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Finite-dimensional pointed Hopf algebras over
finite simple groups of Lie type III.
Semisimple classes in PSL,(q)

Nicolds Andruskiewitsch, Giovanna Carnovale and
Gaston Andrés Garcia

Abstract. We show that Nichols algebras of most simple Yetter-Drin-
feld modules over the projective special linear group over a finite field,
corresponding to semisimple orbits, have infinite dimension. We introduce
a new criterium to determine when a conjugacy class collapses and prove
that for infinitely many pairs (n,q), any finite-dimensional pointed Hopf
algebra H with G(H) ~ PSL,(q) or SLy(q) is isomorphic to a group
algebra.

That is not dead which can eternal lie.
And with strange aeons even death may die.

Abdul Alhazred

1. Introduction

1.1. Main result on conjugacy classes

This is the third paper of a series devoted to finite-dimensional pointed Hopf
algebras over C with group of group-likes isomorphic to a finite simple group of
Lie type. An introduction to the whole series is in Part I [1]. Let p be a prime
number, m € N, ¢ = p™ and F, the field with ¢ elements. In this paper we
consider Nichols algebras associated to semisimple conjugacy classes in PSL,,(q);
we first show that any semisimple class O lying in a large family collapses ([5],
Definition 2.2), that is, the dimension of the Nichols algebra B(0, q) is infinite for
every finite faithful 2-cocycle q. In previous work ([1], [2], [5], [6]) we attacked the
question of the collapse of conjugacy classes in various groups using the criteria of
type D and F, which are based on results on Nichols algebras of Yetter—Drinfeld
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modules over finite groups [8], [12], [21]. Here the criterium of type C, conjectured
some years ago by the authors of [5] and [21] but carried into effect only now thanks
to the remarkable classification in [22], is added to the panoply. See Theorem 2.9.
Note that there are racks of type C which are not of type D or F, see for example
Lemmata 2.12 and 2.19.

If n = 2, we assume that ¢ # 2, 3, 4, 5, 9 to avoid coincidences with cases
treated elsewhere, see Subsection 1.2 in [1]. Indeed PSLy(2) ~ S3, PSL2(3) ~ A4
are not simple and PSLy(4) ~ PSL2(5) ~ A5 and PSL2(9) ~ Ag.

Recall that a conjugacy class O is said to collapse if the dimension of the Nichols
algebra B(0, q) is infinite for every finite faithful 2-cocycle q. Our first main result
says:

Theorem 1.1. Let O be a semisimple conjugacy class in PSLy,(q). If either n > 2
and O is not irreducible or n = 2, ¢ # 2,3,4,5,9 and O is not listed in Table 1,

then it collapses.

Proof. If n > 2 and O is not irreducible, then Proposition 3.18 applies. If n = 2,
then the result follows by Proposition 4.2. O

TABLE 1. Kthulhu semisimple classes in PSL2(q).

| q | class | Remark |
7 involutions kthulhu
even and irreducible sober
not a square order 3
all irreducible, order > 3 sober

1.2. Irreducible semisimple classes

In the first two papers of the series, we dealt with unipotent classes in PSL,, (¢) and
PSp,,(¢). The outcome is that most non-semisimple conjugacy classes collapse,
and yet unpublished results on other finite simple groups of Lie type convey to
the idea that this is the case in general. On the contrary, we see in the present
paper that a semisimple irreducible conjugacy class for n = 2,3 does not satisfy
the criteria of types C, D or F for a rack to collapse; it appears to us that this
would be true for general n. An intuitive explanation might be as follows. If G is
a finite (almost) simple group, then there exists a conjugacy class C of G so that if
x € G — {e}, then the probability that z and a random element of C generate G is
at least 1/10; in particular G can be generated by a pair of elements in C. See [11],
[17], [18], and references therein; for G of Lie type, C is semisimple. Of course this
does not prove that generically the conjugacy classes do not collapse —see [5], [6] for
alternating and sporadic groups—, but it might be an indication of the plausibility
of our guess.
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1.3. Main result on PSL,(q)

The fact that large families of conjugacy classes of finite simple groups do not
collapse shows the limits of the criteria of types C, D or F, and urges for the
computation of their second cohomology groups and the determination of the cor-
responding Nichols algebras. For cocycles coming from Yetter—Drinfeld modules
over PSL, (q), abelian techniques can be applied. This type of techniques were
applied in [15], [16] for the study of Nichols algebras over SLa(q) and PSL2(q),
respectively; it was proved there that dim B (O, p) = oo for any irreducible repre-
sentation p of Cpgr, (g (x) with € O and g even. For ¢ odd, a list of the open
cases was given. We deal with these open cases when ¢ = 1 mod 4, see Theo-
rem 4.4, applying the criterium of type C. In general, the use of the criteria and
the abelian techniques, together with Theorem 1.4 in [1], yield the following result.

Let n = 2%, ¢ = 1 + 2°d, where a,c € Ny; b,d € N with (b,2) = (d,2) =1 and
let G be the set of all pairs (n,q) with n € N and ¢ = p™, p prime, such that one
of the following conditions holds:

(i) » > 3 1is odd;
(ii) n > 3 and ¢ is even;

(iii) n =3 and ¢ > 2;

)
)
(iv) 0<a<ecn>2;
(v) a=c¢>1.
i)

(vi) n=2and ¢ =1 mod 4.

Recall that a finite group G collapses when every finite-dimensional pointed
Hopf algebra H with G(H) ~ G is isomorphic to CG.

Theorem 1.2. Let G = PSL,(q), x € G and O, its conjugacy class.
(a) If (n,q) € G, then G collapses.

(b) Let n =3, g =2. If O, is not regular unipotent, then dim B(O,, p) = oo for
every p € Irr Ca(z).

(¢) Let n =2, ¢ > 3. Then dim*B(Oy, p) = oo for every p € Irr Ca(x), with a
possible exception when x is semisimple irreducible, image of x = (‘g Cab) €
SLy(q) for some a,b# 0, { € FX —F2 and ¢ =3 mod 4.

Proof. If n = 2 we may assume that ¢ > 5 and ¢ # 9, otherwise Theorem 1.2
in [5] applies. Let O be a conjugacy class in G and z € O. If = is not semisimple,
then by Proposition 2.13 it collapses unless O is unipotent and is listed in Table 4.
If it is unipotent and n = 2, then dimB(0,p) = oo for all p € Irrggz) by
Theorem 1.6 in [16]. Thus, the only open case is when n = 3, ¢ = 2 and O is
regular unipotent; see Proposition 5.7. Assume now that O is semisimple. For
n = 2, this is Theorem 4.4. For n > 2, if O is not irreducible, then it collapses by
Theorem 1.1, while if O is irreducible, then Lemma 5.6 applies. O

As a by-product of our arguments we obtain the following result.
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Theorem 1.3. Assume that either (1), (ii) or (iil) in the list defining G hold. Then
SL,.(q) collapses.

Proof. Let O be a conjugacy class in SL,(¢). If O is not semisimple or it is
semisimple and not irreducible, then O collapses by the proofs of Propositions 2.13
and 3.18, and the results in Section 2. If O is semisimple irreducible, then under the
assumptions any = € O has odd order. Thus, by Remark 3.1 (b), Lemma 4.1 (b)(iii)
applies. O

Notation

We denote the cardinal of a set X by |X|. If k < ¢ are positive integers, then we
set Ire = {i € N: k < i < /{} and simply I, = I .. We denote by G’ the set of
non-trivial /-th roots of unity in C.

Let G be a group; N < G, respectively N < GG, means that N is a subgroup,
respectively a normal subgroup, of G. The set of isomorphism classes of irreducible
representations of G is denoted by Irr G. If G acts on a set X and = € X we denote
by O the orbit of = for this action. In particular, if + € G, then OF indicates
the conjugacy class of z in G. The centralizer, respectively the normalizer, of
x € G is denoted by Cg(x), respectively Ng(x); the inner automorphism defined
by conjugation by z is denoted by Adx. If F € Aut G, then G7 is the subgroup
of points fixed by F. The standard Frobenius morphism will be indicated by Fj.

The algebraic closure of I, is denoted k = F,. For a,b € N we will set (a), =
b1 + ... 4 1. We recall that for a,b,c € N there holds

(L1 ((@)p,b=1) = (a,b = 1), ((a)e; (¢)o) = ((a;¢))p, (ac)y = (a)p(c)pa-

Let G be a group and V' a Yetter—Drinfeld module over G with comodule map 4.
We denote by V, = {v € V: §(v) = g ® v} the set of g-homogeneous elements
for g € G and by suppV = {g € G : V, # 0} the support of V. Recall that
the category SEYVD of Yetter—Drinfeld modules over G is braided, with braiding
cvw(@w)=g-wewvforveVy,weW,and VW € EEVD.

2. Preliminaries on racks

2.1. Racks

A rack is a non-empty set X with a self-distributive operation > : X x X — X
such that ¢, := x> __is a bijection for every € X. We assume that all racks in
this paper are finite, unless explicitly stated and also that are crossed sets, namely
that

rbr=z, xby=y — ybr=uzx, Vzr,yecX.

The main example of a rack is a conjugacy class O in a finite group G with the
operation x>y = xyz~ !, x,y € O. We say that a rack X is abelian if x>y = y,
for all x,y € X; thus any subset of an abelian group is an abelian rack.

If X is a rack, the inner group of the rack is InnX := (p,,z € X) < Sx. If
X = O a conjugacy class, then InnX = (Ad(y),y € O).
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A rack X is of type D if it has a decomposable subrack ¥ = R[S with
elements r € R, s € S such that r> (s> (r>s)) # s ([5], Definition 3.5). If O is a
finite conjugacy class in G, then the following are equivalent:

1. The rack O is of type D.
2. There exist r, s € O such that o + 0{"* and (rs)? # (sr)2.

A rack X is of type F if it has a family of subracks (R,)qer, and elements
rq € Ry, a € Iy, such that R,> Ry = Ry, for a,b € Iy, and RyN Ry =0, 7o b1y # 13
for a # b € Iy ([1], Definition 2.4). If O is a finite conjugacy class in G, then the
following are equivalent:

1. The rack O is of type F.

2. There exist r, € O, a € Iy, such that Of{“ﬂem + Ofﬂ:“:aem and 7,7y # ToTa,
a 7é bely.

A rack X of type D, respectively F, collapses (Theorem 3.6 in [5], respectively
Theorem 2.8 in [1]. A rack is cthulhu, respectively sober, when it is neither of type D
nor of type F, respectively if every subrack is either abelian or indecomposable.
Clearly, sober implies cthulhu. Let 7: X — Y be a surjective morphism of racks.
If Y is of type D, respectively F, then so is X; hence X cthulhu implies Y cthulhu.

The following result extends the isogeny argument (Lemma 1.2 in [1]).

Lemma 2.1. Let G be a group, x € G, N 9 G, G = G/N and 7: G — G the
natural projection. Then the restriction To: OF — (’)f(x) s surjective. Assume

that G is finite. If OS is ctuhlhu, then so is Of(x), Assume that N < Z(G) and

let NPl :={c € N:cx € OF}. Then NIl < N and w5 (7(y)) has ezactly | N
elements. Thus, ©o is injective if and only if N is trivial.

Proof. If w(y) € Of(x), then there is ¢ € G such that 7(y) = n(g)7(z)m(g)~*

= w(gzg~"') € 7(0F). That is, mo is surjective. It is easy to see that N is
a subgroup of N, provided that N < Z(G). Let g € G. If h € G satisfies
m(hah~') = m(gzg™!), then there is ¢ € N such that hah™! = cgrg~! = gcxg™!,
hence cx = g~ thaeh~'g € OF. Conversely, if ¢ € NI, say cx = uru=' € OF for

some u € G, then (gu)z(gu)~! = cgrg™?. O

2.2. Racks of type C

We now translate the main result of [22] to the context of racks, yielding a new
criterium. First we recall:

Theorem 2.2 (Theorem 2.1 in [22]). Let G be a non-abelian group and V and W
be two simple Yetter—Drinfeld modules over G such that G is generated by the
support of Vo W, dimV < dimW and (id —cw,vey,w)(V @ W) # 0. Then the
following are equivalent:

(a) dimB(V & W) < 0.

(b) G,V and W are as in Theorem 2.1 of [22].



1000 N. ANDRUSKIEWITSCH, G. CARNOVALE, G.A. GARCia
In particular, (dim V,dim W) belongs to

(2.1) {(1,3),(1,4),(2,2),(2,3),(2,4)}.
The theorem above motivates the following definition.

Definition 2.3. A rack X is of type C' when there are a decomposable subrack
Y = R[] S and elements r € R, s € S such that

r>s#£ S,
(23) R = O}ﬂnnY} S = OinnY)
(2.4) min{|R|,|S]} >2 or max{|R|,|S|} > 4.

Remark 2.4. Since X is a crossed set, (2.2) implies that s> % r, hence |R| # 1
and |S| # 1. That is, (2.4) says that either |R| # 2 or |S| > 4.

Assume that R is indecomposable and Y = R][ S a decomposable rack. Then
R =0k = oY by Temma 1.15 in [7]. The formulation (2.3) is more flexible,
see Lemma 2.10. On the other hand, racks with 2 elements are not indecomposable.
Thus, in presence of (2.2), the hypothesis R and S are indecomposable implies
both (2.3) and (2.4).

Remark 2.5. Let H be a finite group, r € H and s € O, If R := o #*
5 =0 thenY := R]] S is a decomposable subrack of O that satisfies (2.3),
because (Y) = (r,s) so R = o) = OlnY,

Conversely, any subrack decomposition Y = R[[S C O with » € R and
s € S implies Ofﬁs) #* OéT’s> and (2.3) is verified for R’ := OY’”, S = Off’s>.

Remark 2.6. Let H be a finite group, x1,...,2, € H and L = (21,...,2,). If
Y =0L U---UOL | then the conjugacy classes O™ and OF are equal for all
l1<i<nandY = OMY y...uOY. Indeed, (Y) = L, and consequently
oY — oW-vEY) _ oL for all 1 < i < n.

The following lemma will help us to determine when a rack is of type C.

Lemma 2.7. Let H be a finite group, r € H and s € O such that (2.2) holds.
(a) If |09 | =2, then s~ 1 or =s>r, ie., s°r =rs2.

(b) If ordr = ord s is odd, then O is of type C if and only if o * o,
Proof. (a) Indeed, s~1or £ 1 # sorand s~ or,r, spr € O, Thus |09 | = 2

implies s '>r = s>r. (b) If ord s is odd, then (2.2) forces s?r # rs? and r?s # sr?,
hence (2.4); while (2.3) holds by Remark 2.5. O

We describe now the criterium of type C in group-theoretical terms.
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Lemma 2.8. Let O be a conjugacy class in a finite group G. O is of type C if
and only if there are H < G, r,s € HN O such that

(2.5) rs % Sr;

(26) O #0;

(2.7) H=(0,0]);

(2.8) min{|OX|, |0F|} > 2 or max{|OF]|, |OF} > 4.

Proof. If O is of type C with decomposable subrack Y = R][S, then we take
H = (Y). Conversely, if H, r and s satisfy (2.5) and (2.6), then we take R = OH
S = O and Y = R[[S. Thus, (Y) = H by (2.7) hence (2.3) is satisfied.
Finally, (2.4) follows from (2.8). O

Theorem 2.9. A rack X of type C collapses.

Proof. Let G be a finite group and M € E&YD such that X is isomorphic to a
subrack of supp M. We will check that B(M) has infinite dimension. This implies
that X collapses by Lemma 2.3 in [5].

Let Y = R]]S be as in Definition 2.3. Let K = (Y) < G. Then My :=
Dyevy My € %%J}D, with Mp = ®rerM, and Mg = ®,csM, being Yetter—
Drinfeld submodules of My-. By (2.3), R = 0K, S = OK. Let V, respectively W,
be a simple Yetter—Drinfeld submodule of Mg, respectively Mg. Then suppV = R
(since supp V' is stable under the conjugation of K), suppW = S and supp(V @&
W) =Y, that generates K. Now (id —cw,vey,w)(V @ W) # 0 by (2.2). Without
loss of generality, we may assume that dim V' < dim W. Now dim V' > |R| > 2 or
dim W > |S| > 4, by (2.4). Hence (dim V,dim W) does not belong to the set (2.1).
Thus dim B(V @& W) = co by Theorem 2.2 and a fortiori dim B (M) = oco. O

The criterium of type C is very flexible as the following Lemma shows; it also
means that the classification of simple racks of type C is crucial.

Lemma 2.10. If a rack Z contains a subrack of type C, respectively projects onto
a rack of type C, then Z is of type C.

Proof. The first statement is obvious. Let m: Z — X be a surjective morphism
of racks with X of type C and let Y = R[][.S C X be as in Definition 2.3 with
|R| < |S]; in particular, |R| > 2 or |S| > 4. Fix 7,5 € Z such that n(7) = r,
7m(8) = s. Define recursively
Ri=n"YR), Si=7%9), i=7Y), K ={p,yecY:)<InmZ;
322051, 522051, }/QZRQHSQ, K2:<g0y,y€Y2>§InnZ;
Rj207§j71, szogjil, }/j:RjHSj, Kj:<g0y,y€Yj>§InnZ.

Notice that Ry 2 Ry 2 ... and S; 2 S2 2 ..., hence ¥; = R;[[S; is a rack
decomposition. Now the sequence Y7 2 Yy DO --- D Y; D Y41 DO ... stabilizes
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because Z is finite. Let ¢ € N such that Y; = Y;_1; then R = R, = Ri_1 =
Ofi_l and S = S; = S;_1 = O?"’_l. Thus YV := Rﬂg is a subrack of Z that
satisfies (2.2) and (2.3). We claim now that 7(Y;) = Y for all j € N; hence
|R;| > |R| > 2 or |S;| > |S| > 4, proving (2.4) for Y.

Indeed, m(R1) = R because 7 is surjective. Assume that 7(Y;) = Y; hence
m(R;) = R and 7(S;) = S. Let t € R. There exist y1,...,yn € Y such that
y1>@er>--->(yp>r)...) =t by (24) for Y. Pick 31,...,yn € Y such that
m(ye) = ye, ¢ € 1. Then

D16 @avo@Ghe7)...) €O0F = R,
hence
(>G> > (Ga>T)...) =y1> (2> (yp>r)...) =t € m(Rj41). O

2.3. Kthulhu racks

Definition 2.11. A rack is kthulhu if it is neither of type D nor of type F, nor of
type C; i.e., cthulhu and not of type C. A rack is austere if every subrack generated
by two elements is either abelian or indecomposable. Clearly, sober implies austere
and austere implies kthulhu.

Let m: X — Y be a surjective morphism of racks. By Lemma 2.10 and previous
results, X kthulhu implies Y kthulhu.

In [1] and [2] we proved that the non-semisimple classes in PSL,, (¢) that are
not listed in Table 2 and the unipotent classes in PSp,,,(¢) that are not listed in
Table 3 are either of type D or F. In this section we determine which ones are of
type C.

TABLE 2. Unipotent classes in PSL,(¢q) not of type D.

n type q Remark kthulhu
2 (2) even or sober yes
not a square Lemma 3.5 in [1]
3 (3) 2 sober, Lemma 3.7 (b) in [1] yes
(2,1) 2 cthulhu, Lemma 3.7 (a) in [1]
even > 4 cthulhu, Prop. 3.13, 3.16 in [1] type C
41 (2,1,1) 2 cthulhu, Lemma 3.12 in [1]
even > 4 not type D, Prop. 3.13 in [1] | Lemma 2.12
open for type F

We recall that by the isogeny argument in Lemma 1.2 of [1], for unipotent
classes we can work in G = SL,(q) and G = Sp,,,(q).

Lemma 2.12. Let G = SL,(q) with n > 3 and q even. Then any unipotent
conjugacy class O with associated partition (2,1"~2) is of type C.
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TABLE 3. Cthulhu unipotent classes in PSp,,, (¢).

n type q Remark kthulhu
>2 | W()*dV(2) even cthulhu yes
(1m,2) odd, 9 or | Lemma 4.22 in [2] | Lemma 2.14
not a square
3 | W)eWw(2) 2 cthulhu type C
Lemma 4.25 in [2] | Lemma 2.17
2 W(2) even cthulhu yes
Lemma 4.26 in [2] | Lemma 2.14
(2,2) 3 one class cthulhu type C
Lemma 4.5 in [2] | Lemma 2.15
V(2)? 2 cthulhu type C
Lemma 4.24 in [2] | Lemma 2.16

Proof. By Lemma 2.10, it is enough to prove the assertion for G = SL3(2). Denote
by a; and as the positive simple roots and let

101 100 100
$=$a1+a2(1)=(8(1)(1)), y:(g%) and Z:”T—@?(l):(%(f)'

Then z,y and z are conjugated in SL3(2) with
010 010
y=vbxr, z=wbdzxr and v:<101>, w:(om).
100 100

Denote by H the subgroup of G generated by x,y and z. As x,y and z lie in the
F,-stable parabolic subgroup P of SL, (k) with Fj-stable Levi factor I with root
system {+as}, it follows that H C P« C G. Moreover, since z is in the unipotent
radical of P, which is normal, and y € L we have that O # (’)f and a direct
computation shows that

Thus |OX| = 3. The class (’)f contains y,z and y> 2z = % # z,y. The result
follows by Remark 2.6 and Lemma 2.8. O

As a consequence of the lemma above, Theorem 2.9 and Theorem 1.3 in [1], we
obtain the following.

Proposition 2.13. Let x € G and pick x € SL,(q) such that w(x) = x, with
Jordan decomposition x = xgx,. Assume that x,, # e. Then either O = Of
collapses or else x4 is central and O is a unipotent class listed in Table 4.

For the rest of the Section G = Sp,,,(¢), G = PSp,,,(q), n > 2 and u € G is
a unipotent element. Recall that C(G,u) denotes the set of G-conjugacy classes
contained in OF. For unexplained notation see [2], 4.2.1.
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TABLE 4. Kthulhu unipotent classes in PSLy(q).

n | type q Remark
2 | (2) | even or not a square sober, Lemma 3.5 in [1
31 (3) 2 sober, Lemma 3.7 (b) in [1]

Lemma 2.14. Let G = Sp,,,(q) and O a conjugacy class corresponding to
(a) W()*® V(2) or W(2) if q is even, or
(b) a partition (2,1"2) if q is odd.
Then O is austere, hence kthulhu.
Proof. By the proof of Lemma 4.26 in [2], there exists an automorphism of Sp,(q)
mapping each class labeled by W (2) to a class corresponding to W (1)2®V(2). On

the other hand, if O is labeled by W(1)® @ V(2) or by (2,1"72), then it is austere
by Lemma 4.22 in [2]. O

Lemma 2.15. Let G = Sp,(3). Then the conjugacy class O of type (2,2) is of
type C.

Proof. There are two classes of type (2,2), represented by

1 -1 11
w=| '} and z={ 1 ).
1 1

By Lemma 4.5 in [2], O is of type D and OF is chutlhu. We show that the latter
is of type C.
Let

then y € O% since y = vzv~! with
0031
v= (1200) € Spy(3).
1100

Let H = (z,y) C G. Since ord(z) = 3, by Lemma 2.7 (b) it is enough to prove
that OF # Olf. Let M be the F-stable subgroup of Sp, (k) of matrices (8 ]gl §)
c

with (%), M € SLy(k). Clearly, M ~ SLy(k) x SLy(k) and H C M’ ~

Assume y = AzA™! with A € H. Then, there exist (‘Z g), M € SL5(3) such
that 4 = (gz\%é). But then (2%) (1) = (22)(2%) and this implies that
a=c#0,d=2a+band consequently ad —bc = 2, a contradiction. Thus, z and y
are not conjugated in H. O

Now we show that the remaining cthulhu classes in Table 3 are of type C.
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Lemma 2.16. Assume G = Sp4(2) and O is of the form V(2)2. Then O is of
type C.

Proof. By Theorem 6.21 in [24], there is only one class in C(G, ) which is cthulhu
by Lemma 4.24 in [2]. Since G+ = Sp,(2) ~ Sg and O corresponds to the partition
(12,2%), we show that the latter class in Sg is of type C. Let = (1,2)(3,4),
y=1(3,6)(4,5) and z = (1,6)(2,5) and denote by H the subgroup generated by z,
y and z. Since they are all even permutations, H C Ag C Sg. Further, a direct
computation shows that OF = {z, (1,2)(5,6), (3,4)(5,6)}, with y>x = (1,2)(5,6),
zbx = (3,4)(5,6) and z> (ypz) =a>(ypa) =ybx, y>(zbz) =a>(z>x) =
z > x. Further, since (z>y)>y = z = (y> z) >y, we have Of = O and
O = {y,z,(13)(24), (35)(46), (15)(26), (14)(23)}. Hence, |OF| = 3, |O}]| = 6,
Of # O} and the result follows by Remark 2.6 and Lemma 2.8. O

Lemma 2.17. Let G = Sp¢(2) and assume O is of the form W (1) ® W(2). Then
C(G,u) consists of only one class O which is of type C.

Proof. By Lemma 4.25 in [2], C(G, u) consists of only one cthulhu class, represented
by u = x4, (1) = idg +e1,2 + 265 4.
Let J = (§ g é). Recall that there is a natural embedding ¢: SL3(¢) — G given

by A~ diag(A, J'A=1J). By Lemma 2.12, for z = id3 +ej2 the class OSLa(@) jg of
type C. Since t(x) = x4, (1) we have the statement. O

The next result follows putting together the results in this section and Theo-
rem 1.1 in [2].

Proposition 2.18. Let O be a unipotent conjugacy class in PSp,,, (q). If O is
not listed in Table 5, then it collapses.

TABLE 5. Kthulhu unipotent classes in PSp,,, (q).

n type q Remark
>2 | W()*aV(2) even austere
(1m,2) odd, 9 or
not a square | Lemma 2.14
2 W(2) even

We end this section with an example of a conjugacy class in S4 that is cthulhu
and of type C. This is the so-called cube rack, i.e., the class O(Sg) of 3-cycles, which
is a union of two so-called tetrahedral racks, i.e., conjugacy classes of 3-cycles in A,.

Lemma 2.19. The cube rack is cthulhu but not kthulhu.

Proof. The cube rack is cthulhu by Lemma 2.12 in [1]. Further, it is of type C,
since as racks O?é‘) = Oé“%) 11 Oﬁ“&), where Oﬁ“%) ~ O?fgz) are noncommuting
indecomposable subracks of size 4. O
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3. Preliminaries on semisimple classes in PSL,,(q)

From now on, G = SL,(q), G = PSL,(q) and 7: G — G is the natural projection.

3.1. Semisimple irreducible conjugacy classes

Let S € GL,(q) be semisimple and ys = X" +a, 1 X" 1+ +a; X + (-1)" €
F,[X] its characteristic polynomial. It is well known, see e.g. Remark 4.1 in [1],
that OF = (’)SGL"(q) N G. Hence, for S € SL,(q):

(3.1) 0§ = {R € SL,(q) : R is semisimple and xz = xs}.
Assume that S € G is irreducible, that is, xs is irreducible. Thus
(3.2) Of = {Re€SL,(q) : xa = Xs}-

Hence, the irreducible semisimple conjugacy classes in G are parametrized by
the monic irreducible polynomials of degree n with constant term equal to (—1)",
and they can be represented by the companion matrix.

Recall ([5], Definition 3.8) that g and its class O are

e real when g~ € O;

* quasi-real when g is not an involution and there is j € Z such that g # ¢/ € O.

Remark 3.1. We collect some standard facts about O

(a) If S € G is irreducible, then the subalgebra of matrices in M, (¢) commuting
with S is isomorphic to Fgn. Hence Cgy,, (4)(S) >~ Z/(n)q.

(b) Let S € G be semisimple. Then ys = Xsq¢, hence S? € OF, but S # 8¢
unless it is diagonalizable over F,. If € k is an eigenvalue of S, then 77‘11 is again
so, for [ =1,...,n — 1. They are all distinct if and only if S is irreducible. In this
case, ord 8 divides (n)q. If ¢+ 1 = ord S, then the conjugacy class OSG is real. It is
quasi-real if it is not an involution nor diagonalizable over F,.

(¢) If s € GL,(q) is semisimple irreducible such that S? = AS for some \ € F,
then A is a primitive n-th root of 1. In particular n|(¢ — 1). Indeed, S and S? are
conjugate, so det(S) = det(S?) = A" det(S) whence A" = 1. In addition, we have
S?” = M for j € I,,_;. Since all such matrices are distinct, we have the claim.

(d) If A € Fy, A" =1, then

Xas = X" Fan  AX" N TIXT g ATEX 4 (1)

Hence, for S € GL,(q) semisimple, AS € Of if and only if a;(1 — A"~7) = 0 for
every j € I,,_1. By (c), if S is irreducible, then the characteristic polynomial of S
is X" 4 (—1)"det 8.

(e) Assume that ¢ = t" and S € SL,(t) < SL,(q), with characteristic polyno-
mial xs¢ Then xs, = xs.¢ (because they are determinants of the same matrix)

and O§ N SL,(t) = 5% ™ 1y (3.1).
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The following lemma will be useful in the sequel.

Lemma 3.2. Letn > 2 and let x € G be an irreducible semisimple element. Then
x4 # 27 for every i # j mod n. In particular, x is quasi-real.

Proof. As 29" =z, it is enough to prove that xqj. # x for every j € I,,_1. Assume
27 = . We may assume that j | n. Indeed if 2?7~ =1, then

(n)q )

ordz | ((¢" = 1), (n)g) = ((¢ = D(f)q, (n)g) = (U, n)q(q ~L G,

and the latter divides ¢\9™) —1. Let n = jk and let x € SL,(¢) such that 7(x) = x.
Then x¢ = Ax for some \ € F, and x1” = Mgz for every (. In particular,
x = x7" = Mx so \F = 1. In addition, as all such powers of x are distinct, A
is a primitive k-th root of 1, so k| (¢ — 1).

Let 1 be an eigenvalue of x. Then nqj = An. Thus, the eigenvalues of x are
At for t € Iy_y and i € I;_;. Therefore 1 = detx = n(j)‘l/\j(g). Taking the
(¢ — 1)-th power we have 7)‘1j*1)\(q*1)j(§) = 1. If ¢ is odd then (¢ —1)/2 € Z; if
instead ¢ is even, then k is odd, so (k—1)/2 € Z. Therefore an—1 =1,soneclFy,,
hence j = n by irreducibility of xy. O

Remark 3.3. If S € SLy(q) is semisimple irreducible such that 8¢ = AS, then
q =3 mod 4. Indeed, by Remark 3.1 (d), its minimal polynomial is X2 + 1 which
is irreducible only if ¢ =3 mod 4. Thus, a semisimple irreducible element 7(S) in
PSLy(q) is quasi-real unless ¢ =3 mod 4 and ys = X2 + 1.

3.2. Subgroups of PSL2(q)

In this subsection G = PSLy(q). We stress that we assume g # 2, 3, 4, 5, 9 to
avoid coincidences with cases treated elsewhere, see Subsection 1.2 in [1]. We recall
Dickson’s classification of all subgroups of G. Let d = (2,9 — 1).

Theorem 3.4 (Theorems 6.25, p. 412; and 6.26, p. 414 in [26]). A subgroup of
PSLs(q), ¢ = p™ is isomorphic to one of the following groups.

(a) The dihedral groups of order 2(q+1)/d and their subgroups. There are always
such subgroups.

(b) A group H of order q(q — 1)/d and its subgroups. It has a normal p-Sylow
subgroup @ that is elementary abelian and the quotient H/Q is cyclic of order
(¢ —1)/d. There are always such subgroups.

Ay, and there are such subgroups except when p =2 and m is odd.

)

d) Su, and there are such subgroups if and only if ¢> =1 mod 16.
) As, and there are such subgroups if and only if ¢(¢> — 1) =0 mod 5.
)

PSLy(t) for somet such that ¢ = t", h € N. There are always such subgroups.
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(g) PGLay(t) for some t such that ¢ = t", h € N. If q is odd, then there are
such subgroups if and only if h is even and ¢ = t". Note that for q even, this
reduces to case (f).

For further use we record the following consequence of Theorem 3.4. If ¢ is
odd, then involutions in G are semisimple. By looking at the possible eigenvalues

of such an element we see that there is only one class of non-trivial involutions
in G for g odd.

Corollary 3.5. Let O be the conjugacy class of non-trivial involutions in G. If
q > 7 is odd, then O is of type D; while O is kthulhu, when q = 7.

Proof. Assume that ¢ > 7 is odd. Recall that the case ¢ = 9 is excluded. By
Theorem 3.4 (a), G contains dihedral subgroups D; and Dy of order ¢ — 1 and
q + 1 respectively. If g =1 mod 4, resp. ¢ =3 mod 4, then O N Dy, respectively
O N Dy, is of type D by Lemma 2.1 in [4].

Assume that ¢ = 7. Let Y be a subrack of O and K = (Y). We claim that ¥
admits no decomposition as in neither of the definitions of type D, F nor C. If
K = G, then Y = O (because Y is a union of K-conjugacy classes) which is
indecomposable. By inspection, the possible proper subgroups of G containing
an involution are S3, Ay, Sy, or Dy. If K = S3, then Y is indecomposable. The
involutions of A4 generate the 2-Sylow subgroup, thus K could not be A4. Assume
K =Sy. If u = (12)(34), then O = 0% does not generate K. If u = (12), then
0% is indecomposable by Proposition 3.2(2) in [7]. Finally, there are 3 classes
of involutions in Dy, say C1, C2 and Cs; here C3 C Z(D4) has one element, while
Ci ={zi,yi}, i € Iy are abelian, and x1>x9 = y2. Thus no Y generating D, admits
a decomposition as required. Hence O is kthulhu but not sober. O

3.3. Subgroups of PSL3(q)

In this subsection we recall some classification results about the subgroups of G =
PSL3(q) and PSUj(q). The classification of the subgroups of G for ¢ odd was
obtained by Mitchell in 1911, whereas the classification of maximal subgroups in G
for ¢ even was achieved by Hartley in 1925. We set d = (¢ — 1,3). If ¢ is even,
d = 1 exactly when ¢ is not a square.

Theorem 3.6 ([10], Theorems 1.1, 7.1). Let K be a subgroup of PSL3(q) with
q=p"™ and p an odd prime.

(I) Assume that K has no non-trivial normal elementary abelian subgroup.
Then K is isomorphic to one of the following groups.

(a) PSL3(t) for some t = p® such that ¢ =t", h € N.
(b) PSU;(t) for some t = p® such that 2a | m.

(¢) If t = p® satisfiest =1 mod 3 and 3a | m, then there is a subgroup containing
the subgroup of type (a) with index 3.

(d) If t = p* satisfiest =2 mod 3 and 6a | m, then there is a subgroup containing
the subgroup of type (b) with index 3.
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(e) PSLa(t) or PGLa(t) for some t = p* # 3 such that ¢ =t", h € N.

(f) PSLy(5), when ¢ = +1 mod 10.

(g) PSLy(7), when ¢> =1 mod 7.

(h) Ag, A7 or a group containing Ag with index 2, when p =5 and m is even.
(i) Ag, when ¢ =1 or 19 mod 30.

There are always such subgroups under the indicated restrictions.

(IT) Assume that K has a non-trivial normal elementary abelian subgroup. Then
one of the following happens:
(§) K has a cyclic p-regular normal subgroup of index < 3.
(k) K has a diagonal normal subgroup L such that K/L is isomorphic to a sub-
group of Ss.
(1) K has a normal elementary-abelian p-subgroup H such that K/H is isomor-
phic to a subgroup of GL2(q). We include the case H = {1}.

(m) K has a normal abelian subgroup H of type (3,3), with K/H isomorphic to
a subgroup of SLa(3). All subgroups of SL2(3) do occur in this context. This
happens when ¢ =1 mod 9.

(n) K has a normal abelian subgroup H of type (3,3), with K/H isomorphic to
a subgroup of the quaternion group Q of order 8. All subgroups of Q do occur
in this context. This happens when ¢ =1 mod 3, ¢ #1 mod 9.

The following theorem gives the classification of the maximal subgroups of G
for ¢ even.

Theorem 3.7 ([19], Theorem 8, Summary). Let M be a maximal subgroup of

PSL;3(q), with ¢ = 2™. Then M is one of the following:

(a) A subgroup of order ¢*(q+1)(q — 1)?/d or 6(q — 1)?/d.

(b) The normalizer of a maximal torus of order (3)q/d. The torus has index 3
in M.

(c) PSL3(2%), where m/k is prime.

(d) A group containing PSL3(22?) as a normal subgroup of index 3. This happens
if m = 6a.

(e) PSUj(t). This happens when q = t2 is square.

(f) A group containing PSU3(2) as a normal subgroup of index 3. This happens
if a is odd and m = 6a.

(g) A group isomorphic to Ag. This happens when q = 4.

For inductive arguments we will also need the classification of maximal sub-
groups for PSUj(q), for g even, also due to Hartley.

Theorem 3.8 ([19]). Let ¢ = 2™. Let M be a mazimal subgroup of PSU;3(q).
Then M is one of the following subgroups, where e := (3,q+ 1):

(a) A subgroup of order ¢*(q+1)(q —1)/e, q(q +1)*(q —1)/e or 6(q + 1)*/e.
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(b) The normalizer of a mazimal torus of order 3(¢*> — q+ 1)/e. The torus has
index 3 in M.

(c) PSU;3(2), where m/l is an odd prime. If | = 1 this group has order 72.
(d) A group containing PSU3(2!) as a normal subgroup of index 3. This happens
if I s odd and m = 3l. If | =1 this group has order 216.

(e) A group of order 36. This happens when q = 4.

3.4. Reduction to the irreducible case

In this subsection we prove that all non-irreducible semisimple conjugacy classes
in G = PSL,,(q) collapse. The proof is split in several lemmata in which we use
different criteria for a rack to collapse. Recall that G = SL,,(¢) and 7: G — G is
the natural projection.

We begin with the case where O is a conjugacy class of a diagonal and non-
central element.

Lemma 3.9. If T € G is diagonal but not central, then Of(T) collapses.

Proof. Assume first that n > 2. Say that T = diag(a;...,a,) with a; € F;
since 7' is not central, at least two of the a;’s are different, so ¢ > 2. Assume that
a1 # as, and consider the following subsets of O%:

a; ¢ 0 - 0 as f 0 - 0
0 az0 - 0 0 a0 - 0
X1={7“c1= Coee ZCGFQ}, Xzz{sf:: ) .1., ) :fqu}.
000 - an 000 - an
Since
(33) (G0 () = (527 en).

Y = Xj ][ X: is a decomposable subrack of O;L"(q), cf. (3.1). Set r = r; and
$ = Sg, so that r>s # s. Then r.>s = S(ara; ' —1)er hence Y>s = Xy = O§Y>
by (3.3); similarly, Yo r = X; = oY, Also |X1| = | X2| = ¢ > 2. Hence OF is of
type C and since 7y is injective, Of(T) is of type C.

Assume next that n = 2, so that T = (gagl),with a® # 1. Let
Xo={re=(2.%): ceF,}, Xa_lz{sf;:(a;g): feIE"q}.

Then Y = X, [[ X,-1 is a decomposable subrack of (’);LZ(q), by (3.3); and r.>sy #
sy if and only if ¢+ f # 0; respectively, 7. > (sy > (r. > sy)) # sy if and only if
2(c+ f) #0.

Assume that q is odd. Then O?IQ(Q) is of type D. If a* # 1, then |y is injective,
hence (’)f(T) is of type D. If a* = 1, then 7(T) is an involution and g # 7, hence

Of(T) is of type D by Corollary 3.5.
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Assume that q is even, hence G = G. Set r = r; and s = sg; thus r> s # s.
Now re>$ = Sereq2 by (3.3), hence Y > s = X,-1; similarly, Y >r = X,. Also
| X, 1] = ¢ > 2. Hence Og is of type C, and the claim follows. O

Lemma 3.10. Let T € SL,,(q) semisimple not diagonal, with at least one eigen-
value. Then (’)f(T) is of type C.

. . 00
Proof. By hypothesis, we may assume that either T' = (§ B O ), where B €

GL.(q) is semisimple irreducible and not diagonal, C is semisimple and a =
(det Bdet C)~!, or else T = (& %), where B € GL,(q), is semisimple irreducible

not diagonal, e = n — 1, and a = (det B)~!. In both cases B # B € OELS(Q) and
det B? = (det B)? = det B. We treat only the first possibility, the second being
analogous. Let

av 0 a w 0
Xlz{m::(ggg):vng}, Xg:{sw::(g%q8):weF§}.
Then 7, > 84w = S(q(w—v)tvpays-1; hence Y = X [T X5 is a decomposable subrack

of O;L”’(Q), cf. (3.1). If s = 50, then r, > 5 = sy(_qrpayp-1, thus Y > s = Xo
because —a + BY is invertible by hypothesis. Similarly, Y >r = X;. Also, if v # 0
and r = 7, then 7> s # s. Since | X;| = | Xa| = ¢° > 2, OF is of type C. Since Ty
is injective, OE(T) is of type C. g

Next we treat the cases where the non-irreducible semisimple element has no
eigenvalues in [Fy.

Lemma 3.11. Let T € SL,(q) semisimple not irreducible, with at least 3 irre-
ducible blocks and no eigenvalues in F,. Then Of(T) is of type C.

Proof. We may assume that T' = <§ % §>, where A € GL4(q), B € GL.(¢) and

C € GLj(gq) are semisimple not diagonal, A and B are irreducible, d+e+ f =n
and det Adet Bdet C' = 1.
As in the previous proof, B # B9 € O%LE(Q) and det B? = det B. Let

n={(§41): meotm) s={(541): reod),

Then Y = R]] S is a decomposable subrack of O;L"(q). A normal subgroup of
GL,(q) is either central or contains SL4(q) ([13], p. 40). Let K = (OiLd(Q)> <
GL,(q). Since A is not central, SL4(¢) < K and K is not abelian. Therefore there
are x,y in (’)SLd(q) such that z >y # y. By (3.1), Ode(Q) = (’)il‘d(q). Then

00 ¥y 00

ri= (OBO) and s:= (030)

00C 00C

satisfy > s # s. By the same reason, |R| = |S] = |O§Ld(q)| > 2. Finally,

GL4(q)>y 2 K>y O SLa(q) >y = GL4(q) > y. Hence (2.3) holds and Of is of
type C. Since )y is injective, (’)f(T) is of type C. O
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Now we prove that the conjugacy class of a non-irreducible non-diagonal semi-
simple element with two irreducible blocks and no eigenvalues in I, collapses.
Again, we split the proof in several lemmata, depending on the relation between
the blocks, n and q.

Lemma 3.12. Let T = (4 %) € SL,(q) be semisimple, with A € GLq(q) and
B € GL.(q) irreducible and without eigenvalues in F,. If B9 & Z(SL¢(q))B, or
else A1 ¢ Z(SLq(q))A, then OS(T) is of type C.

Proof. Up to interchanging the role of A and B we may assume that B? ¢
Z(SL.(q))B. Arguing as in the previous proof, we take

R={(§8): CeOSD}, s={(} §): DOV},

Then Y = R[] S is a decomposable subrack of OSL” @ and for x , Y in OSLd(q)
such that x>y # y, the elements r := (£ ) and s := (0 Bq) satisfy r>s # s. The
same argument as in the proof of Lemma 3.11 shows that |R| = |S| = |OiLd(q)| > 2
and that (2.3) holds for O%. We prove that 7y is injective. Clearly 7z and mg
are injective. If 7 (§ &) =« (5 9 ) for some C,D € OSF@ | then there would
be a A € F,; such that BY = AB. Computing the determlnant we get A =1 and
therefore Aid € Z(SL.(q)) contradicting our hypothesis. O

Lemma 3.13. Let T, A, B,d, e be as in Lemma 3.12 with A and B irreducible and
without eigenvalues in Fy and let | :== (¢ —1,d,e). Ifl # d or 1 # e, then Of(T) is
of type C.

Proof. Up to interchanging the role of A and B we may assume that [ # e. Arguing

as in the proof of Lemma 3.12, with same Y, we conclude that OSL"(q) is of

type C. We show that my is injective. If (¢ G8)=m (18 B(,)q) for some C,D €

OiLd(q), then there would be A € F, such that B¢ = AB, D = AC. Computing
the determinants we get A = A°® = 1 and therefore A\! = 1. By Remark 3.1 (c),
A would be a primitive e-th root of 1, contradicting our hypothesis. O

Lemma 3.14. Let T = (4 %) € SL,(q) be semisimple, with A, B € GLq4(q)

irreducible with no eigenvalues in Fy. If B ¢ Z(SLqa(g ))OSLd then OG is of
type C.

Proof. Since A and B are irreducible, then each of them lies in a maximal torus
of GL4(q) of order ¢? — 1. All such tori are conjugate in GLg(q) ([25], Proposi-

tion 25.1). So, up to replacing B by B’ € Ong(Q) = O%Ld(q) in the same torus
as A, we can assume that A and B commute. We set

R={(R%): DeO "} s={(F%): BecOpP}.

Then Y = R][S is a decomposable subrack of (’)? L@ The same argument
as above gives |R|,|S| > 2 and (2.3) for O%. Therefore O is of type C if we
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can find noncommuting D € OiLd(Q) and F € O]SBLd(Q). Let D € OiLd(q) be
in a maximal torus Sp. Since D is irreducible, it has distinct eigenvalues so its
centralizer is Sp. Therefore it is enough to choose F ¢ Sp. If B ¢ Sp we
take ' = B. Assume B € Sp and let € SLy(q) such that & Ngy,,(4)(Sp)-
Then E := 2Bx~! € zSpx~! # Sp. As every semisimple element with distinct
eigenvalues lies in a unique maximal torus ([23], 2.3), E' ¢ Sp. Injectivity of 7y
yields the statement. O

We are left with the analysis of (’)f(T) for T € SL,(q) = (4 %) semisim-
ple, with A, B € GLy(q) irreducible, B € Z(SL4(q))0S™'?, A7 € Z(SLa(q))A,
det(A)det(B) = 1, d > 1 and d | (¢ — 1). Tt follows from Remark 3.1 (c)
that under these assumptions Z(SLd(q))(’)de(q) = Ode(q) so B € (’)SLd(q),
det(A) = det(B) = +1 and the characteristic polynomial of A is

xa = X%+ (=1)%det(A).

This polynomial is irreducible only if d is even, det(A) = 1 and —1 is not a square
in[Fy, i.e., ¢ =3 mod 4. We analyze this situation, studying separately the cases
d>2andd=2.

Lemma 3.15. Let T (4 Q) € SLaa(q) be semisimple, with A € SLq(q) irreducible,
d>2, A7 =pA, dlg—1, d even and p a primitive d-th root of 1. Then Of(T) 1s
of type D.

Proof. Tt is always possible to find a # b € I;_; such that, p>(@t?) £ 1. The
matrices = diag(4, u®A) and y = diag(A4, u®A) lie in O?L”(Q). We set
R={Xx=(4): xeof=} s={z-(3 %) zcof=}.
Then Y := R][ S is a decomposable subrack. Let
idg id A (p*=1)A
r= ( Odid3>l>m: (0 (“HQA) > €ER

and s :=y € S. A direct computation shows that (rs)? # (sr)2. Since for our
choice of @ and b the map )y is injective, Of(T) is of type D. O

Lemma 3.16. Let T = (4 ) € SL4(q) be semisimple, with A € GLy(q) irre-
ducible, A1 = —A, q# 3. Then Of(T) is of type D.

Proof. By Remark 3.1 (c), the characteristic polynomial of A is necessarily X2+ 1
so ¢ = 3 mod 4, and 7(T) is an involution. Let ¢ be a generator of F). By
Lemma 2.5 in [14], (’)TCF'Y(T) is of type D if and only if there exist r, s € (’)TCF'Y(T) such
that ord(rs) > 4 is even. Let

1

0

0

0 =¢ 00 0
r .= C7 0 00 =

o 0o o01) 8 0

0 0 —10 -

0
0
-1
0

—
(el
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As r and s are semisimple matrices with characteristic polynomial equal to
(X2 +1)?, they lie in (’);L“(q). In addition,

00-C O
rs = <_°18 0 <o ) (rs)? = diag(¢, ¢4, ¢, ¢7Y),
010 0

so, for 7 := m(r), s := n(s) we have ord(rs) = 20rd(¢?) = ¢ — 1 > 4, as ¢ # 3,
¢ =3 mod 4. O

Lemma 3.17. Let T = (4 Q) € SL4(3) be semisimple, with A = (93). Then
OE(T) is of type D.

Proof. Let

A direct computation shows that |T's| = 12, so setting r := 7(T") and s := 7(s) we
have ord(rs) € {6,12}. We apply Lemma 2.5 in [14]. O

Summarizing, we have the following result.

Proposition 3.18. Assume T € SL,(q) is semisimple and not irreducible, then
OPSLn(q
T

) collapses.

Proof. If T is has at least one eigenvalue and it is not central, then the claim
follows by Lemmata 3.9 and 3.10. Assume 7" has no eigenvalues in F,. If T" has at
least 3 irreducible blocks, we apply Lemma 3.11, and if T" has exactly 2 irreducible
blocks, then the assertion is a consequence of Lemmata 3.12-3.17. O

3.5. General results on irreducible semisimple classes

In this subsection we set G = PSL,(q). In this subsection we prove that for
certain subgroups K < G and x € G semisimple, we have that Of NnK = 0k,
These results will be used in the sequel.

Lemma 3.19. Let K = PSL,(t) < G for t = p® and alm with (t — 1,n) =
(q—1,n). If v € K is semisimple, then OF N K = OX.

Proof. Let x € SL, (t) such that 7(x) = 2. By Remark 3.1 (e), ot NSL,(t) =
ot A fortiori, OF¥ n SL,(t) = O Let y = 7(y) € OF N K, with
y € SL,(t). Since (t—1,n) = (¢—1,n), we have that Z(SL(¢q)) = Z(SL,(t)) and
then, for some z € Z(SLy,(q)) there holds y € Z(OEL"(q) NSL,(t)) = 2088 5o

y € OK. O

Lemma 3.20. Let K = PSL,(t) < G for t = p* and alm. Assume that
((n)¢,n) = 1. If x € K is semisimple irreducible, then OF N K = OK.
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Proof. Let x € SLy,(¢) such that 7(x) = x and let y € SL,(t) with y = 7(y) €

OFNK. Soye (zOan(q)) N SL,(t) for some zid € Z(SL,(q)). Therefore it is
enough to prove that z = 1. Since ordx and ordy = ord zx divide (n)¢, we have
z(Mt =1, whence the statement. O

Lemma 3.21. Let K = PSU,(t) < G fort = p® and 2a|lm. If (t + 1,n) =
(g —1,n), then OF N K = OK for every semisimple » € K.

Proof. Let y = n(y) € OFS D N K with y € SU,(t). For some z € Z(SL,(q))
and x € SU,,(t) with 7(x) = « we have y € oSt n SU,,(t). Under our assump-

tions,
Z(SLn(Q)) = Z/(q - 17”) = Z/(t + 1,7’L) = Z(SUn(t)),

so zx € SU, (¢) and it is semisimple. The centralizer of x in SL,, (k) is connected,
SO OEXL"(k) NSU,(t) = Of’}?"(t). Thus, y € Of’g"(t), and y € Of. O

4. Finite-dimensional pointed Hopf algebras over PSL2(q)

4.1. Abelian techniques

Let G be a finite group, O a conjugacy class of G, g € O and (p,V) € Irr Cg(g).
The abelian techniques are those used to conclude that dimB(0,p) = oo from
the consideration of abelian subracks and via the classification of braided vector
spaces of diagonal type with finite-dimensional Nichols algebra [20].

Lemma 4.1. Assume that dim B(0, p) < oco.
(a) ([9]) If g is real, then p(g) = —1. In particular, ord g is even.
(b) ([3], [15]) If g is quasi-real, with j € Z such that g # ¢ € O, then:
(i) If degp > 1, then p(
(ii) If degp =1, then p(
(iii) If g7° # g, then p(g) = —1.

—1 and g has even order.

/

9) =
g) = —1 and g has even order or p(g) € Gj.

4.2. Semisimple classes in PSL2(q)

We recall some basic facts.

e There exist two (conjugacy classes of ) maximal tori in SLa(g): the split torus
T ={(§ a91) ,a € FX} of order ¢ — 1 and the non-split torus Ty of order ¢ + 1.
Every non-central « € SLo(gq) semisimple is conjugated to an element of either T;
or Ty. Two elements x,y € T; are conjugated if and only if z = y*!. Both T}
and T, are cyclic. So this is the situation for PSLy(q) = SLa(¢q) when ¢ is even.

For uniformity of the notation, we set T; := T}, i € Iz, when ¢ is even.

e Suppose ¢ is odd. There exist two conjugacy classes of maximal tori in G,
namely the images T; of the split torus Tj, of order (¢ — 1)/2; and T2 of the
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non-split torus Ts, of order (¢ + 1)/2. Every x € G semisimple is conjugated to
an element of either Ty or Ty. Two elements z,y € T; are conjugated if and only
if x = y*!. As a consequence, there is exactly one conjugacy class of involutions, at
most one semisimple conjugacy class of elements of order 3, at most one conjugacy
class of elements of order 4, etc.

Proposition 4.2. Let O be a semisimple conjugacy class in PSLa(q). If O is not
listed in Table 1, then it collapses.

Proof. If either z is conjugated to an element in T; or else x is an involution
but ¢ # 7, then OF collapses by Lemma 3.9 and Corollary 3.5 (there are no
semisimple involutions when ¢ is even). Assume in the rest of the proof that
x € G is conjugated to an element in T and ordz > 2.

Suppose first that ord x = 3. Then, necessarily ¢ = 2 mod 3. If moreover ¢ is
odd or a square, then G contains a subgroup isomorphic to A4, by Theorem 3.4,
case (c¢). Since G contains only one conjugacy class of elements of order 3, we have
Y =0 NA, = Off%) 11 0?1432)' Thus Y is the cube rack, which is of type C' by
Lema 2.19, whence it collapses.

Now let X be a subrack of OF and K = (X); X is a union of K-orbits. We
divide the proof with respect to the classification given in Theorem 3.4.

If K is as in case (a), then K < D(441y/4 and X is abelian. Clearly, K could
not be as in case (b) because ord x { the order of such group.

Suppose that K = PSLy(t) for some t such that ¢ = t", h € N, case (f).
Assume first that ¢ # 2,3. Let y,z € X. Then (’)5 does not intersect any split
torus of PSLy(%), since otherwise it would intersect T;. Let T be a non-split torus
of PSLy(%); then 05 intersects €. Also we may assume that either T C Ty or
% C Ty (only when h is even). In the first possibility,

0£0KNTL0%NT, =05NT, 20K nT.

Here in { we use that a conjugacy class intersects a torus in {z+'}. Hence (’)5 =
OK = X is indecomposable by Lemmata 1.9 and 1.15 in [7]. The second possibility
is analogous. Now assume that K = PSL3(2) = S3. Then O N K consists of 3-
cycles, hence it is abelian. Finally, K = PSL2(3) = A, is excluded because O N K
consists of involutions.

Assume that K = PGLy(t) for some t such that ¢ = t", case (g); we may
suppose that ¢ odd, and then h = 2k € N should be even. If z € K is semisimple,
then ord x divides |PGLy(t)| = t(t>—1), hence ord z does not divide ¢+1 = ¥ +1
and z is split in PSLy(g). In other words, X N K = (.

Hence, the only possible cases where X might not be sober are when K ~ A4, Sy
or Ss, that is cases (¢), (d) and (e), respectively. From the previous considerations,
the next statement follows at once.

Case 1. If ordx > 5, then OF is sober.

We next analyze the low order cases.
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Case 2. If ordz = 3 and ¢ is even and not a square, X is sober.

If ¢ is even and not a square, then cases (c¢) and (d) are not possible since G
does not contain a subgroup isomorphic to Ay. If K ~ A5, case (e), then X = O§5
is indecomposable.

Case 3. If ordx = 4, then OF is sober.

Cases (c) and (e) are clearly excluded. If K ~ S, case (d), then X = Of
is indecomposable by Lemmata 1.9 and 1.15 in [7] (as O} generates S, which is
centerless).

Case 4. The conjugacy classes of elements of order 5 in G are sober.

Cases (c¢) and (d) are clearly excluded. Assume that K ~ Aj, case (e). There
are two conjugacy classes O and Qs of elements of order 5 in Az and each of them
is real, i.e., stable under inversion. Suppose that O; C X and pick x € O;. Then
08¢ = (’)g and (’)S = (’)g are the two different conjugacy classes of elements of
order 5 in G. If X = O7][] Oz, then 22 would belong to OF, a contradiction.
Hence X = O is indecomposable. O

4.3. Finite-dimensional pointed Hopf algebras over PSL2(q)

Nichols algebras associated to conjugacy classes in PSLs(q) were previously stud-
ied in [16]. Using abelian techniques, it was proved that dim B (O, p) = co for any
(p, V) € Irt OpgL, (q) () with x € O and q even ([15], Proposition 3.1). For ¢ odd,
a list of the open cases was given Theorem 1.6 of [16]. Here we discard the case
when ¢ = 1 mod 4 by the criterium of type C. First, the conjugacy class of in-
volutions in PSLs(7) is kthulhu, Proposition 4.2. The associated Nichols algebras
over PSLy(7) are dealt with the next lemma.

Lemma 4.3 (Proposition 4.3 in [16]). Let © € PSLy(7) be an involution. Then
dim B(O,, p) = oo, for every p € Irr Ca(z).

Theorem 4.4. Let O be a semisimple conjugacy class in PSLa(q). If O is not
a semisimple irreducible conjugacy class represented in SLa(q) by x = (‘Z Cab) with
ab #0, ¢ € Fy — IE"g and ¢ = 3 mod 4, then dim*B(0,p) = oo, for every

p€IrrCq(x).

Proof. 1If ¢ is even, then dim*B(O, p) = oo, for every p € Irr Cg(z) by Proposi-
tion 3.1 in [15], since in this case PSLa(q) = SLa(g). Assume ¢ is odd. If ¢ =1
mod 4, the open cases in Theorem 1.6 of [16] were given by split semisimple classes
which collapse by Proposition 4.2. O

Remark 4.5. For ¢ > 3 and ¢ = 3 mod 4 there are (¢ — 3)/4 semisimple irre-
ducible conjugacy classes in PSLy(q) of size q(¢ — 1) ([16], Table 3).
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5. Finite-dimensional pointed Hopf algebras over PSL,(q)

In this last section we study Hopf algebras over PSL,,(¢), using the previous results
and abelian techniques. We begin by studying irreducible semisimple conjugacy
classes in PSL3(q).

5.1. Semisimple classes in PSL3(q)

In this subsection G = PSL3(q). Let x be an irreducible semisimple element in G.
We show in Propositions 5.4 and 5.5 that Of is austere, hence kthulhu.

Let x € SL3(¢) such that x = 7(x). If = is semisimple and irreducible, then for
every eigenvalue 1 of x we have n9° # 1 # n?, n® = 1, and x®« = 1, i.e., x lies
in a maximal torus of order (3),. Since Z(SL3(g)) lies in all such tori, x lies in the
maximal torus of G of order (3),/(3,¢ — 1).

If z is semisimple and not irreducible, then x lies in a maximal torus whose
exponent is either ¢> — 1 or ¢ — 1, whence z lies in a maximal torus of G of order

(q2 - 1)/(3aq - 1) or (q - 1)/(3aq - 1)
We need first the following technical lemma.

Lemma 5.1. Let £ > 1 be odd. If g =1 mod ¢, then (82, (€)q) =/.

Proof. Let ¢ =1+ af. We show that (£), = ¢ mod ¢*:
-1 15 4. -1 )
>+ ary =ZZ() Zawzz()
=0 7=0 =0 Jj=t
-1 . -
(o) 7
7=0 J=

Hence, ((¢),,0%) = (¢, ¢?)

1

() mod€2—£+a£<§> mod /2 =/¢ mod ¢>.
1

(\M

/. O

Remark 5.2. Let = w(x) € G, for some semisimple irreducible x € SL3(q).

(a) We claim that (ordz,6) = 1 and ordz # 5. Indeed, ordx divides (3), which
is always odd. In addition, (3)4 is divisible by 3 only if ¢ =1 mod 3 and by
Lemma 5.1, it is never divisible by 9. Looking at all the possible values of ¢
modulo 5 it is easily verified that 5 f(3),.

(b) Let H < K < G, with [K : H] < 3. Then, if z € K, we have x € H. Indeed
left multiplication by z induces a permutation of the coclasses of H in K,
which has order < 3. By (a), z = e, i.e., xH = H.

(c) If z* is not irreducible, then z* = e. In fact ¥ is semisimple and therefore it
lies in a maximal torus of G. The statement follows because ((3),, (¢> — 1)) =

(3)g  (-1)\ _
(¢—1,3) and (32, gomny) = 1

Lemma 5.3. Let z = 7m(x) € G be semisimple and irreducible. Assume q = 3.
Then OF NPSL3(t) = 0.
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Proof. Let y € SL3(t). If its characteristic polynomial is not irreducible over Fy,
then 7(y) ¢ OF. If it is irreducible, then its roots are in Fys C Fy, so m(y) ¢ OF.
O

We prove now that OF is austere when ¢ is odd.

Proposition 5.4. Assume that q is odd. Let K < G and x be an irreducible
semisimple element in G. Then one of the following holds:

(i) KNO% =0;
(ii) K NOE is abelian;
(iii) there is y € K N OS such that K N O = oK.

In particular OF is austere, hence kthulhu.

Proof. We proceed by inspection of the different subgroups of G as listed in The-
orem 3.6.

If K is as in case (a), then K = PSL3(t) for some ¢t = p®. In this case, we have
that if y € KNOZ, then KNOS = (’)5{. Indeed, if (¢—1,3) = (t—1, 3), we apply
Lemma 3.19. If (¢ — 1,3) # (t — 1,3), then (¢ — 1,3) =3 and (t — 1,3) = 1, so
(3,(3):) =1 and Lemma 3.20 applies.

If K is as in case (b), then K = PSUj3(¢) for some ¢t = p®. Again, we have
that if y € K N OF, then K N O% = Of. For, if (¢ —1,3) = (t + 1,3), then we
apply Lemma 3.21. If on the other hand, (¢ —1,3) # (t+1,3), then (¢ —1,3) =3
and (t+1,3) =1, p# 3 and t =1 mod 3. Without loss of generality we assume
r = 7(x) for some x € SU3(t). Let y = n(y) € OF N K, with y, € SU3(t).
Then, for some ¢ € F, with (3 = 1 there holds y € (’)?XLB(q) N SUj;(t). There are
three conjugacy classes of maximal tori in SUj3(¢), with exponent t + 1, t2 — 1,
which both divide ¢ — 1, and t> —t + 1. Since y and z are_irreducible, both
ord(Cx) = ord(y) and ord(x) divide t2 — ¢ + 1. But then, ¢ = ¢*’~*+1 = 1. Hence,
y € OSLS(Q) N SU;3(t) = O§U3(t) where equality follows because the centralizer of
a semisimple element in SL3(k) is connected. Thus, y € OX.

If K is as in case (c), then there is a subgroup containing PSLg(¢) with index 3
and ¢ = 1 mod 3. In this case, K N O = . Indeed, if y € OF, then by
Lemma 5.3, y € PSL3(t), hence y ¢ K by Remark 5.2 (b).

If K is as in case (d), then there is a subgroup containing PSUj3(¢) with index 3
and t = 2 mod 3. As before, it follows that K N OF = . If y € OF, then by
Lemma 5.3, y ¢ PSU3(t) C PSL3(#?). Thus, by Remark 5.2(b), y ¢ K.

If K is as in case (e), then K = PSLy(t) or PGL2(?) for some t = p* # 3.
In this case, K N OF = (). Indeed, the order of K divides ¢(t> — 1) which in turn
divides t(¢? — 1). If € K were irreducible, then ord(x) would be a divisor of
(t(¢* = 1),(3)q) = (3,q¢ — 1). Hence, Remark 5.2 (a) applies.

If K is as in cases (f), (g), (h), (i), then the order of any element in K lies in
{2,3,4,5,7}. By Remark 5.2 (a), if y € K N OF, then ordy = 7 and K is either
A7 or PSLo(7). In addition, 7 divides (3), only if ¢ =2 mod 7 or ¢ =4 mod 7.
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For both choices of K there are exactly two classes of elements of order 7, one
containing {y,vy? y*} = {y,yq,yq2}, and the other containing y2,4°,3°. We show
that (’)5 = (’)5 N K. Assume this is not the case. Then, 3 € Of, so 2% € OF.
If + = 7(x), then the only powers of x lying in 052D gre x,x? and x7. By
looking at the order of x (which can be 7 or 21), and of x (which is always 7)
we necessarily have x3 € OZ{L?‘(q) for some 1 # z € Z(SL3(q)), a third root of 1,
with x” = 27!, and ¢ = 1 mod 3. This is impossible. Indeed, let ¢,(? and C‘IQ be
the eigenvalues of x. They are primitive 21-th roots of 1. Then, the eigenvalues
of x3 are ¢3,¢37 and C?’qz, whereas the eigenvalues of zx are z(, z{? and z§q2. A
direct verification using that ¢ = 2 mod 7 or ¢ = 4 mod 7 shows that ¢> cannot
be equal to any of z(, 2(? and quz.

If K is as in case (j), then K contains a cyclic p-regular normal subgroup
H = (h) of index < 3, which is contained in a maximal torus S. Let y € K. If y
is irreducible in G, then by Remark 5.2 (a), (b), y € H and H is contained in the
torus S of order (3),/(3,(3),). Therefore, OF N K = OF N H is abelian.

If K is as in case (k), then K contains a diagonal normal subgroup L such that
K/ L is isomorphic to a subgroup of S3. In this case, we also have that O NK = ().
Assume on the contrary that € K. The order of its coclass L in K/L is 1,2,
or 3. It cannot be 1 because z is irreducible hence not diagonal, and it cannot be 2
nor 3 by Remark 5.2 (a).

If K is as in case (1), then K contains a normal abelian p-subgroup H such
that K/H is isomorphic to a subgroup of GLs(g). In particular, |K| divides
pN|GLa(q)| = pNq(q — 1)(¢*> — 1), for some N > 0. But since we have that
(PN (g —1)(¢* = 1),(3)4/(3,¢g— 1)) =1, it follows that K N OF = 0.

If K is as in case (m), then K contains a normal abelian subgroup H of
type (3,3) such that K/H is isomorphic to a subgroup of SL2(3). We show that
O% N K = (. Assume that y € K is semisimple and irreducible. We look at the
coclass yH in K/H. Then ord yH is either 1,2, 3, or 4, whence by Remark 5.2 (a)
we have y € H, a 3-group, which is impossible.

Finally, if K is as in case (n), then K contains a normal abelian subgroup H of
type (3,3) such that K/H is isomorphic to a subgroup of the quaternion group Q
of order 8. Hence, OF N K = () by Remark 5.2 (a). O

We prove now that OF is austere when g is even.

Proposition 5.5. Assume that ¢ = 2™. Let x be an irreducible semisimple element
in G. Then, for y € OF we have either xy = yx or Oéx’w = O;x’w, In particular
OF is austere, hence kthulhu.
Proof. Let x,y € OF, with zy # yz. If K := (x,y) # G, then K lies in a proper
maximal subgroup M; of G. We analyse the different possibilities for M; listed in
Theorem 3.7, from which we adopt notation.

Since x is a semisimple irreducible element, ordz is coprime with the order
of the groups in (a), thus this case is not possible. Further, ordx is different
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from the order of any element in (g) by Remark 5.2 (a). If M; were as in (b),
then by Remark 5.2 (b),  and y would lie in the same maximal torus, and they
would commute. Hence, the possible cases are (c), (d), (e) and (f), that is M;
is isomorphic to PSL3(t) or PSUj3(t) for some ¢, or contains one of them with
index 3. We analyze these cases further.

Claim 1. M; is either PSL3(t), where ¢ is a prime power of t and ¢ # t®, or
PSUj;(t). The latter may occur only if m is even.

If 2,y € PGL3(t) with ¢ = ¢3, then by Remark 5.2 (b), 2,y € PSL3(¢), which
is impossible by Lemma 5.3, so case (d) is excluded. Similarly, if 2,y € PGUj3(t),
with ¢ = t°, then z,y € PSUj3(t) < PSL3(¢?), impossible by Lemma 5.3. Thus,
case (f) is also excluded.

Now we proceed inductively looking at the maximal subgroups of M; as above.

Claim 2. K is either PSL3(#'), for some ¢’ = 2° and b|m, 3b }/m, or PSUj3(¢'),
for ¢/ = 2° and ¢|2m, 3¢ f 2m.

If K = M; the claim is trivial. Otherwise, K < My where M is a maximal
subgroup of M. If M; = PSL3(t) we argue as in Claim 1. If M; = PSUj;(¢),
then we claim that My = PSUj(t) for ¢ an odd prime power of ¢'. We analyse the
different possibilities for Ms listed in Theorem 3.8, from which we adopt notation.
The groups as in (a) or (e) are discarded because their order is coprime with ord .
The groups as in (b) may not occur by Remark 5.2 (b) and the noncommutativity
of z and y. If z would lie in a subgroup as in (d), by Lemma 5.3 it would lie
in PSU3(2!) < PSL3(2%) with ¢t = 2%, 6/ = 2a|m. By Lemma 5.3 we have a
contradiction. Thus, the only possible case is (e) and we have the claim.

Claim 3. 0K = 09 n K = OF.

Let us observe that x,y are again irreducible in K. If K = PSL3(t) for some ¢,
the argument in the proof of Proposition 5.4 case (a) gives the claim. If K =
PSUj;(t), we argue as in the proof of Proposition 5.4 case (b). O

5.2. Finite-dimensional pointed Hopf algebras over PSL,,(q)

In this last subsection we assume that G = PSL,(q), n > 2. We show that for
infinitely many pairs (n, ¢), the group PSL,(q) collapses.

Let n = 2%, ¢ = 1 + 2°d, where a,c € Ny b,d € N with (b,2) = (d,2) =1 and
let Gqs be the set of pairs (n,q) with n € N, n > 2 and ¢ = p™, p a prime, such
that one of the following hold:

(a) n is odd,;

(b) q is even;
(¢c) 0<a<g
(d) a=c>1.

A direct computation similar to the one in the proof of Lemma 5.1 shows that
if (n,q) € Gss, then (n)q/(¢ — 1,n) is odd.
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Lemma 5.6. Let (n,q) € Gss and let x € PSLy,(q) be an irreducible semisimple
element. Then, dimB(OF, p) = oo for every p € IrrCg(x).

Proof. By Lemma 3.2, x # 29, z # 27 and :Eq,xq2 € O%. In addition the
order of the maximal torus containing x is (n),/(¢ — 1,n), which is odd under our
assumptions. Then, Lemma 4.1 (b) (iii) applies. O

Proposition 5.7. Let O be a conjugacy class in G = PSL3(2). If O is not
unipotent of type (3), then dim B(OF, p) = oo for every p € Irr Ca(x).

Proof. This follows from Propositions 2.13 and 3.18, and Lemma 5.6. |

Remark 5.8. Assume n = 2% and ¢ = 1 + 2°d with (b,2) = (d,2) = 1 and
a>c>0orelse a=c=1. Let z be an irreducible semisimple element in G.
If ordz is odd, then dimB(0,,p) = oo for all p € Irr Cg(x) by Lemma 3.2 and
Lemma 4.1 (b) (iii). Hence, the only potentially non-collapsing classes in G are
the classes of semisimple irreducible elements of even order. In this case such
elements always exist: for instance, any generator of a maximal torus S of order
(n)q/(q — 1,n), which is even under our assumptions. Any semisimple irreducible
element is conjugate to an element in S.
Let © = m(x) be an irreducible semisimple element in S. Its centralizer is

Cg(x) ={n(y) e G | yxy ' =Xx, A € F,}.

If for some y € G there holds yxy~! = Ax, then A\x € ONCq(x) = {x9', i € Tpn_1}.
By Lemma 3.2 this implies A = 1 and consequently y € Cg(x). Thus, Cg(z) =
m(Ca(x)) = S is cyclic, so all its irreducible representations are 1-dimensional.
By Lemma 4.1 (b) (iii), if dim®B(O,,p) < oo, then p(z) = —1. In this case the
study of abelian subracks of O is not effective for determining the dimension of
the associated Nichols algebras.
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