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A sharp trilinear inequality related to
Fourier restriction on the circle

Emanuel Carneiro, Damiano Foschi,
Diogo Oliveira e Silva and Christoph Thiele

Abstract. In this paper we prove a sharp trilinear inequality which is
motivated by a program to obtain the sharp form of the L?-L% Tomas—
Stein adjoint restriction inequality on the circle. Our method uses intricate
estimates for integrals of sixfold products of Bessel functions developed in
a companion paper. We also establish that constants are local extremizers
of the Tomas—Stein adjoint restriction inequality as well as of another
inequality appearing in the program.

1. Introduction

Let (S!,0) denote the unit circle in the plane equipped with its arc length mea-
sure. We are interested in the sharp version of the endpoint Tomas—Stein adjoint
restriction inequality [32], [31] on the circle:

(1.1) Il follLe®z) < Copt || fllL2(s1),

where the Fourier transform of the measure fo is given by
f;’(l‘) = [ flwe ™¥do,, (z€R?),
St

and C,p denotes the optimal constant,

Copri=  sup  &(f)i ®(f) = Tl o) 174
0#£feL2(Sh)

The existence of global extremizers of ® was recently established by Shao [30]. Our
first result establishes that the constant function 1 is a local extremizer of .
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Theorem 1.1. There exists 6 > 0 such that, whenever || f — 1|21y < 6, we have

(f) < @(1).

It is known that the constant function 1 is a critical point of ®. Indeed,
by rotat/igna/l\ symmetry, f = 1 satisfies the generalized Euler-Lagrange equation
F=X|fo|*fo)V |s: that characterizes critical points, see Proposition 2.1 in [9] for
details. We give the proof of Theorem 1.1 in Section 4.

Our second and main result concerns a trilinear form related to Fourier restric-
tion. To motivate this trilinear form, we start by using Plancherel’s identity and
writing

HfUHGLG(RZ) = (277)2Hf0* fox fO'H%Q(RQ)

— 2m)*(fo) * (fo) * (f0) % (20) * (fo0) * (f.0)(0)
(1.2) — (2n)? / F (1) f(@2) F(@s) f@1) (w5 i (w6) A5,
(st)s

where f,(w) = f(—w) and
dYs = 0(w1 + we + w3 + wy + ws + we) doy, dow, doy,, dow, dow, doy,.

Here 6 stands for the two dimensional Dirac measure. Note that the measure d¥Xz
is supported on the four dimensional manifold I' C (S')% determined by

(1.3) w1 + w2 + w3 +wq +ws +we = 0.

We define the trilinear form:

(1.4) T(hl,hz,hg) = / hl(wl)hg(w'z)hg(w;;) <|W4+W5+w6|2 — 1) dXz.
(st)e

The main result of this paper is the following monotonicity estimate, obtained in

Section 5 via a spectral decomposition and a careful analysis of integrals involving

Bessel functions. By antipodally symmetric function we mean a function h on S*
with h(w) = h(—w).

Theorem 1.2. Let h € L*(S') be a nonnegative and antipodally symmetric func-
tion on the circle. Let c = 5~ Js1 h(w) doy, be the mean value of h. Then

T(h,h,h) < T(c,c,c),
with equality if and only if h is constant.

This bound for the trilinear form T is the penultimate step in a six-step program
that we propose to obtain the sharp form of the Tomas—Stein adjoint restriction
inequality (1.1) and characterize its global extremizers. A similar program was
used in [15] to obtain the sharp endpoint L2-L* Tomas-Stein adjoint restriction
inequality on the sphere S?, and subsequently in [7] to obtain the sharp non-
endpoint L?-L* estimate on the sphere S? for 3 < d < 6. In this paper we complete
all the steps of this program in the case of S!, except for Step 4 which remains
unresolved and that we pose as a conjecture.
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We briefly describe each of these steps, which result in a proof of the conditional
Theorem 1.5 below.

Step 1. Reduction to nonnegative functions. Since |fo * fo x fo| < |f|o *
|flo * | f|o holds pointwise, it follows that

(15) 1o % fo s F0ll gny < 110 1flor# 71| e

Here equality holds if and only if there is a measurable complex-valued function A
on the closed ball B(3) C R? of radius 3 centered at the origin such that

flwr) flwz) f(ws) = h(wr + w2 +w3) |f(w1) flw2) f(w3)|

for o3-a.e. (wy,ws,ws) € (S')3. This can be seen as in the proof of Lemma 8 in [7].
Compare also with [10], [15].

Step 2. Reduction to antipodally symmetric functions. Define the non-
negative, antipodally symmetric rearrangement f; of a function f € L2(S') by

_ JP ISP
Joi=

If fisin L2(S"), then so is its antipodal rearrangement, with I fillz2sty = 1 fllz2est)-
A simple application of the arithmetic/geometric mean inequality, as in Corol-
lary 3.3 of [15], shows that

flw1) f(w2) f(ws) fr(wa) fr(ws) fx(we) dBs

(sH)s

(16) < [, B0 e ien) () 4

Here equality holds if and only if f = f, = f4 (0-a.e. in S'). This follows as in the
proof of Lemma 9 in [7].
From inequalities (1.5) and (1.6) it follows that

Copt = sup o(f)
0#fEL2(SY), f>0, f=f«

We may hence assume that our candidate f € L2(S') to being an extremizer
of (1.1) is also a nonnegative, antipodally symmetric function.

Step 3. Geometric considerations. Suppose that we naively try to follow the

method used in [14] and apply the Cauchy—Schwarz inequality directly to the last
integral in (1.2) (or in (1.6)). We would obtain

1folGee) < (QW)z/ | (wn)P[f (w2) [ f (ws)|* dS
(s1)°

= n? [ PP es) o o+ 0)on + o ) doy dos, dos,
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If the 3-fold convolution product o * o * 0 were a constant function inside its
support, then the last integral would reduce to a constant multiple of || ngz(Sl),
and we would immediately obtain the estimate (1.1). Unfortunately, the quantity
o*o*o(x) diverges logarithmically as 2 approaches the unit circle; the singularity
of o x o x o will be described in Section 2. This singularity can be neutralized if
in the integral (1.6) we insert an appropriate weight which vanishes when the sum
of three unit vectors is again a unit vector. This is made possible thanks to the
geometrical identity illustrated in the next lemma.

Lemma 1.3. If (w1, ws,ws,ws,ws,ws) € I', then

(1.7) Z (Jwi +wj + wyl® — 1) = 16,
(5)
where the sum above runs over all the (g) = 20 different choices of unordered

distinct indices i,j,k € {1,2,3,4,5,6}.
For the proof, one squares (1.3) and expands (1.7) to arrive at the desired

conclusion.
Using this identity, we can write

1follG6(gay

= (on)? o) (2) ) £ ) ) () (o + 5 + e = 1) 455
(g) (SI)G
=@ ] [ S ) flonf (o)) (b + o+ enf? ~1)ds,

since by symmetry all 20 integrals in the first line of the last display have the same
numerical value.

Reduction to a trilinear problem. At this point in the program [15], a similar
weight as (|w4 + ws + we|? — 1) has been introduced, albeit nonnegative. The
program there continues with an application of the Cauchy—Schwarz inequality.
Since our weight is partially negative, we cannot simply apply the Cauchy—Schwarz
inequality. Nevertheless, we pose this inequality as a conjecture.

Conjecture 1.4. Let f € L?(S') be nonnegative and antipodally symmetric. Then

Jlw1) fwa) f(WS)f(W4)f(W5)f(w6)(|w4 + ws + w6|2 — 1) dXz

(st)e

(1.8) < /(81)6 flw1)? f(wa)? f(ws)? (Jws + ws +we|* — 1) dSg.

Numerical simulations suggest that this inequality holds. One reason to believe
so is that the negative portion of the weight is small, and via antipodal symmetry
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the values of the functions on this negative portion have a strong correlation with
the values of the functions on the positive part. However, the antipodal symmetry
does not preserve the support of d¥X5, which makes it difficult to exploit this
correlation.

If on the right-hand side of (1.8) we replace wy + ws + wg by w1 + wa + w3 and
integrate out wy, ws and wg, we obtain an additional weight given by the 3-fold
convolution product (o * o % 0)(Jw; + w2 + w3|). As we have already observed, this
convolution has a logarithmic singularity at |w; + ws + ws| = 1, which disappears
when multiplied by the weight |w; +ws+ws3|?>—1, in analogy to the program of [15].

Step 5. Spectral analysis of a cubic form. The right-hand side of (1.8) invokes
the trilinear form T of our main Theorem 1.2. Thus, using (1.8) and Theorem 1.2
yields for nonnegative, antipodally symmetric functions f:

25 115y

(1,1,1)
4 15,

— 5
[follemey < (27)° ZT(f2>f2>f2) < (2m)
(st)
15119 g2
(1.9) = W"f“Lz(Sl
L2(s1)

This proves the first part of Theorem 1.5 below.

Step 6. Characterizing the complex-valued extremizers. If f € L%(S!) is a
complex-valued extremizer of (1.9), by Theorem 1.2 we must have |f|; = v 1, where
~ > 0 is a constant. By the discussion in Step 2 above we must have |f| =y 1. By
the discussion in Step 1 above there is a measurable function h: B(3) — C such
that

f(w1) f(w2) flws) =7° h(wr + ws + ws)

for o3-a.e. (w1,ws,ws) € (S')3. We now invoke Theorem 4 in [7] (which is originally
inspired in the work of Charalambides [8]) to conclude that there exist ¢ € C\ {0}
and v € C? such that

flw) = e

for o-a.e. w € S'. Since |f| is constant, we must have R(v) = 0 and |c| = 7. This
completes the proof of the following theorem.

Theorem 1.5. Assume the validity of Conjecture 1.4. Then
Copt = (21) V2 ||| Lo(me).-
Moreover, all complex-valued extremizers of (1.1) are given by
f(w) = cet,

where ¢ € C\ {0} and & € R2.
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The endpoint problem for the sphere S? discussed in [15] is simpler than the
above in Steps 4 and 5. In Step 4, one faces the convolution of the surface measure
of the sphere with itself, which has a singularity at the origin, and one can choose
a nonnegative weight vanishing at the origin, so that the corresponding Step 4
follows from a plain application of the Cauchy—Schwarz inequality. In Step 5, the
analogue spectral analysis is over a bilinear rather than trilinear form. One uses
the Funk—Hecke formula and properties of the Gegenbauer polynomials to show
that a certain bilinear term has a sign. This is considerably simpler than the proof
of Theorem 1.2.

As evidence towards Conjecture 1.4, we prove the following local result in Sec-
tion 6. Define

(f)
(110) := /(81)6 (f(wl)f(wz)f(w3)—f(w4)f(w5)f(w6))2 (lwa + ws + wgl* — 1) dZg.

Observe that ¥(1) is identically zero and that Conjecture 1.4 is equivalent to the
fact that W(f) > 0 for f € L?(S!) nonnegative and antipodally symmetric.

Theorem 1.6. There exists 6 > 0 such that, whenever f is real-valued and || f —
1|25ty < 6, we have ¥(f) > 0.

Note that this result holds for all real-valued functions, without assumption of
nonnegativity nor antipodal symmetry.

The study of sharp Fourier restriction inequalities for the sphere S? is quite
recent, with the aforementioned works [7], [10], [15], [30], and the additional [11].
The literature on sharp Fourier restriction inequalities related to the paraboloid
and cone is extensive and we highlight the works [1], [4], [6], [14], [19], [21], [26].
Other interesting works on sharp Strichartz-type estimates and on the existence
of extremizers for other Fourier restriction estimates include [2], [3], [5], [12], [13],
[16], [18], [20], [23], [25], [27], [28], [29].

2. Convolutions of unit circle measures
We start by recalling a particular case of Lemma 5 in [7].

Lemma 2.1. The convolution o * o is supported on the disk of radius 2 centered
at the origin, and for |x| < 2 we have

(ox0)(z) = m

Lemma 2.1 can be combined together with an additional convolution to yield

4do,,
0*(0*0)(:10):/ d =
5, |r— w4 — |z —w|
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where S, = {w € S : |z —w| < 2}. The last integrand can be written as a function
which depends only on the radius r := |z| and on the cosine u := I;:_I cw. We

have that do, = (1 — u?)~/2du and, by applying this change of variables in the
integration, we obtain the following formula.

Lemma 2.2. The convolution o*o*o is supported on the disk of radius 3 centered
at the origin, and for |x| < 3 we have

4 [ du
(2.1) (oxoxo0)(x) = ;/ — — :
A VT—a? O 1 [EOD Ly

where r = |z| and A(r) := =1+ max{0, 3+ r)(r —1)/(2r)}.

The integral (2.1) diverges for » = 1. Suppose € := |r—1| > 0. The contribution
coming from integration over the intervals (A(r), A(r) +¢) and (1 — &%, 1) remains
bounded as e — 0, while the contribution coming from the integration over [A(r)+
g,1 — &?] grows like | loge|. We obtain, as |z| — 1,

< (cx0*0)(x) <c
= |log|lz| —1||

for some absolute constants ¢, C' > 0.
When we multiply the singular convolution (o * o *o)(z) by |z|> — 1 we obtain
a bounded function, but unfortunately it is no longer positive (see Figure 1).

30|

30 20+

10+ 0.5 .0 15 2.0 2.5 3.0
—10

0.5 1.0 15 2.0 25 3.0

FIGURE 1: Plot of the functions r s (o % o * ¢)(r) and 7 — (12 — 1)(0 * o * o) (7).

3. Bessel functions

The main technical part of this paper uses the Bessel functions .J,, and estimates for
integrals of sixfold products of Bessel functions that are proved in the companion
paper [24]. Here we introduce the basic definitions and present the estimates
from [24] in a convenient form for our purposes. We identify R? ~ C, and write a
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vector z € R? as a point in the complex plane x = |z|e’ arg() - For every n € Z,
define

en(z) i= 2" = |z|"em 8@,

Bessel functions can be defined via the Fourier transform of the circular harmonics.

Definition 3.1. Let n € Z and « € R?. Then the Bessel function of order n,
denoted J,,, is defined by

(3-1) end(x) = 2m(—i)" Jn(|z]) |2 " en(2).
Bessel functions come into play via the following calculation. We have

@)t [ i) o) o) i) Sl ft) 45

———— — ——

(3.2) - /R 110 120 Ts0 Ja0 Joo Joo .

Assume that the six functions f;, 1 < j < 6, are spherical harmonics on S*, that is
[j(w) = ey, (w) = w™. Restricted to circles about the origin, the integrand on the
right-hand side of (3.2) is a spherical harmonic of index n := nj + ns + ng + ng +
ns + ng. So unless n = 0, the last display vanishes. If n = 0, then the integrand
is constant on circles about the origin, and integrating in polar coordinates yields
for the last display

o0
= (277)7 / Iy (1) Iy (T)Jng (1) s (T)Jns (T)Jns (r)rdr =: (277)717“,nz,nmm,ns,na-
0

For more general functions on S! we write

(3.3) Fiw) =" Fi(n)ea(w)

neL
and obtain for (3.2):
(3.4) ~ ~ ~ ~ ~ ~
@Y fi(n) fa(n2) f3(ns) fa(na) f5(ns) fo (n6) Iny no,nsna,ns me-

ni+nz+nz+ng+ns+ng=0

Thus we will be interested in a good understanding of the quantities Ip, n,.n3,n4,n5,n6 -
Note that the parity J, = J_, for even n and J, = —J_, for odd n allows us
to restrict attention to these integrals for nonnegative indices. In particular, the
following sequences (defined for n € Z) will come into play:

(3.5) oy = /000 Ji(r) Jé(r)rdr,

(3.6) . /0 T J2(r) J2(r) JE () b,
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as well as the linear combination
(3.7 B = / JE(r) 3 (r) (3J3(r) — J3(r)) rdr.
0

Table 1 shows some of these values, accurate to 5 x 10~7. Computing the values
of o, and a, with Mathematica required some care which is described in the
companion paper [24], Section 8. The values of 3,, were obtained by subtracting
the values on the first column from three times the values on the second column.

Oy Qi Bn
0.3368280 | 0.0673656 | -0.1347312
0.0673656 | 0.0423752 | 0.0597600
0.0369428 | 0.0138533 | 0.0046171
0.0249883 | 0.0088143 | 0.0014546
0.0188523 | 0.0064847 | 0.0006018
0.0151231 | 0.0051433 | 0.0003068
0.0126216 | 0.0042662 | 0.0001770
0.0108283 | 0.0036466 | 0.0001115
0.0094804 | 0.0031850 | 0.0000746
0.0084305 | 0.0028276 | 0.0000523
0.0075896 | 0.0025426 | 0.0000382

500 Nouts W= oS

TABLE 1

The companion paper [24] gives precise estimates for these sequences summa-
rized in the following theorem.

Theorem 3.2 (cf. Theorem 1.1 in [24]). For n > 7 we have

3 3 1
— < .
O gyt 3272(n — 1)n(n + 1)‘ ~ 500n*’
~ 1 3 1
Oy — — ‘ < .
dm2n 3272(n—1)n(n+1) 500n4

We deduce the following estimate for the sequence ,,. Define
3
82

Corollary 3.3. Forn > 2 even and €1 = 0.03, we have

(38) Co =

Co ‘ Co
- — €1——%-

Bn 7’L3 1 77,3

Proof. For n < 10 this follows by direct checking with the values given in Table 1,

the tightest case being n = 2. For n > 12 one takes a linear combination of the

estimates of the previous theorem to obtain

Co ‘ < 1
(n—1)n(n+1)1 = 12504

6n*
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The triangle inequality then yields

Co Co 1 ( 1 1 )Co Co
n— —3| < < (= — < 0.025 —..
Pn n3’ ~n3(n?2—1) T S\t 1500¢q / n3 n3

This proves the corollary. O

Note that the linear combination in the corollary is such that the terms of
order n~! in the asymptotics of a,, and @,, cancel.

We will also need estimates for

(3.9) Vrm = /000 T (7) T (1) T () I3 () 7 dr,

(3.10) Frym = /0 b (1) T (1) T () T2 (1) Jo(r) 7 dr,

and

(3.11) Op,m 1= /0 In (1) T (1) T (1) (3J12(7") — Jg(r)) Jo(r) rdr.

The values on the first two columns of Table 2 were again computed with
Mathematica and have precision 5 x 1078.

Tn,m ﬁn,m 6n,m
0.00090754 | 0.00061039 | 0.00092363
0.00019186 | 0.00012012 | 0.00016850
0.00006958 | 0.00004264 | 0.00005834
0.00002195 | 0.00001272 | 0.00001621
0.00000498 | 0.00000281 | 0.00000345
0.00000160 | 0.00000089 | 0.00000107
0.00000064 | 0.00000035 | 0.00000041

—
= 00 Ok Ok NS
N N N NN S

TABLE 2

The companion paper [24] proves the following result.

Theorem 3.4 (cf. Theorem 1.1 in [24]). For n > 6 even we have

15 1 _ 9 1
i — < . - <
W |z = s e | S 5000t ™2~ Gt (nr2) | = 500n8
and
- 1557 ‘ .3
. A T 1024720 (n + 1)(n + 2)(n + 3)(n + 4) | — 200004’
(ii)
o 855 ‘ .3
A T 024720 (n + 1)(n + 2)(n + 3)(n + 4)| = 200004

For n and m even with n > m > 6 we have

3
3, < s
(iif) mml s nm| < 5a00,7
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Again we obtain a simple corollary for d,, ., where we recall the constant cy
from (3.8).

Corollary 3.5. (i) For n > 2 even and €3 = 0.11 we have

Co

|0n,2] < (1+€2) 20 1 2

(ii) For n > 4 even and 3 = 1.3 we have

2160 < C_()
sn(n+ D(n+2)(n+3)(n+4) = 8t

671,4 -

(iii) For n and m even with n > m > 6 and again v3 = 1.3 we have

co
571 m < o 4°

[nm| < 73 g3
Proof. We begin with inequality (i). For n = 2,4,6 this is verified directly with
Table 2. Again the tightest case is n = 2. For n > 8, from Theorem 3.4 we have

ol € g < o (A .
2= on(n+1)(n+2) | 1250t ~ 2n3/2(n+2)3/2 8 1000 n3/2(n+42)3/2 "

which is less than the desired quantity. Inequalities (ii) and (iii) follow from The-
orem 3.4 via the estimate

3 3
—<13——.
500 — 642
This completes the proof of the corollary. O

4. Proof of Theorem 1.1. Constants are local extremizers of
the extension inequality

In this section we follow the outline of Section 16 in [10] to prove Theorem 1.1.
Note that
(i) ©(f) = ®(\f) for all A > 0;
(i) @(f) < @(|f) < (I f]p);
(i) [I[fls = ez < M= ez < I = lpzesy-
We may therefore restrict attention to functions of the form

f=1+¢g,

where 0 < e <6, g L 1, [|gllz2syy = 1, with g real-valued and antipodally
symmetric. A straightforward calculation gives the Taylor expansion

®(f)° = ®(1)° + (2me)?(|1]|3° (15(go * go * 0 0 % 7 x 7)(0)
(4.1) =3(oxoxoxoxox0)(0)[1]3*[g]3) + O,
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where O(¢?) denotes a quantity whose absolute value is majorized by Ce®, uni-
formly for g satisfying ||g|/z2(s1) < 1. Note that we do not have a term in € since

(goxoc*xoxo*xoxa)(0)=0

due to the discussion after (3.2) and the fact that g L 1, i.e. g(0) =0. From (4.1)
it suffices to show that

5 sup (goxgoxoxoxox*x0)(0) <(cxoxoxoxox0)(0) ||1||272 ||g|\§
llgll2=1

Using (3.4) together with the fact that g is real with mean zero and antipodally
symmetric, and therefore can only have even nonzero Fourier coefficients, this
reduces to'

(4.2) 5 > [amPan< Y 1§00,

ne(22) % ne(2z)*

where we have used the fact that ||9H%2(§1) =27, e (oz) [g(n)|?. Estimate (4.2)
will follow from 5a, < g for all n € (2Z)*. This in turn follows from Theorem 3.2

and Table 1.2 In particular, for n > 10 we conclude from Theorem 3.2 that
< + 5 + L < e
=gy T 3202 (n— Dn(n+ 1) | 5000t = 50°

This completes the proof of Theorem 1.1.

Remark 4.1. By using Theorem 3.2, we appeal to the companion paper [24].
However, this particular consequence (4.2) is a very simple case of the analysis
in [24], and for self containment we sketch a proof of the bound 5a,, < «q for
all n € (2Z)*. One first reduces the estimate to an estimate for integrals over
bounded domains, that is to

100 100
(4.3) 7/ J2(r) J5(r)rdr < / J(r)rdr,
0 0

by establishing bounds for the tails, that is

oo o0 100
25/ J2(r) J§(r) rdr, 200/ J8(r)yrdr < / JS(r)rdr.
100 100 0
To see these tail bounds, one estimates the left-hand sides using the well-known
bounds
2

‘JO(T) ; (E)m o8 (7" - %)’ <r732% and |Jn(r)| <V

IThroughout this paper, we let (2Z)* := 2Z \ {0} and Z* := Z \ {0}. Similarly for (2N)*,
where N:={0,1,2,...}.
2However, it can be shown using integration by parts that 5a1 = ag.
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for all n > 0. A sharper form of the latter inequality can be found in [22], while the
former is reviewed in [24]. The right-hand sides are then evaluated numerically.
Here, we assume to have a sufficiently accurate evaluation of Bessel functions at
hand such as, for example, provided by the Mathematica package. Moreover,
Riemann sums with step size 1000~! will give sufficient accuracy. To see the
estimate (4.3) for the integrals over bounded domains, in case n < 200 one simply
evaluates likewise numerically. To see the estimate for n > 200, one estimates the
left-hand side using |Jo| < 1 and the well-known estimate

n

r
Tnlr) < 2nn!

for all n > 0 and r > 0, reviewed in [24]. This completes the outline of the proof
that 5a,, < ap for n € (2Z)*. As a final remark, note that a more refined analysis
would allow to reduce the numerical component of the proof.

5. Proof of Theorem 1.2. The sharp trilinear inequality

We shall prove Theorem 1.2 for h being a nonnegative and antipodally symmetric
trigonometric polynomial. The result for a general h € L*(S') nonnegative and
antipodally symmetric follows by a standard approximation argument, for example
by convolving with the Féjer kernel, since the map h — T'(h, h,h) is continuous
on L(S'). To pass the case of equality to the limit in the approximation argument,
we observe from the proof below that each nonzero even Fourier coefficient of h
has a strictly negative contribution.

Let h be a nonnegative and antipodally symmetric trigonometric polynomial.
Write
h=c+y,

with ¢ L 1 and ¢ = 5= [;, h(w)do,,. By the assumptions on h, we have that

h(—n) = ?z\(n) for every n € Z, and that h(n) # 0 only if n € 2Z. The analogous
statements hold for g, and moreover g(0) = 0. By linearity and symmetry, one can
immediately check that

T(h,h,h)=T(c,c,c)+3T(c,c,g) +3T(c,9,9) +T(g,9,9)-

The strategy to prove Theorem 1.2 will be to analyze each of these summands
separately. It turns out that the linear term is zero, the bilinear term is nonpositive,
and the trilinear term can be controlled in absolute value by the bilinear term. Once
we establish these facts, which are the subject of the remainder of this section, the
result follows.

5.1. Linear term

Let Rpw denote the rotation of w by the angle 8 counterclockwise around the
origin. Denote Rgg(w) = g(Rpw). Then it is immediate from the definition that
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T(Rof1, Rof2, Rofs) = T(f1, fo, f3) for any functions f1, fo, f3 in L2(S!). For the
linear term of our expansion this means that

T(c,e, f) =T(e,c, Rof).

Hence f + T(c,c, f) is a rotation invariant linear functional on L?(S'), and there-
fore it is a multiple of the averaging operator. Since g has mean zero, we obtain
T(c,c,g) = 0.

5.2. Bilinear term
We expand
(5.1) |W4+W5+w6|2—1:2(1+W4'UJ5+UJ5'w6+w6~UJ4).

Thus the integral (1.4) defining T'(c, g, g) splits into a sum of four terms, the last
three of which are identical by symmetry considerations. We first consider

Ii= / 9(w2)g(ws) dSs.
(st)s

It follows by calculations as the ones leading to (3.4) that

I=(goxgoxoxoxo*o)(0)

e YY) g(n)g(m)/za;;maaaadm
R

nE(2Z) X me(2Z)*

(62) =em2 Y [§n)? / Goeoso5ade =210 Y [§(n)P a,
R2

ne(2Z)* ne(2Z)*

where the sequence {a,} was defined in (3.5).

We now focus on the second integral,
II:= / g(w2) g(ws) (wy - ws) dEg.
(st)e
Observe that, using the algebra of complex numbers, we can write
wy - ws = cos(arg(ws) — arg(ws)) = N(wals) =

= %(el(m)e,l(wg,) +e_1(wa)er(ws)).

(waws + Waws)

|~

By symmetry we obtain

11 = /(Sl)6 g(w2) g(ws) e1(wq) e—1(ws) dXg.
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By a similar calculation as for the first integral we obtain
1= (2@*2/ e s dr
R2

(5.3) Z Z /]R2 €n0 énoeloe_1000dx

ne(2Z)* me(2Z)*

= _(27T) Z |g(n)| a?La

ne(27)%

where the sequence {a,} was defined in (3.6). Finally we obtain

T(c,9,9) =2¢(I+311)==2c(2x)> > [§(n)]* B,
ne(22)x

with {5,} as defined in (3.7). Since the numbers £, are positive by Corollary 3.3,
this establishes that the bilinear term T'(c, g, ¢) is nonpositive.

5.3. Trilinear term

Identity (5.1) allows us to again express T'(g, g, g) as a sum of four integrals, the last
three of which are identical by symmetry considerations. We start by computing
the first one similarly to the previous calculations:

= / 9(w1)g(w)g(ws) s = (27)~2 / 755555555 du
(SI)G RZ

SOy oy a<n>a<m>§<k>/ BT 5T A
R?

nE(2Z)X me(2Z) % ke(2Z) >

Y Y Amgm)gin+m) yam,

ne(2Z)*x me(2Z)*

with {7n,m} as defined in (3.9). For the second integral we obtain similarly
1= [ geor) glen) o) (s w3) A
(s

> G gm)gn + m) Aum,

ne(2Z)% me(2Z)

with {¥,,m} as defined in (3.10). Summarizing, we obtain

T(9.9,9) =2(I+3I1) = =2(27)° > > G(n)g(m)g(n+m)dnm,
ne(2Z)% me(2Z)

with {0y} as defined in (3.11).
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5.4. Bilinear controls trilinear

We want to show that the trilinear term we just computed is controlled in absolute
value by the bilinear term —3T'(c,g,g). Since h > 0, the constant ¢ is given by
(recall that we are using the normalization (3.3) for the Fourier series)

_ 7l

— B(0) = [l
L =h(0) = |IAl

c

Observe that §(n) = h(n) for n # 0. Our task can thus be reformulated as the
following statement:

>

LY AR R m) San| <3 IRle D () B

n,m,n+me(22)* ne(22)*

Letting £k = —m — n, we further simplify the problem by using the symmetries of
the planar lattice ((QZ)X)3 N{n+m+ k= 0}. We have two possibilities: (i) two
numbers positive and one negative or (ii) two numbers negative and one positive.

Since h(n) = E(fn) for every n € Z, the two cases are actually the same, and
so we work with case (i) only. In this case, we consider the instances where k is
negative. By the triangle inequality, it suffices to show that

G4 | S R R R0+ m)m| < Rl Y RS

n,me(2N) % ne(2N)x

Recall that ¢y = 3/872 and define

21eg 1

T T i+ D(n+ 2)(n+3)(n + 4)

and

6n,4 = 671,4 —Mn,4-

For n € {6,8,...} and m € {6,...,n}, define

We break the left-hand side of (5.4) into 6 sums. The first two are the terms for
which min(n, m) = 2, sorted into those for which n < m and those for which n > m.
The next two are the terms for which min(n,m) = 4, in which we have isolated
the main contribution 7, 4. The last two sums are the terms with min(n,m) > 4
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with the residual contribution gmm:

(LHS) < [ >~ h(n)h(2 Yh(n+2)6pa| + > h(n)h(2 Yh(n +2)6na
ne2N: ne2N:
2<n 2<n
Zh h n+4 ) M4 Zh E En+4)77n,4
ne2N: ne2N:
4<n 4<n
Z h h (n+m nm Z h /ﬁ ﬁ(n—i—m) gmm'
n,me2N: n,me2N:
4§m§n 4§m<n

=51+ 852+ 53+ 54+ 55 + Sg.

5.4.1. Analysis of S1. We treat these terms in a special way so as to not have
to estimate h(2) by ||h|/s as in S5 and Sg. Using Corollary 3.5 and the Cauchy—
Schwarz inequality, we proceed as follows:

~

51§|f7(2)|(1+52)%0 3 [h(n)] iZ(n+2)|

n3/2 + 2)3/2
ne(2N)*
- o R\ 2 |h
<h@It+e)Z( Y =50) (X
ne(2N) ne2N:

4<n

Let [1(2)| = = and Zn€(2N | (n)|2/n3 = S. We seek to maximize

e (s )

This maximum occurs when z2 = 45. We also note that
2

(5.5) 5= 506,

where ((s) = Y07, ni is the Riemann zeta-function. At the point of maximum

we then have that
ECE m—Q)}l/z 2577 < YSB) g1z _ (.55) ¢ 5112
3 5 . .
Hence

51 < (1 + 62) Co (0275) cS.

Using Corollary 3.3 we then arrive at

(5.6) S < [w} c Z |ﬁ(n)|2ﬁn

1—
( 51) ne(2N)*
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5.4.2. Analysis of S3. We follow the same outline as above, and now we obtain
a slight improvement due to the restricted summation indices. In fact,

h( En+m| m
Sy < [R(2) Ej 5 < [R(2)|(1 + £2) §
ne2N: n /2 n + 2)3/2 ne2N:
2<n 4<n

Again we let |?z\( 2)| =wand ) (2% [h(n)[2/n3 = 5. We now seek to maximize

2

x
T — m(S’ — g)

The maximum occurs when x = /85/3. Using (5.5), at the point of maximum we
have that

z? 8525  2./((3)

S—— | =4/—F+<< —F"~¢cS§ 0.422)c S.
x( 8) V33 S gy oF < (0422
Using Corollary 3.3, this leads to
1+4+¢e2)(0.211 ~
(57) s < [FRAEE e ¥ P s,
! ne(2N)*
5.4.3. Analysis of S3. First notice that
g 2m0§:| n)| |h(n + 4)| n3/2(n 4 4)3/2
' 5, 7+ D7 nln+ Dt D+ 80+ 4)

4<n
Note that the function

1‘3/2 (J) T 4)3/2
z(z+1)(x +2)(z+3)(x +4)

is decreasing on [4, 00). Therefore

8 5><6><7 _n3/2 n+4)3/2

Ss < [A(4)]

Using the Cauchy—Schwarz inequality, we then obtain that

S5 < [h(4) fco( 3 |h >| )1/2<n;m_m§zi3)|2)l/z-

ne2N:
4<n 6<n

Now let |ﬁ(4)| =z and > neon: |h(£,,)‘2 =T. We want to maximize
4<n

e [ gg)]
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This maximum occurs when z2 = 327. Note also that

[

C

(5.8) <56 -1

At the point of maximum, we then have that

[xQ (T — ﬁ)} V< 47”\%)1 T2,

Hence

@) -1

S3 < co 10

c¢T < ¢ (0.045) T,

and from Corollary 3.3 we arrive at

.04 ~
(5.9) S5 < ((100551)) ¢S [h(n)2 .
%?ﬁ:

5.4.4. Analysis of S4. We follow the same outline as in the analysis of S3 to get

Sy < [h(4)

|\/§CO Z |h(7?|

ne2N:
6<n

h(n)|? ..
LG)] —; o} We now seek to maximize

Again we let |E(4)| =z and ) peon:
4<n

xHx(T—g—z)

The maximum occurs when = = 1/647/3. Using (5.8), at the point of maximum
we have that

2

x 64T 2T 2
T - —> YRl - A1 A Y,

“( 64 3 f 37 8 ¢

Hence
8 2 /¢(3)
Ss < ¢ i—— T<Co(0035) R
20 /33 \/§
and from Corollary 3.3 we arrive at
O 035)
(5.10) Si < ¢ > [hn)[? Ba-
) o

4<n
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5.4.5. Analysis of S5. From Corollary 3.3 and Corollary 3.5, for every positive
even integers m and n satisfying 4 < m < n, we have that

N 3/2,,3/2
(5-11) |6n m| < Co n m < 3
51/251/2 T (1—e1)co ~— 8(1 —e1)n
Using (5.11), it follows that
> > > [0n.ml
S5 < lhlle > [R(n)] By [h(m)| B/ 212
n,me2N: 6” m

4<m<n

Z mE2N: |E( )| 61/2

< sl 3 T /33/2( iZmzn )
( ne2N: n
4<n
1/2 Z472€2<N: |/ﬁ( )|ﬁm
< h - h <m<n >
ooyl 3 o) (o
4<n

This last term can be estimated using the Cauchy—Schwarz inequality yielding

1/2
< il (3 oot

2 o2
(2 )

We now recall a sharp version of Hardy’s inequality for sequences.

Lemma 5.1 (Hardy’s inequality, cf. [17], p. 239). Given any sequence {a,} of
nonnegative real numbers, we have

o0 o0
a1 +az+---+ap\?
Z:l( - n) §4Z:1ai.

Using Hardy’s inequality in (5.12), with a;_1 = |ﬁ(23)| 621;2, for 2 < j <n/2,
yields

(5.13) S5 ”h”oo > [h()PBa.

( ne2N:
4<n

5.4.6. Analysis of Sg. For Sg we have (at least) the same bound (5.13) as for Ss.
This is sufficient for our purposes.
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5.4.7. Conclusion. Putting together the estimates (5.6), (5.7), (5.9), (5.10),
and (5.13) (twice), and recalling ¢ = ||h]|oo, we conclude that

0.08—|—(1+€2)(0.486)+73/4}HEHOO S [m)26n.

(1 a 81) n€2N:
2<n

S1+S9+S53+54+S5+S6 < [

The values of e = 0.03, e = 0.11 and 3 = 1.3 provided by Corollaries 3.3 and 3.5
guarantee that

<0974 < 1.

[0.08 + (1 4 €2)(0.486) + 73 /4
(1 — 51)

This establishes (5.4) and concludes the proof of Theorem 1.2.

6. Proof of Theorem 1.6. A local estimate of Cauchy—Schwarz
type

It is sufficient to show that there exists a universal £g > 0 such that for all g €
L*(S"), with ¢ L 1 and ||g| z2(s1y) = 1, we have ¥(1+eg) > 0 for 0 < & < g. In
order to simplify notation, let us write g; := g(w;). Note that

U(1+eg) = 52/ (91+92+93— 94— 95— g6)* (|w4+w5+w6|2 —1) dSs+0(e?),
(st)s

where the constant implicit in the big O notation is uniform for ¢ satisfying
llgllz2(s1y < 1. Let us investigate the second order term:

S ::/ (91 + 92+ 93 — 94 — g5 — 96)° (Jwa + w5 + we|* — 1) ATz
(st)s
= 6/ g% (|W4+W5+w6|2 - 1) d¥Xs + 12/ g192 (|w4+w5+w6|2 — 1) dXz
(st)s (st)e
—18/ 9194 <|W4+W5+w6|2—1) dXz
(sH)s

= 12/ g% dXz — 12/ g1g2 dXg + 36/ g% (wyq - UJ5) dXz
(S1)6 (s1)6 (S1)6

+ 36/ g192 (UJ4 . W5) dZ@ — 72/ g194 (W4 . UJ5) dE@
(s1)s (sh)e
(6.1) =:124—12B +36C + 36D — T2E.

By (5.2) we have (note that we are not assuming here that g is even)

(6.2) B= ()" Y [gn)* (-1)" a,

nezx
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and similarly to (5.2) we obtain
(6.3) A= (g?cxoxoxox0x0a)0)=(2m)°ag gAQ(O) = (27)° Z |3(n)|* ao.
nezx
By (5.3) it follows that
(6.4) —(27)? Z [g(n " Qi
nezLx

and similarly to (5.3) we obtain
C = (2m)? / P05 ET e 566 dr = —(27)° G g2(0)
(6.5) ——en® 3 i) d.
Finally, expanding the identity
/ 9194 |ws + ws|? dEw:/ 9194 |w1 + w2 + ws + we|* dTg,
(she (she

and using the symmetries to simplify, we arrive at

B 3D
. E=-—_2,
(6.6) 5 5

Combining (6.1), (6.2), (6.3), (6.4), (6.5) and (6.6) we obtain

S=12(A+2B+3C+12D) =12(27)> Y [§(n)|*c,
nezx

where

cn = ap+ 2(=1)"a,, — 3ap — 12(—1)" .
We must verify that ¢, > n > 0 for all n € Z*, with n universal. Since ¢, = c_,,
we can restrict our attention to n > 0. The cases n =1,2,...,6 can be verified by
direct computation using the values on Table 1. For n > 7, we use Theorem 3.2 to

get
3 21

< 0.012
< Tt S Dt D) T 5000t <

6oy, — oy

and hence
cn > (0 — 3d0) — 2[6a, — | > 0.134 — 0.024 > 0.
This completes the proof of Theorem 1.6.

We note that Theorem 1.2 and Theorem 1.6 provide an alternative proof of
Theorem 1.1.

Acknowledgements. The software Mathematica was used to compute the en-
tries of Tables 1 and 2. We are grateful to Jon Bennett, Michael Christ, René
Quilodran, Stefan Steinerberger and Po-Lam Yung for valuable discussions during
the preparation of this work. Finally, we would like to thank HIM (Bonn), IMPA
(Rio de Janeiro) and Universita di Ferrara for supporting research visits.



A SHARP TRILINEAR INEQUALITY ON THE CIRCLE 1485

References

(1]
2]

BENNETT, J., BEZ, N., CARBERY, A. AND HUNDERTMARK, D.: Heat-flow mono-
tonicity of Strichartz norms. Anal. PDE 2 (2009), no. 2, 147-158.

BeNNETT, J., BEz, N., JEAVONS, C. AND PATTAKOS, N.: On sharp bilinear
Strichartz estimates of Ozawa—Tsutsumi type. J. Math. Soc. of Japan 69 (2017),
no. 2, 459-476.

BEz, N. AND JEAVONS, C.: A Sharp Sobolev—Strichartz estimate for the wave equa-
tion. Electron. Res. Announc. Math. Sci. 22 (2015), 46-54.

BEz, N. AND ROGERS, K.: A sharp Strichartz estimate for the wave equation with
data in the energy space. J. Eur. Math. Soc. (JEMS) 15 (2013), no. 3, 805-823.
BuruTt, A.: Maximizers for the Strichartz inequalities for the wave equation. Differ-
ential Integral Equations 23 (2010), no. 11-12, 1035-1072.

CARNEIRO, E.: A sharp inequality for the Strichartz norm. Int. Math. Res. Not.
IMRN (2009), no. 16, 3127-3145.

CARNEIRO, E. AND OLIVEIRA E SILVA, D.: Some sharp restriction inequalities on
the sphere. Int. Math. Res. Not. IMRN (2015), no. 17, 8233-8267.
CHARALAMBIDES, M.: On restricting Cauchy—Pexider functional equations to sub-
manifolds. Aequationes Math. 86 (2013), no. 3, 231-253.

CHRIST, M. AND QUILODRAN, R.: Gaussians rarely extremize adjoint Fourier re-
striction inequalities for paraboloids. Proc. Amer. Math. Soc. 142 (2014), no. 3,
887-896.

CHRIST, M. AND SHAO, S.: Existence of extremals for a Fourier restriction inequal-
ity. Anal. PDE 5 (2012), no. 2, 261-312.

CHRIST, M. AND SHAO, S.: On the extremizers of an adjoint Fourier restriction
inequality. Adv. Math. 230 (2012), no. 3, 957-977.

FANELLI, L., VEGA, L. AND VISCIGLIA, N.: On the existence of maximizers for a
family of restriction theorems. Bull. Lond. Math. Soc. 43 (2011), no. 4, 811-817.
FANELLI, L., VEGA, L. AND ViIscIGLIA, N.: Existence of maximizers for Sobolev—
Strichartz inequalities. Adv. Math. 229 (2012), no. 3, 1912-1923.

FoscHi, D.: Maximizers for the Strichartz inequality. J. Eur. Math. Soc. (JEMS) 9
(2007), no. 4, 739-774.

FoscHi, D.: Global maximizers for the sphere adjoint Fourier restriction inequality.
J. Funct. Anal. 268 (2015), 690-702.

FoscHi, D. AND KLAINERMAN, S.: Bilinear space-time estimates for homogeneous
wave equations. Ann. Sci. Ecole Norm. Sup. (4) 33 (2000), no. 2, 211-274.

HARrRDY, G.H., LITTLEWoOD, J.E. AND POLYA, G.: Inequalities. Reprint of the
1952 edition. Cambridge University Press, Cambridge, 1988.

HUNDERTMARK, D. AND SHAO, S.: Analyticity of extremizers to the Airy—Strichartz
inequality. Bull. Lond. Math. Soc. 44 (2012), no. 2, 336-352.

HUNDERTMARK, D. AND ZHARNITSKY, V.: On sharp Strichartz inequalities in low
dimensions. Int. Math. Res. Not. IMRN (2006), Art. ID 34080, 1-18.

JEAVONS, C.: A sharp bilinear estimate for the Klein-Gordon equation in arbitrary
space-time dimensions. Differential Integral Equations 27 (2014), no. 1-2, 137-156.

KUNzE, M.: On the existence of a maximizer for the Strichartz inequality. Comm.
Math. Phys. 243 (2003), no. 1, 137-162.



1486 E. CARNEIRO, D. FoscHl, D. OLIVEIRA E SILVA AND C. THIELE

[22]
23]
[24]
[25]
[26]
[27]
28]
[29]
[30)

(31]

(32]

LANDAU, L.J.: Bessel functions: monotonicity and bounds. J. London Math.
Soc. (2) 61 (2000), no. 1, 197-215.

OLIVEIRA E SILVA, D.: Extremals for Fourier restriction inequalities: convex arcs.
J. Anal. Math. 124 (2014), 337-385.

OLIVEIRA E SILVA, D. AND THIELE, C.: Estimates for certain integrals of products
of six Bessel functions. Rev. Mat. Iberoam. 33 (2017), no. 4, 1423-1462.

Ozawa, T. AND ROGERS, K.: Sharp Morawetz estimates. J. Anal. Math. 121 (2013),
163-175.

QUILODRAN, R.: On extremizing sequences for the adjoint restriction inequality on
the cone. J. Lond. Math. Soc. (2) 87 (2013), no. 1, 223-246.

Rawmos, J.: A refinement of the Strichartz inequality for the wave equation with
applications. Adv. Math. 230 (2012), no. 2, 649-698.

SHAO, S.: Maximizers for the Strichartz and the Sobolev—Strichartz inequalities for
the Schrédinger equation. Electron. J. Differential Equations (2009), no. 3, 13 pp.
SHAO, S.: The linear profile decomposition for the Airy equation and the existence
of maximizers for the Airy—Strichartz inequality. Anal. PDE 2 (2009), no. 1, 83-117.
SHAO, S.: On existence of extremizers for the Tomas-Stein inequality for S'.
J. Funct. Anal. 270 (2016), 3996-4038.

STEIN, E. M.: Harmonic analysis: real-variable methods, orthogonality, and oscilla-
tory integrals. Princeton Mathematical Series 43, Monographs in Harmonic Analy-
sis III, Princeton University Press, Princeton, NJ, 1993.

ToMAs, P.: A restriction theorem for the Fourier transform. Bull. Amer. Math. Soc.
81 (1975), no. 2, 477-478.

Received November 4, 2015.

EMANUEL CARNEIRO: IMPA, Instituto Nacional de Matematica Pura e Aplicada,
Estrada Dona Castorina 110, Rio de Janeiro, RJ 22460-320, Brazil.
E-mail: carneiro@impa.br

DamiaNO FoscHI: Dipartimento di Matematica e Informatica, Universita di Ferrara,
via Macchiavelli 30, 44121 Ferrara, Italy.
E-mail: damiano.foschi@unife.it

Dioco OLIVEIRA E SiLvA: Hausdorff Center for Mathematics, Universitdt Bonn,
Endenicher Allee 60, 53115 Bonn, Germany.

E-mail: dosilva@math.uni-bonn.de

CHRISTOPH THIELE: Hausdorff Center for Mathematics, Universitat Bonn, En-
denicher Allee 60, 53115 Bonn, Germany.
E-mail: thiele@math.uni-bonn.de


mailto:carneiro@impa.br
mailto:damiano.foschi@unife.it
mailto:dosilva@math.uni-bonn.de
mailto:thiele@math.uni-bonn.de

	Introduction
	Convolutions of unit circle measures
	Bessel functions
	Proof of Theorem 1.1. Constants are local extremizers of the extension inequality 
	Proof of Theorem 1.2. The sharp trilinear inequality
	Linear term
	Bilinear term
	Trilinear term
	Bilinear controls trilinear
	Analysis of S1
	Analysis of S2
	Analysis of S3
	Analysis of S4
	Analysis of S5
	Analysis of S6
	Conclusion


	Proof of Theorem 1.6. A local estimate of Cauchy–Schwarz type

