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On the parabolic Lipschitz approximation of
parabolic uniform rectifiable sets

Kaj Nystrom and Martin Stromqvist

Abstract. We prove the existence of big pieces of regular parabolic Lip-
schitz graphs for a class of parabolic uniform rectifiable sets satisfying
what we call a synchronized two cube condition. An application to the
fine properties of parabolic measure is given.

1. Introduction and statement of main results

A by now classical result due to G. David and D. Jerison [2] states that if ¥ C R”
is a closed set which is Ahlfors—David regular with respect to the restriction of the
(n — 1)-dimensional Hausdorff measure to 3, o, and if ¥ satisfies what they call a
two disc condition, then ¥ contains big pieces of Lipschitz graphs in a sense which
has to be made precise, see [2]. This result has many applications and implications
and we here briefly discuss two. First, if © is one component of R™ \ X, and if,
in addition, €2 is an NTA-domain in the sense of [11], then the harmonic measure
on 0N is in the Muckenhoupt class A, with respect to 0. Second, combining [2]
with the monumental work of G. David and S. Semmes [4], see also [3], one can,
if X is as above, conclude the equivalences between the statements

(i) X is uniformly rectifiable,
(1.1) (ii) X is good for (elliptic) singular integrals,

(iii) X has a Corona decomposition.

We refer to [4] for definitions and precise statements of (1.1) and it is fair to say
that [4] remains a source of continuous inspiration for anyone interested in the
analysis of and on uniformly rectifiable sets.

This paper is the first in a sequence of two papers, motivated by applications
to the analysis of parabolic partial differential equations on domains not locally
given by graphs, devoted to parabolic versions of the above results. In this paper
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we prove that if ¥ C R is a closed set which is Ahlfors-David regular in the
parabolic sense, see Definition 1.1, and if ¥ satisfies what we call a synchronized
two cube condition, see Definition 1.9, then ¥ contains big pieces of Lip(1,1/2)
graphs in a sense made precise below. Furthermore, if in addition ¥ is uniformly
rectifiable in the parabolic sense, see Definition 1.3, then we prove that 3 con-
tains big pieces of regular parabolic Lipschitz graphs, graphs which are slightly
more regular compared to Lip(1,1/2) graphs and which have turned out to be
the appropriate graphs from the point of view of parabolic singular integrals and
parabolic measure. Building on our results concerning big pieces we in this paper
also give an implication for parabolic measure, defined in a component of R” \ X.
In the subsequent paper, see [16], the goal is to establish, if ¥ is as above, the
equivalences between the statements

(') X is uniformly rectifiable in the parabolic sense,
(1.2) (ii") X is good for (parabolic) singular integrals,
(iii') 3 has a parabolic Corona decomposition.

In general the theory of parabolic boundary value problems, and the analysis
of and on parabolic uniformly rectifiable sets, is less developed compared to the
elliptic counterparts. The main results in the field are due to Hofmann, Lewis,
Murray, Silver, see [6], [7], [8], [12], [13] and Hofmann, Lewis, Nystrom, see [9], [10].
In particular, in [6], [7], [12], [13], the authors establish the correct notion of (time-
dependent) regular parabolic Lipschitz graphs from the point of view of parabolic
singular integrals and parabolic measure. In [9], [10] the first author, together
with Hofmann and Lewis, introduced the correct notion of parabolic uniformly
rectifiable sets and proved the existence of big pieces of regular parabolic Lipschitz
graphs under the additional assumption that ¥ is Reifenberg flat in the parabolic
sense. Apart from these results the field is essentially open and as such we claim
that this paper and our subsequent paper [16] advance the field substantially. In
general we believe that our results will pave the way for further developments of
boundary and free boundary problems for parabolic partial differential equations
on domains not locally given by graphs. The ambition is to pursue this line of
research in subsequent papers.

1.1. Notation

Points in Euclidean (n + 1)-space R"*! are denoted by (X,t) = (z1,...,%n,t),
where X = (z1,...,2,) € R"™ and ¢ represents the time-coordinate. We will always
assume that n > 1. Welet E, OF, be the closure and boundary of the set £ ¢ R"*1.
(-,-) denotes the standard inner product on R™ and we let |X| = (X, X)'/2 be the
Euclidean norm of X. We let ||(X,t)|| := |X| + [t|'/2. Given (X,t),(Y,s) € R**!
we let d,(X,t,Y,s) = |X — Y|+ |t — s|'/2 and we define d(X,t, E) to equal the
parabolic distance, defined with respect to d, (-, -), from (X, ¢) € R"™! to E. We let

Q-(X,t) = {(Y,s) € R lys — x| <]t —s| < 7“2},

whenever (X, t) € R**1 r > 0, and we call Q,.(X,t) a parabolic cube of size r. We
let dz denote Lebesgue n-measure on R™ and, given an integer k > 1, we let H*
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denote the k-dimensional Hausdorff measure. Given a Borel set E C R™*! we let
o(E) = [, doydt where do; denotes the restriction of the (n — 1)-dimensional
Hausdorff measure to the time slice £ N (R™ x {t}). ¥ C R*"! will denote a
closed set. Below we will, for (X,t) € ¥ and r > 0, use the notation A(X,t,r) =
YN Qr(X,t). The extremal time coordinates of ¥ will be denoted by Ty = inf{t :
3(X,t) € £} and Th = sup{t : 3(X,t) € £}. When we consider a domain €2 defined
as a connected component of R"™\ ¥, T and T; will be defined relative to 9S.

1.2. Regular parabolic graphs

A function 9: R"™1 x R — R is called Lip(1,1/2) , or Lip(1,1/2) regular, with
constant M if

(1.3) [ (a,t) =y, s)| < M(jx—y|+ |t — s['/?)

whenever (z,t) € R", (y,s) € R". We call Q C R*"! a (unbounded) Lip(1,1/2)
graph domain, with constant M, if

(1.4) Q=Q, ={(z,2,,t) ER" X R xRz, >(x,t)}
for some Lip(1,1/2) function ¢ having Lip(1,1/2) constant bounded by M. We
say that ¢ = ¥(z,t): R""! x R — R is a regular parabolic Lip(1,1/2) function
with parameters b; and bs, if ¥ has compact support and satisfies

(1) |1/)(£L' t)i (y, )| <b1|m—y|,x yERnil tER,

(1.5) . .
(i) Di% € BMO®"), [}t < bs < oo.

Here D! 21/)(:16 t) denotes the 1/2 derivative in ¢ of ¥(z, -), « fixed. This half deriva-
tive in tlme can be defined by way of the Fourier transform or by

(1.6) 1/2th /1/) s—t|3/2 )ds

for properly chosen ¢é. || - ||« denotes the norm in parabolic BMO(R"). For a
definition of the space BMO(R") we refer to [9]. It is well known, see [7], that
if ¢ is a regular parabolic Lip(1,1/2) function with parameters by and bo, then
is Lip(1,1/2) regular with constant M = M (b1, bs). However, there are examples
of functions 1 which are Lip(1,1/2) regular but not regular parabolic Lip(1,1/2),
see [13]. We call Q C R"*! a (unbounded) regular parabolic Lip(1,1/2) graph
domain, with constants (b1, b2), if (1.4) holds for some regular parabolic Lip(1,1/2)
function ¢ having constants (by, b).

1.3. Parabolic uniform rectifiability

Definition 1.1. Let ¥ C R"*! be a closed set. We say that ¥ is parabolic
Ahlfors—David regular, parabolic ADR for short, with constant M, M > 1, if

(1.7) M~ < o(A(X,t, 7)) < Mt

whenever 0 < r < diam¥, (X,t) € X, Tp < t < Ty and where diam ¥ is the
(parabolic) diameter of ¥ (which may be infinite).
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Definition 1.2. Assume that ¥ C R"*! is parabolic ADR in the sense of Defini-
tion 1.1. Let

YZ,7,7r) = igf(rfnfl /A(Zmr) (M)zda(ﬁsn 1/27

whenever (Z,7) € ¥, r > 0, and where the infimum is taken with respect to all n
dimensional planes P containing a line parallel to the t axis. Let

(1.8) dv(Z,1,r) = y(Z,1,r)do(Z,T) r~tdr.

We say that v is a Carleson measure on A(Y, s, R) x (0, R) if there exists M < oo
such that

(1.9) V(A(X,t,p) x (0,p)) < M p™t,

whenever (X,t) € ¥ and Q,(X,t) C Qr(Y,s). The least such M in (1.9) is called
the Carleson norm of A(Y, s, R) x (0, R).

Definition 1.3. Assume that ¥ C R™t! is parabolic ADR in the sense of Def-
inition 1.1 with constant M. Let v be defined as in (4.1). Then ¥ is parabolic
uniformly rectifiable, parabolic UR for short, with UR constants (M, M) if

(L10) (= s p WA ) x (0,0)) < L.
(X, t)ex, p>0

1.4. Uniform big pieces

Assume that ¥ C R"*! is parabolic ADR in the sense of Definition 1.1. Let
in the following 7 denote the orthogonal projection onto the plane {(z,z,,t) €
R" ! xR xR :z, =0}. At instances we identify R" with R"~! x {0} x R, and
put

Ir(sz):{(yvs)eRn : |y1721| <T,Z‘:1,...,TL71, |877—| <T2}
for (z,7) € R™, r > 0.

Definition 1.4. We say that ¥ contains uniform big pieces of Lip(1,1/2) graphs
with constants (e, M) if the following hold. Given (X,t) € &, Ty < t < T} and
0 < R < diam3X, there exists, after a possible rotation in the space variable,
a Lip(1,1/2) function ¢ with constant M, and € > 0, such that

(1.11) H™(m(Zy NA(X,t,R))) > e R,
where
(1.12) Yy = {(2,20,t) ER" T X R xR :m,, = ¢(2,1)}.

Definition 1.5. We say that ¥ contains uniform big pieces of regular parabolic
Lip(1,1/2) graphs with constants (e, by, bo) if, whenever (X,t) € ¥, Ty <t < T
and 0 < R < diam X, (1.11) and (1.12) hold with a regular parabolic Lip(1,1/2)
function v, satisfying (1.5) with constants by, ba, and for € > 0.
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Definition 1.6. Let Q C R"*! be a domain, i.e., a connected open set, defined
as a connected component of R"*1\ Y. We then say that 92 satisfies a uniform
interior big pieces of Lip(1,1/2) graphs condition with constants (e, M, C) if the
following hold. Given (X,) € ©, we can find a domain Q and C' > 1 such that
the following holds with d := d(X, t,00).

(i) QcQNQea(X,1).
(ii) After a possible rotation in the space variables we have
Q= {(YYn,8) : (4,8) € Lyp—14(@,0), Py, 8) <yn < &n +d/2},
where (X,f) = (&, #,,1) and for some Lip(1,1/2) function ¢
with constant M.
(i) H™(m(@QNIN) N Iy y(3,1)) > ed™

(1.13)

Definition 1.7. Let Q C R"*! be a domain, i.e., a connected open set, defined
as a connected component of R"*1\ 3. We then say that 9 satisfies a uniform
interior big pieces of regular parabolic Lip(1, 1/2) graphs condition with constants
(€,b1,by,C) if the following hold. Given (X,#) € Q, we can find a domain € such
that (i)—(iii) of Definition 1.6 hold for some regular parabohc Lip(1,1/2) function ¢
with constants (b, bs) and for some constant M = M (by, by).

Remark 1.8. Note that (1.11) implies, as Hausdorff measure does not increase
under projections, that

(1.14) o(Zy NA(X,t, R)) > e R".

1.5. Statement of main results —existence of big pieces

Definition 1.9. Assume that ¥ C R"*! is parabolic ADR in the sense of Def-
inition 1.1 with constant M. Let g > 1 be given. We say that X satisfies a
synchronized two cube condition with constant vy if there exist, for all (X,t) € %,
To <t < T and 0 < r < diam X, two parabolic cubes Q,(X1,%1) and Q,(X2,1t2)
such that Q,(X1,t1) N (R™ x (Tp, Th)) and Q,(X2,t2) N (R™ x (Tp,Ty1)) belong to
different connected components of R"*!\ ¥, with

Yo r<p<r ti=t=ty [(X;t)-Xpt)<r, (X6 - (X, 0)] <

Definition 1.10. Assume that ¥ ¢ R"*! is parabolic ADR in the sense of Def-
inition 1.1 with constant M. Let 79 > 1 be given. Let @ C R"*! be a domain
defined as a connected component of R"*1\ 3. We say that 99 satisfies a syn-
chronized two cube condition with constant -, if there exist, for all (X, t) € 09,
To <t <Tiand 0 < r < diam ¥, two parabolic cubes Q,(X1,t1), Q,(X2,t2), such
that Q,(X1,t1) N (R x (Tp,T1)) C Q, Qp(Xa2,t2) N (R™ x (Ty,T1)) C R"1\ Q,
satisfying

wir<p<rn ti=t=ty, |(X.0)-((Xu0l<r (X0 - (X0 <7
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Remark 1.11. We use the term a synchronized two cube condition to emphasize
that if (X, t) € X, then the t-coordinates of the centers of the cylinders Q,(X1,t1),
Q,(X2,t2) coincide with ¢.

Concerning big pieces, the following two theorems are our main results.

Theorem 1.12. Let ¥ be a closed subset of R" ™1 which is parabolic ADR with
constant M. Assume that X satisfies a synchronized two cube condition with
constant g > 1, in the sense of Definition 1.9. Then X% contains uniform big
pieces of Lip(1,1/2) graphs with constants (e,]\Zf) for some M = M(n,M, ),
and € = €(n, M,~o). Let Q C R™! be a connected component of R"1\ X, As-
sume that OS2 satisfies a synchronized two cube condition with constant vo > 1 in
the sense of Definition 1.10. Then 02 satisfies a uniform interior big pieces of
Lip(1,1/2) graphs conditions with constants (E,M,C) for some € = e(n, M,~p),
M= M(n,M,’yo), and C = C(n, M, ).

Theorem 1.13. Let X be a closed subset of R" ™1 which is parabolic ADR with
constant M. Assume that ¥ satisfies a synchronized two cube condition with con-
stant vo > 1 in the sense of Definition 1.9. Assume in addition that % is UR
with constants (M,M) Then X contains uniform big pieces of regular parabolic
Lip(1,1/2) graphs with constants (e, by,bs) for some by = bl(n,M,M,'yo), by =
bo(n, M, M,~) and € = €(n, M, M,~). Let @ C R™ be a connected component
of RPN\ . Assume that OS2 satisfies a synchronized two cube condition with
constant o > 1 in the sense of Definition 1.10. Then 0} satisfies a uniform in-
terior big pieces of regular parabolic Lip(1,1/2) graphs conditions with constants
(€,b1,b2,C) for some € = e(n, M,~0), by = bl(n,M,M,’yo), by = bz(n,M,M,fyo)
and C = C(n, M, ).

Remark 1.14. Note that Theorem 1.12 is a parabolic version of the main result
in [2]. In Theorem 1 in [9] the conclusion of Theorem 1.13 was established assuming
that ¥ is parabolic ADR with constant M, parabolic UR and, in addition, that X
has the separation property and is -Reifenberg flat for a sufficiently small §. If %
has the separation property and is §-Reifenberg flat, then X satisfies a synchronized
two cube condition. This implication can not be reversed. Hence Theorem 1.13
generalizes Theorem 1 in [9] beyond the hypothesis of ¥ being Reifenberg flat.

Remark 1.15. In [17]-[19], the author claims several of the results that we es-
tablish in this paper and in [16]. However, in [17]-[19] the author, unfortunately,
in general either gives no proofs of his claims or he supplies proofs which have
obvious gaps. Here and in [16] we give complete proofs of our results.

1.6. Proofs and organization of the paper

The proof of Theorem 1.12 is given in Section 2. We prove Theorem 1.12 by adapt-
ing to the parabolic setting the original and quite ingenious argument of G. David
and D. Jerison [2]. In Section 3 we prove Theorem 1.13 and to complete the proof
we can, after some preliminaries, reuse important results from [9]. In Section 4 we



ON PARABOLIC LIPSCHITZ APPROXIMATION 1403

prove further results devoted to connectivity, big pieces and parabolic measure. In
particular, in Theorem 4.3 we prove that connectivity of Q ¢ R?*!, formulated in
terms of a uniform Carleson chain condition, implies the synchronized two cube
condition, and hence the existence of big pieces. In the elliptic setting, see [15],
and [1], [14], this type of results have been proved to be useful. In Theorem 4.7,
assuming the synchronized two cube condition and the Harnack chain property,
see Definition 4.4 below, we formulate a consequence of our main results to the
fine properties of parabolic measure.

2. The proof of Theorem 1.12

We here prove Theorem 1.12. We will only give the proof in the case when diam ¥ =
o0, Ty = —oo and 17 = oo. If Ty or T3 is finite, the proof will be completely
analogous but all sets occurring have to be intersected with R™ x (Tp,T1) and
the notation will be more cumbersome. Let ¥ be a closed subset of R"T! which
is parabolic ADR with constant M. Assume that X satisfies a synchronized two
cube condition with constant v9. We redefine

(2.1) M to equal max{M,~o,4n}.

Based on this we can in the following, without loss of generality, assume that X is
parabolic ADR with constant M and that there exist, for all (X,¢) € ¥ and r > 0,
two parabolic cubes Q,(X1,t1), Q,(X2,12), belonging to different connected com-
ponents of R\ X, with t1 =t = to, [|[(X,t)— (X1, )| <7, [(X,t) — (X, )| <7,
and

(2.2) p=M1r.

Consider (X,t) € ¥ and r > 0. We first note, using (2.2) and as the statements and
conclusions of Theorem 1.12 are invariant under parabolic scalings and Euclidean
translations, that to prove Theorem 1.12 we can without loss of generality assume
that

r=2M and (X,t)=(0,0).

Then, by construction there is a point (Y,0), with ||(Y,0)|| < 2M, and a cube
Q2(Y,0) contained in a component U of R*"*1 \ 3. Furthermore, if we let pg =
(2(14M))~L, then there is a point (Z,0), with ||(Z,0)|| < M po, such that the cube
Q0 (Z,0) is contained in a component of R"™! \ ¥ different from /. Indeed, this
follows if we apply the synchronized two cube condition at (0,0) and on scale M py.
Consider the time-independent hyperplane which passes through (0,0) and which
has (spatial) normal defined by Y. In the following we can assume, after a possible
rotation in the spatial coordinates, if necessary, that any point (X,t) € R*+!
is given as (X,t) = (z,2,,t) € R"! x R x R, and that Y = (0, M), where
2 < M < 2M. We identify the hyperplane with R"~1 x {0} x R, we let m denote
the orthogonal projection onto this plane and we let 7= denote the orthogonal
projection onto the normal to this plane. We let

I(z,7) ={(y,8) e R" : |y; —zi| <r,i=1,...,n—1, |s — 7| <r2},
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whenever (z,7) € R™, r > 0, we set 1Y = I1(0,0) and introduce

(2.3) ™ = {(z,z,,t): (x,t) €I’ x, =M}

By construction IM < ¢, d(I™,%) > 1 and by the choice py = (2(1 + M))~! we
see that

D = 1(Qp(Z,0)) C %10,

and that
(2.4) there exists v > 0, depending only on n and M,
such that
(2.5) o(D) > 2.
Note that any line in the z,-direction connecting D x {z, = —M} with I

has to intersect Q,,(Z,0) and Q2(Y,0), thus it also intersects X. Given a degree
of freedom h > 0 we let

I'=Ty={(X,t) e R""" sz, > hl|(z,1)[]},
i.e., I' is a parabolic cone with aperture defined by h, and we let

S={(X,t)=(z,2,,t) €X: —M < 2, <M and all (V,s) € (X,t)+T
with y; = M belong to IM}.
Let M and M be as above. Below we will construct h subject to
h>3M > M+ M.
Then, by construction we see that if (X,t) = (z,2,,t) € ¥, and if (x,t) € D, then
any (Y,s) € (X,t) + I such that y,, = M, belongs to I*. In particular, D C 7(S)
and thus by (2.5),
(2.6) H (n(S)) > 27.

To prove the first statement in Theorem 1.12 it therefore suffices to prove the
following lemma.

Lemma 2.1. Let v be as in (2.4), (2.5). Then there exists h > 0, depending only
onn and M, such that if we let T' =Ty, and if we define

W= {(z,t) € I°: A(X,t) = (x,2,,t) €S, (X,t) +T)NS ={(X,t)}},

then H™(w(S)\ W) < .
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Indeed, using Lemma 2.1 we conclude that there is a Lip(1,1/2) graph G
with constant h such that W = #n(X N G) satisfies H™(7(S) \ W) < ~, implying
H™"(W) > ~. Thus (X NG N Q2x(0,0)) >+ and the proof of the first statement
in Theorem 1.12 is complete. Note that by this we have inferred the existence of
a Lip(1,1/2) function ¢ such that

GN{(X,t) e G:n(X,t) € I’} = {(x,¥(x,t),1) : (x,t) € I}.
Define 2 to be the set
(2.7) Q={(X,t): (z,t) = n(X,t) € int I°, (x,t) <z, < M},
where int I° is the interior of I°. Then
(2.8) Qca.
The reason for this is that if (X,¢) € S and 7(X,t) € W, then
((X,8)+T) 0 {an < NP\ {(X,0)} C O,

and that ((X,t) +T)N{x, = M} c IM. Furthermore, dQ is Lip(1,1/2) regular
and 0(8@ NoN) > ~.

To prove the second statement in Theorem 1.12, we have to complement the
argument above leading up to (2.7), (2.8). Indeed, consider (X,#) € Q and let
d(X,t,00) = d. We first claim that there exists C' = C(n, M) > 1, and

(2.9) (X, ) € 9 such that ||(X,1) — (X, )| < Cd.

To prove (2.9), we use the synchronized two cube condition. Indeed, let (Z,t) €
9Q be a point that satisfies ||(Z,t) — (X,)|] = d. Then there exist two cubes
Qa(X1,t1) C R\ Q and Qq(Xa,t2) C Q such that t; =t = ¢ and [|(Z,t) —
(X3, t:)|| < Md, i = 1,2. By construction Qq(X1,t1) contains a point (X1,%) that
belongs to R™*1\ Q. Thus the line connecting (X, %) and (X;,7) intersects 9
at a point (X, ). It is easy to see that ||(X,) — (X, )| < (M + /n + 2)d. This
proves (2.9) with C' = M +/n+2. We will now use (2.9) to prove that 9 satisfies
a uniform interior big pieces of Lip(1,1/2) graphs condition in the sense of Defini-
tion 1.6. To start the argument, we note that it follows, as d(X,f, 0Q) = d and
M > 1, that the cube Qc(n)d/M(X,f) is contained in Q if ¢(n) < (y/n+1)"L. Bya
parabolic scaling and an Euclidean translation we can in the following, without
loss of generality, assume that (X,%) = (0,0) and Cd = 2M, where (X,{) and C
are as in (2.9). By this change of coordinates we see that (X, t) and Qc(n)d/M(X, )

are transformed into (}A’,O) and Qgc(n)/c(Y, 0), respectively. From this point the

argument proceeding Lemma 2.1 can be carried out with Qgc(n)/C(Y,O) in place
of Q2(Y,0). Furthermore, we must replace @,, and I° by the corresponding sets
rescaled by the factor ¢(n)/C. Doing this we obtain, after a rotation of the spacial
variables if necessary, and as in (2.7), (2.8), the interior domain

Q={(X,t): (2,t) € int L)/ (0,0), Y(z,t) < zp < M}.
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By translating and scaling back, but not rotating, to the original coordinates we
can conclude that

Q = {(yvynvs) : (y,s) € int Ic(n)d/(2M) (i'vf)’ 1/’(%8) <Yn < i’n}

Since d(X,f, o) = d(0,#,1,00) = d, we may redefine Q as

0= {(yayna 8) : (ya 8) € int Ic(n)d/(QM) (i‘af)a w(ya 8) < Yn < JA)" + d/2}

By construction we have Qcan QQCd(X ,f). This proves that € satisfies a
uniform interior big pieces of Lip(1,1/2) graphs with constants (e,M,C’) where
€ =7, M =2M/c(n) and C = C(n, M). Based on (2.1) we see that in the end all
of these constants depend on n, M and . This completes the proof of the second

statement in Theorem 1.12.

2.1. Proof of Lemma 2.1

For any -
(th) € {(:L',:L’n,t) : (Lt,t) € 1—07 Tn € [7M7M]},

we let L(X,t) be the open line segment in the x,, direction which connects (X, )
to (z, M,t). If (X,t) € 3, then the length of L(X,t) is at least 1 as d(I™M, %) > 1.
Define G to be the closure of the set of all such points (X,t) € ¥ which satisfy
L(X,t)NnX =0, and let

G:=GNnsScy.

Consider (z,t) € I° and define
M(z,t) = Sup{ﬁa(wfl(f) N Q2x(0,0)) : I contains (x,t)}.
Then, by weak estimates for the Hardy—Littlewood maximal function,
(2.10) B:={(z,t) € R": M(x,t) > N} satisfies o(B) < ¢/N,
for some constant ¢ = ¢(n, M) > 1. If N is large then B contains those points

(x,t) which are such that there is a cube I, containing (x,t), onto which a large
set on X is projected. Obviously

(2.11) there exists N > 1, depending only on n, M and ~,
such that
(2.12) H™(B) < /2.

We fix N with respect to (2.12). In particular, both v and N are from now on
fixed constants depending only on n, M.

Having fixed v and IV, there will appear, in the construction to be outlined, four
important constants: Ag, Ay, Az, and Az, with 1 < A; < oo for i € {0,1,2,3}. In
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general all constants appearing will depend at most on n, M, Ay, A1, A, and As.
We will choose the degrees of freedom Ag, A1, Aa, and A3 to depend only on n, M,
~ and N, and hence to depend only on n, M. Furthermore, A; for i € {0,1,2,3},
will be chosen to be of the form 2V for some integer N; > 1.

We let, for A; fixed and as above, A be defined by

(2.13) logy A = [logy(2MA1)] + 1

Then A is a power of 2 such that A > 2MA;. Based on A we define, for j €
{0,1,...},

Y, = {(z,t) € I° : there exist (X,t) € G and (Y, s) € S such that
(X,t) = (z,2,1),(V,8) € (X,t) +T and A7 <y, —x, < AT}

If (z,2,,t) € S, there exists a maximal &, such that (z,&,,t) € S. This follows
since x,, < M if (x,2n,t) € S, IM C U and S is closed. Thus (,2,,t) € G, which
shows that 7(G) = m(S). When (z,t) € m(S) \ W we have ((X,t) +T)NS # 0
whenever (X,t) = (z,2,,t) € S. We conclude that for (X,t) = (x,%,,t) € G,
(X,t)+T)NS # 0, so there exists (Y, s) € S such that (Y,s) € (X,t)+TI. By our
restriction on A we have

m(S)\ W C U; 25

Furthermore, as by construction H"™(B) < v/2, the proof of Lemma 2.1 is reduced
to proving that

(2.14) H™ (U5, 0 (R™\ B)) < /2.

To continue the proof we will need the following lemma, Lemma 2.2, the proof of
which is postponed until subsection 2.2.

Lemma 2.2. Let € > 0 be given. Let Ay be as above and define A as in (2.13).
Then there exist Ao, and Az as above and as in the statement of Lemma 2.6, and
an integer Nog = No(e,A2) > 1, such that if we let Ay = A2 o for some Ny > Np,
and if we restrict h to satisfy h > 2AANgA1 A3, then the following is true. Let j >0
and I C I° be a dyadic cube of size [(I) = A=7. Then the number of dyadic cubes J
of size I(J) = Ay A~ that are contained in I and satisfy J N (3; N (R™\ B)) # 0,

is less than eA{™t.

Let in the following € > 0 be a degree of freedom to be fixed in (2.23) below.
To proceed with the proof of (2.14), given j > 0 we dyadically subdivide I° into
(disjoint) dyadic cubes {.J;;} of size I(J;;) = A7J. Note that there are A+1)J
such cubes. We then apply Lemma 2.2 to each cube J;; and, as a result, for Ag as
in Lemma 2.2 we can produce a set of dyadic cube {J;; 1}, each of size I(J;;x) =
Ayt A7 such Jjp € Jj, and such that J;; N (S;N(R™\B)) # 0. By Lemma 2.2
we have, for each Jj;, that the number of such cubes is at most EA8+1. Using this
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we see that

H™ (U;%; N (R"\ B))

IN

SO TH (Ju0 (350 (R B)))
7 l
ki
DD D H (k)

7 I k=1

(2.15)

IN

Hence, to prove (2.14) it suffices to prove that

ki
(2.16) SN H (i) < /2.
J I k=1

In the following we will, to simplify the notation, simply denote the set of all cubes
{Jj1.k} by {I;r}. Toeach I, we will associate a surface S(I; 1), see Definition 2.3
below, and we intend to estimate the measure of I in terms of the measure of
S(I;x). The surfaces {S(7;x)} will not be uniquely defined, but if j # j/, then we
will have S(I; ) N S(Ij x) = 0 for all k and k', see Lemma 2.4 below. For the
sake of brevity we will in the following denote points (X, t) = (z, z,,t) by boldface
letters, i.e., X := (X,t) = (z,2,,t). To proceed with the construction, consider
I = I;; and choose any X € G and Y € S such that 7(X) € I, Y € X +T
and A~ < y, —x, < A77TL Applying the synchronized two-cube condition
we see that there exists a cube Q C R™*! of size R; = M~'A7'A™7 and with
center U, such that |[U — Y| < A;*A~7 and such that @ belongs to a component
of R"*1\ ¥ different from U. We recall that U is the component that contains 1.
Furthermore, the t-coordinate of U and Y, coincide. Given I we let J = J(I) =
Iy-1p,(7(U)) and § = (XN Q2p:(0,0)) U (I° x {z,, = —A}).

Definition 2.3. Given I = I;; we define S(I) to be the set of all V € S such that
m(V)yeJ=JI) = Iy-1p, (7(U)), vn < u, — R; and such that the line segment
joining V to 7(V) + (0, u,, — R;,0) does not meet X.

Note that 7(S(I)) = J as w(S) D J. Moreover, it is easy to check that J C 21I.
To complete the proof we will need the following lemma, Lemma 2.4, the proof of
which is also postponed until subsection 2.2.

Lemma 2.4. Let € > 0 be given. Let Ay, Az, No, be as in the statement of
Lemma 2.2. Then there exists an integer No > Ny, depending only on n, M, A,

and A3, such that if we let Ag = Aévo, Ay = 2N define A as in (2.13), and if we
restrict h to satisfy h > 2ANgA1 A3, then

SLik) NSy ) =0 for all k and k' whenever j # j'.

We can now use Lemma 2.2 and Lemma 2.4 to complete the proof of (2.16) and
hence the proof of Lemma 2.1. Let K; be the number of cubes J;; that contain at
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least one of the J;; . Then, given e, NO > Np and h as stated in Lemma 2.4, we
see, using Lemma 2.2, that

(217) ZZH jlk) <K EAn+1(2A L J)n+1 K contlg— J(n+1
I k=1

Fix [ and assume that J;; D J,;  for some k. Then for all k € {1,..., k} one has
w(S(Jj1.%)) C 2Jj;. By construction

(2.18) H (m (USRS (J0k)) N2J50) > (2A7 Ry
Hence, summing over [ we see that
D HN LS Usa) N 250 2 Ky QAT Ry
(2.19) = K; (M~IA?)nHt gntt g=i(ntd)

Combining (2.17) and (2.19) we see that

ki

(2.20) SO H (Jjun) < ce (MAD"TY H M (w(URL, S(j.0.k)))

I k=1 l

for all j > 0, where the constant ¢ = ¢(n) comes from the possible overlap between
the sets 2J;,; in (2.19). Next using Lemma 2.4 we know that the S(J;;%) N
S(Jjr1k) = 0 whenever j # j'. Furthermore, by definition,

S(Jiik) €S = (2N Q2m(0,0) U (I° x {z,, = —A}).
This implies that
ZZH“ (UpLy S (k) < H'(w(D) N I0) + H™(m(1° x {wn = —A}))
(2.21) = 2H"(1°).
Together (2.20) and (2.21) imply the bound

(2.22) ZZH Jitk) < Ce (MA2)" 1,

I k=1
where C'= C(n), 1 < C < co. Let now € be defined through the relation
(2.23) Ce (MAD™ =5)2.

Then € = e(n, M, A1,v) = e(n, M,~) = e(n, M) and we see that Lemma 2.1 holds
with h = 2AAgA1 A3 and, by construction, h = h(n, M). In particular, the proof
of Lemma 2.1 is now, modulo Lemma 2.2 and Lemma 2.4, complete.
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2.2. Proof of Lemma 2.2 and Lemma 2.4

Lemma 2.5. Let I C I° be a cube of size [(I). Suppose there exist two line seg-
ments L and L' in different components of R" 1\ S such that (L) € I, m(L') € I
and such that the length of the line segment m+(L) N7t (L') N (=3M/2,3M/2) is
greater than 4" T2M NI(I). Then 21 C B.

Proof. Any line segment orthogonal to z,, that connects L and L’ intersects X,
and by construction there exist 4"*!M N such line segments with mutual dis-
tance greater than 2/(I). Thus there exist 4"*1M N points (X¢,¢*) € 3 such that
7(X4 ) € I and ||7t (X%, ¢)) — 7t (X7, #9)|| > 20(I) for i # j. Hence the cubes
Qi) (X7, t") are disjoint and satisfy 7(Q;r) (X", ¢)) C 21. This gives the estimate

0w (21) N Qo (0,0)) = o (| Qun (X', 1) )
i
> AP MNM ()M > NH™(21).
This completes the proof of the lemma. O

Lemma 2.6. Let h > 1 be given. There exist constants Ay = 2Nz gnd Ay = 208,
where Ny and N3 are positive integers, depending only onn, M and N, such that the
following holds. If I C I° is a dyadic cube of size I(I), Ash=tA=IT1 < (1) < A7,
then there is a dyadic cube J of size Ay *I(I) such that J C BU (R™\ ¥;).

Proof. We first note that it suffices to prove the existence of cube J, as in the
statement of the lemma, but which is not dyadic, as J then contains a dyadic cube
of size 271 A5 '1(I) and we may replace Ay by 2A. Furthermore, we in the following
just establish the existence of As and As. That these constants can be chosen on
the form Ay = 22 and A; = 2N is then obvious. Given I we let K > 4 be a
degree of freedom, which we fix in (2.25) and which only depends on n and M, and
in the following we let Jg, for k > 1, denote the cube which has the same center
as I but which has size 27%1(I). By construction,

IDNh DD -DJpyD---.

Assume that J, N7(G) = 0 for some k € {1,..., K +1}. Then J, C (R™\ X;)
and we can choose J = Jg 41, Ao = 2(K+1), A3 = 1, to complete the proof of the
lemma. Hence we in the following assume that f JyN7(G) # @ forall 1 < k < K+1.
In this case we introduce

A, = sup{z, : X € G and 7(X) € Ji }.

Obviously {\x} is a non-increasing sequence. Assume first that Ay, > A\g11+A77/10
for all k € {2,..., K}. Then there exist K points X* € G such that 7(X*) € Jj
and

[XF - XF|| > |28 — 2% | > A79/10, k#K.
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Using that > is parabolic ADR we see that

K
o(m M) = > 0(Qa-i/20(X")NT)
k=1
(2.24) > KM~ 1A= F D90~ (4D) > =L Ar=19m().
Hence, if we choose
(2.25) K =2cMN,

then I C B by the definition of the set B. In this case we can again choose
J = Jgi1, Ay = 25+ A3 = 1, to complete the proof of the lemma. Next,
assume that A\ < Agr1 + A=7/10 for some k € {2,..., K} and choose X € G
satisfying 7(X) € Jit1, n = Agp1. As X € 3 we can use the synchronized
two-cube condition to conclude that there is a cube @ with size

1(Q) = (10M) ™" 27F (1)

and center Y, having the same t-coordinate as X, such that | X—Y|| < 27/(I)/10
and such that @ belongs to a component V), different from U, of R"*1\ . In this
case we let J C I° be the cube with center m(Y) and size

I(J) = @ MN) Q).

If JNX; = 0, then the conclusion of the lemma holds with this choice of J, with A
defined through the relation

(2.26) Ayt =@t MNY T aoM) T 2K

and with Ag = 1. If JNX; # 0, then there exist U € G, V € S such that 7(U) € J,
VeU+T and A7 <w, —u, < A7+ From the definition of I' we get

I7(U) = (V)| < B (on = un) < hTTATTFE < AFH(D),
provided I(I) > Azh=tA=7F1. Hence, if we choose
(2.27) Az = 100M? 4" N 2K,

then
[7(U) = =(V)[| < i(J])/10.

We claim that 7(V) € Jj. Indeed, recall that m(X) € Jy41 and
(228)  |7(V) = 7a(X)|| < [[7(X) = (V)] + [[7(Y) = x(U)[| + [[7(T) — =(V)]|
where

I7(X) = (V)| < [IX = Y[l = 27*1(Q)/10,
I7(Y) = m(U)|| < (n = 1)21(J) +1(J) < nl(J),
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and
[7(U) = =(V)[| < i(J)/10.

Hence, using this, (2.28) and the definitions of I(Q) and I(.J) we see that
Iw(V) —7(X)] < 52~ ¢+,
Therefore (V) € Ji, as 7(X) € Jg+1. Thus
(2.29) Vn <A < M1 FAT7/10 =z, + A7 /10.
Using this, and that u, <wv, — A7 and ||[Y — X|| < A77/10, we conclude that
Uy <z —9A™I/10 <y, — 8ATI/10.

Furthermore, as U € G there exists a point U’, arbitrarily close to U, such that
the vertical line segment L’ connecting U’ to I belongs to U. Choose U’ such
that ||U — U’|| < 1(J)/10. Then n(U’) € 2J. Let L be the line segment of length
21(Q) which is the intersection between @) and the line parallel to L’ through Y.
By construction L and L’ belong to different components of R**!\ ¥ and the
length of L’ is greater than 1/2 since d(I™,¥) > 1. Moreover,

u;’b < Yn — 8A_j/10 + l(J)/lO < Yn — 7A_j/10 < Yn — l(Q)a

which shows that the length of 7+ (L)N7t(L') is 20(Q). As(Q) > 4" 1M NI(J) >
2" M N (21(J)) we conclude, using Lemma 2.5, that 4J C B. Hence in this case
we can complete the proof by choosing this J, As as in (2.26) and A3 as in (2.27).
In particular, the conclusion holds in all cases with

(2.30) Ay = (4" TP MN)(10M) 25, Az = 100M? 471 N 2K,
This completes the proof of the lemma. O

Proof of Lemma 2.2. Let Ay be the constant from Lemma 2.6. Lemma 2.6 guar-
antees, if Ash~!A=IT1 < [(I) < A7, that at least one of the Agnﬂ) dyadic cubes
of size Ay *A~7 covering I does not intersect ;N (R™\ B). If we apply Lemma 2.6
again to the remaining cubes it follows, if Azh = A=7+1 < AJ(I) < A7, that the
number of dyadic cubes of size A;2A~7 that intersect %; N (R™ \ B) is bounded
by (AZ*' —1)2. Repeating this procedure Ny times, we see, if Agh~tA—7+1 <
Ay Nt (T) < A7, that the number of dyadic cubes of size A; " A~/ that inter-
sect X; N (R™\ B) is bounded by

(Ag-&-l . 1)1\70 _ Aévo(nJrl) (1 . A2—n—1)1\~/0.
Let Ny = Ny(e, A2) be the smallest positive integer such that

(ApTE —1)No < e APt
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Consider Ny > Ny and let Ay = Aé\?‘). Then
(A7 — 1)No < e Al
Furthermore, we see that our choice of h implies that
Ash™tA < Ay Noj2 < Ay NotHL

and hence, as [(I) = A7J, we can ensure that Azh=1A=IF! < A;NOHZ(I) < A,
This completes the proof of the lemma. O

Proof of Lemma 2.4. To prove the lemma we argue by contradiction. Indeed, as-
sume that there exist I = Iy, I’ = Ijs jr, j > j’, such that S(I) N S(I") # 0. Let
Ve S(IHNS(I’). Let X, Y, U and @ be associated to the construction of S(I) and
let X', Y, U" and @’ be associated to the construction of S(I"), see Definition 2.3
and the notation introduced above that definition. We have

[7(X) = 7(V)[| < |[7(X) = 7(Y)|| + |7(Y) = x(V)]|
<hTPATIH 4 Im(Y) = w(V),

and
[7(Y) = 7(V)| <Y = Ul + [7(U) = 7(V)[| < AT'A™ +nA 'R
Thus

[m(X) = (V)| < h P AT p AT AT M AT 2ATY
< (W PAHAT M TIATH AT < 2A7TATY

by our choices for M and h. The distance between 7(X) and 7(U’) can be esti-
mated as

I7(X) = w(U)|| < [m(X) = (V)] + [|7(V) = 7(U")|| < 207 A7 +nAT Ry

By construction, A > 2MA;, which implies that 2A7*A~7 < 2A71A 147" <
AT'R; and that
l7(X) = 7(U)]| < (n+ AT Ry
Hence we can conclude that 7(X) € (n + 1)IA1_1R., (m(U")). As X € G, there is a
J
point W such that [W —X]| < A7'R; and such that the vertical line L connecting
W to I belongs to U. Note that ||7(W) —7(U’)|| < (n+2)A; ' Rj,. We will now

consider the two possibilities z,, < u], — Rj» and &, > ], — R separately, and will
derive a contradiction to the assumption that there exists a point V- € S(I)NS(I’).

Assume first that x, < u], — Rjs, let L’ be the vertical line segment in @’
through U’ of length 2R;,. Then the projections of L and L’ belong to (n +
2)IA1_13M (m(U")). Furthermore, as |W — X|| < Rj: it follows that the length

of the line segment 7+ (L) N7+ (L) is greater than R;. We now want to apply
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Lemma 2.5. Indeed, if Ry > 4"*2MN(n + 2)A7'R; then Lemma 2.5 implies
that (n + 2) IAfle/ (m(U")) C B if we choose Ny, and hence Ay, is large enough.
Furthermore, 7(X) € IN(n+ l)IAfle/ (m(U")), and as the size of I is Ag'A™7, we
have I C (n+ 2)IA;1R/_, (m(U"))) C B if Ny, and hence Ay, is large enough. This
contradicts the assumthion that I meets 3; N (R"\ B).

Assume next that z,, > u), — Rj/. Let

Z =n(V)+ (0,u, — AT'R;,0)

and let L” be the line segment joining V and Z. Then L” does not meet X since
V € S(I), and L” belongs to a component of R"*1 \ 3 other than U since it
intersects (. We have

Zn =y — AR >y — ATTATT — AR >y, — 2071 AT
(2.31) >xp + AT 20 TATT >0, AT )2 > w, + AT /4
Since V € S(I’), we also have
(2.32) vy <ul — Rjr <z

By (2.31) and (2.32), we have z, — vn > A7 /2. Thus the length of L” is at least
A77 /2 and the length of 7+ (L") N7 (L) is at least A=/ /4, again by (2.31). Since
|7(V) — 7(W)| < 3A7'A77, we conclude, using Lemma 2.5, that the cube I'W
of size 3AT] 'A=7 and center m(W) belongs to B if Ny, and hence Aq, is large
enough. If No, and hence A, is large enough we again arrive at the contradiction
IcIWVcB. m

3. The proof of Theorem 1.13

We here prove Theorem 1.13. To prove the first statement in Theorem 1.13 we note
that we can conclude, by the first statement in Theorem 1.12, that there exists,
given (X,t) € X, R > 0, and after a possible rotation in the space variables, a
Lip(1,1/2) function ¢ with constant M = M (n, M), and e = €(n, M), such that if
we let 7 denote the orthogonal projection onto the plane {(z, z,,t) € R*" ! xRxR :
Zn = 0}, then

(3.1) H™(n(F)) > eR"™, F:=%;NA(X,t,R),
where
(3.2) S5 ={(@,zn,t) ER" XRxR: 2, = Pla, 1)}

To prove Theorem 1.13 we need to invoke the Carleson measure condition used in
the very definition of parabolic uniform rectifiability. Let

100R
$(Z,7) = /0 A Z,7.r)r dr, (Z,7) € A(X, 4, R).
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Then, using (1.9) we see that

/ F(2,7)do(Z,7) < |[v] (100R)™,
A(X,t,100R)

where ||v]| is the Carleson norm of v on A(X,¢,800R) x (0,800R). Using this and
weak estimates we see that if A = 10001, then

o ({(Z,7) € A(X,t,100R) : f(Z,7) = A" ||lv||}) < (100R/A)"!

<
< (eR/10)"*1

(3.3)
Using this inequality, (3.1) and the fact that Hausdorff measure does not increase
under a projection, we deduce the existence of a closed set Iy = F;(A) with Fy C F,
such that

(3.4) F(Z7)< A ||, (Z,7) € Ry,
and
(3.5) H™ (n(Fy)) > %R"“.

We will now construct the approximating graph by extending 1[) off 7(F1). To do
this we again identify R™ with R™ x {0}, and put

L(z,7)={(y,s) €R" : |ly; —zi| <ri=1,....,n—1, |s — 7| <r?},

whenever (z,7) € R, r > 0. Let {I; = I, (i;,;)} be a Whitney decomposition of
R™ \ w(F}) into cubes, such that I; N I; = 0,7 # j, and

(3.6) 10710d(1;, 7(Fy)) <7 <1078d(1, w(FY)).
Let {v;} be a partition of unity adapted to {I;}, i.e.,
(@) > vi=1lonR"\x(F),

(b) v;=1on I; and v; = 0 in R™\ Iy, (&;,%;) for all 4,

(3.7) (¢) w; is infinitely differentiable on R™ with

!
+ TZ-_QZ’%%‘ < c(lyn) forl=1,2,....

!
T
Coloat!
In (c), 0'/0x' denotes an arbitrary partial derivative with respect to the space

variable x and of order I. Next for each ¢ we choose (27,t}) € n(Fy) with

pi = d({(x3, 1))}, I;) = d(n(F1), I;),

and we set A = {i : [; N Iap(x,t) # 0}, where (z,t) is the projection of (X,?)
onto R™. We now let

w(yas)’ (y,s) € 7T(F1),
B8 YW) = S (Gt )+ M i) wilyns), () € R\ m(Fy).

iEA



1416 K. NYSTROM AND M. STROMQVIST

Then, v =0 on R™ \ Q4r(X,t), and

(3.9) H (n(Fy)) > %R”“, Fi =S, NA(X,LR),
where
(3.10) Yy = {(z,20,t) ER" T X R xR :m,, = 9(2,1)}.

We intend to prove that the function 1 is a regular parabolic Lip(1,1/2) function
with constants by = by(n, M, M) by = ba(n, M, M) By a standard Whitney
type argument one can use the fact that + is a Lip(1,1/2) function with constant
M = M(n, M), and (3.6)(3.8), to conclude that (1.3) holds with M replaced
by cM. To verify this the more delicate case occurs when (y, s) is in the closure
of two cubes say I;, I; with ¢ € A, j ¢ A. However this case follows easily from the

fact that [¢)| < eMR and |dvy/Oyi|(y,s) < ¢/R for 1 <1 <n—1,k =1i,j. Hence
it only remains to prove that

(3.11) D jot)[l« < by for some by = ba(n, M, M).

The proof of (3.11) consists of two steps. The first step is to prove that the rele-
vant Carleson norm with respect to ¥, can be controlled using the local Carleson
norm, |lv||, defined relative to A(X,t,800R). Let 7y, vy, be as in the statement
Definition 1.2 but with ¥ replaced by ¥ as the underlying closed set. Using this
notation the first step is to prove that

(3.12) loglls < e(M)(L+ v

The second step is to prove that the Lip(1,1/2) character of ¢, and ||y ||+, can be
used to control || D! /2l and that, in particular,

(3.13) 1D} ot < e(M) (1 + |[v])).
To start the proof of (3.12) we note that if (Y, s) € £y N Qio0r(X, 1), then
(3.14) d(Y,s, %) < M2 d(y, s, n(F)).

This inequality is trivial when (Y,s) € F;. Assume (Y)s) = (y,s,’t[;(y,s)) with
(y,s) € I; for some i. If I; N I; # () for some j & A, then cp; > R by (3.6), and
again (3.14) is trivially satisfied as (Y, s) € £y N Quoor(X,t). Hence, assume that
I;NI; =0 for all j ¢ A. Then

d((y, s, (y, s)), (], t, (], 1))

sz—f—‘Z@ z’z (17 'L)+Mpl')vl(ya)SCMp’ia
i'EN

d((Y,s),%)
(3.15)

IA

IN

by the construction and the Lip(1,1/2) character of ¢. The proof of (3.12) now
follows exactly as in the proof of the corresponding statement in display (2.26)
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in [9] but with 6; = 1. In particular, at this stage, having constructed ¢ as
above and having verified (3.14), the corresponding argument in [9] does not use
Reifenberg flatness in any decisive step. We omit further details. Finally, for the
proof of (3.13), assuming (3.12), we refer to p. 368-373 in [9]. This completes our
proof of Theorem 1.13.

4. Connectivity, big pieces, and an application to parabolic
measure

Let ¥ C R"*! be a closed set. Let 7 > 0 be given. In the following we let ¢ R™+!
be a domain, i.e., a connected open set, defined as a connected component of
R\ 3. Assume that 3 C R"*! is parabolic ADR in the sense of Definition 1.1
with constant M.

4.1. Connectivity and big pieces

Definition 4.1. Let ¥ and 2 be as above. Let € € (0, 1) be given. Let (X, t) € 99
and r > 0. We say that Q satisfies a local interior chain condition at (X, t), on scale
r, with constant 7, if the following is true. Suppose (U;, s;) € QNQ.(X,t),i=1,2,
and that d((Uy, s1),08) > r/100, d((Us,s2),0Q) > r/100. Then there exists a
finite family of cubes { Q,,(X;,t;) }}, from (Uy, s1) to (Us, s2), such that

(i) (Ur,s1) € Qr (X1,t1), (Uz,82) € Qr (X, 1),
(i) Qropy (Xig1,tig1) N Qr, (Xiyty) #D for i =1,2,...,1—1,
(i) r; =d(X5,t),00)/2, for i =1,2,...,1,and | < 4.

Definition 4.2. Let ¥ and € be as in Definition 4.1. Let ¥ > 0 be given. Let
E C 99 x (0,00) be the set of all pairs ((X,t),7), (X,t) € 9Q and r > 0, for
which Q does not satisfy a local interior chain condition at (X, t), on scale r, with
constant 7. Let

4.1 dv(Z,m,r) = xe(Z,7,7)do(Z,7)r tdr,
(4.1) X

where x g is the indicator function for the set E. Given (Y, s) € 92, R > 0, we say
that Q@ N QRr(Y, s) satisfies a Carleson chain condition if there exists 4 such that

(4.2) p([02N Qp(X,1)] x (0,p)) < Fp" T,

whenever (X,t) € 0Q and Q,(X,t) C Qr(Y,s). The least such 4 in (4.2) is called
the Carleson norm of [0 N Qr(Y,s)] x (0, R). We write |||+ for the Carleson
norm of 7 when (4.2) holds for all (X,t) € 09, R,p > 0.

Concerning connectivity we prove the following theorem.

Theorem 4.3. Let X be a closed subset of R™"! which is parabolic ADR with con-
stant M. Assume that % is parabolic UR with constants (M, M). Let Q C R"*!
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be a domain defined as a connected component of R"1\ ¥. Assume that
satisfies a uniform Carleson chain condition in the sense of Definition 4.2 and
with constants v and 4. Then 0N) satisfies a uniform interior big pieces of reg-
ular parabolic Lip(1,1/2) graphs conditions with constants (e, by, bz, C) for some
€ = e(n, M,M,%,%), by = bi(n, M, M,%,%), ba = ba(n, M,M,7,%) and C =
C(n7 M7 M?’??’?)'

Proof. To prove Theorem 4.3 we only have to prove that if 2 is as in the statement
of Theorem 4.3, then the additional information that €2 satisfies a uniform Carleson
chain condition, with constants 4 and 4, in the sense of Definition 4.2, implies
that Q) satisfies a synchronized two cube condition in the sense of Definition 1.10.
To start the proof of this we introduce, for (Z,7) € X,r > 0,

d(Y,s, P
(4.3) Yoo (Z,7,7) = inf sup 7( 5 ),

P veeazrny T

where the infimum is taken over all n planes P containing a line parallel to the ¢
axis. Given (Z,7),r as above it follows, see display (2.2) in [9] that

(4.4) Yoo (Z,7,r)" T3 < 16" T3 4(Z,7,2r).
In particular, introducing for € > 0 the set
(4.5) F.={(Z,7,71) € X% (0,R) : voo(Z,T,7) > €},

we see, by elementary estimates, that

oo dT' ~
(4.6) / / 1Feﬁ(Qp(X,t)><(0,p))(Z7 7,7)do g < c(e) Mp”Jrl
0 )

whenever (X,¢) € ¥ and 0 < p < R, and where we consider R large and fixed.
Consider Definition 4.2 with constants 7, 4. Let E. C 9Q x (0, R) be the set of all
pairs ((X,t),r), (X,t) € 00 and 0 < r < R, for which 2 does not satisfy a local
interior chain condition at (X,t), on scale er. Then, by assumption, and by the
scale invariance of the Carleson measure condition,

dr _
(4.7) / / Len@,(x0x ) (2, T,r) do — <7 p" fans

whenever (X,t) €Y and 0< p<R. To proceed, consider (Z,7)€¥ and 0< 9<R.
Let 5, 0 < 8 < 1, be a degree of freedom to be chosen and let Ag(Z,?, o) be the
set of all pairs ((Y,s),p) such that (Y,s) € QQ/Q(Z )N, Bo < p < p/4, and
such that ((Y,s), p) is in the intersection of the complements of the sets F, and FE..

Assume that Az(Z,7,0) is empty. This implies that if (Y,s) € Q,/2(Z,7) N,
Bo < p < o/4, then ((Y,s),p) € F. U E.. Hence

- > dr
(c(e)M +4)" ' > /0 /E1F€uEeﬁ(QQ/2(Z,-T')X(O,Q))(Z’ 7,7)do —

-1 n+1 gﬂlﬁ _—1 n+1
(4.8) 2t [ = lon(1/28)
e



ON PARABOLIC LIPSCHITZ APPROXIMATION 1419

We can conclude that if in this construction we choose 5 = B(n, M, M,e, 7, %) small
enough, then the set A@(Z, 7, 0) is non-empty whenever (Z,7) € Y and 0 < o < R.
Hence, consider ((Y, s),p) € A@(Z, 7,0). Then by construction, and the definition
of the set F,, there exists a time-independent plane P such that

(4.9) d((Y,5),P) < ep whenever (Y,3) € A(Y, s, p).

Let (np,0) denote the normal to the plane P and set (Y1,s1) = (Y 4 10epnp, s),
(Y2, 52) = (Y —10epnp, s). Using (4.9) we see that (Y7, s1), (Y2, s2) € Q1000e(Y, ).
Furthermore, to connect (Y7,s1) and (Y2, s2) by a sequence of cubes as in Defi-
nition 4.2 we see that the number of cubes needed is at least on the magnitude
of log(e™!). However, by construction 2 satisfies a local interior chain condition
at (Y,s), on scale ep, with constant 5. Hence, if (Y7,s1), (Y2, s2) would be in
the same component these two statements would contradict each other. Hence
(Y1, 51), (Y2, s2) must be in different components and we can conclude that € sat-
isfies a synchronized two cube condition for some constant o (n, M, M, 7,%). This
completes the proof of Theorem 4.3. O

4.2. An application to parabolic measure

Let ¥ and € be as above. We are interested in the bounded continuous Dirichlet
problem and the parabolic measure in Q2. To start our outline, we recall the notion
of thermal capacity introduced in [5]. Let K be a closed subset of R"™! and
let M*(K) be the collection of all non-negative Radon measures on R"*! with
support contained in K. We define, following [5], the thermal capacity of K as

Cap(K) = sup{M(Rn+1) = M+(K), P, <1on Rn—i—l})
where

PAX.0)= [ WX Y.t —s)du(Y,s),

Rn+1

and where W is the standard heat kernel on R"!. Let (X,t) € 9 and consider,
for k € Z, the sets

A(X,t,Q_k) — {(Y" 8) c Rn+1 . (47T2—k)—n/2 < W(X _ Y,t _ S) < (27T2_k)_”/2}.
Consider the set 90N A(X,t,27F) and let
ue(E) = o(EN0Q)/(27F20(0Q N A(X,t,27F)),

whenever £ C R"*! is a Borel set. It is then easy to see, using that X is
parabolic ADR, that P,, < con R""! for some ¢ independent of k. Hence,

Cap(dQN A(X,t,27F)) > ¢t 27kn/2,

and using the Wiener criterium in [5] we can conclude that any point (X, t) € 99
is regular for the bounded continuous Dirichlet problem for the heat equation in €.
By analogy, the same also holds for the adjoint heat equation in 2. Using this,
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exhausting 2 by sets of the form Q N Qr(0,0), letting R — oo, and applying
Perron—-Wiener—Brelot type arguments we can conclude that the bounded contin-
uous Dirichlet problems for the heat equation, adjoint heat equation, in €2 always
have unique solutions. Given (X, t) € Q we let w(X, t,-) be the caloric measure, at
(X' ,1) € Q, associated to the heat equation in Q. To proceed we will now assume
that 2 has additional connectivity properties.

Definition 4.4. Let ¥ and 2 be as in Definition 4.1. We say that  has the
Harnack chain property if the following condition is satisfied for some v > 100.
Suppose (Ui, s:) € Q, i = 1,2, with (s3 — s1)/2 > 4~ 1d((Uy, 51), (U2, s2)). Then
there exists a Harnack chain { Q,., (X;,t;) }} from (Ui, s1) to (Uz, s2) such that the
following hold for some c(y) > 1.

(1) (Ulasl) e QT‘l(Xl)tl)) (U2382) E QT[ (Xl)tl)7

(11) QTH_l (Xi-‘rlat’i-‘rl) n QTi (Xiat’i) # 0 for i = 1,2,... 7l -1,

(111) C(’Y)_l d((X’L?tl)? aQ) <r < C(’}/) d((X’Htl)’ aQ), for i = 172, o '717
)
)

(iv) tiz1—ti > c(y) " tr2 fori=1,2,...,1,

(v

Remark 4.5. Note that the connectivity conditions in Definition 4.2 and Defi-
nition 4.4 are different. The condition in Definition 4.2 is a condition concerning
the (local) connectivity of  formulated in terms of a Carleson measure condi-
tion. The condition in Definition 4.4 is constructed in order to be able to use
the Harnack inequality for the heat equation in an efficient way to compare the
values of non-negative solutions respecting the time-lag in the parabolic Harnack
inequality. Definition 4.2 makes no reference to Harnack chains.

d((Us,51),(Uz,52))
I < c(vy)log (2 + min[d((U1,sll),t’ﬁlQ),d?(lfg,sg),aﬂ)])'

Assume in the following that OS2 satisfies a synchronized two cube condition in
the sense of Definition 1.9. For (X,¢), r > 0, and A > 100, we define

(4.10) TH(X, ) = {(Y,8): |V — X[ < Als —t], |s —t| > 5r?, s >t}

Definition 4.6. Let (X,t) € 99, r > 0, and consider (X,7) € QN (X, t,4r).
We say that w(-) = w(X,,-) satisfies the A, condition on dQ N Q,.(X,t), with
constants L and A > 0 if the following is true. dw/do = h exists on 9Q N Q, (X, 1)
and

wy W do < Lo(Qu(X, ) (@ (X, 1)1
A0NQ,(X,7)

whenever (f(,f) € 09, Q2,( X,1) C Q.(X, t).

Theorem 4.7. Let ¥ be a closed subset of R™ ™' which is parabolic ADR with
constant M. Assume that X is parabolic UR with constants (M, M) Let Q c R*T1
be a domain defined as a connected component of R"1\ 3. Assume that Q satisfies
a synchronized two cube condition with constant g in the sense of Definition 1.10.
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Assume that 0 has the Harnack chain property in the sense of Definition 4.4 and
with constant . Let (X,t) € 0, v > 0, A > 100, and consider (X',f) € Qn
(X, t,4r). Then w(X,t,-) is a doubling measure in the sense that there exists a
constant ¢ = c¢(n, M,~o,7, A) such that

(4.12) w(X,1,00N Q2 (X, 1)) < cw(X,1,00NQ,(X,1)),

whenever (X,1) € 0N, Qp(f(,f) C Qa2-(X,t). Furthermore, w(X,f,~) satisfies
the Ao condition on 0Q N Q. (X,t) in the sense of Definition 4.6 with constants
L=L(n,M,M,~o,7v,A) and X(n, M, M,~o,~,A) > 0.

Proof. If Q) satisfies a synchronized two cube condition in the sense of Defini-
tion 1.10, and if €2 has the Harnack chain property in the sense of Definition 4.4
with constant v, then € is a parabolic NTA-domain in the sense of [12] and [10].
Therefore, we see that (4.12) follows from [12] and [10]. To prove the statement
that w(X,7,-) satisfies the A, condition on QN Q,(X,t) in the sense of Def-
inition 4.6, we first observe that the assumptions stated in the theorem imply,
see Theorem 1.13, that Q contains uniform interior big pieces of regular parabolic
Lip(1,1/2) graphs. Using this, and that €2 is a parabolic NTA-domain, we can fol-
low the proof of Theorem 1 in [10] essentially verbatim to conclude that w(X,#, )
satisfies the Ao, condition on 0Q2NQ, (X, ). At this stage in [9], having established
uniform interior big pieces of regular parabolic Lip(1,1/2) graphs, the assumption
concerning Reifenberg flatness imposed in [9] is only used to ensure that 2 is a
parabolic NTA-domain, something we in our setting already have concluded. We
therefore omit further details of the proof and simply refer to the proof of Theo-
rem 1 in [10]. O

Acknowledgement. The authors thank an anonymous referee for a careful read-
ing of the paper and for valuable suggestions.

References

[1] BENNEWITZ, B. AND LEWIS, J. L.: On weak reverse Holder inequalities for nondou-
bling harmonic measures. Complex Var. Theory Appl. 49 (2004), no. 7-9, 571-582.

[2] DaviD, G. AND JERISON, D.: Lipschitz approximation to hypersurfaces, harmonic
measure, and singular integrals. Indiana Univ. Math. J. 39 (1990), no. 3, 831-845.

[3] DavID, G. AND SEMMES, S.: Singular integrals and rectifiable sets in R™: Beyond
Lipschitz graphs. Astérisque 193 (1991), 152 pp.

[4] Davip, G. AND SEMMES, S.: Analysis of and on uniformly rectifiable sets. Mathe-
matical Surveys and Monographs 38, American Mathematical Society, Providence,
RI, 1993.

[5] Evans, L. C. AND GARIEPY, R.F.: Wiener’s criterion for the heat equation. Arch.
Rational Mech. Anal. 78 (1982), no. 4, 293-314.

[6] HOFMANN, S: Parabolic singular integrals of Calderén type, rough operators, and
caloric layer potentials. Duke Math. J. 90 (1997), no. 2, 209-259.



1422 K. NYSTROM AND M. STROMQVIST

[7]

HOFMANN, S. AND LEwis, J.: L? solvability and representation by caloric layer
potentials in time-varying domains. Ann. of Math. (2) 144 (1996), no. 2, 349-420.

HorMANN, S. AND LEWIS, J.: The Dirichlet problem for parabolic operators with
singular drift terms. Mem. Amer. Math. Soc. 151 (2001), no. 719, viii+113 pp.
HorMANN, S., LEwIs, J. AND NYSTROM, K.: Existence of big pieces of graphs for
parabolic problems. Ann. Acad. Sci. Fenn. Math. 28 (2003), no. 2, 355-384.
HorFMANN, S., LEwis, J. AND NYSTROM, K.: Caloric measure in parabolic flat
domains. Duke Math. J. 122 (2004), no. 2, 281-346.

JERISON, D. AND KENIG, C.: Boundary behavior of harmonic functions in nontan-
gentially accessible domains. Adv. in Math. 46 (1982), no. 1, 80-147.

Lewis, J. L. AND MURRAY, M.: The method of layer potentials for the heat equation
in time-varying domains. Mem. Amer. Math. Soc. 114 (1995), no. 545, viii+157 pp.
LEwis, J. L. AND SILVER, J.: Parabolic measure and the Dirichlet problem for the
heat equation in two dimensions. Indiana Univ. Math. J. 37 (1988), no. 4, 801-839.
LEwis, J.L. AND VOGEL, A.L.: Uniqueness in a free boundary problem. Comm.
Partial Differential Equations 31 (2006), no. 10-12, 1591-1614.

Lewis, J.L. AND VOGEL, A.L.: Symmetry theorems and uniform rectifiability.
Bound. Value Probl. 2007 (2007), article ID 030190, 59 pages.

NYSTROM, K. AND STROMQVIST, M.: Analysis of and on parabolic uniformly recti-
fiable sets satisfying a synchronized two cube condition. In preparation.
RIVERA-NORIEGA, J.: A parabolic version of Corona decompositions. Illinois J.
Math. 53 (2009), no. 2, 533-559.

RIVERA-NORIEGA, J.: Two results over sets with big pieces of parabolic Lipschitz
graphs. Houston J. Math. 36 (2010), no. 2, 619-635.

RIVERA-NORIEGA, J.: Parabolic singular integrals and uniformly rectifiable sets in
the parabolic sense. J. Geom. Anal. 23 (2013), no. 3, 1140-1157.

Received October 2, 2015.

KaJ NYsTROM: Department of Mathematics, Uppsala University, 751 06 Uppsala,
Sweden.

E-mail: kaj.nystrom@math.uu.se

MARTIN STROMQVIST: Department of Mathematics, Uppsala University, 751 06 Upp-
sala, Sweden.

E-mail: martin.stromqvist@math.uu.se


mailto:kaj.nystrom@math.uu.se
mailto:martin.stromqvist@math.uu.se

	Introduction and statement of main results
	Notation
	Regular parabolic graphs
	Parabolic uniform rectifiability
	Uniform big pieces
	Statement of main results –existence of big pieces
	Proofs and organization of the paper

	The proof of Theorem 1.12
	Proof of Lemma 2.1
	Proof of Lemma 2.2 and Lemma 2.4

	The proof of Theorem 1.13
	Connectivity, big pieces, and an application to parabolic measure
	Connectivity and big pieces
	An application to parabolic measure


