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Extremal sequences for the Bellman function
of the dyadic maximal operator

Eleftherios N. Nikolidakis

Abstract. We give a characterization of the extremal sequences for the
Bellman function of the dyadic maximal operator. In fact we prove that
they behave approximately like eigenfunctions of this operator for a specific
eigenvalue.

1. Introduction

The dyadic maximal operator on R"” is a useful tool in analysis and is defined by
1 . .
(1.1) Mg p(x) = sup{@/ [p(u)|du : z € Q, @ C R™is a dyadic cube}
Q

for every ¢ € L (R™), where | - | is the Lebesgue measure on R™ and the dyadic

cubes are those formed by the grids 2=VZ", N =0,1,2,...
It is well known that it satisfies the following weak type (1,1) inequality:

(12) o€ R Maoe) > NI <5 [ lotu]du

{Ma p>N}

for every ¢ € L*(R™) and A > 0.
It is easy to see that by using (1.2) one can prove the following LP-inequality:

(13) IMadlly <~ 19l

for every p > 1 and ¢ € LP(R™), and this can be done by using the well-known
Doob’s method for the dyadic maximal operator.

It is also easy to see that (1.2) is best possible, while (1.3) is also best possible
as can be seen in [18] (see [1] and [2] for general martingales).
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Our aim in this article is to study further this maximal operator. One way to
do this is to find certain refinements of the inequalities satisfied by it such as (1.2)
and (1.3). Concerning (1.2), refinements have been made in [8], [10] and [12].
Refinements of (1.3) can be found in [5], or even more general in [6].

In order to refine (1.3) we introduce the following function:

(L) B F) = s {igy | (Mao 620, Auglo) = f. Ava(e?) = F,
where p > 1,0 < fP < F, Q is a fixed dyadic cube in R", ¢ € LP(Q) and
1
Avg(h) = — h d
o) = gy | ol

for every h € L'(Q). This is the so-called Bellman function of two variables
associated to the dyadic maximal operator. By considering the above function, we
refine (1.3) by adding a norm variable, which is the L'-norm of ¢, and which we
consider to be equal to a fixed constant f.

This function has been explicitly computed. Actually this is done in a much
more general setting of a non-atomic probability measure space (X, 1), where the
dyadic sets are now given by a family of sets T (called tree), which satisfies condi-
tions similar to those that are satisfied by the dyadic cubes on [0,1]" (for details,
see section 2). We then define analogously the associated dyadic maximal opera-
tor M7 by

(1.5) Mro(z) = sup {ﬁ /1 Gldu:eeTeT},

for every ¢ € L*(X, p).
The Bellman function of two variables for p > 1 associated to My is then
given by

(16) B F) =sw{ [ (Mroydu:o=0. [ o7 [ oau=r},

where 0 < fP < F.

In [5], (1.6) has been found to be equal to Fw,(f?/F)P, where w,: [0,1] —
[1,p/(p—1)] is the inverse function H, ' of H,, defined for z € [1,p/(p —1)] by
H,(z) = —(p—1)2P +pzP~!. This gives us as an immediate consequence that it is
independent of the measure space (X, u) and the tree structure of 7.

For the evaluation of this function the author in [5] introduced a technique
based on an effective linearization of the dyadic maximal operator that holds for
an adequate set of functions, called 7-good. Certain sharp inequalities were proved
in [5] by using Holder’s inequality upon suitable subsets of X in an effective way.
After the evaluation of (1.6) he was also able to evaluate other more general Bell-
man functions of My that involve three parameters. The evaluations of these
new Bellman functions, which are connected with the dyadic Carleson imbedding
theorem and others, are based on the result of (1.6) entirely, and are proved by its
application on certain elements of the tree 7.
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The next step for studying the dyadic maximal operator is to investigate the op-
posite problem for the Bellman function related to Kolmogorov’s inequality which
has been worked out in [7]. More precisely, the function

a0 s =swf [ Mropdnzo=o. [ odu=f. [ orau=n}.

has been computed there, where 0 < h < f? and ¢ € (0,1) is a fixed constant.

In [7] the authors precisely computed the above function by using the lin-
earization technique introduced in [5]. The techniques that were used in [7] to
evaluate (1.7) are different to those used in [5] for the computation of (1.6).

Additionally, the following has been proved in [11].

Proposition. Let (¢,,), be a sequence of nonnegative functions in L*(X, ) such
that [ ¢ndp = f and [ @8 dp = F for alln € N. If (¢n)n is extremal for (1.6),
then for every I € T we have that lim,, ﬁ J; &ndp = f andlim, ﬁ J; b dp=F.
Moreover,
1
lim —— WP dp = BT (f, F).
m s [ (Mo, au= BT (£.F)

This gives as an immediate result that there do not exist extremal functions
for (1.7). This is true because if T differentiates L' (X, 1) we would have for any
extremal ¢ that it should be constant almost everywhere on X, so that F = f?
which is a trivial case that we do not consider.

Thus our interest is for those sequences of functions (¢,,), that are extremal
for this Bellman function. That is ¢, : (X, ) — RY, n € N, must satisfy

[ontu=s. [ orau=F and tim [ (Mron) du=Foy ()PP,
X X noJx

Our aim in this paper is to give a characterization of these extremal sequences of
functions. For this reason we restrict ourselves to the class of 7-good functions,
that is enough to describe the problem as it was settled in [5] (see section 3). We
give now the statement of our main result.

Theorem A. Let (¢n)n be a sequence of nonnegative, T -good functions such that
Jx Ondp=f and [ % dp = F. Then (¢n)n is extremal for (1.6) if and only if

lim/ (M, — cin|P du = 0,
nJx

for ¢ = wy,(fP/F).

That is, (¢n)n is an extremal sequence for (1.6) if and only if its terms behave
approximately, in LP, like eigenfunctions of M, for the eigenvalue ¢ = w,(fP/F).
For the proof of the above theorem we use the technique introduced in [5] for
the evaluation of (1.6), which we generalize in two directions (see theorems 3.1
and 3.2), and by using these we prove theorem 3.3 for the extremal sequences we
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are interested in. This theorem is in fact a weak form of theorem A. It is proved
by producing two inequalities that involve the LP-integrals of M+¢ and ¢ over
measurable subsets A C X that have a certain form with respect to the tree 7
and the function ¢. More precisely, A is a union of certain elements of Sy or a
complement of such a set, where S is a subtree of 7 that depends on X and gives
all the information we need for M7¢ (for the definition of Sy see section 2). Using
theorems 3.1 and 3.2, we eventually reach to theorem 3.3.

In order to prove theorem A we need to apply theorem 3.3 to a new extremal
sequence (gg, ) which is arbitrarily close to (¢;,), in the L? sense. In fact gy, is
defined properly on suitable subsets of X where ¢,, is defined. The number of
different values of g4, on each of these subsets is at most two with the one being
zero. Then we prove that the measure of the set where g4, is zero tends to zero
by using the fact that (g, ) is extremal sequence for (1.6). Thus we can arrange
everything so that this new extremal sequence is constant on those suitable sets.
We denote this new sequence by (gj, ). Since gj is constant on each one of the
suitable subsets of X, we are in position to apply theorem 3.3 to it and by using
some additional technical lemmas we finally reach to theorem A.

We should also note that additional work concerning the Bellman functions
and certain symmetrization principles for the dyadic maximal operator can be
seen in [6] and [13]. Tt is also worth saying that in [14] it has been given an
alternative method for the evaluation of the Bellman function (1.6). Also we need
to remind that the phenomenon that the norm of a maximal operator is attained by
a sequence of eigenfunctions of such a maximal operator can be seen in [4] and [3].
So by considering the results of this paper one might guess that it shouldn’t be rare
and and may occur in other settings also, such as square functions or other dyadic
operators. Finally we mention that the extremizers for the Bellman function of
three variables related to Kolmogorov’s inequality have been characterized in [9].

At last we note that the Bellman function of the dyadic maximal operator has
been found by an alternative way in [15], while the Bellman function for the dyadic
Carleson imbedding theorem can be seen in [16]. Also related results with those
that appear in [15], appear in [17].

2. Preliminaries
Let (X, u) be a non-atomic probability measure space.

Definition 2.1 ([5]). A set T of measurable subsets of X will be called a tree if
the following are satisfied:

i) X € T and for every I € T, u(I) > 0.

ii) For every I € T there corresponds a finite or countable subset C(I) of T
containing at least two elements such that

a) the elements of C'(I) are pairwise disjoint subsets of I,

b) I =uUC(I).
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iit) 7= U,.50 T(m), where Tg) = {X} and T(;11) = UIET(,,,Q c(I).

iv) The following holds:
lim  sup w(I)=0.
m — o0 167-(7”)

The following is presented in [5], and is a consequence of the properties i)-iv)
of Definition 2.1, which a tree T satisfies.

Lemma 2.1. For every I € T and for every a € (0,1), there exists a subfamily
F(I) C T consisting of pairwise disjoint subsets of I such that

w( U 7)= X )= - au).

JeF(I) JEF(I)

Now, given a tree T, we define the maximal operator associated to it as follows:
1
Mro(x :sup{—/ oldu - JUGIGT},
(@) wl) J; i

for every ¢ € L'(X, u). Then one can see in [5] the following.

Theorem 2.1. The equality
sup{(Mroprdu: 620, [ odu=1, [ @du=F}=Fu,(7/P).
X X
is true for every f and F such that 0 < fP < F.

Additionally, we give the notion of the extremal sequence as:

Definition 2.2. Let (¢, ), be a sequence of py-measurable nonnegative functions
defined on X, p > 1 and 0 < f? < F. Then (¢,), is called (p, f, F) extremal, or
simply extremal, if the following hold:

[ondn=1. [ ondu=rF wd tm [ (Mro.pdu=Fu(r/FY.
X X noJx

3. Characterization of the extremal sequences

We describe now the effective linearization for the operator My that was intro-
duced in [5] which is valid for certain class of functions ¢.
For every ¢ € L'(X, i) nonnegative and I € T we define

1
Avi(¢p) = —= / o dpu.
We will say that ¢ is T-good if the set

Ay ={z € X : Mr¢(z) > Avi(¢) forall I €T such that x € I}

has M-measure zero.
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Let ¢ be T-good and = € X \ Agy. We define I(x) to be the largest element in
the nonempty set

{IeT:xzeland Myo(x)= Avi(¢)}.
Suppose now that I € 7. We define the following:

Alp,I) ={x e X\ Ay : Iy(z) =1} C1,
Se={T1€T: pulA(¢,I)) >0} U{X}.

Obviously then Mr¢ = Z[es¢ Avi (@)X a(e,1), p-a.e., where xg is the character-
istic function of E.

We define also the following correspondence I — I* by: I* is the smallest el-
ement of {J € Sy : I C J}. It is defined for every I € Sy4 except X. Then it is
obvious that the A(¢, I) are pairwise disjoint and that z( UI¢S¢, (A9, 1)) =0, so
that UIES¢ A(p,I) = X, where by A ~ B we mean that u(A\ B) = u(B\ A) = 0.

The following is a consequence of the above.

Lemma 3.1. Let ¢ be T-good and let also I € T, I # X. Then I € Sy if and
only if for every J € T that contains properly I we have that Av;(¢) < Avi(9).

Proof. Suppose that I € S,. Then p(A(¢p,I)) > 0. Thus A(¢p,I) # 0, so there
exists © € A(¢,I). By the definition of A(¢,I) we have that Iy(x) = I, that is I
is the largest element of T such that Myé(x) = Avr(¢). As a consequence the
implication stated in our lemma holds.

Conversely suppose that I € T and for every J € T that contains properly I
we have that Av;(¢) < Av;(¢). Then since ¢ is T-good, we have that for every
x € I\ Ay, there exists J, = I4(x) in Sy such that Mro(z) = Avy, (¢) and
x € Jz. By our hypothesis we must have that J, C I. Consider the family
S' = (Ju)wena,- This obviously has the following property: Uer\A¢ Jp =~ 1.
Choose now a pairwise disjoint subfamily S? = (J;); with X ~ UJ;. For this
choice we just need to consider those J, € S' maximal under C relation. Then
by our construction Avy, (¢) > Avr(¢). Suppose now that I ¢ Sg. This means
that p(A(g,I)) = 0, that is we must have for every z € I\ Ay, that J, C I.
Since J, belongs to Sy for every such z, by the first part of the proof of this
lemma we conclude that Avjy, (¢) > Avr(¢) and as a consequence we have that
Avy, () > Avi(¢) for every i. Since S? is a decomposition of I, and because of
the last mentioned inequality we reach to a contradiction. In this way we derive
our lemma. O

The following is proved in [5].

Lemma 3.2. Let ¢ be T -good
i) If I,J € Sy, then either A(¢, J)NI =0 or JC 1.
ii) If I € Sy, then there exists J € C(I) such that J ¢ Sg.
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ili) For every I € Sy we have that

I~ |J A@J).

JeSy, JCI

iv) For every I € Sy we have that

A, ) =1\ |J . sothat w(A,D)=pd)— > pulJ)
JESy, JHEl JES,, Jr=I
From all the above we see that

Avr () = ——

(I) JE€Sy, JCI

/ pdp =:yr,
A($,0)

where I € Sy, and for those I we also define

xr = aI_Hl/p/ ¢dup, where ar = p(A(p, I)).
A(o,1)

We prove now the following.

Theorem 3.1. Let ¢ be T-good function such that [ ¢dp = f. Let also B = {I;}
be a family of pairwise disjoint elements of Sg, which is maximal on Sy under C
relation. That is if I € S then I N (UL;) # 0. Then the following inequality holds:

= mL)yy  (p-1)8
P d J J
/X\Uj Ij¢ = (B+ 1)1 B+17 Jxw, 1,

(M) du

for every B >0, where yr; = Avr,;(9).

Proof. We follow [5]. We obviously have that

D7, p
(31) fo, = X[ o

IDpiece(B)
Tesy

where by writing I 2 piece(B) we mean that I D I; for some j. In fact (3.1) is

true since
x\Un~ U 4D
J

JES‘i’
IDpiece(B)

in view of the maximality of B and lemma 3.2.
Now from (3.1) we have, by Holder’s inequality, that

(Sao.ry @ )"

I€Sy I€Sy ar
IDpiece(B) IDpiece(B)
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It is also true that, for every I € Sy,

pDyr= > u(J)yJ+/ ddp.

Jesdnt]*:l Ao, 1)

Thus by using Hélder’s inequality in the form

Mt A A A A
(0-1 +,,,+O-m)p71 — o_;f—l O_g—l Uﬁl_l)
we have
(wDyr— X wlDys)”

JES(/),J*:I
¢F dp > =
/X\UIJ Iezs:(i, (M(I) - > N(J))p '

IDpiece(B) JeSy, J*=I

(u(Dyr)” (1(J)ys)”
. - Z {Gny Jesngh,((/sﬂmcf))pl}’

IDpiece(B)

where 71 = (8+ 1) — Bpr, pr = ar/u(I), and g > 0.
Then by (3.3) we have, because of the maximality of B, that

w(D)yy w(D)yy
(3.4) / o dp > i _ .
X\U, I gs; Ui (z): (B+1)rt
IDpiece(B)

where the summation in () is extended to: (a) I € S4: I D piece(B) with I # X,
and (b) I € Sy is a piece of B (I = I, for some j).
As a consequence we can write

yP 1,1 1
O du =22y + = (5= - Jary}
/X\uh 8 Z AT (B 1ypt) T

-1
7—913) I1€Sy, I#X PI I

IDpiece(B)

1
(3.5) TG ZN(IJ) yi'

J
Also, it is easy to see that
1 1 (b - 1)Ba

(3.6) (B+1— pa)p1 - (B+ 1)1 z (B+1)p’

for any x € [0, 1], in view of the mean value theorem.
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Then by (3.5) we immediately conclude that

D ( 1B 1 »
/X\UI o dp 2 p Tt Grie (B+1)p Z aIyI (B + 1)p—1 %:N(IJ)?JI

Tx I1€S 4, I#X
IDpiece(B)
1 (r —1)Bpx (p—1)8
- - o+ B ary}
[((ﬂﬂ)fﬂpx)p*l (B +1)r | (B + 1) 2 i
IDpiece(B)
1
(3.7) - W Z wI;)yy
J
On the other hand,
dary =D (Mre)dp,
1€5, X\UI;
IDpiece(B)
thus in view of (3.6) we must have
fP=> )y (p—1)8
PF dp > -+ (MT1e)P dp,
/X\Ulv (B+1)pt B+ 1P Jx\ui,
for every 5 > 0, and the proof of the theorem is complete. O

If we follow the same proof as above but now work inside any of the I;, we
obtain:

Theorem 3.2. Let ¢ be T-good and A = {I;} be a pairwise disjoint family of
elements of S¢. Then for every B> 0 we have that

Zj U(Ij)yi 1
/Uj LM G + 6 1y / (Mrg)" dp.

Let us now prove the following generalization of theorem 3.1.

Corollary 3.1. Suppose that ¢ is T-good and let A = {I;} be a pairwise disjoint
family of elements of Sy. Then for every >0,

p fP=320@yy (p—1)8 )
/X\ujud) WETE e Ty /X\ujzj(Mm) i

where = [y ¢dpu.

Proof. This is true since there exist families B, I’ of pairwise disjoint elements
of Sy with B as in the statement of theorem 3.1, such that B = J; I}, I' = U, J;
with (J; I} = (UJ I;)U (U, Ji) and the additional property that I; is disjoint to J;
for every j,i. Applying theorem 3.1 for B and theorem 3.2 for F we obtain, by
summing the respective inequalities, corollary 3.1. O
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We are in position now to prove the following.

Theorem 3.3. Let (¢,,), an extremal sequence consisting of T-good functions.
Consider for every n € N a pairwise disjoint family A, = {Ij"} of elements of Sy,
such that the following limit exists:

lim Z wu(I) y?n, where yr., = Avi(pn), I € A,.
IcA,

Then

fim [ (M6, de = w7/ F) i [ o

n UAn n UAn
meaning that if one of the limits on the above relation exists then the other also
does, and we have the stated equality.

Proof. In view of theorem 3.2 and corollary 3.1 we have that

fP=Ypea, PDyr,  (p—1)B
p n 9 p
(38) /X\uAn P 2 (B+1)p-t (B+1)p X\qu(MT(bn) - and

Drea, MDYL, 1)8
(39) /uAnd)%d“Z (B+1)p1 + 6+1 / (Mrén)” dp

for every 5 > 0 and n € N.

Summing relations (3.8) and (3.9) for every n € N we obtain
) F= [z gt e B [ renyan

X GRS ﬁ+1

Since (¢y, )n is extremal we have equality in the limit in (3.10) for § = w,(f?/F)—
(see [5], relation (4.24)).

So we must have equality on (3.8) and (3.9) in the limit for this value of 3.
Suppose now that h, = 3" ;c 4 p(I)y7,, and that h, — h. Now we can write (3.9)
in the form

+ 1)t P dp — hy
(3.11) /UA (M 6a) dpu < (1+ 6)(/3 f“j‘f r-

(see [5], relations (4.24) and (4.25)), for every 5 > 0. The right hand side of (3.11),

n € N, is minimized for § = 3, = w, (hn/ qun oL du) — 1, as can be seen at the

end of the proof of lemma 9 in [5], or by making the related simple calculations.
Since, we have equality in the limit in (3.11) we must have that

hn s
3.12 lim ——— = L,
(3.12) nofou dhdp F

Thus (3.12) and (3.11) give
lim / (M) dpi = wp(f7/F)P lim / o
m o Jua, " JuA,

and this holds in the sense stated above. This completes the proof of theorem 3.3.
O
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We need now some additional lemmas that we are going to state and prove
below. First we prove the following.

Lemma 3.3. Let ¢ be T-good. Then we can associate to ¢, a measurable function
defined on X, g4, which attains two at most values (C? or 0) on certain subsets of
A(p,J), that decompose it, for every J € Sy, and which is defined in a way that
for every I € T which contains an element of Sy (that is, it is not contained in
any of the Ay), we must have that fI gedp = fI ¢ du. Additionally, for any I € Sy
we have that [, gidp= [, ¢Pdu and pu({¢ =0} N Ar) < u({ge =0} N Ap).

Proof. We define g4 inductively using lemma 3.2. Note that A(¢,X) = Ax =

X\ Ures,,r-=xI. We define first a function g((;) : X — RT such that the integral

relation mentioned above holds for this function and additionally g /A x attains
at most two values on certain subsets of Ax, which are in fact unions of elements
of T and which decompose Ax. For this construction we proceed as follows. We
set g ( ) = ¢(x), for v € X \ Ax. We write Ax = U;I; x, where ([; x); is a
famlly of elements of 7, maximal with respect to the relation I; x € Ax. For
every I; x there exists an integer k; > 0, such that [; x € 7(3;). Then we consider
the unique I y such that I; x € C(I x), that is I} x € T, 1) and I} x 2 Ij x
By the maximality of I; x for any j, we have that I} v N (X \ Ax) # 0, thus
by lemma 3.2iv) there exists I € Sy such that I* = X and I} y NI # ). Since
Ii v N Ax # 0, we conclude that I v 2 I, for any such I € S;. We consider
now a maximal disjoint subfamily of (I )j, denoted by (I} y)n, which still
covers UJ I X By the above construction we have that for every N, we can write
I’ x = = Dj, U Bj,, where Bj, I vox N Ax and D;, is a union of some of
the elements J of Sy for Whlch J* X Obviously we have UnBjy = Ax and
each Bj, is a union of certain elements of the family (I; x);. Now fix a jy. For
any a € (0,1) which will be chosen later, using lemma 2.1, we construct a family

.A¢ jn» Of elements of T, all of which are contained in B, and such that

(3.13) S ud) = apu(Byy).

X
JeAy in

Define the function gn,4 x : Bj, — RT by setting

IN,6.X ::cﬁ,’x on UAng,

3.14
(3:14) =0 on BJN\UA(MN,

where the constants cﬁ, + and 'yN ¥ = u(UA¢ in) = ap(Bjy ) satisty

5.15) {IB INox dp = xVix = [y, ddp, and

fB 9N¢Xd/~L (CNX) ’YNX*fB P du.

It is easy to see that such choices for cﬁﬂ  and th  are possible.
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In fact (3.15) gives

) o <fBjN ¢du)p
’YNXi fBj d)pdﬂ

)

1/(p-1)
] < w(Bjy), by Holder’s inequality,

so we just need to define ’yf,’ » by the above equation, and choose a so that

At last we set c}ﬁ,’x = (fBjN (bdu)/’ygx. Define now g((;) on Ay = UnB,, by

gél)(t) = gn,¢,x(t), for t € Bj,, for any N. Note now that gsbl)may attain more

than one positive values on Ax. It is easy then to see that there exists a common
positive value, denoted by c?(, and measurable sets Ly C Bj,, such that if we
define g4(t) = cf( for t € Ly, and g4(t) =0, for t € Bj, \ Ly and for any N, we
still have that fB]N go dp = fBjN odu = ciu(LN) and [, ghdp= [, Pdu. For

the construction of Ly and c?(, we just need to find first the subsets Ly of Bj,
such that the first two of the integral equalities mentioned above is true, and this
can be done for arbitrary cg)(, since the space (X, u) is nonatomic. Then we just
need to find the constant cg’( for which the second integral equality is also true.
Note that for these choices of L and cg)( we may not have fBjN gi dy = fBjN PPdpu,
for every IV, but the respective equality with Ay in place of Bj, should be true.

Until now we have defined g4 on Ax. We set now g = ¢ on X \ Ax. It is
immediate then, by the construction of g4, that if I € 7 is such that I N Ax # 0,
and I N (X \ Ax) # 0, we must have that [, gy dy = [, ¢dp. This is true since
then I can be written as a certain union of some subfamily of I j‘N7  and of some J,
where J is such that J* = X. This last fact is true by the construction of the

sets I .
N, X
We continue then inductively and change the values of g, on the sets Aj,
for I, which is such that I* = X, in the same way as was done before, but

now working inside those /. In this way we inductively define the function g¢
in all X, which obviously has the desired properties. Moreover the inequality
u{o = 0N A < u({ge = 0} N Ay) is easily verified if we work as above in
Bj, N{¢ > 0} instead of B;, . More precisely for the case of I = X we define the

family .Ag; jn+ Of elements of 7, all of which are contained in Bj,, by the relation

u(UAjijN) = apu(Bjy N{¢ > 0}), and define analogously V%,X) now integrating
on Bj, N{¢ > 0}. Then we define in an analogous way a, that is we set a =
’Y%X/M(BjN N{¢ > 0}). Now ’7%,X is less or equal than pu(Bj, N{¢ > 0}), and by
using this last fact we deduce that the zero set of g4 in Ax, increases in general, in
relation to that of ¢ on the same set. The proof of our lemma is now completed. O

Let now (¢, ), be an extremal sequence consisting of T-good functions and let
9gn = 9o, We are now ready to prove the following.
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Lemma 3.4. With the above notation for an extremal (¢n). sequence of T-good
functions, we have that lim,, p({¢, = 0}) = 0.

Proof. Fix n € N and let ¢ = ¢,, and g4 = g¢, and S = S, the respective subtree
of ¢. We consider two cases:

i)p > 2. Weset P = (fAz ¢P dp)/ar, for every I € Sg. We obviously have
ZIES¢, arPr = F. We consider then the sum Yy = ZIES¢, ~v1 Pr, where vy = 'y?
comes from lemma 3.3. More precisely, it should be true that fAI ¢dp = ~yrer and

fAI ¢Pdp = ~rcff, for a suitable constant ¢; = c?. Obviously 0 < v <ay = u(4r),
so we must have that

-2
ch
Ed)—Z’YIfAI _Z I - CIZZ _Z’Yjaz
I€S¢ I€S¢ I€S¢ IeS
P22 (vrer)? (f4 ¢)p
z Z apfl = Z aplfl ’
Iesy 1 IesSy I

From the first inequality in (4.20) of [5], and since ¢,, is extremal, we have that the
last sum in the above inequality tends to F', as ¢ moves along (¢,,),. We conclude
that

(3.16) > P~ F

1€Sy
since Y4 < F. Consider now, for every R > 0 and every ¢, the following set:
Se.r = U{Ar = Ao, I): I € S¢, Pr< R}.

For every I € Sy such that P; < R we have that fAz ¢P < Ray. Summing for all
such I we obtain

(3.17) /S &P dp < Ru(Sy.r).
¢, R

Additionally we see immediately that the following relations are true:

(3.18) ' S wPi- F‘ _ o dy,
IeSy, PI>R Se.Rr
(3.19) Z v Pr < Z ar Pr = P dpu.
I€Sy, Pr<R I€Sy, Pr<R S¢,Rr

From (3.16) and (3.19) we have
(3.20) lim sup ‘ Z ~r Pr — F' < lim oP dp,
¢ I€S,, Pi>R ¢ JS4.n

where we have supposed that the last limit exists (in the opposite case we just pass
to a subsequence of (¢y,)n).
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From (3.18) and (3.20) we conclude that
(3.21) lim sup Z (ar —~v1)Pr <2 lim/ oP du.
®  1eS4 Pi>R ¢ JSyr
By using then theorem 3.3 we have
lim [ (Myo)? du = oy (f7/F lim [ ¢ dp,
¢ JK, ¢ JK¢

whenever the limits exist, and K4 be a union of pairwise disjoint elements of Sy
(the conditions of theorem 3.3 are satisfied because of the boundedness of the
sequences mentioned there).

Now for a fixed R > 0, Sg g is a union of sets of the form Aj, for certain
I € Sy. Each A can be written, in view of lemma 3.2, as Ay =1\ UJeS¢,J*:I J.
Using then a diagonal argument and passing if necessary to a subsequence we can
suppose that

(3.22) lim [ (M) du=w,(f7/F) lim [ ¢,
¢ JSsr ¢ JSyn

by applying theorem 3.3 as mentioned above. Since now M7¢(t) > f, for every
t € X, we have that

(3.23) lim [ (Mr6)? du = (imsup (S
¢

Sd),R

and because of (3.17) we have that

(3.24) lim ¢F dp < limsup R u(Sy.r),
¢ JSs.r ¢

for any R > 0. Combining the last two relations (in view of (3.22)) we obtain that

(3.25) fp(lim;up 1(Se.r)) < Ruw,(fP/F)P - (lim;up w(Se,R)),

so by choosing R > 0 suitable small depending only on f and F', we have that
(3.26) limsup p(Se,r) = 0.
¢

At last, using (3.21) and (3.24) we obtain, for this R, the following inequalities:

Rlim sup Z (ar —vr) < 2lim ¢P dp < 2R lim p(Sg,r) = 0.
® €S, Pr>R ¢ Jsyn ¢

Thus,

(3.27) lim Y (a; —7) =0.

1€S,,Pr>R
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Since ZIES¢, ar =1, and pu(Sy.r) = Zles¢ p, < @1 We easily obtain from (3.27)
the following chain of implications:

lim [1 — 1(Sp.r) — Z ’yl} =0 = lim Z vr=1
¢ I€Ss,Pr>R I€Sy,Pr>R

- liq{nlz =1 = liqrbn Z (ar — 1) = 0.
€5, 15,

Thus we must have that

p({e =0} < n({gs =0} = > (ar =) 0.

IeS,

Lemma 3.4 is proved in the first case.

ii) The case 1 < p < 2 is treated in a similar way. Here we define P; =
([4, ¢?)/ab~", and prove in the same manner that

lim a?~t AP hp, = 0.
p) Z( I )P
I€S¢

Using then the inequality 27 — y9 > ¢(x — y), which holds for 1 > > y and
0 < g < 1, we conclude that

lim Z (ar —v1) =0 =limu({ge =0}) =0 = limu({¢p =0}) =0,
1€5, ¢ ¢

and by this we end the proof of lemma 3.4. m

Suppose now that (¢,), is extremal. For every ¢ € {¢,, n = 1,2,...}, we
define gj, : z — Rt by g,(t) = c?, t € Ay for I € Sy, that is, we ignore the zero
values of g4. Then we easily see, because of lemma 3.4, that

tiw [ gydu=7, lm [ (g du =P,
? Jx ¢ Jx
and
(3.28) lim/ lgo — g;)|p dp = 0.
¢ Jx
Also, obviously by lemma 3.3, we see that

(3.29) Avr(gg) = Avi(9),

for every I € Sy. From (3.29) we have that M7gs > M7¢ on X, so
fim [ (Mrgo)? d = Fuoy(17)F)",
X

in view of (3.15) and theorem 2.1.
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Since [y gpdp = f and [y (g¢)? dp = F, we have that (g94)¢ is an extremal
sequence. Suppose now that we have proved the following two equalities:

(3.30) lim/ 19 — [P dp =0,
¢ Jx

(3.31) lién/ IMr1gs —cgplP du =0, for ¢=w,(f*/F).
X

Then because of (3.28) we would have that

im [ 16— gl du=0 2 tim [ |Mro - o du =0,
¢ Jx ¢ Jx

which is the result of Theorem A. We proceed to the proof of (3.30) and (3.31).

Lemma 3.5. With the above notation,
1im/ |IM7gs — cgo|” dp = 0.
¢ Jx
Proof. We recall that ¢ = w,(f?/F). We set, for each ¢ € {¢,,, n =1,2,...},

Ap={t€ X : Mygy(t) > cga(t)}.

It is obvious, by passing if necessary to a subsequence, that

(3.32) lim [ (Myge)? du > wy(fP/F)? lim/ g5 du.
o Ja, ¢ Ja,
We consider now for every I € S, the set (X \ Ay)NAr. We distinguish two cases:

(i) Avr(¢) =yr > cc?, where C? is the positive value of g4 on Ay (if it exists).
Then because of (3.29) we have that Mg, (t) > Avi(gs) = Avi(p) > cc§b > cgy(t),
for each t € A;. Thus (X \ Ag) N A7 = 0 in this case. We study now the second
case.

(i) yr < ec?. Let now t € A with g4(t) > 0, that is g4(t) = ¢7. We prove
that for each such ¢t we have M7ge(t) < cge(t) = cc?. Suppose now that for
some t we have the opposite inequality. Then there exists J; such that ¢t € J; and
Avy,(gg) > cct. Then one of the following subcases holds:

(a) J; € A;. Then by the form of g4/Ar (equals 0 or c?), we have that

Avy, (g9s) < C? < cc?, which is a contradiction, since ¢ > 1. Thus this case is
excluded.

(b) J is not a subset of A;. Then in this subcase two more subcases can occur.
b1) Jy C I and J; contains properly an element of Sy, J', for which (J')* = 1.
Since now (ii) holds, t € J; and Avy,(g4) > cc?, we must have that J' C J; C 1.
We choose now an element of 7, J; C I, which contains J;, with maximum value

on the average Avy,(¢). Then by the construction of J; we have that, for each
K €T such that J; € K C I, there holds: Avk(¢) < Avy,(¢). Since now I € S,

and y; = Avr(¢) < ccﬁs by lemma 3.1 and the choice of J] we have that Avg (¢) <
Avj(¢) for every K € T such that J; C K. So again by lemma 3.1 we conclude
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that J; € S,. But this is impossible since J' C J/ C,
turn now to the last subcase.

ba) I € Ji. Then by an application of lemma 3.3 we have that Avy,(¢) =
Avy, (9s) > cc?s > yr = Avr(¢), which is impossible by lemma 3.1, since I € Sy.

In any of the two cases b1) and b2) we have proved that we have (X\ Ag)NA; =
Ar\ (9o = 0), while we showed that in case (i), (X \ Ay) N A = 0.

Since ;¢ s, Ar = X we conclude by lemma 3.4 and the above discussion that
X\Ay =~ (Ures, , A1)\ Eg, where i(Ey) — 0 and S 4 is a subset of the subtree Sy.
Since now each XI,I € S1,¢ € Sy is written, by lemma 3.2, as a difference set of
unions of elements of Sy, and theorem 3.3 holds for such unions, we conclude by a
diagonal argument and by passing if necessary to a subsequence, that

J',I€Syand (J)* =1 We

ligrbn/ B (Mro)? d,u:wp(fp/F)”liqrbn/ B ¢P dp, and since p(Ey) — 0,
UA[ uAag

1€57] 4 1esy 4

= lim (Mro)? dp = wy(fP/F)P lim of du.
¢ Jx\a, o Jx\A,

Because now of the relation Mgy > M7 ¢ ,which holds p-almost everywhere
on X, we have as a result that

(3.33) tim [ (Mrga) du = w57/ PP tim [
X\ Ay ¢ Jx\A,

Adding the relations (3.32) and (3.33) we have obtained that limy [ (M71ge)? dpu >
wp(fP/F)PF, which in fact is an equality since (g,) is an extremal sequence. So
we must have equality in both (3.32) and (3.33). By using then the elementary
inequality 2P —yP > (x —y)P, which holds for every > y > 0 and p > 1, in view of
the inequality M7gg > cgg, which holds on Ay, we must have that the following
is true:

(3.34) lim [MTgs — cgs|P dp = 0.
¢ Ja,

Similarly for X \ Ag. That is,

(3.35) lim |MTgy — gy’ dp = 0.
2 Jx\A,

Adding (3.34) and (3.35), we derive limg ||[M7gg — cgsllrr = 0, and by this we
end the proof of our lemma. O

Lemma 3.6. Under the above notation, (3.30) is true.

Proof. We just need to prove that

(3.36) lim (9" — (95)F] dp = 0.
¢ Jig,<¢}
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Then, since
lim (6" — (95)"] dpu = lim [(95)" — ¢"], and p>1,
{9, <o} ¢ Jo<g,

we have the desired result, in view of the inequality (x — y)? < aP — yP, which
holds for 0 < y < z and p > 1.
We use the inequality

tr 1 1 1
(3.37) t < —+—, foreveryt >0, where p,q > 1such that - + - =1,
p q p q

For any I € Sy we set
AL, = {9 <O} NA@G.]) and AP = {6 < g}}NAWG, ).
Because of (3.37), if we write ¢ 4 instead of c? and suppose that cr 4 > 0, we have
that the following inequality holds:
1 1 1 1
—¢(r) < - 5—¢P(x) + —, forevery xc Ar = A(p,I).
Cl,¢ p C[ b q

Integrating over Ag sand Aj 2) we then have

1 11

— [ pdu< - [ Pdu+ - M(A(’)) for j=1,2, I€S,,

cre Ja®), pehy Jay),
which gives

1 1 ;
Es ¢du§—/ & du+ =AY .

Note that the last inequality is satisfied even if c; 4, = 0. Summing the above for
I € S4 we obtain

1 G
. < Z V2 z 7)
CEORED S v 60 o [ P S A
I€Sy I,¢ I1€Sy
for 7 = 1,2, thus by adding the above two inequalities we conclude that
(3.39) o) / pap< Fyl Z 1)),
I€S, p 1 fcs,
The left hand-side of (3.39) is equal to
> Gt = Sty = [ abdn.
IeS, 1€8, X

while the right hand-side is equal to %F + % Jx (g(’ﬁ)p dp. Moreover, in the limit we
have equality on (3.39), because of (3.28). This gives equality on (3.38) for j = 1,2
in the limit.
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Thus for j = 1 we obtain

_ 1 1
DR L TR / LAt = DT (AT
IeS, A1 p IeS, A1 q IeS,
_ 1 1
(340)  — oot [ wdurs [ g
{9}, <0} P J{g,<¢} 9 J{g,<¢}

So if we set

1/p 1/p
ty = (/ oF du) and S, = (/ (94)" du) ,
{9,<0} {9,<6}
we obtain
/ d(gy)" dp < tg - ST
{g),<¢}

and (3.40) gives
1 1
b = SP <ty ST
P @ q ¢ % A

so, as a result we have, because of (3.37), that

1 1

“th 4 = Shxty,- SP

p g e e

Since in (3.37) we have equality only for ¢ = 1, and ¢4 andS, are bounded, we
conclude that

tp
¢ ¢
S—";?1¢t§;fng0:» NG ALE TS
¢ {9, <o}
which is (3.36). The proof of our lemma is now completed. O

We have thus completed the proof of theorem A. We should also mention that
since T-good functions include 7T-step functions, in the case of R™, where the
Bellman function is given by (1.4) for a fixed dyadic cube @, we obtain the result
in theorem A for every sequence of Lebesgue measurable functions (¢,,),,. In general
in all interesting cases we do not need the hypothesis for ¢, to be T-good since
T-simple functions are dense on LP (X, u).
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