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Higher order rectifiability of measures
via averaged discrete curvatures

Stawomir Kolasinski

Abstract. We provide a sufficient geometric condition for R™ to be count-
ably (u,m) rectifiable of class ¥* (using the terminology of Federer),
where p is a Radon measure having positive lower density and finite upper
density p almost everywhere. Our condition involves integrals of certain
many-point interaction functions (discrete curvatures) which measure flat-
ness of simplexes spanned by the parameters.

1. Introduction

Let H™ denote the m dimensional Hausdorff measure over R". A measure p is said
to be AD(m) regular if there exists A € [1,00) such that A=t < r=™u(B(z,r)) < A
for x € spt u and r € (0,1). We say that u is uniformly rectifiable if it has the big
pieces of Lipschitz images property, which means that it is AD(m) regular and there
exist 8, M € (0,00) such that for x € sptu and r € (0,1) there exists a Lipschitz
map f: B(0,r)NR"™ — R™ such that Lip f < M and p(B(x,r)N f[B(0,7)]) > 6r™.
David and Semmes [9], [10] were studying uniformly rectifiable sets ¥ C R™ in the
context of harmonic analysis and in the search for a geometric criterion yielding
boundedness of certain singular integral operators on L?(H™LY). To characterize
these sets, they introduced the beta-numbers defined for p € [1,00), x € R",
r € (0,00) as follows:

m _ =1 —-m
p(T, ) =71 ngf (7" /
B

where the infimum is taken with respect to all affine m dimensional planes L in R™.
For p,q € [1,00) and B C R"™ Borel we set

. » 1/p
dist(y, L)? dp(y))

()

diam B dr
Jwam://‘ m (@) L du(z).
BJoO r
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Following Definition 1.2 on p. 313 of [10], we say that u satisfies the (p,q) ge-
ometric lemma if p is AD(m) regular and there exists some C' € (0,00) such
that J, . 4(B) < Cu(B) for all balls B C R™. Measures which satisfy the (2,2)
geometric lemma are uniformly rectifiable; see p. 22 in [10].

If T = (ag,..-,amy1) € (R")™*2 let AT be the convex hull of the set
{ag,...,am+1}. For B C R™ Borel we define the integral Menger curvature of
a measure x4 on B by

Hm+1(A(a0 . (1m+1))2
B) = - d
Mu(B) /Bm,+z diam({ao, . . ., 1 })m+2)(m+1) a

This was (up to a constant) one of the functionals considered by Lerman and
Whitehouse in [23], [24], were they showed that if 1 is AD(m) regular, then J, 22
is comparable to M,, on balls establishing a new characterization of uniform rec-
tifiability and providing a connection between the beta-numbers and Menger-type
curvatures. In Corollary 6.1 of [23] a characterization of measures satisfying the
(p,p) geometric lemma for 1 < p < oo is also given.

Following §3.2.14 of Federer [12] and Anzellotti and Serapioni [4], we say that a
set £ C R™ is countably (u, m) rectifiable of class €1 if there exists a countably
family A of m dimensional submanifolds of R” of class ¥** such that u(E ~
UA) = 0. Let ®)" (i, a) and ®""(u,a) denote the lower an upper densities of u
at a € R" as defined in §2.10.19 of [12].

Quite recently Meurer [33] proved, assuming a priori that ¥ C R™ is merely
a Borel set and p = H™LY, that if M, (R") is finite, then ¥ is countably
(H™,m) rectifiable of class €'. His work can be seen as a higher dimensional
counterpart of the result of David [8] and Léger [22] established in connection with
the famous Vitushkin conjecture on removable sets for bounded analytic func-
tions. Azzam and Tolsa [5] and Tolsa [38] proved that if ; is Radon and satisfies
0 < ®(u,a) < oo for p almost all a, then R™ is countably (i, m) rectifiable

m+2(a0, ceey am+1) .

of class €' if and only if fol mz(m,r)Q% < oo for p almost all a. However, in
this generality the quantities considered in [33] and in [5, 38] are not known to
be directly comparable —in contrast to the AD(m) regular case due to [23], [24].
A partial result concerning comparability of the two notions for non AD(m) regular
measures was proven by the author in [17].

Higher order rectifiability, mostly of functions (see Definition 2.5 in [4]), has
also been studied for a long time. In the context of functions it is rather called a
Lusin-type approximation. Calderén and Zygmund (cf. Theorems 9 and 13 in [7]),
Resetnjak [34] and, more recently, Liu and Tai [27], Lin and Liu [26] gave condi-
tions for higher order rectifiability of functions in terms of existence of approximat-
ing polynomials at almost all points. The classical Alexandrov’s theorem (see [2]
or [13]) and its generalization by Alberti [1] can be seen as a € rectifiability result
for convex functions.

Higher order rectifiability is an important feature of sets in geometric analysis.
It was observed by Schétzle in §3 of [35] that it can be used for proving regularity
of sets governed by a PDE. This philosophy was employed later by Menne [28],
[29], [30], [31], and Menne and the author [18] for showing certain regularity results
for varifolds.
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In the present article we provide a sufficient condition for rectifiability of
class €1 in terms of functionals similar to M u- Whenever f1 is a measure over R”,
and [ € {1,2,...,m+2}, and @ € [0,1], and p € [1,0), and a, ag, . .., am+1 € R,

and T = (ag, ..., am+1), and r € (0, 00] we set
m—+1 AT
K(T) = (;:TM if diam(AT) >0, k(T)=0 otherwise,
l,p,« o m+2-1 Iﬁ:(a, Aty ... ,am+1)p
Rl (ar, . amr) = (@) esssup diam({a, a1, . .., ams1 })m-Dtep’

ag,...,am+1€B(a,r)

() Ko = [ [ b dut) - duti)
B(a,r)

B(a,r)

with the understanding that there is no essential supremum in case [ = m + 2 and
there is no integral in case [ = 1.

Ifp>m(l—1),and a =1—m(l —1)/p, and p = H™LY for some compact
set 3 C R™, then £(u) = [ KLP(a,00) dp(a) coincides with one of the functionals
analyzed by Strzelecki and von der Mosel [37], Blatt and the author [6], Szumanska
and the author [21], Strzelecki and von der Mosel and the author [19], [20], and
by the author [16]. Analogues of the Morrey—Sobolev embedding theorem for sets,
where k plays roughly the role of the second weak derivative, were studied in [37],
[16], and [21]. In [20] the authors use £ to solve geometric variational problems
with topological constraints. In [6] and [19], a full geometric characterization of
graphs of some (fractional) Sobolev maps is established.

Ifl =m+2, and p = 2, and a = 0, then £(u) equals M, (R™) which was
considered in [23], [24], and [33]. Formally, if one sets [ = m + 2, and p = 2, and
a=m—(m+2)(m+ 1)/2, then £ yields also one of the quantities used in §4
of [25] to approximate the least square error of a measure.

Our main result reads as follows.

Theorem 1.1. Let p be a Radon measure over R™ such that
(1.2) 0< O (p,z) <O™ (u,z) < oo for p almost all x,

andl €{1,2,...,m+2}, and o € (0,1], and p € [1,00). Assume Kﬁ;p’a(a, 1) < o0
for u almost all a. Then R™ is countably (i, m) rectifiable of class € and u is
absolutely continuous with respect to H™.

Moreover, if a < 1, then for any € € (0,1 — «) there exists a measure L
satisfying (1.2) and Ile’“(a) < oo for p almost all a and such that R™ is not
countably (p,m) rectifiable of class € "¢,

The converse of Theorem 1.1 does not hold due to the example constructed
in [21]. In view of the characterization of graphs of functions of Sobolev—Slobodeckij
class W1T@P obtained in [6] one could expect that finiteness p almost everywhere
of ICL”)’O‘ should rather characterize “rectifiability of class W'T®P” —a notion not
yet defined.
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We prove the first part of Theorem 1.1 in Section 7. First we use standard
methods of geometric measure theory to reduce the problem to the case when p is
roughly AD(m) regular, which is possible because we assume 0 < @7"(u, x) for p
almost all x. Then, for p almost all points =, we find m dimensional planes that
approximate the measure in smaller and smaller scales around x and, due to the
condition a > 0, we prove that they converge in the Grassmannian to some plane
which must contain the approximate tangent cone of p at x —this is the heart of the
proof; see Lemma 7.4. From there we conclude using §2.8(5) of Allard [3] that R™ is
countably (u, m) rectifiable of class %", This allows to reduce the problem further
to the case when = H™LY, where ¥ is a subset of a graph of some € function.
Next, we use the decay rates obtained in Lemma 7.4 together with Corollary 5.5,
which is a consequence of Lemma A.1 in [35], to get the conclusion.

The proof of the second part of Theorem 1.1 is contained in Section 8. It bases
on the fact that for any 0 < o < < 1 there exists a set which is a graph of
some %% map but is not countably (H™, m) rectifiable of class ¢1# which can
be deduced from the Appendix of [4]. In Section 8 we also give examples of other
functions that could be used in Theorem 1.1 in place of k.

Our result can be seen as an extension of [33] but is not stronger. A glance at
the outline of the proof given above reveals why our problem is extremely simpler
than that considered in [33] or [5]. The first reason is that we assume « > 0 which
immediately gives convergence of the approximating planes in Lemma 7.4. The
second, but actually the crucial one, is that we assume 7" (u, a) > 0 for p almost
all @ which allows to reduce, roughly, to the AD(m) regular case.

2. Notation

In principle we shall use the book of Federer [12] as our main reference and source
of definitions, and we shall adopt some, but not all, of its notation. In particular we
shall write {z € X : P(x)}, in contrast to X N{z : P(x)}, for the set of those x € X
which satisfy some predicate P. We also prefer to say that a function is “injective”
rather than “univalent”. The symbols R and N shall be used for the set of real
and natural numbers including zero. Moreover, whenever s,t € RU {—o00, 00} and
s < t, we shall write (s,t), [s,t] for the open and closed intervals in R and also
(s,t] and [s,t) with the usual meaning. If A and B are sets, we write A ~ B
for the set theoretic difference. If X is a vector space, A,B C X, ¢ € X and
r € (0,00) we adopt the notation ¢ + A = {c+a :a € A}, rA = {ra : a € A}
and A+ B={a+b:a€ A, b€ B}. When we write R” we always mean the
n dimensional Euclidean space with the standard scalar product denoted u e v
for u,v € R™. We shall write U(a,r) and B(a,r) for the open and closed ball
centered at a and of radius 7 in the metric space to which a belongs to. We adopt
the definition of a measure from §2.1.2 of [12], which is sometimes called an outer
measure in the literature. The symbols H™ and L™ stand for the m dimensional
Hausdorff and Lebesgue (outer) measures as defined in §2.10.2(1) and §2.6.5 of [12].
Whenever m € N ~ {0} we use the symbol a(m) for the Lebesgue measure of the
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unit ball in R™. If X and Y are normed vector spaces, U C X is open, k € N, and
o €[0,1], then a function f: U — Y is said to be of class € if f is continuous,
has continuous derivatives up to order k (cf. §3.1.1 and §3.1.11 of [12]), and the k!
order derivative DFf satisfies the Holder condition with exponent a (cf. §5.2.1
of [12]); in this case we write f € €**(U,Y). The image of a set A C X under
a mapping f: X — Y is denoted f[A] and similarly f~![B] denotes the preimage
of a set B C Y. We write idx for the identity function on X. Whenever X
is a metric space, A C X, and z € X, we use the notation dist(z, A) for the
distance of = from A. We write A’ to denote the Cartesian product of I € N ~ {0}
copies of a set A and if f: A — B, then f': A" — B! is the Cartesian product
of [ copies of f, i.e., fl(a1,...,a;) = (f(a1),..., f(a;)). Similarly, ' shall denote
the product of [ copies of a measure p (cf. §2.6.1 of [12]). For the Grassmannian
of m dimensional planes in R" we write G (n,m) (cf. §1.6.2 of [12]). With each
P € G (n,m) we associate the orthogonal projection P, : R — P C R" onto P and
the orthogonal complement P+ = ker P,. Whenever v1, ..., vy are vectors in some
vector space X, we write span{vy, ..., v;} for the linear span of these vectors. If u
measures some set X, f: X — R is gp-measurable and A C X is py-measurable, we
write f, fdu = p(A)~" [, fdu for the mean value of f on A. By X 3 z +— f(z)
we mean an unnamed function with domain X mapping x € X to f(z). For
the essential supremum of a function f: X — R with respect to a measure pu
over X we write (u)esssup f, which is defined to be equal to (1), (f) in the
notation of Federer (see §2.4.12 of [12]). To optimize space we shall sometimes
write (u)esssup, ¢y f(z) instead of (i) esssup(X > =+ f(z)).

The reader might also want to recall the definitions of: the space of orthogo-
nal projections O*(n,m) (cf. §1.7.4 of [12]), the exterior algebra A, X of a vec-
tor space X with its associated wedge product A (cf. §1.3 of [12]), tangent cone
Tan(S, x) of a set S C R™ (cf. §3.1.21 of [12]) at € R™, approximate m-tangent
cone Tan™ (u, z) of a measure p (cf. §3.2.16 of [12]) at x € R™.

We often write “I';,,” to denote the number (the “constant”) that appeared
under the name “I'” in the formulation of item x.y. Throughout the paper n and m
shall denote two integers satisfying 1 < m < n.

3. Approximate tangent cones
Remark 3.1. For a,v € R", £ € (0,00) define the cone
E(a,v,e) = {beR":3t € (0,00) |t(b—a) —v| <e}.
Then (cf. §3.2.16 of [12]) v € Tan™(u, a) if and only if
O (uLE(a,v,e)) >0 for all € € (0,00).

Note that, if 0 < & < |v|, then b € E(a, v, ¢) if and only if

o 2 1/2
b#a and bra v ><1E—) .

o L
lb—al  |v| [0]?
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The notion of an approximate tangent cone Tan™(p,a) (cf. §3.2.16 of [12])
that we use is different from the notion of the tangent space defined by blow-ups
in §11.2 of [36]. However, we have the following.

Proposition 3.2. Suppose p is a Radon measure over R™, and T € G (n,m), and
a € R", and

: |T;-(b—a)]
(3.1) hmr_m/ ————— du(b) =0.
B(a,r) |b - (Z|
Then Tan™ (u,a) CT.

Proof. If Tan™(u,a) ~ {0} = @, the conclusion is evident. In all other cases we
shall prove the proposition by contradiction. If there existed v € Tan™ (u, a) ~ T}
then |ThJ-v| > 0. Recalling Remark 3.1, if € € (0, 00) satisfied € < %|Thl-v|, then for

each b € E(a,v,¢) setting t = (b — a) ® v|b — a| =2, we would have

b—a ‘ ' L b— ‘_ |Tu t(b—a) > |Thl-v| - |TuJ‘(’U*t(b*a))|
b—al " o[l 17" o] |v] - |v]
Trv| — T+
L Mvize sl
|v] 4 vl

Hence, for any » > 0 and € € (0, %|Tﬁv|), we would obtain

(32) / TGl ey > / B OO0 40)
B(a,r) |b - (Z| E(a,v,e)NB(a,r) |b - (Z|

.3 T, v |( g2 )—1/2u(E(a,v,€) N B(a,r))

=1 o) '

a),

rm

Since we assumed v € Tan™ (i, a), we could argue that @™ (uLE(a,v,¢),a) > 0
for all ¢ € (0,00). Then, for ¢ € (0, |T;"v]), taking limsup, , on both sides
of (3.2), we would get

lim sup r_m/ ———— du(b) >0,
rl0 B(a,r) |b - a‘|

which is impossible due to the assumption (3.1). Thereby, we conclude that it was

not possible to choose v € Tan™ (i, a) ~ T'; thus Tan™ (u,a) C T O

Remark 3.3. Observe that

(3.3) lim ¢y~ ™1 / [ T;-(b—a)| du(b) =0
40 B(a,r)

implies (3.1) which can be verified by representing the integral over B(a,r) by a

series of integrals over “annuli” B(a,27%r) ~ U(a,2 %~ 1r) for k € N. Hence, the

conclusion of Proposition 3.2 holds also with assumption (3.1) replaced by (3.3).
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4. Graphs of functions and the slope of the tangent plane to
a graph

Remark 4.1. A convenient way to work with graphs of functions defined on some
T € G (n,m) and with values in T is to express the function using orthonormal
bases for T and T+. To do that we choose orthogonal projections p € O*(n,m)
and q € O*(n,n —m) (cf. §1.7.4 of [12]) such that imp* = T and imq* = T+,
Then if A CR™ and f: A — R ™ we define F' = p* 4+ q" o f and then im F is
the graph of f with R™ identified with 7.

The following remark, made in the spirit of §8.9(5) of [3], allows to express
the “slope” of the tangent plane to a graph by the norm of the derivative of the
function; see Corollary 4.3.

Remark 4.2. Assume 7' € G (n,m) and n € Hom(T,T+). Set S = {v+n(v) :v €
T} € G (n,m). Observe that the function [0,00) > ¢ — t?(1 4 t?)~! is increasing;
hence, using §8.9(3) of [3],

I1Ss = Tl1* = 175" o Sy1?
= sup {|ThJ‘u|2|u|*2 cueS~{0}}
= sup {|n(w)|*|w +n(w)|"* 1 w € T ~ {0}}

; [l
= sup {[n(w) (1 + nw) )~ s w € T, ju] =1} = 50

Corollary 4.3. Let p, q, T, A, f, and F be as in Remark 4.1. Assume that
Y CimF, a € X is such that Tan(X, a) € G (n,m) and that [ is differentiable at
x =p(a). Then, employing Remark 4.2 with D f(x) in place of n, we obtain

(4.1) | Tan(X, a)y — Ty||* = % :

Let b € ¥ and set y = p(b). Then b = F(y) and DF(z)(y — x) € Tan(3,a).
Define

u=q"(f(y) - f(z) = Df(2)(y — 2)) = F(y) — F(z) - DF(z)(y —x) € T+
and v = Tan(Z, a)hL(b —a) = Tan(Z,a)hLu.
Then, by (4.1), we get
ju— v] = | Tan(S, a)yul = | Tan(S, a)T;-u| < || Tan(S, a)y — Tyl

D@l
@+ [DF @272

In consequence,
Tan(3, a); (b= a)| < |f(y) — f(z) = Df(@)(y — )]

Df(x -1
42) <( -G ) e-al.
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5. Higher order rectifiability criterion for graphs

To talk about approximate features of functions (e.g. limits, continuity, differen-
tiability; cf. §2.9.2, §3.1.2, §3.2.16 of [12]) one needs to provide two parameters:
a measure and a Vitali relation (cf. §2.8.16 of [12]). It will be convenient to define
a standard family of Vitali relations.

Definition 5.1. For k € N ~ {0}, we set
Vi = {(z,B(z,r)) : 2 €R", r € (0,00)}.

Remark 5.2. If k € N ~ {0} and ¢ is a measure over R* such that all open sets
are ¢ measurable and ¢(A) < oo for all bounded sets A C R, then due to §2.8.18
of [12] the family Vj is a ¢ Vitali relation.

In the following proposition, whenever we write “ap D f” we mean the approx-
imate differential with respect to (L™, V).

Proposition 5.3. Suppose a € (0, 1], and A C R™ is L™ -measurable and such that
O"(LM™LAa) =1 foralla € A. Let f: A — R"™ be (L™, V) approzimately
differentiable on A and satisfy one of the following conditions:

. _ Ps(y, z)
(5.1) limsupr m/ —————dL™M(2) < o0 forallye A,
rl0 ANB(y,r) |Z - y|1+a
or
P
) ™ Vo) ap imsupi’z)<oo forally e A,
5.2 L™ V) apl 1y

aoy |2yt

where Pr(y,z) = |f(z) — f(y) —ap D f(y)(z — y)| for y, 2 € A.
Then there exist functions fi € ‘fl’a(Rm,R”*m) for k=1,2,..., such that

L™ (A~Up{z € A: f(z) = fu(z) and apDf(z) = D fi(x)}) = 0.
In particular, the graph of f is countably (H™,m) rectifiable of class ¢,

Proof. In case o = 1 this was proven in Lemma A.1 of [35]. If 0 < o < 1, exactly
the same proof, with relevant occurrences of 2 replaced by 1 + «, establishes the
assertion. O

Remark 5.4. In case condition (5.2) is satisfied in Proposition 5.3, the conclusion
of Proposition 5.3 follows also from Theorem 1.5 of Lin and Liu [26]. However, one
should note that at a single point y € A condition (5.1) does not imply (5.2) at y.
Tt is rather a consequence of the proposition that condition (5.1) at all points of A
implies condition (5.2) for £™ almost all y € A. Inspecting the proof of Lemma A.1
in [35] one can extract a sufficient condition, which is implied by (5.1) as well as
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by (5.2), for the proposition to hold; namely, it is enough to assume that for all
y € A there exists some K € (0,00) such that

lim su Em(B(y,T)N{ZGA: |f(z)—f(y)—ap Df(y)(z — y)| < Kr1+a})
0 P a(m)rm

< Eo(m) s

where go(m) € (0,1) is a small constant depending only on m.

Corollary 5.5. Letp, q, T, A, f, F be as in Remark 4.1. Suppose a € (0, 1], and
A is L™ measurable, and f is (L™, Vy,) approzimately differentiable on A, and
Y = F[A] satisfies H™(X) < oco. Assume that one of the following conditions is
satisfied for H™ almost all a € X:

[Tan™(H™ LY, a); (b — a)]

(5.3) lim sup 7“_’”/ dH™(b) < oo
10 SB(a,r) |b—aftte

or

[Tan™ (H™ L, a); (b — a)|
(5.4) (H™LX,V,)aplimsup

< .
b b — a[lFe >

Then X is H™ measurable and countably (H™,m) rectifiable of class ¢he.

Proof. Employing §3.1.8 of [12] we can divide A into a countable family of £ mea-
surable sets {A; : i € N} such that f restricted to each of A; is Lipschitz and
Uien Ai = A. Then F|,, is bilipschitz and, since H™ and £™ are Borel regular,
¥; = F[A;] is H™ measurable for each i € N. Hence, ¥ =  J; .y ¥; is also H" mea-
surable. Moreover, if one of the conditions (5.3) or (5.4) is satisfied for H™ almost
all a € X, then the same condition holds for H™ almost all a € 3; for each i € N.
Hence, it suffices to prove the corollary separately for each A; and ¥; in place
of A and ¥. In the sequel we will assume this replacement has been done and
that f has been extended to the whole of R” by means of the Kirszbraun theorem
(cf. §2.10.43 of [12]), so that we have

fR™ 5 R"™ satisfies L = Lip(f) < oo
and Tan™(H™LY,a) = Tan(3,a) for H™ almost all a € 3.

If (5.3) holds for H™ almost all a € 3, then let £’ C 3 be the set of a € ¥ for
which (5.3) holds. If (5.4) holds for H™ almost all a € 3, let £’ C 3 be the set of
a € X for which (5.4) holds. Since H™ (X ~ ¥') = 0, we know X/ is H"* measurable.
Recall the definitions of p, q, and F from Remark 4.1. Set B’ = p[>’] and note
that B’ = F~[%'] so it is £™ measurable. Next, set B = {x € B' : Df(z) exists}.
Then £™(B' ~ B) = 0 due to the Rademacher theorem (cf. §3.1.6 of [12]); hence,
B is also £™ measurable. Define B = {z € B : @™ (L™LB,z) = 1}. Then,
by §2.9.11 of [12], B is £™ measurable, L7 (B ~ B) = 0 and ©™(L™LB,z) = 1
for all x € B. Observe that, because F' is Lipschitz,

(5.5) H™(S ~ FB]) = H™(S ~ ¥') + H™(F[B' ~ B]) = 0.

Hence, it suffices to check that Proposition 5.3 applies to f|z.
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Set A = (1 + L?)~%/2 € (0,1] and note that Lip(F) < A~'; hence,
(5.6)  F[B(p(a),A\r)NB] CB(a,r) N F[B] foreacha e X and r € (0,00).

For z,y € B define Pr(z,y) = |f(y) — f(z) — Df(x)(y — z)|. Employing (5.5)
combined with (4.2) and then applying the area formula (cf. §3.2.3 of [12]) together
with (5.6), we obtain

Tan(S, )t (b  a)
o dH™ (b
/B(a,r)ﬁE |b - a|1+a ( )

_ Py(p(a), p(b))
ZAlmlf)\er/ ! dH™ (b
( ) B(a,nnr(B) [P(b) — pla)[t T ©)
- Py(z,y)
> )\1+a+m 1 =MLY\ m/ f dcm
- ( ) B(zArnB Y — 21T )

for r € (0,00), € B, and a = F(z). Hence, if (5.3) holds, then one can employ
Proposition 5.3 to see that F[B] is countably (H™,m) rectifiable of class €* and,
due to (5.5), so is X.

Fix a € F[B] and set = p(a). For y € B and b € F[B] define

_ [Tan(3,a); (b — a)| _ ) = f@) = Df(x)(y — =)
g - |b—a|1+0‘ ’ h(y) - |y—l‘|1+a )
and ¢=H"LF[B]=H"LXY,

Setting A = AT (1 — AL) we obtain, by (4.2) and the area formula (cf. §3.2.3
of [12]),

Ah(p(b)) < g(b) and  L™(S) < ¢(F[S]) < A7™L™(S)

whenever b € F[B] and S C B is £L™ measurable. Hence, for each r,t € (0, 00)
{y € B:h(y) >t} Cp[{be F[B]: g(b) > At}],

L7"(B(z,Ar)N{y € B: h(y) >t}) - »(B(a,r)N{be F[B]:g(b) > At})

L7 (B(xz,r) N B) - Amo(B(a,r))
Therefore,
. o LBz, M) n{y € B h(y) > t})
(5.7) inf {t eR: 1;{101 (Bl r) N B) = O}

. o ¢Bla,r) N {be F[B]: g(b) > At})
§1nf{t€R.1T1ﬂ)1 "o(Bla, 1)) fO}.

For any = € B we have @™ (L™L B, x) = 1 so it follows that
L™(B(x, \r))

i =\" .
"6 Lm(B(z,r) N B) =

(5.8)

Recalling = p(a) € B was chosen arbitrarily and combining (5.7) with (5.8)
yields
(L™, Vm) aplimsup h(y) < (¢, Vn) ap limsup g(b)

y—T b—a
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for all z € B and a = F(x). Consequently, if (5.4) holds, then one can employ
Proposition 5.3 to see that F[B] is countably (%™, m) rectifiable of class € and,
because of (5.5), so is 3. O

6. Existence of balanced balls

Definition 6.1. For ¢ € [0,1], and a € R, and r € (0, 00] we set
Xs(a,r) = {(b1,...,bm) € B(a,r)™ : [(by —a) A+ A (b, — a)| > 67"} .

Remark 6.2. The following Lemma 6.3 is a variant of Lemma 3.1 from [5]. Similar
results can also be found in Proposition 3.1 of [23], and in Lemma 5.8 of [9], and
in Lemma 4.2 of [33].

Lemma 6.3. Suppose
w is a Radon measure over R" | a,beR", r € (0,00), upB(a,r))>0,
tve(0,1), keN, k<m, LycGnk).

Then one of the following alternatives holds:

(a) There exist Tii1,...,om € Bl(a,r) such that if L; = Lj + span{zpy1 —
b,...,x; —b} forj=k+1,...,m, then

dist(z; —b,Lj_1) >~r forj=k+1,...,m,
w(B(zj,tr) N B(a,r)) > T " u(B(a,r)) forj=k+1,....,m,
where I' =T'(n) € [1,00).

(b) There exist A\ N € N and Ly € G (n,\) and y1,...,yn € B(a,r) N (b+ L))
satisfying
k<A<m, NSFV_A, Ly C Ly,
{B(yi,40’77“) ti=1,...,N} is disjointed

Zu (g, 497r)) = T~ u(Ba, 1)),
(B( 1’4,774)) 1 —(m )\)M(B(aa’r)) or i =
S 2 >T- . 1,...,N
(m) € [1,00).

Proof. We mimic the proof of Lemma 3.1 in [5].
Set e = 2= ("*D¢" Choose Tpy1, - . ., m inductively so that for j = k+1,...,m

)

where I' =T

L :LkJrspan{:EkH —b,...,x; fb},
z; € B(a,r) ~ (Lj—1 + B(0,7r)),
s; = sup{u(B(z,tr) N B(a, 7)) : @ € B(a,r) ~ (Lj—1 + B(0,y7)) } .
w(B(z;,tr) N Bla,r)) > 3s;.
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If s; > eu(B(a,r)) for j = k+1,...,m, then alternative (a) holds with I = 2"+,

Assume there exists A € {k,...,m — 1} such that sx11 < eu(B(a,r)). Then,
since B(a,r) ~ (L + B(0,7r)) can be covered by 2"t~" balls with centers in
B(a,r) ~ (Lx + B(0,7r)) and radii tr, we get

1(B(a,r) ~ (Lx +B(0,77))) < 2"t " e u(B(a,r)).
Recalling € = % 27™¢™ this implies that
(6.1) 1(B(a,r) N (Lx +B(0,97))) > 1 u(B(a,r)).
Since dim(Ly) = A there exists a finite set I C B(a,r) N Ly such that
B(a,r) N (Lx+ B(0,77)) € U{B(z,4yr) : z € I},
(6.2) {B(z,4vr) : z € I} is disjointed, H°(I) < K = (4y)*.
Next, we define J = {z € I : p(B(z,4vr)) > (4K)*u(B(a, 7))} and note that
p(U{B(z,4yr) : 2 € I ~ J}) < 3 u(Ba,7));

hence, employing (6.1),

(6.3) W(U{B(,a30) s 2 € 7}) > L u(B(a ).
Now we construct Y = {y1,...,yn} C J inductively so that fori =1,..., N
J=J,

Ji ={z€J:B(z,40yr) N B(y;,40yr) = @ for j =1,2,...,i—1} ifi>2,
(64) wy,eJi, wuwB(yi,4yr)) > u(B(z,4yr)) forzeJ;, Jyy1=6g.

Fori=1,2,...,N we see from (6.2) that J; ~ J;11 contains at most 20* points.
Thus, using (6.3) and (6.4), we obtain

N N
w(B(a,r)) < 42,u(U{B(z,4’y7") iz€di~Jip}) <4- QOAZM(B(yi,&yT)) .
=1 1=1
Finally, since pu(B(z,4v7)) > (4K)~'u(B(a,r)) for z € J and K = (47)7, we
conclude that

pB(z49r)) o pB(ar) o —om  —(m—j+1) £B(a,7))
> > 4—2m m—j f )
@y = AK (@ =T P orzed

Hence, alternative (b) holds with T' =4 - 20™. O

Corollary 6.4. Suppose a € R™, and ro € (0,00), and A € [1,00),

and A 'a(m)r™ < u(B(a,r))  forr e (0,70,
and p(B(z,1)) < Aa(m)r™ for z € R™ and r € (0,rq].

Then there exist 6 = 6(A,m) € (0,1] and o = o(A,n,m) € (0,1] such that
W (Xs(a,)) > o p(Bla, )™ for € (0,4r0].



HIGHER ORDER RECTIFIABILITY OF MEASURES 873

Proof. Let r € (0,7] and set v = %(F6'3(b)A2)1/(m’1) and t = (14 %’ym)l/m -1

and k=0 and Ly = {0} and b = a and § = 1™ and apply Lemma 6.3 with this
choice of a, b, v, r, t, k, L. Observe that for this particular v alternative (b) of
Lemma 6.3 cannot hold due to the assumed lower bound on p(B(a,r)) and upper
bound on p(B(z,4vr)) for z € R™. Therefore, there exist z1,...,z, € B(a,r)
such that alternative (a) of Lemma 6.3 holds. Then clearly

|($1 - (I) A A (mm _ a)| > ’Vme.

A simple computation, as in Proposition 1.7 of [16], shows that if we choose arbi-
trary points y; € B(z;,tr) for i = 1,...,m, then

(g1 —a) A= A (ym — a)| > 5™ =61
This shows that
(B(z1,tr) N B(a,r)) x -+ X (B(@m, tr) N B(a,r)) € Xs(a,r);
hence, item (a) of Lemma 6.3 yields
w™(Xs(a,r)) > Fg.g”(a) """ u(B(a,r))™. O

7. Proof of higher order rectifiability

Remark 7.1. If 6 € [0,1], and a,c € R™, and r € (0,00], and (b1,...,bn) €
Xs(a,r) (see Definition 6.1), and P = span{b; —a,...,b,, —a}, then

o dist(¢c — a, P)
—2m(m+1)2r

Lemma 7.2. Letr,d € (0,00), e € (0,1), P,Q € G (n,m), v1,...,0m € R"™ satisfy

H(avblv c '7bm,c)

Q =span{vi,...,vm}, [Vt A Avgp| >0, ol <7, |PhJ‘vi| <er
fori=1,...,m. Then |P, — Q4| < md~'e.
Proof. By §8.9(3) of [3], there exists u € @ such that
lul=1 and [P, —Qll =[P} o Qsll = |P;"ul.
Choose ai, ..., a, € R such that u =Y"." | a;v;. For each i =1,...,m we have

VLA AUy,
o T Tm
oL A Ao
|Ul/\.../\vi71/\U/\Ui+1/\"'/\vm| <i
for A Ao =5

Oéi:(Ul/\”'/\’l}i_l/\u/\UH_l/\"'/\Um)

and |a;] =

hence,

1Py = Qsll = [P ul < Y Jew| [P oi| < mo~e. o

i=1
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Remark 7.3. We shall frequently use the Chebyshev inequality in the following
form. Whenever v measures some set X, f: X — R is a v measurable function,
€ (0,00), and A C X is v measurable, then for any K € (0, 00), we have

v({z € A:|f(x)| > Kf,|f| dv}) < K~ 'w(A).

Lemma 7.4. Assumel € {1,2,...,m+2}, and a € (0,1], and p € [1,00), and p
is a Radon measure, and 6,0 € (0,1), and A € [1,00), and 19 € (0,00). Define S
to be the set of those a € R™ for which

ICl’p’“(a 4rp) < 00,
(7.1) A a(m)r™ < w(B(a,r)) < Aa(m)r™  forr € (0,rq],
(7.2) p"(Xs(a,r)) = o p(Bla,r))™ 7€ (0,r0].

Then there exists a constant C = C(m,l,p,o0,a,d,A) and for each a € S there
exists T'(a) € G (n,m) such that

(a) in case Il < m+2: for p almost all b € B(a,ro),
IT(a); (b= a)| < CKP(a,[b—a])/? [b—a '+
and, whenever b € S N B(a, 0)
|IT(a)y = T(®)e]l < C K7 (a, |b—al)/? |b—a]*;

(b) in case l =m+2: for any r € (0,7¢],
. 1/p . Up 1t
(. astte—a 1@ an0)” < O a,antiorse.
B(a,r)

In particular, Tan™ (u,a) C T(a) for all a € S, by Proposition 3.2 and Remark 3.3.

Proof. Obviously we can assume S is not empty —otherwise there is nothing to
prove. Set M = (2m+m° A2m 4 2)5=1 If 2 <[ < m + 1, define

MlCi;p’o‘(a, r) }

_ m. Lp, —_—e 2/
Y (a,7) {(b1,...,bm) € B(a,r) #ar(bla---abl—l) > (B(a,r)) T

if Il =m + 2, set

V(a.r) = {1, b) € Bla )"

M/Cl’p’a(a,r)
’pa’T(b 7---7bm,C) dul(c > “7})
/B(a,r) e ) n(B(a, )™

and if [ =1, set Y (a,r) = &. Employing Chebyshev’s inequality (cf. Remark 7.3)
we obtain

(7.3) p"(Y (a,7)) < M7 pu(B(a, )™
forl € {1,...,m+2}, and a € R, and r € (0, o0].
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Since M > o=, using (7.2), we get
(7.4) W (Xs(a,r) ~Y(a,r)) > (0 — 35) p(Bla,r))™ >0

fora € Sand 0 <r <ry. Fora € S, and 0 < r < rg, and (g1,...,9m) € Xs(a,r) ~

Y(a,r) if P =span{g1 —a,...,gm —a} and 1 <1 < m+ 1, then using Remark 7.1
together with (7.1) and (7.2) we get

MlCi;p’o‘(a, T) MlCi;p’o‘(a, T)

(A= ta(m)rm)~" = p(B(a,r))t

> kP0G, gi-1)

IV

(,u) ess sup H(avglv"',gm,b)p
beB(a,r) diam({a, g1y Gm, b})m(l—1)+ap

(1) esssup,cp (4. 1) (6 dist(b — a, P))p
(2m(m + )P (2r)m=D+1+a)p

which implies

(7.5) (1) esssup(dist(b — a, P)) < Cy ICL””O‘(a, F)L/ppite
beB(a,r)

where €y = AD/PALYP (i 4 1) a(m) (A -0/P gmim(I=1)/pHita 5-1
An analogous computation shows that in case [ = m+2, fora € S, and 0 < r < r,
and (g1,...,9m) € Xs(a,r) ~Y(a,r) if P =span{¢g1 — a,...,gm — a}, then
1/p
(7.6) (7[ dist(¢ — a, P)P du(c)) <y Ile’a(a, F)L/pplte
B(a,r)

Now, we shall prove the Lemma in case 1 <1 < m+1. Set £ = {z € R" :
O™ (u,z) > 0}. Due to (7.4), for each a € S and 0 < r < 7y there exists
an m-tuple

(gl(a’ 7). gm(a, T)) € E" N Xs(a,r) ~Y(a,r)

and we can define
P(a,r) = Span{(gl(avr) - a)» sy (gm(avr) - a)} €G (TL,TI’L) .

Whenever a € S and 0 < s < r < rg, noting g;(a,s) € ENB(a,r) fori=1,...,m,
we may employ (7.5) together with Lemma 7.2 to obtain

| P(a,7)y — P(a, s)y]| < mdé Lty Ici;p7@(a’r)l/p o

Therefore, for each a € S, the spaces P(a,r) converge as r — 0 to some T'(a) €
G (n,m) and

|P(a,7)s — T(a)s]| < Co K57 (a,m) /P r*,  where Cy =mé~'Cy.
Moreover, by (7.5) and the triangle inequality, for any a € S and b € ENB(a, )

IT(a); (b= a)l < (C1 + Co) K7 (a, b — al) /7 b — o]+
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Assume a € S, and 7 € (0,7¢], and b € S ~ {a} are such that |[b—a| = ir
Then for each i = 1,...,m there holds |g;(b, 37) — a| < r and it follows from (7.5)
that

|P(a,r) (gz(b )—a)| <20 Kﬁ;p’a(a,r)l/pr”a;

hence, employing again Lemma 7.2, we get
HP((Z,T)h - P(b, %T)hH < oMty Ile’a(a,r)l/p |b — a|®
In consequence, for all a,b € S, r € (0,00) with | —b| =r/2 <1¢/2,
IT(@)s =T ()]l < [T (a)s—P(a,r)sll+ [ P(a,r); =P (b, 5), I +]1P (b, ), — T (D)
< (s Ki;p’o‘(a,r)l/p |b—al®, where Cy = Cy(2 + 2'1%).

This finishes the proof in case 1 <[ <m + 1.
Next, we shall consider the case | = m + 2. For a € S and ¢ = N define
inductively

pi=2""rg, Qola) = P(a,po),

Zi(a) = {c eX(a, pi)

dist(c — a,Q;(a))? > M dist(z — a, Q;(a))? du(z)} ,

B(a,pi)
Wi(a) = {(c1,....cm) € Bla, pi)™ : ¢; € Zi(a) for some j € {1,...,m}},
and, whenever ¢ > 1,
(hip(a),... him(a)) € X(a,p;) ~ (Y(a, pi) UWi_1(a)) ,
Qz(a) = Span{hi,l(a) — Q... hi,m(a) - a} .

Note that (h;1(a),...,him(a)) exists for all i € N and a € S. Indeed, for i € N
and a € S Chebyshev’s inequality (cf. Remark 7.3) yields

w(Zi(a)) < M~ u(B(a, p;)) ;
hence, ™ (Wi(a)) < ((1+M~)™ = 1)u(Bla o))"

which implies, combining (7.1) with (7.3) and noting ((1+ M~1)™ —1) < 2mp 1
and M > (2m+m° A2m 4 1)5=1 the following: for i € N ~ {0},

u" (X (a, pi) ~ (Y(a, pi) UWi—1(a)))
Z (a(m) m) (Am( 7M_1) 7M_1 2m+m2Am) >0.
Observe that for a € S, and i = N ~ {0}, and j = 1,2,...,m, employing (7.6),
1/p
dist(hi(0) ~ 0, Qia(@) < (Mf,  distls — 0, Qia(@) d(2))
sPi—1

< gl+a pri/p o) Kﬁp,a(a)pi_l)l/p pzl+a )
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Therefore, Lemma 7.2 yields for a € S and i € N ~ {0}
1Qi(a);— Qi—1(a)s|| < CLKLP*(a, pim1)'/Ppf,  where Cy =mo~ ' 2" MVPCy

Summing up a geometric series we see that for a € S the spaces Q;(a) converge
as ¢ — oo to some T'(a) € G (n,m) satisfying

1Qi(a)s — T(a)s]l < Cs K7 (a,2p:)"/? pff, where Cs = (1—27%) 7" Cy.

Let a € S, and p € (0,00), and ¢ € N be such that p;11 < p < p; < rg. Then

(f};(a’p) dist(c — a,T(a))? dul(c)> o < (7{3(&4))

» p o1 1/p
(£ i@~ T@]le - al” du'(0))
B(a,p)
< (C1+Cs) /le’“(a, 20:)"/Pp; T < Co /Cijp’a(a, 4p)L/ppite
where Cg = 2179(Cy + Cs). O

dist(c — 0, Q@) du'(c))

The following Theorem 7.5, cited from [3], will allow us to reduce our main
Theorem 1.1 roughly to the case when = H™LY, where X is a subset of a graph
of a ¢ function.

Theorem 7.5 (cf. §2.8(5) of [3]). Suppose p is a Radon measure over R™ such
that for p almost all a the following two conditions hold: 0 < ©™*(u,a) < oo
and there exists T € G (n,m) such that Tan™ (u,a) C T. Then p = O™ (u, - )H™
and R™ is countably (u,m) rectifiable of class €".

Now we are ready to prove the first part of the main Theorem 1.1.

Theorem 7.6. Suppose u is a Radon measure satisfying the density bounds (1.2)
and Kﬁ;p’a(a, 1) < 0o for p almost all a. Then R™ is countably (u, m) rectifiable of

class €4
Proof. For j € N ~ {0} set

Aj={aeR": j la(m)r™ < u(B(a,r)) < ja(m)r™ for 0 <r < j '},
A():@, Bj:AjNAj_l, Mj:/,LLBj.
Since (0,00) 2 r — u(B(a,r)) is right-continuous for each a € R™ and R >
a — pu(B(a,r)) is upper semi-continuous for each r € (0,00) we deduce that A;

are Borel sets. Clearly A; C A,y for j € Nso {B; : j € N} is disjointed and,
because p satisfies (1.2), we have

p(R™ ~U{4;:j €N}) =0;

hence, it suffices to show that R™ is countably (u;,m) rectifiable of class € for
each j € N. Fix j € N~ {0}. Define Borel sets A4, = @ and, for k € N ~ {0},

Ajp={a€A;: (2j) "a(m)r™ < u;(B(a,r)) < ja(m)r™ for 0 <r <k~ '}.



878 S. KOLASINSKI

Observe that

wi(B(a,7) <ja(m)r™ fora€ Ajand 0<r<j !,

O (uj,a) > ;1 for p; almost all a by §2.9.11 of [12] since B; is Borel;
(7.7) thus, s (R" ~U{4;r:k€N})=0.
For each k € N and a € A, we apply Corollary 6.4 with uj, k=1, a, 2™j in
place of p, 79, a, A to find out that there exists § = §(n,m,j, k) € (0,1] and
o =o(n,m,j,k) € (0,1] such that
wi'(Xs(a,r)) > op;(B(a,r)) for 0<r< k1.
Next, for each k € N we apply Lemma 7.4 with u;, 6(n,m, k, j), o(n,m, k, j), 27,

k=1, Ajk in place of u, 6, o, A, rg, S to see that for each k € N and a € A;, there
exists some T'(a) € G (n, m) such that

(7.8) Tan™ (15, 0) C T(a),
and, if [ < m + 2, then
T(a)(b—a
(7.9) % < CICL””O‘(a, b —al)'/?  for p; almost all b € B(a, k™),
and, if [ = m + 2, then, using Hélder’s inequality,
T(a)i (c—a
(7.10) ][ w dpj(e) < C’ICL”)’O‘(aAr)l/p foro<r <kt
B(a,r) r

Employing Theorem 7.5 together with (7.8) and (7.7), we see that A; is countably
(15, m) rectifiable of class €'. Hence, there exists a countable family A of €
submanifolds of R™ such that

(7.11) 1y = O (j1j, Y H™ LUA.

Thus, to finish the proof it suffices to show that for each k € N and M € A the
set M N Aj, is countably (H™,m) rectifiable of class €.

Fix M € A and k € N such that p;(M N A; ) > 0. Employing the definition
of a submanifold (cf. §3.1.19(5) of [12]), we can represent M locally, around any
a € M, as a graph over the tangent plane Tan(M,a) of some € function, i.e.,
we can find a neighborhood U, of a in R™ and projections p, € O*(n,m), q, €
O*(n,n —m) such that

imp; = Tan(M,a), imgq) = Tan(M, a)J‘, Palmnu, s injective,
(Palarne,) ™t pa[Ua] — R™ is of class €, D((palrirv,) 1) (pa(a)) = p .
Set F, = (pa|nmnv,) ! and f, = q, o F,; then
Fo=p,+d,0fa, falpala)) =0, Dfa(pala))=0.
Define an open “cuboid” adjusted to Tan(M, a) of radius r € (0, 00) by the formula
Cla,r) = {y ER": |paly —a)] <7 and |q.(y — a)| < 7“} )
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Recall U, is a neighborhood of a in R™ so a € Int U,. Thus, for all a € M there
exists a radius r, > 0 such that

(7.12) MnNC(a,ra) = Fo[U(pa(a),ra)] and  [[Dfa(@)ll < 5

for x € B(pq(a),rq).

Next, observe that M N A; is a second-countable space as a subspace of
a second-countable space R™; hence, it has the Lindeldf property (cf. §3.8 of [11]).
Thus, from the open covering {C(a,ra) ta € MnN AM} of M N Aj}, one can
choose a countable subcovering {C(a;,7,,) : i € N} of M N Aj . Now it suffices
to prove that M N A;; N C(as,7,,) is countably (H™,m) rectifiable of class ¢
for each i € N.

Fix an ¢ € N. Since A, j is Borel it follows that E = po, [MNA; rNC(ai, q,)] is
L™ measurable by §2.2.13 of [12]. By (7.12) we see that H™(F,,[E]) < co. Clearly
we also have T'(a;) = Tan(M, a;) because of (7.8) and dim T(a;) = m. Hence, we
can apply Corollary 5.5 with pa,, qa,, T(ai), fa,, Fu,, E, Fu,[E] in place of p, q,
T, f, F, A, ¥. With these substitutions, recalling Remark 3.3 and (7.11) and
J71 < O™ (uj,x) < jfor pj almost all € A;, we see that (7.9) implies (5.4) in
case | < m+2 and (7.10) implies (5.3) in case | = m + 2. Consequently, we deduce
that M N Ajj N C(aj, ra,) is countably (H™,m) rectifiable of class €. O

Remark 7.7. After finishing this work Ulrich Menne pointed out to the author
that if I < m + 2 and p satisfies (1.2) and is of the form pu = H™LY for some
¥ C R™ and KL7*(a,1) < oo for pu almost all a, then it follows from Lemma 7.4
that for p almost all a X is pointwise differentiable of order (1, ) at a in the sense
of Definition 3.3 of [32], which is stronger than just being rectifiable of class €.
To prove this assertion one needs only to note that conditions (7.1) and (7.2) of
Lemma 7.4 are satisfied at p almost all points with A, §, o varying from point
to point.

8. Sharpness of the exponent o and other admissible inte-
grands

Here we prove the second part of our main Theorem 1.1. We also consider a few
different functions which can replace x in the definition of ICL””O‘.

Definition 8.1. For T = (ag, ..., am+1) € (R")™+2 we set
humin(T) = min{dist(aj, aff({ag, ..., amy1} ~ {aj})) :j=0,1,...,m+ 1} ,
where aff(A) denotes the smallest affine plane containing the set A C R™; and

hmin(T)

(T) = ——— if diam(AT ) T) = herwise .
(T) diam(AT) if diam(AT) >0, #n(T) =0 otherwise

(A suggestion to use kp instead of k appeared in §10 of [24].)
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For any T € (R™)™*2 to estimate hpin(T) it suffices to consider T inside the
(m + 1) dimensional vector subspace of R™ containing AT. Hence, the following
estimate follows immediately from Lemma 3 of Gritzmann and Lassak [14]

Lemma 8.2. Suppose h € [0,00), and T € (R")™*2 and a € R", and S €
G (n,m), and AT C {b cR": |ShL(b —a)| < h}. Then hmin(T) < (m + 2)h.

Corollary 8.3. Letp, q, T, A, f, F be as in Remark 4.1. Suppose « € [0,1], and
A=TR", and f is of class €"*, and ¥ =im F, and T = (ao, . ..,am41) € X2
satisfy hmin(T) > 0, and d = diam(AT), and

M = sup {[|Df(p(b) — Df(p(ao))ll - [p(b) — plao)| "> :b € X, 0 < |b—ao| <djf.
Then hin(T) < M (m + 2)d*+.

Proof. Note |f(p(b) — f(p(ao)) — Df(p(a0))(p(b) —p(ao))| < M|p(b) —p(ao)|"* <
M|b — ag|**t* for all b € X with 0 < |b — ag| < d. Hence, employing (4.2), we

obtain AT C {b e R™: |Tan(2,a0);‘(bf ag)| < Md'**}. Thus, Lemma 8.2 yields
hanin(T) < M (m + 2)d**e. ]

Corollary 8.4. Letp, q, T, A, f, F be as in Remark 4.1. Suppose «, 8 € [0, 1],
and o < B, and A = R™, and f is of class €°, and ¥ = F[B(0,1)], and
pe[l,o0), andl e {l,....m+2}, and p =H™LE, and K ”Z is defined as ICl’p’
in (1.1) but with ky in place of k. Then there exists T =T'(m,1, f,p,a, 8) € (0,00)
such that

Kb (a,1) <T for all a € R™.

Proof. Set
M =sup {||Df(z) = Df ()] - |z —y|~" : 2,y € B(0, 1)},
L =sup{||DF(z)|| : « € B(0,1)} .
If p(8 — ) > m(l — 1) (in particular if [ = 1), then by Corollary 8.3
Kﬁl’fza(a, 1) < MP (m + 2)P 2PB=)=ml=1 for g ¢ R™.

Assume now p(f — a) < m(l — 1) (in particular [ > 1). For a € R” and i € N
define

Ai(a) ={(a1,...,q—1) € (R : 277 < diam(A(a, ay, ..., q-1)) <277}

Then A;(a) C B(a 2_i+1)l_1. Employing Corollary 8.3 and the area formula
(cf. §3.2.3 of [12]) we get

Klpa a 1 <Z/ m+2))p d/ilil(al,...,alfl)

Ai(a) dlam ({a,a1,...,a;—1})mU=D-p(B-0a)

< (M(m +2)) Z“ )) 26m(=1)=p(5=a)

< (M(m+2))” 2LV a(m)'~ 122 (s 0
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Corollary 8.5. Let | € {1,2,...,m + 2}, and o € (0,1), and p € [1,00).
Then for any € € (0,1 — «) there exists a Radon measure p satisfying (1.2)
and Kﬁl’fza(a) < o0 for p almost all a and such that R™ is not countably (p, m) rec-

tifiable of class €.

Proof. Let f: R™ NU(0,2) — R™ ™ be of class ¢12¢/2 guch that the graph
of f is not (K™, m) rectifiable of class €t in the sense of Definition 3.1 of [4]
—constructions of such functions can be found in the Appendix of [4] or in [15]. Let
p, q, T, F be related to f as in Remark 4.1. Set ¥ = F[B(0,1)] and p = H™LX.
Clearly R™ is not countably (u,m) rectifiable of class €T However, since f is
of class €1*%/2 we see that IC;’;IZO‘ (a) < oo by Corollary 8.4. O

Definition 8.6. For T = (ag,a1,...,am+1) € (R")™*2 satisfying Amin(T) > 0
and i € I ={0,1,...,m + 1} define

(a1 —ag) A -+ A (amy1 — ao)|
m—+1
Hj:O e la; — ai
Fmin(T) = min{py, sin;(T) : i € I},  Emax(T) = max{pm, sin,(T) : i € I},
kais(T) = inf{ (Z:’;El dist(ay, L)2)1/2 diam(AT) ™! : L an affine m-plane in R"} )

P sing (T) =

)

If hin(T) = 0, then set kmin(T) = Emax(T) = kais(T) = 0.

Remark 8.7. The definitions of Kuin, Kmax are motivated by §6.1.1 of [23] and
the definition of kais by §4 of [25].

Lemma 8.8. There exists I' = I'(m) € [1,00) such that for T € (R")™+2

K(T) S I‘min{nmin(T) s Iﬁ:max(T) , Rdls (T) , Kh (T)}
and  max{kmin(T), Kas(T), £(T)} < Trp(T).

Proof. Let T = (ag,-..,am+1) € (R")™2. If hyin(T) = 0, then we get zero on
both sides of both inequalities; thus, assume Ay, (7) > 0. Permuting the tuple T

we can assume Ay (1) = |Phl-(am+1 —ap)|, where P = span{a; —ag,...,am —ap}-
Using the triangle inequality we can find i € {0, 1, ..., m} such that 2|am,+1 —a;| >
diam(AT); thus, permuting the tuple (ag, . .., an ), we can also assume ¢ = 0. Then

(a1 —ag) A+ A (am — ao)| - | P (ams1 — ao)]
b

Rmin (T) < Pm Sini (T) =

lay = ao| -+ |am — ao| - |am+1 — aol
S 2"£}1(T)a
ond  w(T) = (a1 = ag) A+ A (am — ao)| - | B (ams1 — ao)] _ _r(T)
B (m+ 1)! diam(AT)™ - diam(AT) ~ (m+ 1)

and  kp(T)2 = Y7 dist(as, a0 + P)?,  so  ka(T) < kn(T).

Hence, max{tmin(T), kas(T), c(T)} < 2k,(T).
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Clearly Kmin(T") < Emax(T"). Since |a;—a;| <diam(AT)fori,je{0,1,...,m+ 1}
it is also clear that £min(T) > (m+1)!k(T'). From equation (A.2) in [24] we further
deduce k,(T) < (m + 2)kaqs(T). Therefore,

n(T) < (m + 2) min{nmin(T), Iimax(T)» Rdls (T)’ Kh (T)} . U

Corollary 8.9. Let u be a Radon measure over R™ satisfying (1.2), and | €
{1,2,...,m+2}, and a € (0,1], and p € [1,00), and KLE* be defined as Ile’“
in (1.1) but with k replaced by one of K, Kmin, Kmax, Kdls, kn- Assume Ki’f}jo‘(a, 1) <
oo for u almost all a. Then R™ is countably (w, m) rectifiable of class ¢4 and o
is absolutely continuous with respect to H™.

Moreover, if k is replaced by one of K, Kmin, Kdis, kh and a < 1, then for
any € € (0,1 — «) there exists a measure p satisfying (1.2) and Ki’ﬁ;a(a) < oo for
u almost all a and such that R™ is not countably (u, m) rectifiable of class ghote,

Proof. The claim readily follows from Theorem 7.6 and Corollary 8.5 combined
with Lemma 8.8. O

Remark 8.10. The author does not know whether the second part of Corollary 8.9
holds if one uses kmax in place of k.
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