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Multi-parameter singular integral operators
and representation theorem

Yumeng Ou

Abstract. We formulate a class of singular integral operators in arbi-
trarily many parameters using mixed type characterizing conditions. The
main result we prove for this class of operators is a multi-parameter rep-
resentation theorem stating that a generic operator in our class can be
represented as an average of sums of dyadic shifts, which implies a new
multi-parameter 7’1 theorem as a byproduct. This extends the represen-
tation principles of Hytonen’s and Martikainen’s to the multi-parameter
setting. Furthermore, equivalence between ours and Journé’s class of
multi-parameter operators is established, whose proof requires the multi-
parameter 17’1 theorem.

1. Introduction

The study of singular integral operators on product spaces generalizing the clas-
sical Calderon—Zygmund theory has a history of more than thirty years, starting
from [3] by Fefferman and Stein where bi-parameter operators of convolution type
are carefully treated. Later, Journé in [7] established the first class of general multi-
parameter singular integral operators which are not necessarily of convolution type,
using vector-valued Calderon—Zygmund theory and an inductive machinery. In the
same paper, a multi-parameter 7’1 theorem is also proved. Very recently, Pott and
Villarroya [12] formulated a new class of bi-parameter singular integral operators
where the vector-valued formulations are replaced by mixed type conditions di-
rectly assumed on the operator. Their approach is then refined by Martikainen
in [10], where he proved a bi-parameter representation of singular integrals by
dyadic shifts, generalizing the famous one-parameter result of Hytonen [5].

The representation theorem has been proven to be an incredibly useful tool in
the field of singular integrals, as it enables one to reduce the problems of a general
operator to problems of some very simple dyadic shift operators. For example, in [6]
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it has been utilized by Hytonen, Pérez, Treil and Volberg to obtain a simplified
proof of the Ay conjecture, and in [1| it has been applied to derive an upper
bound estimate for iterated commutators by Dalenc and the author. Moreover,
the representation theorem also implies as a direct consequence a new 7'1 theorem.

The theory of multi-parameter singular integral operators generally involves
an additional layer of difficulty beyond the bi-parameter theory. Usually for bi-
parameter problems on R x R, in the inductive step, by slicing away one dimension
one will reduce to the one-parameter setting. This is not the case for n-parameter
problems when n > 3. Furthermore, there are results that are true in the bi-
parameter setting but fail to hold in the multi-parameter setting, for example
the results regarding rectangle atoms discussed by Fefferman in [2]. (Also see
Journé [8].) Naturally, it has been asked by several experts in the field [9] whether
one can establish a representation theorem in multi-parameters, which becomes
the main motivation and the central problem this article will be dealing with.

The first difficulty one encounters is how to generalize Martikainen’s class of
operators to more than two parameters, establishing a group of appropriate mixed
type conditions that characterizes operators suitable to work with. Recall that
in the classical T'1 theorem, the hypotheses involve assumptions on the size and
smoothness of the kernel, a weak boundedness property (WBP), and BMO condi-
tions. It is then natural to formulate nine different so-called mixed type conditions
(such as kernel/kernel, BMO/WBP and so on) for bi-parameter operators, which
is, morally speaking, what Martikainen did in [10]. However, there is no obvious
way to generalize to multi-parameters formulations of such mixed type conditions.
In fact, although Martikainen has done a brilliant job in [10] to introduce the so-
called full kernel and partial kernel assumptions on the operator, his assumptions
are clear precisely because once a parameter is taken away, what is left becomes a
one-parameter object.

The second difficulty, of course, is the proof of the representation theorem
itself. Once the proper assumptions on the operators are formulated, the proof in
the multi-parameter setting requires no new techniques. However, verifying that
the theorem holds requires a delicate analysis of the symmetries of the operator
and the particularly nice formulation of the conditions.

The main contributions of this article are the following. First, mixed type
conditions for multi-parameter operators are formulated along the lines of [12]
and [10], establishing the appropriate class of multi-parameter singular integral
operators. Second, we prove a representation theorem in arbitrarily many parame-
ters, which yields a new multi-parameter 71 theorem. Finally, as an application of
our multi-parameter 71 theorem, we show that our class of multi-parameter singu-
lar integrals is equivalent to the class studied by Journé in [7]. This generalizes a
recent result of Grau de la Herran [4] to arbitrarily many parameters. This shows
that Journé’s class of operators, originally formulated in vector-valued language,
can be characterized by conditions that are more intrinsic and easier to verify.

The paper is organized as follows. In Section 2, we define a class of multi-
parameter singular integral operators characterized by new mixed type conditions.
The statement of the multi-parameter representation theorem and its proof are
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presented in Sections 3 and 4. We then discuss the equivalence between our class
and Journé’s class of operators in Section 5, followed by a discussion of the necessity
of some of the mixed conditions at the end.

Acknowledgements. The author would like to thank Henri Martikainen and
Jill Pipher for multiple fruitful conversations that granted deep insight for the
paper, and to express her gratitude to the anonymous referee for many valuable
suggestions.

2. A class of n-parameter singular integral operators

In R? := R% x ... x R4 where n € Ny denotes the number of parameters, let T be
a linear operator continuously mapping C§°(R) x - - - x C§°(R%") to its dual. For
all S € {1,2,...,n}, define the partial adjoint Ts by exchanging the i*" variable,
for alli € S, i.e.,

(T(fs ® fse), 95 ® gse) = (Ts(gs @ fse), fs @ gse),

where fg,gs are functions of the i*" variables for i € S, and fge, gge are functions
of the i'h variables for i ¢ S.

We say T is in our class of n-parameter singular integral operators if for any S,
Ts satisfies the following full kernel and partial kernel assumptions.

2.1. Full kernel

For any
n n
F=Q) fi 9= g € CRM) x -+ x C°(R™)
i=1 i=1
such that Vi € {1,2,...,n}, spt f; Nspt g; = 0, there holds

Tst.g)= [ [ st ftala) dady,

where the kernel Kg(z,y) satisfies the following mixed size-Holder conditions: for
any subset W C {1,2,...,n}, when |z; — z}| <|z; —y;|/2,Vi € W, there holds

> ‘A'KS”?J\AJ(HF)( I =)

ACW i€{1,2,. n\W

where 0 < § < 1 is a fixed constant, and K3 (x,2';y) is defined as Kg evaluated
at ; for i ¢ A while at 2/ for ¢ € A. Note that when W = (), this is the pure
size condition, while when W = {1,2,...,n}, this becomes the Holder condition
we are familiar with in the one-parameter and bi-parameter settings.
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2.2. Partial kernel

Let V' be any nonempty proper subset of {1,2,...,n}, and f = fy ® fye,g =
gv @ gye € CPRN) x - x C°(R¥), where fy = &,y fi and similarly for
others. Suppose for any variable i € V, spt f; Nspt g; = ), there holds

(Tsf.q) / / B pe e @)Wy (@) d dy,

where the kernel K¢ S fvegye Satisfies the following mixed size-Hélder conditions:
for any subset W C V', when |z; — «}| < |z; — y;|/2,Vi € W, there holds

| S COMKEE, @ay)|

ACW
i 1
< Cg (fve, gve) ( 7)( H m)a
! iev\w 111 Y
where KS’fVL gve (@, 25 y) is defined as Kg,fvc,gvc evaluated at x; for ¢ ¢ A while

at a} for i € A.

Moreover we require that the constant C¥ (fye,gye) satisfies the following
WBP/BMO conditions: for any subset W C V¢, any cubes I; C R% i € W, there
holds

||Cg((®’t€WXIl) & (®iEVC\W1) 7(®iEWXI ||BMOpmd(®levc\WRd i)~ 1}/ |I |
S
There are several equivalent interpretations of the product BMO norm. One
result proved by Pipher and Ward in [11], and reproved by Treil in [13], is that
in the multi-parameter setting, a function is in product BMO if and only if it
is in dyadic product BMO uniformly with respect to any dyadic grids. Since
dyadic product BMO can be characterized via product Carleson measure, one can
express the WBP/BMO condition above as the following: for any product dyadic

grid D = Q,cve\w Dis

Z |C¥(( ®iew X1,) @ (Qievew 1), ( Qiew x1,) @ (Qjevew hi,))|

RCQ,RED
R:®j€VC\W Jj

<o IT 1P,
ieW

2

for any open set €2 in ®i€VC\W R% with finite measure.

The expression above is always well defined as the functions involved are all
tensor products. In the case when one can naturally extend the definition of the
operator T to act on more general multivariate functions, one can also rephrase
the WBP/BMO condition by duality as the following:

[CY (@iewx) @ (@evawl) s @ewxr) @ )| S ( TT 1) Ikl
iEVAW

for any function h € H} . 4 (Qicvew R%).
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This completes our definition of the n-parameter singular integral operators.
And one can similarly define an n-parameter CZO if there are some additional
boundedness assumption on the operator.

Definition 2.1. T is called an n-parameter CZO if it is an n-parameter singular
integral operator defined as above, and Ts: L? — L? for any S C {1,2,...,n}.

In order to derive the multi-parameter representation theorem for such opera-
tors later in the article, as a preparation, we will need the definition of the so-called
mized BMO/WBP assumptions, which we describe below. Note that these are not
characterizing conditions of our class of singular integrals.

2.3. BMO/WBP

We say that an operator Ts satisfies the mixed BMO/WBP conditions if for any
subset W C {1,2,...,n}, any cubes I; C R% i € W, there holds

{Ts((®iewxt,) @ (Siewe1)), (ViewX1,) @ Mlpr0, (@, ype ) S 1] Hil-
ieW

This is the pure BMO condition when W = (), and the pure dyadic weak bounded-
ness property when W = {1,2,...,n}. Again, one can interpret the product BMO
norm in several different ways, as described above.

To end this section, we would like to emphasize that the class of singular integral
operators defined above is indeed a generalization of the most natural classes of
one-parameter and bi-parameter singular integral operators studied in harmonic
analysis. When n = 1, it coincides with the class of singular integral operators
associated with standard kernels. When n = 2, it is the same as the class of
bi-parameter operators defined by Martikainen in [10] (modulo that some of the
conditions in partial kernel assumptions are formulated slightly differently), and
is known to be equivalent to the classes of Journé [7] and Pott—Villarroya [12], a
result recently proved by Grau de la Herréan [4].

Furthermore, it is not hard to examine that our class of n-parameter singular
integrals includes operators of tensor product type as a special case. Take the case
n = 3 as an example. Given CZOs T defined on R%, i = 1,2, 3, it is easy to see
that the operator 77 ® T, ® T3 satisfies the full kernel assumptions. To check one
of the partial kernel assumptions, for any test functions with spt f; Nsptg; = 0,
one can define a partial kernel

KHL o @mn) = Ki(z,y) (T @ T5(f2® f3), 92 @ g3),

where Kj(z1,y1) is the kernel of Ty. Observe that T ® T3 is a Journé type bi-
parameter CZO studied in [7], hence is bounded on L? and maps 1 ® 1 into prod-
uct BMO, which thus implies the desired WBP/BMO conditions for constants
C (fo® f3,92® g3). We will give a more thorough discussion of the Journé type
multi-parameter singular integral operators in Section 5.
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2.4. A remark on the well-definedness of the BMO assumptions

Among the various conditions satisfied by an n-parameter operator 7', many of
them are establishing certain bounds on bilinear forms involving 7" acting on func-
tion 1 in some of the variables. It is thus necessary to articulate how these objects
are defined. For simplicity, let us illustrate it in the case n = 3.

Recall that in the partial kernel assumptions, if f = f1® fo® f3,9 = 91 R g2 ® g3,
and spt fi1 Nspt g1 = spt fa Nsptga = 0 (i.e., V = {1,2}), one wants to show that
C¥(1,-) € BMO(R%), which according to [11] is the same as showing that for any
dyadic system D of R%_ it is in dyadic BMOp(R%).

Hence, it suffices to give a meaning to C¥ (1,hy,) for any Haar function in
the third variable, i.e., to define the form (Ts(f1 ® fo ® 1),91 ® g2 ® hy,). This
can be done by dividing 1 = xsr, + X(31;)c,» Where the first term makes sense
since T is continuous (more precisely, one needs kernel representation, WBP and
dominated convergence to justify the well-definedness of the bilinear form of non-
smooth functions), while the second term can be defined using the full kernel
representation whose convergence is guaranteed by Holder conditions.

Second, still in the partial kernel assumptions, if one only has spt f3Nspt g3 = 0
(ie., V = {3}), the well-definedness of the constant C¥ (xr, ® 1,7, ® -) is similar
as the case above, so we only look at the meaning of C¥ (1 ® 1,-) as a function in
BMOp a1 xpaz)- To define (Ts(1®1® f3), hr, @ h, ® g3), clearly, one can divide
1®1=X3n ® X3 + X3n @ X@3L) + X31)e ® X3, + X(31,) @ X(31,)c, Where the
first and last term are easy to deal with. While for the mixed terms, say, the third
one, if x(3r,)c is replaced by a C§°® function, then the pairing is apparently well
defined through the partial kernel representation. Now even though x (37, ) is only
bounded, we can still define the pairing as

/Ké,lgl,% (@1, 91, 23,Y3) X(311)e (Y1) f3(y3) hory (21) g3(23) dy dws dyy dys,

where the integral converges since one can change the kernel to

1,3 1,3
évXBL,hIZ (.1'1, Y1,T3, yS) - K‘;Xi’iz»}”z (-rla Y1,C15, y3)
and use the mixed Hoélder-size condition.
Finally, in the BMO/WBP assumptions, to give a meaning to

<TS((®i€WXIi) ® (®i€WC1))’ (®i€WXIi) ® '>,

it is then sufficient to define what it means for the function to be paired with
tensors of Haar functions. This can be done by dividing 1®- - -®1 into several parts
similarly as above, and use partial kernel representations and Hoélder conditions to
obtain the convergence of the corresponding integrals.

3. Multi-parameter representation theorem

In order to formulate the representation theorem in the multi-parameter setting,
we recall now the notion of shifted dyadic grids, which are essential elements of the
theorem.
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Denote DY = {27%([0,1]% +m) : k € Z,m € 7%} as the standard dyadic
grid in the i*" variable, 1 < i < n. Let w = (w})jez € ({0,1}%)% and I 4 w; :=
I+ Zja_jd(l) 27%‘1?. Then

DY :={I+w;: €DV}

is a shifted dyadic grid associated with parameter w;. We usually write D; for
short when the dependence on w; is not explicitly needed.

If we assume that each w; is an independent random variable having an equal
probability 279 of taking any of the 2% values in {0,1}%, we obtain a random
dyadic system Dy X - -+ X D,,.

A dyadic shift with parameter i1, j1, ..., in, jn € N associated with dyadic grids
Di,...,D, is an L? — L? operator with norm < 1 defined as

11J15---5inJn
S’Dl...Dn f

= Yy S > annkdk, (foh ® @ hp)

Ki€D1 Kn€D,  I1,J1€D; I, Jn€Dy ch,®---®hy,
117J1C_K1 ImJn_CKn
O(I)=2""10(Ky) £(In)=2"""0(Kp)
0(J1)=2"71U(K 1) £(Jn)=27""L(Kp)

(ilvjl) (inyjn)

=: Z Z Z Z athKl...IanKn'<f>h11®"'®hln>

K€Dy KneD, I1,,J1€D; In,Jn€D, . th X QR hJ,,L,
I1,J1CKy Iy, JnCKp

where the coeflicients satisfy

_ VL[4[ T[]
T KK

ALy gy Ky T T K

and hz, is a Haar function on [;, similarly for hjs,. Recall that for any dyadic
cube I C R%, there are 2% associated Haar functions h;, one of which being
the noncancellative function |I|~*/?y; and all the other ones being cancellative.
We allow any choices of Haar functions, noncancellative or cancellative, in the
definition of dyadic shifts. In addition, we will call the dyadic shift cancellative
if all the Haar functions that appear in the sum are cancellative. It is not hard
to show that when the shift is cancellative, the L? boundedness requirement in
fact follows from the boundedness of the coefficients directly. Furthermore, it
also worths observing that n-parameter dyadic paraproducts with product BMO
symbol are particular examples of noncancellative dyadic shifts.

Now we are ready to state the representation theorem. Recall that T is said
to be an n-parameter singular integral operator in our class if it satisfies both the
full kernel and partial kernel assumptions defined in Sections 2.1, 2.2.

Theorem 3.1. For an n-parameter singular integral operator T, which satisfies
in addition the BMO/WBP assumptions (see Section 2.3), there holds for some
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n-parameter shifts Sp7* 57" that

n
(Tf,9)=Crlu By By 37 o 30 (T2 ma) (53750 1),

(i1,J1)EN?  (in,jn)EN? s=1

where noncancellative shifts may only appear when there is some s such that
(is, js) = (0,0).

The f and g¢ abox:e are arbitrary functions taken from some particularly nice
dense subset of L?(R?), for example, the finite linear combinations of tensor prod-
ucts of univariate functions in C§°(R%). Hence, according to the uniform bound-
edness of dyadic shifts, an immediate result implied by the representation theorem

is the following.

Corollary 3.2. An n-parameter singular integral operator T' which satisfies the
BMO/WBP assumptions is bounded on L?(RY).

Remark 3.3. In the one-parameter and bi-parameter versions of the representa-
tion theorem, see [5], [10], one needs the additional a priori assumption that T is
bounded on L? in order to justify the convergence of some infinite series in the
proof. This makes the T'1 type corollary only a quantitative result. However,
very recently, it is suggested by T. Hytonen that one can prove the representation
theorem without assuming any a priori bound on 7', by first proving a “weak repre-
sentation” depending on functions f and g, which then implies that T is bounded
on L?. Hence, the corollary obtained above is indeed a T'1 theorem of full strength,
which is certainly of its own interest. Previously, the only known T'1 type theo-
rem in more than two parameters is proved by Journé in [7] by induction, using
a vector-valued argument. The advantage of our 71 theorem is that the mixed
type conditions are expressed in a more transparent way and much easier to verify.
In fact, we will see an application of our T'1 theorem later in the paper, when
we establish the relationship between Journé’s and our class of multi-parameter
singular integral operators.

Another useful observation is that due to the symmetry of the assumptions
on the n-parameter singular integral operators, one can conclude that if 7" is an
n-parameter SIO satisfying the BMO/WBP assumptions, then any of its partial
adjoints Ts is bounded on L?. Hence T is an n-parameter CZO defined in Section 2.
In fact, the other direction also holds true, i.e., T being an n-parameter CZO
implies the BMO/WBP assumptions. We leave the discussion of this point to the
end of the paper.

4. Proof of Theorem 3.1

Let us prove Theorem 3.1 in the case n = 3 as an example, which is sufficient
in showing the new difficulties that arise in the multi-parameter setting and in
explaining our strategy.
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4.1. Outline of the proof

Roughly speaking, the proof of representation theorems usually starts with devel-
oping some averaging formula, which represents the bilinear form (T'f,g) as an
expectation of randomized Haar expansion where only “good” dyadic cubes are
involved. We will establish a tri-parameter version of this formula in Section 4.2,
where the notions of good and bad cubes will also be recalled.

Next, one targets to decompose the averaging formula that represents (T'f, g)
into finitely many parts, each of which will be shown to be a convergent sum of
bilinear forms

<Si1j1i2j2i3j3 f, g>

for some dyadic shift S?/1%272i3J3 The proof will thus be complete. This step is
the key part of the argument. Since we have three free parameters to deal with,
there will be a large number of different cases to analyze. More precisely, for each
parameter, at some point one splits the summation into four parts: “separated”,
“inside”, “near” and “equal”, which yields at least 4% mixed parts for us to study.
Fortunately, many of them can be estimated via kernel assumptions and weak
boundedness properties, similarly as the one-parameter and bi-parameter cases
treated in [5] and [10], except for the cases where more complicated tri-parameter
paraproducts have to be involved. One typical example of such cases will be re-
ferred to as “Inside/Inside/Inside”, which we will study in Section 4.3 with full
details. An intrinsic difference between the bi-parameter case and our arbitrar-
ily many parameter case is that, one needs to deal with some multi-parameter
paraproduct mixed with dyadic shift in our case, which does not exist in the
bi-parameter setting. This is also one of the reasons why we have to formulate
our BMO assumptions on the operators in a global way, in contrast to the local
type assumptions in Martikainen’s bi-parameter formulation.

4.2. Randomizing process and averaging formula

To start with, through a similar process of randomization independently in each
variable, as described in [5] and [10], it is not hard to obtain the following tri-
parameter version of the key averaging formula:

(Tf,9)
=CE Z Z Z Xgood(Sm(IlaJl))Xgood(Sm(I2aJ2))Xgood(5m(13aJ3))

1,,J1€D1 I2,J2€D2 13,J3€D3
(T(hy, @ hr, @ hry),hy, @ hyy @ hy,)(fyhr, @ by, @ hyy){g, hy, @ hy, @ hy,),

where E = B, By, By, and C = 1/(7} 02004 a00d)-

We remind the reader that a cube I; € D; is called bad if there is another
I; € D; such that £(I;) > 27¢(1;) and d(I;,01;) < 20(1;)0(I;)' 7, where r is a
fixed large number, v; := §/(2d; + 26), and 0 is the constant that appears in the
kernel assumptions of the operator. Naturally, a cube is called good if it is not bad.
And Féood := Py, (I; + w;is good) is a parameter depending only on 4, d; and r.
One always fixes an 7 large enough so that ﬂéood >0 for any 1 <i <n.
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In order to demonstrate the desired representation, we will then split the sums
on the right hand side of the averaging formula into several pieces depending on
the relative sizes of I;, J;, i = 1,2, 3, and whether the smaller cubes are far away,
strictly inside, exactly equal, or close to the larger cubes (i.e., separated, inside,
equal or near). Specifically, for each variable i, we split the sum

>y = >+ Y =I+IL
1 J; 0(1;)<e(J;) L(I1;)>0(J;)

Then decompose

= > + Y+ >+ >

£(I:)<€(J:) LCJ:  Li=J; e(I1;)<e( ;)
d(Li, Ji)>L(1;) () =7 d(I;,J;)<€(I;)7i0(J;) i
ILNJ;=0

=: Separated + Inside + Equal + Near,

and similarly for II. The strategy is to prove that each of the terms above can be
represented as convergent sums of bilinear forms of the type (S%71i2521333 f g},

Many of these cases can be discussed following the same techniques as in [10],
while for some mixed cases, new multi-parameter phenomena may appear and
require extreme care. The good news is that the new mixed cases will not do
us much harm since we have already formulated the proper assumptions on the
operators at the beginning to handle them.

As one has already encountered in the bi-parameter setting in [10], different
types of mixed paraproducts will appear depending on the relative sizes of I, J;.
Since the worst situations one would expect are the mixed cases, we will look at the
part of the sum corresponding to |I1| < |Ji],|I2| < |J2|, [I3] > |J3|, observing that
other cases are symmetric or even simpler. According to the averaging formula, it
thus suffices to assume that I, I5, J3 are all good cubes.

Moreover, recall that in [5] and [10], the separated, near, and equal parts of
the sum can basically be estimated using full kernel assumptions and WBP, while
the Inside part, being the most difficult one, involves in addition all the BMO
type estimates. Hence, we will study the inside/inside/inside part next, where
all the new multi-parameter phenomena will appear. Note that although this is
only one of the many cases one needs to discuss in order to obtain a full proof of
Theorem 3.1, all the main difficulties in other cases are in fact already embedded in
Inside/Inside/Inside, a fact that will become more and more clear throughout the
proof. We want to emphasize that the reason why we assumed from the beginning
that all the assumptions hold true for any partial adjoint T's of T' is exactly because
of the much desired symmetry of the mixed cases.

4.3. Inside/inside/inside

In this section, we study the case inside/inside/inside, i.e., the summation over
Iy € Ji,Is € Jo,J3 € I3. Recall that I1, I, Js are all good cubes. One first
decomposes

(T(hy, @ hr, ® hry),hy, @ hy, @ hy,) =T+ T+ 1T+ 1V 4+ V + VI 4+ VII 4 VIII,
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where

I T(hr, @ hry @ $1315): 510, @ 51,0, @ hy),

hig) g (T(hr, @ hp, @ 1), 51,7, @ S15.0, @ hgy),
hy) (T (hr, @ hr, ® $1515), 51,0, @ 1@ hyy),

I I (Mg ) s (T (hp, @ hp, @ 1), 51,7, ® 1 ® hy,),

)
111 V1o ¢
) €
hy )1 (T(hy, @ hyy, ® 87,15), 1 ® S1,0, @ hyy),
IS
IS
)1, €

=
=
=
IV :={
=
=
=
=

<
>

VI
VII
VIII

th Iy h13>J3<T(h11 ®h12 ®1),1®812J2 ®hJ3>’
th Iy hJ2>12<T(h11 ®h12 ®SJ313)’1®1®hJ3>’
th I hJ2>12<h13>J3<T(h11 ®h12 ®1),1®1®hJ3>.

In the above,

sng = XQe (hay — (ha)Qi)s  S1a0s = XQs(hyy — (M) @),

where (1, 2 are the children of Ji, J; containing I7, I, respectively, and

SJsIz *= XQ5 (hfa - <h13>Q3)’

where ()3 is the child of I3 containing J3. The relevant properties are
sptsr.g, C Q(I:? sptsr,g, C ng spt s.z1; C Q§7

and
|511J1| < 2|J1|71/2> |512J2| < 2|J2|71/2> |5J313| < 2|I3|71/2'

Next, we show that the sum corresponding to each of the eight terms above
can be realized as a sum of bilinear forms associated with dyadic shifts. The es-
timate of term I does not require any BMO conditions, while all the other terms
require delicate BMO norm estimates and boundedness results of paraproducts.
Specifically, we will use one-parameter paraproduct to analyze terms III, V and II,
bi-parameter paraproduct for terms IV, VI and VII, and tri-parameter paraprod-
uct for the last term VIII. The reader will easily see that when the number of
parameters is more than three, analogous argument can be established.

4.3.1. Term I. As the functions in the form are all disjointly supported, following
from the full kernel assumptions, one can argue similarly as in Lemma 7.1 of [10]
that there holds

KT (h1, ® h1, @ 87515), 51,0, @ 51,7, @ hyy)l

o ' (5(11))5/2 L[/ (3(12))5/2 |J3]'/2 (f(JS))‘S/2
T AN [ RRNR) ) (2N Ts) )

We omit the details. Hence, term I can be realized in the form

0o 00 0
C SN S omind/2g-in/2g-ist/2 (gin0ia00is g, gy

i1=1ia=1jz=1



336 Y. Ou

4.3.2. Terms III, V, and II. Next we deal with term III (symmetric with
term V), which can be written in the form

Z Z Z (hyo) 1, (T (hp, @ hpy ® Sys1s), S50, @ 1@ hoyy)

1, CJy J3CI3 I CJ2
' <f> hh ®h12 ®h13><gahJ1 ®hJ2 ® hJ3>

= > > Z (g9:hs @hy)13)v (T (hy, @ hy ® s4,15), 81,0, ® L ® hyy)
I,CJy JsClIs
<f> hll ® hV 0 h13>'
It is not hard to check the correct normalization of the coefficient

(T(h1,@hy @ Su515), S0, @ 1@ hyy)l

< [I'? (f(fl))‘s/2 | J3[*/* (€(J3))6/2|V|1/2
AP NCR) S I N () ’

which means that term III can be realized in the form

C Z Z 277;16/2 27]36/2 <‘5Vi10000j3‘](‘7 g>'

i1=1j3=1

As §40000Js g a noncancellative shift, we need to show its boundedness sepa-
rately, which requires a one-parameter BMO type estimate. Rewrite

Z<<g, hg, @ hy)1,3)v T (hr, @ by ® 55515), 810, @ L& hu ) (f s hay ® hy @ huy)

Z (g, hg, @ hy)18)v (T (sr,0, ® 1@ hyy), hr, @ S1,1501,3, hv )2
' ~((fshr, @ hry)1s, by
=: C 2702 27I0 2 ((f by @ )y 3, Uy, gy gars ({95 hry @ Byg)13))2
— (0 2110/29—js6/2 (hy, ® szng ((fyhr, @ hrg)13) @ hyy,g),

where by, g, 551, 7= (T" (51,0, ® 1 @ huyy ), by, @ 5J313>173/(C2_i15/22_j36/2)7 and I,
denotes a one-parameter paraproduct in the second variable defined as

Ty(f)(@2) := Y (b, b )o(f, [V 2xv )ahy (w2) [V 2.

%
Hence, one has
Si10000j3f
—Z > Z >, ha®T (fh @hr)a) © by
I1CJ1 J3ClI3
D=2 () ()23 ey
(i1) (J3)

::Z Z Z Z th®HZ11]1J3I3(<f7hII ®h13>1,3)®hJ3~

Ji I1CJy I3 J3Cl3

One first observes that there holds the following estimate.
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Lemma 4.1.
b (L2 [ Js] M2
H 11J1J313||BMO(Rd2) ~ |J1|1/2 |I3|1/2 :

Proof. For any cube V in R, let a be a function on R% with spta C V, |a| < 1
and [ a = 0. It suffices to show that

1/2 ) 7,11/2 5/2 5/2
|<T(h11 ®Q®SJ313)7811J1 ®1®hJ3>| 5 |Il| |J3| (6(11)> (€(J3)> |V|

|2 T2 N () ((Is)
Since in the form, functions of the first and third variables are disjointly sup-
ported, one can use the partial kernel representation, the standard kernel estimate

of Ki}f} and the boundedness of the constant C{13}(a,1) to derive the desired
estimate. We omit the details. O
This then implies that HbI ats is bounded on L?(R%), with norm bounded

by (|11]/|JL)Y2(| 5] /115]) /%, We now claim that [|S10%% f|ly < [|f]l2. The
idea behind is similar to Proposition 4.5 in [10], but what we face here is more
complicated as the relative sizes of cubes in different variables are of mixed type.

Proposition 4.2. For arbitrary i1, j3, there holds

(i1) (J3)

HZ Z Z Z hay ®1—1171111‘7313(<f’hl1 ®hl3>13)®h‘]3

Ji I1CJy Is J3Cl3

I 1

Proof. The orthogonality of Haar systems implies that
(i1) (J3)

HZ Z Z Z th ®Hb11J1]313(<f7h11 ®h13>1 3)®hj3

L2(R4)
Ji1 I1CJv I3 J3ClI3
(1) 9
- I (b, @ B o)1)
z;z;thc;f 1010505  (ohn @y D)l gy
(1) 9
< I (f,he, @ h . ) ,
ZZ( > TR C AL LM EREEY]

Ji Js I,CJy

where Jj3 (3) denotes the ji8 dyadic ancestor of J3. Now let PZl denote the orthog-
onal projection from L%(R%) onto the span of {hy,: I; C J1, () =274 Jh)}.
Then,

||1_‘[>'< )(<f,h11 ®hJ§jS)>173)|’L2(Rd2)

I, J1J3 J§J3
<:|]i|1/2 |J§|1/2
’V|(]1|1/2 |L](j3)|1/2

L[1|1/2 L]3|1/2
L]1|1/2 L](Js)|1/2

I{f,h1, ®hJ§j3>> 3l 2 waz)

1/2
/d | P35 ( fahJ<js>>3)|2de1d$2) .
R42 J Iy 3
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Therefore, one has

(11) (43)

HZ DD hely, L (o @by, 3)®th

Ji1 1 CJ1 Iz J3ClI3
(i1)

|Il|1/2 |J3|1/2 i 1/2\2

< 1

N%:;( Z NFARE J(73)|1/2 . |P ({fs e yo )3 ) dfC1dfC2> >7
1 3

which by Holder’s inequality is bounded by

S (S IS [ gt

|J(J3

) Z 2
|J§J&)|Z Rz JRd: |P)1 f: J(33)> )| dridzo

=SB sl
= |J(33)| J(Js) L2(Rd1+d2)>
J3 3

Lz(Rd)

where the last step above follows from the orthogonality of {P}i} J,- Note that by

reindexing Jé”‘) to I3, the above can be rewritten as

J3
) Z' by = 11y

I3 J3C13

which completes the proof. O

This finishes the discussion of term III. Though term II is not completely sym-
metric to III or V, it can be handled similarly by realized in a form of sums
of terms involving one-parameter paraproducts and by using the following BMO
lemma. The boundedness of the arising dyadic shifts then follows from a similar
argument as Proposition 4.2.

Lemma 4.3. Define

(T(h1, @ hp, ®1),51,7, @ 51,7,)1,2
C 2—116/29—126/2

br g1y =

Then,

|11|1/2 |12|1/2
||b11J112J2HBMO (R93) N |J |1/2 |J2|1/2

The proof of the lemma above is completely the same as Lemma 4.1, which is
left to the reader.
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4.3.3. Terms IV, VI, and VII. Now we turn to term IV (symmetric with
term VI), which can be realized in a form involving bi-parameter paraproduct.
Write

ST Y ) nlhs) s (Tlhy, @ by, ®1), 51,5, © 1@ hy,)

L CJy Iy JsCls
’ <f» hh & hlz ® h13><gv hJ1 ® hJ2 & hJ3>

Z ZZ (9, by, @ hw)ra)v ((f, hey @ hv)12)w

ILCJy
A(T(hr, @ hy @ 1), 51,7, ® 1 @ hw),

which is of the form

C Z 2—i15/2<5i100000f’ g>’
11=1

if one can prove that the following correct normalization holds true:

L|Y2 re(I,) /2
(T, & e 1,510 910 )| S 7z (5) Vw2

To see this, recall that by the partial kernel representation,

(T(hy, @ hy @ 1), s, @1 @ hw) = (Talh, ®1®1), 81,7, @ hy @ hyy)

/Rd /Rd K2{11}®1 hy@hw (T1, Y1) (Y1)s10, (1) doadys,

where the partial kernel K (1) satisfies standard kernel estimates bounded

2,191,hy @hw
by constant C11} (1®1, hy ® hy), where additionally we have the assumption that
cl(1®1,) is a function in BMOpoq(R% x R%) with norm < 1. Hence, there
holds C1H (1 ® 1, hy @ hy) < |V[Y2|W|Y/2, and the correct normalization of the
coefficient then follows from a completely same argument as Lemma 3.10 in [5].
It is then left to demonstrate the uniform boundedness of the shift §%00000,
Rewrite

S Ugsha @ hw)1s)v ((F, b, @ hv)12)w (T (hy, @ hy @ 1), 51,5, @ 1@ hyy)

= 027i16/2<hJ1 ® Hblljl (<f> h11>1)’9>’

where by, 7, == (To(hr, @1®1), s1,7,)1/(C27%/2). The bi-parameter paraproduct
appearing above is

(f) := > (b, hv @ hw)as(f, by © hiy)as iy @ ha [V|7H2 W[ 71/2,
V,W
where hl, is a noncancellative Haar function defined as |V|~'/2xy, and hi}, is
defined similarly. Since the boundedness of IIp, , implies the uniform boundedness

of §100000 gimilarly as in Proposition 4.2, it thus suffices to prove the following.

Lemma 4.4. ||b11J1||BMOpmd(]Rd2 xR43) > |11|1/2/|Jl|1/2
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Proof. We make use of the partial kernel assumption and the WBP/BMO condi-
tions of the constant. Specifically, we will prove that for any dyadic grids Ds, Ds,
and any open set 1 C R%? x R% with finite measure, there holds

: — I
1] 2 (To(hy, @ 1@ 1), 81,5, @ huyy @ hy,)?/(C22710) < ||J11||.
RCQ,ReD2xD,
CR:JGQX?]: s

Due to the disjoint supports of hy, and sz, ,, one has
(Ta(hr, ® 1®1),81,5, @ hy, @ hyy)

41
(4.1) :/ 5 K5 on, @), ()51, 5, (21) daydyy.

If ¢(I;) < 277¢(Jy), the goodness of I; implies d(I1, Q) > £(J1)(¢(I1)/¢(J1))".
Hence, according to the mean zero property of hy, and the Holder condition of the
partial kernel, one has

1} 1
[(4.1)] = ’/I / Kﬁ{ 1@1,hy @h.y (x1,91) — K;,ﬁgu,hh@h‘,g (ml,c(h))}
1

“hr, (y1)sn g, (21) d$1dy1’

0(1h)°

1
SO Qe L o) I lonale| | g

d:c‘

{1} (L2 6(I) 972
S Gy (1®1ath®hJ3)W(€(Jl)) :

If (1) > 2774(.J1) instead, we further split (4.1) into two parts. Write

(4.1)] < / K8 o pyon (@1 9)hs, (1) don |ls1,0, (1) dery
3[1\[1 1

“
(31Iy)°

1 1
/ [Ké{ 1];3)1 oy ®hg (xlayl)_Kﬁ{J]:g)Lh‘,z@hJ?‘ (z1, c(I1))]h, (y1) dya

|81, (z1)] doy

1
SO A@ 1, hyy @ hyy) [ lloe 151 1o / ———— dy1da,
3L\ JI, |1 — 1]
0(1,)°
+ciM @1, by, @ hyy) b sz ||oo/ — =Y
2 3 1 1J1 30)° d(.Z‘l,Il)d1+6

L2

|11 |22/ 6(1) /2
T S (@)

C{l}(]_ X 1,hJ2 & hJB)W m

C{l}(l ® 1, th & hJa)

Combining the two cases, we obtain

1 |[1|1/2 i
DS W@ by, © huy) (o7 270
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which then implies that

! —i
9 S Ta(h, @19 1), 51,0, ® hyy @ hy)|?/(C2279)
RCQ,RED, x D:
CR:Jisz: ’
< = > |C§1}(1®1,hJ2®hJ3)|25—1|55_1|,
| |RCQ,ReD2xD3 | 1] |1
R=JyxJ3

where the last step follows from the WBP/BMO assumption that C’;l}(l ®1,-)1s
a product BMO function with norm < 1. O

This finishes the discussion of the term IV. Similarly, term VII can also be
expressed as a sum of terms involving bi-parameter paraproducts, where the BMO
function and the correct boundedness are given in the following lemma, whose
proof is left to the reader.

Lemma 4.5. Define by,r, = (T*(1®@1® hy,), 87,1503/ (C2773%/2) Then

- |J3|1/2
HbJ313||BMOpmd(Rd1XR@) ~ L2

4.3.4. Term VIII. In order to deal with the last term, one needs to realize it
into the desired form using tri-parameter paraproducts and apply the assumed
mixed BMO/WBP conditions. Specifically, write

Z Z Z <hJ1>11 <hJ2>12<h13>J3<T;(1),h11 ® hp, ®hJ3>

L CJ1 1o J5Cls
: <f7 hh & hIz & h13><g, th ® hJ2 ® hJ3>

= Z (g, hw)s) kxv {({(fi hix @ hv)12)w (T3 (1), hx ® hy @ hw)
KV,W

= > (T3 (1), hi ® hy @ hw ) (f, hie ® hy @ hly)
K,V.W
g, h @ hYy @ hw)|K |7V [V [V2 w71/

= <HT§(1)f,9>,

where the tri-parameter paraproduct above is defined as

0(f) == Y (bhi @ hy @ hw)(f, hic © hy @ hiy)
K,V,W
“hk @ by @ hw|K|7V2 V|72 w2,

A hybrid square/maximal function argument shows that in the setting of arbitrarily
many parameters, the analogue of paraproduct II, defined above is always bounded
on L? for product BMO symbol function b. Since it is one of our mixed BMO/WBP
assumptions that 75 (1) € BMOpyoq, term VIII can thus be realized of the form
C (8000000 £ 4} "which concludes the proof of the case inside/inside/inside.
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Now one can see that for estimates of other cases where not all the pairs of
cubes are nested, less multi-parameter paraproduct type estimates are involved.
One just needs to carefully apply the suitable standard kernel assumptions to derive
the correct normalization, which should not involve any other new elements once
we have seen what is happening in this more difficult case. It is also not hard to
observe that our argument can be easily adapted to handle all the different mixed
cases due to the symmetry of our conditions formulated at the beginning of the
paper, hence the proof of Theorem 3.1 is complete.

Before ending the section, we emphasize that unlike [10], in the setting of
more than two parameters, one has to deal with “partial type” multi-parameter
paraproducts (for example for term IV, VI, VII above) in addition to the classical
one-parameter ones in the discussion of the above and other cases. This explains
why one needs to formulate the full kernel, partial kernel, BMO /WBP assumptions
for the operator T in such a particular way as we did.

5. Comparison to Journé’s class

The first general class of bi-parameter singular integral operators containing non-
convolution type operators was established by Journé in [7], where he proved a
bi-parameter T'1 theorem as well. It is also pointed out in [7] that, by induction,
his approach can be generalized to arbitrarily many parameters.

Definition 5.1. Let T: C5°(R%) ® Cg°(R%2) — [C5°(RM) @ C§°(R¥2)]" be a
continuous linear mapping. It is a Journé type bi-parameter §-SIO if there exists
a pair (K1, K3) of § CZ-6-standard kernels so that, for all fi,g; € C5°(R?%) and
fo, 92 € C3°(R%2),

(5.1) (T(f1® f2),91 @ g2) = /fl(yl) (K1(x1,y1) f2, g2) 91(x1) dy dys
when spt f1 Nspt g1 = 0;
(5.2) (T'(f1® f2),91 @ ga) = /f2(y2) (K2 (z2,y2) f1, 91) g2(x2) dxa dys

when spt fo Nspt ga = 0.

Recall that a § CZ-d-standard kernel is a standard kernel with parameter ¢
whose value is in the Banach space § CZ, the space of Calderén—Zygmund operators
equipped with the norm ||T||z2— 2 + || K|

Let Ty denote the partial adjoint T's where S = {1}, then it is easy to see
that T3 is also a Journé type J-SIO if T is. A Journé type 6-SIO T is called a
Journé type bi-parameter 5-CZO if both T, T} are bounded on L2, associated with
the norm || T||p2— 2 + [|T1llz2— 22 + || K1llscz + || K2llscz. By induction, one can
also define Journé type n-parameter SIO accordingly.

It is recently proved by Grau de la Herran in [4] that in the bi-parameter setting,
under the additional assumption that T is bounded on L?, T is a Journé type 5-SIO
satisfying certain WBP if and only if it satisfies Martikainen’s mixed type condi-
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tions in [10]. In the following, we reformulate this theorem without any assumption
of the L? boundedness and prove it in the multi-parameter setting. In [4], the L?
boundedness is used only to compare the two different formulations of WBP. How-
ever, in both Journé’s and our class of singular integrals, the WBP enter only in
the context of the boundedness of the operator.

In the proof of the following Theorem 5.2, one of the intrinsic new difficulties
is that some type of multi-parameter T'1 theorem is needed, namely Corollary 3.2.

Theorem 5.2. T is an n-parameter singular integral operator satisfying both the
full kernel and partial kernel assumptions (see Sections 2.1 and 2.2) if and only if
it is a Journé type n-parameter SIO (see Definition 5.1).

Proof. We will prove this theorem in the case n = 3 as an example, which is
enough to demonstrate the new multi-parameter phenomena in the problem. And
for simplicity of notations, let us assume that the dimensions dy = dy = dz = 1.
To remind ourselves, T is a Journé type tri-parameter SIO if there exists a triple
(K1, K, K3) of 0CZ(R x R)-d-standard kernels such that

(5.3)

(T(f1® f2® f3),01 ® g2 @ g3) :/f1(y1)<K1(m1,y1)f2®f3,gz®93>g1(x1)drc1dy1

when spt f1 Nspt g1 = 0, and similarly for K, K3.

It is important to keep in mind that for any fixed z1,y1, K1(x1,y1) is a Journé
type bi-parameter SIO on R x R.

To show that any Journé type tri-parameter SIO T satisfies our full and partial
kernel assumptions, one can basically follow the strategy in [4], and note that
no L? boundedness is needed. Due to the symmetries of the conditions, it suffices
to check the kernel assumptions for 7" while the results for other T's follow similarly.
The full kernel assumptions are straightforward to verify, which we omit. For the
partial kernel assumptions, let us look at the most difficult case V' = {1} as an
example, while all the other cases follow similarly and symmetrically.

For any spt f1 Nspt g1 = (), since T is a Journé type operator, we have

(T(f1® f2® f3), 91 ® g2 ® g3) :/f1(y1)<K1(f01,y1)f2®f3,gz®g3>g1(9€1)d9€1dy1.

Define partial kernel K}jéfg,gz@gg (x1,91) := (K1(21,y1)f2 ® f3,92 ® g3). Then

the mixed size-Hoélder conditions are implied by the fact that Kj(x1,y1) is a
0CZ(R x R)-d-standard kernel. Let us first look at the standard kernel esti-
mates and the boundedness of constant C1'}(1 @ 1,-). Since Kj(x1,y1) maps
L>*(R x R) boundedly into BMOp,0d(R x R) with operator norm bounded by

|K1(z1,y1)ll5czmxR), & result proved by Journé in [7], Kl{é}lﬂm is thus well de-
fined for any function go3 € Hgm 1(RxR), which is not necessarily a tensor product.

Then in order to prove the size condition, one writes

1
(KL @) = (K (1, y1)1 © 1, gas) | S 1K1 (21, 91) s zmxm)s

where [[gosl| g1 | (mxr) < 1.

rod
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Hence, by the vector-valued standard kernel assumption of Ki(x1,y1),

1
KL @) < C (11, ga) ek

where C{l}(l ® 1, gog) is some constant that is universally bounded.
For Holder conditions, one can similarly write

1 1
IK{ o @, yn) — KL o (@) = (K () — K (2, 91)1 © 1, gas)|

xp — 2 ]°
S HKl(mlayl) - Kl(‘rllayl)HziCZ(RxR) S C{l}(l ® 1v923)ma

where the constant C11} (1@ 1, go3) is the same as before. This completes the proof
of the standard kernel estimates and the BMO condition of C1'}(1 ®1,-) as well.

To prove the bounds for C1* (y;, ® 1,x1, ® h) (h being an atom of H'(R)
adapted to cube V), for simplicity we only verify the size condition as the Holder
conditions are similar. Split

K){(L}@l,)az@h(ml»yl) = <K1($1,y1)X[2 Y 17XI2 Y h>
= (K1(z1,91)X1, ® X3V, X1 @ h) + (K1(21,91)X1, ® X(3v)es X1, @ h) = T+ 1L

The first term can be estimated using L? bounds:

| < [[K1(z1, y10)llscz@mxmy X, @ xavliz2llxn @ hlle S 1K1 (21, y1)llsczmxr) [ 2]

For the second term, noticing that x(sv). and h are disjointly supported, by
the definition of bi-parameter Journé type CZO, there exists Calderén—Zygmund
operator K3 (z1,y1,x3,ys) such that

IT= /X(3V)c(y3) (K3 (1,91, 23,Y3)X1a» X1o) M(23) ds dys,

which by the vector-valued standard kernel estimate equals
= / X(3V)°(y3)<[Kf(x17 Y1, T3, y3) - K?(xl, Y1, T3, C(V))]Xh ) X12>h(1'3) dx3 dy3

< |12|/|X(3v)c(ys)h($3)|||Kf($1>yl,333»ys)—Kf(fﬂlaylal“:s»C(V))Hacz(R) dz3 dys

(Vo
< || | K1 (21, y1)llsczmxr) / IX(3v)e (y3) h(3)] W dxs dys
S| K (@1, v1) lscz@xr) -
One thus has the size condition
{1} 1 1
|KX12®1,X12®h(‘r1’y1)| 5 C{ }(XIQ ® 17X12 ® h’) ma

where the constant is taken so that C1 (xr, ® 1,x7, ® h) < |I2], hence satisfies
the desired BMO estimate.
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Lastly, the estimate of C1'} (x1, ® x1,, X1, ® x1,) can be proved similarly based
solely on the L? boundedness of K;(x1,y1), which completes the easy direction of
the proof of Theorem 5.2.

To justify the other direction, for any given tri-parameter operator T', together
with all of its partial adjoints satisfying the full and partial kernel assumptions,
we will prove that it is a Journé type SIO, i.e., there exist 0C'Z (R x R)-J-standard
kernels K1, Ko and K3. By symmetry, it suffices to show the existence of K.

For any spt f; Nsptg; = 0, there holds for some partial kernel K }2% f2.02003 that

(T(f1 ® f2® f3),01 ® g2 @ g) = / K3 om @) fi(yn) g1(@) dey dys.

This suggests us to define a bi-parameter operator Ki(x1,y1) associated with the
following bilinear form:

1
(K1(z1,91)f2 ® f3,92 ® g3) = K]‘E?éf&gz@gg (z1,91)-

It is left to prove that Kj(z1,y1) is a Journé type 6-CZO on R x R and satisfies
the standard kernel estimates. For the sake of brevity, we will focus only on the
size condition, i.e., to show that ||K1(z1,y1)llscz@mxr) S |21 — 1|t

For any fixed x1,y;, the fact that Ki(z1,y1) defined above is indeed a linear
continuous mapping follows from the linearity and continuity of T itself, with the
aid of Lebesgue differentiation theorem.

To see that Ki(x1,y1) is a Journé type bi-parameter 6-SIO, according to the
definition, we need to show the existence of a pair of §C'Z-d-standard kernels
(K%(z1,y1, 22, 92), K3 (21,y1,73,y3)) such that

(Ki(21,91)f2 ® f3,92 ® g3) = K}jéfg,%@gg, (x1,91)
(5.4) :/f2(y2)<K12(5E1,yhﬂczayz)ffs,g:ﬁ)92(302)diﬂz dys
when spt fo Nspt go = 0;

(Ki(z1,91)f2 ® f3,92 ® g3) = K}:Q};,f&g@%(mhyﬂ

(5.5) = /f3(y3) (K (1, y1,23,Y3) f2, 2) g3(x3) das dys

when spt f3 Nsptgz = 0, and the §CZ-valued standard kernel estimates for the
operators Ki(z1,y1,7i,vi), i = 2,3.

The existence of K? and K3 follows from another partial kernel assumption.
Take K? as an example, when sptf; Nsptg; = () for i = 1, 2:

(T(f1® f2® f3),01 ® g2 @ g3)

= /K}:jg(wl,thmyz) fr(yr) f2(y2) 91(21) g2(w2) divy day dyy dy,

= /K};éf&g?@gg (w1,y1) f1(yr) g1(21) dy dyy.
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By Lebesgue differentiation, this implies
1
(Ki(z1,91)f2 ® f3,92 ® g3) = K}zéﬂ,ﬂg?@gg (z1,91)

= /K};’;j(fﬂlayhxz»w) f2(y2) g2(x2) d dys.
It is thus natural to define (K?(x1,y1,72,y2)f3,93) = K};’;j(ml,yl,xg,yg).

We next show that ||[KZ(z1,y1,22,y2)|lscz < |21 — y1| taa — yo| 71, which is
the size estimate, and the Holder estimates follow similarly.

First, one can easily check that the operator K%(ml, Y1, T2, y2) is associated with
the kernel K (x1,y2,22,¥2,, ), which is standard with the correct norm because
of the mixed size-Holder conditions in the full kernel assumption. It thus suffices
to prove that | K2(z1,y1, 22, y2)| 212 < |21 —y1| " Yae — y2| ™!, which will follow
from Corollary 3.2 in the case n = 1 provided that K?(x1,y1,r2,y2) satisfies the
BMO/WBP properties. (This is exactly the classical T'1 theorem, rephrased in
our language.)

To see this last piece of fact, note that for any normalized H' function h, any
cube I3 in the third variable,

1 1

|<K12(1'17y17x27y2)17h>| = |K1{,1;£2}(1'1,y1,$2,y2)| rg C{Lz}(Lh) |J)1 — y1| |J)2 — y2|

1 1

~ oy — oy |22 —y2|’

(KT (@1, 91,02, 92)X 1o X1a)| = [KE2 (1,0, 22, 90))
1 1 1 1
5 0{172} (XIg)XI:s) 5 |I3| ’
|21 — w1 |22 — u2 71 — | |22 — y2
which are the BMO/WBP assumptions when n = 1. This demonstrates that
K1(z1,y1) is a Journé type bi-parameter §-SIO on R x R.

Now the only gap left in the proof of Theorem 5.2 is to show that as a bi-
parameter operator,

(5-6) HKl(fEl,yl)”L?—wz

<t

~ oz -l

together with the same bound for its partial adjoint. We omit the proof of the
partial adjoint part as it follows from the same argument by changing T to its
corresponding partial adjoint from the beginning.

The proof of (5.6) is exactly where the multi-parameter version of Corollary 3.2
comes into play, as we are in need of a multi-parameter T'1 type theorem of its
full strength. It thus suffices to demonstrate that Kj(z1,y1) is a bi-parameter
singular integral satisfying our full and partial kernel assumptions, as well as the
additional BMO/WBP assumptions with the required norm. Note that without
loss of generality, we are free to discuss K(z1,y1) itself only, as the similar results
for its partial adjoints will follow from the symmetry of the assumptions on 7.

To demonstrate the full kernel assumption, noticing that Kj(x1,y1) is associ-
ated with kernel K (z1,v1,-,,-,), it is not hard to check all the mixed size-Holder
conditions of the kernel.
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For the partial kernel assumption, when spt fo Nspt go = (J, observe that
(K1 (z1,y1)f2 ® f3,92 @ g3) /Ké 923 (1, Y1, 2, y2) f2(y2) g2(x2) dza dyo.

Then, the partial kernel K; {1 ’gg} satisfies the collection of mixed size-Holder condi-
tions with a constant bounded by C112}(fs,g3)|z1 — »1)~*. And for any normal-

ized H! function h and any cube I3,
0{172}(17h) g 1, 0{1’2}(X13»X13) rg |I3|

The Hélder estimates for the partial kernel follow similarly.

It is thus left to check the BMO/WBP assumptions, which will also follow from
the partial kernel assumptions of T'. First, for any dyadic grids Dy, D3 and open
set 2 C R x R with finite measure, since

(K1(z1, 1)1 @1, by, @ hyy)| = |K1®1 hay@h s, (T1,91)]

1
g C{l}(]_ ® 1,hj2 (24 hjg)m,
there holds
1
1 > (Ki(z1,y0)1 @ 1, by, @ hy,) |2
RCQ,RED3x D3
R=J2><J3
< 11 > It 1 @1, hy, @hy,)? S S
e =l g £ s ’ LN ry =gl

R=J2 ><J3

The last inequality above follows from the fact that Ct}(1 ® 1) is a product
BMO function with norm < 1. To verify other BMO/WBP assumptions, for any
normalized H 1(IR) function hs and cubes I, I3, in the second and third variable
respectively, observe that

|<K1(‘r1ay1)xfz @ XIs5 XIs ®X13>| 5 C{l}(XIQ @ X135 XIs ®X13)m

1
S /I3l ——,
lz1 — v
and
(1} 1 1
|<K1($1,y1)X12®1’X12®h3>| SC (XIQ ®17X12 ®h3) 5 |12| .
|1 — 1 lz1 — v

Hence, applying Corollary 3.2 in the case n = 2 completes the proof. O

Remark 5.3. When the number of parameters increases, in order to prove The-
orem 5.2, one needs to use Corollary 3.2 in the setting of arbitrarily many param-
eters, where Journé’s T'(1) theorem fails to be easily applicable due to its many
layers of vector-valued formulations. This demonstrates an important aspect of
the power of our n-parameter representation theorem for n > 3.
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Once we have proved Theorem 5.2, the following characterization of Journé
type n-parameter §-CZO follows immediately.

Corollary 5.4. T is a Journé type n-parameter §-CZO if and only if it is an
n-parameter CZO defined in Section 2.

Proof. We have shown in Theorem 5.2 that Journé’s and our class of n-parame-
ter SIO are equivalent. It is thus left to verify the equivalence between the bound-
edness of all the partial adjoints of T'. This can be shown directly from the inductive
definition of Journé type n-parameter CZO, observing that in (n — 1)-parameter,
the partial kernels are always CZOs themselves, satisfying the corresponding >
boundedness in (n — 1)-parameter. O

Up to this point, we have successfully established a set of characterizing con-
ditions for an operator to be a Journé type n-parameter CZO. This is very useful
in the study of multi-parameter operators since the full kernel, partial kernel,
BMO/WBP conditions are usually much easier to verify and use compared with
Journé’s original vector-valued formulation.

6. Some discussion of the necessity of the BMO/WBP con-
ditions

Given an n-parameter singular integral operator T satisfying both full and partial
kernel assumptions, one might ask if the mixed BMO/WBP conditions are nec-

essary for T' to be bounded on L?(R%). The answer is yes when n = 1, which is
a classical result of Calderon-Zygmund operators, but is no for n > 2. In fact,
a counterexample has been constructed in [7] showing that in the bi-parameter
setting, 711 and 771 € BMOyp.q are not necessary conditions for 7' to be L2
bounded.

However, one can indeed prove the necessity of some of the mixed BMO/WBP
conditions, more precisely, those that are formulated on 7" and T directly. It is
straightforward to verify that pure WBP, i.e.,

n

(T(xr, @@ x5.).xn @ @x1,)| S [ 1]
1=1

is directly implied by the L? boundedness of T. For the pure BMO conditions:
T1,7*1 € BMOpyod, the necessity is first pointed out in [4] for bi-parameters,
and is not hard to extend to arbitrarily many parameters using Theorem 5.2. To
see this, suppose that there is a L? bounded n-parameter SIO satisfying full and
partial kernel assumptions. By Theorem 5.2, T is also a Journé type n-parameter
SIO who is bounded on L?. Hence, Theorem 3 in |7] implies that 71 € BMOpyoa,
as well as 71 € BMOpoq observing that T is also L? bounded.

To prove that for operator T given above, there also hold the mixed BMO/WBP
conditions for T, T, we take a look at the tri-parameter, d; = ds = d3 = 1 case as
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an example. In other words, one wants to show that

(61) ||<T(X11 ®1e 1)7X11 ® '>||BMOpmd(R><R) 5 |11|,
(6.2) I(T'(xr, @ x1, ® 1), X1, ® X1, @ )|

BMo®) S 11|12,

and all the other mixed BMO/WBP conditions formulated on T will follow sym-
metrically, so are the ones for T*.

In order to prove (6.1), for any cube I, one can define an operator (T xr,, x1,)
mapping C§°(R) ® C§°(R) to its dual:

(T X1, X1 ) f2 ® f3,92 @ g3) = (T (x1, ® f2® f3), X1, ® g2 @ g3)-

By taking one parameter away, it is easy to see that (T'xy,, xr,) is a bi-parame-
ter SIO, whose full kernel is Kﬁf;ll (2, x3,Y2,ys) with norm bounded by

3 (xn, xn) < 0,

while the partial kernel assumptions can be verified similarly. Moreover, following
from the definition of (T, , xr,) and the L? boundedness of T, one can conclude
that (T xz,, x1,) is a L? bounded bi-parameter Journé type SIO with norm < |I4],
thus maps 1 ® 1 boundedly into BMOp,0q4(R x R), which proves (6.1).

Using the same strategy, it is not hard to demonstrate (6.2) by slicing two
parameters away and apply the L>° — BMO estimate for Calderén—Zygmund op-
erators. We omit the details.

This, together with the discussion at the end of Section 3, leads us to the
following characterization of the class of n-parameter CZO.

Corollary 6.1. Given an n-parameter singular integral operator T satisfying both
full and partial kernel assumptions, it is then an n-parameter CZO if and only if
the mized BMO/WBP assumptions hold true.

To end the paper, we state the following result and sketch the proof, which
indicates the generality of our operator class and its inductive intrincity. Moreover,
it also shows that although our class of operators has been proven to be equivalent
to Journé’s, its mixed type characterizing conditions still provide us with a very
helpful tool to study n-parameter operators, especially when n is very large.

Proposition 6.2. LetT :=T1RT>R- - -QTs be an operator on R? .= R x.. ~><Rd;,

- 5
where for any 1 < i < s, T; is a t;-parameter CZO on R% = RE x ... x R4,
Then T is an n-parameter CZO, where n : =ty + - - - + ts.

Proof. Observing that the partial adjoints of T' can be expressed as tensor products
of some partial adjoints of T}, it suffices to prove that T itself verifies the full and
partial kernel assumptions, as the L? boundedness is straightforward.

The full kernel assumption is easy to verify, since the tensor product of kernels
of T; is the full kernel and satisfies all the mixed size-Holder conditions.
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To show the partial kernel assumptions, note that in any case, one can always
write the partial kernel as a tensor product of some of the full or partial ker-
nels of T;. And the BMO conditions for the constants follow from the fact that
the tensor product of partial kernels are always CZO with less parameters, hence
maps L> — BMO. To prove the mixed WBP/BMO conditions for the constants,
one just needs to take away more parameters and mimic what we did in the proof
of (6.1) earlier this section. We leave the details of the proof to the reader. O
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