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Interpolation of data
by smooth nonnegative functions

Charles Fefferman, Arie Israel, and Garving K. Luli

Abstract. We prove a finiteness principle for interpolation of data by
nonnegative C™ and C™ %! functions. Our result raises the hope that
one can start to understand constrained interpolation problems in which,
e.g., the interpolating function F' is required to be nonnegative.

Introduction

Continuing from [18], we prove a finiteness principle for interpolation of data by
nonnegative smooth functions.

Let us recall some notation used in [18].

We fix positive integers m, n. We write C™ (R™) to denote the Banach space
of all real valued locally C™ functions F' on R™, for which the norm

|F|| g (gny 3= sup max [0%F(z)]
2R [a|<m

is finite.

We will also work with the function space C™~11(R™). A given continuous
function F': R® — R belongs to C™~L1(R") if and only if its distribution deriva-
tives 9P F belong to L>(R™) for |3| < m. We may take the norm on C™ 11 (R")
to be

[ Fll grm-11(gny = |g|12}n(165& Jr:seu]lg)n |86F(m)| )

Expressions ¢ (m,n), C (m,n), k(m,n), etc. denote constants depending only
on m, n; these expressions may denote different constants in different occurrences.
Similar conventions apply to constants denoted by C (m,n, D), k (D), etc.

If X is any finite set, then # (X) denotes the number of elements in X.

We are now ready to state our main theorem.
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Theorem 1. For large enough k* = k (m,n) and C#* = C (m,n), the following
hold.

(a) (C™ flavor). Let f: E — [0,00) with E C R™ finite. Suppose that for
each S C E with #(S) < k¥, there exists F° € C™(R"™) with norm
| F5||cmgny <1, such that F¥ = f on S and F¥ >0 on R".

Then there exists F' € C™(R") with norm || F[| gm gny < C#, such that F = f
on E and F > 0 on R™.

(b) (C™~Y1 flavor). Let f: E — [0,00) with E C R™ arbitrary. Suppose that
for each S C E with #(S) < k¥, there exists F* € C™~LL(R™) with norm
|FS || gm-11(gny <1, such that F¥ = f on S and F¥ >0 on R™.

Then there exists F € C™~LYR™) with norm ||F|
that F = f on E and F >0 on R™.

C'm.fl,l(]Rn) S C#, such

Our interest in Theorem 1 arises in part from its possible connection to the in-
terpolation algorithm of Fefferman—Klartag [15], [16]. Given a function f: E — R
with £ C R”™ finite, the goal of [15], [16] is to compute a function F € C™(R™)
such that F' = f on E, with |[F||cm ®n) as small as possible up to a factor C'(m,n).
Roughly speaking, the algorithm in [15], [16] computes such an F' using O(N log N)
computer operations, where N = #(E). The algorithm is based on an easier ver-
sion [10] of Theorem 1. Our present result differs from the easier version in that we
have added the hypothesis F¥ > 0 and the conclusion F > 0. Accordingly, The-
orem 1 raises the hope that we can start to understand constrained interpolation
problems, in which e.g. the interpolant F' is required to be nonnegative everywhere
on R™.

For results related to Theorem 1, we refer the reader to our paper [18] and
references therein.

In the following sections, we will set up the notation; then we will recall a main
theorem in [18] and use it to prove Theorem 1.

This paper is part of a literature on extension, interpolation, and selection of
functions, going back to H. Whitney’s seminal work [33], and including fundamen-
tal contributions by G. Glaeser [19], Y. Brudnyi and P. Shvartsman [4], [6]-]9],
and [23]-[31], J. Wells [32], E. Le Gruyer [21], and E. Bierstone, P. Milman, and
W. Pawtlucki [1]-[3], as well as our own papers [10]-[17]. See e.g. [14] for the history
of the problem, as well as Zobin [34], [35] for a related problem.
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1. Notation and preliminaries

1.1. Background notation

Fix m, n > 1. We will work with cubes in R™; all our cubes have sides parallel
to the coordinate axes. If @) is a cube, then g denotes the sidelength of (). For
real numbers A > 0, AQ denotes the cube whose center is that of @, and whose
sidelength is Adg.

A dyadic cube is a cube of the form I; x Iy x --- x I, C R™, where each I,
has the form [2% -4,,2% - (i, + 1)) for integers iy,...,i,, k. Each dyadic cube Q
is contained in one and only one dyadic cube with sidelength 2dg; that cube is
denoted by Q7.

We write By, (z,7) to denote the open ball in R with center x and radius r,
with respect to the Euclidean metric.

We write P to denote the vector space of all real-valued polynomials of degree
at most (m —1) on R™. If x € R and F is a real-valued C™~! function on a
neighborhood of , then J,(F) (the “jet” of F' at z) denotes the (m — 1)™" order
Taylor polynomial of F' at z, i.e.,

L)) = Y S 0F@ )"
lo|<m—1 "

Thus, J,(F) € P.
For each x € R™, there is a natural multiplication ®, on P (“multiplication of
jets at 2”) defined by setting

Po,Q=J,(PQ) for P,QeP.

If F' is a real-valued function on a cube @, then we write F' € C™(Q) to denote
that F' and its derivatives up to m-th order extend continuously to the closure

of Q. For F € C"™(Q), we define
£

cm(Q) = Sup max [97F ()]

The function space C™~1(Q) and the norm || - ||gm-1.1(g) are defined analo-
gously.

If F e C™(Q) and x belongs to the boundary of @, then we still write J,.(F')
to denote the (m — l)mf degree Taylor polynomial of F' at =, even though F' isn’t
defined on a full neighborhood of x € R™.

Let S C R"™ be non-empty and finite. A Whitney field on S is a family of
polynomials

P=(PY)y,cs (each PYeP),
parametrized by the points of S.

We write Wh(S) to denote the vector space of all Whitney fields on S. For

P = (PY)yes € Wh(S), we define the seminorm

0 (P~ PY) (@)

—lel

1Pllomis) = 4 pes B85 em™ oy
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(If S consists of a single point, then \\ﬁ||cm,(s) =0.)
We also need an elementary fact about convex sets. See [22].

Helly’s theorem. Let K1,..., Ky CRP be convex. Suppose that K;, N ---N Kip,,
is nonempty for any i1,...,ip+1 € {1,...,N}. Then K1 N---N Ky is nonempty.
1.2. Shape fields

Let E C R™ be finite. For each x € E, M € (0,00), let I'(x, M) C P be a (possibly
empty) convex set. We say that I' = (I'(z, M)),cp rrso 18 a shape field if for
allz € E and 0 < M’ < M < oo, we have

I'(z,M") CT(x,M).
Let T' = (I'(z, M)),c g pr>o be a shape field and let Cy, dmax be positive real

numbers. We say that Tis (Cw, Omax)-convez if the following condition holds:
Let 0 < 0 < Omax, ¢ € E, M € (0,00), P1, Py, Q1, Q2 € P. Assume that

1.1) P, P, e T(x, M);
1.2) [0%(P — Po)(z)| < M&™ 18l for |B] <m —1;
1.3) 10°Qq(z)| < 6718 for |8 <m — 1 fori=1,2;
14) Q10 Q1+ Q20,Q2=1.

Then

(1.5) P:=Q10; Q10 P +Q20, Q2 ®y P €T (x,Cyy M).

(
(
(
(

1.3. Finiteness principle for shape fields
We recall a main result proven in [18].

Theorem 2. For a large enough k¥ determined by m, n, the following holds. Let
Ty = (Fo(l‘,M))er’M>0 be a (Cy, Omax)-convex shape field and let Qo C R™ be a
cube of sidelength 0g, < dmax. Also, let xo € EN5Qo and My > 0 be given. Assume
that for each S C E with #(S) < k¥ there exists a Whitney field PS = (P?)
such that

zeS
HﬁSHCm(S) < Mo,
and
P?eTy(z,My) forallzes.

Then there exist P° € T (zo, My) and F € C™ (Qo) such that the following hold,
with a constant Cy determined by Cy,, m, n:

o J.(F)e€Ty(z,CiMyp) for all z€ EN Q.
e [0° (F - P%) (z)| < C.My 58{;@ for all x € Qq, |8] < m.

o In particular, |8ﬁF(m)| < Cy My for all x € Qo, |B] = m.
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2. C™ interpolation by nonnegative functions

In this section, ¢, C, C’, etc. denote constants determined by m and n. These

symbols may denote different constants in different occurrences. For z € R™ and
M > 0, define

P € P : There exists F € C™(R") with || F|
F>0onR" J,(F)=P.

ny <
(2.1) F*(JT’M) = { C77L(Rn,) >~ M,}

It is not immediately clear how to compute I',; we will return to this issue
in a later section. Let E C R™ be finite, and let f: E — [0,00). Define I'y =
(Tf(x, M))ser,m>0, where

(2.2) Tple,M)={PeTl.(x,M): Plx)= f(x)}.
Lemma 1. T’y is a (C,1)-convex shape field.

Proof. 1t is clear that ff is a shape field, i.e., each I'f (x, M) is convex, and M’ < M
implies I' ¢ (z, M') C T'¢(z, M). To establish (C, 1)-convexity, suppose we are given
the following:

23) 0<o0<1l,ze€eE, M >0

(
(2.4) Pi, P, € I'y(x, M) satisfying
(2.5) 0% (P — P) (x)| < M6™ 1Pl for |B] <m —1;
(2.6) Q1,Q2 € P satisfying
(2.7) 10°Qi(x)] <67 1P for |B] <m —1,i=1,2, and
(2.8) Q10 Q14+ Q20 Q2 =1.
Set
(2.9) P =010 Q10 P+ Q204 Q2 Oy P

We must prove that
(2.10) Pely(x,CM).

Thanks to (2.4), we have
(2.11) Pie) = f(z) and Py(z) = f(2),
and there exist functions Fy, Fy € C™(R™) such that
(2.12) ”FiHCm(R") <M (i=1,2),
(2.13) F; >0onR™ (i =1,2), and
(2.14) J, (F) =P (i =1,2).
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We fix Fy, Fy as above. By (2.8), we have |Q;(z)| > 1/v/2 fori =1 or for i = 2.
By possibly interchanging ()1 and )2, and then possibly changing Q1 to —Q1, we
may suppose that

> L
—_— ﬂ'
For small enough cp, (2.7) and (2.15) yield

(2.15) Q1(z)

1
(2.16) Q1(y) > 10 for |y — x| < ¢pd.

Fix ¢¢ as in (2.16). We introduce a C™ cutoff function y on R™ with the
following properties.

(2.17) 0<x <1onR" y=0outside By, (x,¢cpd); x =1 in a neighborhood of x;
(2.18) |8ﬁx| < 5181 on R™, for |B| < m.
We then define
b=x-Qi+(1-x) and 02=yx Q.

These functions satisfy the following: éi e C™(R") and |0%6;] < C6~ 15l on R™ for
1B <m,i=1,2; 6, >1/10 on R™; J,(0;) = Q; for i = 1,2; outside B, (z, cod) we
have #; = 1 and 65 = 0. Setting

0; = 0 - (3% + 02)-1/2
for i =1, 2, we find that

(2.19) 6; € C™(R™) and |0°6;| < Co5~18 on R™ for |B] < m, i=1,2;
(2.20) 67 +603=1o0nR"

(2.21) J, (0;) = Q; for i = 1,2 (here we use (2.8)); and

(2.22) outside B, (x,cpd) we have 6, = 1 and 65 = 0.

Now set
(2.23) F=0}F +03F, = F, +035(F,— Fy) (see (2.20)).
Clearly F' € C™(R"™). By (2.14), we have
Jo(Fy — F1) = Py — Py;
hence (2.5) yields the estimate
0% (Fy — F1) (2)] < CM&™ 1Pl for |B] <m —1.
Together with (2.12), this tells us that

|8ﬂ (Fy — F1)| < CM§™ Bl on B, (x,¢od) for |8] < m.
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Recalling (2.19), we deduce that
|8ﬁ (03 - (F» — )| < CM&™ 18l on B, (x,co8) for |8 < m.
Together with (2.12) and (2.23), this implies that
|0°PF| < CM on B, (z,cof),
since 0 < § < 1 (see (2.3)). On the other hand, outside B, (z, cod) we have F = F}
by (2.22), (2.23); hence |0°F| < CM outside B, (z,coé) for |3| < m, by (2.12).
Thus, |0°F| < CM on all of R™ for || < m, i.e.,
(224 1l gy < CM.
Also, from (2.13) and (2.23) we have
(2.25) F>0 onR™
and (2.9), (2.14), (2.21), (2.23) imply that
(2.26) Jo(F) = Q1 0z Q1 O P + Q2 Oy Q2 Oy P = P.

Since F' € C™(R™) satisfies (2.24), (2.25), (2.26), we have

(2.27) Pel,(x,CM).
Moreover,
(2.28) P(z) = (Qi(2))” f(2) + (Q2(2))* f(x) = f(=),

thanks to (2.8), (2.9), (2.11).

From (2.27), (2.28) we conclude that P € I'y(z, CM), completing the proof of
Lemma 1. O

Lemma 2. Let (P*), ., be a Whitney field on the finite set E, and let M > 0.
Suppose that

2.29 P* el (x,M) foreachx e FE

(2.29) , ;

and that

(2.30)  |9°(P" - Pz/)(m)| <M|z—2|""" foraz,a’ € E and |8 <m—1.

Then there exists F' € C™(R™) such that
(2.31) [Fllgm@ny < CM,

(2.32) F >0 onR"™, and
(2.33) Jy(F)=P? forallz € E.
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Proof. We modify slightly Whitney’s proof [33] of the Whitney extension theorem.
We say that a dyadic cube Q C R is “OK” if #(EN5Q) <1 and dg < 1. Then
every small enough @ is OK (because E is finite), and no @ of sidelength dg > 1
is OK. Also, let Q, Q' be dyadic cubes with 5Q C 5Q’. If Q' is OK, then also @Q
is OK. We define a Calderén—Zygmund (or CZ) cube to be an OK cube @ such that
no @’ that strictly contains @ is OK. The above remarks imply that the CZ cubes
form a partition of R™; that the sidelengths of the CZ cubes are bounded above
by 1 and below by some positive number; and that the following condition holds:

(2.34) “Good geometry”: if Q, Q' € CZ and % O%Q' # (), then %(5@2 < dg < 26g.
We classify CZ cubes into three types as follows. Q € C'Z is of

Type 1. If EN5Q # 0.

Type 2. If EN5Q =0 and g < 1.

Type 3. If EN5Q =0 and 6 = 1.
Let Q € CZ be of Type 1. Since Q is OK, we have #(F N 5Q) < 1. Hence

EN5Q is a singleton, EN5Q = {zg}. Since P*@ € T, (zq, M), there exists
Fo € C™(R™) such that

(2.35) IFQlomezny <M, Fo=0onR", Jy, (Fg) = P™.

We fix F as in (2.35).

Let Q € CZ be of Type 2. Then dg+ < 1 but QT is not OK; hence # (E N5Q™T)
> 2. We pick zg € EN5QT. Since P*@ € T, (zg, M), there exists Fy € C™(R™)
satisfying (2.35). We fix such an Fy.

Let Q € CZ be of Type 3. Then we set Fg = 0. In place of (2.35), we have the
trivial results

(2.36) 1o

Ccm(R™) =0 and FQ >0 on R™.

Thus, we have defined Fy, for all Q € CZ, and we have defined g € EN5Q*
for all @ of Type 1 or Type 2. Note that
(2.37) Jz (Fo) =P forall x € EN5Q.

Indeed, if @ is of Type 1, then (2.37) follows from (2.35) since EN5Q = {z¢}.
If Q is of Type 2 or Type 3, then (2.37) holds vacuously since £ N 5Q = (. Now
suppose Q,Q’ € CZ and 2Q N &Q’ # 0. We will show that

(2.38) 0% (Fg — For)| < cMs5 ™1 on 80N 8qQ for |8 < m.

To see this, suppose first that @ or @ is of Type 3. Then d¢g or d¢ is equal
to 1, hence g > 1/2 by (2.34). Consequently, (2.38) asserts simply that

(2.39) ’5‘ﬁ (Fo—Fg)| <CM on 8QnE&Q for |B] <m,

and (2.39) follows at once from (2.35), (2.36). Thus, (2.38) holds if @ or Q' is of
Type 3.
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Suppose that neither Q nor Q' is of Type 3. Then zg € EN>HQT, zg €
EN5(Q™), BQN Q) #0, g < g < 26g. Consequently,

(2.40) |z — x| < Cdg, and
(2.41) |z —zq|, |z — x| < Cog for all z € Q m Q/
Applying (2.35) to @ and to Q’, we find that, for T € Q ﬁ Q/a 18] < m,
(242) |87 (Fg — P*@) (2)| < CM | — zo|" ! < CM&Q‘W‘, and
2 43 !aﬁ FQ’ PIQ') (x)| < CM|£K o I'Q/|m7|ﬁ| < CM(;Z;_W‘,
Also, (2.30), (2.40), (2.41) imply that

(2.44) |07 (P*e — P*@) (2)| < CM T forx e —Q m —Q', 18| <

(Recall, P*@ — P*’ is a polynomial of degree at most m — 1.)

Estimates (2.42), (2.43), (2.44) together imply (2.38) in case neither @ nor @’
is of Type 3. Thus, (2.38) holds in all cases.

Next, as in Whitney [33], we introduce a partition of unity

(2.45) 1= > 6y onR"
QeCz

where each g € C™(R"™), and

(2.46) suppfg C 2Q, [0°0,] < C'(%lm for |8] <m, 6g>0onR"
We define
(2.47) F= Y 0gFp onR"
QeCZ
Thus, F € C7.(R™) since CZ is a locally finite partition of R”, and F > 0

on R" since g > 0 and Fg > 0 for each Q. Let £ € R", and let Q be the one and
only CZ cube containing &. Then for |3 < m, we have

(2.48) PF(&)=0"Fs(2)+ Y 0°(0g - (Fo — Fg))(&).
QeCZz

A given Q € CZ enters into the sum in (2.48) only if & € $2Q; there are at
most C such cubes @, thanks to (2.34). Moreover, for each @ € CZ with & € 64
we learn from (2.38) and (2.46) that

|0°(0q - (Fg — F)(@)| < Mg~ < oM for | < m, since 6g < 1.

Since also |86FQ(:%)| < CM for |B] < m by (2.35), (2.36), it now follows from (2.48)
that |0° F(2)| < CM for all | 3| < m. Here, # € R"™ is arbitrary. Thus, F € C™(R"™)
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Next, let x € E. For any @ € CZ such that x € g—i , we have J,(Fg) = P7,

by (2.37). Since support 6g C %Q for each Q € CZ, it follows that J,(0gFg) =
Jz(0g) ©; P* for each @ € CZ, and consequently,

T(F) =S . (eQFQ)z[ A (9Q)} ©p P* = PT, by (2.45).
QeCz QeCZ

Thus, F' € C™(R"), [[F||gmgny < CM, F = 0 on R", and J,(F) = P* for each
rekE.
The proof of Lemma 2 is complete. O

Theorem 3 (Finiteness principle for nonnegative C™ interpolation). There exist
constants k%, C, depending only on m, n, such that the following holds.

Let E C R™ be finite, and let f: E — [0,00). Let My > 0. Suppose that for
each S C E with #(S) < k#, there exists PS = (P*),cs € Wh(S) such that

e P*eTy(x,My) for each x € S, and

o |08(P* — PY)(z)| < Molz —y|™ 18l for z,y € S, |B| <m —1.

Then there exists F' € C™(R™) such that

s [[Fllem@gny < CMy,

e F>0onR" and

e F=fonFE.
Proof. Suppose first that £ C %Qo for a cube Qo of sidelength dg, = 1. Pick
any xg € E. (If E is empty, our theorem holds trivially.)

Let S C E with #(S) < k#.

Our present hypotheses supply the Whitney field Ps required in the hypotheses

of Theorem 2.
Hence, recalling Lemma 1 and applying Theorem 2, we obtain

(2.49) P% €T (29,CMy) and F° € C™(Qo)
such that

(2.50) Jo(F°) € Ty(2,CMy) forallz € ENQy=FE
and

(2.51) |0°(P° — F9)| < CM, on Qq, for |3] < m.

From (2.1), (2.2), (2.49), we have |9° P°(xq)| < CM, for |8] <m — 1.

Since PY is a polynomial of degree at most m — 1, and since g € E C Qo
with dg, = 1, it follows that [9° P°| < C'My on Qq for |B] < m.
Together with (2.51), this tells us that

(2.52) |0PF0| < CMy on Qq for |B] < m.

Note that F° need not be nonnegative.
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Set P* = J,(F°) for x € E. Then

(2.53) P*eTy(xz,CMy) forz e E,and
(2.54) |87 (P* — PY) (2)| < CMo |z —y|" 1 for 2,y € B, |8] <m — 1.

By Lemma 2, there exists F' € C"™ (R™) such that

(2.55) | Fllcm@ny < CMo,
(2.56) F>0 onR" and
(2.57) Jy(F)=P® foreachuzec E.

From (2.53) and (2.2), we have P*(x) = f(x) for each x € E; hence, (2.57)
implies that

(2.58) F(z) = f(x) foreachz € E.

Our results (2.55), (2.56), (2.58) are the conclusions of our theorem. Thus, we
have proven Theorem 3 in the case in which E C %QO with g, = 1.

To pass to the general case (arbitrary finite £ C R"™), we set up a parti-
tion of unity 1 = ) x, on R", where each x, € C™(R") and x,, > 0 on R",
Ixvllem@ny < C, support x, C %Qy, with dg, = 1, and with any given point
of R™ belonging to at most C of the @, .

For each v, we apply the known special case of our theorem to the set F, =
EnN %QV and the function f, = f|g,. Thus, we obtain F, € C™(R"), with
| Fyllem@ny < C My, F, >0 on R", and F, = f on EN %QU.

Setting F' =) x.,F, € CI,

loc

(R™), we verify easily that

FeC™R"), |F|

cmmny < CMy, F>0onR", and F = fon E.
This completes the proof of Theorem 3. O
Remark. Conversely, we make the following trivial observation: let £ C R”

be finite, let f: E — [0,00), and let My > 0. Suppose F' € C™(R") satisfies
| Fllcm@ny < Mo, FF>0o0nR", F = fon E. Then for each x € E, we have

o P¥ = J,(F)eTs(x, M) by (2.1), (2.2); and

* [0°(P" — PY)(2)| < CMolx —y|™ 1Pl for 2,y € B, || <m — 1.

Therefore, for any S C E, the Whitney field PS = (P*),c5 € Wh(S) satisfies
o P? eT¢(x,CMy) for x € S, and

o 197 — PYY(@)] < CMolz — o9 for 2,y € S, 5] <m — 1.

Note that Theorem 1 (a) follows easily from Theorem 3.
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3. Computable convex sets

In this section, we discuss computational issues regarding the convex set
(3.1)  Tu(z,M)={J(F): F € C"™(R"), |F|lcm@n <M, F >0 onR"}.

We write ¢, C', C’, etc., to denote constants determined by m and n. These
symbols may denote different constants in different occurrences.

We will define convex sets f‘*(m, M) C P, prove that

(3.2) T.(z,cM) C Tu(x, M) C Tw(x,CM) for all z € R", M > 0,
and explain how (in principle) one can compute ', (z, M).
We may then use

(3.3) Tp(z,M)={PeT.(x,M): P(z)= f(z)}

in place of T'y(x, M) in the statement of Theorem 3. (The assertion in terms of T';
follows trivially from (3.2) and the original assertion in terms of I'y.)
To achieve (3.2), we will define

(3.4) [.(z,M)={MP(-+x)): PeTly}, foraconvexset I
We will prove that
(3.5) I.(0,¢) C Ty C I, (0,C).

Property (3.2) then follows at once from (3.1), (3.4), and (3.5).

Thus, our task is to define a convex set Ty satisfying (3.5), and explain how
(in principle) one can compute L.

Recall that P is the vector space of (m — 1)-jets. We will work in the space
of m-jets. In this section, we let PT denote the vector space of real-valued poly-
nomials of degree at most m on R™, and we write J;7 (F) to denote the m'"-degree
Taylor polynomial of F at z, i.e.,

THF)w) = Y 0°F@) - (o).

o <m
We define
PePt:10°P(0)| <1 for |B] <m; P(x) +|z|™ >0
(3.6) Iy = for all x € R™; and for every e > 0, there exists 6 > 0
such that P(z) +€|z|™ > 0 for |z| < 4.

Later, we will discuss how I‘g may be computed in principle.
We next establish the following result.

Lemma 3. For small enough ¢ and large enough C, the following hold.
(a) If F € C™(R™), ||[F|lgmgny < ¢, F >0 onR", then Ji (F) € T'{.

(b) If P € T{, then there exists F € C™(R™) such that | F|cmgny < C, F >0
on R, and Ji (F) = P.
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Proof. (a) follows trivially from Taylor’s theorem. We prove (b).

Let P € I'{ be given. We introduce cutoff functions ¢, x € C™(R") with the
following properties:

(3.7) X cm@rn) < C,x = 1 in a neighborhood of 0, x = 0 outside B,, (0,1/2),
and 0 < x <1 onR™
and
(3.8) lellon@ny <€, p=1lor1/2< o[ <2, ¢ =0onR",
and ¢(x) = 0 unless 1/4 < |z] < 4.

For k > 0, let
(3.9) on(@) = ¢ (2F2)  (z € RY).

Thus,
(3.10) [Pkl cm (gny < C2m™k ., >00onR™,  @p(z) =1 for 2717k < |z| < 217K,

@r(r) = 0 unless 2727%F < |z| < 227K,
Also, for k > 0, we define a real number by, as follows.
(3.11) by, =0if P(z) >0 for |z| <27F; by = —min{P(z) : |z| < 27*} otherwise.
Since P € T, the by satisfy the following:
(3.12) 0 < by, <27™F for all k > 0.
(3.13) by -2™F — 0 as k — oo.
By definition of the by, we have also for each k > 0 that
(3.14) P(x) +by >0 for |z] <27%
We define a function F on the closed unit ball B, (0, 1) by setting

(3.15) F(z)=P(x)+ Y brp(z) forx € B,(0,1).
k=0

(The sum contains at most C' nonzero terms for any given x.)
We will check that

(3.16) F>0 on B,(0,1).

Indeed, F(0)=P(0) > 0 since each ¢ (0) =0 and P € T{. For & € B,(0,1)\ {0}
we have 2717% < |#] < 27F for some k > 0.

We then have ¢; (&) = 1 by (3.10), hence P(Z) + b;p;(#) > 0 by (3.14). Since
also by i (&) > 0 for all k, it follows that

F(#) = [P(2) + by (2)] + Z br pr(x) = 0,
k+k

completing the proof of (3.16).
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Next, we check that

(3.17) FeC™(B,(0,1)), |F|

cm(Bom) SO S (F) =P

To see this, let

K
(3.18) FK:PJerkQDk for K > 0.
k=0

Since P € I'§, we have [97P (0)| <1 for |8] < m, hence
(3.19) 1Pl gm@ o) < C-
Also, (3.10) and (3.12) give

(I SOkHCm(m) < C for each k.

Since any given x € B, (0, 1) belongs to at most C' of the supports of the ¢y, it
follows that

K
(3.20) > b
k=0

C™(Bn(0,1))
From (3.18), (3.19), (3.20), we see that

(3.21) Fx € C™(B,(0,1)) and <C.

HF||Cm(Bn(O,1)) =
Also, (3.10) and (3.18) tell us that
(3.22) JJ(FK) = P for each K.

Furthermore for K7 < Ks, (3.18) gives FKZ — FKI = ZK1<k<K2 b k. Let € > 0.
From (3.10) and (3.13) we see that -

Kllzlka%(Kg |1bs <pk||cm(m) < e if K; is large enough.

Since any given point lies in support ¢y for at most C' distinct &, it follows that

| 3 e

Ki1<k<K:>

< Ce if Ky > K; and K; is large enough.

cm(Bn(0,1))

Thus, (Fx) x>0 is a Cauchy sequence in C™(B,,(0,1)). Consequently, Frr — Fy, in
C™(B,,(0,1))-norm for some Fy, € C™(B,,(0,1)). From (3.21) and (3.22), we have

17|

om(Baod) S <C and Ji( Fy)=P.

On the other hand, comparing (3.15) to (3.18), and recalling that any given x
belongs to support 0, for at most C' distinct k, we conclude that Fx — F pointwise
as K — oo.
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Since also Fx — Fs pointwise as K — 0o, we have F, = F. Thus,

F € Cm( ”(0 1)) HFHCm B,L(O 0) < C and JJ(F) = P’

completing the proof of (3.17).

Finally, we recall the cutoff function y from (3.7), and define F' = xF on R™.
From (3.16), (3.17), and the properties (3.7) of x, we conclude that

FeC™R"), |Flenmny<C, F=>0onR" and Ji(F)=P.
Thus, we have established (b). The proof of Lemma 3 is complete. O

Now let  : PT — P denote the natural projection from m-jets at 0 to (m — 1)-
jets at 0, namely,

7P = Jo(P)

for P € P+.
We then set
fo = 7TI‘3_
From the above lemma, we learn the following.

(A") Let F € C™ (R™) with [|F||gmgny < ¢, F >0 on R". Then Jo(F) € T'.

(B') Let P € Ty. Then there exists F € C™(R") such that [Fllcmgny <C, F =0
on R™, and Jo(F') = P.

Recalling the definition (3.1), we conclude from (A’) and (B’) that
I.(0,¢) C Ty C I.(0,C).

Thus, our Iy satisfies the key condition (3.5).

We discuss briefly how the convex set To may be computed in principle. Re-
call (see [20]) that a semialgebraic set is a subset of a vector space obtained
by taking finitely many unions, intersections, and complements of sets of the
form {P > 0} for polynomials P. Any subset of a vector space V defined by
E = {xz € V: ®(x) is true}, where ® is a formula of first-order predicate calculus
(for the theory of real-closed fields) is semialgebraic; moreover, there is an algo-
rithm that accepts ® as input and exhibits F as a Boolean combination of sets of
the form {P > 0} for polynomials P. For any given m, n, we see, by inspection of
the definitions of T’y and Ty, that T’ € P is defined by a formula of first-order
predicate calculus; hence, the same holds for Ty C P.

Therefore, in principle, we can compute Iy as a Boolean combination of sets of
the form {P € P : II(P) > 0}, where II is a polynomial on P.

In practice, we make no claim that we know how to compute L.

It would be interesting to give a more practical method to compute a convex
set satisfying (3.5).
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4. C™~ b1 interpolation by nonnegative functions

In this section we will establish Theorem 1(b) and discuss computational issues
for C™~ 5! interpolation by nonnegative functions.

We note that the derivatives 9°F of ' € C™~ L1 (R™) of order |3| < m — 1 are
continuous. Also, Taylor’s theorem holds in the form

0 Fw - Y S [F@] e | <R

7' Ccm-1.1(Rn) |y - $|m7‘ﬂ|
1Bl+]v[<m—1 7

for z,y € R™.
Similar remarks apply to C™~11(Q) and C™(Q) for cubes Q C R".
Therefore, we may repeat the proofs of Lemmas 1 and 2 in Section 2, to derive
the following results.

Lemma 4. For x € R™, M > 0, let

. m—1,1 n
PL(x,M)—{ ||F‘P€P'3F€C (R™) such that }

Ccm=1,1(Rn) < M,F > 0 on Rn, Jx(F) =P

Let f: E — [0,00), where E C R™ is finite. For x € E, M > 0, let
P, M) = (P € (2, M) : P(2) = [(2)}

Then T, = (F'f(x,M))er,Mw is a (C,1)-convex shape field, where C depends
only on m, n.

Lemma 5. Let E, f, T,(x, M) be as in Lemma 4, and let M > 0, P= (P*)yer €
Wh(E). Suppose we have P* € I',(z, M) for all x € E, and |0° (P* — PY) (z)| <
Mz —y[™ " forz,y € E, |B| < m—1. Then there exists F € C™V1(R") such
that Jo(F) = P* for all x € E, and ||F||gm-1.1gn) < CM, where C' depends only
on m, n.

Similarly, by making small changes in the proof of Theorem 3, we obtain the
following result.

Lemma 6. There exist k7, C, depending only on m, n for which the following
holds.

Let E C R™ be finite, let f: E — [0,00), and let My > 0. Suppose that for
each S C E with #(S) < k# there exists PS = (P*)es € Wh(S) such that
pPr e F’f (x, My) for all z € S, and |86 (P* — Py)| < M|z — y|m—|ﬁ\ forxz,y e S,
6] <m —1.

Then there exists F € C™~LY(R™) such that [Fllgm-11gny < CMo, FF =0
onR™, and F = f on E.

Now we can easily deduce the following result.
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Theorem 4 (Finiteness principle for nonnegative O™~ 1l interpolation). There
exists constants k™, C, depending only on m,n for which the following holds.
Let f: E — [0,00), with E C R™ arbitrary (not necessarily finite). Let My > 0.

Suppose that for each S C E with #(S) < k¥ there exists P= (P")zes € Wh(S)
such that

o P* el (x,My) for allz €S,

« [07(P* = PY) (@)] < Moo — "™ fora,y €5, 18] <m 1.
Then there exists F € C™~ Y (R™) such that

o [[Fllem-1a@ny < CMo,

e >0, and

e F=fonkE.

Proof. Suppose first that £ C @ for some cube @ C R™. Then by Ascoli’s theorem,

{Fed™ Q) [IFllgm-11(g) < CMo, F>00n Q} =X

is compact in the C™~1(Q)-norm topology.

For each finite Fy C E, Lemma 6 tells us that there exists F' € X such that
F = fon Ey.

Consequently, there exists ' € X such that F' = f on E. That is,

(41) FeC™ 'Y Q), ||Fllgmn-11q <CMy, F>0onQ, F=fonE.

We have achieved (4.1), assuming that F C Q.

Now suppose EE C R" is arbitrary.

We introduce a partition of unity 1 = >° 6, on R", with 6, > 0 on R",
0, € C"™(R"™), ||91,HC,,,L(R,L) < C, support 6, C Q, for a cube @, C R™, with (say)
dg, = 1, and such that any given z € R™ has a neighborhood that intersects at
most C of the @,. (Here C' depends only on m,n.)

Applying our result (4.1) to fleng, : ENQ, — [0,00) for each v, we obtain
functions F, € C™ 11 (Q,) such that 1Ey |l cm-11(q,) < CMo, F, > 0 on Qy,
F,=fon ENQ,.

(Here C depends only on m,n.)

We define I =3_, 6, F, on R". One checks easily that || F||cm-1.1gn) < C"Mo
with C’ determined by m, n; >0 on R"; and F = f on E.

This completes the proof of Theorem 4. O

Note that Theorem 4 easily implies Theorem 1 (b).
As in the case of nonnegative C"™-interpolation, we want to replace I'y(z, M)
by something easier to calculate. In the C™!l-setting, it is enough to make the

following observation.
Define

B P€P:|8ﬂP(O)|§1f0r 8] <m —1 and
o P(z) + |z|™ >0 for all x € R® '



322 C. FEFFERMAN, A. ISRAEL, AND G. K. LULI

Then
(4.2) I.(0,¢) C Ty C T.(0,C), with ¢, C depending only on m, n.

Indeed, the first inclusion in (4.2) is immediate from the definitions and Taylor’s
theorem. To prove the second inclusion, we let P € f‘{) be given, and set F(x) =
x(x)(P(x) + ||™), where x is a nonnegative C™ function with norm at most C
(depending only on m, n), satisfying Jy(x) = 1 and support x C B, (0,1).

We then have F' € C" " (R™), || F||cm-1.1gny < C (depending only on m, n),
F >0 onR" Jo(F)= P. Hence, P € T",(0,C), completing the proof of (4.2).

This concludes our discussion of interpolation by nonnegative C™ 1! functions.
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