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L'-Dini conditions and limiting behavior of weak
type estimates for singular integrals

Yong Ding and Xudong Lai

Abstract. Let T be the singular integral operator with a homogeneous
kernel 2. In 2006, Janakiraman showed that if 2 has mean value zero
on S"! and satisfies the condition

(+) sup /SH\me)—mawg)\da(e)scm 2(6)|dor(6),

|g]=1 gn—1

where 0 < § < 1/n, then the following limiting behavior:
. n 1
(o) lim Am({z € R™ : [Taf(2)] > A}) = — (1@ ]| £l
—04 n

holds for f € L*(R™) and f > 0.

In the present paper, we prove that if we replace the condition (x) by
a more general condition, the L*-Dini condition, then the limiting behav-
ior (xx) still holds for the singular integral T. In particular, we give an
example which satisfies the L'-Dini condition, but does not satisfy (x).
Hence, we improve essentially Janakiraman’s above result. To prove our
conclusion, we show that the L'-Dini conditions defined respectively via ro-
tation and translation in R™ are equivalent (see Theorem 2.5 below), which
may have its own interest in the theory of the singular integrals. Moreover,
similar limiting behavior for the fractional integral operator T . with a
homogeneous kernel is also established in this paper.

1. Introduction

Suppose that the function  defined on R™\ {0} satisfies the following conditions:
(1.1) Q(Az) = Q(z), for any A >0 and z € R\ {0},

(1.2) /S 9(0) do(6) =0,
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and Q € L1(S"71), where S"~! denotes the unit sphere in R™ and do is the area
measure on S"~!. Define the singular integral T by

Qz —y)
x—y"

Tof(z) = p-V-/ f(y)dy.

n

It is well known that if Q is odd and Q € LY(S"~!) (or Q is even and Q €
Llog™ L(S*™1)), Tq is bounded on LP(R") for 1 < p < oo (see [1]), that is,

(1.3) 1T fllp < Cp Il fllp-
For p = 1, Seeger [12] showed that if Q € Llog™ L(S"1),

(1.4) m({z e R" : |[Taf(x)| > A\}) < Cy @

If ©Q is an odd function, the usual Calderén—Zygmund method of rotation gives
some information on the constant in (1.3). In fact, C, = FH,|Q1 (see [8]),
where H), denotes the LP norm of the Hilbert transform (1 < p < 00).

In 2004, Janakiraman [9] proved that the constants C), in (1.3) and Cj in (1.4)
are at worst C'logn|||]; if Q satisfies (1.1), (1.2) and the following regqularity
condition :

(1.5) sm)L;4|Qw)—§M9+5Q|da@)g(%ﬁ

1
1Q(0)| do(0), 0<6<—,
l¢=1 "

Sn—1
where C' is a constant independent of the dimension. Later in 2006, Janakira-
man [10] extended this result to the limiting case. Before stating Janakiraman’s
result, we give some notation. Let p be a signed measure on R™, which is abso-
lutely continuous with respect to the Lebesgue measure and |u|(R™) < co. Here
|| is the total variation of u. Define

(1.6) Tou(x) = p.v./” Qm(mi_yﬁl) du(y).

Theorem A ([10]). Suppose 2 satisfies (1.1), (1.2) and the regularity condi-
tion (1.5). Then

tim Am({z € B": [Top(x)| > A) = = |0 [u(R")].

A—=04

As a consequence of Theorem A, Janakiraman showed that:

Corollary A ([10]). Let f € L*(R™) and f > 0. Suppose Q satisfies (1.1), (1.2)
and (1.5). Then,

(1.7) lim Am({z € R" : |[Taf(z)| > A}) = % 2012 f1]1-

A—=04

The limiting behavior in (1.7) is very interesting since it gives some information
on the best constant for the weak type (1,1) estimate of the homogeneous singular
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integral operator Tq in some sense. However, note that the condition (1.5) seems
to be strong compared with the Hormander condition (see also [13])

(1.8) sup/ |K(x —y) — K(x)|dx < oo,
y7#0 J x| >2]y]
where K is the kernel of the Calderén—Zygmund singular integral operator. Hence,
it is natural to ask whether (1.7) still holds if replacing (1.5) by the Hérmander
condition (1.8). The purpose of this paper is to give an affirmative answer to this
question in the case K (z) = Q(z)|z|™".
Before stating our results, we give the definition of the L'-Dini condition.

Definition 1.1 (L!-Dini condition). Let Q satisfy (1.1). We say that € satisfies
the L'-Dini condition if

(i) Qe Li(s" 1)

(i) fol M&(é) dd < oo, where w; denotes the L! integral modulus of continuity of

defined by
ar(6) = sup [ 1(o8) ~ 26)] do(6):
ol <8 Jsn—1
here p is a rotation on R™ and ||p|| := sup{|pz’ — 2'| : 2’ € S"71}.

Let us recall two important facts given in [2] and [3], respectively.

Lemma A ([2]). If Q satisfies the L'-Dini condition, then Q € LlogTL(S"~1)
and K (z) = Q(z)|z|~™ satisfies the Hormander condition (1.8).

Lemma B ([3]). If K(x) = Q(z)|z|™™ satisfies the Hormander condition (1.8),
then Q € Llog™L(S"™') and Q satisfies the L'-Dini condition.

By Lemmas A and B, one can see immediately that for the kernel K(x) =
Q(x)|z|~™ the Hérmander condition (1.8) is equivalent to the L!-Dini condition.

In Section 2, we will prove that the regularity condition (1.5) is stronger than
the L'-Dini condition (see Proposition 2.1). Also we will give an example to show
that the L!-Dini condition is strictly weaker than the regularity condition (1.5)
(see Example 2.2).

Our main goal in this paper is to prove that the limiting behavior (1.7) still
holds if replacing the condition (1.5) by the L'-Dini condition.

Theorem 1.2. Suppose Q satisfies (1.1), (1.2) and the L'-Dini condition. Let
w be an absolutely continuous signed measure on R™ with respect to the Lebesgue
measure and |u|(R™) < oo. Define T by (1.6). Then

(L9) Jim Am({o € R": [Tap(e)| > XD = 1 9 u(R").

By setting pu(E) = [}, f(x)dx with f € L'(R™) in Theorem 1.2, we obtain the
following result.
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Corollary 1.3. Let f € L*(R™) and f > 0. Suppose Q satisfies (1.1), (1.2) and
the L*-Dini condition. Then

lim Am({z € B : [Taf (@) > X)) = [ f]).

A—=04

The next results are related to the limiting behavior of the weak type estimate
for the fractional integral operator Tq , with a homogenous kernel defined as

To,of(x) = / SME=Y) ovay, 0<a<n.

x =yl

The fractional integral operator T , which is a generalization of the Riesz po-
tential, has been well studied (for example see the book [11] and the references
therein). In [5], while studying the boundedness of Tq o on Hardy space, Ding and
Lu introduced the following regularity condition for 2:

(1.10) /01 “40) 45 < oo,

where w, denotes the L? integral modulus of continuity of (2.

To study the limiting behavior of the fractional homogeneous operator, we need
some regularity condition similar to (1.10). For convenience, we give the following
notation.

Definition 1.4 (L?-Dini condition). Let 2 satisfy (1.1),1 < s < occand 0 < a < m.
We say that Q satisfies the L5-Dini condition if

(i) Qe Ls(s"h);

(i) fol i;{ﬂ) dd < oo, where wy is defined as that in Definition 1.1.

Let v be an absolutely continuous signed measure on R” with respect to the
Lebesgue measure and |v|(R™) < co. Define

Qz —y)
1.11 Toov(x :/ ———= du(y).
(111) @)= [ otk i
We have the following result for Tq o, which is similar to Ty in Theorem 1.2.

Theorem 1.5. Let v be an absolutely continuous signed measure on R™ with re-
spect to the Lebesgue measure and [v|(R") < co. Let0 < o <n andr =n/(n— «).
Suppose Q satisfies (1.1), (1.2) and the L% -Dini condition. Then

M T n 1 T ny\|r
lim 'm({z € R" : [T ov(z)| > A}) = - 125 [v(R™)]".

)\—>0+
Corollary 1.6. Let 0 < o < n and r = n/(n—«). Assume f € L'(R™) and
f > 0. Suppose Q satisfies (1.1), (1.2) and the L%,-Dini condition. Then

3 T n 1 T T
lim A"m({z € R": [Ta.of(z)] > A}) = — Q[ | FII1-

A—=04
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We would like to point out the proof of Theorem 1.2 draws heavily on ideas
from [10]. However, to establish the limiting behavior of the singular integral
operator Tq with € satisfying the L'-Dini condition, we need to carefully study the
regularity of Q. More precisely, we will show that two different L!-Dini conditions
are equivalent (see Theorem 2.5).

The paper is organized as follows. In Section 2, we give some properties of
the L'-Dini condition and the embedding relationship between the regularity con-
dition (1.5) and the L'-Dini condition. An example which shows the L!-Dini
condition is weaker than the condition (1.5) is also given in this section. The proof
of Theorem 1.2 is given in Section 3. We outline the proof of Theorem 1.5 in the
final section. Throughout this paper, the letter C will stand for a positive constant
which is not necessarily the same one in each occurrence.

2. L'-Dini condition

In this section, we discuss some properties of the L'-Dini condition. We first show
that the regularity condition (1.5) is stronger than the L'-Dini condition.

Proposition 2.1. If Q satisfies (1.1), (1.2) and the condition (1.5), then Q sat-
isfies the L'-Dini condition.

Proof. We first claim that if Q satisfies (1.1), (1.2) and (1.5), then there exists
C' > 0 such that
(2.1) w1(d) < sup / |20+ Co¢) — Q(0)| do(6)

jel=1 Jsn s

holds for any 0 < § < 1/2. To prove (2.1), by Definition 1.1, it is enough to show
that for any fixed 6 € S~ 1,

0+ Cé¢ .
0 ) —_— sm
o0 ol <0y < { ez - €€5"'}
for some constant C' > 0. For convenience, set
0+ CH¢ .
A= : < B =0 —— L
{005l <8} and B(O) = { GG+ €657}

It is easy to see that A = {n € S"~1 : |np—0| < §}. Choose C' = 2. In the following,
we will show that

(2.2) B(2) D A.
Notice that the function f(¢) = |zi§§§| — 9| is continuous on S”~1. Since S"7! is

compact, then f(£) can get its maximal value at a point of S"~!. Suppose & is
such a point that f(£) achieves a maximum at &. Since f() =0 and f(—0) =0,
&o must be located between 6 and —@. Therefore again by the continuity of f(&),

B2)={neS" " [n—0] <y} with 7= f(&).
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So to prove (2.2), it suffices to show that v > 6. By rotation, we may suppose
6 =(1,0,0,...,0). Choose £ = (0,1,0,...,0). Then
0+ 26¢ 2 1/2
S | P28 9’ — ( _ 7> >
"= o2 Vitder) =
Hence we prove (2.1) by choosing C =2

1w1

Now we split the integral f ) d§ into two parts:

/1/(2n) 1(5) st /1 w1(§) .
0 4 1/(2n) O

For the first integral, using estimate (2.1) and the regularity condition (1.5), we get
the bound C||2||;. For the second integral, using wy () < 2[[€2||; for any 0 < 6 < 1,
we also get the bound C||€||;. Combining these, we conclude the proof. O

In the following, we give an example which satisfies (1.1), (1.2) and the L!-Dini
condition but does not satisfy the regularity condition (1.5).

Example 2.2. Consider the dimension n = 2. In this case, denote S! = {#: 0 <
0 < 27}, where 6 is the arc length on the unit circle. Let Q(6) = =/2 — (2/m)1/2.
It can be easily extended to the whole space R? so that § is homogeneous of degree
Zero.

By using the parameter representation of arc length, the integral of Q on S!

can be rewritten as )
/ Q(0) do,
0

where 6 is the arc length. Obviously, Q in Example 2.2 satisfies (1.2).

Now let us first show that € in Example 2.2 does not satisfy the regularity
condition (1.5). In fact, let § be small enough. In R?, for any rotation ||p| < §, we
have pf = 0 + s, where s = ||p||. Consider the case pf = 0 + s, we get

/ 7 102(08) — 0)]d0 = /

+/27r L—;’de
an_s 102 (04 s —2m)L/2

— 4((2m — )2 = (2m)/? + 5/%) =: g(s),

1
W*sz

’d&

where in the first equality we use the fact that when 6 € (27 — s,27), p0 falls
into (0, s). A similar computation shows that if pd = 0 — s,

/0 " 19(00) — Q(6)] db = g(s).

It is not difficult to see that g(s) is an increasing function for s € [0, §] and g(0) = 0.
Therefore we have

r(9) = sup [ 16200) ~ 20)] b = g(6).

llpll<é /0
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Now, by (2.1) in Lemma 2.1 (note that constant C' = 2),

1 1
i >
2% E}lpl . [Q(0 4 26¢) — 2(0)] do 26w1(5)

1 (2m)Y2 — (2n — )12
= Q(M - 5 ) = +oo

as 0 — 0. This means that 2 does not satisfy the regularity condition (1.5). By a
direct computation, we get

1 1 1/2 _ _ S\1/2
wi(d) o 1 (2n) (2m —9)
/0 5 d6f4/0 (—61/2 5 >d5<oo

and )
/ |Q(0)] dO < oo,
0
which means that € satisfies the L'-Dini condition in Definition 1.1.

In order to prove Theorem 1.2, we need to give an equivalent definition of the
L'-Dini condition in Definition 1.1.

Recall in Definition 1.1, the L'-Dini condition is defined by the L' integral
modulus wy, and wy is defined by rotation in R™. In [2], Calderén, Weiss and Zyg-
mund gave another L' integral modulus &; which is defined by translation in R™
as follows. Let Q satisfy (1.1) and Q € L'(S"™!). Define @; as

(2.3) 2 () = sup/ 0@ + h) — Q)| do(a),
|h1<6 Jsn—1

where h € R". Similarly, one may define the L'-Dini condition by the L' integral
modulus @7.

Definition 2.3. Let Q satisfy (1.1). We say that Q satisfies the L!-Dini condition if
(i) Qe LS

1 ~
(i) / wlT(é) do < oo, where @1 (9) is defined by (2.3).
0
In [2], Calderén, Weiss and Zygmund pointed out that the L!'-Dini condition
in Definition 1.1 is the most natural one. However, in some cases, the L!-Dini
definition in Definition 2.3 is more convenient in applications. Thus, a natural
question to ask is whether there is a relationship between those two kinds of L!-
Dini conditions defined by Definition 1.1 and Definition 2.3.
Below we will show that these two kinds of L'-Dini conditions defined by Def-
inition 1.1 and Definition 2.3 are indeed equivalent. Let us first recall a useful
lemma.
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Lemma 2.4 (see Lemma 5 in [2]). There exist positive constants oy and C, depend-
ing only on the dimension n, such that if  is any function integrable over S*~!
and 0 < |h] < ag, h € R", then

e [ 1o-n -2l < sw [ 1006 - 0()lde)

llplI<|Al
Note that we may choose the constant aq in Lemma 2.4 less than 1.

Theorem 2.5. L'-Dini conditions defined respectively in Definition 1.1 and Def-
inition 2.3 are equivalent.

Proof. By Definition 1.1 and Definition 2.3, it is enough to show that for ) €
LY(S"~1), the following conditions (a) and (b) are equivalent:

! wl(é) o ’ / /
(a) /0 5 do(0) < oo, where wy () = sup /Sn_1 [Q(pz") — Q2| do (),

llpll<s

16&1_(5)0 00, where @ = su 2’ — Q2| do (2’
o) [ 5 dot0) < oo, where 61(0) = sup [ 1007 +1) ~ 0] do(a')

We first show that (b) implies (a). By (2.1) (note that the constant C' = 2),

w1(8) < sup / 192(0 + 266) — (6)| do(0) < @1 (26).
jgl=1Jsn-1

Hence we obtain

1 1/2 1 1/2 ~ 1
/ w1(9) 95 — (/ +/ )W1(5) 55 S/ @1(29) d(5+/ w1(9) 55
o O 0 127 0 0 4 12 0

1 ~
g/ ©10) 45 4 o).
0 1)

Now we turn to the other part: (a) implies (b). By Lemma 2.4, there exists a
constant 0 < ag < 1 such that for any 0 < |h| < ag,

/ QA€+ h) = Q(E)|do(§) < C sup / 12(p0) — Q(p)| do(8).
sn—t ol <[R| Jsm—t
If 0 < 0 < ap, then
@1(0) = sup / 1UE + h) — Q(&)| do ()
Sn—l

|n|<6

<Csw sup [ |0(p) ~ 00)] do(0) < Cun(9),

|h|<5 [[plI<|h]|

If ag <6 < 1, we get

2 (0) = sup/ (60 + h) — Q(8)] do(8) < Q1 + Sup/ (6 + h)| do(0).
Ih <6 Jsn-1 ih<s Jon—1
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Therefore if we can prove that

(25) sup [ 1000+ )| do(6) < C 1921,

h|<6

(/ / “’1 d6<C’/ /:MTUS)CM

c/ ”1(55) d6+/ao 1(||Q||1+ sup /S 106+ )] do(6) ) do

|h|<é

then we conclude

)
< c/ “10) 45 4 o1,
0 0
Hence, to complete the proof of Theorem 2.5, it remains to verify (2.5). By

rotation, we may assume that h = (hy,0,...,0), where 0 < h; < 1. Using the
spherical coordinate formula on S"~!(see Appendix D in [7]), we can write

(2.6) /S"—l Q(ﬁ)‘da(m)—/@l 0 / o= O/Lpn 1=0 §IZ|>’

|J(n, @)' dsﬁn—l T d@l»
where x(p) and J(n, @) are defined as

1 = Ccos 1,
To = Sin 1 cos Y3,

T3 = sin 1 sin @9 cos 3,

Tp—1 = sin 1 Sin s - - - SN Yy _2 COS P _1,
Ty = SiN @1 sin g - - - sin @, o 8in Y, _1;

J(n, 90) = (Sin 4101)”_2 e (Sin SOTL—S)z sin Pn—2-

Compared with z(p), (z(p) + h)/(Jx(¢) + h|) can be written as () with 6, =
vi,2 < 1 < n—1. This is most clearly understood from a geometric point
of view, since h = (h1,0,...,0). So we make a variable transform that maps
(901, P2y Sonfl) into (91» 827 RS anl) such that

—cosenthi 056, ——S02L____ —inf,
\/142hy cos p1+h? \/142h1 cos o1 +h?
©2 - 92,
Pn—1 - gnfl'
Thus (z(p) + h)/(|x(p) + h|) = 2(0). Tt is easy to see that

sin @1

tanfy = —————.
anv cos 1 + hy
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Then we have

/ 14 h
a, = ((arctan ——F—) dipy = L Cos iy

cos 1 + hq ~ 1+ 2hycospy + h? 1

Note that 0 < 7 <7 and 0 < hy < 1, then 0 < #; < 7. Therefore the right-hand
side of (2.6) is bounded by

142 hq + h2)/?
/ / / 0))[17(n, 0y LE 2O )T g,
61=0 6r—2=0J6, 1= 0 1+ hycospy

6,=0 0n—2=0J0, 1= 0

— - /S 196 do(2),

where in the first inequality we use
1+ 2hi cosr + h?
1+ hycosyr
and 0 < hy < 1. Thus we finish the proof of (2.5). O

L <o

Remark 2.6. By Theorem 2.5, when applying the L!-Dini condition, one may
use its definition in Definition 1.1 or Definition 2.3 depending on the requirement
of the application at hand.

The L},-Dini condition that we introduce in Definition 1.4 is defined by rotation.
It is natural to consider the translation version.

Definition 2.7. Let Q satisfy (1.1), 1 < s < oo and 0 < o < n. We say that
satisfies the L?-Dini condition if

(i) Qe L (s

' @1(9)
(ii) / aE dd < oo, where @; is defined by (2.3).
0

By using a similar method as in the proof of Theorem 2.5, we obtain:

Theorem 2.8. Let s > 1 and 0 < o < n. The L}-Dini conditions defined
respectively in Definition 1.4 and Definition 2.7 are equivalent.

3. Proof of Theorem 1.2

In this section we give the proof of Theorem 1.2.

3.1. Some elementary facts

Lemma 3.1. Let p be a signed measure on R™. Fort > 0, define uy(E) = u(E/t).
Suppose E is a py measurable set. Then

el (E) = [plt(E).
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Proof. Since p is a signed measure on R™, by the Hahn decomposition (see [6]),
there exists a positive set P and a negative set N such that P|JN = R" and
PN =0. If P’ and N’ are another such pair, then PAP’(= NAN’) is null for
the measure pu. Therefore p™(E) = w(E N P) and p~ (E) = —u(E N N). Since
the Hahn decomposition is unique, the pair tP and tN can be seen as the Hahn
decomposition of y;. Then for any u; measurable set F,

| (E) = ()™ (B) + ()™ (B) = me(ENtP) — pe(ENEN)

= w(3E0P) ~u(3EON) = 1l (3 B) = lulu(B). .

Lemma 3.2. Let u be a nonnegative measure defined on R™ and p(R™) = 1.
Suppose p is absolutely continuous with respect to the Lebesgue measure. Then for
any 0 < e < 1, there exists ac, 0 < a. < 00, such that u(B(0,a.)) = €.

Proof. Since p(R™) = 1, there exists M, 0 < M < oo, such that u(B(0, M)) > e.

Set Ac = {r : u(B(0,r)) > €} and denote a. = inf,c4_r. It is easy to see
that a. < M < co. We claim that u(B(0,a.)) = €. In fact, by the definition of
infimum, for any a > 0, there exists a r € A, which satisfies a. < r < ac + a,
such that u(B(0,r)) > . Hence

§(B(0,a2)) > u(B(0,r)) — (B0, )\B(0,a.)) > € — pu(B(0,az + a)\B(0, a.)).

Note that m(B(0, a.+a)\B(0,a:)) — 0 as o — 0. Since p is absolutely continuous
with respect to the Lebesgue measure, p(B(0,a: + a)\B(0,a:)) — 0 as a — 0.
So u(B(0,a.)) > e.

On the other hand, by the definition of a., for any 0 < r < a., we have
u(B(0,r)) < e. Note that

u(B(0,ac)) < u(B(0,7)) + u(B(0,a:)\B(0,7)) <&+ p(B(0,a:)\B(0,7)).

Since pu(B(0,a:)\B(0,7)) — 0 as r — a., then u(B(0,a:)) < e. Therefore the
proof is complete. O

Lemma 3.3. Let 0 < a <n and r=n/(n—«). For a fized A > 0,

(3.1) A’”m({m eR": ||iz|£m)i > /\}) - l/gm 1Q(0)["do (6).

n

Proof. By changing to polar coordinates,

n . 19@)] = ne1
m({x eR"™: |m|n—oc > )\}) = S X{|(0)]/sm—2>A}S dsda(@)

(192(0)1/3)1/ (=) 1
:/ / s" L dsdo(0) = / 1Q(0)|" do(6).
sn—1 Jo n-A sn—1
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Lemma 3.4. Let p be a absolutely continuous signed measure on R™ with respect
to the Lebesgue measure and |p](R™) < oco. Suppose 2 satisfies (1.1), (1.2) and the
L'-Dini condition. For any A\ > 0,

(3.2) Am({a € R [Top(x)| > A}) < C|ul(R"),
where the constant C' only depends on ) and the dimension.

Proof. Since p is a absolutely continuous signed measure on R™ with respect to
the Lebesgue measure and |u|(R™) < oo, by Radon-Nikodym’s theorem (see [6]),
there exists an integrable function f such that du(x) = f(z)dz. Therefore we have

Top(x) = Tof(z).
Now the rest of the proof can be found in the book [7]. By carefully examining

the proof there, the weak (1,1) bound in (3.2) is C(||Q||1 + fol “)IT(S) ds). O

3.2. A key lemma
Now we give a lemma which plays a key role in the proof of Theorem 1.2.

Lemma 3.5. Let p be an absolutely continuous signed measure with respect to the
Lebesgue measure on R™ and |p](R™) < 4+00. Suppose Q satisfies (1.1), (1.2) and
the L'-Dini condition. Define Tq by (1.6). Then for any A > 0,

Jim Am({o € R : [Tom(a)| > AD) = |/l a(R")].

Proof. Without loss of generality, we may assume |u|(R™) = 1. Let ¢ be small
enough such that 0 < § < 1. For any fixed A > 0, choose ¢ such that 0 < & < %6)\.
By Lemma 3.2, there exists an a. with 0 < a. < oo, such that |u|(B(0,a:)) = 1—e¢.
Set e; = a. - t, by Lemma 3.1 we have

ke (B(0,€4)) = |ple(B(0,2¢)) =1 —e.
Let n > &;. For x € B(0,n)° and y € B(0,&;), we can choose the minimal positive
constant 7 which satisfies
1-—7 1 1+7
jz* Tz =yl T fal

(3.3)

Then 7 — 04 as t — 0.
Define dy; (2) = X B(0,e,) (¥)dpe (2) and dpi(x) = Xp(0,¢,)- (2)dpe (z), where xp
is the characteristic function of E. By the linearity of Tq,
Tap; ()| — |Tapi ()| < [Top ()| < |Tap; ()] + [ Topi ()]
For any given A > 0, define
Fl ={z e R": [Tou(z)| > A},
Fy = {z € R" : [Top (x)] > A},
F\={x € R": |Toui(z)| > A}.
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Since Q satisfies the L!-Dini condition, by Lemma 3.4, T, is of weak type (1,1).
Therefore

¢ n
m(Fys50) = m({z € R" : [Topi ()] > 0A}) < = |7 |(R™)

(3.4)

C Ce

= — B 9 < —.

(B0 < &
. 11Since FY popn C Fa 5\ UFY and FY C Fy 5, UF] 4, by (3.4) we have the
ollowing estimate:

Ce Ce

(3.5) st m(Fy (114)5) < m(Fy) < T m(Fy (1_5)5)-

By the choice of € and &, m(Fy ;,4,) and m(F} ;5 ) converge to m(FY) as
t — 04, by (3.5). Tt is easy to see that
m(FY (145y0) — @™ < m(FY (1455 N B0,1)) <m(FY 144),);
where w,, is the Lebesgue measure of the unit ball in R™. We conclude that
m(FY 1, 5,NB(0,1)°) converges to m(FY ; 5,) asn — 04. Similarly, m(F} | 4
NB(0,7)°) converges to m(Fi(lfé)/\) as n — 04.
Now we split Tou; (z) into two parts:

: Qz) . 4 : Qz—y) Uz 1
Topl(z) = lim ——2du; (y)+ lim —_— dpy ().
t( ) e’ =04 |z—y|>e’ |$|n ¢ ) e’ =04 le—y|>e’ ( |1’ — y|n |1’|n ) ¢ )
Using the triangle inequality, we obtain
Q) , 4 Qz—y) Qz)| . 1
dpy (y ’—/ - dl | (y)
’ /xy>€/ |:L'|n ‘ ) |lx—y|>e’ |:L' - y|n |:L'|n ‘
Uz —y) 4
3.6 < ’/ ——— A ()
( ) |z—y|>e’ |.Z‘ - y|n ! ‘
Q(x) Qz—y) Q)| 4
- ’/ au v)| +/ = 2t (y).
|z—y|>e’ |x|n ‘ |lx—y|>e’ |.Z‘ - y|n |l‘|” ‘
Denote
. Q) Qz—y)| . 1
Gy =13z € B(0,n)°: lim — d y) > 20\,
p={z e BOM): Jim T T e ) }
Since
Qz—y) Q@) _ Q2 —y)— Q)| 1 1
‘ —an n _ yln + |Q($)|‘ —an n |’
|z —yl || |z —yl lz =y |a]
we get Gy C Gy,1 N Gy 2, where
, [z —y) = Q=) , 4
Gt = € B(0,n)°: lim d >0Ap,
t,1 {J) ( 77) & 504 o—y|>er |1, — y|n |Mt |(y) }
1 1
Gio:=<qx € B(0,n)°: lim Qz)|| ———— — ——|d|ut >0Ap.
v2i={z € BOW): Jim o N =R ) J
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First consider Gy1. If © € B(0,7)° and y € B(0,&), then |z| > |y| and
1/jx —y|™ < (1 +7)/|=|™ by (3.3). Using Chebyshev’s inequality, Fubini’s theorem
and changing to polar coordinates, we have

m(Gy,1) < m({x € B(0,n)° / |€2(x) *| flzyfx -y dlp|(y) > 1?7_ })
- 1+T/B(0,7)c/n 1Q(x |ac|” Q(z )ldluﬂ(y)d:c
- L )| 2N g d )

Q(6)| do(0) - —dl i1 @)-

_1+7/ /+°°/
- n S”l

By Theorem 2.5, the L'-Dini condition in Definition 2.3 and Definition 1.1 are
equivalent. So in the following we use the L!-Dini condition from Definition 2.3.
Set A(r) = J ©109) 75, Since Q satisfies the L'-Dini condition, we have A(r) — 0
as r — 04. Therefore

m(Gra) < (lj”/ [ g

57 _ar /n/y/”’l ds |t (v)

) [ Gy (s T
<D [ s [ i) < S5 aem

where in the second equality we make the change of variable |y|/r = s.
Estimation of m(Gy 2) is similar to that of m(Gy,1). Again by using Chebyshev’s
inequality, Fubini’s theorem, (3.3) and changing to polar coordinates,

1 1 1
m(Gh, §—/ /Q:c — ———|d|ut|(y) dx
Gz <5z [ 0@ = | e
NEE I
dz dlpyg |(y
<ix Lo 1o WH e

1+T
< &L 01, / / &yl dlu|(v)

(1+ T)n £t 1 (1+7)ne
< —10 R < —rnunti—
< 5w [120]1 [ |(R™) < e

12011,

where in the fourth inequality we use the fact du} = x B(0,e,)dpt¢- Combining these
estimates for G ; and Gy 2, we get

B9 m(G) < mlGr) +m(Gea) < D Aty + LD o
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It is easy to see that
m({z € B(0,n)° NGf : [Tap (v)] > A}Y) < m({Fj \ N B(0,7)})
< m({z € BO,n)" NG5 : [Toul (1) > A}) +m(Gr).
So if x € B(0,7)¢ N G¢, by the definition of G; and (3.6),
()|

|l‘|”

n Q ./L‘ n
L (®™)] — 267 < [Topit ()] < 2O n@ny) 4 261,

- |l‘|”

Therefore we obtain

{z € BO.0)° NG : [Tapl(@)] > (1 - 5)A)

(310 c {ee s ner: Tl > 0 -01)
and

{z € B0,n)° NGy |Tap;(x)| > (1+8)A}
(3.11)

D{x€B( nence: O 1gny S (14 sa) }

||
By the definition of p},
|y (R™)| = [u(R™) — p1e(B(0,€¢)°)].
Note that |p:(B(0,e:)%)| < |ue| (B(0,e:)¢) < g, so we have
[u(R™)] =& < |uy (R™)] < |u(R™)] +e.
Using (3.9), (3.10), (3.11) and Lemma 3.3 with a = 0,

M(FY (146)2) = m({z € B(0,1)° N GF : [Tap ()] > (1 +6)A})

>m({m€B( Dence s 2 <m)||u,}(Rn)|z(1+35)A})

- [

3.12 T

(312) > m({x cR" : |S|23§|n)| I (R™)] > (1 + 35))\}> — " —m(Gy)
120 [p@®R™)]—¢ n (L47) rery  (L+7)ne
R (T W A 5\ A(_)’ oy 1%k

and

m(Flt,(lfé)/\)
< m({z € B(0,7)° NG : |Tapy (x)| > (1= 8)A}) +m(B(0,n)) +m(Gy)

(3.13) < m({x err: MO gy S g 36))\}) +wn "+ m(Gy)

||

N B e L () ﬁ>+w”9”1,

n A
=0 T(1—30)A 3 (n Y
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Here w,, is the volume of the unit ball in R™. Combining the above estimates
(3.12), (3.13) and (3.4), we conclude that

m(FY) > m(F{ (114),) — m(Fy 55)

S n_ (47 ey (L+7)ne Ce
> _ _ A vt _ =
A( ) oAy I

n (1+30a o 3

oA
and
m(Fy) <m(Fy _g) +m(F3 )

1201 [u(R™)] +¢ (1+7) re\  (1+7)ne Ce
< L ST ey U Tne g o 8
ST A —san e TN () + S I+ 5

Let t — 04, then &, — 04 and 7 — 04. So A(%t) — 04. Then we obtain

i Ul |u(R™)]| ce
t >|| _ no__
gt = S e, e T e
and 0 . o

imsupm(Fl) < 120 @I ve O

t—04 n (1-30)A P

Note that ¢ < %6)\. Now let ¢ — 04 first and 6 — 0+ second. Lastly let n — 0.
Then

QU [p@®™)] _ : €21 p(R™)]
o S liminfm(FY) < htrggljpm(Fi) <
which completes the proof. O
3.3. Proof of Theorem 1.2
We write Tou () as
Qx — 1 Q(z ¥
lim (mi?i)d,ut(y) = — lim / ggtiytn)d,u(g)
3.14) Oyl |z -y 04 Jlzmu s [§— Y t
= 5 Ton(7)
B

Then by (3.14),

n. — n. i {
m({z € R™ : [Tou(z)] > A}) = m({x ER": tn|TQu(t)| > A})
=t"m{z e R": [Tou(z)| > Xt"}).
Applying Lemma 3.5, we get
lim Am({z € R" : |[Tou(x)| > A}) = lim M "m({z € R" : [Tou(z)| > Xt"})
A—=04 t—04
H n . _ 1 n
= Jim Am({r € B [Topu(z)] > X}) = = |2 lu(R").

Hence we complete the proof of Theorem 1.2. m
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4. Proof of Theorem 1.5

In this section, we give the proof of Theorem 1.5. The proof is quite similar to
that of Theorem 1.2. So we shall be brief and only indicate necessary modifications
here. We first set up a result for T o which is similar to Lemma 3.5.

Lemma 4.1. Set0 < a <n andr =n/(n— «). Let u be an absolutely continuous
signed measure with respect to the Lebesgue measure on R™ and |p|(R™) < +o0.
Suppose Q) satisfies (1.1), (1.2) and the L!,-Dini condition. Then for any A > 0,

. r n 1 r ny|r
lim XN'm({z € R" : |To,ape(2)] > A}) = —[|Q7 [n(R™)[".

t—04

Proof. The proof is similar to that of Lemma 3.5. Choose the same constants ¢,
e, az and ¢ as we do in the proof of Lemma 3.5. For the constant 7 we choose the
minimal constant such that

1—7 1 1+7

[P T o —yfrme T fafrme

Since Tt o is bounded from L'(R™) to L™/ ("=2):>(R™) (see page 224 in [4]), we
can get an estimate analogous to (3.4). For the estimate similar to m(Gy1), by
Theorem 2.8, we use the equivalent L[ -Dini condition in Definition 2.7. In the
estimates similar to (3.12) and (3.13), we can use Lemma 3.3 with 0 < a < n.
Proceeding the proof as we do in the proof of Lemma 3.5, we may obtain the
result of Lemma 4.1. O

Proof of Theorem 1.5. As we have done in the last part of section 3, we could
establish the following dilation property of Tq o which is similar to (3.14):

1
Toape(x) = o TQ,aN(%)'

By using the above equality and Lemma 4.1, we conclude

lim N'm({z € R : [Tq,opu(x)] > A})

)\*}04,
= lim (M"™%)"m({z € R" : |To,au(z)| > M""})
t—>0+
— 1 T n . €z n—o
_tli%i)‘ m({meR : |Tg7au(t)| > A\t })
s T n 1 T ny\|r
= lim A'm({z € R" : [To,am(z)] > A}) = —[[Q[]; |u(R™)[",
*}04, n
which completes the proof of Theorem 1.5. O
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