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Geometry of spaces of real polynomials
of degree at most n

Christopher Boyd and Anthony Brown

Abstract. We study the geometry of the unit ball of the space of inte-
gral polynomials of degree at most n on a real Banach space. We prove
émul’yan type theorems for Gateaux and Fréchet differentiability of the
norm on preduals of spaces of polynomials of degree at most n. We show
that the set of extreme points of the unit ball of the predual of the space
of integral polynomials is { + > =0 ¢’ 1 ¢ € E',||¢|| <1}. This contrasts
greatly with the situation for homogeneous polynomials where the set of
extreme points of the unit ball is the set {+¢" : ¢ € E', ||¢|| = 1}.

1. Introduction

One of the most fundamental concepts in analysis is the idea of a continuously
differentiable function on an open subset of a Banach space. Asking for a higher
degree of smoothness leads us to consider spaces of k—times differentiable functions.
While it is very important to understand such spaces, their scope and general
structure is such that the possibilities for the use of many of the tools that have been
developed over the past 60 years has been limited. In a recent paper [9], Choi, Hajek
and Lee show that any k-times differentiable mapping on an open subset of a real
Banach space F can be approximated by a polynomial of degree at most k. While
the study of spaces of polynomials between Banach space has been an extremely
active area of research over the past 45 years, most of this research has focused
on spaces of homogeneous polynomials. In [4] the authors initiated a systematic
study of Banach spaces of polynomials of degree at most n. There the spaces of
continuous, approximable, integral and nuclear polynomials were defined and their
duality investigated. In this paper we will further develop the geometric theory
of spaces of polynomials of degree at most n. We will concentrate on obtaining a
description of the sets of extreme points for spaces of integral polynomials of degree
at most n over real Banach spaces. Our results show a significant difference between
the geometry of spaces of homogeneous and that of non-homogeneous polynomials,
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which will prove essential in [5], where we give a complete characterisation of the
isometries between spaces of polynomials on real Banach spaces.

Let us recall some definition and results from [4] and [12]. Given Banach
spaces F and F and a positive integer n, a continuous mapping P: F — F' is said
to be an n-homogeneous polynomial if there is a (continuous) n-linear mapping

L: Ex """ xE — F such that P(z) = L(z,...,z) for all z in E. We denote
the space of all n-homogeneous polynomials from E into F' by Z("E, F). A map-
ping P: E — F is said to be a polynomial of degree at most n if P = Z?:o P;
with P;€ Z(7E, F). The space of all polynomials of degree at most n is denoted
by Z(S"E, F). With pointwise addition and scalar multiplication 2 (S"E, F) be-
comes a vector space and, when endowed with the norm || P|| = sup, < [[P(2)]], a
Banach space. Both 2("E, F) and Z(S"E, F) possess certain natural subspaces.
An n-homogeneous polynomial, P, is said to be of finite type if it can be written
as P(z) = Zle ¢;(x)"y; with (¢;)¥_, € E' and (y;)h_, C F. The space of finite
type polynomials is denoted by 22;("E, F). A polynomial P in Z(S"E, F) is said
to be of finite type if it can be written as P = 7 P; with P; in Z;(/E, F). The
closure of Z¢("E, F) (resp. 2;(S"E, F)) with respect to the norm || - || is denoted
by Z4("E,F) (resp. Z4(S"E, F)) and is called the space of n-homogeneous ap-
proximable polynomials (resp. approximable polynomials of degree at most n).
When F is the field of scalars we write Z("E), 2¢("E), Z4+("E), Z(S"E),
Pr(S"E) and P4(S"E).

To understand the duality theory of spaces of polynomials of degree at most n,
we introduce the spaces of integral and nuclear polynomials of degree at most n. A
polynomial P in Z(S"E) is said to be an integral polynomial if there is a regular
Borel measure, u, on (Bg/,0(E’, E)) such that

@ o= [y

for all z in EZ. We denote the space of all integral polynomials of degree at most n
by Z7(S"E). When endowed with the norm
| Pl = inf { |p] : p satisfies (x) }

the pair (Z;(S"E), ||-||1) becomes a Banach space. A polynomial P in P(S"E) is
said to be a nuclear polynomial if there are sequences (A;)r C K and (¢x)r C Ber
with Y77 | [Ax] < oo such that

P(x)=> Y éul(x)
k=1 j=0

for all  in E. We denote the space of all nuclear polynomials of degree at most n
by Zx(S"E). When endowed with the norm

o(x)’ du(9)
0

1Pl = inf { 1l Ple) = 3 M D" or(2), 6 € B},
k=0 k=1 j=0

the pair (Zy(S"E), || - || v) becomes a Banach space.
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Both Z(S"E) and &;(S"E) are dual spaces. We consider @?:0 X, E, the
direct sum of the spaces of j-fold symmetric tensors in F for j between 0 and n.
We define the m-norm on @7_, ®, , F by

m

||9Hw=inf{2|xk| e—zxkzw @, ol < 1}

J terms
and the e-norm on @j_, &, , E by
n mj n mj
(1.1) HZZ)VCJ Tpj @ @Tpj |l = sup {‘ZZMW(%J)J’}-
=0 k=1 T el Mo k=1
It is shown in [4] that (Z(S"E),| - ||) is isometrically isomorphic to
n /
(BREI ),
J=0 J,s
while (22;(S"E),|| - ||1) is isometrically isomorphic to
n ’
(BRQEI-I.) -
i=0 js

For further information on spaces of homogeneous polynomials we refer the reader
o [12].

Given a Banach space E, a point z in B is said to be an extreme point of Bp
if 2 is not the midpoint of any line segment which is contained in Bg. The extreme
points of By are denoted by Ext (Bg). A point z in the closed unit ball of E is
said to be an exposed point of B if we can find a ¢ € E’ with ||¢| = 1 such that

#(x) =1 and ¢(y) <1 fory € Bg\{z}.

If this is the case then we say that ¢ exposes x.

When E = F’ is a dual Banach space and the x is exposed by ¢ in F we say
that = is a weak™-exposed point of F and that ¢ weak*-exposes the unit ball of F
at x.

We say that z is said to be a strongly exposed point of By if we can find a
¢ € E’ such that

o) =1
and whenever (z,,),, is a sequence in Bg with
lim ¢(z,) =1

n—oo

then (x,,), converges to = in norm. We will say that ¢ strongly exposes x.

If E = F' is a dual Banach space and the z is strongly exposed by ¢ in F
we say that x is a weak*-strongly exposed point of E' and that ¢ weak*-strongly
exposes the unit ball of E at x. For further details on the extremal structure of
convex sets we refer to [13]. Further information on the geometry of Banach spaces
including Smul’yan’s theorem can be found in [10].
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2. gmul’yan type theorems

In the first part of the paper we will prove various ‘émul’yan type theorems’ which
will characterize Gateaux and Fréchet differentiability of the norm of some of the
spaces introduced in [4]. While our results are interesting in their own right, they
will also be used in the second part of the paper where we will investigate the
extremal structure of related spaces.

2.1. Gateaux differentiability of the norm of (@?:0 @J.,SE, - le)

In [17], Smul’yan shows that if £ is a Banach space then the norm of E is Gateaux
differentiable at z € By with derivative ¢ if and only if  weak*-exposes the closed
unit ball of E' at ¢. In Proposition 2.1 of [15], Ruess and Stegall characterise
Gateaux differentiability of the norms of certain operator spaces and in Theorem 7
of [7], the first author and Ryan proved a ‘émul’yan type’ theorem which relates

the Géteaux differentiability of the norm of 9, ; £ to elements of Sp as well as
to elements of Sz, (»g). We now prove a non-homogeneous version of this result.
Before we proceed, it is worth noting a couple of important differences. Firstly,
when dealing with homogeneous polynomials, the cases n even and n odd have
to be dealt with separately, This is not necessary for polynomials of degree n.
Secondly, in our theorem, the elements in E’ do not have to lie in the sphere, they
only have to lie in the unit ball.

In the following we will find that the derivatives of points in (@?:0 @ N lle)
are of the form Y°7 ¢/, where we interpret 37 ¢’ to be 1 if ¢ = 0.

Theorem 2.1. Let E be a real Banach space and let n be a positive integer.
Let T € (@?:0 ;L - le) with |T|lc =1 and ¢ € Bgr. The following are
equivalent.
(a) The norm of (@;;0 ®j SEL - ||E) is Gateaux differentiable at T with deriva-
tive Z?:o ¢’ (respectively _Z;’L:O ¢7).
(b) (i) T(Z?:o ¢7) =1 (respectively T(_Z;'l:o ¢7) = 1) and ¢ is unique in Bp’
satisfying this condition.

(ii) There exists a real number o, with —1< a <1, such that T(Y_7_g7) >a
(respectz'vely T( — E?:o 'L/)j) > a) for all ¢ € Bp.

(¢) (i) T(Z;’L:O @) =1 (respectively T — Z?:o @) =1).
(ii) There exists a real number a, with —1< e <1, iuch that T ( Z?:o ) >«
(respectz'vely T( — Z?:o wj) > a) for all € Bpr.

(iii) If (¢r)x is a sequence in the closed unit ball of E' such that (T ( > im0 (bi))k

converges to 1 (respectively (T<*Z?=o d)i))k converges to 1), then (k)
has a subnet (¢k,, )a which converges to ¢ in the weak™ topology on E'.
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Proof. We first note that by Proposition 5.1(a) of [4],

Ext (Bopycnm) < {Zw be ol <1}.

Since each weak*-exposed point is also an extreme point, it follows from a Theorem
of Smul’yan (see [17]) that the only possibilities for the derivatives are 4+ Z?:o @

We will prove the case when the derivative is Z?:o ¢7. The proof when the deriva-
tive is — Z;’L:O ¢’ is analogous.

(a) = (b) (i) and (c) (i). Let us assume that the norm of (@7, ®] SEL )
is Gateaux differentiable at I" with derivative Z _o @®’. Then it follows from a the-
orem of Smul’yan (see [17]) that T' weak*-exposes the closed unit ball of 2;(S"E)
at 37 ¢’ Thus T(X]_¢’) =1 and T(P) < 1 for all other P € By, (<np). In
particular T( ijo 1/)3) < 1 for all ¥ € By with v # ¢.

(a) = (b)(ii) and (c)(ii). We will assume that (b)(ii) or (c)(ii) does not hold
and show that (a) does not hold. If (b)(ii) or (c)(ii) does not hold, then we can find
a sequence (¢x)r C Bps such that T(Z;’L:O ¢},) — —1. However, Bp is compact
in the weak™ topology, so we can find a subnet (¢, )a of (¢r)r that converges
weak* to some ¢ € Bp,. But then (¢, (m))a converges to ¥(x) for all x € E.
Now consider a general element

n

P n
22 Mm@ 0 3im € (DB - o).
j=0 m=1 —_— §=0 j.s
J terms
Since Z?:o ¢’ is represented by a unit point mass at ¢, we have, using Equation 11
of [4], that

(Zn; %) (Zn: Zp: Ajm Tjm @ -+ @ %‘nn) = Zn: Zp: Njm®a(@jm)’
= -

j=0m=1 j=0m=1
j terms

and

n n

P
Z/me -rjm

j=0 m=1

(30) (323 Amtim & © ) =

=0 =0 m=1

J terms

Thus (( Z;’L:O (bia) (6)),, converges to (Z?:o ¥)(0) for all 6E (@?:o ;. Bl lle)-
Since the space (B7_, @, , B, - llc) is dense in (P]_, &, E, || - |lc), we have

(DRI 1) 2 (DRI 1) % 7<)

J=0 j,s J=0 j,s

1=

Since the unit ball of Z1(S"E), B g, (<npy, is 0 (21(S"E), (B ®,..E. | - I|c))
compact and since the topology o (2 (S"E), (@?:0 ;. Ll - ) is a weaker
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Hausdorff topology on Et@I(gnE), the relative o (2 (S"E), (@?:0 K, L - )
topology on B g, (<np) is the same as the relative o (2 (S"E), (@?:0 @isE, 1))

topology. Thus we have that (Z?:o ¢ia)a U(@I(gnE), (@;‘L:o ®j,sE, Il - ||E))
converges to Z?:o 7. Hence

(=) =i~ 3 =1

Since — Z;LZO W # Z;LZO @7, it follows that T does not weak*-expose ngl(gn B)

at >7_o¢’. This contradicts a Theorem of Smul’yan (see [17]), so that (a) does
not hold, as required.

(b) = (c)(iil). We will assume that (c)(iii) does not hold and show that this
implies that (b)(i) does not hold. Now, if (c)(iii) does not hold, then there exists a
sequence (¢x)r C Bpr such that limy_, T'( Z?:o ¢},) = 1 and such that no subnet
of (¢r )i, converges weak* to ¢. In this case there must exist a weak™ neighbourhood
of 0 € E', say V, such that {(¢x)xN(¢+V)}\{¢} = 0. Since Bp is weak™ compact
we can find a subnet (¢r, )o of (¢1)x which converges weak* to some 1) € Bg/, with

1 # ¢. Hence T(Z?:o ¥7) = lim, T(Z?:o qﬁia) =1 and this contradicts (b)(i),
as required.

(¢) = (a). Suppose that (c) holds and (a) does not. If (a) does not hold then
the norm of (@?:0 &, Ll ||¢) is not Géteaux differentiable at T' with derivative

>io @' This means there exists S € (@], @isE, | - [le) such that

||T+tSH ||TH7£5<Z¢J>

t—>0

Hence, for each ¢ > 0, we can find a null sequence (tx)x of positive numbers
(changing S to —S' if necessary) so that

T + teS|| — |7 — t 5(Z¢j) > et), forall ke N.

Using [13], p. 640, we see that Ext (E@I(<nE)) is a boundary for (@;‘LoémEvH le)-
Combining this with Proposition 5.1(a) of [4], it follows that for each k& € N, we

can choose ¢ € Bp/, ap = £1 such that oy (T + tkS)(Z ) = ||T + tkSH
Then
1 (550) o 0 (5 0) (50

> ||T + txS|| — txl|S||-
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Now, as k — oo, tp — 0 so that [|T" + tS|| — tx[|S| — [|T]| = 1. Therefore
akT(Z?ZO ¢7.) — 1. But if (c)(ii) holds, then this implies that there must exist
an N € N such that o, = 1 for all &k > N.

Next, as (c)(iii) holds, then (¢ ), must have a subnet (¢, ), which converges
weak™ to ¢. As we showed in proving that (a) implies (b)(ii) and (c)(ii), this
implies that (Z?:o ..),, converges weak* to > i~ ¢’. Hence, with the above e,

n
etr, < I+ te, S| = |7 =1, S (D ¢/)
j=0

=(T+ mﬁ)(idﬂga) TN =t S (D&
=

n
Jj=0

< tka5<j§¢ia> tkas(gd)j) =t <S<Z¢ia> fs(igbj))

=0 =0

3

will eventually hold. However this is impossible since (Z?:o qﬁia)a converges
weak* to Z?:o @7, giving us our required contradiction. O

Remark 2.2. If F is separable then (FE/,w*) is metrizable, so that its topology
can be described using sequences rather than nets. Hence in this case, all the use
of subnets in the proof of Theorem 2.1 can be replaced by use of subsequences.

Since Z24(S"E) is isometrically isomorphic to (@?:0 ®j,sEl’ [ -le) (see Equa-
tion 8 of [4]), Theorem 2.1 can also be written in terms of approximable polyno-
mials. To do this we will employ the Aron—Berner extension, [1], which gives us a
canonical way to extend a polynomial, P, on E to a polynomial, P, on E”. Note
that if P € P;(S"E) is defined by P = 37 Sy % x> then the Aron-Berner
extension of P is given by

n  Mmj

(2.1) P(z) =y D a(n).

j=0 k=1
We can now state our corollary.

Corollary 2.3. Let E be a real Banach space, let n be a positive integer, let
P € Sy, (<np), with P its Aron-Berner extension, let x € Bg» and let 0, be the
evaluation at x. Then the following are equivalent.

(a) The norm of PA(S"E) is Gateaux differentiable at P with derivative &, (res-
pectively —d;).
(b) (i) P(z) = 1 (respectively P(x) = —1) and z is the unique point in Bp»
where this holds.

(ii) There exists a real number o, with —1 < a < 1, such that P(y) > «a
(respectively P(y) < «) for ally € Bn.
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(c) (i) P(z) =1 (respectively P(z) = —1).

(ii) There exists a real number o, with —1 < « < 1, such that P(y) > «
( respectively P(y) < a) for all y € Bgn.
1

(iil) f_(xk)k is a sequence in the closed unit ball of E" such that the sequence
(P ) converges to 1 (respectwely ( (x k)) converges to — 1) then
(zk)k has a subnet (zy, )o which converges to x in the weak™ topology.

Proof. Let P € 2;(S"E) be given by P = >0 Sy ¢§,k' Then, using (2.1)
and the duality in Equation 12 of [4], we have

n mj

P(iZ /) = iZZ () = +P(z) = £6,(P).

Jj= 7=0 k=

Extending by density to all P € #4(S"E), the result now follows immediately
from Theorem 2.1. O

Remark 2.4. In Theorems 7 and 8 of [7], there are examples of points where

the norm of ®n s, F 1s Gateaux differentiable for each n > 2. Since ®n o B = >
P 4("E) these examples also give points where the norm of 24 ("E) is Gateaux dif-
ferentiable. However if we regard these polynomials as elements of 224 (S™"E) then
the situation is totally different. If P € Z4(S"E) is j-homogeneous with j even,
then P(z) = P(—x) so that condition (b)(i) of Corollary 2.3 cannot hold. On the
other hand, if P € Z4(S"E) is j-homogeneous with j odd, then P(x) = —P(—x)
so that conditions (b)(i) and (b)(ii) cannot hold simultaneously. Thus the norm
of Z4(S"E) is not Gateaux differentiable at any j-homogeneous point for j > 2,
and clearly the same holds for any point that is an even or odd polynomial.

Later on, in Corollaries 3.2 and 3.3, we will give results in the converse direction

and list points where the norms of ( @?:0 ®j,sE’ | -[lc) and Z24(S"E) are Gateaux
differentiable.

2.2. Fréchet differentiability of the norm of (@?:0 ®j,sE, - le)

In [18], Smul’yan shows that if F is a Banach space then the norm of F is Fréchet
differentiable at x € Bg\{0} with derivative ¢ if and only if z weak*-strongly
exposes the closed unit ball of E” at ¢. In [15] and [16], Ruess and Stegall prove
results about the Fréchet differentiability of the norm in various operator spaces
and in Theorem 11 of [7] the first author and Ryan prove a Fréchet differentiability
version of Theorem 7 of [7]. In this section we prove an analogue of Theorem 2.1
but this time characterising Fréchet differentiability instead of Gateaux differen-
tiability. Note that it may also be regarded as the non-homogeneous version of
Theorem 11 of [7].

Theorem 2.5. Let E be a real Banach space and let n be a positive integer. If

T e S(EB;LO &,.50-1.) and ¢ € B, then the following are equivalent.
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(a) The norm of ( Do ®j,sE’ [l - ||e) is Fréchet differentiable at T with derivative
i@ (respectively — Y T_ 7).

(b) (i) T(Z;’L:O ¢7) =1 (respectively T — Z?:o ¢7) =1).
(ii) There exists a real number o, with —1 < o < 1, sgch that T(Z;’;o Y) >
Q@ (respectively T( — Z?:o Q/Jj) > a) for all i € Bgr.

(iii) If (¢r)x is a sequence in the closed unit ball of E' such that (T ( Z?:o d)i))k

converges to 1 (respectively (T(_Z;‘L:o (bi))k converges to 1), then (¢p)
converges in norm to ¢.

(c) The closed unit ball of P;(S"E) is weak*-strongly exposed by T at Z;’L:O @
(respectively at — >0 ¢).

Proof. Since each weak*-strongly exposed point is also an extreme point, it follows,
as in Theorem 2.1, that the only possibilities for the derivatives are + Z?:o @

Again, we will prove the case where the derivative is Z?:o ¢’. The other case is
similar.

(a) < (c). This follows from a theorem of Smul’yan (see [18]).

(a) = (b)(i) and (b)(ii). If the norm of (@;;0 @LSE, | - |le) is Fréchet differ-
entiable at T' with derivative Y"1 ;¢ then it is also Gateaux differentiable at T
with derivative Z?:o ¢’. Hence these implications follow from Theorem 2.1.

(¢) = (b)(iii). First note that if z € F has norm one, then using (1.1), we
see that z is also an element of (@] (&, B, - |c) of norm one. Moreover,
using the duality between (@]_, @LSE, | - |le) and 2;(S"E) (see Equation 11
of [4]), it follows that (Z?:o ¢')(z) = ¢(x). Now let us assume that the closed
unit ball of Z;(S"E) is weak*-strongly exposed by T at > i—g¢’. Since Z;;O g
is a weak*-strongly exposed point, we have by definition that if (Z?:o (b?c) L is a
sequence in the closed unit ball of Z[(S"E) (so that (¢y)x lies in the closed unit
ball of E’) such that the sequence (T'( > im0 7)) ., converges to 1 then (Z;'l:o 7,

converges in the integral norm to -7 ¢’. However

k

lon—oll = suw [(Gr =)@ < s [S(Del-D" o)

2B 5 S€B(@n_ ®; . Bl 10)
n n
=2 a -
7=0 7=0 !

Hence (¢ )k converges in norm to ¢, as required.

(b) = (a). We will assume that (a) does not hold and that (b) holds. Now, if
the norm of (P]_, &, .E, || - [|c) is not Fréchet differentiable at T with derivative
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Z?:o ¢’ then we can find an € > 0 and a sequence (1) € (@?:0 @LSE, - 1le)
converging to 0 such that

(2.2) |T 4 Tille = |1 Tl — Tk(zn% ¢J’>’ > €||Ty||e for all k € N.
=
Now, for each k € N, we choose ¢ € Br and t;, = +1 such that
(2:3) I+ Til < m(ﬂn)(i#g) + 2Tl
=
Then

n

1= ||| > tkT<Z¢i> - tk(T+Tk)(zn%¢g> ftka<
-

j=0

%)

j=0
1
> 7+ Tile = £ 1Tl = I
However, as k — oo,
1
1T+ Telle = 3 1 Tklle = 1 Txlle — 1Tle =1,

and so t;,T( Z;’L:O (b?c) — 1. Thus, by (b)(ii), we must have ¢;, = 1 for all sufficiently

large k and this means that T(Z?ZO ¢f€) — 1. Hence, using (b)(iii), we see that
(¢k )k converges in norm to ¢. Now

17+ Tl > <T+Tk>(_2";¢f) = ||T|E+Tk(_2";¢f),
j= j=

so that | T+ Tyl — [Tl =T (37— ¢7) = 0. This allows us to remove the absolute
value signs in (2.2), which together with (2.3) yields

n
Tl < IT + Tl = Il = T (D ')
7=0

n

< @+ T30l + gl ~ 17l -7 3 )

7=0
L LI 1
ST D00k =207 ) + 2 ITklle < 1Tl (
j=0 j=0

-2, +3)

for sufficiently large k. Thus we will have our contradiction if we can show that
Z?:o @7, converges in the integral norm to Z;LZO ¢’. Since we have assumed that
¢ converges in norm to ¢ and since ¢ and all the ¢ have norm less than or equal
to one, it will be sufficient to show that the map

i: Bpr — P1(S"E)
n j
DN
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is continuous. We will first show that for j = 0,1,...,n, the map

ijl FEI — e@[(jf?)
¢ — ¢’
is continuous. Note that if j = 0 then we just have the constant mapping ¢ — 1,
so we may assume that j 7 0. Also, if j # 0 and ¢ #* 0, we can represent ¢’ using
amass of [|¢||” at ¢/||¢||. Thus it follows that ||¢’[|; = [|¢|| for all ¢ € E’. Now let

¢,1 € Bps. Then using Example 2.3(c) of [8] and the above comment, it follows
that for j =1,2,3,...,n, we have

j—1

167 =l = (6 =) (20 @) < ello vl | Z:)WWHI

k=0

j—1
<elllg—wll e S ekl
k=0

j—1
=e o=l Do E T [llF < je T g — -
k=0

Hence 7 is continuous for j = 0,1,...,n. However P1(S"E) is a topological direct
sum of Z;('E), j = 0,1,2,...,n (see Corollary 3.7 of [4]) so that the theorem now
follows since ¢ may be regarded as a sum of the ;. O

As with Theorem 2.1, we can also express this result in terms of approximable
polynomials.

Corollary 2.6. Let E be a real Banach space, let n be a positive integer, let
P € Sp,(<np), with P its Aron-Berner extension and let x € Bgn. Then the
following are equivalent.

(a) The norm of P4(S"E) is Fréchet differentiable at P with derivative 8, (res-
pectively —d;).

(b) (i) P(z) =1 (respectively P(z) = —1).

(ii) There exists a real number o, with —1 < a < 1, such that P(z) > «
(respectz'vely P(z) < a) for all x € Bpr.

(iil) If (zx)x is a sequence in the closed unit ball of E" such that the sequence

(P(:Ek))k converges to 1 (respectively (P(xk))k converges to —1) then
(zk)k converges in norm to x.

(c) The closed unit ball of P;(S"E'") is weak*-strongly exposed by P at §, (res-

pectively —d;).
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2.3. Fréchet differentiability of the norm of Z(S"E)

In this section we use the isometric isomorphism between (@?:0 X, - |\7T)/
and Z(S"E) in Corollary 2.8 of [4] to give a characterisation of the Fréchet differ-
entiability of the norm of Z(S"E). Before we proceed with the statement of the
theorem we will fix some notation. If 377« @J e e (@?:0 ®,.E |- llx),
P =37 P € P(S"E) with each P; € Z(VE) and 6, € P(S"E)’ denotes the
evaluation functional at x, then using Equation 4 of [4],

(Zm z) = ZP = 6,(P).

J terms

In the following theorem §, will stand for not only the element in &2(S"E)’ but also
the element Y77 (2 ® & “Mere (D) @J,,SE, | - [lx). Thus, we will use the

duality bracket (P,d,) to stand for P(Zj 0T g t~e~rms®m) as well as for d,(P).
Now for the theorem, which takes a somewhat similar form to Theorem 2.5.

Theorem 2.7. Let E be a real Banach space and let n be a positive integer.
If P € Sp<npy and x € B, then the following are equivalent.

(a) The norm of P(S"E) is Fréchet differentiable at P with derivative §, (respecti-
vely —0,).
(b) (i) P(x) =1 (respectively P(x) = —1).
(ii) There exists a real number a with —1 < o < 1 such that P(y) > «
(respectively P(y) < o) for all y € Bg.

(i) If (xk)r is a sequence in the closed unit ball of E such that (P(xy))k
converges to 1 (respectively converges to —1) then the sequence (x)g
converges in norm to x.

(c) The closed unit ball of (@, ®j,sE’ | - llx) is strongly exposed by P at &,
(respectively —6.,,).

Proof. As usual, we will prove the case where the derivative is §,, the other case
being similar.

(a) = (c). If the norm of &(S"E) is Fréchet differentiable at P with deriva-
tive d;, then it follows from a theorem of Smul'yan (see [18]) that P weak*-
strongly exposes 9, regarded as an element of B g (<n ). Thus B(@" & B I

=0 Q. Bl -l

is strongly exposed by P at §,.

(¢) = (b)(i). Since P has norm 1, this follows from the definition of strongly
exposed point.

(¢) = (b)(ii)). We will assume that (b)(ii) does not hold and show that this
implies that (c¢) does not hold. If (b)(ii) does not hold then we can find a sequence
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(z1)r C Bp so that the sequence (P(zy,))), converges to —1. Since P(zy) = (P, 65, )
this means that the sequence (<P, 75”>)k converges to <P, 6x> = P(z) = 1.

Hence, since 9§, is a strongly exposed point of B(GB?:O 8,50 ) this means that

the sequence ((— 5$k)k converges to 0, in (@;;0 @LSE, | - |lx). That is,

lim H x T — ( T T > =0.
Jlim Z Q- ® Z p® )|
7 terms J terms
te te
However the constant term in Z —T® s ®z— (- Z;l 0Tk ® e ® i)

is 2 for each xy, and this is 1mp0551b1e since it follows directly from the deﬁnition
of the 7-norm that if § = 337 0, € (@;LZO ;L - =), then |6o| > 6] -
Hence (c¢) cannot hold.

(¢) = (b)(iii). If (x)r is a sequence in the closed unit ball of E such that
the sequence (P(zy))), converges to 1 then we have that the sequence ((P, 6wk>)k

converges to <P, (53,>. Since J, is a strongly exposed point of E(EB” & B )
=0 &, ol Ml

this means that the sequence (5$k)k converges to 0, in (@;;0 K, - [l=)-
That is
hm HkaQ@ ®mk—2m® :O.
7 terms 7 terms

Now let € > 0. By the definition of the m-norm, for each k € N we can find elements
Yk, 1, Yk,25 - - - s Yk my, in BE and )\k71, /\k,z, cey /\k,mk in R such that

(2.4) g T @ - ®mkf§ TR - ®:E—§ AME Ykl @ @ Ykl
_,_/
7 terms J terrns J terms

and such that

Z|)\k1|< HZ%@ ®1’k*21’® QT

j terms J terms

+€
2.

However we can also find a K € N such that for all £ > K

HZxk® ®xk72x® QT

j terms J terms

<€
2.

Hence for all £ > K, > ;™% |\ < e. However, equating the terms in E (that is
®17s E) in (2. 4) we see that zp —z = ;"% Ak yk,. Thus, since all the yj; have
norm less than or equal to 1, we have

lex—z|| = | Zlikl AUt < Z o

Hence the sequence (xy) converges in norm to x.

A< Il < e forall k> K.
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(b) = (a). We will assume that (b) holds and that (a) does not. If (a) does
not hold then we can find an € > 0 and a sequence (Py)r C Z(S"E) converging
to 0 such that for all k € N, |[|[P + Pi|| — ||P|| = (Px,62)| > €[ P||. That is

(2.5) ||P + Pl| = |1PIl = Pi(x)| = €|l Prll.
Now for each k € N, we choose z; € Sg and t; = £1 so that
1
(2.6) te(P + Pg)(xr) > || P+ Pyl — E”PkH'
Then
L= |P|| =ty P(xx) > || P+ Pgll - _”Pk” — [Pyl = [IP[[=1 ask — oo.

Thus ¢, P(xr) — 1 and so using (b)(ii) we see that we must have ¢, = 1 for all
sufficiently large k. Then using (b)(iii), it follows that (xj)r converges to x in
norm. We now note that HP—|— Py|| = (P4 Py)(z) = P(x) + Pi(x) = || P|| + Pr(x)
so that ||P + Py|| — || P|| — Px(z) > 0. Hence using (2.5) and (2.6),

1
€l[Pell < [|1P+ Pill = [|1PI] = Pr(x) < (P +Pk)(ka) + 2 1Pl = 121 = Pe(2)

< Pulon) = Pola) + 1Pl = (Pt = 02) + 2 1P < NPl (1102 6], + 3 )
for sufficiently large k. Now if we denote by ¢ the map
2(’E) - K
P+ P(x)
then the map
E— 2(E)
T 07
is continuous. Since we may regard &, as a sum of the 67, then we also have that
the map
E— P(S"E)
T Oy

is continuous. Since (), converges in norm to x, it follows that ||6xk— (SQEH7r —0
as k— oco. Thus we have a contradiction and hence (b) implies (a).

3. Extremal structure of spaces of real polynomials and their
preduals

In this section we will prove results concerning the extremal structure of spaces of
polynomials and their preduals and compare and contrast these results with the
corresponding results for homogeneous spaces. It will become apparent below that
there are substantial differences between them.
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For our first theorem in this section we will employ Theorem 2.1. In Proposi-
tion 5.1(a) of [4], we obtained an upper bound on the set of extreme points of the
closed unit ball of 2;(S"E). The following result is in the opposite direction: we
obtain a lower bound on the set of weak*-exposed points of Ele" p) for a certain
class of Banach spaces. Note that it may be regarded as the non-homogeneous
version of Theorem 8 of [7].

Theorem 3.1. Let n be an integer greater than or equal to 2 and let E be a real
separable Banach space. Then the set of weak*-exposed points of the closed unit
ball of 21(S"E) contains the set

n
{ + Z ¢ : ¢ € By and ¢ attains its norm}
§=0

(where we include the case ¢ = 0 in which case £330 ¢ = £1).

Proof. We first note that if 7' € (@?:0 @JA’SE, - le) exposes Z?:o @7, then —T
exposes — ) ¢’, so we only have to show that Y- ¢/ is exposed by such a T.
Suppose that ¢ is a norm attaining vector in B and let 2 € Sg be such that

o(z) = ||¢]]. We will first construct a tensor T, € @ZME with norm at most 1/2
such that

0<Ty(v?) < 5 for all 4 € Bp\sp{o)

and such that T5 (¢2) = 0. Since F is separable, we can choose a sequence () C
Sk with the property that if ¢ € E’ then ¢ = 0 if and only if ¢(x) = 0 for all .
When ¢ = 0 the construction is slightly different so we will dispose of this case
first. Let

1
TQZC;ﬁxk®mk,

where C' is positive and is chosen so that T» has norm at most one half. Then,
since ¢ = 0,

(o]
1
Ty(¢°) = C}; = ¢(zx)* = 0.
Also, since Ty has norm at most one half,

for all 1) € Bpr.

o) < 5

Finally, if » € Bg/\{0} then there exists at least one k such that ¢ (z)) # 0. Hence

To(¥?) = C’Z % Y(xp)? >0 for all Y € Bp/\{0},
k=1

and we have constructed our Ty if ¢ = 0.
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Let us now consider the case ¢ # 0. If y € E then we can write y as

_ o) ~oly) o 2W) ndy— 2W
Tol *F Y~ Tan ™ M o € S andy gy S kere:
(Note y — qﬁfg’u)x € ker ¢ since ¢(y — qﬁg’u) ) = o(y) — %(ﬁ(l‘) =0). Thus F is the

topological direct sum of sp{x} and ker ¢. Hence
E' = (sp{z} @ ker ¢)' = sp{z}* @ (ker p)* = (ker ¢)' @ sp{o},

where we write ¢ € E’ as

_ _ o W) Y )
MR PR P
with ¢ = ¢ — %d) € (ker ¢) and ¥y = TId;TI ¢ € sp{¢}. Note that 1) does lie in
(ker )" = sp{a}* since 1 (A) = p(he) — FEo(Mr) = M(v(@) — TSdo(x ))
for all A € R. Now consider the sequence (yi )k, ¢\?¢H) )

note that since

¢(zk) ¢(zk)

o(yr) = ok — z) = ¢(xr) — ¢(z) =0,
( ¢l ) loll
we have that (yx)r C ker ¢. Next, we show that if » € Br/\sp{¢} then we must
have ¥(yx) # 0 for at least one k. To see this suppose that we do have ¥ (yx) =0
for all & € N. Since ¥2 € sp{¢} and (yx)r C ker¢ we have ¥o(yi) = 0 for all
k € N. But ¢ = 11 + 12 so it follows that we also have ¢ (y;) = 0 for all kK € N.
Now

Y1(yr) =0 forallk = (IEk — d)(xk)m) =0 forall k

Il
= Y1 (zk) — %wl(m) =0 forallk
= oy (z) =0 for all k (since ¢, € sp{z}*)
= 1/)1 =0.

But this means that ¢ € sp{¢} contrary to our assumption. Hence if ¢ €
Bpr/\sp{¢} then we must have ¥ (yx) # 0 for at least one k. We now define
our tensor 75 by

N1
TzZC;ﬁyk(@yk’

where C' is positive and is chosen so that T» has norm at most one half. Then,
since yi € ker ¢ for each k,
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Also, since Ts has norm at most one half,
1 —
HMWH<§ for all ¢ € Bpr.

Finally, since ¥(ys,) # 0 for at least one k for all 1) € Bg/\sp{¢}, we have that

Ty(?) = O o) >0 forall y € Br\sp{9)
k=1

and we have constructed our 75 in the case ¢ # 0.
Now let T € (@], @isE, | - llc) be defined by

2
1
Tzlf—H(’Z;|| +—“i”x—§x®m—Tz

for both ¢ = 0 and ¢ # 0. We will show that 7" has the following properties:
‘ T(Z?:o ¢j) =1,
° T(Z;LZO ¢7) < 1for all ¢ € Bp/\{¢},
o T(X[_g’) > —1/2forallp € Brr,

o ||T).=1.
Firstly,
~ lel* | liel 1 2
T E o J | W - T
(J_:0¢ ) 3 1 o(x) 3 o(x) 2(¢7)
_ lel* | lel®  lel®
=l-g-+ g 0=

Also, if 1) € Bgs then

n 2
r(w) =15 1) - o 1)

1

(3.1) =1—§W@%%WM2—BWA-

Now if ¢ € sp{¢}\{¢} then |w(x)f|\¢||| > 0and Th(¥?) = 0, and if ¢ € EE/\Sp{d)}
then Ty (%) > 0 (if ¢ = 0 then Ty (¢)?) > 0 for all ¥» € Bg:\{0}). Thus

T(;W) <1 forally e Bp\{o}).

Additionally, since |¢(z) — [|¢||| < 2 for all ) € Bgs and since T, has norm less
than or equal to one half it follows from (3.1) that

T(§:¢Q:>% for all ¢ € B
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Finally, using (1.1) and (3.1),

¢ 2 (b 1 n )
7he= sup 1A 10y Ly @)= s (Do)
YEB YEB g 7=0
Using the three items that we have already proved, it follows that ||T'||c = 1. We
have now shown that conditions (b)(i) and (b)(ii) of Theorem 2.1 hold. Hence,

using this theorem, it follows that the norm of (@;;0 K, - ) is Gateaux
differentiable at T with differential Z;’L:O ¢’. Then, by a theorem of émul’yan

(see [17]), it follows that T weak*-exposes the closed unit ball of Z2;(S"E)’ at
Z;'l:o ¢’ and so Z;'l:o @7 is a weak*-exposed point of Z;(S"E). O

It is worth noting that in this theorem the condition n > 2 appears; this will be
a necessary condition for the rest of this paper. Although Theorem 3.1 is trivially
true if n = 0 (it just says that the weak*-exposed points of Br are +1), it is not
in general true when n = 1, as we will now show by considering the case E = R.
Firstly, since &2;(S"R) is finite dimensional, it is reflexive and so it follows from
Corollary 4.6 and Theorem 5.2 of [4] that

1 1 1 1
(3.2) P(S"R) = P(S'R') = Py (S"R)” = Z1(S"R)” = 21(S"R).

Now consider a polynomial ag + a1z € Z(S'R). We have |lag + a1z|| = |ao| + |a1],

1 1 1 1
so that 2(S'R) = R @1 R. Hence Z/(S'R) = 2(S'R) = (R @1 R) = R @ R.

Thus the only weak*-exposed points of B g, (<ig) are the four polynomials +1 +z.
If Theorem 3.1 were true in this case, then we would have

1
(3.3) { + Z @ : ¢ € Br and ¢ attains its norm} C EXP ws (EQ(@R)).
j=0

1
Since all ¢ € Brs & B attain their norm, when we put (3.3) into the language of
polynomials of degree 1 on R we obtain

{£(14+Xz): A€ [-1,1]} C Expuws(Bay<ip)),

giving more weak*-exposed points than there actually are.

In our discusssion in Remark 2.4, we indicated points where the norm of
P4("E) is Gateaux differentiable and also that these are not points of Gateaux
smoothness if we regard them as elements of Z4(S"E). Before we continue with
our study of extremal structure, we note that in Theorem 3.1 we have constructed
points where the norm of (@?:0 K, L - |e) (and hence also the norm of
P4(S"E)) is Gateaux differentiable.

Corollary 3.2. Let E be a real Banach space and let n be an integer greater
than or equal to 2. If x € Sg and (xx)r C Sg is a sequence with the property
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that if ¢ € E' then ¢ = 0 if and only if ¢(xr) = 0 for all k, then the norm of
(@?:0 X, Bl - lle) is Gateauz differentiable at the points

1 1
1—§x®me;k—2xk®xk

and
91 | llwll 1 o~ 1 Y (k) Y (k)
1-— 3 +Tm—§x®me;ﬁ(m 191 m)@(mkf T x),

where 1 € Br\{0} is any norm attaining vector which attains its norm at z,
and C' and D are any positive constants such that

o manon| <} mi [0Y & (- S o (n - S | < 1

Using Equation 8 of [4] we can also express this in the language of approximable
polynomials as follows.

Corollary 3.3. Let E be a real Banach space and let n be an integer greater than
or equal to 2. If ¢ € Sgr and (Pr)r C Sgr is a sequence with the property that if
x € E" then x = 0 if and only if x(¢x) = 0 for all k, then the norm of P4(S"E)
is Gateauz differentiable at the points

=1
—CY =%
k=1

and

Iyl®  lwll 1, L y(@r) )2
R *D;k_z(d)’“ W ¢)

wherey € By \{0} is any norm attaining vector which attains its norm at ¥ € Sgr,
and C and D are any positive constants such that

HC;;_W%H<% and HD;%@’ ||y|| )H\"

Remark 3.4. While Corollary 3.2 and Corollary 3.3 detail points of Gateaux
smoothness, we note that we have no characterisation of such points, apart from
that given in Theorem 2.1 and Corollary 2.3.

After that slight diversion we will now resume our study of extremal structure.
Since by James’ theorem every continuous linear functional on a reflexive Banach
space attains its norm, and since weak*-exposed points are also both exposed and
extreme points, we can combine Proposition 5.1(a) of [4] and Theorem 3.1 to obtain
the following result, which is the non-homogencous version of Corollary 9 in [7].
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Corollary 3.5. Let n be an integer greater than or equal to 2 and let E be a real
separable reflexive Banach space. Then the set { + Z?:o o e BE/} is equal
to the set of weak™- exposed or exposed or extreme points of the closed unit ball of

P1(SE).

Our next theorem gives a complete classification of the extreme points of the
closed unit ball of Z;(S"E). In the proof we will need the following lemma, which
is Lemma 4 of [7].

Lemma 3.6. Let E be a real normed space and let ¢ be a unit vector in E'. Suppose
that for every finite dimensional subspace F of E there exists a subspace F of E
containing F with the property that ||¢|z|| = 1 and such that ¢|z is an extreme

point of the closed unit ball of (ﬁ)' Then ¢ is an extreme point of the closed unit
ball of E'.

Now for our result.

Theorem 3.7. If E is a real Banach space and n is an integer which is greater
than or equal to 2 then the set of extreme points of the closed unit ball of P1(S"E)
is the set { =D DI RN RS Bp}.

Proof. To prove this proposition we will consider 2 (S"E) as

1 n /
2150 = (D QE.| - II.) -
J=0 j,s

We will show that the conditions of Lemma 3.6 hold with (@?:0 ;L - lle)
as the normed space and +3°7 (¢’ as the unit vector in (@?:o ®,.E | - HE)/.
We write 377 (¢’ to denote either 337 ¢/ or =377 (¢’. Let X be a finite
dimensional subspace of (@?:0 ;L - ). Then we can find a finite dimen-
sional Elbspace F of E such that X is a SuEspace of (@?:0 &, Ll - lle). Now
if ¢ € Bps then we clearl}fvalso have ¢|F € Bps. The space (@?:0 ;L - lle)
now corresponds to the F in Lemma 3.6. Since (@)_ &, F| - [¢) is finite
dimensional, it follows from Corollary 3.5 that + Z?:o d)\; is an extreme point of
B, (<npy- Since || + Z?:o ¢|%||I = 1, when regarded as an element of Z;(S"F),
we have now shown that the conditions of Lemma 3.6 hold. Thus + Z?:o @7 is an
extreme point of the closed unit ball of 2;(S"E). Hence

{ +> Fige EE,} C &xt (B, (<np))-
=0

However, by Proposition 5.1(a) of [4],

n

Ext (E@I(g7LE)) g {iZ¢J ¢€§E’} O

J=0
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It is worth noting that this theorem shows that there are more extreme points
in the non-homogeneous case than in the homogeneous case. In Theorem 2.1 of [11]
it is shown that

Ext (E,@I("E)) = { + ¢n: ¢ € SE'},

so that in the homogeneous case the ¢ must have norm one to yield an extreme
point, while the ¢ in Theorem 3.7 only has to have norm less than or equal to one.
Indeed, if we put ¢ = 0 into this theorem, we see that the constant polynomial
P(z) = 1 is an extreme point of the closed unit ball of 2;(S"E).

A bounded sequence (Py)x in &(S"E) is said to converge Aron-Berner point-
wise to P in Z(S"E) if Py(z) converges to P(z) for every z in E”. The following
corollary shows that weak and Aron-Berner sequential convergence for 224 (S"E)
coincide.

Corollary 3.8. Let E be a Banach space and n be a positive integer.

(a) A bounded sequence (Py)y in PA(S"E) converges weakly to P in P4(S"E) if
and only if (Py)r converges Aron—Berner pointwise to P.

(b) A bounded subset of ZA(S"E) is weakly relatively compact if and only if it is
relatively countably compact for the Aron—Berner pointwise topology.

Proof. We showed in Theorem 3.7 that the set of extreme points of the unit ball of

1
PA(S'E) =2 P(SPE') is {£0, : 2 € E”,||z|| < 1}. Part (a) now follows from a
result of Rainwater, [14], while part (b) is a consequence of a theorem of Bourgain
and Talagrand, [3]. O

Example 3.9. If we specialize to the case E = R then, since the closed unit ball
of the dual of R is the set of linear functions {x — az: o € R, |a| < 1}, we see
that

Ext (F,@I(@R)) = { + ;dﬂ: XS FR/} = { + i(ax)j: a€R,|al < 1}.

=0
If we further specialize to the case n = 2, we have
Ext (Et@I(ng)) = { + (1 + ax + azxz) caeR o € 1}.

Using Mathematica we can construct the convex hull of this set giving us a visual
representation of the closed unit ball of 22;(S2R). We have included this from two
different viewpoints in Figures 1 and 2.

Note that using (3.2), we see that the figures also represent the unit ball of
the dual of Z2(S2R). We also note that the geometry of Z(S2R) was investigated
in [2] and a plot of its unit ball can be found in Figure 2.2 of the aforementioned

paper.

Combining Theorem 3.7 with Equation 16 of [4], we also have a lower bound on
the set of extreme points of the closed unit ball of the space of nuclear polynomials
of degree n.
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FIGURE 1. The unit ball of 227(S?R). FIGURE 2. The unit ball of 227(S?R).

Corollary 3.10. If E is a real Banach space and n is an integer which is greater
than or equal to 2 then the set { + Z?:o e BE/} is contained in the set of

extreme points of the closed unit ball of Pn(S"E).

We can also combine Theorem 3.7 with Theorem 5.2 of [4] to obtain the fol-
lowing result.

Corollary 3.11. If E is a real Banach space such that 1y does not embed into the
space (@?:0 @LSE, I| - ||6), and if n is an integer which is greater than or equal
to 2, then the set { + Z?:o o e FE/} is equal to the set of extreme points of
the closed unit ball of Zn(S"E).

Example 3.12. Arguing as in Corollary 5.3 of [4], it follows that Corollary 3.11
applies to all Asplund spaces and also that Example 5.4 of [4], using [6], gives an
example of a non-Asplund space where Corollary 3.11 does apply, so that we have

Ext (E@N(gnJH)) = { + Z(ﬁj ¢ € EJH/}.
=0
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