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Fractional operators with singular drift:
smoothing properties
and Morrey—Campanato spaces

Diego Chamorro and Stéphane Menozzi

Abstract. We investigate some smoothness properties for a linear tran-
sport-diffusion equation involving a class of non-degenerate Lévy type op-
erators with singular drift. Our main argument is based on a duality
method using the molecular decomposition of Hardy spaces through which
we derive some Holder continuity for the associated parabolic PDE. This
property will be fulfilled as far as the singular drift belongs to a suitable
Morrey—Campanato space for which the regularizing properties of the Lévy
operator suffice to obtain global Hélder continuity.

1. Introduction and main results

In this article, we are interested in studying some smoothness properties of the
real-valued equation

(L1) 00(t,x) = V- (v0)(t,x) + LO(t,x) =0,
. 0(0,2) = Op(x), forx e R™ n>2, with div(v) =0 andt € [0,T],

where T' > 0 is a given arbitrary fixed final time. The operator L is given by the
expression

(1.2) L(f)@)=vp. [ [fx) = fle—y)]n(y)dy,

R™

where 7(y)dy is a non-degenerate and bounded Lévy measure. The first order term
is written in divergence form and the velocity field v is meant to be rather singular.
The divergence free condition of the drift term v is usual in problems arising from
fluid mechanics.
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When n = 2 and the operator L is a fractional power of the Laplace operator

(—A)*/? with 0 < < 2 (given in the Fourier level by (fZ)a\ﬂf(g) = c|§|af(§)),
equation (1.1) can indeed be seen as a simplified version of the quasi-geostrophic
equation (denoted by (QG),) which corresponds to the non-linear velocity field
v = (—R20, R10), where R; o denote the Riesz transforms defined by E]\H(g) =

&é\(f) for j = 1,2. It is worth noting that, in this quasi-geostrophic setting,

el
there is a competition between the drift term v and the diffusion term (—A)%/2,

and it is classical to distinguish here three regimes: super-critical if 0 < a < 1,
critical if a = 1 and sub-critical if 1 < a < 2, from which only the two first cases
are of interest since in the sub-critical case the regularization effect given by the
fractional power of the Laplacian (—A)*/? is “stronger” than the non-linear drift
and, as a consequence, there is a natural smoothing effect in the solutions of (1.1).
For the two other cases there is an interesting and rather complex competition
between the smoothing term and the drift one. In particular, in the super-critical
case it is still an open problem to understand the regularity of the solutions of this
equation, see [2], [8], [6], [7], [18] and the references therein for more details.

Following the work of Kiselev and Nazarov [15], it is possible to study the
Holder regularity of the solutions of the (QG), equation (i.e., the critical case) by
a duality-based method where the main idea is to control the deformation of a
special class of functions in order to deduce the regularity of the solutions of such
equation.

The aim of this article is, in the spirit of [3], to generalize this idea using dif-
ferent tools and to apply it to a wider family of operators. Specifically we will
work here with Lévy type operators under some hypotheses that will be stated in
the lines below, and we will see that this approach actually turns out to be well
adapted to investigate the impact of a singular divergence free drift on the smooth-
ing properties of the operator £. Thus, one of our objectives is to characterize,
for a singular drift, the functional spaces for which a Holder continuity property
holds for the solution of the Cauchy problem (1.1). Under some non-degeneracy
assumption on the Lévy measure m, it will be seen that the natural framework
for the drifts is the one of Morrey—Campanato spaces, whose parameters will be
related to the operator £ thanks to some homogeneity properties and then, with
the useful hypothesis div(v) = 0, we will prove that it is possible to obtain a small
gain of regularity.

In this paper we will mainly establish existence and uniqueness results as well
as Holder regularity for the solutions of equation (1.1). We will also obtain, as
intermediate results, a maximum and a positivity principle for equation (1.1).

Let us start by describing our setting in a general way. In the space variable,
the divergence free drift (or velocity) term v(t, ) will be connected with the homo-
geneous Morrey—Campanato spaces M 2¢(R™) which are defined for 1 < ¢ < +o0
and 0 < a < +00 as the spaces of locally integrable functions such that

1 — 1/q
8 Wi = s s (5[ 1)~ Topltar) <+
xo,

o ER™ 0<r<+o00 re
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with
1

fB(Ioﬂ“) = m B(xo,r)

and where B(zg,r) = {x € R": |z — x¢| < r} is an open ball. Morrey-Campanato
spaces M%% are closely related to other classical spaces, indeed if a = 0 then
LY(R™) € M%O(R") for 1 < g < +o0, and if 0 < a < n we obtain the usual Mor-
rey spaces M®%(R"). In the particular case of a = n then we have M%"(R") ~
M7 (R"™) ~ BMO(R™), which is the space of bounded mean oscillations functions.
If n < a <n+q, we have M%%(R") ~ CMR"), where C* is the classical homo-
geneous Holder space with 0 < A = (a — n)/q < 1; and finally, if n + ¢ < a the
spaces M%%(R™) are reduced to constants. We refer to [16], [19] and [27] for more
details about Morrey—Campanato spaces. As we can see, in function of the values
of the parameters ¢ and a, we can continuously describe a wide family of functional
spaces. However, from the previous formula (1.3) above, we observe that all these
functional spaces are only defined modulo constants.

Thus, in order to give a precise meaning to the solutions of equation (1.1) we
will need to consider smaller spaces that are not longer defined modulo constants
and are well-defined Banach spaces. Indeed, for the velocity field v : R x R — R”
we will assume the following general hypothesis:

[MC] The divergence free drift v(t, z) belongs to the space L> ([0, 7], M%*(R™)),
where T > 0 is a fixed time and M?%(R™) is a local Morrey space character-
ized for 1 < ¢ < +00, 0 < a < n+ ¢ by the condition

1 — q 1/q
Slsee = sup s (o [ 15 = T )
ZTo,T

f(z) dz,

zo€R™ 0<r<1 \T¢

1 1/q
+ sup sup(—/ |f(z)|? dm) < +o0.
B(zo,r)

zoER™ r>1 re

From this definition we observe that we always have the space inclusion M%*(R™) C
M%e(R™). We remark now that if @ = 0 and 1 < ¢ < 400 we still have the in-
clusion L9 ¢ M%9; furthermore, in the particular case when ¢ = n and ¢ = 1
the space M 1" (R™) corresponds to the space bmo (the local version of BMO), and
from this fact we derive the identification M ~ M%" for 1 < ¢ < 4oc. Finally, if
n <a<n+gqand 1< g < 400, we observe that M®%(R") = M%*(R"™) N L>®(R")
and in fact we obtain M%¢(R") = C*(R™) where C* are the classical Hélder spaces
with 0 < A = (@ —n)/q < 1. The case n + ¢ < a will not be considered as the
corresponding spaces are reduced to constants.

Once we have stated the hypotheses on the velocity field v, we describe now
the setting that will be used for the Lévy-type operator L:

[ND] The operator £ we are going to work with, introduced in (1.2), is a Lévy
operator for which we assume that the function 7 is symmetric, i.e., 7(y) =
m(—y) for all y € R™. Also, the following bounds hold:

(1.4) iy < w(y) < yTMTY over [yl <1,
(1.5) 0<m(y) <@yl over [yl > 1,
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where 0 < ¢; < Gy are positive constants and where 0 < § < a < 2. In the
Fourier level we have Lf (§) = a(&)f(§), where the symbol a(-) is given by
the Lévy—Khinchin formula

(16) o) = [ (1—eose p)nlo) dy

We refer to [12], [13] and [20] for additional properties concerning Lévy operators
and the Lévy-Khinchin representation formula. See also the lecture notes [14] for
interesting applications to PDEs.

Observe carefully that the properties of the operator £ can be easily read, in
the real variable or in the Fourier level, through the properties of the function 7.
In order to have a better understanding of these properties, it is helpful to consider
the important example provided by the fractional Laplacian (—A)®/? defined by
the expression

-A Ot/2f T) = Vv.p. M dy, with 0 < a < 2.
(=2)*"f () A
Note that we have here 7(y) = |y|~"~* and 7 satisfies (1.4) and (1.5) with a = 6.

—

Equivalently, we have a Fourier characterization by the formula (—A)2/2f(¢) =
c|§|°‘f(§) for ¢ = ¢(a,n) (see [22] for the exact value of ¢). Thus, the function
a(€) is equal to ¢|£|*. With this example we observe that the lower bound in (1.4)
guarantees a diffusion or regularization effect’ like (—A)*/? for £. Indeed, in
some general sense, only the part of the integral (1.2) near the origin is critical
as 7 satisfies (1.5). Assumption [ND] can therefore be viewed as a kind of non-
degeneracy condition which roughly means that in terms of regularizing effects
(which are induced by the behavior of 7 near the origin) the operator £ behaves
as (—A)*/2,

As the case 6 = a = 1 was already treated in [3] in a different framework and
since the case § = a corresponds to the fractional Laplacian (—A)®/2 where the
computations are considerably simplified, we will always consider in this article
the following cases: 0 < d<a<lorl<d<a<2.

Presentation of the results

We will from now on assume that assumptions [MC] and [ND] are in force. Our
first result concerns existence and uniqueness to (1.1).

Theorem 1 (Existence and uniqueness for L? initial data). Let 0y € LP(R™) with
2 <p < 400 be an initial data. Assume that [ND] holds for the Lévy operator L.
Assume moreover that [MC] holds for the velocity field v with the conditions

* 2< g < +o0,
e l<g<2andn<a<n+qorl<qg<2,0<a<nandq/(g—1)<p.
Then equation (1.1) has a unique weak solution 6 € L*([0,T], LP(R™)).

IThe term “diffusion” must be taken in the sense of the PDEs considered by analysts.
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Furthermore, if 0y € L*°(R™), then equation (1.1) has a unique weak solution
0 € L>=([0,T], L (R"™)) with the restrictions 1 < g < 400 and 0 < a < n+ q for
the velocity field v € L*°([0,T], M%%(R™)).

The conditions on the parameters ¢ and a that characterize the Morrey—Campa-
nato spaces are technical and are not very relevant here as we are mainly interested
in the case p = 400 where no conditions on ¢ and a are imposed.

Our main theorem is the next one. Following the usual terminology for the
quasi-geostrophic equation we will say that equation (1.1) is super-critical (resp.
sub-critical case) if a €]0, 1] (resp. « €]1,2[).

Theorem 2 (Holder property of the solution). Fiz any small time Ty > 0 and
let Oy be an initial data such that 0y € L>(R"™). Assume [MC] and [ND] hold.

e In the case 0 < 6 < a < 1, if O(t,x) is a solution of equation (1.1) and
the velocity field v(t,x) belongs to the space L™ ([0,T], M>*(R™)), with (a —
n)/q=1—a andn/(a—-) < q, then for all time Ty < t < T, we have that the
solution 0(t,-) belongs to the Holder space CY(R™) with 0 <y <6 < o < 1.

e In the case 1 < 6 < a < 2, if O(t,x) is a solution of equation (1.1) and
the velocity field v(t,z) belongs to the space L ([0,T], M®*(R™)) with (a —
n)/g=1-aandn/(1 —7v) < ¢, n<a/(a—1), then for all time Ty <t < T,
we have that the solution O(t,-) belongs to the Holder space CY(R™) with
0<y<2—aqa.

It is worth noting that the Morrey—Campanato space M %% used in this theorem
is fixed by the relationship (@ — n)/¢ = 1 — « and this relationship between the
parameter « which rules the regularization effect of the Lévy type operator and the
indexes ¢ and «a is actually quite sharp. Indeed, if the identity (¢ —n)/¢ =1 — «
is not verified, it is possible to provide counterexamples of Theorem 2 in some
particular cases. See [21] for a construction of such counterexamples and see also [7]
for similar results in the setting of the quasi-geostrophic equation.

Let us also remark that in the super-critical case, since 0 < a < 1 we have
n < a < n+ q. Thus, the Morrey—-Campanato space M%% is equivalent to a
classical Holder space of regularity 1 — o and the small regularization effect of the
Lévy-type operator L is exactly compensated by the Holder regularity of order 1—«
of the velocity field.

In the sub-critical case, since 1 < o < 2 we have that 0 < a < n. Hence, the
higher regularization effect of the Lévy-type operator £ allows to consider a more
irregular velocity field belonging to a true Morrey space. Observe that in both
cases we are able to obtain a smoothing effect and we can prove that the solutions
of (1.1) belong to a Holder space C?. However, the maximal Holder regularity -y
obtained by this method is constrained by the parameter 0 < § < « in the super-
critical regime (0 < a < 1) whereas in the sub-critical regime (1 < a < 2) the
constraint writes 0 < 7 < 2 — . This last constraint comes from the relation
1 —a = (a —n)/q, which readily gives that « = n + ¢(1 — @) < n since a > 1.
Anyhow, to have a > 0 imposes n/(a — 1) > ¢. Since on the other hand, the
condition g > n/(1 — ) of the Theorem 2 is crucial for the computations to work
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(see Section 4), this actually imposes n/(a—1) > n/(1 —v) <= v < 2—a which
gives the constraint on the regularity bound. We insist here that, even though
the smoothing effect of the spatial operator is higher for 1 < a < 2, the fact that
the drift is allowed correspondingly, through the relation 1 — o = (a — n)/q to
behave worse, we do not obtain much additional smoothness in that case. Observe
in any case that in order to obtain a final y-Hoélder regularity in the previous
ranges, the parameter ¢ must be greater than n/(a A1 —~). This fact reflects the
equilibrium between the regularization effect of the Lévy operator, the singularity
of the velocity field and the integrability required in order to get a prescribed Holder
regularity. Nevertheless, in this context, the most important issue is to obtain some
Hoélder regularity since it should then be possible to apply a bootstrap argument
as in [2], Section B, in order to obtain higher regularity.

The strategy to derive the previous results is the following. For existence and
uniqueness, we first start from a fixed point argument for a modified problem, with
mollified drift and an additional viscosity term in A which is meant to vanish, and
for which a uniform maximum principle is established for any L? initial data with
p € [1,400[ (see Proposition 2.5). To recover weak solutions from this modified
problem we will need compactness arguments which anyhow require some Besov
regularity, yielding the constraint p € [2,+0o0[ (see Theorem 5). The extension
of the result to the case p = +00, which is crucial to derive Theorem 2 with our
duality method follows from the previous computations.

For the Holder properties of the solutions, we use the duality between local
Hardy spaces and Holder spaces and the fact that we have a molecular decomposi-
tion of local Hardy spaces. Roughly speaking, to derive the smoothness, it suffices,
thanks to those two previous features and to a transfer property (see Proposi-
tion 4.5), to control the L' norm of the adjoint equation to (1.1) where the initial
condition can be any molecule. A molecule i at scale r > 0, can be viewed as a
function satisfying an L> condition, |[¢)||zecmn) < Cr~(+t7) and a concentration
condition around its center xo, i.e., [p.[t(z)||z — 20|* dz < Cr*~7, where n is
the dimension, v is the final Holder index and w is a technical parameter meant
to be close to v, roughly speaking w = v+ € for a small € > 0. We refer to Defini-
tion 4.3 for a precise statement. To control the evolution in time of the L' norm
of the adjoint equation having a molecule as initial condition, two cases are to be
distinguished. If the molecule is big, i.e., r > 1, the previously established maxi-
mum principle readily gives the result. The small molecules require a more subtle
treatment. The evolution of the L! norm of such molecules can be investigated
updating in time the previous L*° and concentration conditions, this latter being
considered around the current spatial center in time corresponding to the evolution
of the differential system, starting from the initial center of the molecule with the
averaged drift of (1.1) on a suitable ball. In other words, the evolution of the initial
center of the molecule is nothing but its transport by an averaged, less singular,
velocity field associated with the initial one. Averaging is a way to regularize,
once this choice is made, the functional framework of Morrey—Campanato spaces
is indeed very natural since it allows to sharply control the differences between the
initial drift and the regularized one.
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The article is organized as follows. In Section 2 we study existence and unique-
ness of solutions with initial data in LP with 2 < p < 4+00. We will also prove a
maximum principle for the weak solutions of (1.1). Section 3 is devoted to a posi-
tivity principle that is crucial to prove the Holder regularity. In Section 4 we study
the Holder regularity of the solutions of equation (1.1) by a duality method. This
is the core of the paper. Technical computations are postponed to the appendix.

2. Existence and uniqueness with LP initial data and maxi-
mum principle

In this section we will study existence and uniqueness for weak solution of equa-
tion (1.1) with initial data 0y € LP(R™) where p > 1. We will start by considering
viscosity solutions with an approximation of the velocity field v, and we will prove
existence and uniqueness for this system. To pass to the limit we will need a
further step which follows from the maximum principle.

2.1. Viscosity solutions

The point in this section consists in introducing an approximate equation deriving
from (1.1), where we add an additional viscosity contribution in eA and suitably
mollify the potentially singular drift. Precisely, for € > 0, we introduce:

51 00(t,x) = V- (v: 0)(t,x) + LO(t,x) = Al(t,x), te€][0,T],
@1) 0(0,2) = Op(x), div(ve) =0.

Above, the vector field v. is defined in two steps. First, in order to obtain some
regularity in the time variable, we introduce v, . = v*1). where x stands for the time
convolution and 1. (t) = e 14(t/e) where ¢ € C$°(R) is a non-negative function
such that supp(1)) C B(0,1) and [p1(t)dt = 1. In the previous time convolution,
we have extended the velocity field on R setting for all (s, z) € R\[0,T], v(s,x) = 0.
Then we define v, = v, * w., here * stands now for the spatial convolution
and w. is a usual mollifying kernel, i.e., w.(z) = ¢ "w(z/e), w € CF(R™) is a
non-negative function such that supp(w) € B(0,1) and [,,w(z)dz = 1. From this
regularization, for a fixed € > 0, the approximate drift v. will be a smooth (in the
time and space variables), divergence free and bounded vector field under [MC]
(see Lemma A.1 for this last property). Thus, the role of the additional viscosity
is clear: we can view the spatial operators in the left hand side of (2.1) as a
source term for the usual heat equation. We will prove existence and uniqueness
results, see Theorem 3, Remark 2.3, as well as uniform controls with respect to
the mollifying parameter/vanishing viscosity that are the preliminary step of our
compactness based approach, see Proposition 2.5. Following [8], the solutions of
problem (2.1) will be called viscosity solutions.

Note now that the problem (2.1) admits the following equivalent integral rep-
resentation:

t t
(2.2) O(t,z) = = By () +/ eSE=IAY . (v, 0) (s, x) ds 7/ =2 Lh(s, ) ds.
0 0
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In order to prove Theorem 1, we will first investigate a local result with the
following theorem where we will apply the Banach contraction scheme in the space
L ([0,T], LP(R™)) with the norm || f[| e (zr) = supiejo, ) [[f (£, )| e

Theorem 3 (Local existence for viscosity solutions). Assume [MC] and [ND]
hold. 1If the initial data satisfies ||Oo||r < K with 1 < p < 400, and if T' is
a time small enough, then the integral problem (2.2) has a unique solution 0 €
L>([0,T"]), LP(R™)) on the closed ball B(0,2K) C L*([0,T'], LP(R™)).

Proof. We denote by N?(6) and L.(0) the quantities
¢

NZ(0)(t,x) = / =92 . (v, 0)(s,2)ds  and
0

t
L(0)(t,z) = / e1=A £0(s, x) ds.
0

We construct now a sequence of functions in the following way:
Opy1(t,2) = €52 Op(z) + N2(0,)(t, z) — Le(0,)(t, ).
We take the L°°(LP)-norm of this expression to obtain
(2.3)  Ontillpezry < [[e=t4 0ol oo Ly + [|INZ (00l oo (£p) + | Le(On) || Loo (Lp)s

and we will treat each of the terms of the right-hand side separately.
For the first term above we note that, since e=*2 is a contraction operator, the
estimate ||e**2 f||z» < || f| L» is valid for all function f € LP(R"™) with 1 < p < 400,

for all £ > 0 and all € > 0. Thus, we have
(2.4) €52 fll Lo 2oy < |1 fllo-

For the second term in the r.h.s. of (2.3), we have the following inequality: if
f e L>=(0,T"], LP(R™)) and if v € L>=([0,T"], M?*(R™)), then

11/2

T
(2.5) [N (F)lzoerry < C e

cl/2 V| Loe ooy [ fll Lo () -

Indeed, it can be shown that the following inequalities hold:

1o (8, Mz = l[vne(s, ) # well o < O™ fJuae(s,)aras,

[0x.ell oo (araay < [[0ll Loe (araa)-

We refer to Lemma A.1 for details. From this estimate, since e f = f % hey,
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where h.; is the associated heat kernel, we write:

t
NP leian = sup || [ eIV ()5,
0

0<t<T’ Lr

t
= sup / V- (vsf(s’ )) * hs(t—s) dsH ]
o<t<T'I' Jo Le

t
< sup / 0 £ (5. M o [[Vheqemsy | .1 ds
o<t<T" JO
t
< sup [ ool 1505l Clo(e = 5)) 7 2as
o<t<T” JO
<Ce~ n/qH’U*EHL‘”(M‘I“)Hf“LOQ LP) SUP /C )72ds

11/2
= ¢ 51/2 5‘_n/qHUHLO"(]\/I‘L“) HfHLOO(Lp) .

For the last term of (2.3) we have the following fact: if f € L*([0,T"], LP(R")),
then

T/l—a/2 T/1—6/2

(2:) 1Ll < (= + g7 I leoeiam.
Indeed, we write
[Le(f ) zoe(rr)
t
= sup /es(t*S)Aﬁf(sf)ds‘ = sup /ﬁf ) * he(i— 5)dsH
o<t<T' Jo Ly o<t<T1’

Then by the properties of the Lévy operator £ we can write Lf * hoy—g) = f *
Lhe—s) and we obtain the estimate

t
1Ll on < sup / 17 (52 Mo | g | 1 ds
o<t<T’JO

t
< 1fllz=(zr) sup / |Chegesll s ds.
o<t<T” JO

We need now to study the quantity [[Lh.q—g)||r1, for this we use the following
lemma (proved in Appendix B).

Lemma 2.1. Let 0 < 6 < a < 2 and let L be a Lévy-type operator of the form (1.2)
satisfying [ND] (in particular (1.4) and (1.5) hold). Let hy be the heat kernel
on R™. Then we have that there exists C > 0 such that for all § € [0, 2] there holds
the inequality

IEG-2)2 bl < € (et = )17/ 4 [e(t — 5)]~0H/2),

Thus, with this result at hand and after an integration in time we obtain the
wished inequality (2.6).
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Now, applying the inequalities (2.4), (2.5) and (2.6) to the right-hand side
of (2.3), we have

[0n+1llzoe(zry < 60lle + Co |00 Lo (Lr)s
11/2 Tll—a/2 T/1—6/2
g—n/qu“Lm(Mq,a) + + 5/2 )

Thus, if ||0g]|zr < K and if we define the time 7" to be such that Cy < 1/2, we
have by iteration that ||0,,4 1L~ (L) < 2K: the sequence (6,,)nen constructed from
initial data p belongs to the closed ball B(0,2K). In order to finish this proof, let
us show that 6,, — 6 in L>°([0,7"], L?(R™)). For this we write

T
(2.7) o= (5 7

10n+1 = OnllLoo ey < (INZ(On — On—1)|lLoo(Lr) + [[Le(On — On—1)l| Lo (Lr),

and using the previous results we have ||0,, 41 — 0| oo (£r) < Col|0n — 01| Lo (Lr),
so, by iteration we obtain [|0,11 — 0y (zr) < C¢ |01 — Oo| L (rr). Hence, with
the definition of 7" we have |[0,4+1 — O] L(zry) < (3)" 101 — 60|/ L= (1r). Finally,
if n — +oo, the sequence (0, )nen converges towards 6 in L*°([0,T"], LP(R"™)).
Since it is a Banach space we deduce similarly uniqueness for the solution 6 of
problem (2.2). The proof of Theorem 3 is finished. O

Corollary 2.2. The solution constructed above depends continuously on the initial
value 6g.

Proof. Let ¢g,00 € LP(R™) be two initial values and let ¢ and 6 be the associated
solutions. We write

0(t,z) — p(t,z) = e (bo(2) — wo(2)) — N2(0 — @) (t,2) — Le(0 — @) (t, 2).

Taking L°°LP-norm in the above formula and applying the same previous calcu-
lations one obtains ||0 — o||e(zr) < |00 — @ollzr + Coll0 — @l 1o (Lr), for Co as
in (2.7). This shows continuous dependence of the solution since we have chosen
Cy < 1/2 O

Remark 2.3 (From local to global). Once we obtain a local result in time,
global existence easily follows by a simple iteration since the problems studied
here (equations (1.1) or (2.1)) are linear as the velocity v does not depend on 6.

We now study the regularity of the solutions constructed by this method.

Theorem 4 (Smoothness for viscosity solutions). Solutions of the approzimated
problem (2.1) are smooth.

Proof. We will work in the time interval 0 < Ty < T, < t < T* where Ty, T, and T™*
are fixed bounds. We will prove that 0 € (g7 o7, cpor- L>=([0, t], Wk/2p(R™))
for all & € N iteratively, where we define the Sobolev space W*P?(R") for s € R
and 1 < p < +00 by || fllwer = || fllze + [[(=A)*2f||zs. Note that this is true
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for k = 0. So let us assume that it is also true for £ > 0 and we will show that it
is still true for k£ 4+ 1. We consider then the next problem:

t
ec(t=5)Ayy (ve 0)(s, z) ds 7/ eg(t*S)Aﬁﬂ(s, x)ds

To

t
o(t,x) = eE“*TO)Ae(To,x)*/

To

We have then the following estimate:

0]l oo (w20 < (€T O(To, )| poe (wrck1/2.09

+ /t I - (v, 0)(s, ) ds
To

Loo (W(k+1)/2.p)

t
+ H / =98 £g(s, ) dsH .
T Leo (W (k+1)/2,p)

Now, we will treat separately each of the previous terms.

(i) For the first one we have

e=E=TIRO(T, )|l 1) /2.0
=110(To, ") * heqe—ro) v + 110(To, ) * (—=A)FFD A0y [lLo
< [10(To, )lze + 10(To, )l Lo | (=A)FFD 20yl e

S0 we can write, using the properties of the heat kernel hy,
€= TIR0(T, )l < C 10T, )l mae {15 (¢ — To)) =/},

(ii) For the second term, one has

t t
e(t—s)Ayy . . .
H /TO e AV (’Ug 9)(8, )dus(M—l)ﬂ,p < i HV (’UE 9) * hg(t_s)HW(ker/z,p ds

t
IV - (02 0) 5 e 20 + | (= 2) D[V - (ve 6) 5 hege—s] | s

To

/ e Ol Vhegm oo+ (=AY (02 )10 (~A) (Ve ds
< C/ Hvs Hwk/ap max{ — s)]*l/Q; [E(t— 8)]73/4}(13.

For N > k/2, applying the same arguments used in the proof of the inequality
[[Vsee(8, ) % wel|Lee < Ce™™/9||v, o(8,)||prae (see Lemma A.1 in the appendix), we
have the estimations

085, Yweras < lloels, Ve 16, lweras
<O (L4 &™) e o c(s,llarac 1005, s
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Hence, we can write

t
e(t—s)Ayy . .
H/Te V- (v. 0)(s,-) ds HLW(W(M/“) C [[0]l e (ataoey 101 e s 2y
t
X sup/ (14 e M)e ™7 max {le(t - 87V [e(t - s)]*3/4} ds.
To

(iii) Finally, for the last term we have

t
H/ eg(tfs)AEH(sf)dsH
To W(k+1)/2,p

/{||9 )¢ Lheual + | (—8)746(s, ) £(=2)hegus |, } ds

S /T {HH(S, )”Lp ||‘Ch€(t75)HL1 + ||(_ k/49 HLp ||‘C(_A)1/4h€(t78)||L1} ds.
0

Applying Lemma 2.1 with 8 = 1/2, we obtain by homogeneity that
1£(=2) A heggllie < ([e(t = )] 7 U2V 4 [t — 5)] 720/,

and then we have

H/ =98 £g s dsH
Ty Lo° W(k+1)/2 P)

<cC H9||L00(Wk/2,p)/ max{ t_ 5)] a/2 + E(t . 8)]_5/2);
([e(t — s)]*(1+2a)/4 + et — s)]’(”%)/“)}ds.

Now, with formulas (i)-(iii), we have that the norm ||| ey +1/2) is con-
trolled for all € > 0: we have proven spatial regularity. Time regularity inductively
follows since we have for all k£ > 0,

%G(t,w) -V (g—;(vs 9))(t z) + .c(aa—;e)( z) = SA(S—;e) (t,x),

and we recall that v. is smooth in time as well. Theorem 4 is now completely
proven. d

Remark 2.4. The solutions (-, ) constructed above depend on €.

2.2. Maximum principle for viscosity solutions

The maximum principle we are studying here will be a consequence of few inequal-
ities, some of them are well known. We will start with the solutions obtained in
the previous section.
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Proposition 2.5 (Maximum principle for viscosity solutions). Let 6y € LP(R™)
with 1 < p < 400 be an initial data, then the associated solution of the viscosity
problem (2.1) satisfies the following mazimum principle for all t € [0,T7]:

16Ct, ) lze < |60l o-

Proof. We write, for 1 < p < +00,
SN0 =p [ 10 20(00+ V- (0.60) — £0)(1,) o
R’n

:pe/ |0|P~20A0(t, ) dx—p/ 0|7~ sgn(0) LO(t, x) dz,

n

where we used the fact that V- (v.) = 0. Thus, we have

d
1L —pe [ 107200002 do +p [ 107" sgnl6) £0(t,) dn =0,

and integrating in time we obtain

¢ ¢

||0(t,~)|\’£,,fp5// 10|P~20A0(s, ) dz ds +p// 0|7~ sgn(0)L0(s, ) dxds
0 n 0 n

(2.8) = [16ollZ-

To finish, we have that the quantities

t
(2.9) fps/ |0P~20A0(s,2)dr  and p/ / |07~ sgn(0) LO(s, ) dx ds
RTL 0 n

are both positive. Indeed, for the first expression, since (eguA)uZO is a contraction

semi-group we have ||e*? f|r» < ||f|lre for all u > 0 and all f € LP(R™). Thus
F(u) = ||e**A f||1» is decreasing in u; taking the derivative in u and evaluating in
u = 0 for f = 60(s,.) we obtain the desired result. The positivity of the second
expression above follows immediately from the Stroock—Varopoulos estimate for
general Lévy-type operators given by the following formula (see Remark 1.23 of [14]
for a proof; more details can be found in [24] and [26]):

(2.10) C(LI0[P2,101P%) < (L6, 10/~ sgn(0)),

it is enough to note now that (£|0|P/2,|0|P/2) = ||£Y/2|0|P/2||2, > 0, where the
operator £/2 is defined by the formula (£'/2f) (€) = a'/?(€) f(f), recalling that a
stands for the symbol of £ introduced in (1.6). Thus, getting back to (2.8), we have
that all these quantities are bounded and positive and we write, for all 1 < p < 400,
10(t, )12 < 180ll1s-

For the case p = 1, the positivity of the first term of (2.9) is straightforward
(see [8]), while the positivity of the second term follows from the Kato inequality
(see [14]). O
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2.3. Besov regularity and the limit e — 0 for viscosity solutions

In order to deal with Theorem 1 we will need some additional results that will
allow us to pass to the limit. Indeed, a more detailed study of expression (2.8)
above will lead to a result concerning the regularity of weak solutions.

Lemma 2.6. If the function w satisfies the conditions (1.4) and (1.5), then for
the associated operator L we have the following pointwise estimates on its symbol
a(-) for all § € R™:

1) a(€) < C (I€* + %),
2) [g]* < a(@) +C.

Proof. We use the Lévy—Khinchin formula to obtain

€= [ (1= costy - ©)lul " dy
R\ {0}
(see [12] for a proof of this fact). It is enough to apply the hypotheses (1.4)
and (1.5) to conclude. O

We state now a useful result for passing to the limit when ¢ — 0 which is
interesting for its own sake:

Theorem 5 (Besov regularity). Let L be a Lévy-type operator of the form (1.2)
satisfying [ND] (i.e., hypotheses (1.4) and (1.5) hold for the function 7). Let
2<p<+4oo andlet f: R™ = R be a function such that f € LP(R™) and

/n If(x)|P~2f(x) Lf(z)dz < 400.

Then f € By/PP(R™).

Proof. We will prove the following estimates valid for a positive function f:

@10 W e < CIIP2 g2 < FP2I172 +/ |f(@)[P~2 f(x) LF () da.

Rn

The first inequality can be found in Theorem 4.2 of [4]. The constraint p > 2
is precisely needed for this first step. We will thus now only focus on the right-
hand side of the previous estimate. For this, we will start assuming that the
function f is positive. Using Plancherel’s formula, the characterisation of £/? via
the symbol a'/2(¢) and Lemma 2.6 we write

e A e I GRIZE GIRT

< [ @20 + CPIFROP < c (1723 + L7217 )
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Now, using the Stroock—Varopoulos inequality (2.10) we have
172022 + L2 P2 15 < 172017 +C/ fr2fLf da.
Rn

So inequality (2.11) is proven for positive functions. For the general case we write
f(z) = fy(x)— f-(x) where fi(x) are positive functions with disjoint support and
we have:

@12) [ 1@ @)L @) da
— [ R@r e L@ da s [ @ @) £ (o) da
- [ s i@ @ [ @@ e de

We only need to treat the two last integrals, and in fact we just need to study one
of them since the other can be treated in a similar way. So, for the third integral
we have

fr(@)P2 fy(w) Lf () d

R

— [ £@r ) [ @) - ) - ) dyda

Rn

= [ £ [ (f@)f-@) - £@f- Wl - ) dyda.

Rn

However, since fy and f_ have disjoint supports we obtain the following estimate:

Fo@P @) Cf () de = — [ fy(a)p? / i (@) f— ()] — ) dy dee < 0,
R Rn R™

since 7 is a positive function and all the terms inside the integral are positive.
With this observation we see that the last two terms of (2.12) are positive and we
have

[ Ry L@ et [ @) @) (@) de

< [ 1@P @)Lt @) de < oc.

Then, using the first part of the proof we have fi € B,?/p’p(R") and since [ =

f+ — f—, we conclude that f belongs to the Besov space B;‘/””’(R”). O

Remark 2.7. The lower bound p > 2 in Theorem 1 is a consequence of Theorem 5
above. This constraint results from the first inequality in (2.11).
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Proof of Theorem 1 for p € [2,4+00[. We have obtained with the previous results
in Sections 2.1 and 2.2 a family of regular functions (§*)).~o € L>([0, T], LP(R™))
which are solutions of (2.1) and satisfy the uniform bound [0)(¢,-)||r» < ||60| Lr;
in order to conclude we need to pass to the limit letting ¢ — 0. Since we
have that L°([0,7], LP(R™)) = (L'([0,T], L4(R™)))’, with 1/p + 1/¢ = 1, we
can extract from those solutions 0() a subsequence which is s-weakly conver-
gent to some function 6 in the space L*([0,T], LP(R™)), which implies conver-
gence in D'(RT x R™). However, this weak convergence does not a priori imply
the weak convergence of (ve 9(5)) to v 6 along a converging subsequence in .
For this we use the remarks that follow. First remark that combining Proposi-
tion 2.5 and Theorem 5 we obtain that the solutions (9(5))€>0 belong to the space
L=([0,T); LP(R™)) N L1([0, T, BS/PP(R™)) for all ¢ > 0. Then we fix a function

¢ € C°(0,T] x R™) and we have the fact that ©0(©) € L1([0,T], BS/P?(R")) and
Orp0©) € L1 ([0, T7, B N.p(R™)) for some N > 0. This implies the local inclusion,
in space as well as in time, ©8(%) € Wtogp’p c Wtogp’Q.

We can thus apply classical results such as the Rellich-Lions theorem to ob-
tain, for a subsequence (g,,)men converging to zero, the strong convergence of
(9(6""))meN to 0 in (L LP);pe. Next we recall that v = v, * w. where we(z) =
e "w(z/e) is such that supp(w.) C B(0,¢). Then, applying Fubini’s theorem we
have the identity

/ / vgme(“”) Vo)(t,z)dx dt = / / Uy Em. @g,,,b*[e(gm)Vqﬁ])(t,m) dax dt

(2.13) = I (),

where @(z) = w(—x). In order to prove that we have a weak solution of equa-
tion (1.1), it remains to prove that the quantity I;E;f‘)g(gb) is well defined for any
function ¢ € Cg°([0, T] x R™) and can be controlled uniformly in &,,. To this end we
distinguish several cases following the values of the indexes ¢, a that characterize
the Morrey—Campanato spaces:

e We start with the case 2 < ¢ < 4o00. Since ¢ € C5°([0,T] x R™) there exists a
bounded radius R4 > 0 such that supp,(V¢) C B(0, Ry) and since supp,(@e,,) C
B(0,&,,) with €,, > 0 small, then if pgy = Ry +2 we have supp, (@.,, * [0V ¢]) C
B(0, py). Thus, if we denote by By = B(0, ps), we obtain the inequality

‘/W Veer * (@e,, * [Q(EW')Vqﬁ])(t,x) dx’

1 1/q
< [ (@e,, # 0Vt o5, |B¢|“”(|B¢|a/3 [Vrc,, (t,2) |7 dr)
¢

where p = ¢/(¢ — 1) €]1,2]. Since the radius of the ball By is bigger than 1 we
can write

’ / Uren (@e,, * [0 V) (¢, 2) dx'

< Co VOt e (o) @2, * 0™ (1, NLo(B,) 10 (t W agaa .-
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Now, since 1 < p < 2 < p < +00, we have space inclusion LP(Bgy) C LP(By), and
we obtain the inequality

‘/ Vs, * (o?gm * [G(EM)V¢])(t,m) dm‘
< Cy IV (t, Lo (my) l@e,, * 0, ) Lo(sy) 1Veen ()l arae @ey
< Cy [V (t, ) oo @m) [@e,, % 0 (t, )| o @) (Ve ()l aras meny.-

From usual convolution controls (recall indeed that w.  has integral 1) and
Lemma A.1, we obtain

|II(“€;§;(¢)| < Co,1 [IVPl Loe (0,11 xR")

16| Lo (0,77, Lo ) 0]l oo (ara. ) -

From the uniform bound on [|@(m)

Lo ([0,T],L»(R")), We obtain that the quantity
I;gvz,(@ is well defined and uniformly controlled in &,, for all ¢ € C§°([0,T] x R™).

This uniform control allows, thanks to the strong convergence in L? of #(¢m) to-
wards 6 and usual convolution controls, to pass to the limit and yields:

T
Q1) IO o I = [ [ @090 (ta)ded,

e If 1 < ¢ < 2. In this case we need to take into account the values of the
parameter a in the definition of Morrey—Campanato spaces. If n < a < n+g, since
we have v(t,-) € MP*(R™) = M2%(R™) N L>®(R™), we can write
[ e @ 0 90]) (t,3) d| < O @ 0V (| 1 i ()

Rn

< C0CEIVt, )| o veen, (t, )l azas
< L0 (t,) e IVt -)

|2 [10xem (& )l arae

with 1/p + 1/p’ = 1. Since §m)(t,.) is uniformly controlled in LP and since
the control in the time variable is straightforward, we obtain the wished uniform
control in &, of the quantity I;gvz(@ Now, if 1 < ¢ < 2 and a = n, since in
this particular case we have M%™ ~ M?™ it is enough to repeat the computations
performed in the first item to obtain the uniform control of the quantity (2.13).
Finally, if 1 < ¢ < 2 and 0 < a < n, we need to impose a condition on ¢q. If the
value of p is small ie., if 2 < p < g/(¢ — 1) we cannot completely ensure the fact

that the quantity I;E;f‘)g(d)) is controlled uniformly in &,,. Indeed, using the fact

that 0(¢,-) € Bg /pp , some involved and technical conditions between «, p, ¢ and n
can be found to study some very particular cases when 2 < p < ¢/(q — 1), but the
general case seems out of reach. However, if p is big, i.e., if ¢/(¢ — 1) < p (recall
that p is fixed by the initial condition), it is possible to reapply the computations

of the first item? and the quantity I;E;f‘)g(d)) is uniformly controlled.

2These technical issues when p is small explain the different cases given in the Theorem 1.
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Thus, in all the cases treated previously, we obtain existence and uniqueness
of weak solutions for the problem (1.1) with an initial data in 6y € LP(R"),
2 < p < 400, that satisfy the maximum principle. Moreover, we have that these
solutions 6(t, z) belong to the space L ([0, T, LP(R™)) N LP([0, T, Bf,‘/p’p(R”)).

We study now the case when the initial data 6y belongs to the space L>(R"™).
This extension is crucial for our duality method to work in order to establish
Theorem 2 in Section 4. Let us fix 0F = 0ol po,r with B > 0 so we have
0F € LP(R™) for all 1 < p < 400 and we fix a p large enough in order to obtain
the condition ¢/(¢ — 1) < p when 1 < ¢ < 2. Following the previous computations,
there is a unique solution 6% for the problem

007 — v - (vOF) 4 L£OT = 0,
0%(0,2) =0f(xz), V-v=0 and ve L>([0,T], M>*(R")),

such that 6% € L>°([0,T], LP(R™)). Moreover by the maximum principle we have

10, )| Le < |08 ||Le < vrl/p||90||LooR% where v,, stands for the volume of the unit
ball in R™. Taking the limit p — 400 and making then R — 400 we finally get

[0t )L < C ||| Lo~

This shows that for an initial data 6y € L>°(R™) there exists an associated solution
0 € L*°([0,T], L>°(R™)). Theorem 1 is now completely proven. O

Remark 2.8. If the solution 0(¢,x) belongs to the space L ([0,T], L>°(R™)), it
is easy then to show that the quantity Ir,¢(¢) given in (2.14) is well defined
for all 1 < ¢ < 400 and all 0 < a < 400 without any restriction or condition,
indeed: if ¢ € C5°([0,7] x R™) and if B, = B(0,max(Ry,1)) is a ball such that
supp, (¢) C By, then

— 1 1/
‘/W(UHV(;S)(t,m)dm‘ §HG(t,.)ng)(t,.)||LP(B¢)|B¢|a/q(|B¢|a/B o(t.2)f7 )",
) ¢

where 1/p + 1/q = 1. Again, since the radius of the ball By is bigger than 1 we
can write

| [ w0 o) t.)da| < Co IVt s 1068 Yo ot lasoe,

and from this inequality we obtain that the quantity I7., ¢(¢) is well defined.

From Proposition 2.5, the previous paragraphs and the end of the proof of
Theorem 1 for p € [2, +0o[ we eventually derive the following theorem.

Theorem 6 (Maximum principle). Let 0y € LP(R™) with 2 < p < +00. Assume
that [ND] holds for the Lévy operator L. Assume also that assumption [MC]
holds for the velocity field v with the condition 2 < q < 4+00 or with 1 < q < 2
andn < a<n4+qorwthl<q<2 0<a<mnandq/(g—1) <p. Then
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the weak solution of equation (1.1) satisfies the following maximum principle for
all t € [0,T): ||0(t, )|le < ||0ollr- In the case when Oy € L>®(R™) and with the
condition 1 < ¢ < 400 and 0 < a < n + q we also have the mazimum principle
10(t, )L < Cl|bo][ for all t € [0,T].

3. Positivity principle for weak solutions

Theorem 7. Let 6y € L*(R™) N L>(R™) be an initial data such that 0 < 0y < M
a.e. where M > 0 is a constant. Assume that [ND] holds for the Lévy operator L
and that assumption [MC] holds for the velocity field v.

e If 0 <0 < a < 1, then the weak solution of equation (1.1) satisfies 0 <
O(t,z) < M for all t € [0,T].

effl<dé<a<?2andifq>n, a/(a —=1) > n, then the weak solution of
equation (1.1) satisfies 0 < O(t,x) < M for all t € [0,T].

Proof. To begin with, we fix two constants, p, R such that R > 1 and R > 2p > 0.
Then we set Ag r(z) a function equals to M/2 over || < 2R and equals to 0y(z)
over |z| > 2R and we write By gr(z) = 0y(z) — Ao, r(x), so by construction we have

Oo(x) = Ao,r(x) + Bo,r(x),

with [|Ao, ||z < M and ||Bo, gz~ < M/2. Remark that by construction we
have Ao r, Bo,r € LP(R™) with 1 < p < 400. Now fix v € (L>°([0,T], M?*(R™)))
such that div(v) = 0 and consider the equations

(3.1) O AR(t,x) = V- (vAR)(t,x) + LAR(t,z) =0, Ag(0,z) = Ao r(z),
' 8tBR(t,£L') -V (’U BR)(t,Lb) —+ ,CBR(t,IL') =0, BR(O,x) = BO’R(Lb).

Using the maximum principle and by construction we have the following estimates
for t € [0,T:

ARt )L < | Ao,gllLr < 00l + CMR™P (1 < p < +00),

(3.2)

[Ar(t, e < [[AorllLe <M and |[Br(t, )|z < [[BorlLe < M/2,
where Ag(t,z) and Bgr(t,x) are the weak solutions of the systems (3.1). Since
the initial data 6y belongs to the space L'(R™) N L (R™) it is possible to consider
an LP framework with 1 < p < +00. However, we set from now on the following
conditions:

(3.3) p>% if0<d<a<l1, and Ll>p>n if 1<d<a<?2.
o —

These conditions naturally appear at the end of the proof (see equations (3.6)
and (3.7)) and allow to fix p.
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We can see now that the function 0(t,x) = Agr(t,z) + Br(t,x) is the unique
solution for the problem

(3.4) { o(t,x) — V- (v0)(t,z) + LO(t,x) =0,

0(0,z) = Ao,r(x) + Bo,r(x).

Indeed, using hypothesis for Ag(t,z) and Bgr(t,z) and the linearity of equa-
tion (3.4) we have that the function Og(t,x) = Ag(t,x) + Bgr(t,x) is a solution
for this equation. Uniqueness is ensured by the maximum principle and by the
continuous dependence from initial data given in Corollary 2.2, thus we can write
O(t,x) = Ogr(t,x).

To continue, we will need an auxiliary function ¢ € C§°(R™) such that ¢(x) =0
for |z] > 1 and ¢(x) = 1 if |z| < 1/2 and we set p(z) = ¢(x/R). Now, we will
estimate the LP-norm of ¢(x)(Ag(t,z) — M/2). We write

o) (Artt.) = M), = [ fole) (Ante.) — b2
(3.5) x (p(2)(Ar(t,z) — M/2))0(o(z) (Ar(t,z) — M/2)) dz.

We observe that we have the following identity for the last term above:

O (p(x)(AR(t,z) — M/2))
=V (gp(m) v(t,x) (AR(t,m) — M/Z)) — E(gp(m)(AR(t,m) — M/2))
— (Ag(t, ) — M/2)u(t, x) - V() + [£, 0] Ar(t,z) — 2 Lo(a),

where we denoted by [L, ¢] the commutator between £ and ¢. Thus, using this
identity in (3.5) and the fact that div(v) = 0 we have

Aille()(Ar(t) = M/2)|,
== [ |o(e)(Antt.a) = M/2) " (pla) (Ant.a) — M/2)
x £(p(x) (An(t, ) ~ M/2)) da
4 [ Jole)(Ant.a) = M/2) (o) (Anlt.a) = 11/2)
(3.6) % (= (Ar(t,x) — M/2)v(t,z) - Vo(x) + £, ] Ar(t, z) — L Lp(x)) da.

Remark that the first integral in (3.6) is positive by the Stroock—Varopoulos in-
equality (2.10). So, one has

o () (Antt,) = M/2)[},
= p/Rn o(x) (Ar(t, ) — M/2)["> (p(x) (AR(t, ) — M/2))

x (—(Ag(t,z) — M/2)v(t,z) - Vo(z) + [L, 0| Ar(t,x) — X Lo(z)) da.
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Using Holder’s inequality and integrating in time the previous expression we have
lo(-) (Ar(t, ) = M/2)[I7, < [lo()(AR(0,-) = M/2)|]},
t
0 [ (NAr(s.) = M72)0(s.) - Dl + 12 A1An(s, o + | 261 )

x |lo() (Ar(s, ) — M/2)|7," ds.

The first term of the right side is null since we have Ar(0,2) = M/2 on the support
of ¢. Use now Young’s inequality and Gronwall’s lemma to derive

o) (An(t,) — My2) |, < G, / lo() (Ar(s, ) — M|, ds

+cp{/0 (1 (Ar(s. ") — My2)u(s. ) - Vol

L, el AR(s, )Ly ) ds + 277 MPt]| Lo,

< Cpexp(Cypt){ /0 [(Ar(s, )=M/2) (s, ) - Ve[, + IL. ¢l AR(s, )L ds
(3.7) +277 M| Lol }

For the first term of the right-hand side of the previous expression we have the
inequalities below:

Lemma 3.1. For 1 < p < 400, and R > 1, recalling that (a —n)/q =1 — a, we
have the following inequalities:

e if0<di<ac<l,
[(Ar(s,) = M/2)v(s,-) - V||, < CR™HP (|| Ao,gl| o= + M/2)[[0]| e (arae),
o if 1<i<a<?2,
I(Ar(s, )= M/2)v(s,) - Vool| v
< CR™M/PHOmm/a(|| Ag | + M/2)|[0]| oo (arava),
with the condition that q¢ > p.

Remark 3.2. When 1 < § < a < 2 we have imposed the condition ¢ > p to the
index ¢ that characterizes the Morrey—Campanato space M ?%. At the end of the
proof we will need the condition p > n and this fact gives the constraint ¢ > n
stated in Theorem 7.

For the term ||[£, ¢]AR(s,-)||;» we will need the following lemma:

Lemma 3.3. For1 <p <400 and R > 1 we have the inequalities
e if0<di<ac<l,

1L, €1 Ar(s, o < C(R™* + R™°) || Ao,rl| e,



1466 D. CHAMORRO AND S. MENOZZI
e ifl<di<a<2andaf(a—1)>p:

£, €1ARI Lo o, xmny < C R™HIAo | o

We refer to Appendices A and B for a proof of these two lemmas.

Finally, for the last term of (3.7) we have, by the definition of ¢ and the
properties of the operator L, the estimate

|Lp|lLr < CRYP (R~ + R™°).

We thus have the following inequalities for 0 < § < a < 1:

() (ARt ) = F) |1, < C|RTPF (| Aokl + M/2)P 0] w a0
(M)

(R4 R™)| Ao}, + MP(R" 4 R*7)]
or,ifl<d<a<?2,

leC) (ARt ) = ) |[5, < C[RPHm+=mr/a() A g e+ M2 ol (r g0

+ R Ao gll}, + MP(R™P 4 R*%)]

Observe that we have at our disposal the estimates (3.2), so we can write, for
0<d<a<l,

() (Ar(t,) = 2}, < R MP o] rgae,
(3.8) + (R + R™%P) (||60]|7,, + MPR™) + MP[R"~°P + R”*ép]] ,
and if 1 < < <2,
o) (An(t.) = )7, < O [RPEHR NP ol
(3.9) +R7p(||60||1£p +MpRn) +Mp(Rn*Otp +Rn76p):|.

At this stage, we recall the conditions given in (3.3): p >n/0if 0 < < a <1,
and p >n if 1 < § < a < 2. Then, using again the definition of ¢ we have that
the left-hand side above is greater than fB(07p)|AR(t, ) — M/2|P dxz. Now, if we
make R — +o0o, with the definition of the parameter p given in the lines above,
the right-hand side of the expressions (3.8) and (3.9) tends to zero and we obtain
Ap(t,z) = M/2 over B(0, p). Hence, by construction we have §(t,z) = Ar(t,z) +
Bpr(t,x), where 0 is a solution of (3.4) with initial data 6y = Ag r + Bo,r, but,
since over B(0, p) we have Ag(t,x) = M/2 and ||Bg(t, )|z~ < M/2, one finally
has the desired estimate 0 < 0(t,z) < M on B(0,p). It is now possible to repeat
these arguments at any point z € R™ and consider balls of the type B(x,p) to
finish the proof of the Theorem 7. O
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4. Holder regularity

We will now study Holder regularity by duality using Hardy spaces. These spaces
have several equivalent characterizations (see [5], [10] and [23] for a detailed treat-
ment). In this paper we are interested mainly in the molecular approach that
defines local Hardy spaces.

Definition 4.1 (Local Hardy spaces h?). Let 0 < o < 1. The local Hardy
space h?(R™) is the set of distributions f that admits the following molecular
decomposition

(4.1) F=3 Nt

JEN

where ();)jen is a sequence of complex numbers such that >,y [A;]7 < +o0
and (¥;);jen is a family of r-molecules in the sense of Definition 4.3 below. The
h?-norm? is then fixed by the formula

e =i { (1) = a0}
JEN jEN

where the infimum runs over all possible decompositions (4.1).

Local Hardy spaces have many remarkable properties and we will only stress
here, before passing to duality results concerning h° spaces, the fact that the
Schwartz class S(R™) is dense in h%(R™), this fact is of course very useful for
approximation procedures.

Now, let us take a closer look at the dual space of the local Hardy spaces.
In [10], D. Goldberg proved the following important theorem.

Theorem 8 (Hardy-Holder duality). Let n/(n+1) < o <1 and firy =n(1/o-1).
Remark that 0 < v < 1. Then, the dual of the local Hardy space h®(R™) is the
Hilder space CY(R™) endowed with the norm

/@)~ I

[ fllex = [l fll Lo + sup
’ xFy lz —y|

This result allows us to study the Hoélder regularity of functions in terms of
Hardy spaces and it will be applied to the solutions of equation (1.1).

Remark 4.2. Since n/(n+1) < o < 1, we have >, |Aj| < (ZjEN |)\j|a)1/a7
thus for testing Holder continuity of a function f it is enough to study the quantities
[{f, ;)| where 9, is an r-molecule.

Since we are going to work with local Hardy spaces, we will introduce a size
treshold in order to distinguish small molecules from big ones in the following way:

3Tt is not actually a norm since 0 < o < 1. More details can be found in [10] and [23].
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Definition 4.3 (r-molecules). Set n/(n+ 1) < o < 1, define v =n(1/c — 1) and
fix a real number w such that 0 < v < w < 1. An integrable function % is an
r-molecule if we have:

o Small molecules (0 < r < 1).

(4.2) / [(z)||z — xo|® dx < (Cr)*~7, for zyp € R™  (concentration condition),
R’!L

1
(Cr)m+

(4.4) Y(x)dr =0 (moment condition).
R™

(4.3)  Ylle= < (height condition),

In the above conditions the quantity ¢ > 1 denotes a constant that depends
on v, w, «, and other parameters to be specified later on. See Remark 4.6 below.

e Big molecules (1 < r < 400).

In this case we only require conditions (4.2) and (4.3) for the r-molecule v
while the moment condition (4.4) is dropped.

Remark 4.4. 1) Note that the point zy € R™ can be considered as the “center”
of the molecule.

2) Conditions (4.2) and (4.3) imply the estimate [|1)]| 1 < C (¢r)~7 (see e.g. the
arguments for the proof of (4.26)). Thus, every r-molecule belongs to LP(R™) with
1 < p < 4+00. In particular we have for any small molecule and for 1 < p < 400,

(4.5) 9]l Le < C(¢r)y~ /P70

3) We find more convenient to show explicitly the dependence on the Holder
regularity parameter v instead of o.

4) The parameter w is technical and is meant to be very close to 7. See point 6)
in Remark 4.6 below for a precise statement.

For a more concise definition of molecules, we refer to Chapter III, 5.7 in [23].
See also [25], Chapter XIV, 6.6, or [15] for a similar characterization.

The main interest of using molecules relies in the possibility of transferring
the regularity problem to the evolution of such molecules. This idea is borrowed
from [15].

Proposition 4.5 (Transfer property). Let [MC] and [ND] hold. Lett € [0,T] be
fized and let ¢ be a solution of the following backward problem for s € [0,1t]:

Ostp(s,x) = =V - [o(t — s,2)¢(s, )] — Lep(s, z),
(46) $(0,2) = Yolx) € L' N L=(R™),
div(v) =0 and v € L>=([0,t], M>*(R"™)),
where 1o (x) is a molecule. If O(t,.) is a solution of (1.1) at time t, with Oy € L>°(R™),
then we have the identity

O(t,z)(0,2)de = 0(0,2) (t, x) d.

R™ R™
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Proof. We first consider the expression

0Os 0t — s, z)P(s,x)dx = / —00(t — s,x)P(s,x) + 0s0(s, x)0(t — s, ) dx.

R n

Using equations (1.1) and (4.6) we obtain

Os O(t — s, z) (s, x) dx

R

— [ -Vl si0) 80t = 512 wls.0) + L0~ 5,2 (5,3)
=Vt —s,x)(s,2)] 0t —s,x) — L(s,z) O(t — s,x)} dx.

Now, by an integration by parts in the first term of the right-hand side of the
previous formula, using the fact that v is divergence free and the symmetry of the
operator £ we have that the expression above is equal to zero. So, the quantity
Jgn 0(t — s,2)1p(s, x) dz remains constant in time. We only have to set s = 0 and
s =t to conclude. O

This proposition says, that in order to control (0(t,-), o), it is enough (and
much simpler) to study the bracket (6o, (¢, -)).

Proof of Theorem 2. Once we have the transfer property proven above, the proof
of the Theorem 2 is quite direct and it reduces to establish an L' estimate for
molecules. Indeed, assume that for all molecular initial data 1y we have an L'
control for ¥(t,-) a solution of (4.6), then Theorem 2 follows easily: applying
Proposition 4.5 with the fact that 8y € L>°(R"™), we have

(06t v0l =| [ 0(t.0)va@)da] =] [ 0000 vit.)da
@) < Bollz= (6, s < +oo.

From this, we obtain that 6(t, -) belongs to the Hélder space CY(R™) for a small ~.
We recall here that the exact value of v depends on the regularization effect of the
Lévy operator (see the statement of Theorem 2).

Now we need to control the L' norm of 1(t,-) and we divide our proof into
two steps following the molecule’s size. For the initial big molecules, i.e., if r > 1,
the needed control is straightforward: apply the maximum principle and the Re-
mark 4.4-2) above to obtain

1
190l o= [t 22 < 0ol [lvollzr < € = [|foll =,

but, since r > 1, we have that [(8(t, ), 1o)| < o0 for all big molecules.

In order to finish the proof of this theorem, it only remains to establish the L'
control for small molecules. This is the most complex part of the proof and it is
treated in the following theorem:
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Theorem 9. Let 1y be a small r-molecule (i.e., 0 < r < 1), and consider the as-
sociated solution ¥ (t,-) of the backward problem (4.6), where the hypotheses [MC]
and [ND] hold. If we assume moreover

Dg>n/fla—7)if 0<a<l,
2) org>n/(1—7v)if l<i<a<?2,

then there exists C' > 0 such that for any given time Ty > 0 we have the following
control of the L*-norm:

lb(t,)||zr < CTy Y (To <t <T),
where 0 < vy<d<a<lifO0<a<l,or0<y<2—aif l<a<?2.

Accepting for a while this result, we have then a good control over the quantity
[[4(t,)|| 2 for all 0 < r < 1 and getting back to (4.7) we obtain that |(0(¢,-), vo)]
is always bounded for Ty < ¢t < T and for any molecule 1y: we have proven
Theorem 2 by a duality argument. O

Let us now briefly explain the main steps to prove Theorem 9. We need to
construct a suitable control in time for the L'-norm of the solutions (¢, -) of the
backward problem (4.6) where the initial data 1) is a small r-molecule. Two cases
need to be considered:

o if r > Ty/2, we can again apply the maximum principle and the control (2) in
Remark 4.4 gives the result;

o if r < Tj/2, i.e., in case the molecules at hand are really small with respect to
the threshold Ty, the control is derived by iteration in two different steps:

* The first step explains the molecules’ deformation after a very small time
sp > 0, which is related to the size r by the bounds 0 < sgp < er with € a
small constant. This will be done in Section 4.1.

* In order to obtain a control of the L' norm for larger times we need to
perform a second step which takes as a starting point the results of the first
step and then gives the deformation for another small time s, which is also
related to the original size r. This part is treated in Section 4.2.

To conclude it is enough to iterate the second step as many times as necessary to
get rid of the dependence of the times sq, s1, ... from the size of the molecule. The
procedure can indeed be stopped as soon as the size of the molecule at the current
time-step is larger than Tj/2. We make the size grow at each iteration. This way,
we obtain the L' control needed for all time Ty < t < T.

4.1. Small time molecule’s evolution: first step

The following theorem shows how the molecular properties are deformed with the
evolution for a small time sq.

Since in the following 7" > 0 is fixed and that the computations of this section
can be performed for an arbitrary divergence free vector field v € L>®(M%%), we
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will denote by v(t,z),t € [0,T] x R™, what should actually be from the transfer
property established in Proposition 4.5 v(T" — ¢,2). This abuse of notation is
essentially done for notational convenience.

Theorem 10. Let o, v and w be real numbers such that n/(n+1) < o < 1, and
vy=n(l/oc—1). Let ¥ (so,x) be a solution at time so of the problem
0s¥(s, )= =V - (v)(s,z) — LyY(s,x), s €[0,T],

(4.8) ¥(0,2) = 1po(2),
div(v) =0 and veL>([0,T], MT*(R™)) with sup |[v(s,-)|[rran < p.
s€[0,T]

We assume as for Theorem 9 that, for 0 < a < 1 we have ¢ > n/(a — =) and that
ifl<a<2,q>n/(1—=). Then, there exist positive constants K and e small
enough such that if 1y is a small r-molecule in the sense of Definition 4.3 for the
local Hardy space h?(R™), then for all time 0 < so < er®, we have the following
estimates:

(4.9) / [ (s0, 2)l|a — (s0)| dx < ((¢r)™ + Ks0) 7,
1

((Cr)a + KSO) (n+v)/a
g ! (1)

IN

(4.10) ¥ (s0, )| L

(4.11) [ (s0, )1 < ;
((¢r)= + K s0) "™
where vy, denotes the volume of the n-dimensional unit ball.

The new molecule’s center x(so) used in formula (4.9) is given by the evolution
of the differential system

a'(s) = g, = W/B(I(S) p)v(say) dy, s €[0,s0],

z(0) = xo,

(4.12)

where p = (Prr and By > 1 will be specified later on. In the previous controls and
in the dynamics for the evolution of the center, the parameter ¢ = ((a,w, v, pu) > 1,
to be chosen further, is the same as in Definition 4.3.

Remark 4.6. 1) The definition of the point z(sg) given by (4.12) reflects the
molecule’s center transport using the averaged velocity v.

2) Remark that it is enough to treat the case 0 < ((¢r)* + Ksp) < 1 since sg
is small: otherwise the L' control will be trivial for time sy and beyond: we only
need to apply the maximum principle.

3) The parameter ¢ was introduced in the definition (4.2)—(4.3) of the molecules
in order to absorb the Morrey—Campanato norm of the velocity field which is
denoted by p. Now since ¢ can be a rather large quantity, in order to obtain
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((¢r)* 4+ Ksp) < 1 we need r to be very small, and this fact is compatible with our
interest in small molecules.

4) For notational convenience we denote the new center of the molecule by
x(s0) = X5, -

5) The existence of a solution of the differential system (4.12) follows from the
Cauchy—Peano theorem: indeed, since the velocity field v is a locally integrable
function, the quantity Tp, is a continuous function of x(s). Uniqueness is not
needed as far as our computations are involved.

6) We will always assume the following relationship: if 0 < @ < 1 then we have
0<y<w<d<a<l,whileifl<d<a<2wehave 0 <y <w<2—a.

Proof of Theorem 10. We will follow the next scheme: first we prove the small
concentration condition (4.9), and then we prove the height condition (4.10). Once
we have these two conditions, the L! estimate (4.11) will follow easily.

1) Small time concentration condition. Let us write for s € [0, so], Qs(z) =
|z — x(s)|“ and ¥ (x) = ¥4 (x) — _(x) where the functions 4 (xz) > 0 have
disjoint support. We will denote ¢t (so, ) two solutions of (4.8) at time so with
¥4 (0,2) = 1y (x). At this point, we use the positivity principle, thus by linearity
we have

WJ(SO’IN = |'l/)+(80,£t) - 1/1—(80,96” < 'll)Jr(SO»m) +'l/),(80,$),

and we can write

[ w0l @) de < [ vi0.0) Q@) dot [ b (s0,0) Oy ) d,

Rn

so we only have to treat one of the integrals on the right-hand side above. We have
for all s € [0, so]:

I, =

0s / Qq(x)th4 (s, ) dx‘

0u2s @)y (5,) + Qu(w) [ = V- (v (5,2)) = Loy (5,0)] dr

s

—V0,(2) - @ (54 (5,2) + (@) [ = T+ (i (5,2)) = L4 (5, 3)| de.

L

Using the fact that v is divergence free, we obtain

Is = ’ —VQS(J)) . (J)/(S) - U)1P+(5>$) - Qs($)£¢+ (S,J)) dl“

R
Since the operator £ is symmetric and using the definition of z'(s) given in (4.12),
we have

@13) L<c [ lomal) o= o, oy ()l dote [ 60,0 [ s, da

n

Is 1 I
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We will study separately each of the integrals I5; and I by two lemmas that
will be proven in Appendix C in a more general way.

Lemma 4.7. For the integral Is 1 in (4.13) we have the estimates:

D Ifo<do<a<l,ifn/(a—7v)<gq, andif 1/g+1/¢ =1, we have
T £ C oo, lasan (@) {(¢For) =000 s, )l
(P10 () } 4+ (P (s, ) .

Here By < 1 < (81 are technical parameters, and we have 1 < p < n/(1 —w),
with 1/p+ 1/p" = 1. Moreover, we set p > n/(1 —w), with 1/p+1/p' =1,
and we define

In [1 _ C(ﬂl*ﬁo)(ﬁ(wfl)+")]
E =

G- D+ nfm©
) Ifl<d<a<2andifn/(1—7)<gq, we have
Io1 < C (s, Ylaae (€4r)7 (o)™ (s, )

+ (P UH )P g (s, ) [ o=+ (¢Prr) (s, ')”L"’)a
where 1/q+1/¢ =1, 1/p+1/qg+1/z=1, and p > n/(1 — w).

Lemma 4.8. For the integral I in (4.13), for 0 < § < a < 2, we have the
inequality

Lz < C((¢Pory =+ (s, e + (oW =4m/7 s(s, )|
()= (s, o )

where 1/p+1/p' =1, with p > n/(a — w),

, In[1 - ¢Br=Po)blw—a)tn)] .
T TG —a B0

g,¢ >1,1/g+1/d =1, andw—0+n/g<0.

Let us mention that in the case 0 < § < a < 1, it is precisely this last lemma
that constrains the Holder regularity index v < §. We assume from now on that
p>n/(min(l —w, o —w)).

We will use these two lemmas in order to obtain an interesting estimate for the
quantity (4.13). To continue we need to divide our study following the values of
the regularity parameter «.
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e For 0 < a < 1: we derive from the first part of Lemma 4.7 and from Lemma 4.8
the inequality

Is < Is,l + IS,2 < C H’U(S, ')HMLI’“
x [(Prrytamm/af (Popys Tt n 2] (s, ) | o - (CPFDRY T g5, e |
(s, | + O ((€Por) (s,

(P et B s ) o+ ()T ap (s, )| ).

Now, since supg. 7 ||v(s, )|l aree < o and by the maximum principle (see Theo-
rem 6) we can write

I, < Oul ()l L¢Py 7P ol o+ (PO T | |
I ol | 4+ O (€ ol

T (Cﬁo(1+5/)r)w7a+n/ﬁ||¢OHL]5, 4 (¢Prp)ematn/a deonm,)7

but since 1y is a small molecule we have the following estimate (see equation (4.5)
in Remark 4.4):

Iy < Op[(Pr) =/ {(Pom) =010 (Gr)0l40) 4 (POl
% (Cr)—(n/ﬁﬂ)} +(CPrryeitala (Cr)—(n/qﬂ)}+C((Cﬁor)w—a+n(<r)—(n+v)

(PRt D Gy P (¢t s () =) ),

Recalling that (e —n)/q =1 — o we obtain
I, < r“=°=7 C max{y, 1} {[Cﬁl<1—a)+ﬁo<w—1+n/p)—<n/p+v>
4 (Prd=a)tBo(Lte) (wL4n/P)=(n/b+7) 4 Cﬁl(w—a-irn/q)—(n/q-s-v)]

(Cﬁo(w*aﬂl)*(wr“r) 4 ¢Po(lte ) (w—atn/)—(n/+y) | gﬁl(wwn/q)f(n/m)) }

and if we set
n =C max{/,L, 1} { [Cﬁl(1*0¢)+50(w71+n/p)7(n/p+y)
+ th(1*a)+6o(1+6)(w*1+n/ﬁ)*(n/ﬁ+v) + Cﬁl(‘*}*a+n/Q)*(n/‘H’7):|

(Cﬁo(w—a-s-n)—(n-ir’v) 4 (Po(l+e)w=atn/B)=(n/p+7) 4 Cﬁl(w—a+n/é)—(n/«7+v)) }

we can write
Is <mpre™ o7,
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As we can see, beside some dimensional constants and the parameter ¢ > 1, the
term 1 depends on the L (M%) norm of the velocity field v and we will see how
to absorb this quantity. Indeed, the above estimation on I associated with the
initial concentration condition (4.2) now gives (taking into account the two parts
associated to ¢4 and ¢_) the following inequality for the concentration condition
at time sgq:

[ o= a0, ) de < (Crf* 7 4+ 2 s = (G (1L 2 ).
- ¢ore

Recalling we have assumed 0 < sg < er® we can choose € small enough to have:

B w wery o 50 (w=7)/a
[ o=t vlsn, ) do < (¢ (142 220 E)

(w=7)/a )
(4.14) = (gt gt ) = () Ks) T

where K = Q%UW.

At this point we want to make the quantity K small enough. To be more
precise, in order to perform an iteration in time in resonance with the height
condition that will be studied later on, we will need the following condition:

« 1 «

4.15 K=2 < ( ) X,
( ) w—yng(w—a—v)— nty &
where the constant ¢; is given in the hypothesis [ND] associated to the Lévy
operator, and the constant 0 < ¢ < 1 is associated with the height condition and
is explicited in (4.25).

We will see now that if ¢ is big, then 7/¢(“~*=7) is small. Indeed, from the
definition of 7 given above we have

1 )
N e = C max{p, 1}{[C(,@o—1)(w—a+"/11)+(1—0t)([31—[30) + (A=Bo(14e)) (a—w—n/p)

(4.16) x ((Br=Bo(1+e))(1=a) 4 C(ﬂﬁl)(wfaﬂl/tﬁ] + (C(ﬁofl)(w*aﬂl)
+ (A=Bo(teN(a—w=n/p) | ((Br=D)(w—atn/a)) }

It therefore only remains to prove that all the exponents of ¢ in the right-hand
side of the previous formula are negative. For the first exponent let us take 5y =
1—v,01 =1+ v for some v €]0,1[. Then, the negativity is given by the following
remarks:

—y(w—a+ﬁ)+2y(1—a)<0 = 27a7w<ﬁ,
p p

thus choosing 1 < p < n/(2— «a —w) (which is compatible with the constraint
1 <p<n/(l—w)given in Lemma 4.7) we obtain the required negativity. For
the second term (1 — Bo(1 + ¢))(a — w — n/p) + (81 — Bo(l + €))(1 — «), since
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0 <w < a<1and we assumed p > n/(min(a —w, 1 —w)) = n/(a — w), we only
need to prove that 1 — Bp(14+¢) < 0 and 1 — Bo(1 +¢) < 0. Since fp =1 —v
and 8 = 1+ v, it is enough to study this last term which can be rewritten in the
following manner (¢ is given in Lemma 4.7):

In [1 — CQV(I}(W—l)—i-n)]
(p(w—1) +n)In(¢) ~

Now, since we have fixed p > n/(a — w), we have p(w — 1) + n < 0, and then if
v is small enough we obtain that the previous quantity is negative which implies
the negativity of the whole exponent of the second term of (4.16). Finally, the last
terms of (4.16) are easy to study: by the constraints given in the Lemmas 4.7-4.8
(recalling as well that 0 < v < w < § < a < 1) we have the conditions 8; > 1,
w—a+n/qg<0and w—6+n/g<0. We obtain that (51 —1)(w — a+n/q) <0
and (1 —1)(w — a+n/q) < 0. On the other hand, (fp —1)(w —a+n) < 0 and
the term involving ¢’ can be handled as the second one with e.

Thus, if ¢ is big we can make the quantity K = Q—UW small enough

in order to fulfill inequality (4.15). Getting then back to (4 14) we finally obtain

B1—PBo(1+e) = (1+v)—(1-v)(1+¢e) = 2v—(1—v)e = 2v—

/ |z — 2(s0)|“ ¥(s0,x) dx < ((Cr)a + Kso)(“’_”/a’

which is the desired control over the concentration condition given in Theorem 10.

e In the case when 1 < o < 2, we have, by Lemmas 4.7 and 4.8,

I, < Cllos, )lagaa (¢Pr) 4 ((¢Por) =79 (s, ) Lo
+ (P TR Yl (s, )= + (P 0) T (s, ) L)
+ C((Cr) = F (s, ) oo + (P THD )= P (s, ) | o
+ ()t (s, | )-

Then, since supycs<p||v(s,-)||aae < p and by the maximum principle, we write

I, < Cp (¢Prr)a/a ((¢Poryo=1Hn/4" ||ay || oo + (CPOOHE) )@= 1H0/E g | .-
+ (P ol o) + C((¢Por) =T [ oo + (POI+D )=t g | e
+ (Cﬁl,r.)wfoﬁﬂl/q ||¢0HL6’)-

At this point we use the fact that 1 satisfies the molecular condition (4.3) and
the inequality (4.5):
I < C(¢P /(¢ T s (Gr) () o (¢

X (Gr) T (P ()T )

+ O((CPor)emetm x (¢r)~ )
+(§ﬂ0(1+€'))w*a+n/p x (¢r)~ (n/p+7) 4 (Cﬂl )<= atn/q o (Cr)f(n/tﬂv)).
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Now, since 1/p+1/q+1/2=1,1/qg+ 1/¢' = 1, and recalling 1 — a = (a — n)/q,
we obtain

I, <r777% x € max{p, 1} [¢P@etmtBi=fo)ala=(nt)
| (Bra/atBo(l+e) w—ln/p)—ntn/z—y 4 ci(e/aru—D)=n/a—

§ (Polomartm)=(n7) 4 Bo(14e) (wmarkn/P)=(n/P47) | (hr(watn/D=(n/T+)],

So, Iy <7 rY~7=% where

i = C max{u, 1} [Cﬁo(w—a+n)+(ﬁl—ﬁo)a/q—(n-&-'y) + CBla/q-&-ﬁo(1+6)(w—1+n/ﬁ)—n+n/z—’y
+ ¢Prle/atw=1)=n/q=y | cBo(w—atn)—(ntv) 4 C60(1+6')(w*a+n/ﬁ)*(n/iﬂrv)
+ Cﬁl(w—a-irn/ci)—(n/é—s-v)] )

This estimation on I, associated with the initial concentration condition (4.2),
gives in the same manner than in (4.14):

(w=7)/ex
/n |z — x(s0)|“ ¥(s0,2) dx < ((C?")aJrQwivﬁ%) i

= ((¢r) + Kso) 7"

Again we want to make the quantity K = Qﬁﬁm very small. Using the
definition of 77 given above and recalling that 0 < v < w < 1 < a < 2 we obtain
that

% = C max{u, 1} [C(ﬁo—l)(w—a-i'”)'i‘(ﬁl—ﬁo)(l—oe—&-n/q)
C w—y—a )

+ <51(17a+n/¢1) % Cﬁo(1+6)(w71+n/ﬁ)*(n/q+n/ﬁ)+a7w n C(ﬁl*l)(w*OH»n/q)
(4]_7) + Q‘(ﬁofl)(wfa+n) + €(50(1+g’)71)(w7a+n/;5) + C(Blfl)(wfaJrn/(j)]'

Since ¢ > 1, we want to prove that all the powers of ¢ in the previous contribution
are negative. For the first term, choose By = 1 — 1y for a small vy > 0 and
£1 =141 where 0 < v; << vg. The negativity of the exponent for the first term
then writes:

—vw—a+n)+w+r)(l—a+n/qg) <0
= w—a+n>1—-—a+n/q)(l+uv1/v).

Since 0 < 11 << vy, observe that this constraint can be fulfilled as soon as w —
a+n>1—-a+n/q But since by assumption ¢ > n and n > 2 the constraint
is always satisfied. On the other hand, for the second term, the global negativity
will follow as soon as

(Br =D —a+n/q)+{Bo(l+e) -~ 1)(w—1+n/p)}
=vn(l—a+n/q) +(—vo(l+e))(w—-1+n/p) <O0.
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Since p > n/(1 — w), recalling the definition of € in Lemma 4.7, the above inequality
readily holds for vy small enough. Indeed, since Sy = 1—vyg, f1 = 1414, 11 << vy,
e := e(vg,v1)— + o0 as vy — 0. Finally, the negativity of the last terms follows
from the same previous arguments. Use the conditions w — « + n/q < 0 (recall
g>n/(1—7),y<w<1)and w—3d+n/q <0 which implies w —a+n/g < 0 since
l<d<a<2 Also, (fo —1)(w—a+mn) <0 and the term in &’ can be handled
as the second one.

Thus, it is possible to choose ¢ big enough in order to obtain the inequality

K=2

o 1 ( o

n < c1 X
wffyn(:(w—"/—oc) - TL+’Y> & ¢

where the constants ¢;, ¢ are the same as in (4.15). We finally obtain the follow-
ing inequality for the concentration condition with an appropriate control of the
constant K:

/ |z — 2(s0)|“ ¥(s0,x) dx < ((Cr)a + Kso)(“’_”/a.

This concludes the proof for the concentration condition in the case 1 < a < 2.

2) Small time height condition. We treat now the height condition (4.10),
and for this we will give a slightly different proof of the maximum principle of
A. Cérdoba and D. Cérdoba. Indeed, the following proof only relies on the
concentration condition. Assume that the molecules we are working with are
smooth enough and in particular continuous. Following an idea of [8] (section 4,
p. 522-523) (see also [12], p. 346), we will denote for s € [0, so] by Ts the point
of R™ such that ¥(s,Ts) = ||¢(s,+)||Le. Thus we can write, by the properties
(1.4)—(1.5) of the function ,

S0t o= < = [ (s,m) = 0.7~ ) (o) dy

(4.18) < —61/ D7) = V(5,9) g, <,
{|zs—y|<1} |Ts — vy

To establish the control of the theorem we aim at proving that

n—+-y
«

d « n+w
(4.19) (s, )z~ < —K( )((CT)O‘ + K5)~ @m0/ (049) g (s, ) || TR/ Fe),

Indeed, integrating (4.19) yields
0 d —a/(n+w) / 0 d (n+
a4 T ds > @ a4 |/ (nFw)) g
| gz ) as> [7 2@ + & ) ds
9 (s0, Y2 ) > [(Cr)® + K sp) D/ (1+)
+ (Il (0, Y| &/ H) — [y (b))
> [(Cr)® 4 K so) Wt/ (ntw),
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Recalling the initial height condition [|[¢(0,-)||ze < (¢r)~ (™) for the last inequal-
ity, we therefore derive

(50, )z < ((¢r)* + K so) =4/,

which is the required control.

To establish the differential inequality (4.19) for s € [0, s¢], let us first consider a
corona centered in Zs defined by C(R, pR) = {y € R" : R < |75 — y| < pR}, where
the parameter R > 0 to be specified later on is such that 0 < pR < 1 with p > 2.
Then,

|Es _ yln-i-a |Es _ yln—i-a

/ 1/)(87T8) B 1/1(373/) dy > / ¢(87T8) B 1/1(373/) dy
{[Ts—yl<1} ~ Je(R,pR)

Define now the sets By and By by
Bl = {y € C(Rv pR) : 1/}(8’T8) - 1/)(8» )
By = {y S C(Rv pR) : w(sajs) - w(sa

such that C(R, pR) = B; U Bs.
We obtain then the inequalities

/ 1/)(87TS)71/)(8,y)d > ¢(Safs)*¢(37y)d > 1/1(37@)
C(R,pR)

A O A )

Y(s,Ts)
(IC(R, pR)| — | B2|) = 2prta pita

| B

Y(s,Ts)

4.2 =
( 0) 2pn+aRn+a

(valp"~DR" ~ | Ba]).
where v,, denotes the volume of the unit ball.

To continue, we need to estimate the quantity |Bs| in the right-hand side
of (4.20) in terms of ¥(s,Ts) and R. We will distinguish two cases and prove
the following estimates:

1) If [Zs — x(s)| > 2pR or |Ts — xz(s)| < R/2, then
(4.21) Cr((Cr)® + Ks)“ 75, 7) " R > | Bal.

2) If R/2 < |zs — x(s)| < 2pR, then

(4.22) (Ca ((¢r) + &) R (s, 7)) 2

> |Ba].
For these two controls, our starting point is the concentration condition; indeed
we can write

((¢r) + Ks)“ ™ > / (s, )| [y — 2(s)|* dy > / (s, )| [y — 2(s)[* dy

Rn Bs

(4.23) > MR [y sty
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We just need to estimate the last integral following the cases given above. Indeed,
if |Ts — x(s)| > 2pR then we have

min —x(8)|Y > (pR)” = p¥ R,
yEBQCC(RmR)Iy (8)“ = (pR)” = p

while if [Z5 — 2(s)| < R/2, one has

min |y —a(s)¢ >
yeB>CC(R,pR) Y - 2w
Applying these results to (4.23) we obtain
((Gr) + k)@ 5 YT o oy
and N
((6ry* + 105) 77 2 YT By

and since p > 2 we have the first desired estimate:

Ci ((CT)O‘ + Ks)(w_ﬂ{)/a
"M&TS) Rv

For the second case, since R/2 < [T, — x(s)| < 2pR, we can write using the
Cauchy—Schwarz inequality,

-1

(424) [ lw=aldy =z 1BaP ([ =)
B2 B2

Now, observe that in this case we have By C B(z(s),5pR) and then

/ ly — ()| ™ dy < / ly — 2()| ™ dy < v (50R)".
Bo B(z(s),5pR)

> |Bs|, with Oy = 2't¥.

Getting back to (4.24) we have
ly — x(s)|* dy = | Ba|* v, (5pR) ™",
B>
and we use this estimate in (4.23) to obtain
Ca((Cr)™ + Ks)(wiw/(m)]%”/z’“’/2
P(s, Ts) /2

Now, with estimates (4.21) and (4.22) at our disposal we can write:
o if [T, —x(s)| > 2pR or [T5 — x(s)| < R/2, then

l/}(svfs) B 1/1(373/)
i n—+o dy
C(R,pR) |75 — yl

¥(s,Ts)
— 2 anra RnJra

> |By|, where Cy = (25" %, p"~¥)1/2.

ol ((CT)O‘ + Ks) (w=)/a
w(SvES)

(valp™ = DR" — R);
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o if R/2 < |Ts —x(s)| < 2pR,

c(rRpr) |Ts —ylmte

M( (- e - ClE) Ks)““”)/(?a)m/zw/z)
— 9 pnta Rrta Un\p 1/)(3,58)1/2 )

If we set
R= ((Cr)a + Ks)(‘*’*“f)/(a(”er)) 1/)(S,TS)71/(n+w),

since we are working with small molecules we have 0 < R < 1, and we obtain for
all the previous cases the following estimate:

[ dsz)ver),
C(R.pR) |Ts — y|n T

" — 1) — 20, (5p)(n—w)/2 — (w=)/(ntw
. (vn (p ) Qpnf;( p) )((CT)QJFKS) @)/ () o o Vb (),

At this point we set p = 5 and once the dimension n and the parameters «,w are
fixed, we obtain that the quantity

vn (5" — 1) — \/Zv,, 5"
(4.25) ¢ = 5 > Enta ,

is a small positive constant. Thus, and for all possible cases considered before, we
have the following estimate for (4.18):

d _ o —(w— nr+w e w
(s, )l < =21 x e x ((Gr) + Kis) T (s, || RO,

We recall now that the constant K was given in (4.15) and therefore we can write

d n+vy « —(w— n+w o/ (n+w
gl M < =K (B ) (0n)® o )™ s, 0,

which is exactly formula (4.19).

The proof of the height condition is finished for regular molecules. In order to
obtain the global result, remark that, for viscosity solutions studied in Section 2.1,
we have AY(sg,T) < 0 at the points T where (s, -) reaches its maximum value
so we only need to study the term Li(so,Z) as it was done here. We refer to [8]
for more details.

Remark 4.9. The constants obtained here do not depend on the molecule’s size
but only on the dimension n and on parameters w, v and a.

Remark 4.10. The above computations amend those performed in [3].
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3) Small time L' estimate. This last condition is an easy consequence of the
previous computations. Indeed, we write

[ w0 olda = [ (o0, )] da + (50, )| da
" {lz—=(s0)|<D} {lz—x(s0)|>D}
< 0 D" 0, e + D [ (oo, )] o~ (o)
R
Now using the concentration condition and the height condition one has

D’I’L
((Cr)e + KSO)(HJW)/&

/ [¥(s0,z)|dx < vy + D7 ((Cr)* 4 Kso) @™/,

where v,, denotes the volume of the unit ball. An optimization over the real
parameter D yields

D) U%/(n-%w)

(4.26) [¥(s0,)llzr < :
0 L (((:’r)o‘ + KSO)’Y/a

Theorem 10 is now completely proven. O

4.2. Molecule’s evolution: iteration

In the previous section we have quantified the deformation of molecules after a
very small time syp. The next theorem shows us how to obtain similar profiles in
the inputs and the outputs in order to perform an iteration in time.

Theorem 11. For i € N* and a given time s;—1 such that 0 < s;_1 < T, let
U(s, ) with s € [s;—1,T] be a solution of the problem

851/)(8’1') ==V (’01/))(8,96) - &/2(8,96),

div(v) =0 and ve L>®([0,T], MP*(R™)) with sup |[jv(s,-)|[aran < p.
SE[Sifl,T]

Here, the initial data 1(s;—1,x) satisfies the three following conditions:

/ p(sim1, 2|z — 2(s11)|¥ dir < ((Cr)® + Ksi_y)@ /e,
1

((Cr)e + Ksi_l)(n+w)/a ’
2v‘ff/("+w)

((Cr)e + Ksiq)"

|Y(si—1,-)||lLe <

[ (sim1,)lr <

where y,w, a and K are as in Theorem 10, s,_1 is such that (((r)*+Ksi—1) < Tp/2
and x(s;—1) stands for the center of the molecule at time s;—1. Then for all time
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0 < s; < er®, where € is small, we have the following estimates:

(4.27) / [ (si, )|z — 2(ss)|* dz < ((Cr)™ + K[si—1 + s:]) ™7/,
Rn
1
4.28 iyt o < s
(4.28) 19 (sis )|z () £ Ko 4 50070
g/ ()
(4.29) (si, )z <

((CT)O‘ JrK[Siil Jrsl_])w/a-

Remark 4.11. 1) Since s; is small and ((¢r)* 4+ Ks;—1) < Tp/2, we can without
loss of generality assume that ((¢r)* + K[s;—1 + s;]) < To/2: otherwise, by the
maximum principle there is nothing to prove.

2) The new molecule’s center z(s;) used in formula (4.27) is fixed by the evo-
lution of the following differential system:

Y6 = Tt = et [ e s € sl
B(x(s).p:)
m(sifl) = Ty
where x5, , denotes the center of the molecule at time s;_;, and p; = CPrry, with
K 1/a
(4.30) Ty = (Ta + g 8141) )

and (% is as in Definition 4.3. Note that by 1) above we have 0 < r; < 1/(.

3) We have in particular that the hypotheses on the initial data can be rewritten
as follows:

/R (i1, 2)| |z — 2(si-1)[“ dz < (Cry)* ™7, [[W(sim1, )|l < (Cri) ™),
[W(si—1, )r < 202/ (Cr) ™7, and  [[Y(si—1,)||e < C (Cry) TP,
for 1 < p < 4o0.

Proof of Theorem 11. The proof follows the same lines as the one of Theorem 10.
Indeed, the concentration condition (4.27) can be established similarly to (4.9)
replacing r by r;. The height condition (4.28) is again proved similarly to (4.10).
The condition (4.29) is eventually derived exactly as (4.11) from the controls (4.27)
and (4.28). We thus have

/, W (si, )| — o(s0)| da < ((Cra)™ + Ks;) @™/,
1 g/ (nte)

’ i " 1 < .
((Cra)e + Ks;)"+0/e ot ((Cro)e + Ks;)"®

[9(si, )L <

Finally, recalling that r; is given by (4.30), we obtain the wished estimates. O



1484 D. CHAMORRO AND S. MENOZZI

End of the proof of Theorem 9. We see with Theorem 10 that it is possible to con-
trol the L' behavior of the molecules ¢ from 0 to a small time so. Theorem 11
extends the control from time sg to time sy. We recall that we have s; —s;_1 ~ er®
for all 0 <7 < N (with s_; = 0), so the bound obtained in (4.29) depends mainly
on the size of the molecule r» and the number of iterations N.

We observe now that the smallness of » and of the time increments sg, s1 —
S0,---,SN — Sn—1 can be compensated by the number of iterations N in the fol-
lowing sense: fix a small 0 < r < 1 and iterate as explained before. Since each
small time increment sg, $1 — Sg, ..., SN —Sny—1 has order er®, we have sy ~ Ner®.
Thus, we will stop the iterations as soon as Ner® > Ty.

Of course, the number of iterations N = N(r) will depend on the smallness of
the molecule’s size r, and more specifically it is enough to set N(r) ~ To/(er®)
in order to obtain this lower bound for N(r). Proceeding this way we will obtain
Y (sn, )|y < CTy 7 < 400, for all molecules of size r whatever the initial r > 0.
Note in particular that, once this estimate is available, for bigger times it is enough
to apply the maximum principle.

Finally, and for all » > 0, we obtain after a time Ty a L' control for initially
small molecules and we finish the proof of the Theorem 9. Observe carefully that
we make the size of the molecule increase with time. For large times, the deformed
molecules cannot be put in duality with a Holder space anymore (we somehow get
rid of the initially small molecules), and we exploit the L! control in duality with
the L°° initial data. O

A. Controls on the drift

Lemma A.1 (Smooth approximation of the velocity field).

a) Let v € MP*(R™) with 1 < ¢ < 400 and 0 < a < 4o00. Let ve be defined
by v = v * w. where w. is such that w.(x) = e "w(x/e), w € C(R™) is a non-
negative function with supp(w) C B(0,1) and [;,w(x)dx = 1. Then for all € > 0
we have the inequality

[0 % wel| oo < Ce™™4 |0 arae.

b) Consider now v € L>([0,T], MT*(R™)) with 1 < ¢ < +00 and 0 < a < +00
and define vy = v * 1) where * stands for the time convolution and . -(t) =
e~ L(t/e) with ¢ € C°(R) is a non-negative function such that supp(v) C B(0,1)
and [p(t)dt = 1. Then we have

lvsellLoe (araay < |l Loo(arasa).-

Proof. For a), if 1 < ¢ < 400 and 0 < a < 400, since for a small £ > 0 we have
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supp(w:) C B(0,1), we can write for a fixed point « € R™:

Lo al = [ ooz ]

< a4 "/P wl| L,
<5/, vl b) " e ol

where 1/p + 1/q = 1. Then by the definition of local Morrey—Campanato spaces

we obtain

For b), it is enough to remark that for a spatial ball B(zg,r) C R™ centered in
xo € R™ and a given radius r > 0, for all (¢,2) € [0,T] x B(xg,r), we have
[0ae(t @) = (Bne(t; ) Boo,m | = V(@) = (0(51)) pag ) * P=(B)]

< s [v(t2) = (Ot ) Bo.nl;
0<t<

U dy| < 0= ol aree.

and from this estimate we reconstruct the Morrey—Campanato norm in the space
variable to obtain the wished inequality. O

Proof of Lemma 3.1. Let R > 1. For 1 < p < +00, recalling that (a—n)/qg=1—q,
we have the following inequalities:

e if 0 <6 < a < 1: in this case we have n < a < n + ¢ and M%* = M%* N L,
then we can write

[(Ar(s,-) = M/2)v(s,") - V|, < ([AR(s, )L + M/2)[[v(s, )l L= Voll o

Now, using the definition of the function ¢, applying the maximum principle and
the fact that v € L>°(M2%), we obtain

[(Ar(s, ) = M/2)v(s,) - Ve[, < CRTHYP (| Ao Rl + M/2) 0] Lo (ara)-
e if 1 < < a < 2: this case is similar to the previous ones. Indeed, we have

H (AR(S’ ) - M/Q)U(S, ) ' v@”[}) < || (AR(Sa ) - M/Q)V@HLE HU(Sa ')HL‘I(B(O,R))a

where 1/p =1/p+ 1/q, which leads us to the condition ¢ > p.
Now we have (recalling R > 1),

[ (Ar(s,) = M/2)v(s,) - Ve,
< |(Ar(s,) = M/2)|| oo IVl Lo RY 4|0 (s, ) | a1
< CR—H—n/IH—(a—n)/Q(HAO,RHLOO + M/Z) HUHLOQ(MQ@)_

Lemma 3.1 is completely proven. O
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B. Controls on the operator and some associated commuta-
tors

We first introduce a measure decomposition that will be frequently used in this
appendix. The key idea consists in rewriting the density 7 of the initial Lévy
measure satisfying condition [ND] as

(B.1) Yy eR", 7(y) = (T +x)(y),
where the function 7 is defined over R™ by

B2) T(y)=ny) iflyl <1, 7(y) =7(y/ly)gpes i [yl > 1, so that
B.2
eyl < T (y) <@y~ it Jy| > 1

Remark that for all y € R™ we have ¢|y|~ ("t < 7(y) < Gly|~ "+ and
thus the Lévy-type operator L associated to the function 7 is equivalent to the
fractional Laplacian (—A)®/2. On the other hand, the support of 7 is included in
B(0,1)¢ :={y € R" : |y| > 1}, and

(B.3) |z (y)| < C{ly|~ ") + Jy|~ (T},

It is worth noting that the equivalence of the operator L with the action of the
fractional Laplacian (—A)®/? is only valid in an LP-sense with 1 < p < +o0
(see e.g. [12]). However, in some very specific cases, it is possible to obtain a
similar behavior in an L'-sense. This is for instance the case when considering the
application of £ to the heat kernel as in the statement of Lemma 2.1.

Proof of Lemma 2.1. We recall here that we assume the parameter ¢ > 0 to be
small since Lemma 2.1 is needed to investigate the local existence of solutions.
We give for notational simplicity the proof for 8 = 0, the case 5 € (0,2] can be
investigated rather similarly. If 0 < § < a < 1, using (1.4) and (1.5) we obtain for
the heat kernel h; the inequalities

|ht ht lﬂ y |ht ht lﬂ y)|
I£heon < cf / / |y|n+a dyde+ | | |y|”+5 dyda |
= C{llhell gos + el gon } < C (72 +17°72).

If 1 < < a < 2, we consider the previous decomposition (B.1) and the con-
trols (B.2) and (B.3) to obtain:

ehiler < [ v, / (o) =halw — y)|7(y) dy do

he(z)—h he(z)—h
+C / / | t n:_(éx y dlﬂdy‘i’/ / | t n—ti-(ax y)| dydl’}
w Jyi>1y ly| n Jyi>1y ly|
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Since hy(z) = ﬁe*my(‘”), by homogeneity we have
(4mt)n/
tfn/Q h t1/2 —h t1/27
HﬁhtHLl < C{t—a/Q +t—6/2/ / | I(IE/ 2L+5 1<$/ y)! dy dx
n S (llze7) [yl
tfn/Q h t1/2 —h t1/2 _
+t_a/2/ / | 1(1'/ )7+ 1(1'/ y)| dydl’}
n Hlyl>t-1/2) ly[+e

The first term in the right hand side can be derived observing that

T = /n v.p./n [he(z) — hy(z — y)| 7 (y) dy‘ dx

:/n

for an arbitrary € > 0 using the symmetry of the measure 7. Hence,

re ol [ () (o)

X
— Vhl (m) . y]l|y|§€/t1/2

[ et y) = hela) = Vhe(a) -yl <} () dy]do

dy
——tdx
Iyl"”}
Choosing now, € = t'/2 we get:
_ dy
Tg()ta/?/ / hi(z +vy) + hi(2)} —=— ) d=
1 U (o O ) 4 1o )

_ dy _
+ — O (228 — |y[2 /) |y det < Ct/2,
(e (07 el = i ) s ) e}

using the usual convexity inequality |2z + y|> > $|z[? — |y|* for the last but one
inequality and the Fubini theorem for the first term to get the stated upper bound
up to a modification of C. Now, since ¢ is a small time, as we are working in a
local in time framework, we have t~%/2 > 1 and then

1
| Lhe| 1 SCt_a/2+Ct_6/2||htHLl/ s W
{ly1>1} 1Yl
1
+ Ct72||hy| 11 / e dy <O (7 +170).
{y1>1} Y]
O
¢(z/R), R > 1,

Proof of Lemma 3.3. We recall here that for x € R", o(z)
where ¢ is a non-negative smooth function such that ¢(z) =
o(z) =01if |z2| > 1, z€ R™.

If0<d<a<1, wehave

£, ¢} Ar(s,2) = v.p. / (p(a) — 9z — 1) Ar(s,2 — y)m(y) dy,

n

1if |z] < 1/2 and

and we proceed as follows.
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We begin with the case p = 400 and write

|[£’ QD]AR(S’ .Z‘)|

@) <of [ O [ EE A )la).

=yl

Again, it is enough to study one of these two integrals since the other can be
treated in a totally similar way. We write:

/n wlh(s y)ldy
- Lot~ 210Dl lolo) = el
_/{lx—y|>R} |z —y[rte 45 ( y)|dy+/ |AR(s,y)| dy

{la—yl<ry |z —y|"*e

A S, V oo | T
SQII@IIL«»/ %dw/ wlfl (5,9)| dy
{lz—y/>R} [T — Yl {la—yl<ry |7 =Yl

d _ ARg(s,
SQ”@”LOOHAR(S»')HL‘X’/ 7‘@”+Q+CR 1/ %d
{lz—y|>R} 2= {lz—yl<R} 2=

<2C ol lAr(s, )L B~ + C[|Ar(s, )|l R~ < CR™[|Ao,rll Lo
Then, with the d-part in inequality (B.4) we have
1L, ] AR(s, )= < C (R + R™°) || Ao,l| o=

The case p = 1 is very similar. Using inequality (B.4) we have

/ £, @) Ar(s, 2)| da

= / / e
< Agp A
C // TJo—y|te y|"+0¢ |Ar(s,y)| dy dx + N y|”+5 |AR(s, y)|dyda:}

We only estimate one of the previous integrals:

/ / y|n+a ||A (s,y)| dy da
<ol [ [ oEelayas
nJS{a—yl> R} 12|

N A
nJ{ja—y|<r) [T—y[" T

< Cllellze= |Ar(s, )Ly R + C||Ar(s,)[[Lr R < C R™ || Ag,r| 1.
With the other integral, we obtain
1L, 1 AR(s, )l < C(R™* + R™°) || Ao,rl 1

Finally, the case 1 < p < +oo is obtained by interpolation. See [11] or [23] for
more details about interpolation.
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If1 <0 <a< 2, recalling [£,9]Ar = L(pAR) —9LAR = [L, 0] Ar + L, ] AR,
where £, L are the integro-differential operators with respective Lévy measures
7,7 introduced in (B.1), (B.2). We now use Kato-Ponce like inequalities available
in Li [17).

From equation (1.10) in Corollary (1.4) of [17] with s; =0, 52 = a,

(B-5) [I[£, @) AR(s,)llzr < C (II(=2)*"2¢llBrmoll Ar(s, )l » HIVOLY Ar(s, )| e,

where E%(f) = (fi)V§Z(§). On the one hand, since ¢(-) = ¢(-/R) is smooth, we
have:
1(=2)*"2¢llmo < 2[(~A)*2p|lL~ < CR™.

On the other hand, denoting by 7V the centered Lévy measure associated with £V,
we get

IV LY AR,
< C'R—p{/” (/|y|§1 (A(s,z —y) — 2A(s,x) + A(s,z + y))ﬁv(y)dy)p

+ </|y|>1 (A(s,x —y) — A(s,m))frv(y)dy>pdm}
< CR—p{/n (/|y|<1 |Ar(s,z +y) — 2Ag(s,z) + Ar(s,z — ?J)||y|dy)”

|y|mte

n (/ |Ar(s, 2 —y)|P + |AR(s,x)|de(/ dy >p/p’>dm}
ly|>1 |y|n+oc 1 ly|>1 |y|n+oc 1

< CR- p / / |Ag(s,z +vy) — 2AR(s,z) + Ar(s,z — y)|P
n Jly|<1 [y|te

yl” N\
X dy dxdy + || Ar(s,)||%,
(  pet) 1 An(s. ]
< CR7"[||Ar(s 8 Wigarms + [ 40,1175 ]
exploiting that 1 <p < a/(a—1) <= p'=p/(p —1) > «, where 1/p+1/p' =1,

and using as well the maximum principle for the last inequality. From (B.5) and
the above computations, we derive

£, 2l AR (s, )Ln < C (R7P[| A0,rllLs + R7P[IAR(S, W/ + 1 A0,r]I70])
B

< C R (1 40.al, + 1 An(s, Mo ra):

recalling R > 1 for the last inequality. From the proof of Theorem 5, see in
particular equation (2.11), and identity (2.8) we then derive

t
(B.6) / I[Z, ¢)AR(s, )I[pds < C R || Ao gl
0
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Note that the commutator [L, @] A associated with the non-singular measure &
can be handled as the term involving the big jumps above. Namely,

|| [éa @]AR(SD )Hip

(p(x) — p(z —y))Ar(s,z —y))" dy \p/P
<[00 et ) ()
N yl>1 Y| i1 1Yl
< CR7P|Ag(s, )|}, < CR7P || AgrllYs,

which together with (B.6) gives the result.

C. Controls related to concentration

We will need the following results concerning Morrey—Campanato spaces:

Lemma C.1. Let 1 < g < 400, 0<a< 400, zg € R", 0<p<1andkeN.

a) We have the inequality ||f — ?B(m,p)HLq(B(xmp)) < Cp¥ || f|larae,
b) If 0 < a <n we have

(Cl) |7B(z0,2’“p) - 7B(x0,p)| < Cp(a—n)/q HfHM"’“7
c) If n < a<n+q we have
(CQ) |7B(z0,2kp) - 7B(x0,p)| < C(zkp)(afn)/q ||f||M‘1'”'

See [27] and [1] for a proof of these facts.

We will prove here Lemma 4.7 in a slightly more general framework.

Proposition C.2. Consider a time sy € [0,T] and let 0 < w < 1 and By < 1 < f1
be parameters. Let ¢ > 1 and 0 < r < 1 be such that p = (Pr < 1. Let
v(sn, ) € MP* with 1 < g < 400 and 0 < a < n+q, ¥(sn, ) € L™, r € [1, 400
and let x(sy) be a point in R™. If we define I, by

L, :‘/‘|x4—a«sN»w-1h4sN»x>——ﬁBpuﬁmsN,x»dx,

where Up, was given in (4.12) (with s = sy). Then, we have the following
inequalities:

1) If0<d<a<landifn/(a—7v)<g,
Loy < C s lases () 1 (Por) 24007 sy, )
(PRI sy, ) } o+ () sl o]

where 1 < p <n/(l—w), with 1/p+1/p’ = 1. Moreover we setp > n/(1 —w),
with 1/p+1/p' =1, and
In [1 — C(Bl—ﬁo)(ﬁ(w—l)Jrn)]
E =

G —Drnphm@
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2) If l<a<2andifn/(1—7)<q we have
i < C ol Y ares P4/ (o)™ o, )
+ (P Y |y (s, s + ()T (s, ')HL‘I'>7

where 1/q+1/¢ =1,1/p+1/qg+1/2=1,p>n/(l —w), and € as above.

Proof. For p = (P1r € (0,1), we decompose the space R™ as the union of a ball with
dyadic coronas centered around z(sy). More precisely we set R” = B, U~ Ek,
where B

B,={xeR": |z —xz(sy)| < p} and

C.3
(C.3) Ey={zeR": k-1, < |z —x(sn)| < QkP}a

and we write

Ly = / o = 2(sn)|“ ! |o(sw, @) = T, | [$(sw, )| dx

B,

[ o) oo, ) = T, | o, )]

E>1
We will study each of these terms separately.
(i) Estimations over the ball B,.

We define py = ¢Por, since By < 1 and ¢ > 1 we have py < p, and then we can
consider B, = B,, UC(po, p) where C(po,p) = {x € R" : po < |x — z(sn)| < p} so
we need to study Ip, + Ic(p,,,) where

Iy, = / & — 2(sm)|“ o(sw, 7) — Ts, | [ (s, 2)] d,
B

PO
and
L) = / ) ol 2) T, | b, )
PO,P

We now consider separately the cases 0 < a<1land 1 < a < 2.

e Consider first 0 < a < 1. Recall that in that case v(sy,-) € C}~%(R"), with
1 —a = (a—n)/q. Hence, for all x € B, we have the uniform control |v(sy,z) —
vp,| < Cpl*=™/4||v(sy, )||area. Thus we can write

Ts,, + Te(up < C 0™/ [u(sn, )l|arae ( / & — o(sn)|* " $(sw,2) da

BPO

# [ () o)l da).
C(po,p)
By the Holder inequality we obtain

a—n !
I, +1c(po,p) < C P o (s, ) || agae {pg/p-‘rw G )2
p(w— n p(w— n\1/P
(pg( D+ _pP( D+ ) /pr(SNa')HLf"}’
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where 1l < p <n/(l-w)and 1/p+1/p'=1,andp > n/(1-w), with 1/p+ 1/p' = 1.
Now, if we define ¢ as

In [1 — ¢(Pr=Fo)(plw=1)+n)]
T T Gw—1+n)honl)

which is a positive quantity since p(w — 1) +n < 0 and recalling that p = ¢#1r and
po = (Por, we obtain

(p;g(w—l)-‘rn _ pﬁ(wfl)Jrn)l/ﬁ _ (<ﬂ0(1+5)r)w71+n/13,

and we can write

IBpo 4 ]C(pmp) < Cp(a—n)/q ||U(5m ')HMW {(Cﬁo,r)w—l-‘rn/ll W(SN, ')||Lz/

C.4 )
(C.4) +(<[30(1+8)r)w—1+n/11 ||¢(8N,')||L;s/},

which is the first part of the control of I, in the case when 0 < o < 1.

e We consider now 1 < a < 2. In this case we proceed in a different manner
to study the sum Ip, + Ic(y,,p): indeed, by the Holder inequality we have, with
1p+1/q+1/2=1,5>n/(1-w) and 1/q+1/¢ = 1,

I,y + Ic(po.p)

< losn, llzee < Mlle = 2(sn)l“ " pw s, % (s, 2) =T, [l La(B,,)

1/q - 1/p
([ ptswarmg,ran) ([ et ) s, e
C(po,p) C(po,p)

Now, since py < p and since from Lemma C.1, a) we have
lv(sn,+) = T, llLacs,) < C llv(sn, ) llazae p7,
we obtain
I,  +Ic(py.p) < CllY(sn, )|l P o (sns g p
oty Ylarne p/7 (poP =057 — P DEM VP (s o

Proceeding just as in the case 0 < o < 1, we finally write

Ip,, + et < Cllv(sn,)llama (C7rr)*/ ((CPr) =49 (s, ) oo

C.5 _
( ) +(Cﬁ0(1+6)7“)w_1_n/pHw<5Na')||Lz)~

(ii) Estimations for the dyadic corona E.

Let us denote by Ig, the integral

Iy, = / & — 2(sn)* " Jo(sn @) — T, | (s, @) de
Ey
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Since over Ej we have? |z — x(sy)|“71 < C(2Fp)“~1, we write

IEk < C(Qkp)wfl ( |’U(8N,Jf) —Eszpr(SN,l‘)ld-r
Ex

+/E 78, = Ta,, |[6(sn, 2)| da),
k
where we have denoted Byr, = B(z(sn), 2Fp). Then,

Is, < 025 / o(sn, @) — T, |[0(sw.x)| da

Bka

[ om, vy, [ [0(sy,0)| do)
ng/)
< C @) (Ilo(sn, ) = Taye, lracp,e,) 0, )l

[ om, Ty, [0ley,2)|dr).
ng/)

where we used the Hélder inequality with 1/¢g +1/¢" = 1.
Now, since v(sy,-) € M?%(R™), using Lemma C.1 we have

e if0<d<a<landthen (a—n)/g=1—a>0,s0n<a<n-+q,

I, < C(2%p) 7 ((250)* [lo(sn, ) llaraa [9(sn )| o
+ (28p) I o (s, | arae 4 (sw, )l )-

eifl<d<a<2andthen (a—n)/¢g=1—a<0,500<a<n,

I, < C (27 (25 0) o(sn, Marne (s, )l Lo
+ T2 )" o (s, ) lagae ([ (sw, )l ar)-
But since by hypothesis we have n/(a—=) < ¢ in the first case, or n/(1—7) < ¢

in the second case, summing over each dyadic corona Fj, we have in both cases
the inequality

(C.6) > In, < Cllo(sn, llarae p7 W5 )| po-
k>1

In order to finish the proof of the Proposition C.2, it remains to gather (C.4)
and (C.6) to obtain the inequality when 0 < o < 1, and to gather the estimate (C.5)
with (C.6) to obtain the control needed when 1 < o < 2. O

We now prove Lemma 4.8 with the following proposition.

4Recall that we always have 0 < v < w < 1.
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Proposition C.3. Consider a time sy € [0,T], areal 0 <w < 1 and o < 1 < p1
be parameters. Let ¢ > 1 and 0 < r < 1 be such that p = (P1r < 1. Let 2(sy) be

a point in R™. If ¢(sn,-) € LP with 1 < p < 400 and if L is a Lévy-type operator
satisfying the hypotheses (1.4) and (1.5), for 0 < § < a < 2 we have the inequality

[ 16 = o)) o, de < ()= o, o
R™

HE et B, Y+ 55 s, o),
where 1/p' +1/p=1, with p > n/(a — w),

Il - C(ﬁl—ﬁo)(ﬁ(w—aHn)] 0
T e B

1/ +1/g=1and w—5§+n/g<0.

Proof. As for Proposition C.2, we consider R™ as the union of a ball of radius p
with dyadic coronas centered on the point z(sy) (cf. (C.3)).

/|£(|xfst ||1/)sN, |dm—/ |£ (Jz — z(sn)| ||7/13N7 )| dx
R" B

P

+Z/ (lz = x(sn)|*) [ 9 (sw, )| da.

k>1

(i) Estimations over the ball B,.

We repeat the splitting of point (i) in the proof of Proposition C.2 writing
B, = B,, UC(po, p). We then define

IBPOZ/B [L(|z—z(sn) )¢ (s, 2)ld, Tepo )= | |L(lz—2(sn)[“)]|¢p(sn, ) |dax,

C(po.p)

and IBp = IBpo + IC(po,p)' Write

I, < |¥(sns Lo ) I1£] - —2(sn)|“ll21(B,,)-

We need now to study the term [ L] —z(sn)|“[[11(B,,) which is equivalent up to a
change of variables to (fB(O 20) |£]z|*| dz). We use decomposition (B.1) to obtain

</B<o,p0> dz) < (/B(Om) ‘v.p./n[|m|w ~ fr — yl*] () dy )

(L [ = e s st ] )
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We will start assuming 0 < w < § < a < 1. Then, using inequality (B.3) and by
homogeneity we have

w w—atn |z[@ —[z—yl|“
(/B(Omo)|£|m| |d$)§0p0 ’ (/{xil} (/"%diy) dx)
- el = Jo = y1°]
e </{z<1}</{|y|>1/p}|yl’Td‘y> da)

- w—btn |z — |z —y|“
JrCPO ot (/ (/ %dy) dm).
{2I<1} N {JyI>1/0} |yl

Since 0 < p < 1 and ||z|¥ — |z — y|*| < c|y|¥, the last two integrals in the right-
hand side can be bounded by a uniform constant so we only need to study the first
integral above that can be decomposed in the following way:

</{z<1} ( /Rn w# dy) dm)

|z — |z — y|“|
= </{x51} </{|y|§1} [yl e dy) dm)
||z — |z — y|“|
i (/{mgl} (/{|y|>1} Jyl"+e dy) dm)'

For the first integral in the right hand side, we use the inequality
2] =& —y|*| < Clyl || for [y| < |x|/2
and direct integration, recalling that
|2|* = |z —y[*] < cly[*  when |y[ € [|z[/2,1].

The second integral is also controlled by direct integration. In any case, all these
quantities are bounded by constants and we obtain

w—a+n w—0+n
L]z —x(sn)|” |l L1(B,,) < Clog ™" +p5~").

The case 1 < § < a < 2 can be treated in a very similar way performing a Taylor
expansion of second order, reasoning as in the proof of Lemma 3.3 for that case
(see Section 3 in [9] for more details).

For the corona, the same techniques yield for p > n/(a — w) and with the
notations of Proposition C.2:

Ie(po,p) < C(CﬁO(HE )T)w_aﬂ}/"Hw(SNa Mpw-

Finally, recalling that 0 < p < 1 and since 0 < § < o < 2, we obtain p‘o‘“H” <

P~ so we have

(C.7) Ip, < C((¢Pr) = F (s, )z + (P =Py (sx, )| 1o ).
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(ii) Estimations for the dyadic corona Ej.

By the Hoélder inequality and by homogeneity we have
/E L(Jz = 2(sm))| [ (s, 2)| dx < [ (sw, )| par (2871 p) O+
k

X sup ‘v.p./ (|| = |2 —y|*] 7 (2" py) dy| .
1<]e|<2

I

Using again the decomposition 7 = 7 + & given in (B.1) and (B.2), we have

I < sup (‘v.p./ [z — |z —y|“]7(2* 1 py) dy‘
1<]e|<2

() v [ el — o= )22 )y ).

We will study each one of these two terms separately.

e For the first one we have:

v [ fol — o =y 72 o) dy

(C.9) < swp fvp [ el o g R ) dy
1§\z\§2 B(0,1/2)

+ sup / 2] — | — y[“] 7(2* py)| dy.
1<]z|<2 JB(0,1/2)¢

For the first integral above we recall that the function 7(y) is equivalent, up to some
constant, to the function |y|~"~%, and we remark that the function y + |z — y|*
is smooth for y € B(0,1/2) and z in the annulus {z € R™ : 1 < |z| < 2}. Thus we
can write, for 0 < a < 1,

sup [vp. [l o - g R ) dy
1<|z[<2 B(0,1/2)

< sup / 2] = |z — y[“| 7 (2" py) dy
1<]z|<2J B(0,1/2)

w—1
1
< sup / —|y|(k|f|1 t)dy
1<lz|<2/B(0/2) [2F Loyt

< (@2 sup (oot + 1)/ lyl' " dy < C(2F )T
1<]ol<2 B(0.1/2)

The case 1 < a < 2 can be treated in a completely similar way by performing
a Taylor expansion of second order (see [9], Section 3 for more details).
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The last integral of (C.9) can be easily controlled since

||| — |z — y|*|
B(0,1/2)¢ |25=1 py|nte

<Cc@lpTe / 'yn|+a dy,
B(0,1/2)¢ |y

[ Jllel — e = ylRE )| ay < €
B(0,1/2)¢

and as we have 0 < w < a < 2, the previous integral is bounded and we have

/ 2 — |z — y|*| 7" py)| dy < C (2" )
B(0,1/2)°

e The second part of the formula (C.8) can be handled similarly exploiting the
global bound z(y) < C|y|~("*%. We have the following inequality for this term:

sup ‘V-p-/ [[|“ — [z — y|“] E(Qk_lpy)ﬂ{zkflp\y\zu dy
1<]z|<2 Rn

< C (Qk—lp)—n—a + C(Qk—lp)—n—(S'

Finally, with these two inequalities for the terms of (C.8) one obtains

/E £(Jz — 2(sm)[) (s 2) |
< O s, ) o (25 p)Hn /D) (b1 p)=nma 4 (k=1 p)=nb)

Since 0 < v < w < 6 < a < 2 and since w — § +n/q < 0, summing over k > 1, we
obtain

Z/E (| — a(sn)[“)[ (s, @) dz < ([ (sn, ) par (27T 4 p2=0F0/1).

E>1

Repeating the same argument used before (i.e., the fact that 0 < p < 1 and that
pr—0tn/a < pr=atn/a ) we finally obtain

(C.10) S L, < Cpm T (x| e

E>1

In order to finish the proof of the proposition, it is enough to gather inequali-
ties (C.7) and (C.10). O

Acknowledgements. We would like to thank the anonymous referee for useful
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