
Rev. Mat. Iberoam. 33 (2017), no. 4, 1219–1246
doi 10.4171/rmi/969

c© European Mathematical Society

Equivalence of critical and subcritical sharp

Trudinger–Moser–Adams inequalities

Nguyen Lam, Guozhen Lu and Lu Zhang

Abstract. Sharp Trudinger–Moser inequalities on the first order Sobolev
spaces and their analogous Adams inequalities on high order Sobolev
spaces play an important role in geometric analysis, partial differential
equations and other branches of modern mathematics. Such geomet-
ric inequalities have been studied extensively by many authors in recent
years and there is a vast literature. There are two types of such optimal
inequalities: critical and subcritical sharp inequalities, both are with best
constants. Critical sharp inequalities are under the restriction of the full
Sobolev norms for the functions under consideration, while the subcritical
inequalities are under the restriction of the partial Sobolev norms for the
functions under consideration. There are subtle differences between these
two type of inequalities. Surprisingly, we prove in this paper that these
critical and subcritical Trudinger–Moser and Adams inequalities are ac-
tually equivalent. Moreover, we also establish the asymptotic behavior of
the supremum for the subcritical Trudinger–Moser and Adams inequalities
on the entire Euclidean spaces, and provide a precise relationship between
the suprema for the critical and subcritical Trudinger–Moser and Adams
inequalities. This relationship of supremum is useful in establishing the
existence and nonexistence of extremal functions for the Trudinger–Moser
inequalities. Since the critical Trudinger–Moser and Adams inequalities
can be easier to prove than subcritical ones in some occasions, and more
difficult to establish in other occasions, our results and the method suggest
a new approach to both the critical and subcritical Trudinger–Moser and
Adams type inequalities.

1. Introduction

In this section, we will begin with giving an overview of the state of affairs of
the best constants for sharp Trudinger and Adams inequalities. Subsection 1.1
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concerns the sharp Trudinger–Moser inequalities, and Subsection 1.2 discusses the
sharp Adams inequalities involving high order derivatives. In Subsection 1.3, we
will state our main results on the equivalence between critical and subcritical
Trudinger–Moser and Adams inequalities.

1.1. Trudinger–Moser inequality

Motivated by the applications to the prescribed Gauss curvature problem on two
dimensional sphere S2, J. Moser proved in [33] an exponential type inequality
on S2 with an optimal constant. A sharp form of such an inequality on high di-
mensional sphere was established by W. Beckner [3]. The important relationship
between the higher-dimensional Moser–Onofri inequality and the problem of pre-
scribing Q-curvature and the zeta functional determinants on the high dimensional
Riemannian manifolds has been explored extensively in the work of Paneitz [34],
Branson, Chang, and Yang [4], Chang and Yang [10], and Chang, Gursky, and
Yang [7], Chang and Qing [8], [9], Djadli and Malchiodi [14], Wei and Xu [43], etc.
We refer to Chang and Yang [11], [12], and also Lam and Lu [18], for extensive
accounts and many references in this direction.

In the same paper of Moser [33], he sharpened an inequality on any bounded
domain Ω in the Euclidean space RN studied independently by Pohozaev [35],

Trudinger [42] and Yudovich [17], namely the embedding W 1,N
0 (Ω) ⊂ LϕN (Ω),

where LϕN (Ω) is the Orlicz space associated with the Young function ϕN (t) =

exp
(
α|t|N/(N−1)

)−1 for some α > 0. More precisely, using the Schwarz rearrange-
ment, Moser proved the following inequality in [33]:

Theorem A. Let Ω be a domain with finite measure in the Euclidean N -space RN ,
N ≥ 2. Then there exists a constant αN > 0, such that

(1.1)
1

|Ω|
∫
Ω

exp
(
αN |u|N/(N−1)

)
dx ≤ c0

for any u ∈ W 1,N
0 (Ω) with

∫
Ω
|∇u|Ndx ≤ 1. The constant αN = ω

1/(N−1)
N−1 , where

ωN−1 is the area of the surface of the unit N -ball, is optimal in the sense that if
we replace αN by any number α > αN , then the above inequality can no longer
hold with some c0 independent of u.

Moser used the following symmetrization argument: every function u is associ-
ated to a radially symmetric function u∗ such that the sublevel-sets of u∗ are balls
with the same area as the corresponding sublevel-sets of u. Moreover, u is a pos-
itive and non-increasing function defined on BR(0) where |BR(0)| = |Ω|. Hence,
by the layer cake representation, we can have that

∫
Ω

f(u) dx =

∫
BR(0)

f(u∗) dx

for any function f that is the difference of two monotone functions. In particular,



Critical and subcritical Trudinger–Moser–Adams inequalities 1221

we obtain

‖u‖p = ‖u∗‖p and

∫
Ω

exp
(
α|u|N/(N−1)

)
dx =

∫
BR(0)

exp
(
α|u∗|N/(N−1)

)
dx.

Moreover, the well-known Pólya–Szegö inequality

(1.2)

∫
BR(0)

|∇u∗|p dx ≤
∫
Ω

|∇u|p dx

plays a crucial role in the approach of J. Moser.

As far as the existence of extremal functions of Moser’s inequality is concerned,
the first breakthrough was due to the celebrated work of Carleson and Chang [5]
in which they proved that the supremum

sup
u∈W 1,N

0 (Ω),
∫
Ω
|∇u|Ndx≤1

1

|Ω|
∫
Ω

exp
(
αN |u|N/(N−1)

)
dx

can be achieved when Ω is an Euclidean ball. This result came as a surprise
because it was known that the Sobolev inequality does not have extremal functions
supported on any finite ball. Subsequently, existence of extremal functions has
been established on arbitrary domains in [15], [29], and on Riemannian manifolds
in [25], etc.

We note when the volume of Ω is infinite, the Trudinger–Moser inequality (1.1)
becomes meaningless. Thus, it becomes interesting and nontrivial to extend such
inequalities to unbounded domains. Here we state the following two such results
in the Euclidean spaces.

We first recall the subcritical Trudinger–Moser inequality in the Euclidean
spaces established by Adachi and Tanaka [1].

Theorem B. For any α < αN , there exists a positive constant CN,α such that
∀u ∈W 1,N

(
RN

)
, ‖∇u‖N ≤ 1:

(1.3)

∫
RN

φN
(
α|u|N/(N−1)

)
dx ≤ CN,α ‖u‖NN ,

where

φN (t) = et −
N−2∑
j=0

tj

j!
.

The constant αN is sharp in the sense that the supremum is infinity when α ≥ αN .

We note that in the above theorem we only impose the restriction on the norm∫
RN |∇u|N , without restricting the full norm

[∫
RN

|∇u|N + τ

∫
RN

|u|N
]1/N

≤ 1.
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The method in [1] requires a symmetrization argument which is not available in
many other non-Euclidean settings. The above inequality fails at the critical case
α = αN . So it is natural to ask when the above can be true when α = αN . This
was done by Ruf [36] and Li and Ruf [28] by using the restriction of the full norm

of the Sobolev space W 1,N(RN ):
[∫

RN |∇u|N + τ
∫
RN |u|N ]1/N

.

Theorem C. For all 0 ≤ α ≤ αN :

(1.4) sup
‖u‖≤1

∫
RN

φN (α|u|N/(N−1)) dx <∞

where

‖u‖ =
(∫

RN

(|∇u|N + |u|N) dx
)1/N

.

Moreover, this constant αN is sharp in the sense that if α > αN , then the supre-
mum is infinity.

Sharp critical and subcritical Trudinger–Moser inequalities on infinite volume
domains of the Heisenberg groups were also established in [21], [23] by using a
symmetrization-free method which leads local inequalities to global ones.

The inequality (1.3) uses the seminorm ‖∇u‖N and hence fails at the critical
case α = αN , the best constant. Thus, it can be considered as a sharp subcritical
Trudinger–Moser inequality. In (1.4), when using the full norm of W 1,N(RN ),
the best constant could be attained. Namely, the inequality holds at the critical
case α = αN . Hence, (1.4) is the sharp critical Trudinger–Moser inequality.

Nevertheless, the main purpose of this paper is to show that in fact, these two
versions of critical and subcritical Trudinger–Moser type inequalities are indeed
equivalent. Since the critical Trudinger–Moser type inequality is easier to study
than the subcritical one in some occasions, and it is easier to investigate subcritical
Trudinger–Moser type inequality than the critical one in other occasions, our paper
suggests a new approach to both the critical and subcritical Trudinger–Moser type
inequalities.

1.2. Adams inequalities

It is worthy noting that symmetrization has been a very useful and efficient (and al-
most inevitable) method when dealing with the sharp geometric inequalities. Thus,
it is very fascinating to investigate such sharp geometric inequalities, in particular,
the Trudinger–Moser type inequalities, in the settings where the symmetrization
is not available such as on the higher order Sobolev spaces, the Heisenberg groups,
Riemannian manifolds, sub-Riemannian manifolds, etc. Indeed, in these settings,
an inequality like (1.2) is not available. In these situations, the first break-through
came from the work of D. Adams [2], when he attempted to set up the Trudinger–
Moser inequality in the higher order setting in Euclidean spaces. In fact, using that
one can write a smooth function as a convolution of a (Riesz) potential with its
derivatives, and then one can use the symmetrization for this convolution, instead
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of the symmetrization of the higher order derivatives, Adams proved the following
inequality with boundary Dirichlet condition [2], which was extended to the Navier
boundary condition in [39] when β = 0, and then by the first two authors to the
case 0 ≤ β < N [20]. The following is taken from [20].

Theorem D. Let Ω be an open and bounded set in RN with 0 ∈ Ω. If m is
a positive integer less than N , 0 ≤ β < N , then there exists a constant C0 =

C(N,m, β) > 0 such that for any u ∈W
m,N/m
N (Ω) and ||∇mu||LN/m(Ω) ≤ 1, then

1

|Ω|1−β/N

∫
Ω

exp
(
α(1 − β/N)|u(x)|N/(N−m)

) dx

|x|β ≤ C0

for all α ≤ α(N,m), where

α(N, m) =

⎧⎪⎨
⎪⎩

N
wN−1

[
πN/2 2m Γ(m+1

2 )

Γ(N−m+1
2 )

]N/(N−m)

when m is odd

N
wN−1

[
πN/2 2m Γ(m

2 )

Γ(N−m
2 )

]N/(N−m)

when m is even

.

Furthermore, the constant α(N,m) is optimal in the sense that, for any α >
α(N,m), the integral can be made as large as possible.

In Theorem D, we use the symbol ∇mu, m a positive integer, to denote the
m-th order gradient for u ∈ Cm, the class of m-th order differentiable functions:

∇mu =

{
Δm/2u for m even,

∇Δ(m−1)/2u for m odd.

where ∇ is the usual gradient operator and Δ is the Laplacian. Also, W
m,N/m
N (Ω)

is the Sobolev space with homogeneous Navier boundary conditions:

W
m,N/m
N (Ω) :=

{
u ∈ Wm,N/m(Ω) : Δju = 0 on ∂Ω for 0 ≤ j ≤ [

m−1
2

]}
.

Notice that W
m,N/m
N (Ω) contains the Sobolev space W

m,N/m
0 (Ω) as a closed sub-

space.
Adams inequalities have been extended to compact Riemannian manifolds

in [16]. In another direction, Trudinger–Moser type inequality has been estab-
lished by Tian and Zhu [41] for almost plurisubharmonic functions on any Kahler–
Einstein manifolds with positive scalar curvature which generalizes the stronger
version of the Moser–Onofri inequality on S2 and also refines a weaker inequal-
ity found earlier in [40]. The Adams inequalities with optimal constants for high
order derivatives on domains of infinite volume were recently established by Ruf
and Sani in [37] in the case of even order derivatives and by Lam and Lu for all
order of derivatives including fractional orders [19], [22]. The idea of [37] is to
use the comparison principle for polyharmonic equations (thus could deal with the
case of even order of derivatives) and thus involves some difficult construction of
auxiliary functions. The argument in [22] uses the representation of the Bessel po-
tentials and thus avoids dealing with such a comparison principle. In particular, the
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method developed in [22] adapts the idea of deriving the sharp Trudinger–Moser–
Adams inequalities on domains of finite measure to the entire spaces using the
level sets of the functions under consideration. Thus, this local to global argument
in [22] does not use the symmetrization method and thus also works for Lorentz–
Sobolev spaces [31], hyperbolic spaces [30] and Riemannian manifolds [26], the
sub-Riemannian setting such as the Heisenberg groups [21], [23] which extends the
sharp Trudinger–Moser inequalities on finite domains in the Heisenberg group [13],
etc. The following general version is taken from [22].

Theorem (Lam–Lu, 2013). Let 0 < γ < N be an arbitrary real positive number,
p = N/γ, p′ = p/(p− 1), and τ > 0. There holds

sup
u∈Wγ,p(RN ),‖(τI−Δ)γ/2u‖p≤1

∫
RN

φ(β0(N, γ)|u|p′
) dx <∞,

where

φ(t) = et −
jp−2∑
j=0

tj

j!
, with jp = min{j ∈ N : j ≥ p} ≥ p,

β0(N, γ) =
N

ωN−1

[πN/2 2γ Γ(γ/2)

Γ((N − γ)/2)

]p′

.

Furthermore, this inequality is sharp in the sense that if β0(N, γ) is replaced by
any β > β0(N, γ), then the supremum is infinite.

Here W γ,p(RN ) is the fractional Sobolev space defined by the Bessel potential
(see [38]). It is well-known that when γ ∈ N, W γ,p(RN ) is equivalent to the scale
of the regular Sobolev space defined in the distribution sense. Now, for τ > 0,
α ≥ 0, we define the operator Lτ,α(x) by

Lτ,α(x) = τ (N−α)/2 1

(4π)α/2
1

Γ(α/2)

∫ ∞

0

e−πτ |x|2/δ e−δ/4π δ(−N+α)/2 dδ

δ
.

We notice that L1,α is the well-known Bessel potential. For u ∈ W γ,p(RN ), we
define f = (τI −Δ)γ/2u ∈ Lp(RN ) if and only if u = L1,α ∗ f.

Very little is known about the existence of extremals for Adams inequalities.
Existence of extremal functions for the Adams inequality on bounded domains in
Euclidean spaces has been established in [32] and compact Riemannian manifolds
by [27] only when N = 4 and m = 2 and is still widely open in other cases.

1.3. Our main results

Though the Adachi–Tanaka type inequality in unbounded domains has been known
for quite some time, it is still not known what the following supremum is:

sup
‖∇u‖N≤1

1

‖u‖N−β
N

∫
RN

φN
(
α(1− β/N)|u|N/(N−1)

) dx

|x|β .
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In particular, we do not even know how the supremum behaves asymptotically
when α goes to αN .

The following theorem answers this question and provides the lower and upper
bounds asymptotically for the supremum.

Theorem 1.1. Let N ≥ 2 and define αN = N
(

NπN/2

Γ(N/2+1)

)1/(N−1)
. Let 0 ≤ β < N

and 0 ≤ α < αN . Denote

AT(α, β) = sup
‖∇u‖N≤1

1

‖u‖N−β
N

∫
RN

φN
(
α(1 − β/N)|u|N/(N−1)

) dx

|x|β .

Then there exist positive constants c = c(N, β) and C = C(N, β) such that, when α
is close enough to αN ,

(1.5)
c(N, β)

(1− (α/αN )N−1)(N−β)/N
≤ AT(α, β) ≤ C(N, β)

(1 − (α/αN )N−1)(N−β)/N
.

Moreover, the constant αN is sharp in the sense that AT(αN , β) = ∞.

We note that we do not assume a priori the validity of the critical Trudinger–
Moser inequality with the restriction on the full norm (i.e., the inequality (1.4))
in order to derive the above asymptotic behavior of the supremum AT(α, β). We
also mention that the upper bound in (1.5) in dimension two in the nonsingular
case β = 0 has also been given in [6] using the sharp critical Trudinger–Moser
inequality in R2.

Next, we like to know how the supremum AT(α, β) we established in Theo-
rem 1.1 will provide a proof to the sharp critical Trudinger–Moser inequality. Thus,
this gives a new proof of the sharp critical Trudinger–Moser inequality in all di-
mensions N . We also answer the question for which a and b the critical Trudinger–
Moser inequality holds under the restriction on the full norm ‖∇u‖aN + ‖u‖bN ≤ 1.
Moreover, we establish the precise relationship between the suprema for the critical
and subcritical Trudinger–Moser inequalities.

Theorem 1.2. Let N ≥ 2, 0 ≤ β < N, 0 < a, b. Denote

MTa,b(β) = sup
‖∇u‖a

N+‖u‖b
N≤1

∫
RN

φN
(
αN (1 − β/N) |u|N/(N−1)

) dx

|x|β ;

MT(β) = MTN,N(β).

Then MTa,b(β) < ∞ if and only if b ≤ N . The constant αN is sharp. Moreover,
we have the following identity:

(1.6) MTa,b(β) = sup
α∈(0,αN )

(1− ( α
αN

)
N−1
N a

( α
αN

)
N−1
N b

)N−β
b

AT(α, β).

In particular, MT(β) <∞ and

MT(β) = sup
α∈(0,αN )

(1− ( α
αN

)N−1

( α
αN

)N−1

)N−β
N

AT(α, β).
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This relationship between the suprema for the critical and subcritical
Trudinger–Moser inequalities has played an important role in establishing the ex-
istence and nonexistence of extremal functions for Trudinger–Moser inequalities
on the entire spaces [24].

We now consider the sharp subcritical and critical Adams inequalities on
W 2,N/2(RN ), N ≥ 3. Our first result is the following sharp subcritical Adams
inequality which provides the asymptotic behavior of the supremum (lower and
upper bounds) in this case.

Theorem 1.3. Let N ≥ 3, 0 ≤ β < N and 0 ≤ α < α(N, 2). Denote

ATA(α, β) = sup
‖Δu‖N/2≤1

1

‖u‖N
2 (1−β/N)

N/2

∫
RN

φN,2(α(1 − β/N)|u|N/(N−2))

|x|β dx;

φN,2(t) =
∑

j∈N :j≥(N−2)/2

tj

j!
.

Then there exist positive constants c = c(N, β) and C = C(N, β) such that when α
is close enough to α(N, 2):

(1.7)
c(N, β)[

1− ( α
α(N,2))

(N−2)/2
]1−β/N

≤ ATA(α, β) ≤ C(N, β)[
1− ( α

α(N,2))
(N−2)/2

]1−β/N
.

Moreover, the constant α(N, 2) is sharp in the sense that ATA(α(N, 2), β) = ∞.

The next theorem offers a precise relationship between the suprema of critical
and subcritical Adams inequalities. Thus, it also provides a new approach of
proving one of the critical and subcritical Adams inequalities from the other.

Theorem 1.4. Let N ≥ 3, 0 ≤ β < N, 0 < a, b. We denote:

Aa,b(β) = sup
‖Δu‖a

N/2
+‖u‖b

N/2
≤1

∫
RN

φN,2(α(N, 2) (1 − β/N) |u|N/(N−2))

|x|β dx;

AN/2,N/2(β) = A(β);

Then Aa,b(β) < ∞ if and only if b ≤ N/2. The constant α(N, 2) is sharp. More-
over, we have the following identity:

(1.8) Aa,b(β) = sup
α∈(0,α(N,2))

(1− ( α
α(N,2))

N−2
N a

( α
α(N,2))

N−2
N b

)N−β
2b

ATA(α, β).

In particular, A(β) <∞ and

A(β) = sup
α∈(0,α(N,2))

(1− ( α
α(N,2) )

N−2
2

( α
α(N,2))

N−2
2

)N−β
N

ATA(α, β).

Finally, we will study the following improved sharp critical Adams inequality
under the assumption that a version of the sharp subcritical Adams inequality
holds for the factional order derivatives.
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Theorem 1.5. Let 0 < γ < N be an arbitrary real positive number, p = N/γ,

0 ≤ α < β0(N, γ) =
N

ωN−1

[πN/2 2γ Γ(γ/2)
Γ((N−γ)/2)

]p/(p−1)
, 0 ≤ β < N , 0 < a, b. We denote

GATA(α, β) = sup
‖(−Δ)γ/2u‖p≤1

u∈Wγ,p(RN )

1

‖u‖p(1−β/N)
p

∫
RN

φN,γ(α(1 − β/N)|u|p/(p−1))

|x|β dx;

GAa,b(β) = sup
‖(−Δ)γ/2u‖ap+‖u‖bp≤1

u∈Wγ,p(RN )

∫
RN

φN,γ(β0(N, γ)(1− β/N)|u|p/(p−1))

|x|β dx

where

φN,γ(t) =
∑

j∈N :j≥p−1

tj

j!
.

Assume that GATA(α, β) < ∞ and that there exists a constant C(N, γ, β) > 0
such that

(1.9) GATA(α, β) ≤ C(N, γ, β)

(1− ( α
β0(N,γ))

(p−1)/p)

Then when b ≤ p, we have GAa,b(β) <∞. In particular GAp,p(β) <∞.

Though we have to assume a sharp subcritical Adams inequality (1.9), the
main idea of Theorem 1.5 is that since GATA(α, β) is actually subcritical, i.e. α
is strictly less than the critical level β0(N, γ), it is easier to study than GAa,b(β).
Hence, it suggests a new approach in the study of GAa,b(β).

2. Some lemmata

Lemma 2.1.

AT(α, β) = sup
‖∇u‖N≤1;‖u‖N=1

∫
RN

φN (α(1 − β/N)|u|N/(N−1))
dx

|x|β .

Proof. For any u ∈W 1,N (RN ) : ‖∇u‖N ≤ 1, we define

v(x) = u(λx), λ = ‖u‖N .
Then, ∇v(x) = λ∇u(λx), hence

‖∇v‖N = ‖∇u‖N ≤ 1; ‖v‖N = 1,

and∫
RN

φN
(
α(1− β/N) |v(x)|N/(N−1)

) dx
|x|β =

∫
RN

φN
(
α(1−β/N)|u(λx)|N/(N−1)

) dx
|x|β

=
1

λN−β

∫
RN

φN
(
α(1 − β/N)|u(λx)|N/(N−1)

)d(λx)
|λx|β

=
1

‖u‖N−β
N

∫
RN

φN
(
α(1 − β/N)|u|N/(N−1)

) dx
|x|β . �
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By Lemma 2.1, we can always assume ‖u‖N = 1 in the sharp subcritical
Trudinger–Moser inequality.

Lemma 2.2. The sharp subcritical Trudinger–Moser inequality is a consequence
of the sharp critical Trudinger–Moser inequality. More precisely, if MTa,b(β) is
finite, then AT(α, β) is finite. Moreover,

(2.1) AT(α, β) ≤
( ( α

αN
)

N−1
N b

1− ( α
αN

)
N−1
N a

)N−β
b

MTa,b(β).

In particular,

AT(α, β) ≤
( ( α

αN
)N−1

1− ( α
αN

)N−1

)1−β/N

MT(β).

Proof. Let u ∈W 1,N (RN ) : ‖∇u‖N ≤ 1; ‖u‖N = 1. Set

v(x) =
(

α
αN

)N−1
N u(λx), with λ =

( ( α
αN

)
N−1
N b

1− ( α
αN

)
N−1
N a

)1/b

.

then

‖∇v‖aN =
(

α
αN

)
N−1
N a ‖∇u‖aN ≤ (

α
αN

)N−1
N a

‖v‖bN =
(

α
αN

)N−1
N b 1

λb
‖u‖bN = 1− (

α
αN

)N−1
N a

.

Hence ‖∇v‖aN + ‖v‖bN ≤ 1. By the definition of MTa,b(β), we have

∫
RN

φN
(
α(1 − β/N)|u| N

N−1
) dx
|x|β =

∫
RN

φN
(
α(1 − β/N)|u(λx)|N/(N−1)

)d(λx)
|λx|β

= λN−β

∫
RN

φN
(
αN (1 − β/N)|v| N

N−1

) dx
|x|β ≤

( ( α
αN

)
N−1
N b

1− ( α
αN

)
N−1
N a

)N−β
b

MTa,b(β).

�

Lemma 2.3.

ATA(α, β) = sup
‖Δu‖N/2≤1;‖u‖N/2=1

∫
RN

φN,2(α(1− β/N)|u|N/(N−2))

|x|β dx.

Proof. Let u ∈W 2,N/2(RN ) : ‖Δu‖N/2 ≤ 1 and set

v(x) = u(λx); with λ = ‖u‖1/2N/2

Then it is easy to check that

Δv(x) = λ2Δu(λx)



Critical and subcritical Trudinger–Moser–Adams inequalities 1229

and

‖Δv‖N/2 = ‖Δu‖N/2;

‖v‖N/2
N/2 =

∫
RN

|v(x)|N/2dx =

∫
RN

|u(λx)|N/2dx =
1

λN

∫
RN

|u(x)|N/2dx = 1.

Moreover,∫
RN

φN,2(α(1 − β/N)|v|N/(N−2))

|x|β dx =

∫
RN

φN,2(α(1 − β/N)|u(λx)|N/(N−2))

|x|β dx

=
1

λN−β

∫
RN

φN,2(α(1 − β/N)|u(x)|N/(N−2))

|x|β dx

=
1

‖u‖N
2 (1−β/N)

N/2

∫
RN

φN,2(α(1 − β/N)|u|N/(N−2))

|x|β dx.

�

Lemma 2.4. Assume Aa,b(β) <∞, then ATA(α, β) <∞. Moreover,

(2.2) ATA(α, β) ≤
( ( α

α(N,2))
N−2
N b

1− ( α
α(N,2))

N−2
N a

)N−β
2b

Aa,b(β).

In particular, if A(β) <∞, then

ATA(α, β) ≤
( ( α

α(N,2))
N−2

2

1− ( α
α(N,2))

N−2
2

)N−β
N

A(β).

Proof. Let u ∈W 2,N/2(RN ) : ‖Δu‖N/2 ≤ 1 and ‖u‖N/2 = 1. We define

v(x) =
(

α
α(N,2)

)N−2
N u(λx), with λ =

( ( α
α(N,2))

N−2
N b

1− ( α
α(N,2))

N−2
N a

) 1
2b

.

then

‖Δv‖N/2 =
(

α
α(N,2)

)N−2
N ‖Δu‖N/2 ≤

(
α

α(N,2)

)N−2
N

‖v‖bN/2 =
(

α
α(N,2)

)N−2
N b 1

λ2b
‖u‖bN/2 = 1− (

α
α(N,2)

)N−2
N a

.

Hence ‖Δv‖aN/2 + ‖v‖bN/2 ≤ 1. By the definition of Aa,b(β), we have
∫
RN

φN,2

(
α
(
1− β

N

)|u|N/(N−2)
) dx

|x|β =

∫
RN

φN,2

(
α
(
1− β

N

)|u(λx)|N/(N−2)
)d(λx)
|λx|β

= λN−β

∫
RN

φN

(
αN

(
1− β

N

)|v|N/(N−2)
) dx

|x|β

≤
( ( α

α(N,2))
N−2
N b

1− ( α
α(N,2))

N−2
N a

)N−β
2b

Aa,b(β).

�
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3. Asymptotic behavior of the suprema in subcritical Tru-
dinger–Moser inequalities and relationship with the criti-
cal suprema

In this section, we will prove the improved sharp subcritical Trudinger–Moser in-
equality. In particular, we will establish the asymptotic behavior for the supremum
AT(α, β) for the subcritical Trudinger–Moser inequality (Theorem 1.1). We would
like to note here that we don’t assume the critical MT(β) < ∞ in the proof of
Theorem 1.1. Moreover, we also establish the relationship between the suprema
AT(α, β) and MT(β) of the critical and subcritical Trudinger–Moser inequalities
(Theorem 1.2).

Proof of Theorem 1.1. Suppose that u ∈ C∞
0 (RN ) \ {0}, u ≥ 0, ‖∇u‖N ≤ 1 and

‖u‖N = 1. Let

Ω =
{
x : u(x) >

(
1− ( α

αN
)N−1

)1/N}
.

Then the volume of Ω can be estimated as follows:

|Ω| =
∫
Ω

1dx ≤
∫
Ω

u(x)N

1− ( α
αN

)N−1
dx ≤ 1

1− ( α
αN

)N−1
.

We have

∫
RN\Ω

φN (α(1 − β/N)|u|N/(N−1))

|x|β dx ≤
∫
{u≤1}

φN (α|u|N/(N−1))

|x|β dx

≤ eα
∫
{u≤1}

uN

|x|β dx ≤ eα
∫
{u≤1;|x|≥1}

uN

|x|β dx+ eα
∫
{u≤1;|x|<1}

uN

|x|β dx

≤ C(N, β)

(1− ( α
αN

)N−1)(N−β)/N
.

Now, consider

I =

∫
Ω

φN (α(1 − β/N)|u|N/(N−1))

|x|β dx ≤
∫
Ω

exp(α(1 − β/N)|u|N/(N−1))

|x|β dx.

On Ω, we set

v(x) = u(x)− (
1− (

α
αN

)N−1)1/N
.

Then it is clear that v ∈W 1,N
0 (Ω) and ‖∇v‖N ≤ 1. Also, on Ω, with ε = αN/α−1,

|u|N/(N−1) ≤ (|v|+ (1− ( α
αN

)N−1)1/N )N/(N−1)

≤ (1 + ε)|v|N/(N−1) +
(
1− 1

(1 + ε)N−1

) 1
1−N ∣∣(1− ( α

αN
)N−1)1/N

∣∣N/(N−1)

=
αN

α
|v|N/(N−1) + 1.
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Hence, by the Trudinger–Moser inequality on bounded domains,

I ≤
∫
Ω

exp(α(1−β/N)|u|N/(N−1))

|x|β dx ≤
∫
Ω

exp(αN (1− β/N)|v|N/(N−1)+α)

|x|β dx

≤ C(N, β) |Ω|1−β/N ≤ C(N, β)

(1 − ( α
αN

)N−1)(N−β)/N
.

In conclusion, we have

AT(α, β) ≤ C(N, β)

(1− ( α
αN

)N−1)(N−β)/N
.

Next, we will show that AT(αN , β) = ∞. Indeed, consider the following sequence:

un(x) =

⎧⎪⎨
⎪⎩

( 1
ωN−1

)1/N ( n
N−β )

(N−1)/N if 0 ≤ |x| ≤ e−n/(N−β),

( N−β
ωN−1n

)1/N log( 1
|x|) if e−n/(N−β) < |x| < 1,

0 if |x| ≥ 1.

Then we can see easily that

‖∇un‖N = 1; ‖un‖N = on(1).

However,∫
RN

φN (αN (1− β/N)|un|N/(N−1))

|x|β dx ≥
∫
{0≤|x|≤e−n/(N−β)}

φN (n)

|x|β dx

= ωN−1φN (n)

∫ e−n/(N−β)

0

rN−1−βdr =
ωN−1φN (n)

en(N − β)
→ ωN−1

N − β
as n→ ∞ .

Now, it is clear that there exists a large constant M1, such that when n ≥M1,

‖un‖NN =

∫ e−n/(N−β)

0

(
1

ωN−1

)N/N(
n

N−β

)N(N−1)/N
rN−1dr

+

∫ 1

e−n/(N−β)

(
N−β
ωN−1n

)N/N(
log

(
1
r

))N
rN−1dr

≈ nN−1

∫ e−n/(N−β)

0

rN−1dr +
1

n

∫ n/(N−β)

0

yNe−Nydy ≈ nNe−
nN

N−β +
1

n
≈ 1

n
.

So

‖un‖N−β
N ≈ 1

n(N−β)/N
when n ≥M1.

Now we consider the following integral:∫
RN

φN (α(1 − β/N)|un|N/(N−1))

|x|β dx

�
∫ e−n/(N−β)

0

φN
(
α(1 − β/N)( 1

ωN−1
)1/(N−1)( n

N−β )
)
rN−1−β dr

�
∫ e−n/(N−β)

0

φN ( α
αN
n) rN−1−β dr � φN ( α

αN
n) e−n.
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We note that there exists a large constant M2 independent of α such that,
for n ≥M2,

φN ( α
αN
n) ≈ e

( α
αN

)n

as long as α/αN ≥ 1/2.
Now we have

∫
RN

φN (α(1 − β/N)|u|N/(N−1))

|x|β dx � e
(

α
αN

n)
e−n = e

−(1− α
αN

)n
.

Now, for α close enough to αN , we can pick n such that 1 ≤ (1− α
αN

)n ≤ 2, i.e.,

α ≈ (
1− 1

n

)
αN ≥ (

1− 1
max (M1,M2)

)
αN

or

max (M1,M2) ≤ n ≈ 1

1− α/αN
,

Then

1

‖un‖N−β
N

∫
RN

ΦN (α(1 − β/N)|un|N/(N−1))

|x|β dx

� n(N−β)/N e−2 ≈
( 1

1− α/αN

)(N−β)/N

.(3.1)

And note that when α is close enough to αN , we have

1− (α/αN )N−1

1− α/αN
≈ 1,

which implies

AT(α, β) ≥ c(N, β)

(1− ( α
αN

)N−1)(N−β)/N

when α is close enough to αN . �

Now, we will provide a proof of the sharp critical Trudinger–Moser inequality,
namely Theorem 1.2, using the above improved sharp subcritical Trudinger–Moser
inequality (1.5). This suggests a new approach to and another look at the study
of the sharp Trudinger–Moser inequality.

Proof of Theorem 1.2. First assume that b ≤ N. Let u ∈ W 1,N(RN ) \ {0} such
that ‖∇u‖aN + ‖u‖bN ≤ 1. Assume that

‖∇u‖N = θ ∈ (0, 1); ‖u‖bN ≤ 1− θa.

If 1/2 < θ < 1, then we set

v(x) =
u(λx)

θ
, with λ =

(1 − θa)1/b

θ
> 0.
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Hence

‖∇v‖N =
‖∇u‖N

θ
= 1;

‖v‖NN =

∫
RN

|v|Ndx =
1

θN

∫
RN

|u(λx)|Ndx =
1

θNλN
‖u‖NN ≤ (1 − θa)N/b

θNλN
= 1.

By Theorem 1.1, we get

∫
RN

φN (αN (1− β
N )|u|N/(N−1))

|x|β dx =

∫
RN

φN (αN (1− β
N )|u(λx)|N/(N−1))

|λx|β d(λx)

≤ λN−β

∫
RN

φN (θN/(N−1)αN (1 − β
N )|v|N/(N−1))

|x|β dx

≤ λN−βAT(θN/(N−1)αN , β) ≤
( (1− θa)N/b

θN

)1−β/N C(N, β)

(1− ( θ
N/(N−1)αN

αN
)N−1)1−β/N

≤ ((1− θa)N/b)1−β/N

(1− θN )1−β/N
C(N, β) ≤ C(N, β, a, b), since b ≤ N .

If 0 < θ ≤ 1/2, then with
v(x) = 2u(2x),

we have
‖∇v‖N = 2‖∇u‖N ≤ 1 and ‖v‖N ≤ 1.

By Theorem 1.1,

∫
RN

φN (αN (1− β/N)|u|N/(N−1))

|x|β dx

≤ 2N
∫
RN

φN
(αN (1−β/N)

2N/(N−1) |v|N/(N−1)
)

|x|β dx ≤ C(N, β).

Next, we will verify that the constant αN (1 − β/N) is our best possible. Indeed,
we choose the sequence {uk} as follows

(3.2) un(x) =

⎧⎪⎨
⎪⎩

( 1
ωN−1

)1/N ( n
N−β )

(N−1)/N if 0 ≤ |x| ≤ e−n/(N−β),

( N−β
ωN−1n

)1/N log( 1
|x|) if e−n/(N−β) < |x| < 1,

0 if |x| ≥ 1.

Then,

‖∇un‖N = 1; ‖un‖N = O
( 1

n1/N

)
.

Set
wn(x) = λnun(x),

where λn ∈ (0, 1) is a solution of λan + λbn ‖un‖bN = 1, with

λn = 1−O
( 1

n
b

aN

)
→ 1 as k → ∞.
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Then

‖∇wn‖aN + ‖wn‖bN = 1.

Also, for α > αN ,

∫
RN

φN (α(1 − β/N)|wn|N/(N−1))

|x|β dx

≥
∫
{0≤|x|≤e−n/(N−β)}

exp(α(1 − β/N)|wn|N/(N−1))−∑N−2
j=0

[α(1−β/N)]j

j! |wn| N
N−1 j

|x|β dx

≥
[
exp

(
αn

(
1−O

(
1

nb/(a(N−1))

))
αN

)
−O(kN−1)

]
ωN−1 exp(−n)

N − β
→ ∞ as n→ ∞.

Now, we will show that

MTa,b(β) = sup
α∈(0,αN )

(1− ( α
αN

)
N−1
N a

( α
αN

)
N−1
N b

)N−β
b

AT(α, β)

when MTa,b(β) <∞. Indeed, by (2.1), we have

sup
α∈(0,αN )

(1− ( α
αN

)
N−1
N a

( α
αN

)
N−1
N b

)N−β
b

AT(α, β) ≤ MTa,b(β).

Now, let (un) be the maximizing sequence of MTa,b(β), i.e., un ∈W 1,N (RN )\{0} :
‖∇un‖aN + ‖un‖bN ≤ 1 and

∫
RN

φN (αN (1− β/N)|un|N/(N−1))
dx

|x|β → MTa,b(β) as n→ ∞.

We define

vn(x) =
u(λnx)

‖∇un‖N , with λn =
( 1−‖∇un‖a

N

‖∇un‖b
N

)1/b
> 0.

Hence

‖∇vn‖N = 1 and ‖vn‖N ≤ 1.

Also,

∫
RN

φN
(
αN (1 − β/N)|un|N/(N−1)

) dx
|x|β

= λN−β
n

∫
RN

φN (‖∇un‖N/(N−1)
N αN (1 − β/N)|vn|N/(N−1))

|x|β dx

≤ λN−β
n AT

(‖∇un‖N/(N−1)
N αN , β

) ≤ sup
α∈(0,αN )

(1− ( α
αN

)
N−1
N a

( α
αN

)
N−1
N b

)N−β
b

AT(α, β).



Critical and subcritical Trudinger–Moser–Adams inequalities 1235

Hence, we receive

MTa,b(β) = sup
α∈(0,αN )

(1− ( α
αN

)
N−1
N a

( α
αN

)
N−1
N b

)N−β
b

AT(α, β)

when MTa,b(β) <∞.
Now, if there exists some b > N such that MTa,b(β) <∞. Then we have

limα→α−
N
(1 − ( α

αN
)

N−1
N a)

N−β
b AT(α, β) <∞.

Also, since MT(β) <∞,

limα→α−
N
(1− ( α

αN
)N−1)

N−β
N AT(α, β) <∞.

By Theorem 1.1, we can show that

(3.3) limα→α−
N
(1 − ( α

αN
)N−1)

N−β
N AT(α, β) > 0.

Hence

limα→α−
N

(1− ( α
αN

)
N−1
N a)

N−β
b

(1− ( α
αN

)N−1)
N−β
N

<∞

which is impossible since b > N . The proof is now completed. �

4. Asymptotic behavior of subcritical Adams inequalities and
relationship with the critical ones

4.1. Sharp Adams inequalities on W 2,N/2(RN)

In this subsection, we establish the asymptotic behavior of the suprema in the sub-
critical Adams inequalities, namely Theorem 1.3. Again, it is worthy noticing that
no version of Theorem 1.4 is assumed in order to prove Theorem 1.3. Moreover, we
also establish the relationship between the suprema for the critical and subcritical
Adams inequalities (Theorem 1.4).

Proof of Theorem 1.3. By density arguments, we can assume u ∈ C∞
0 (RN )\{0},

‖Δu‖N/2 ≤ 1 and ‖u‖N/2 = 1. Now, noting that |u| =
√
u2, we have

∂|u|
∂xi

=
u ∂u
∂xi√
u2

;

∂2|u|
∂x2i

=

√
u2( ∂u

∂xi
)2 +

√
u2u∂2u

∂x2
i
− u ∂u

∂xi

u ∂u
∂xi√
u2

u2
=

|u|u∂2u
∂x2

i

u2
.

Hence

Δ|u| = |u|uΔu
u2

.

As a consequence,
|Δ|u|| = |Δu|.
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Now, we set

Ω(u) =
{
x ∈ R

N : |u(x)| >
[
1− (

α
α(N,2)

)(N−2)/2
]2/N}

.

Since u ∈ C∞
0 (RN ), we have that Ω(u) is a bounded set. Moreover, we have

|Ω(u)| ≤
∫
Ω(u)

|u|N/2

1− ( α
α(N,2))

(N−2)/2
dx ≤ 1

1− ( α
α(N,2))

(N−2)/2
.

Now, consider

I =

∫
Ω(u)

φN,2(α(1 − β/N)|u|N/(N−2))

|x|β dx ≤
∫
Ω(u)

exp(α(1 − β/N)|u|N/(N−2))

|x|β dx.

On Ω(u), we set

v(x) = |u(x)| −
[
1− (

α
α(N,2)

)(N−2)/2
]2/N

.

Then it is clear that v ∈ W
2,N/2
N (Ω(u)) and ‖Δv‖N/2 ≤ 1. Also, on Ω(u), with

ε = α(N, 2)/α− 1,

|u|N/(N−2) ≤ (|v|+ (1− ( α
α(N,2))

(N−2)/2)2/N
)N/(N−2)

≤ (1 + ε)|v|N/(N−2) +
(
1− 1

(1+ε)(N−2)/2

)2/(2−N)∣∣∣(1− ( α
α(N,2))

(N−2)/2
)2/N ∣∣∣N/(N−2)

=
α(N, 2)

α
|v|N/(N−2) + 1.

Hence, by the Adams inequality on bounded domains (Theorem D):

I ≤
∫
Ω(u)

exp(α(1− β/N)|u|N/(N−2))

|x|β dx

≤
∫
Ω(u)

exp(α(N, 2)(1 − β/N)|v|N/(N−2) + α)

|x|β dx

≤ C(N, β) |Ω(u)|1−β/N ≤ C(N, β)
(

1

1−(
α

α(N,2) )
(N−2)/2

)1−β/N

.

We also have the following estimate:∫
RN\Ω(u)

φN,2

(
α(1 − β/N)|u|N/(N−2)

) dx

|x|β

≤
∫
{u≤1}

φN,2

(
α(1− β/N)|u|N/(N−2)

) dx

|x|β ≤ C(N)

∫
{u≤1}

|u|N/2

|x|β dx

≤ C(N)
(∫

{u≤1;|x|≥1}

|u|N/2

|x|β dx+

∫
{u≤1;|x|<1}

|u|N/2

|x|β dx
)
≤ C(N, β).
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In conclusion, we have

ATA(α, β) ≤ C(N, β)[
1− ( α

α(N,2))
(N−2)/2

]1−β/N
.

We now show that ATA(α(N, 2), β) = ∞. Indeed, let ψ ∈ C∞([0, 1]) be such that

ψ(0) = ψ′(0) = 0; ψ(1) = ψ′(1) = 1.

For 0 < ε < 1/2 we set

H(t) =

⎧⎪⎪⎨
⎪⎪⎩

ε ψ(t/ε) if 0 < t ≤ ε,
t if ε < t ≤ 1− ε,
1− ε ψ((1− t)/ε) if 1− ε < t ≤ 1,
1 if 1 < t,

and consider Adams’ test functions

ψr(|x|) = H
( log 1

|x|
log 1

r

)
.

By construction, ψr ∈ W 2,N/2(RN ) and ψr(|x|) = 1 for x ∈ Br. Moreover, by [2],

‖Δψr‖N/2
N/2 ≤ ωN−1 a(N, 2)

N/2 log(1r )
1−N/2 Ar;

‖ψr‖N/2
N/2 = o

((
1

log( 1
r )

)(N−2)/2)
; a(N, 2) = α(N,2)(N−2)/N

Nσ
2/N
N

;

Ar = Ar(N, 2) =
[
1 + 2ε

(‖ψ′‖∞ +O
(

1
log( 1

r )

))N/2
]
;

Now, we set
ur(|x|) = (log(1r ))

(N−2)/N ψr(|x|).
Then

ur(|x|) = (log(1r ))
(N−2)/N for x ∈ Br

‖Δur‖N/2
N/2 ≤ ωN−1 a(N, 2)

N/2 Ar, and

‖Δur‖N/(N−2)
N/2 ≤ α(N,2)

N A2/(N−2)
r .

Now,

ATA(α(N, 2), β)

≥ lim
r→0+

1∥∥ ur

‖Δur‖N/2

∥∥N
2 (1−β/N)

N/2

∫
Br

φN,2

(
α(N, 2)(1−β/N)

∣∣ ur

‖Δur‖N/2

∣∣N/(N−2)) dx
|x|β

≥ lim
r→0+

‖Δur‖
N
2 (1−β/N)

N/2

‖ur‖
N
2 (1−β/N)

N/2

∫
Br

φN,2

(α(N, 2)(1− β
N ) log(1r )

‖Δur‖N/(N−2)
N/2

) dx

|x|β

≥ lim
r→0+

‖Δur‖
N
2 (1−β/N)

N/2

‖ur‖
N
2 (1−β/N)

N/2

φN,2

(
(N − β) log(1r )[

1+2ε
(‖ψ′‖∞+O

(
1

log( 1
r )

))N/2]2/(N−2)

)
ωN−1

rN−β

N−β

→ ∞ as r → 0+.
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Now, we consider the following sequence

uk(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[
1

α(N,2) ln k
]1−2/N

− Nα(N,2)2/N−1

2
|x|2

( ln k
k )2/N

+Nα(N,2)2/N−1

2
1

(ln k)2/N
if 0 ≤ |x| ≤ (1/k)1/N ,

Nα(N, 2)2/N−1(ln k)−2/N ln 1
|x| if (1/k)1/N ≤ |x| ≤ 1,

ζk if |x| > 1,

where ζk is a smooth function satisfying supp(ζk) ⊂ {|x| < 2} and

ζk||x|=1 = 0;
∂ζk
∂ν

∣∣
|x|=1

= Nα(N, 2)2/N−1(ln k)−2/N ,

and ζk and Δζk are all O(( 1
ln k )

2/N ). For instance, we can choose

ζk(x) =
1

2
Nα(N, 2)2/N−1(ln k)−2/N− 1

2
Nα(N, 2)2/N−1(ln k)−2/N |x|2 near |x| = 1.

The choice of the above sequence is inspired by a similar sequence in [32] in di-
mension four case. Then,

∂uk
∂xi

(x) =

⎧⎪⎪⎨
⎪⎪⎩

−Nα(N,2)2/N−1

2
2xi

(ln k/k)2/N
if 0 < |x| < (1/k)1/N ,

−Nα(N, 2)2/N−1(ln k)−2/N xi/|x|2 if (1/k)1/N < |x| < 1,

∂ζk/∂xi if |x| > 1,

and

∂2uk
∂x2i

(x) =

⎧⎪⎪⎨
⎪⎪⎩

−Nα(N,2)2/N−1

2
2

(ln k/k)2/N
if 0 < |x| < (1/k)1/N ,

−Nα(N, 2)2/N−1(ln k)−2/N (|x|2 − 2x2i )/|x|4 if (1/k)1/N < |x| < 1,

∂2ζk/∂x
2
i if |x| > 1.

Hence

Δuk(x) =

⎧⎪⎪⎨
⎪⎪⎩

−Nα(N,2)2/N−1

2
2N

(ln k/k)2/N
if 0 < |x| < (1/k)1/N ,

−Nα(N, 2)2/N−1(ln k)−2/N (N − 2)/|x|2 if (1/k)1/N < |x| < 1,

Δζk if |x| > 1.

Thus

‖Δuk‖N/2
N/2

=

∫
1<|x|<2

|Δζk|N/2dx+ ωN−1

∫ (1/k)1/N

0

[Nα(N, 2)2/N−1

2

2N

(ln k/k)2/N

]N/2

rN−1dr

+ ωN−1

∫ 1

(1/k)1/N

[
Nα(N, 2)2/N−1(ln k)−2/N (N − 2)

r2

]N/2

rN−1dr

=

∫
1<|x|<2

|Δζk|N/2dx+ ωN−1

[Nα(N, 2)2/N−1

2

2N

(ln k/k)2/N

]N/2 1

N

1

k

+ ωN−1

[
N(N − 2)α(N, 2)2/N−1(ln k)−2/N

]N/2 1

N
ln k .
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Hence we can conclude that

1 ≤ ‖Δuk‖N/2
N/2 ≤ 1 +O

( 1

ln k

)
.

Also,

‖uk‖N/2
N/2 ≤ ωN−1

(
Nα(N, 2)2/N−1(ln k)−2/N

)N/2
∫ 1

0

rN−1
(
ln 1

r

)N/2
dr

+
ωN−1

N

([
1

α(N,2) ln k
]1−2/N

+
Nα(N, 2)2/N−1

2

1

(ln k)2/N

)N/2 1

k

+

∫
1<|x|<2

|ζk|N/2dx

≤ A (ln k)−1 +B (ln k)(N−2)/2 1

k

for some constants A,B > 0.
Let

vk =
uk

‖Δuk‖N/2
.

Then

‖Δvk‖N/2 = 1 and ‖vk‖N/2
N/2 ≤ ‖uk‖N/2

N/2 ≤ A (ln k)−1 +B (ln k)(N−2)/2 1

k
.

By the definition of ATA(α, β), we get

ATA(α, β) ≥ 1

‖vk‖
N
2 (1−β/N)

N/2

∫
RN

φN,2(α(1 − β/N)|vk|N/(N−2))
dx

|x|β

≥ 1

‖vk‖
N
2 (1−β/N)

N/2

∫
|x|≤(1/k)1/N

φN,2(α(1 − β/N)|vk|N/(N−2))
dx

|x|β

≥ C

exp
(

α
α(N,2)(1− β/N)

(
1

‖Δuk‖N/(N−2)

N/2

− α(N,2)
α

)
ln k

)

(A(ln k)−1 +B(ln k)(N−2)/2 1
k )

1−β/N

Note that when k (independent of α) is large

1

‖Δuk‖N/(N−2)
N/2

− α(N, 2)

α
≈ 1− α(N, 2)

α
.

So we have

ATA(α, β) � exp
{(

1− β
N

)(
α

α(N,2) − 1
)
ln k

} · (ln k)1−β/N .

When α is close enough to α(N, 2), we are able to choose k large enough as required
before such that

ln k ≈ 1

1− α/α(N, 2)
or

(1 − β/N) (α/α(N, 2)− 1) ln k ≈ 1.
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Then

ATA(α, β) � C ·
( 1

1− α/α(N, 2)

)1−β/N

≈
( 1

1− (α/α(N, 2))(N−2)/2

)1−β/N

when α is close enough to α(N, 2). �

We now offer another proof to Theorem 1.4 using the improved sharp subcritical
Adams inequality (1.7).

Proof of Theorem 1.4. Assume 0 < b ≤ N/2. Let u ∈ W 2,N/2(RN ) \ {0} with
‖Δu‖aN/2 + ‖u‖bN/2 ≤ 1. Assume that

‖Δu‖N/2 = θ ∈ (0, 1); ‖u‖bN/2 ≤ 1− θa.

If 1/4 < θ < 1, then we set

v(x) =
u(λx)

θ
, with λ =

(1− θa)1/(2b)

θ1/2
> 0.

Hence

‖Δv‖N/2 =
‖Δu‖N/2

θ
= 1;

‖v‖N/2
N/2 =

∫
RN

|v|N/2dx =
1

θN/2

∫
RN

|u(λx)|N/2dx =
1

θN/2λN
‖u‖N/2

N/2

≤ (1− θa)
N
2b

θN/2λN
= 1.

By Theorem 1.3, we get

∫
RN

φN,2(α(N, 2)(1 − β/N)|u|N/(N−2))

|x|β dx

=

∫
RN

φN,2

(
α(N, 2)(1 − β/N)|u(λx)|N/(N−2)

)
|λx|β d(λx)

≤ λN−β

∫
RN

φN,2

(
θN/(N−2)α(N, 2)(1− β/N)|v|N/(N−2)

)
|x|β dx

≤ λN−β ATA(θN/(N−2)α(N, 2), β)

≤
( (1− θa)1/(2b)

θ1/2

)N−β C(N, β)[
1− ( θN/(N−2)α(N,2)

α(N,2)

)(N−2)/2]1−β/N

≤ ((1 − θa)N/(2b))1−β/N

(1− θN/2)1−β/N
C(N, β) ≤ C(N, β, a, b) since b ≤ N

2
.

If 0 < θ ≤ 1/4, then with

v(x) = 22 u(2x),
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we have

‖Δv‖N/2 = 4 ‖Δu‖N/2 ≤ 1 and ‖v‖N/2 ≤ 1.

By Theorem 1.3,

∫
RN

φN,2

(
α(N, 2)(1 − β/N) |u|N/(N−2)

)
|x|β dx

≤ 4N
∫
RN

φN

(
α(N,2)(1−β/N)

4N/(N−2) |v|N/(N−2)
)

|x|β dx ≤ C(N, β).

We now also consider the Adams test functions as in the proof of Theorem 1.3.
Let α > α(N, 2). Set

wr(|x|) = λr
ur(|x|)

‖Δur‖N/2

where λr ∈ (0, 1) is a solution of

λar +
λbr‖ur‖bN/2

‖Δur‖bN/2

= 1, λr → 1 as r → 0+.

Then

‖Δwr‖aN/2 + ‖wr‖bN/2 = 1

and

lim
r→0+

∫
RN

φN,2

(
α(1− β/N)|wr |N/(N−2)

)
|x|β dx

≥ lim
r→0+

∫
Br

φN,2

(
α(1− β/N)λ

N/(N−2)
r |ur|N/(N−2)

‖Δur‖N/(N−2)
N/2

)
dx

|x|β

≥ lim
r→0+

ωN−1
rN−β

N − β
φN,2

(
α

α(N, 2)

(N − β) log(1r )[
1 + 2ε

(‖ψ′‖∞ +O( 1
log( 1

r )
)
)N/2]2/(N−2)

)

→ ∞ as r → 0+ if we choose ε small enough.

It now remains to show that

Aa,b(β) = sup
α∈(0,α(N,2))

(1− ( α
α(N,2))

N−2
N a

( α
α(N,2))

N−2
N b

)N−β
2b

ATA(α, β).

By (2.2),

sup
α∈(0,α(N,2))

(1− ( α
α(N,2))

N−2
N a

( α
α(N,2))

N−2
N b

)N−β
2b

ATA(α, β) ≤ Aa,b(β).
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Now, let (un) be the maximizing sequence of Aa,b(β), i.e., un ∈W 2,N/2(RN ) \ {0}
with ‖Δun‖aN/2 + ‖un‖bN/2 ≤ 1 and

∫
RN

φN,2

(
α(N, 2)(1− β/N)|un|N/(N−2)

) dx

|x|β → Aa,b(β) as n→ ∞.

We define a new sequence:

vn(x) =
u(λnx)

‖Δun‖N/2
, with λn =

(1− ‖Δun‖aN/2

‖Δun‖bN/2

)1/(2b)

> 0.

Hence
‖Δvn‖N/2 = 1 and ‖vn‖N/2 ≤ 1.

Also,

∫
RN

φN,2

(
α(N, 2)(1 − β/N)|un|N/(N−2)

) dx
|x|β

= λN−β
n

∫
RN

φN,2

(‖Δun‖N/(N−2)
N/2 α(N, 2)(1 − β/N)|vn|N/(N−2)

)
|x|β dx

≤ λN−β
n ATA(‖Δun‖N/(N−2)

N/2 α(N, 2), β)

≤ sup
α∈(0,α(N,2))

(
1− ( α

α(N,2))
N−2
N a

( α
α(N,2))

N−2
N b

)N−β
2b

ATA(α, β).

Now, we assume that there is some b > N/2 such that Aa,b(β) <∞. Then

Aa,b(β) = sup
α∈(0,α(N,2))

(
1− ( α

α(N,2))
N−2
N a

( α
α(N,2))

N−2
N b

)N−β
2b

ATA(α, β),

and so

limα↑α(N,2)

(
1− ( α

α(N,2))
N−2
N a

( α
α(N,2))

N−2
N b

)N−β
2b

ATA(α, β) <∞.

Also, by Theorem 1.3,

(4.1) limα↑α(N,2)

(1− ( α
α(N,2))

N−2
N a

( α
α(N,2))

N−2
N b

)N−β
N

ATA(α, β) > 0,

Hence,

limα↑α(N,2)

(1− ( α
α(N,2))

N−2
N a)

N−β
2b

(1− ( α
α(N,2))

N−2
N a)

N−β
N

> 0,

which is impossible since b > N/2. The proof is now complete. �



Critical and subcritical Trudinger–Moser–Adams inequalities 1243

4.2. Adams inequalities on W γ,N/γ(RN). Proof of Theorem 1.5

Let u ∈ W γ,p(RN ) \ {0} with ‖(−Δ)γ/2u‖ap + ‖u‖bp ≤ 1. We set

‖(−Δ)γ/2u‖p = θ ∈ (0, 1); ‖u‖bp ≤ 1− θa.

If 1/2γ < θ < 1, then by defining a new function

v(x) =
u(λx)

θ
, with λ =

(1− θa)1/(γb)

θ1/γ
> 0.

we get

(−Δ)γ/2 v(x) =
λγ

θ
((−Δ)γ/2u)(λx).

Hence,

‖(−Δ)γ/2v‖p =
‖(−Δ)γ/2u‖p

θ
= 1;

‖v‖pp =

∫
RN

|v|pdx =
1

θp

∫
RN

|u(λx)|pdx =
1

θpλN
‖u‖pp ≤ (1− θa)p/b

θpλN
= 1.

By the definition of GATA(α, β), we get

∫
RN

φN,γ(β0(N, γ)(1− β/N) |u|p/(p−1))

|x|β dx

=

∫
RN

φN,γ(β0(N, γ)(1 − β/N) |u(λx)|p/(p−1))

|λx|β d(λx)

≤ λN−β

∫
RN

φN,γ(θ
p/(p−1)β0(N, γ)(1− β/N) |v|p/(p−1))

|x|β dx

≤ λN−β GATA(θp/(p−1) β0(N, γ), β)

≤
( (1− θa)1/(γb)

θ1/γ

)N−β C(N, β)[
1− ( θp/(p−1) β0(N,γ)

β0(N,γ)

)(p−1)/p
]1−β/N

≤ ((1 − θa)
N
γb )1−β/N

(1− θ)1−β/N
C(N, β) ≤ C(N, β, a, b), since b ≤ p.

If 0 < θ ≤ 1/2γ, then with
v(x) = 2γu(2x),

we have
‖(−Δ)γ/2v‖p = 2γ ‖(−Δ)γ/2u‖p ≤ 1 and ‖v‖p ≤ 1.

By the definition of GATA(α, β),

∫
RN

φN,γ(β0(N, γ)(1 − β/N) |u|p/(p−1))

|x|β dx

≤ 2N
∫
RN

φN,γ

( β0(N,γ)
2γp/(p−1) (1− β/N) |v|p/(p−1)

)
|x|β dx ≤ C(N, β).
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