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An L'-type estimate for Riesz potentials

Armin Schikorra, Daniel Spector, and Jean Van Schaftingen

Abstract. In this paper we establish new L'-type estimates for the clas-
sical Riesz potentials of order a € (0, N):
[Haull pv/v-a) @y < CllRull g1 @y gz

This sharpens the result of Stein and Weiss on the mapping properties
of Riesz potentials on the real Hardy space H'(R") and provides a new
family of L'-Sobolev inequalities for the Riesz fractional gradient.

1. Introduction and main results

Let N > 2 and define the Riesz potential I, of order a € (0, N) by its action on a
measurable function u via the convolution

Lyu(z) = (Iy *u)(z) == 7(1&) /RN E _ui(jz)\/—a dy,

whenever it is well-defined. Here, (o) = 7¥/22°T'(a/2)/T((N — «)/2) is a nor-
malization constant (see [20], p.117) that ensures that the Riesz potentials satisfy
the semigroup property

Ioypu = IIgu, for a, 8> 0 such that o + 3 < N,

for w in a suitable class of functions.

The study of the mapping properties of I, on LP(R") was initiated by Sobolev,
who proved the following fundamental theorem about integrals of the potential type
in 1938 ([17], p. 50).

Theorem 1 (Sobolev). Let 0 < a« < N and 1 < p < N/a. Then there exists a
constant C' = C(p,a, N) > 0 such that

(1.1) [Laul|nesv—am@ny < C llullLewn)
for all uw € LP(RY).
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In particular we see that Sobolev’s result concerns LP estimates for Riesz po-
tentials when 1 < p < N/a, and strictly excludes the case p = 1. Indeed, it is
well known that no such inequality as (1.1) can hold in this regime —one may con-
sider, for example (cf. [20], p.119), an approximation of the identity (for explicit
construction one can see Section 3 of this paper). Then the right-hand side of the
inequality in Theorem 1 stays bounded while pointwise

Lape(z) — L(z) = ﬁ mﬁ_@,

which does not belong to the Lebesgue space LN/(N_“)(RN), and Fatou’s lemma
gives the desired contradiction.

It is then natural to ask if there is a substitute for the inequality (1.1). One
possibility was given by Stein and Weiss in [21] (p. 31), where they demonstrated
that if one replaces LP(RY) with the real Hardy space

HP(RY) = {u € LP(RY) : Ru e LP(RN;RN)}

(where Ru := DIju is the vector-valued Riesz transform), one can extend the
validity of Theorem 1 to the regime p = 1. For p € (1,00), HP(RY) = LP(RY),
but for p = 1 the Hardy space H!(RY) is strictly contained in L'(RY). Their
result implies the following theorem.

Theorem 2 (Stein-Weiss). Let 0 < o < N and 1 < p < N/a. Then there exists
a constant C = C(p,a, N) > 0 such that

g morcv-enny < C (o, + 1Rl oga )
for all u € HP(RY).

Actually the approach to Sobolev inequalities due to Gagliardo (page 120 of [9])
and Nirenberg (page 128 of [13]) gives another replacement to Theorem 1 for
1 < a < N. Indeed, written in the language of potentials, one sees that the
results [9] and [13] assert the existence of a constant C' > 0 such that

[ ul| vy ov-1 @y < Cf|Rullpigy mry,

for all w € C°(RY) such that Ru € L*(RY;RYN). Therefore, if 1 < a < N,
the preceding inequality and Theorem 1 applied to I,u = I,—1l1u allows us to
deduce that

[Haullprv/ vy @yy < CllIull Ly ov-n@wny < Cl|Rul| gy gy,

for all u € C°(RY) such that Ru € L' (RN;RY).
The main result of this paper is the following theorem demonstrating that this
L'-type estimate holds for the Riesz potential of any order a € (0, N).
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Theorem A. Let N > 2 and 0 < o« < N. Then there exists a constant C =
C(a,N) > 0 such that

HIaUHLN/Ww)(RN) < C||Rul|L1e~ o)
for all u € C®(RYN) such that Ru € L*(RY;RY).
Remark 3. Theorem A is false when N =1, see Counterexample 6 in Section 3.

Our motivation for such an inequality can be found in the study of certain
fractional partial differential equations introduced in [16], where existence results
are demonstrated for a continuous spectrum of such equations parameterized by
the Riesz fractional gradient

D% := DI, _,u,

for 0 < a < 1. With this notation, an alternative formulation of Theorem A is the
following.

Theorem A’. Let N > 2 and 0 < o < 1. Then there exists a constant C =
C(a,N) > 0 such that

(12) ||U||LN/(N—Q)(RN) S C ||Dau||L1(RN;RN)
for all uw € C°(RY).

Theorem A’ is a natural analogy to the Sobolev inequalities known for the frac-
tional Laplacian when p > 1 and integer order derivatives for p > 1, though one
might have guessed such a theorem from several additional factors. Firstly, related
results for Besov spaces with the same degree of fractional differentiability have
long been known in the literature (see e.g. Theorem 2 in [18], Theorem 4 in [12],
Theorem 1.4 in [7], Lemma D.2 in [5],Theorem 8.3 in [26]). A second factor sug-
gesting such an inequality is the observation that the asymptotics of the constant
in Theorem 1 are O(1/(p —1)) as p — 1, which agrees with the asymptotics of the
operator norm of the vector-valued Riesz transform R: LP(RY) — LP(RN;RY).
Finally, there is the more recent work of the second author and R. Garg [10], [11]
which shows that the logarithmic potential Iyu, defined for u € C2°(RY) by

1 1
Iyu(r) = ST fow log <m> u(y) dy,

has, for any u with® fRN u = 0, the representation

1 T —y
[SN= Sy |z =y

Inu(z) = Ru(y) dy.

Therefore, when o = N one has the corresponding estimate

[Inull Lo @yy < Cl|Rull 1w my-

IFor this class of functions, this is equivalent to asking Ru € L' (RN;RN).
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Our proof of Theorem A is quite direct, and relies only on the boundedness
of the Riesz transform and of the classical maximal function operator on L? for
1 < p < +00. We do not rely upon any Sobolev type embedding nor any multiplier
theorem that goes beyond the Riesz transform. Here the crucial observation is that
the vector-valued Riesz transform is curl-free, i.e.,

8Rju B 8Rzu

6@3 6xj

foralli,j € {1,..., N}. In fact, an interesting point to note is that the same proof
shows that one has

(1.3) Lo F || Lv/ov-oy@n gy < CF[|pr@s my)

for vector fields F' € L'(RY;RY) that satisfy either curl F = 0 or div F' = 0, the
pair of which is reminiscent of the conditions for inclusion in the real Hardy
space [21].

The remainder of the paper is organized as follows. In Section 2 we give proofs
of the main results. In Section 3 we discuss several more intricate questions in
greater detail, including connections of our result with more technical results from
the literature, an open question in regard to a sharp result in the scale of Lorentz
spaces, and the details of the counterexample mentioned in Remark 3.

2. Proofs of the main results

We now prove Theorem A. In the course of the proof, we will use C' to designate a
constant that may depend upon « and N, though the constant may change from
line to line.

Proof of Theorem A. Let u € C2°(RY) be such that Ru € L'(RY;RY). We claim
it suffices to show that, for j € {1,..., N}, one has the existence of a uniform
constant C' = C(a, N) > 0 such that, for every ¢ € C2°(RY),

(2.1) | FouTa] < ClIRuls sz Iy
Indeed, using the identity v = Zi\;l —R?v, the boundedness of R;: LN/ (N=2)(RN)

— LN/(N=2)(RN) "and duality we have

N N
Ia —a < C RiIa —a = C Ri-[a i
ollvcs-oomy < €SI Rwtll -y = €S- s [ Ridou

i=1 i—1 il nja <1

Now, Fubini’s theorem implies that

Rulou o = / Rou I, .
RN RN
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Therefore we can estimate

N
HIQUHLN/(N—Q)(RN) § C Z sup ||RU||L1(RN;RN) ||’(/}iHLN/a(RN)
i=1 il nja<1

N
=CY sup  |Rulpi@yeny Wil pyvemsy < C | Rull i@z,

i1 il nja<1

which is the thesis.

We therefore proceed to prove inequality (2.1). We follow the strategy of [24].
Without loss of generality, we take j = 1 and write x = (2, zx). We now introduce
a family of mollifiers: we take p € C2°(RY) such that supp p C B(0,1), and

/ p=1
RN

Then we define p.(z) = p(x/e)/eV and ¢.(x) = (¢ * p-)(z) so that

/ Riu(x',xn)Inp(2 2 n) do’ :/ Riu(x'xn) [Tap(a', xn) — Lnpe (2, 2N)] d’
RN-1

RN-1

+ /N 1 Riu(2',xn) Tope (2, zN) d2’
=: I(e)RJr II(¢).
For the first term we begin with the bound
I(e) < [[Ruul, an)llpr@y-1) Mo, 28) = Tae (5 28 ) || Lo -1

Now, the fundamental theorem of calculus implies that

€ 8 €
Ia@s(m) - Ia@é(m) = / 8_pr * Ia@(m) dr = / / 0'7"('1' - y) Ia@(y) dy dr,
s or s JrN

o= 0= b -w0(0) 5 - 2o (3)

Thus sending § — 0, Lebesgue’s dominated convergence theorem implies

where

Iope(x) — Iap(z) = /05 /RN or(x —y) Lap(y) dydr.

As before, Fubini’s theorem yields the identity

Iope(z) — Iap(z) = /08 /RN Ioor(z —y) (y) dydr.

Next, we claim that one has the pointwise inequality

C

(2.2) Haor(2)] < (ELEGE
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We distinguish two cases: |z| < 2r and |z| > 2r. When |z| < 2r, one has
Vp =+ p
|faor<z>|=—\/ =t erli)y)
B(0,r) |Z - |

= /B —————dy < 70
> Y= .
T.NJrl ) |Z y|N « TN a+1

Then |z| < 2r implies 1/7r¥—o+1 < 3N=a+1/(|z| + r)N=2F1 which allows us to
deduce the inequality (2.2) in this regime. Next, when |z| > 2r, we have

C div 4y ¥ 1 Y\ y B
Iaar(z):—N/ Mdy:_zv/ _ P(T)j Y-z dy,
" ™ JB(0,r)

B |12 —yN—e |z —y[N=atl |y — 2|

which upon the change of variables w = y/r yields the bound

C
|Ia0r(z)| S/B m dw

0,1) |z —rw

1 C
= N—a+1 2z _ T ,h|N—a+l dw.
|2 B(0,1) ||Z| \Z\w|

Finally, the assumption that we are in the regime |z| > 2r implies both that the
last integral is bounded and in a similar manner to before that 1/|z|N-o+l <
C/(|z| + r)N=2F1 thus proving (2.2).

Therefore, we can estimate

: lp(y)]
Ioo(, zn) — Tnge(-, orr-1) < C dy dr.
[Hap( 2n) = Lae( 2N ) || Lo mh-1) xlesggl/o/w =y W

By the Holder inequality on RV~!, we deduce that

Hap(, 2N)—Iape (2N )| Lo @r-1)

a/N
sup / / / oy, yN)IN/‘*dy)
meRN 1 RN—1

l1—a/N
: d ') dyy dr.
(/ N e iR e yN
If we set
/ N/a g,/ /N
o) = ([ le ym)Mdy)
and can establish the estimate
(/ 1 d /)lfa/N
su
werv \Mav (i — e+ [ - g P
C

T (r oy —yn )N
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then we would have the bound

: 2(yn)
Too(- -1 . wo@rn-1) < C dyn dr.
o) = Topelcamlmiaon o < C [ e Py ar

However, let us observe that

r+ ey —yn| 2 =y | < C(r+ V]en —yn 2+ |2 —y'2),

and so

1
d /
Jo T T

</ ¢ dy’
= Jawer O Jow — [+ o7 — g NIV

_ c / 1 "
(r+ Jon =y DV FNN=0) Jowos (14 L Nen/ (Ve

Integrating in spherical coordinates with center at 2/, we find

1 , 00 N2
dy = dt
/RN_l (1+ M)Nﬂw(z\ua) y C/O (1+——L__)N+N/(N-a)

r+lzn—yn| r+lzN—yN]|

eI RIS S By N GO
- N T YN o (I ¢)N+N/(N=a) 70>

from which the result follows.
Finally, considering the integrand on dyadic annuli we have

yn)
dyn dr
/ / r+|xN—yN|>2fa/N o

Q(yn)
dyndr
/ /”r<|x1vy1v<2"+1r (T + |$N - yN|)2_a/N

ne”Z

on+l . 1
P dynd
/ Z (1 +2n)2—a/N p2-a/N ]i(w antin) (yn) dyndr
2n+1

= Z (1 + 2m)2-a/N (/ l—a/N dr) MO(zy),

where M® : R — R is the Hardy—Littlewood maximal function of ® : R — R. We
have thus

(2.3) I(c) < C||Riul(,2n)||pr @y -1y €N ME(zy).

Now for II (¢) we apply the fundamental theorem of calculus to write

/ / —Rlu (@', ) Tnpe (2, zn) dt da’.
RN-1
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We use the fact that the vector-valued Riesz transform is curl-free, i.e.,

6@3 6xj

for all ¢,j € {1,..., N} and Fubini’s theorem to deduce that
/ / — Rlu (@' t) Tnpe (2, zN) dt da’
RN—-1 TN
/ / —RNu (', t) Inpe (2, xn) dt da’
RN-1 TN

_ 5‘ / /
a /xN (_ /RN 1 01 Ryu(a',t) Inpe (2, xn) do > dt.

The important point now is that N # 1, allowing us to integrate by parts and
obtain

~ )
_ . Io. /) ,
/JCN ( /RN 1 0y Ryu(a',t) Inpe(2', 2n) do )dt
0
Ryu(a',t) 5—lawpe (o', wn) da’ di .
zy JRN-1 0x1

Thus,

I (e) < |[Ryullprgyy  sup
BS

RN-1

In a similar manner to the first case, we see that

Olape (', xN) Ope(y) _ 9pe
o = /RN Do Lap(z —y) dy = /RN Iam—W)e(z —y) dy,

where we again have the pointwise estimate

%( ’ ¢
“0r V= (e )Nt

Therefore, Holder’s inequality in RV ~! with an analogous estimate to the preceding
yields the bound

sup

oI, g
¥ (@, ) <C/ _P(@y —yn)
Qf'ERN_l

01 (e + |yn])2—o/N N
Finally, the dyadic splitting can again be employed to enable one to conclude

MO (zy)

gl—a/N

Ol pe
1

sup
x! ERN_ 1

(x',xN)‘ <C
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so that

Mo(x
(2.4) (e) < C|[Bnull @y fﬁ/ﬁ)-

Choosing ¢ = |[Ryullpr @~y /|| Riu(-, on)|| 1wy -1y, equations (2.3) and (2.4)
imply that
/ Riu(z',xn) Inp(x', zy) da’
RN-1

—a/N N
< C|[Ryul, 2n)l| aiasy [ BNl Fi gy MB(n).

We now integrate this estimate with respect to xx on R to obtain, by the classical
Holder inequality,

l1—a/N
/RN Rlu Iago S CHRNqu{g{N) (/RHRIU('#EN)HLI(RN*I) dibN)

.(/R(Md)(xN))N/a da:N)a/N.

By the classical maximal function theorem,

/ (M (an))™" doy < C/ B(an)/* day = c/ (@) dz,
R R RN
which completes the proof of the claim and hence the theorem. O

Remark 4. Maximal function bounds on the integrals on slices of the type (2.3)
and (2.4) were introduced by Chanillo and Van Schaftingen [8].

Proof of Theorem A’. Theorem A’ can be proven in a similar manner, beginning
with an estimate for u in the space LY/ (N=a)(RN), O

3. Connections, improvements, counterexamples

3.1. Connections to several results in the literature

We have here given a proof of Theorem A (and one can similarly prove Theorem A’)
using elementary arguments, though there are other possible proofs that could be
employed. We mention several here for both historical propriety, and to satisfy the
curious reader. In Section 1, we have seen that such a result can be deduced directly
from classical and well-known results in the case o > 1. However, a second method
that works for all values of a € (0, N) can be used if one is willing to accept the
embeddings of W11 (RY) and BV (RY) into Besov spaces explored in Theorem 2
n [18], Theorem 4 in [12],Theorem 1.4 in [7], Lemma D.2 in [5], Theorem 8.3
in [26]. One then obtains the result by a combination of these embeddings with
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the embeddings of Besov spaces into Triebel-Lizorkin spaces, for example if N > 2
and « € (0,1) and denoting

= ]_ —

)

=|2

1
p
one has that 1 < p < 2, and so
[0ll 150 @ny < Cllollgaoe@yy < C DVl @y gy,
which from a characterization of the space FPIEO‘ and taking v = [{u implies
[ HaullLo@yy < C || Rull L1 @y gyy,

which is the inequality in Theorem A while the inequality in Theorem A’ follows
in a similar manner taking v = I _,u.

Finally, as in the original proof of the authors, one can argue by duality. This
method was pioneered by Bourgain and Brezis in the works [2], [3], [4], who were
interested in constructing bounded solutions to the divergence equation

—divY =f

in the critical regime f € LY. The dual result to this is a stronger form of the
inequality of Gagliardo and Nirenberg mentioned in the introduction. A simpler
proof of this result was given by the third author in [24], [25], [26], which is the
basic idea behind the slicing argument we have utilized. We also mention that
when a > 1/2 one has a stronger inequality in the spirit of the work of Bourgain
and Brezis via the analogous estimates by Bousquet, Mironescu, and Russ [6] in
the scale of Triebel-Lizorkin spaces.

3.2. Lorentz space improvements

As in the case of embeddings for Sobolev spaces, Theorems A and A’ are sharp in
the scale of LP spaces, though can be improved when one considers the finer scale
of Lorentz spaces. For instance, in Theorem 1 one can replace the LVP/(N—ap) (RM)
norm on the left hand side with that of the Lorentz space LNP/(N=er):»(RN) (see
page 139 in [14]). While LPP(RY) = LP(RY), a smaller second parameter in
the Lorentz spaces is more than microscopic improvement. One can easily see
this fact by comparing Trudinger’s result [23] that Du € LY (RY) implies u is
exponentially integrable (and not in general bounded) with Stein’s result [19] that
Du € LNY(RYN) implies that u is continuous.

In fact, we can show an estimate in the Lorentz space LY/(N=2):4(RN) for any
g > 1 as follows. Let ¢’ = N/e for some € > 0. Then we utilize inequality (2.1) to
find a C = C(e, N) > 0 such that

[ Bou o] < C I Rullps s olvegesy,
R
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which combined with the boundedness of I, . : LI(RN) — LN/(N=a).q(RN) (p. 139
in [14]) implies

[Laullpy/ov-m.a@wyy < et La@ny < Cl|Rullpr@n gy,

which gives the desired result.

When o > 1, then Iou = In—11u, and ||[Liu| pv/ov-n1 < CJ|Ru|pr (which
follows from the works [1], [22]), which combined with the previously cited convo-
lution estimates of O’Neil (see page 139 of [14]) shows that one can obtain ¢ = 1
in this regime. Thus, the critical case here is the endpoint ¢ = 1 and « € (0,1),
for which none of the preceding techniques can obviously applied to obtain the
estimate. This leads to the following open question concerning a sharper L!-type
estimate.

Open Question 5. Let N > 2 and suppose 0 < « < 1. Does there exists a
constant C' = C(a, N) > 0 such that

||IauHLN/(N—a),1(RN) <C HRUHLI(RN;RN)

for all u € C°(RY) such that Ru € L*(RY;RN)?

3.3. Counterexamples

We now provide the counterexample mentioned in Remark 3, substantiating our
claim that Theorem A is false when N = 1. Note the similarity to the standard
counterexample for the failure of Sobolev’s result in L' discussed in the introduc-
tion.

Counterexample 6. Suppose one had such an inequality as given in Theorem A.
Then by density one obtains the inequality for all functions in the real Hardy
space H'(R). Now, in this setting Ru = Hu is the Hilbert transform, which by
our assumption, the identity H2 = —1I, and boundedness on L/ (1=2) (R) would

imply
[Lav||lpr/a-ay @) < Cl[HIav| p1/0-0 @) < Cllolloiw),

for all v € HY(R). Now taking v.(z) = p((z — 1)/¢)/e — p((x + 1) /e) /e with p as
above (v is the difference of two translated approximations of the identity), one
has ve € H!(R) (as before, for a smooth, compactly supported function a necessary
and sufficient condition for this inclusion is that [ v. = 0), the right-hand side stays

bounded, and
1 1 1
: ( : )
) 2 S\ T

which fails to be locally L'/(1=%) near —1 and +1, and so an application of Fatou’s
lemma gives one the desired contradiction.
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The paper [15] contains an example of a one-dimensional failure of an embed-
ding of certain Besov spaces into BV (R). The preceding counterexample combined
with the known embeddings for Besov spaces previously discussed gives another
such example.
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