fourier multiplier theory. Examples
of such results for two-parameter evolution families will be given in [11].

As a consequence of the Kahane-Khintchine inequality (see Remark 3.16) one
can see that in standard spaces such as LP-spaces, R-boundedness is equivalent to
so-called /2-boundedness. The latter is a special case of £*-boundedness (see Defini-
tion 3.1). In LP-spaces this boils down to classical LP(£*)-estimates from harmonic
analysis (see [14], [15], Chapter V in [12], and Chapter 3 in [5]). It follows from
the work of Rubio de Francia (see [26], [27], [28] and [12]) that LP(¢®)-estimates
are strongly connected to estimates in weighted LP-spaces.

To prove Theorem 1.1 we apply weighted techniques of Rubio de Francia. With-
out additional effort we actually prove the more general Corollary 3.14, which
states that the family of integral operators on LP(v, L?(w)) is ¢*-bounded for all
P, q,s € (1,00) and for arbitrary A,-weights v and A,-weights w. Both the modern
extrapolation methods with A,-weights as explained in the book of Cruz-Uribe,
Martell and Pérez [5] and the factorization techniques of Rubio de Francia (see
Theorem VI.5.2 in [12] or Theorem 9.5.8 in [15]), play a crucial réle in our work.
It is unclear how to apply the extrapolation techniques of [5] to the inner space L?
directly, but it does play a role in our proofs for the outer space LP. The factor-
ization methods of Rubio de Francia enable us to deal with the inner spaces (see
the proof of Proposition 3.13).
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In the literature there are many more R-boundedness results for integral oper-
ators (e.g., Section 6 of [6], Proposition 3.3 and Theorem 4.12 in [7], [13], Section 3
of [16], Section 4 of [19], and Chapter 2 of [21]). However, it seems they are of a
different nature and cannot be used to prove Theorems 1.1, 3.10 and Corollary 3.14.

Throughout this paper we will write B(X) for the space of all bounded operators
on a Banach space X and denote the corresponding norm as ||+ 5. Let £(X) C
B(X) denote the subspace of all bounded linear operators. For p € [1,00] we let
p’ € [1,00] be such that 1/p+1/p’ = 1.

Acknowledgement. The authors thank the referees for helpful comments.

2. Extrapolation and weights

2.1. Preliminaries on weights

First we will introduce Muckenhoupt weights and state some of their properties.
Details can be found in Chapter 9 of [15] and Chapter V of [31].

A weight is a locally integrable function on R? with w(z) € (0, 00) for almost
every x € R%. The space LP(R?, w) is defined as all measurable functions f with

p 1/p
7ty = ([ 17w i) < oo

With this notion of weights and weighted LP-spaces we can define the class
of Muckenhoupt weights A, for all p € (1,00) for a fixed dimension d € N. Let
JCQ = ﬁ fQ' For p € (1,00) a weight w is said to be an A,-weight if

[w]a, = Sgp][Qw(m) dx( ][Qw(x)l/(”l) d:ﬂ)p_l < 00,

where the supremum is taken over all cubes @ C RY with axes parallel to the

coordinate axes. The extended real number [w]4, is called the A,-constant.
Recall that w € A, if and only if the Hardy—Littlewood maximal operator M

is bounded on LP(R? w). The Hardy-Littlewood maximal operator is defined as

M) = s £ [F)ldy f e DR w)

Q3zJQ

with @ ranging over all cubes in R? with axes parallel to the coordinate axes.
Next we will summarize a few basic properties of weights which we will need.

The proofs can be found in Theorems 9.1.9 and 9.2.5, Exercise 9.2.4, and Propo-

sition 9.1.5 in [15].

Proposition 2.1. Let w € A, for some p € [1,00). Then we have
1. If p € (1,00) then w=Y/®=1 ¢ A, with [w’l/(pfl)]Ap, = [w]z/p(p_l),
2. For every p € (1,00) and x > 1 there is a constant 0 = op..a € (1,p)
and a constant Cpa, > 1 such that [w]a,,, < Cpxa whenever [w]a, < k.

Moreover, k — 0p.q and k — Cp ..q can be chosen to be decreasing and
increasing, respectively.
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3. Ay, C Ay and [w)a, < [w]a, if ¢ > p.
4. For p € (1,00), there exists a constant Cp 4 such that

1 —1
M1l (gt )y < Copa - [ {70

2.2. Extrapolation

The celebrated result of Rubio de Francia (see [26], [27], [28], and Chapter IV
of [12]) allows one to extrapolate from weighted LP-estimates for a single p to
weighted L?-estimates for all g. The proofs and statement have been considerably

simplified and clarified in [5] and can be formulated as follows (see Theorem 3.9
in [5]).

Theorem 2.2. Let f,g : R — R, be a pair of nonnegative and measurable
functions, and suppose that for some py € (1,00) there exists an increasing function
a on Ry such that for all wy € A,,,

”f”LPo(Rd’wO) < a([WO]Apo)HQHLPO(Rd,wO)-
Then for all p € (1,00) there is a constant ¢, q such that, for all w € A,,

po—1
I?j‘l’l

||f||Lp(Rd$w) < 40‘(%761 [w]Ap )HQHLP(Rd,w)-

Note that for certain weights the above LP-norms are allowed to be infinite.
Estimates as in the above result with increasing function « will appear frequently.
In this situation we say that

HfHLPo(Rd,wo) <C HQHLPO(Rd,wO)
with an A, -consistent constant C'. This means that for two weights wg,w; € A,

we have C([wo]a,) < C([w1]a,) whenever [wo]a, < [wi]a,. Note that the LP-

P —

estimate obtained in Theorem 2.2 is again A,-consistent for all p € (1, 00).

Take n € N and, fori =1,...,n, let the triple (€;, %;, ;) be a o-finite measure
space. Define the product measure space

(0,2, 0) = (1 X oo X QB X oo X B g X oo X fhy)
Then of course (£2, %, i) is also o-finite. For g € (1,00)™ we write
(2.1) LI(Q) = L™ (Qq,--- LI (2,)).

Next we extend Theorem 2.2 to values in the above mixed L%(2) spaces. For
the case Q = N this was already done in Corollary 3.12 of [5].

Theorem 2.3. Let f,g: RY x Q — Ry be a pair of nonnegative and measurable
functions, and suppose that for some py € (1,00) there exists an increasing function
a on Ry such that, for all wy € A,,,

(2:2) ”f('as)HLPo(Rd,wo) < a([wo]Am) ”g('as)HLl’o(Rd,wo)



ON THE ¢°-BOUNDEDNESS OF A FAMILY OF INTEGRAL OPERATORS 1281

for all s € Q. Then for all p € (1,00) and g € (1,00)™ there exist ¢pgz.q4 > 0 and
Bpo.pg > 0 such that, for all w € A,,

(2.3) 1F ot sy < 4™ (o 0107 19l o gt wsace)
Proof. We will prove this theorem by induction. The base case n = 0 is just
weighted extrapolation, as covered in Theorem 2.2.

Now take n € NU {0} arbitrary and assume that the assertion holds for all
pairs f,g : R? x Q — R, of nonnegative, measurable functions. Let (£, o, i0)
be a o-finite measure space and take nonnegative, measurable functions f,g :
RY x Q¢ x Q — Ry. Assume that (2.2) holds for pg, all w € A,, and all s € Qg x Q.

Now take (sg,s1,...,5,) € Qo x  arbitrary. Let § € (1,00)™ be given and
take r € (1,00) arbitrary. Define T = (r,q1,...,qn) and the pair of functions
F,G:R? — [0, as

Fla) = |[f(z,*)

L7(QxQ0)> G(z) = llg(z, *) L7(2xQ0)

By our induction hypothesis we know for all p € (1, c0) there exist ¢ 7.4 and B,y p7
such that, for all w € A,

51)04),5

£+, s0, ’)||Lp(Rd,w;La(Q)) < 4"04(Cp,§,d [w]AP ) llg(+, s0, ')HLP(Rd,w;LE(Q))

Now taking p = r we obtain

r 1/r
L7 (Rd,w) — (/QO /RdHf(:E,SO, -)||L7(Q)w(m) dx dlio)
Bro.ra . 1
S 4”0((C7nﬂ7d [w]Ar:) ) (/ Hg(l“, S0, ')”LE(Q)U)(.Z') dz dMO)
Qo JRA

= 4"a(cpg.a lw]o"") |IG]

£

L7 (R% w)

using Fubini’s theorem in the first and third step. So with Theorem 2.2 using
po = 1 we obtain for all p € (1, 00) that there exist ¢, g4 > 0 and Sy, p 7 > 0 such
that, for all w € A,

Bro.p,7
11 2o Rt 7620 x62)) = 1F N poa oy < 4" lerpga 0] 4" 7) IGll Lo et )
ﬁ) sDST
= 4n+1a(cr,p,§,d [w]A’,? ' ) HQHLP(Rd,w;L?(QOxQ))-
This proves (2.3) for n + 1. O

Remark 2.4. Note that in the application of Theorem 2.3 it will often be necessary
to use an approximation by simple functions to check the requirements, since point
evaluations in (2.2) are not possible in general. Furthermore note that in the case
that f = Tg with T a bounded linear operator on LP(R? w) for all w € A, this
theorem holds for all UMD Banach function spaces, which is one of the deep results
of Rubio de Francia and can be found in [29], Theorem 5.
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As an application of Theorem 2.3 we will present a short proof of the bound-
edness of the Hardy-Littlewood maximal operator on mixed LI-spaces.

Definition 2.5. Let p €(1,00) and w € A,,. For f € LP(R4, w; X) with X = L7(Q),
we define the maximal function M as

M (r.5) = sup ][Q 1y, 5)] dy,

with @ all cubes in R as before.

We can see that M is measurable, as the value of the supremum in the definition
stays the same if we only consider rational cubes. We will show that the maximal
function is bounded on the space X = L7(2). Note that if 2 = N, the result below
reduces to the weighted version of the Fefferman-Stein theorem [1].

Theorem 2.6. M is bounded on LP(RY w; LI(Q)) for all p € (1,00) and w € A,.

Proof. Let M be the Hardy—Littlewood maximal operator and assume that f &€
LP(RY w; L(£2)) is simple. By Proposition 2.1 and the definition of the Hardy-
Littlewood maximal operator we know that

— -1
15 (s ) oty = IMF (2 ) gty < Cpa - Bl 715G 9l o -
Then, by Theorem 2.3, we get that

||MfHLP(Rd7w;LE(Q)) < ap,ﬁ,d([w]Ap)HfHLp(Rd,w;LE(Q)),

with oy 3,4 an increasing function on R;. With a density argument we then get
that M is bounded on LP(R% w; L(2)). O

Remark 2.7. Using deep connections between harmonic analysis with weights
and martingale theory, Theorem 2.6 was obtained in [2] and Theorem 3 of [29]
for UMD Banach function spaces in the case w = 1. It has been extended to
the weighted setting in [32]. As our main result Theorem 3.10 is formulated for
iterated L7(Q)-spaces we prefer the above more elementary treatment.

3. Main result

In this section we present the proofs of Theorems 1.1 and 3.10 and Corollary 3.14
which are our main results. In Subsection 3.1 we will first obtain a preliminary
result which is one of the ingredients in the proofs.

3.1. £%-boundedness

In this section we will introduce £°*-boundedness and present some simple examples.
For this we will use the notion of a Banach lattice (see [22]). An example of a
Banach lattice is L” or any Banach function space (see Section 63 of [36]). In our
main results only iterated LP-spaces will be needed.
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Although ¢°-boundedness is used implicitly in the literature for operators on
LP-spaces, on Banach functions spaces it was introduced in [34] under the name
Rs-boundedness. An extensive study can be found in [20], [33].

Definition 3.1. Let X and Y be Banach lattices and let s € [1, 00]. Then we call
a family of operators 7 C B(X,Y) £*-bounded if there exists a constant C' such
that for all integers N, for all sequences (T},))_; in 7 and (z,)Y_; in X,

(o), < (35ha)

with the obvious modification for s = co. The least possible constant C' is called
the £2-bound of 7 and is denoted by R* (.7) and often abbreviated as R*(.7).

Example 3.2. Take p € (1,00) and let 7 C B(LP(R%)) be uniformly bounded by
a constant C. Then 7 is ¢P-bounded with R?(7) < C.

The following basic properties will be needed later on.

Proposition 3.3. Let 7 C L(X,Y), where X andY are Banach function spaces.

(1) Let 1 < sp < 81 < 0o and assume that X and Y have an order continuous
norm. If 7 C L(X,Y) is €% -bounded for j = 0,1, then T is £*-bounded for
all s € [sg, s1] and with § = 2= SO , the following estimate holds:

R(T) < RSO(ﬂ)l‘GRsl(ﬁ) < max{R*(7),R* (7))}

(2) If T is £°-bounded, then the adjoint family 7* = {T* € L(Y*, X*): T € T}
is 0% -bounded and R¥ (T*) = R*(T).

Proof. (1) follows from Calderén’s theory of complex interpolation of vector-valued
function spaces (see [3] and Proposition 2.14 in [20]). For (2), we refer to Propo-
sition 2.17 in [20] and Proposition 3.4 in [24]. O

Remark 3.4. Below we will only need Proposition 3.3 in the case X =Y = L1(Q).
To give the details of the proof of Proposition 3.3 in this situation one first needs
to know that X* = L7 (Q) which can be obtained by elementary arguments (see
Proposition A.1 below). As a second step one needs to show that X (£3,)* = X*(¢3)
and this is done in Lemma A.2.

Example 3.5. Let 1 < 59 < ¢ < 51 < o00. Let X = LYQ) and let . C L(X)
be ¢%*i-bounded for j € {0,1}. Then for s € [sg,q], R*(7) < R*(T) and for
€ g, 1], R*(7) < R** (7). Indeed, note that by Example 3.2,

RUT) = sup IT| <R¥(7), je{0,1}.

Now the estimates follow from Proposition 3.3 by interpolating with exponents
(SOa q) and (qa 81)'

In particular, it follows that the function s — R*(.7), is decreasing on [sg, q]
and increasing on [g, s1].
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3.2. Convolution operators
Let K be the following class of kernels
K = {k e L*(R?) : for all simple f : R — R, one has |k|  f < Mf a.e.}.

There are many examples of classes of functions k with this property (see Chapter 2
of [14] and Propositions 4.5 and 4.6 in [24]). It follows from Lemma 4.3 in [24]
that every k € K satisfies [|k[| ;1 (gay < 1.

To keep the presentation as simple as possible we only consider the iterated
space X = L9(Q2) with § € (1,00)" below (see (2.1)). For a kernel k& € L'(R?),
p € (1,00) and w € A, define the convolution operator Ty on LP(R? w; X) as
Tif = k* f. Of course by the definition of M we also have [k« f] < Mf almost
everywhere for all simple f : R¢ — X.

Proposition 3.6. Let ¢ € (1,00)" and X = Li(Q). For all s € [1,00] and
p € (1,00) and w € A,, the family of convolution operators 7 = {Ty : k € K} on
LP(RY, w; X) is £5-bounded and there is an increasing function oy g s.q such that
R(T) < apgsallwla,)

Proof. Let 1 < s < oco. Assume that fi,..., fy are simple. Take ¢t € Q and
i € {1,...,N} arbitrary. Note that we have f;(+,t) € LP(R? w). Then since

Tk, fi(x, )| < M fi(z,t) for almost all z € RY, the result follows from Theorem 2.6
using the vector (q1,...,qn,s) and the measure space

(Qx{1,...,N},S x P({1,...,N}), st x \),

with A the counting measure. Now the result follows by the density of the simple
functions in LP(R? w; L1(Q)).

The proof of the cases s = 1 and s = oo follow the lines of Theorem 4.7 in [24],
where the unweighted setting is considered. In the case s = oo also assume that
f1,-.., fn are simple. With the boundedness of M from Theorem 2.6 we have

p — p
sup |7; n:c‘ wmdmg/ su Mnm’ w(z) dz
L sw men@lf), wa@ar< [ ] sw M@l e

§/ M( sup |fn|)(m)‘p w(z) dz

Rd 1<n<N Li(Q)
< W [ s 5@ vl

o su . w(x) dz,

P d 1<'IL£N ' L3(Q)

with oy, 7,4 an increasing function on R. The claim now follows by the density of
the simple functions in LP(R?, w; L7(12)).
For s = 1 we use duality. For f € LP(R%,w; X) and g € L? (R, w'; X*), let

)= [ (@) g@hxx do

It follows from Proposition A.1 that in this way LP(RY w; X)* = ¥’ (R4, w'; X*).
Moreover, one has T) = Tj with k(z) = k(—z). Now since k € K if and only if
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k € K we know by the second case that the adjoint family .7* = {T*:TeJT}is
¢>=-bounded on LP (R4, w’; X*). Now the result follows from Proposition 3.3. O

Remark 3.7. Proposition 3.6 is an extension of Theorem 4.7 in [24] to the
weighted setting. The result remains true for UMD Banach function spaces X
and can be proved using the same techniques of [24] where one needs to apply the
weighted extension of Theorem 3 in [29] which is obtained in [32].

The endpoint case s = 1 of Proposition 3.6 plays a crucial role in the proof of
Theorems 1.1 and 3.10. Quite surprisingly the case s = 1 plays a central role in
the proof of Theorem 7.2 in [24] as well, where it is used to prove R-boundedness
of a family of stochastic convolution operators.

3.3. Integral operators with operator valued kernel

In this section (2, X, 1) is a o-finite measure space such that L9(£2) is separable
for some (for all) ¢ € (1, 00).

Definition 3.8. Let J be an index set. For each j € J, let Tj: R x RYT —
L(L(2)) be such that for all ¢ € LUQ), (z,y) — Tj(z,y)¢ is measurable and
| Tj(z,y)|| < 1. For k € K define the operator Iy, r, on LP(R?, v; L9(Q)) as

(3.1) i @) = [ ke = 9Ty f ) do
and denote the family of all such operators by Zp.

In the above definition we consider a slight generalization of the setting of
Theorem 1.1: we allow different operators 7 for j € J in the ¢*-boundedness
result of Theorem 3.10.

We first prove that the family of operators Zp is uniformly bounded.

Lemma 3.9. Let 1 < p,q < co and write X = LI(Q2). Assume that for all p € X
and j € J, (x,y) = Tj(z,y)¢ is measurable and ||T;(x,y)|| < 1. Then there exists
an increasing function ay, q on Ry such that for all Iy T, € Ir,

||Ik7Tj Hz:(Lp(Rd,v;X)) < apa([vla,), ved.

Proof. Let f € LP(R?, v; X) arbitrary. By (i) Minkowski’s inequality for integrals,
(ii) the properties of k € K, and (iii) the boundedness of M on LP(R? v), we get

k15 fll Lo (e ,05x) = (/

Rd
(i)

< ([ (] =T sl ) o) ao)

= (/Rd ( / k=9l @)l x ay)o() dm)”p
@ (Ad(M(I\fIIX)(x))pu(m) dx)l/p w ap.a((v]a,) 11l 1o (g i)

with o, 4 an increasing function on Ry. This proves the lemma. )

Rd k(x —y)Ti(x, y)f(y) dyHiv(”C) dm)up

1/p
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Theorem 3.10. Let 1 < p,q < 0o and write X = L1(Q)). Assume the following
conditions:

(1) Forallp € X and j € T, (z,y) — T;(x,y)¢ is measurable.
(2) Forall s € (1,00), 7 = {Tj(z,y) : v,y € R j € T} is £*-bounded,

Then for allv € A, and all s € (1,00), the family of operators Ir C LP(R?, v; X)
as defined in (3.1), is £5-bounded with R*(Zr) < C where C' depends on p, q, d, s,
[v]a,, and on R (T) for o € (1,00), and is A,-consistent.

Example 3.11. When © = R¢ with p the Lebesgue measure and ¢o € (1,00),
then the weighted boundedness of each of the operators Tj(z,y) on L% (R® w)
for all A, -weights w in an Ay -consistent way, is a sufficient condition for the
£2-boundedness which is assumed in Theorem 3.10. Indeed, this follows from Corol-
lary 3.12 in [5] (also see Theorem 2.3).

Usually, the weighted boundedness is simple to check with Theorem IV.3.9
in [12] or Theorem 9.4.6 in [15], because often for each z,y € R? and j € J,
T;(z,y) is given by a Fourier multiplier operator in R°.

Example 3.12. Let ¢ € (1,00). Let T(t) = €' for t > 0 be the heat semi-
group, where A is the Laplace operator on R®. Then it follows from the weighted
Mihlin multiplier theorem (see Theorem IV.3.9 in [12]) that for all w € A,
IT()|| z(La(re,w)) < C, where C'is Ag-consistent. Therefore, as in Example 3.11,
{T(t):t € Ry} is £5-bounded on LY(R% w) by an A,-consistent R*-bound.

In order to give an example of an operator Iy, 7 as in (3.1), we could let T'(x,y) =
T(¢(z,y)), where ¢ : R x R? — R, is measurable. Other examples can be given
if one replaces the heat semigroup by a two parameter evolution family T'(¢, s). As
explained in the introduction, this is the setting of [11] (see Theorem 1.1).

To prove Theorem 3.10 we will first show a result assuming ¢°-boundedness for
a fixed s € (1,00). Here we can also include s = 1.

Proposition 3.13. Let 1 < s < ¢ < oo and write X = L4(Q). Assume the
following conditions:

(1) Forallop e X and all j € T, (z,y) — T;(x,y)¢ is measurable.

(2) T ={Tj(x,y) :x,y € RL j € T} is £°-bounded.

Then for allp € (s,00) and allv € Av the family of operators Iy C LP(RY v; X)
defined as in (3.1), is £°-bounded and there exist an increasing function o p q.a Such
that

R*(Ir) < RNT) aspgallv]a,,.)-

Proof. Without loss of generality we can assume R*(7) = 1. We start with a
preliminary observation. By Theorem VI.5.2 in [12] or Theorem 9.5.8 in [15], the
¢5-boundedness is equivalent to the following: for every u > 0 in L9/(@=%)(Q) there
exists a U € L%/(17%)(Q) such that

1Tl parca—0) < ullpara—s )

3.2
32 /Q|Tj(fc,y)¢|sudu < /Q P Udp, z,ye, jeJ ¢eLi(Q).
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Forn=1,...,N, take Iy, 1, € Zr and let I, = I, , where ji,...,jnv € J.

n; ny

Take fl,...,fN € L”(R v; X) ‘and note that

al S\ 1/ N .
[0 R RN D o2

Let r € (1,00) be such that 1/r+s/q = 1 and fix x € R%. As L"(Q) = L9/5(Q)*, we
can find a function u € L"(2), which will depend on z, with v > 0 and ||u|

such that
N
s = 1 “udpu.
W =20 st

N
(3.3) H Zunfn(m

By the observation in the beginning of the proof, there is a function U > 0 in
L7(€?) (which depends on z again) such that (3.2) holds. Since [|ky |1 (gay < 1,
Holder’s inequality yields

(3.4) L fule /|kxf | T (@, 9) fuw)]* dy.

1/s
Lr/s (R4 03 L9/(Q))

L™ (Q) — 1

Applying (3.4) in (i), estimate (3.2) in (ii), and Holder’s inequality in (iii), we get

N N N
Z/Q|Infn($)|sudl$(§)Z/Q/Rd |k'n($_y)||TW($,y)fn(y)|sdyudu
n=1 ne1
N

- Z/Rd Jon (2 _y)|/Q'T'n(may)fn(y)PUdudy

(i) X )

= ;Ad|kvt(w—y)l/§2|fn(y)| U dp dy

N
:/ Z/d|kn(m*y)||fn(y)|sdyUd/,L

(111)
W) dy

La/5(Q2)

Combining (3.3) with the above estimate and applying the /!-boundedness result
of Proposition 3.6 to |f,|* € LP/*(RY, v; LY*(Q)) (here we use v € 4, /,), we get

H(Z'I fn 1/8 ) <HZ/ |k -*y”fn ‘
’Z'fn Lr/s(Rd,v;La/5(2))

(i)

with o, 45,4 an increasing function on R,. This proves the £*-boundedness. O

Lr/#(Re,0;L9/5(Q))

< Qp,gs,d

Ap/s

= apgsa([v]a,.
e Aol Lr(Rd 0 X)]
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Next we prove Theorem 3.10. For a constant ¢ depending on a parameter
tel CR, we write ¢ <t if ¢y < ¢ps whenever t < s and s,t € I.

Proof of Theorem 3.10. Fix ¢ € (1,00), p = q, v € Ag and k = 2[v]4, > 2. The
case p # ¢ will be considered at the end of the proof.

Step 1. First we prove the theorem for very small s € (1,¢). Proposition 2.1
gives 01 = 0g¢x,d € (1,q) and Cy . q such that for all s € (1,01] and all weights
u € Ag with [u]a, <k,

[u]Aq/s < [U]Aq/a < thtd'

Moreover, o1 « £~ and C « k.
By Proposition 3.13, Zr C L£(L?(RY,v; X)) is £*-bounded for all s € (1,01) and

(3.5) R*(Ir) < R(T) asgallv]a,,.) < R(T) By.s.d.n;

with 8g ¢4k = @g,5,d4(Cqr,d). Note that 5 oc k and 5 o< s’

Step 2. Now we use a duality argument to prove the theorem for large s €
(g,00). By Proposition 2.1, v' € Ay and & = 2[v']4, = Q[U]Z/q(q_l) = 2(r!/(a=1)),
Note that we can identify X* = L7(Q) and LI(R%, v; X)* = LY (R?,v/; X*) by
Proposition A.1. Define 74 = {I* : I € Zr}.

It is standard to check that for Iy, € Ir the adjoint I,:,Tj satisfies

T 0@) = [ Fy =) Tyw) o) dy = Ty 1, 9(a)

with l;;(x) = k(—=x) and Tj(m,y) = T} (y,x). As already noted before, we have
k € K. Furthermore, by Proposition 3.3 the adjoint family .7* is R*"-bounded
with R® (7*) = R*(7). Therefore, it follows from step 1 that there is a o9 =
oy 7a € (1,q") such that for all s € (1,02], Z is 5 -bounded on LY (R%, v'; X*)
and using Proposition 3.3 again, we obtain Zp is £*-bounded and

(3.6) R*(Ir) = R (T;) < R*(T*) By.srai = R(T) By v i

Therefore, Proposition 3.3 yields that Zr is ¢*-bounded on L(R< v; X) for all
s € [0}, 00).

Step 3. We can now finish the proof in the case p = ¢ by an interpolation
argument. In the previous steps 1 and 2 we have found 1 < o1 < ¢ < ¢ < oo such
that Z, is ¢*-bounded for all s € (1,01] U [0}, 00) with

(3.7) R (ZIr) < R*(T) Vq,s,d,m5
where Ygs.anx = Bgsdr £ s < o1 and Vg 540 = By.s.ar if s > o4 Clearly,

vV 1= Yg.s.d,x Satisfies ¥ o K, v o ¢ for s € (1,01] and v x s for s € [05,00).
Moreover, 01 « 1/k and 0} « k.
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Now Proposition 3.3 yields the £*-boundedness and the required estimates for
the remaining s € [o1,0%] and by (3.7) we find

R*(Zr) < max{R" (Zr), R%* (Zr)} < max{R" (), R%*(T )},

where 7 = max{7y.01.d.> Vg’ .00.d.7 }- By Example 3.5, R7' (T ) ock and R72(T) x k.
Also v o< k in the above. Therefore, the obtained R*-bound is A4-consistent.

Step 4. Next let p, g€ (1,00). Fix s€(1,00). Forn =1,...,N take Iy, r;, €Zr
and let I,, = Iy, 1, . Take f1,..., fn € LP(R? v; X) N LY(RY, v; X) and let

N 1/s a 1/s
F:H(;unfnﬁ) L and G=H(n21|fnls) I,

By the previous step we know that for all v € A,

I1F|l Lara,y < C NGl Lara,v),

where C' depends on d, s, ¢, and [v]4, and is A,-consistent. Therefore, by Theo-
rem 2.2 we can extrapolate to obtain for all p € (1,00) and v € A,

IF | Lo ga ) < C |Gl o @a0)s

where C' depends on C, p and [v]a, and is again Ap-consistent. This implies the
required R*-boundedness for all p, ¢ € (1,00) with constant C. O

Corollary 3.14. Let Q C R? be an open set. Let 1 < p,q,qo < co. Assume the
following conditions:

(1) Forallp € LY(Q) and j € T, (x,y) = Tj(z,y)¢ is measurable.

(2) Forallw e Agy, sup  [|Tj(x,y)|| £(pa0 @,w)) < C, where C is Ay, -consistent.
JET x,yed

Then for all v € A, all w € Ay and all s € (1,00), the family of operators
Tr C LP(RY,v; LY(Q,w)) as defined in (3.1), is £5-bounded with R*(Ir) < C
where C depends on p, q.d, s, [v]a,, [w]a, and on R (T) for o € (1,00) and is Ap-
and Ag-consistent.

Proof. In the case ) = R® note that Example 3.11 yields that for each ¢ €
(1,00) and each w € A, and s € (1,00), .7 considered on L7(Q, w) is ¢*-bounded.
Moreover, R*(7) < K, where K depends on ¢, s,e and [w]a, in an A,-consistent
way. Therefore, the result follows from Theorem 3.10.

In the case 2 C R¢, we reduce to the case R¢ by a restriction-extension argu-
ment. For convenience we sketch the details. Let E : LI(Q,w) — LI(R¢,w) be
the extension by zero and let R : LI(R®, w) — L(Q,w) be the restriction to .
For every z,y € R? and j € J, let Tj(x,y) = ETj(z,y)R € L(LY(R®,w)) and let
T = {Tj(xvy) XY € Rd} Since HTj(m7y)”£(L‘1(Re,w)) < HTj(x,y)Hﬂ(Lq(Q,w)) <
C, it follows from the case Q = R¢ that Z C LP(R?, v; LY(R®, w)) is ¢*-bounded
with R*(Z;) < C. Now it remains to observe that the restriction of I 7, to

LP(R?,v; LY, w)) is equal to Iy 7, and hence R*(Ir) < R¥(Zz) < C. O
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Next we will prove Theorem 1.1. In order to do so we recall the definition of
R-boundedness.

Definition 3.15. Let X and Y be Banach spaces and let (¢,,),,>1 be a Rademacher
sequence on a probability space (A, «7,P). A family of operators .7 C B(X,Y) is
said to be R-bounded if there exists a constant C' such that for all integers N, for

all sequences (S,))_; in . and (z,)Y_; in X,

N N
H E En Sn Tn, §C’H E En Tn
L2(A;Y)

n=1 n=1

The least possible constant C' is called the R-bound of .# and is denoted by R(.7).

L2(A;Y)

Remark 3.16. For X =Y = L7(Q) with ¢ € (1,00)", the notions ¢?-boundedness
and R-boundedness of any family . C B(X,Y) coincide and C~1R?(.%) < R()
< CR?*(Y), where C is a constant which only depends on g. This assertion follows
from the Kahane-Khintchine inequalities (see [8], 1.10 and 11.1).

Proof of Theorem 1.1. The result follows directly from Corollary 3.14 and Re-
mark 3.16 with X = LP(R; L9(Q2)). O

A. Duality of iterated L7-spaces

Fori=1,...n,let (Q;,%;, u;) be o-finite measure spaces. The dual of the iterated
space L7(f2) as defined in (2.1), is exactly what one would expect. In a general
setting one can prove that LP(€; X)* = L? (€, X*) for reflexive Banach function
spaces X from which the duality for L(£2) follows, as is done in Chapter IV of [9]
using the so-called Radon—Nikodym property of Banach spaces. Here we present
an elementary proof just for L4(().

Proposition A.1. Let § € (1,00)". For every bounded linear functional ® on
L1(Q) there exists a unique g € LT (Q) such that:

(A1) o(f) =/Qfgdu

for all f € LT and | ®|| = |lgll 7 () i-e-, LU(Q)* = LT ().

Proof. We follow the strategy of proof from Theorem 6.16 in [30]. The uniqueness
proof is as in Theorem 6.16 of [30]. Also by repeatedly applying Holder’s inequality
we have for any ¢ satisfying (A.1) that

(A.2) 121 < llg9ll 2o (-

So it remains to prove that g exists and that equality holds in (A.2). As in The-
orem 6.16 of [30], one can reduce to the case u(€2) < oo. Define A\(E) = ®(xg)
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for £ € ¥. Then one can check that A is a complex measure which is absolutely
continuous with respect to p. So by the Radon—Nikodym theorem ([30], Theo-
rem 6.10) we can find a g € L*(€) such that, for all measurable E C €,

‘P(XE)=/gdu=/XE9du,
E Q

and from this we get by linearity ®(f) = fQ fgdu for all simple functions f.
Now take a f € L>(Q) arbitrary and let f; be simple functions such that || f; —
fllps(q) — 0 for i — co. Then since p(2) < oo we have ||f; — ||z — 0 for
1 — 0o. Hence

(43) B(f) = Jim @) = lim [ fgdu= [ roan

i— 00
We will now prove that g € L7 (Q) and that equality holds in (A.2). Take
k € N arbitrary. Let E} = {s € Q:1/k < |g(s)| < k} and define for i = 2,...,n,
. 1
E; = {s € Q:lgr(st,. .-, 8i-1, ')HL‘IE(Qi,-.-Lq%(Q,L)) > E}

Now take g = ¢ H;lzl XEi and let « be its complex sign function, i.e., o] = 1 and
algk| = gr. Take

414
L (L ()]

f(s) =algk(s)

et H ||gk:(817 sy Sie1, ')
i=2
where we define 0 - oo = 0. Then f € L*°(f2) and one readily checks that

(A4) /Qfgk d/’[’ = Hgk' (ilq/(Q) a‘nd Hf”L?(Q) = ||gk:| %lq/’(g;])

So from (A.4) we obtain

f /o
o6y = [ Fodi = 805) < 151 191 = e /%, .

which means |[gx| a () < [|®||. Since this holds for all k¥ € N we obtain by Fatou’s
lemma that [|g| ;4 ) < [[®]|, which proves that g € L7 (Q) and N9l () = I2]]-
From this we also get (A.3) for all f € L7 () by Hélders inequality and the
dominated convergence theorem. This proves the required result. )

To obtain the duality result in Proposition 3.3 for s = 1 and s = oo, one
also needs the following end-point duality result. Let X (¢3;) be the space of all
N-tuples (f,)N_; € XV with

n=1
N 1/s
Il = | (1)
n=1

with the usual modification if s = oco.
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Lemma A.2. Define X = L9(Q). Take s € [1,00] and N € N. Then for every
bounded linear functional ® on X (£3%) there exists a unique g € X*(¢%) such that

N

o(f) = Z<fiagi>X,X*

1=1
for all f € X(¢%) and [ @] = llgllx-(py). i X(E3)" = X*(03).

Also this result can be proved with elementary arguments. Indeed, for r1,79 €
[1,00] we have X ({}y) = X (£3) as sets and the following inequalities hold for all
fe Xy and r €1, 00]:

11l xery < 1 llx e,y < N 1 L cer,)

(A.5) '
[l xesey < W llxgery < N1 xgesey-

Now the lemma readily follows from X (£7)* = X*(¢%) for r € (1,00) and letting
rl1andr? oco.

References

[1] ANDERSEN, K.F. AND JoHN, R.T.: Weighted inequalities for vector-valued maxi-
mal functions and singular integrals. Studia Math. 69 (1980/81), no. 1, 19-31.

[2] BOURGAIN, J.: Extension of a result of Benedek, Calderén and Panzone. Ark. Mat.
22 (1984), no. 1, 91-95.

[3] CALDERON, A.-P.: Intermediate spaces and interpolation, the complex method.
Studia Math. 24 (1964), 113-190.

[4] CLEMENT, P. AND L1, S.: Abstract parabolic quasilinear equations and application
to a groundwater flow problem. Adv. Math. Sci. Appl. 3 (1993/94), special issue,
17-32.

[6] CrRUZ-URIBE, D. V., MARTELL, J. M. AND PERrEZ, C.: Weights, extrapolation and
the theory of Rubio de Francia. Operator Theory: Advances and Applications 215,
Birkhéauser/Springer Basel AG, Basel, 2011.

[6] DENK, R., DORE, G., HIEBER, M., PRUsS, J. AND VENNI, A.: New thoughts on
old results of R.T. Seeley. Math. Ann. 328 (2004), no. 4, 545-583.

[7] DENK, R., HIEBER, M. AND PRUSS, J.: R-boundedness, Fourier multipliers and
problems of elliptic and parabolic type. Mem. Amer. Math. Soc. 166 (2003), no.
788, 114 pp.

[8] DIESTEL, J., JARCHOW, H. AND TONGE, A.: Absolutely summing operators. Cam-
bridge Studies in Advanced Mathematics 43, Cambridge University Press, Cam-
bridge, 1995.

[9] DIESTEL, J. AND UHL, J. J. JR.: Vector measures. Mathematical Surveys 15, Amer-
ican Mathematical Society, Providence, RI, 1977.

[10] FROHLICH, A.: The Stokes operator in weighted L?-spaces II. Weighted resolvent
estimates and maximal LP-regularity. Math. Ann. 339 (2007), no. 2, 287-316.



ON THE ¢°-BOUNDEDNESS OF A FAMILY OF INTEGRAL OPERATORS 1293

[11]

[12]

[13]

[14]
[15]

[16]

[17]

(18]

GALLARATI, C. AND VERAAR, M.C.: Maximal regularity for non-autonomous
equations with measurable dependence on time. To appear in Potential Anal.,
doi: 10.1007/s11118-016-9593-7, 2016.

GARCIA-CUERVA, J. AND RUBIO DE FRANCIA, J. L.: Weighted norm inequalities and
related topics. North-Holland Mathematics Studies 116, Notas de Matematica 104,
North-Holland Publishing Co., Amsterdam, 1985.

GIRARDI, M. AND WEIS, L.: Criteria for R-boundedness of operator families. In
Evolution equations, 203—-221. Lecture Notes in Pure and Appl. Math. 234, Dekker,
New York, 2003.

GRAFAKOS, L.: Classical Fourier analysis. Second edition. Graduate Texts in Math-
ematics 249, Springer, New York, 2008.

GRAFAKOS, L.: Modern Fourier analysis. Second edition. Graduate Texts in Math-
ematics 250, Springer, New York, 2009.

Haak, B.H. aND KUNSTMANN, P. C.: Admissibility of unbounded operators and
wellposedness of linear systems in Banach spaces. Integral Equations Operator The-
ory 55 (2006), no. 4, 497-533.

HALLER, R., HECk, H. AND HIEBER, M.: Muckenhoupt weights and maximal
LP-regularity. Arch. Math. (Basel) 81 (2003), no. 4, 422-430.

HECK, H. AND HIEBER, M.: Maximal L?-regularity for elliptic operators with VMO-
coefficients. J. Evol. Equ. 3 (2003), no. 2, 332-3509.

HYTONEN, T. AND VERAAR M. C.: R-boundedness of smooth operator-valued func-
tions. Integral Equations Operator Theory 63 (2009), no. 3, 373-402.
KUNSTMANN, P. AND ULLMANN, A.: R,-sectorial operators and generalized Triebel—
Lizorkin spaces. J. Fourier Anal. Appl. 20 (2014), no. 1, 135-185.

KunsTMANN, P. C. AND WEIS, L.: Maximal L,-regularity for parabolic equations,
Fourier multiplier theorems and H“-functional calculus. In Functional analytic
methods for evolution equations, 65-311. Lecture Notes in Math. 1855, Springer,
Berlin, 2004.

LINDENSTRAUSS, J. AND TZAFRIRI, L.: Classical Banach spaces 1. Function spaces.
Ergebnisse der Mathematik und ihrer Grenzgebiete 97, Springer-Verlag, Berlin, 1979.
LUNARDI, A.: Analytic semigroups and optimal regularity in parabolic problems.
Progress in Nonlinear Differential Equations and their Applications 16, Birkh&duser
Verlag, Basel, 1995.

VAN NEERVEN, J. M. A. M., VERAAR, M. C. AND WEIS, L. W.: On the R-bound-
edness of stochastic convolution operators. Positivity 19 (2015), no. 2, 355-384.
PRrUSss, J.: Maximal regularity for evolution equations in L,-spaces. Conf. Semin.
Mat. Univ. Bari (285), (2003), 2002, 1-39.

RuBIO DE FRANCIA, J. L.: Factorization and extrapolation of weights. Bull. Amer.
Math. Soc. (N.S.) 7 (1982), no. 2, 393-395.

RuBIO DE FrRANCIA, J.L.: A new technique in the theory of A, weights. In Topics
in modern harmonic analysis, Vol. I, II (Turin/Milan, 1982), 571-579. Ist. Naz. Alta
Mat. Francesco Severi, Rome, 1983.

RuBio DE FrRANCIA, J.L.: Factorization theory and A, weights. Amer. J. Math.
106 (1984), no. 3, 533-547.

RuBIO DE FRANCIA, J. L.: Martingale and integral transforms of Banach space val-
ued functions. In Probability and Banach spaces (Zaragoza, 1985), 195-222. Lecture
Notes in Math. 1221, Springer, Berlin, 1986.



1294 C. GALLARATI, E. LORIST AND M. C. VERAAR

(30]

(31]

(32]

33]

RuDIN, W.: Real and complex analysis. Third edition. McGraw-Hill, New York,
1987.

STEIN, E.M.: Harmonic analysis: real-variable methods, orthogonality, and os-
cillatory integrals. Princeton Mathematical Series 43, Princeton University Press,
Princeton, NJ, 1993.

Tozoni, S. A.: Vector-valued extensions of operators on martingales. J. Math. Anal.
Appl. 201 (1996), no. 1, 128-151.

ULLMANN, A.: Maximal functions, functional calculus, and generalized Triebel—
Lizorkin spaces for sectorial operators. PhD thesis, University of Karlsruhe, 2010.
WEISs, L. W.: A new approach to maximal L,-regularity. In Evolution equations
and their applications in physical and life sciences (Bad Herrenalb, 1998), 195-214.
Lecture Notes in Pure and Appl. Math. 215, Dekker, New York, 2001.

WEIs, L. W.: Operator-valued Fourier multiplier theorems and maximal L,-regu-
larity. Math. Ann. 319 (2001), no. 4, 735-758.

ZAANEN, A.C.: Integration. North-Holland, Amsterdam; Interscience Publishers
John Wiley, New York, 1967.

Received November 3, 2014.

CHIARA GALLARATI: Delft Institute of Applied Mathematics, Delft University of
Technology, P.O. Box 5031, 2600 GA Delft, The Netherlands.
E-mail: C.Gallarati@tudelft.nl

EMIEL LORIST: Delft Institute of Applied Mathematics, Delft University of Technol-
ogy, P.O. Box 5031, 2600 GA Delft, The Netherlands.
E-mail: E.Lorist@tudelft.nl

MARK VERAAR: Delft Institute of Applied Mathematics, Delft University of Tech-
nology, P.O. Box 5031, 2600 GA Delft, The Netherlands.
E-mail: M.C.Veraar@tudelft.nl

639.

The authors are supported by Vrije Competitie subsidy 613.001.206 and Vidi subsidy
032.427 of the Netherlands Organisation for Scientific Research (NWO).


mailto:C.Gallarati@tudelft.nl
mailto:E.Lorist@tudelft.nl
mailto:M.C.Veraar@tudelft.nl

	Introduction
	Extrapolation and weights
	Preliminaries on weights
	Extrapolation

	Main result
	s-boundedness
	Convolution operators
	Integral operators with operator valued kernel

	Duality of iterated Lq-spaces

