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A comparison principle for the porous medium
equation and its consequences

Benny Avelin and Teemu Lukkari

Abstract. We prove a comparison principle for the porous medium equa-
tion in more general open sets in R™*! than space-time cylinders. We
apply this result in two related contexts: we establish a connection be-
tween a potential theoretic notion of the obstacle problem and a notion
based on a variational inequality. We also prove the basic properties of the
PME capacity, in particular that there exists a capacitary extremal which
gives the capacity for compact sets.

1. Introduction

We study the porous medium equation (PME for short)

(1.1) 68—1: —Au" =0,

where m > 1. This equation is an important prototype of a nonlinear parabolic
equation. The equation is degenerate, meaning that the modulus of ellipticity
vanishes when the solution is zero. The name stems from modeling the flow of a
gas in a porous medium: the continuity equation, Darcy’s law, and an equation of
state for the gas lead to (1.1) for the density of the gas, after scaling out various
physical constants. For more information about this equation, including numerous
further references, we refer to the monographs [8] and [17].

The comparison principle is a fundamental tool in the theory of elliptic and
parabolic equations. In particular, it can be used to define a class of supersolutions
which is the counterpart for superharmonic functions in classical potential theory:
we call a function a semicontinuous supersolution, if it satisfies the comparison
principle with respect to continuous solutions. The definition is due to F. Riesz [15],
and it makes the development of a nonlinear potential theory feasible.
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The comparison principle for parabolic equations is usually formulated for
space-time cylinders, meaning sets of the form Qp = Q x (0,7). The boundary
values are then taken over the parabolic boundary, where only the initial and lateral
boundaries are taken into account. However, one often encounters situations where
one would like to apply the comparison principle in sets which are not space-time
cylinders. Thus our main objective is to establish a comparison principle for the
PME in more general open sets in R™*!. Such a result is occasionally called the
elliptic comparison principle, in reference to the fact that the time variable no
longer has a special role. Moreover, the elliptic comparison principle can be used
to develop the Perron method in general space-time domains, see [3], [11]. We also
present two applications where such a comparison principle is indispensable.

For the heat equation, when m = 1, one may add constants to solutions.
A comparison principle for general open sets then follows from the space-time
cylinder case by a straightforward exhaustion argument. For the PME, there
is a comparison principle over cylindrical domains, but adding constants is no
longer possible. Our idea for circumventing this difficulty is to multiply one of
the functions being compared by a constant close to one. The modified function
is no longer a solution, but it still satisfies the PME with an error-term on the
right-hand side. The error-term vanishes as the multiplicative constant tends to
one. The comparison principle for the original functions then follows by the usual
duality proof, modified to account for the error-term. Our argument yields a
comparison principle for open sets of the form Q¢ \ K, where K is a compact set.

As the first application, we consider the obstacle problem. Roughly speaking,
this amounts to finding a solution to a PDE subject to the constraint that the so-
lution stays above a given function, the obstacle. Here we use a potential theoretic
method for solving the problem: we define the solution to the obstacle problem to
be the infimum of all supersolutions lying above the obstacle (réduite). For smooth
enough obstacles the réduite is the smallest supersolution above the obstacle. The
concept of réduite is standard in classical potential theory, and it has been uti-
lized in a nonlinear parabolic context in [14]. Existence and uniqueness follow in
a straightforward manner, at least for continuous obstacles. However, the relation
between the smallest supersolution and the variational solutions to obstacle prob-
lems constructed in [4] is not obvious. In this direction, we prove that the smallest
supersolution is also a variational solution for sufficiently smooth obstacles. This
follows from two facts. First, we prove that the smallest supersolution can always
be approximated by variational solutions. Second, the notion of variational solu-
tion is stable with respect to the convergence of the obstacles in certain norms,
see [4]. The converse of this, i.e., whether a variational solution agrees with the
smallest supersolution, remains a very interesting open problem.

The second application is a notion of parabolic capacity for the PME. This con-
cept is defined via a measure data problem, as in [12] for the parabolic p-Laplacian.
See also [18], [19] and the references therein for the capacity for the heat equation.
We prove the basic properties of the capacity related to the PME, such as count-
able subadditivity and the existence of the capacitary extremal of a compact set.
Our comparison principle plays a key role in the latter argument.
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The paper is organized as follows. In Section 2, we recall the necessary back-
ground material, in particular various notions of supersolutions. Section 3 contains
the proof of the comparison principle, and Section 4 is concerned with the obstacle
problem. Finally, the basic properties of capacity are proved in Section 5.

2. Weak supersolutions and semicontinuous supersolutions

Let @ be an open and bounded subset of R™, and let 0 < t; < to < T. We use
the notation Qp = Q x (0,T) and Uy, +, = U X (t1,t2), where U C € is open. The
parabolic boundary d,Uy, +, of a space-time cylinder Uy, 4, consists of the initial
and lateral boundaries, i.e.,

0pUs, 1y = (T x {t1}) U (8U x [t1,t2]).

The notation Uy, 4, € Qr means that the closure Uy, 4, is compact and Uy, 4, C Q7.

We use H'(Q) to denote the usual Sobolev space, the space of functions u
in L?(2) such that the weak gradient exists and also belongs to L?*(€2). The norm
of H'(Q) is defined by

lull3 oy = lul?a) + 1Vl 3 -

The Sobolev space with zero boundary values, denoted by H{ (€2), is the completion
of C§°(2) with respect to the norm of H!(Q).

The parabolic Sobolev space L?(0,T; H*())) consists of measurable functions
u: Qr — [—00, 00] such that o + u(x,t) belongs to H!(Q) for almost all t € (0,7),
and

/ |ul? + |Vu|? dz dt < co.
Qr

The definition of L2(0,T; H}(Q)) is identical, apart from the requirement that
x +— u(z,t) belongs to H}(2). We say that u belongs to L2 _(0,T; HL (Q)) if
u € L2(t1,to; HY(U)) for all Uy, 4, € Qr.

Supersolutions to the porous medium equation are defined in the weak sense
in the parabolic Sobolev space.

Definition 2.1. A nonnegative function u: Qp — R is a weak supersolution of
the equation

0
(2.1) 8—1: —Au™ =0 inQr
ifu™ e L (0,T; HL () and

0

/ _u_go +Vu™ - Veodadt >0,
Qr ot

for all positive, smooth test functions ¢ compactly supported in Q7. The definition

of weak subsolutions is similar; the inequality is simply reversed. Weak solutions

are defined as functions that are both super- and subsolutions.
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Weak solutions are locally Hélder continuous, after a possible redefinition on a
set of measure zero. See [7], [8], [9], [17], or [20].
We have also the following class of supersolutions.

Definition 2.2. A function u: Qp — [0, 00] is a semicontinuous supersolution if
(1) u is lower semicontinuous,
(2) w is finite in a dense subset of Qp, and

(3) the following parabolic comparison principle holds: Let Uy, 1, € Q, and let h
be a solution to (2.1) which is continuous in Uy, +,. Then, if h < w on 9,Uy, +,,
h <w also in Uy, 4,.

Note that a semicontinuous supersolution is defined in every point. Every weak
supersolution is a semicontinuous supersolution provided that a proper pointwise
representative is chosen. This is a consequence of the following lemma.

Lemma 2.3 ([2]). Let u be a nonnegative weak supersolution to the porous medium
equation in 0 X (t1,t2). Then u has a lower semicontinuous representative.

In the other direction, a bounded semicontinuous supersolution is also a weak
supersolution, as shown in [13]. If unbounded functions are allowed, then the class
of semicontinuous supersolutions is strictly larger, since the Barenblatt solution is
a semicontinuous supersolution, but is not a weak supersolution, see [13].

Lemma 2.4 ([13]). Let u be a weak supersolution such that |u| < M < co. Then

// n? | Vu™? dz dt < 16M2’”T/ |vn|2dm+6Mm+1/n2 dz,
Qr Q Q

for all nonnegative functions n € C3°(Q2).

An application of the Riesz representation theorem shows that for each weak
supersolution u, there exists a positive Radon measure p,, such that

// —u——i—Vu Vgpdmdt:/ @ dpty
Qoo

for all smooth compactly supported functions . This is the Riesz measure of u.
The integrals on the left hand side do not depend on the particular pointwise
representative of a supersolution. Thus a weak supersolution u and its lower semi-
continuous regularization u have the same Riesz measures.

Lemma 2.5. If u and v are weak supersolutions in Qs, u,v = 0 on 0p€ls,
™ € L2(0,00; HY(Q)), and py < iy, then v < u a.e. in Qs

Proof. Let ¢ € C§°(£2s) be nonnegative. By subtracting the equations satisfied
by u and v and using the assumption about the measures, we have

/ *(U*’U)Qﬁtﬂ’V(Um*’Um)'V@dl’dt:/ <pd,uu7/ wdu, > 0.
Qoo

oo oo
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By a standard approximation argument using the fact that v« and v™ belong to
L?(0,00; H}(£2)), we may also take the test functions ¢ € C°°(Q4) so that ¢ =0
on the lateral boundary 9 x (0, 00). We apply Green’s formula to get

/ —(u—v)p — (W™ —v"™)Apdardt > 0.
Qoo

The fact that v < u follows from this inequality by repeating the standard du-
ality proof for the comparison principle for the PME, see e.g. Lemma 5 in [7],
Theorem 1.1.1 in [8], or Theorem 6.5 in [17]. O

Lemma 2.6. Let u;, i =1,2,..., be a uniformly bounded sequence of weak super-
solutions in Qs such that u; — u a.e. in Q. Then u is a weak supersolution
m Qoo and

1—00

im [ dp = [ 6,
Qo

oo

for every ¢ € C§°(Qo).

Proof. Due to the uniform bound on the functions u;, it easily follows that

(2.2) / —u 9 _ u"Apdrdt > 0.
Qo ot

An application of Lemma 2.4 on each u; implies that Vu™ € L2 (Q.). This,

loc

together with (2.2), yields that w is a weak supersolution. The claim about the
measures follows from the computation

lim ¢ dpty,, = lim fui% + Vuir - Vodedt

i—oo Jo 1—00 Qoo ot

:/ —ua—(b + Vu™ - Vodxdt :/ @ dpty.
Qo ot Qo

O

We will frequently use the following characterization of the weak convergence
of measures. See Theorem 1 on p. 54 in [10] for the proof.

Theorem 2.7. Let pu and i, k = 1,2,3,..., be Radon measures on R™. Then
the following statements are equivalent.

(1) For all compactly supported smooth functions ¢, one has
lim ¢duk:/ o du.
k—oo Jpn R”

(2) For all compact sets K, one has
lim sup pux(K) < p(K).

k—o0 -
(3) For all open sets U, one has
w(U) < liminf pug(U) .
k— 00
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3. A comparison principle

The core of our arguments is a suitable form of the comparison principle, which we
will prove in this section. We will work extensively with finite unions of space-time
cylinders, so we begin by introducing some notation for such sets. For space-time
cylinders Uy, 4, = U x (t1,1t2), we denote the lateral boundary by

S(Utl,tz) = 0U x (tl,tg) .

For a cylinder the definition of the parabolic boundary is standard, but for finite
unions of space time cylinders we will recall the definitions. The lateral boundary
of a finite union of space time cylinders U?, ,; is then given by

4,14

We also denote the tops of UUtZ 4 by
1272

T(UU]

1’t2

)= (VU x {ta}) \ (VU]

1’t2

)5

and the bottoms similarly as
BT} ) = (T x (1D \ (VT ).

Thus the parabolic boundary of Q = UUZNé is S(Q) U B(Q), and the parabolic
boundary of backwards in time equations becomes S(Q) U T(Q).

We want to use the very weak (i.e., distributional) formulation of the porous
medium equation, so we consider smooth test functions ¢ € C*°(Q) where Q =
UUZ“;, such that ¢ = 0 on S(Q). Note that the gradient of ¢ does not necessarily
vanish on §(Q). In the following we will always work with € a smooth domain.
Let us now write the PME in terms of the above class of test functions. Assume
at first that ¢ has compact support in space. Then a standard approximation

argument shows that we may write the definition of weak solutions as

/ [—u¢t+Vum~V¢]dxdt+/ u(bdm—/ updr =0.
Q T(Q) B(Q)

After this, we may pass from compactly supported test functions to test functions
vanishing on the sides S(Q), since u and Vu™ are in L?(Q). Now, apply Green’s
formula, which is justified by the usual trace theorem, to get

(3.1) / updr — / updx + / [ —ugy — u"A¢| dzdt
T(Q) B(Q) Q
+/ W Onddodt = 0.
S(Q)

A similar argument can be carried out for weak supersolutions and subsolutions. In
these cases, we get the appropriate inequalities in the final form. This formulation
will be our starting point in the proof of the comparison principle.
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Theorem 3.1. Let K be a compact set in Qp where Q is a smooth domain, let u
be a nonnegative upper semicontinuous function which is a continuous weak super-
solution in in Qp \ K and satisfies u™ € L*(0,T; H*(Q)). Let v be a non-negative
lower semicontinuous function which is a weak supersolution in Qr \ K and sat-
isfies v™ € L2(0,T; HY(Q)), v > 0 on K and u < v on K U3,Qr. Then u < v
m QT.

Proof. We let € > 0, and denote

DE:{(m,t)GQT:#_’_sz}.

The function u/(1 4 €) — v is upper semicontinuous, so that the set D, is closed
in Qp. Moreover, the set D. does not intersect the set K, since u < v on K
and infxg v > 0. Since K is compact, there is a positive distance between D,
and K. Thus we can cover D, with a finite collection of space time cylinders not
intersecting K. Denote the covering set by ﬁf , and note that since D., C D,, for
€1 > €3 we may choose the coverings for different values of € so that ﬁfl C ﬁf’;
Let then DI = Qp N DF. The set D is still a finite union of space-time cylinders,
and the function u is a weak solution in DF".

Let u. = u/(1 +¢). We want to compare u. with v in DF. To this end, note
first that u, < v on 5‘Df. Further, the function u. is a solution to

(1+e)m 1t -1

(uﬁ)t - A(uﬁ)m = f = (1 4 6)m

Au™

interpreted in the sense of distributions. To see this, we compute

(3.2) (el — Afu]™

[ue — uly — Alu® —u

QL*)W‘(@*)A“’”
e

WL]

+e (14+em

We aim at adapting the proof of the comparison principle for the PME, see
e.g. [7]. To proceed, let

Dgs:{(:c,t) GDf:tﬁs},
and take positive functions ¢ € C§°(Df,), and ¢ € C>(DE ) which vanishes on

S(DL,), 0pp < 0 on S(DE,) and so that ¢ equals ¢ on T(DF,). Denote also
b = u — v for brevity. Since b is negative and consequently also u™ —v™ on dDF,
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we have from (3.1) and (3.2), since 9,9 < 0 on S(DF),

fwdxdt:/ b(bdm—/ bwdx—/ by do dt
DE, T(DE,) B(DE,) DE,

- / [ul* — o™ Ay dadt + / [ul® — v™] Optp do dt
DF S(DE,)

€,s

Z/ bd)dmf/ b'l/)tdl'dt*/ [l — o™ Ay dadt.
T(DE,) DF, D,

We can rewrite this as

(3.3) / bodr g/ b (1 + aA) dz dt + fydadt,
T(DE,) DF,

I
De,s

where

ul"—v™ .
a:{ Py if ue £ v,

0, if ue =w.

Next we use a regularization to make the term vy + aAw small in the above
inequality. To do this let ax, k = 1,2,..., be smooth functions in Dgs such that

Sak§k7

=

and

)2
(3.4) / Mdmdtﬁo as k—o00.
DF, ak

We replace the function ¢ in (3.3) by the solution v to the following boundary
value problem:
up + arAu =0, ians,
(35) u(xv 8) = (ZS(:L" S) , on T(Dgs) ’
u=0, on S(DE,),

and get, by Holder’s inequality,

/ (ue —v)opdx < / bla — ap) Ay da dt — / fp da dt
T(DE.) Df, DF,

€,s
2

(36) < [/DF p2la—an)? dr at| 1/2[/DF ax (M) dr ] Pl peedear.

ag DF,

To continue, we need to estimate the term on the right-hand side of (3.6)
containing the quantity ay(Avy)? independently of k. To do this we follow the
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calculations of [7]. We use the equation (3.5) for 1, and integrate by parts, first
in time and then in space, which gives

/ [akAwk]Awk dedt = — / [wk]tAwk dx dt
DZs

F
De,s

PA¢pdr + / Y Ay, dx

B(DE)

= ’(bk [Awk]t dl‘ dt — /

Dl T(DE,)

- / e A do dt + / VP do — / V]2 da
DF, T(DE,) B(DF,)

€,s

(3.7)

IA

- / Onthultele dodi + / Avln]s daedt + / Vo[ de.
S(DF)) F

T(DE,)

€,s

Note now that the first term on the right-hand side in (3.7) vanishes, since for
almost every ¢ < s we have [¢x]; = 0 on S[Df] due to the fact that v, vanishes
smoothly on the boundary. For the second term on the right-hand side in (3.7),
we use the first line in (3.7). This implies that

(3.8) /DF ar(AYy)? de dt < %/ V| de.

T(DE,)

With the estimate (3.8) in hand, we see from (3.4) and the fact that b is bounded
that

_ 2 1/2 1/2
(3.9) (/ prla=an) g, dt) (/ an(Ayy)? da dt) 50 ask — oo.
Dgﬁ ak DéF:b

To proceed we need to take care of the term involving f on the right-hand side
n (3.6). Recall that, as a distribution,

1+emt—1

Au™ .
T

f=

Since the function v, vanishes on the lateral boundary S(DES) of Dgs, we have

1+em -1
dedt = ———— Vu'™ - Vi, dedt
DE, Jinde (I+em DE, ’ prde
(1 + 6)mfl -1 / o 1/2 / 5 1/2
1 < ——F—F .
(3.10) S Taiom ( b [Vu™]| dmdt) ( b Vbl dxdt)

By the assumption u™ € L%(0, T; H}(f2)), we see that the first integral is bounded
independent of k£ and e.

Next we need to estimate the L2-norm of |V;| independently of k, which we
do as in p. 133 in [17]. Multiply the equation (3.5) for ¢, by the test function
0 = A x(t), where x(0) = 1/2 and x(s) = 1; thus x: ~ 1/s. Next we integrate
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by parts, first in space and then in time, and get

(3.11) 0= / [wk]tAwkxdxdt—i—/ ap(Ayy)? x dx dt
DF, DF,

/ Vwkxdxdt—i—/ ar(Ayy)? x dx dt
Df,s
1
:75/ [|Vz/;k| ]txdﬂcdtJr/ ak(Ad)k)zxd:cdt
Dfs

1 1
—/ (V| >xtdxdt~/ Vol x

€,s

1
+—/ |vwk|2x+/ ar(Ady)? x dz dt.
B(DF)

2 Dr

€,s

Using (3.5) and (3.11) we get

1
(3.12) —/ |V'L/)k ) da dt Jr/ ak(Az/;k)Q x dx dt
5Jpr, Fi
c(/ |V¢,€|2de7/ Vel x de) <c/ V[ da.
T(DE) B(DE,) T(DE)
Combining (3.6), (3.9), (3.10) and (3.12), we have so far established
I+em -1
(3.13) / (ue — v)pdz < c%/ Vo[ dz.
T(DE.) (1+e) T(DE.)

Before letting ¢ — 0, we still need to check that

/ Vol de < C,
T(DE,)

for some constant C' not depending on € > 0. We are free to assume that ¢ €
C3°(Dey,s) for some €p. Then, since D, s C DE_ for € < eo, we have T(DF,) N
Dey.s € T(De,.s) which proves the desired bound. Thus, letting € — 0 in (3.13),
we get that

/ (u—v)pdr <O0.
Dy, sN[R™x{s}]

Since this holds for any positive ¢, we obtain that u < v a.e. in Qp N[R"™ x {s}]
for any s, and then also in Q. O

The crucial point in the proof above is that we can approximate the set
U
DE:{(I,t)GQTImZU},

by finite unions of space time boxes while staying inside the set where u is a weak
solution. Thus we can also deduce the following theorem.
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Theorem 3.2. Let E be an open set in R*TL, let u be a non-negative continuous
weak solution in E such that

/ [[u™? + |Vu™|?] dzdt < co.
E
Let v be a non-negative lower semicontinuous weak supersolution such that
/ [[v™? + Vo™ ?] dzdt < oo,
E

v >0 o0ndE and u < v on OE. Then u < v in E. Furthermore if a connected
component of OF is the boundary of a finite union of space-time cylinders then we
can remove the assumption v > 0 on that component.

4. The obstacle problem

In this section, we construct solutions to the obstacle problem by a potential the-
oretic method. More specifically, we call a function u a solution to the obstacle
problem if it is the smallest supersolution above the given obstacle function 1.

Existence and uniqueness are fairly easily established for this notion of solu-
tion to the obstacle problem. However, the relationship between the variational
solutions studied in [4] and the smallest supersolution is not immediately clear. In
this direction, we apply the comparison principle established earlier to prove that
the smallest supersolution is also a variational solution, provided that the obstacle
is sufficiently regular. This is a consequence of two facts: first, we prove that the
smallest supersolution is a pointwise limit of variational solutions. Second, varia-
tional solutions are stable with respect to convergence of the obstacles in a suitable
norm.

We expect that the converse is also true, i.e., that a variational solution is the
smallest supersolution. However, our version of the comparison principle in general
domains is not strong enough to prove this.

First we describe the notion of smallest supersolution in more detail.

Definition 4.1. Let v be a positive, bounded measurable function in .., and
denote

Uy = {v is a semicontinuous supersolution in Qe : v > 9 in Qoo }.
We define the réduite (or reduced function) of v as
Ry =inf{v:vely}.

For a measurable set F, we abbreviate R = R,,. We denote by ﬁw (lower

semicontinuous) ess lim inf-regularization of Ry,. The function ﬁlp is usually called
the balayage of 1.

The terms réduite and balayage come from classical potential theory. The
notion is due to Poincaré. We will need the following basic theorem, for which the
proof is standard, but we reproduce it here for the reader’s convenience.
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Theorem 4.2. The balayage ﬁw s a semicontinuous supersolution in Q.

Proof. Pick a space-time cylinder Uy, 1, € Qr and a weak solution u which is
continuous in Utht2 with u < ﬁw on OpU4 +,. Then also u < v on 0,Uy, 4+, for
v € Uy, and by comparison the same holds in Uy, ;,. We take the infimum over v to
get that u < Ry. Since & = u by the continuity of u, we conclude that u < ﬁﬂ,. O

Note that, in general, Ry might not be lower semicontinuous, and ﬁw maght
not be above 1 in every point. However, for continuous v it holds that ﬁw >
everywhere. This together with Theorem 4.2 implies that Ew is the unique smallest
semicontinuous supersolution above the obstacle 1. By the smallest supersolution,
we mean a function v € Uy with the property that

(4.1) u<wv forall vely.

A semicontinuous supersolution with the property (4.1) is unique, if it exists;
indeed, if there are two functions u, ug € Uy, satisfying (4.1), then two applications
of (4.1) give the inequalities u; < ug and ug < uy, so that u; = us.
The next aim is to relate the smallest supersolution to the variational solutions
to the obstacle problem constructed in [4]. We first recall some facts from [4].
We consider nonnegative obstacle functions v defined on Qp, with compact
support and satisfying

m+1

(4.2) ym e L2(0,T: HY(Q)),  a(w™) € L™ ().

The class of admissible functions for the obstacle problem is defined by
Ky(Qr) :={v : Qr = [0,00] : v™ € L*(0,T; H)(Q)) ,v > 1 a.e. on Qp}.

Note that ¢ € Ky, and therefore Ky, # (.
With the above classes, we can state the definition of a strong solution to the
obstacle problem.

Definition 4.3. A nonnegative function u € K, (Q2p) is a strong solution to the
obstacle problem for the porous medium equation if d;u € L*(0,T; H=1(Q)) and

T
/ (Opu, a(v™ —u™)) dt +/ aVu™ - V(™ —u™)dz >0,
0 Qr
holds for all comparison maps v € K, (€2r) and every Lipschitz continuous cut-off
function a: [0,T] — [0, 00] with «(T) = 0.

The cutoff function « is needed for making this definition consistent with the
definition of weak solutions to the obstacle problem, which we will recall later.
For the existence of strong solutions, we still need the assumption

(4.3) U= Opp — AY™ € L¥(Qr) .

The following result can be extracted from Theorem 2.6 in [4].
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Theorem 4.4. Let  be a bounded open subset of R™ with a smooth boundary.
Assume that the obstacle v satisfies the reqularity conditions (4.2) and (4.3). Then
there exists a strong solution u to the obstacle problem for the PME in the sense
of Definition 4.3 satisfying u™ € L(0,T; H(Q)) and u(-,0) = 0.

The function u is also locally Hélder continuous, and satisfies u > 1 everywhere
in Qp. Further, u is a weak supersolution to the porous medium equation in Qr,
and a weak solution in the open set {z € Qp 1 u(z) > P(z)}.

We now wish to show that v in Theorem 4.4 is a weak solution in the larger set

Q0 \ supp()] U {= € O : u(2) > (=)}
With this in mind we recall the following form of a partition of unity.

Lemma 4.5 (Partition of unity). Let Uy, Us,...,U, be open sets, and let K be
a compact set such that K C Uy UUy U ---UU,. Then there exist functions

n; € C3°(U;) such that
Zm =1 onK.
i=1

Proof. For a version where the functions 7; are continuous, see Theorem 2.13, p. 40,
in [16]. The fact that one may also choose smooth functions follows easily from
the continuous version by applying a suitable mollification. m

Lemma 4.6. The strong solution to the obstacle problem given by Theorem 4.4 is
also a weak solution to the PME in the set Qr \ supp(¢)).

Proof. Let § > 0 be a number, and let 15 : R — [0, 1] be a Lipschitz function with
ns(s) = 0 for s < =6, ns(s) =1 for s > 0, and |n5(s)| < 1/6. The solution u is
constructed in [4] as the uniform limit as 6 — 0 of solutions to

Opus — Auf' = ns(P™ —uf') (O — AYP™) 4.
The claim now follows from the fact that (9;¢p — AyY™)4 =0 in Qp \ supp(yp). O

Theorem 4.7. Let ) be a nonnegative, compactly supported function satisfying the
reqularity assumptions (4.2) and (4.3), let u be the strong solution to the obstacle
problem given by Theorem 4.4 with obstacle 1, and denote K = supp(y))N{u = ¢}.
Then u is a weak solution in Qs \ K.

Proof. Denote Uy = Qo \ supp(¢) and Uz = {u > 1}. These sets are open, and
Qoo \K =U1UU;.

Further, u is a weak solution in U; and in Us. The claim concerning the set Uy
is Lemma 4.6, and the claim about Us is a part of Theorem 4.4. To show that «
is a solution also in Uy U Uy, let ¢ € C5°(Uy UUs). An application of Lemma 4.5
shows that there are functions n; € C§°(U;), ¢ = 1,2, such that 11 + 12 = 1 on the
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support of . By applying the fact that u is a weak solution in U; and in Us,
we get

2
/ —ulpp + Vu™ - Vodrdt = Z/ —ud(en;) + Vu™ - V(en;)dedt =0.
Qoo i=1 /e

Since this holds for any test function ¢, u is a weak solution in Uy U Us. O
We are now ready to proceed with the approximation result.

Theorem 4.8. Let ¢ be continuous and compactly supported in Qr. Then the
smallest supersolution Ry is an increasing limit of strong solutions w; to the ob-
stacle problem with smooth compactly supported obstacles ¢; increasing to 1.

Proof. Let U; = {¢p > 1/} for j = 1,2,..., K; = U;. First note that K; and
K41 have a positive distance between them. Thus if we let h; = (v — 1//7)+,
we see that hjq — hj is strictly positive in K;. By a mollification argument it can
easily be seen that for each j > 1 there exists a function f; € C§°(Kj41) such that

hj < fj < hjyr.

Taking ¢; = sz, j > 1, we immediately see that ¢} € C2(Kjt1), thus it satis-
fies (4.2) and (4.3). Moreover by construction we get

P <o <<, ¢j =1 asj—o00.

Let w; be the strong solutions to the ¢;-obstacle problems. Since ﬁw > 1 by
the continuity of 1, we have w; < ﬁw on K = 0{w; = ¢;} Nsupp¢;). Also
note that K C Uj;1, whence Ry > 1/(j+1) > 0 on K. This allows us to use
the comparison principle of Theorem 3.1 together with Theorem 4.7 to get that
w; < Ry. A similar argument shows that w; < wjy;. Thus w = lim;_, o wj is a
semicontinuous supersolution as an increasing limit of continuous supersolutions,
and w < Ry. To finish the proof, we have that w > v everywhere in Qp, whence
Ry < w. Thus
w < Ew <Ry <w,

and the proof is complete. O

The final step is to combine the approximation result with a stability result
for variational solutions to conclude that the smallest supersolution is also a vari-
ational solution. We recall some more facts from [4], in particular the notion of a
weak variational solution, for which stability with respect to the obstacles can be

established.
For the notion of weak solutions, we use the class of admissible comparison
m—+1

functions
K,{L,(QT) = {’U S Kz/;(QT) : at(’Um) cL ™™ (QT)}

We need to make sense of the time term in the variational inequality when we do
not know that d;u belongs to the dual of the parabolic Sobolev space. We do this
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as in [1] and [4]. We recall the notation

(@ cn(e™ =)o = [ o[

m+1

umt — uvm} — auatvm] dzdt

+ a(O)/Qn[m:_ 1u6”+1 —ugv™ (- ,0)} dz,
where ug € L™+1(Q) is a function giving the initial values of the solution, and «
is a nonnegative Lipschitz continuous cutoff function depending only on the time
variable with a(T) = 0. The role of the function « is to eliminate the final time
term, as we do not know in general whether u is continuous in time. Observe that
if Ou € L?(0,T; H~1(9)), we have

/0 (Oru, an(v™ —u™)) dt = ({Du, an(v™ = u™)))u, -

This follows formally from integration by parts, and the rigorous justification is
given in Lemma 3.2 in [4]. This makes the following definition consistent with the
definition of strong solutions in the previous section, i.e., strong solutions are also
weak solutions.

Definition 4.9. A nonnegative function v € Ky(Qr) is a weak solution to the
obstacle problem for the porous medium equation if the inequality

((Oyu, an(v™ — ™)) ), —|—/ avu™ - V(n(™ —u™))dz >0

Qr

holds true for all comparison maps v € Kf/) (Qr) and every nonnegative, Lipschitz
continuous cut-off function depending only on the time variable with a(T") = 0.

Theorem 4.10. Let 2 be a bounded open subset of R™ with a smooth boundary.
Assume that the obstacle 1 satisfies the regularity condition (4.2). Then there
exists a weak solution u to the obstacle problem for the porous medium equation
in the sense of Definition 4.9 satisfying u™ € L*(0,T; H}(2)). Again, u is a weak
supersolution to the porous medium equation in Q.

The following theorem may be extracted from the proof of Theorem 2.7 in [4].

Theorem 4.11. Let ; be a sequence of obstacles satisfying (4.2) with compact
support in Qr such that

P ™ i L0, T HA(Q)),  and  9,(7) — 9,(¥™) in L™ (Qr)

furthermore let u; be the respective variational weak solutions to the obstacle prob-
lem with obstacle v;, see Theorem 4.10.

Then there is a function u € L>(0,T; L™1(Q)) with u™ € L%*(0,T; HL(2))
and u(-,0) =0 such that, up to subsequences,

u; —u ace., ul —u™in L*(Qr), and Vu" — Vu™ weakly in L*(Qr).

Furthermore, u is a variational weak solution to the obstacle problem with obsta-
cle v and initial values zero.
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Since strong variational solutions are also weak variational solutions, we get
the following theorem as an immediate consequence of Theorems 4.8 and 4.11.

Theorem 4.12. Let ¢ be a continuous function with compact support in Qi satis-
fying the regularity assumptions (4.2). Then the smallest supersolution Ry, is also
a variational weak solution.

A general converse for Theorem 4.12 remains open. We record the following
partial result for use in Section 5.

Theorem 4.13. Let ¢ be a smooth obstacle with 1) > 0 in Qp. Then any vari-
ational strong solution u to the obstacle problem coming from Theorem 4.4 satis-
fies u= Ry.

Proof. Since ¥ > 0, any strong solution is strictly positive inside Q7. Thus, given
a semicontinuous supersolution v € Uy, we may apply Theorem 3.1 on the set
{u > 1} to conclude that u < v. Since u € Uy, we get u = Ry. O

5. Parabolic capacity for the porous medium equation

In this section, we define the parabolic capacity for the porous medium equation
and establish its basic properties.

Definition 5.1. The PME capacity of an arbitrary subset E of Q4 is
cap(F) = sup{p(Qso) : 0 < uy, < 1,supp(p) C £},

where 1 is a positive Radon measure, and u,, is a weak supersolution with u, = 0
on 0, and a weak solution to the measure data problem

(up)e — Augy = pu.

Our next result is that there exists a capacitary extremal for the PME capacity
of a compact set K, i.e., a semicontinuous supersolution u such that cap(K) =
1y (K). We need the following two lemmas.

Lemma 5.2. Let ¥ be a smooth, positive compactly supported function, and set
Y = @™ +e™Y™ and v, = Ewa .

Then the limit function

v = lim v,
e—0

s a continuous weak supersolution and a weak variational solution to the obstacle
problem with obstacle v in Q. Furthermore, v is a weak solution in the open

set {v > }.
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Proof. The existence of the pointwise limit as & — 0 follows from the fact that
qu < qu if 61 < &9. The limit v is an upper semicontinuous weak supersolution
as a decreasing limit of continuous weak supersolutions, and v > v since v, > ..
By Theorem 4.13, we may take v. to be a strong variational solution to the obstacle
problem. Hence v is a weak variational solution to the obstacle problem by [4].
The continuity follows from [5].

Since v, is a variational strong solution to the obstacle problem, it is a weak
solution in the set {v. > 1. }. If K is now a compact set contained in {v > 1}, we
have that K is also contained in {v. > 1.} for all sufficiently small ¢, since

Ugf'l/)EZi%f(’U*'l/))*E

by the inequalities v. > v, —1h. = —(p™ +™)/™ > —¢) — ¢, and the fact that

infg (v —1) > 0. Thus
/ —v O + Vo' - Vgod:cdtzlim/ —v: Oy + Vo' - Vodadt =0
Qr e—0 Qr

for all smooth test functions ¢ with support in K. Since K was arbitrary, v is a
weak solution in {v > v}. O

The next lemma is the key step in constructing the capacitary extremal. For
the proof, we record the following estimate. Let u be a positive weak supersolution
in 4, v vanishing on the lateral boundary of £2,,. Suppose in addition that there
exists a time ¢y > 0 so that u is a weak solution in €, . Then

(5.1) u(z,t) < et — tg)~V/(m=1)

for all ¢ > ty with a constant depending only on n, m, and the diameter of 2. This
is the so-called universal estimate. See Proposition 5.17 in [17] for the proof.

Lemma 5.3. Let K be a compact subset of Qoo. Assume that u and v are lower
semicontinuous weak supersolutions in Qos and that u is continuous in oo, and a
weak solution after a time T such that K € Qp. Moreover, assume that u > 1 in
K,u=0 0n 0y, 0<v <1 in Oy, and v =0 on 0p§2ss. Then

po (K) < 1 () -

Proof. Let 0 < 9; € C§°(Q0) be an increasing sequence of smooth obstacles
converging to v such that ¥; < v and ; < 1;+1. Denote the perturbed obstacles
P§ = (Y + em)l/ ™ and the corresponding solutions to the obstacle problem
by v{. Further, let v; = lim._,o v be the weak supersolutions in 2., constructed
in Lemma 5.2. We argue as in the proof of Theorem 3.2 on p. 148-149 in [13] to
see that v; <w;4+1 <wv and v; — v as i — oco. Finally, we have that

supv; =supy; <1+e and supv; =supy; <1.
Q

oo oo oo oo
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We define the supersolution
wi = min(v§,u).

By lower semicontinuity, the set {u > 1} is open, and K is compactly contained
in it. This allows us to construct a compact set K’ and an open set U such that
K cUc K’ C {u>1}. If € is small enough we know that 1 + ¢ < v in K’, so
that w{ = vf in K’. Hence for such e¢ we have that, for ¢’ =1 on U and ¢ =0
outside K’,

(5.2) g (U) S/Uﬂ)’duv; =/U¢’duw; < s (K)

Next note that since u = 0 on 9,€2 and u < ¢ for sufficiently large times by (5.1),
there is a compact set K D K’ in Oy such that in Q. \ K we have w{ = u since
v > e. Hence we obtain for ¢ € C§° () such that ¢” =1 on K” that

1" _ _ ea(b// eym 1"
" dpppe = w + V(wi)™ - Vo' dzdt
Qo : Q ot

oo

_ € a(b// m 7 _ 1
— [ v Ve dedt = | ¢ dpa.
Qo ot Qo

Thus we obtain the estimate

(5.3) par (K0 < [ 6"y = [0 dpa < u00).
' Qoc ' Qoc

We combine (5.2) and (5.3) to get the inequality

Hog (U) < pu(Qoo) -

By construction vf — v; pointwise, thus from Lemma 2.6 we get that fr,e — iy,
weakly. By the standard properties of weak convergence of measures, see Theo-
rem 2.7, we get that

Mm(U) < lirﬁrii(r)lf Hog (U) < Uu(Qoo) .

The sequence (v;) is increasing, and converges pointwise to the original supersolu-
tion v. Again from Lemma 2.6 we get the weak convergence of the corresponding
measures. Another application of Theorem 2.7 now shows that

fin (K) < o (U) < limiinf gy, (U) < (o)
1—> 00
and the proof is complete. O

A consequence of Theorem 3.1, is that in the special case that we have a
decreasing sequence of smooth obstacles converging to a characteristic function of
a compact set, the obstacle problem is stable. If we had a full elliptic comparison
principle, this lemma would hold for a decreasing sequence of smooth obstacles
converging to an upper semi-continuous obstacle.
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Lemma 5.4. Let K C Qo be a compact set. Let E; € Qoo, @ = 1,2,... be a
shrinking sequence of open sets such that E;y1 € Ej;

AT - k.
1=1

Assume that the non-negative functions v; : Qoe — R are supported in E;, sat-
isfy (4.2) and (4.3), and ¥; > xk, i = 1,2,..., is a decreasing sequence such that
Vi — XK pointwise in s as i — oo. Then Ry, — Ry pointwise in Qo and
KR, — KRy weakly as i — oo.

Proof. By Theorem 4.7, the functions R, are continuous. Thus an application of
Lemma 2.6 shows that u = lim;_, Ry, is an upper semicontinuous weak super-
solution, and the respective measures also converge weakly. Further,

u> Ry,

since Ry, > Rk for each 1.

The lemma now follows if we prove the opposite inequality. To this end, note
first and that from Theorem 4.7, Ry, is a weak solution in {Ry, > ¥} U (Qso \
supp(t;)), so that the support of the measure [tR,, is contained in supp(v;) C E;.
These sets shrink to K, and the measures pupg, converge weakly to p,. Thus
supp(uy,) C K, which implies that u is a weak solution in Q \ K.

If now v > xx is an arbitrary semicontinuous supersolution with v = 0
on O, it follows from Theorem 3.1 that u < v. We take the infimum over v to
get that

u < RK )

and the proof is complete. O

A consequence of the stability Lemma 5.4 is that we have stability of the
balayage with respect to decreasing sequences of compact sets.

Lemma 5.5. Let K; C Qo, i =1,2,..., be a decreasing sequence of compact sets
and denote K = N2, K;. Then Ry, is a decreasing sequence converging to Ry,
moreover fip  converges to fip ., weakly as i — oc.

Proof. Let us construct E; = {d((x,t); K;) < ¢/i},i=1,..., for a small constant
¢ < 1 such that B} C Q, then the sequence E; satisfies the requirements of
Lemma 5.4.

Let us now construct smooth functions 1&1- € C5°(E;) such that 1&1- =1on K;,
then let ¢; = [¢;]2, and we have that Ry, > Rk, by construction. As in the
proof of Theorem 4.8, the sequence v; will satisfy (4.2) and (4.3). It is now clear
that the sequence 1; satisfies all requirements of Lemma 5.4 and thus we get that
Ry, = Rk and consequently also Rx, — Ry, furthermore using Lemma 2.6 we
see that the measures pupg, converge weakly to pp, as i — oo. O
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Theorem 5.6. Let K be a compact subset of Q. Then
cap(K) = pp, (K).

Proof. Since Ry is a semicontinuous supersolution such that 0 < Ry < 1, it
follows immediately from the definition of the PME capacity that

fig, (K) < cap(K),

since ]%K is a solution outside K.

To prove the opposite inequality, let first K/ € Qs be a compact set such
that K @ K’. To be able to use Lemma 5.4 we will let E; C K’, i =1,2,... be a
shrinking sequence of open sets such that

o0
ﬂ E,=K.
i=1
Let 1&1- € C°(E;), i = 1,..., be a decreasing sequence of smooth functions con-

verging to xx pointwise in ., as i — oo, and such that

- / 1
P = 1+§ on K .

Consider now the functions ; = [1);]2, then Y € C2(E;), and it is a decreasing
sequence of functions converging to yx pointwise in 2., as i — oo, such that

1
2i
moreover ¢; satisfies (4.2) and (4.3) for all m > 1. Denote by u; the corresponding
solutions to the obstacle problems with obstacle ;. Let now v be a weak super-

solution in s such that 0 < v < 1 and v = 0 on 9,Q. Then it follows from
Lemma 5.3 that

P =1+ on K,

1o (K) < pay (Qoo) = s (K')
We use Lemma 5.4 to see that p,, — pp weakly. The claim now follows from
the above estimate, since

lim sup g, (K') < pp (K') = pp (K)

1—00
by Theorem 2.7. O

We have now developed all the technical tools needed to establish the basic
properties of the PME capacity, including that it is a regular, subadditive capacity.

Theorem 5.7. The PME capacity has the following properties.

(1) Countable subadditivity. In other words if E;, i = 1,2,..., are arbitrary
subsets of Qoo and E = U2, E;, one has

cap(E) < 3 cap(E3)
=1
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(2) Stability with respect to increasing sequences of sets. Let E;, i = 1,2,...,
be arbitrary subsets of Qo with the property E1 C Es C ---, and denote
E =UXE;. Then
lim cap(E;) = cap(FE).
1—> 00
(3) Stability with respect to decreasing sequences of compact sets. Let K; C Qoo
i = 1,2,..., be a decreasing sequence of compact sets and denote K =
N2, K. Then
lim cap(K;) = cap(K).
11— 00
(4) Let U € Qo be an open set. Then
cap(U) = piry (20) -

Proof. From the methods developed in [12] we see that (1) and (2) follow from
Lemma 2.5. Property (3) is a consequence of Theorem 5.6 and Lemma 5.5. Prop-
erty (4) follows from (2), Theorem 5.6, and Lemma 2.6 as in Lemma 5.9 in [12]. O

In conclusion we have established more than enough to say that Borel sets are
Choquet capacitable:

Theorem 5.8. The PME capacity is Choquet capacitable (inner regular). This
means that for all Borel sets E C Qo it holds that

cap(F) = sup{cap(K) : K C E, K compact} .

Proof. Since the capacity is monotone, stable with respect to increasing sequences
of sets (Theorem 5.7 (2)) and stable with respect to decreasing sequences of com-
pact sets (Theorem 5.7 (3)), it is a regular capacity and hence the claim follows
from Choquet’s capacitability theorem, see Theorem 9.3 on p. 155 in [6]. |

References

[1] Arr, H. W. AND LUCKHAUS, S.: Quasilinear elliptic-parabolic differential equations.
Math. Z. 183 (1983), no. 3, 311-341.

[2] AVELIN, B. AND LUKKARI, T.: Lower semicontinuity of weak supersolutions to the
porous medium equation. Proc. Amer. Math. Soc. 143 (2015), no. 8, 3475-3486.

[3] BJORN, A., BIORN, J., GIaANAZZA, U. AND PARVIAINEN, M.: Boundary regular-
ity for degenerate and singular parabolic equations. Calc. Var. Partial Differential
Equations 52 (2015), no. 3-4, 797-827.

[4] BOGELEIN, V., LUKKARI, T., AND SCHEVEN, C.: The obstacle problem for the
porous medium equation. Math. Ann. 363 (2015), no. 1-2, 455-499.

[6] BOGELEIN, V., LUKKARI, T., AND SCHEVEN, C.: Holder regularity for degenerate
parabolic obstacle problems. To appear in Ark. Mat.

[6] CHOQUET, G.: Lectures on analysis. Vol. I: Integration and topological vector spaces.
W. A. Benjamin, New York-Amsterdam, 1969.



594 B. AVELIN AND T. LUKKARI

[7] DAHLBERG, B. E. J. AND KENIG, C. E.: Nonnegative solutions of the porous medium
equation. Comm. Partial Differential Equations 9 (1984), no. 5, 409-437.
[8] DaskaLopouLos, P. aAND KENIG, C.E.: Degenerate diffusions. EMS Tracts in
Mathematics 1, European Mathematical Society (EMS), Ziirich, 2007.
[9] DIBENEDETTO, E. AND FRIEDMAN, A.: Holder estimates for nonlinear degenerate
parabolic systems. J. Reine Angew. Math. 357 (1985), 1-22.
[10] Evans, L. C. AND GARIEPY, R. F.: Measure theory and the fine properties of func-
tions. CRC Press, Boca Raton, FL, 1992.
[11] KILPELAINEN, T. AND LINDQVIST, P.: On the Dirichlet boundary value problem for
a degenerate parabolic equation. STAM J. Math. Anal. 27 (1996), no. 3, 661-683.
[12] KINNUNEN, J., KORTE, R., Kuusi, T., AND PARVIAINEN, M.: Nonlinear parabolic
capacity and polar sets of superparabolic functions. Math. Ann. 355 (2013), no. 4,
1349-1381.
[13] KINNUNEN, J. AND LINDQVIST, P.: Definition and properties of supersolutions to
the porous medium equation. J. Reine Angew. Math. 618 (2008), 135-168.
[14] LINDQVIST, P. AND PARVIAINEN, M.: Irregular time dependent obstacles. J. Funct.
Anal. 263 (2012), no. 8, 2458-2482.
[15] Riesz, F.: Sur les fonctions subharmoniques et leur rapport a la théorie du potentiel.
Acta Math. 48 (1926), no. 3-4, 329-343.
[16] RuDIN, W.: Real and complex analysis. McGraw—Hill, New York, 1987.
[17] VAzQUEZ, J.L.: The porous medium equation. Mathematical theory. Oxford Math-
ematical Monographs, The Clarendon Press, Oxford University Press, Oxford, 2007.
[18] WATSON, N.A.: Thermal capacity. Proc. London Math. Soc. (3) 37 (1978), no. 2,
342-362.
[19] WATSON, N. A.: Heat potential theory. Mathematical Surveys and Monographs 182,
American Mathematical Society, Providence, RI, 2012.
U, Z., ZHAo, J., YIN, J., AND L1, H.: Nonlinear diffusion equations. Wor
20] Wu, Z., Z J., YN, J L1, H.: Nonli diffusi i World
Scientific Publishing Co., River Edge, NJ, 2001. Translated from the 1996 Chinese
original and revised by the authors.

Received May 26, 2015.

BENNY AVELIN: Aalto University, Institute of Mathematics, P.O. Box 11100, 00076
Aalto, Finland; and Department of Mathematics, Uppsala University, 751 06 Uppsala,
Sweden.

E-mail: benny.avelin@math.uu.se

TEEMU LUKKARI: Aalto University, Institute of Mathematics, P.O. Box 11100, 00076,
Aalto, Finland.
E-mail: teemu.lukkari®aalto.fi

The first author was partially supported by Academy of Finland, project #259224, and by
the Swedish Research Council, #637-2014-6822. A part of the research reported in this work was
done during the authors’ stay at the Institute Mittag-Leffler (Djursholm, Sweden).


mailto:benny.avelin@math.uu.se
mailto:teemu.lukkari@aalto.fi

	Introduction
	Weak supersolutions and semicontinuous supersolutions
	A comparison principle
	The obstacle problem
	Parabolic capacity for the porous medium equation

