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Highly rotating fluids
with vertical stratification for periodic data
and vanishing vertical viscosity

Stefano Scrobogna

Abstract. We prove that the three-dimensional, periodic primitive equa-
tions with zero vertical diffusivity are globally well posed if the Rossby
and Froude number are sufficiently small. The initial data is considered
to be of zero horizontal average and the space domain may be resonant.
No smallness assumption is assumed on the initial data.

1. Introduction

The primitive equations describe the hydro-dynamical flow in a large scale (of order
of hundreds or thousands of kilometers) on the Earth, typically the ocean or the
atmosphere, under the assumption that the vertical motion is much smaller than
the horizontal one and that the fluid layer depth is small compared to the radius
of the Earth. Concerning the difference between horizontal and vertical scale, it is
observed that for geophysical fluids the vertical component of the diffusion term
(viscosity or thermal diffusivity in the case of primitive equations) is much smaller
than the horizontal components.

In the case of rotating fluids between two planes (see [27] for the first work in
which the initial data is well prepared, in the sense that it is a two-dimensional
vector field and [34] and [17] for the generic case), the viscosity assumes the form

(—vpAp —eB03), with A, =07 + 03,

whence such geophysical motivation justifies the study of anisotropic (i.e., non-
spherically symmetric) viscosities.
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The primitive system consists in the following equations:

Opvbe + v - Vobe — v Apole — v, 0301 — %02*6 = féalfba -+ f1,
Qv*e + 07 - Vo2 — v Apv®© — 1, 030%° + 2o = —19,0. + fo,
Qe + 0% - VB — 1 Apvde — 1, 0302 + A T° = —109;®. + f3
(PE,) € €
/ /52 1,3e —
OTe +v° - VT — vy AT — v,05T° — 5o = fu,
dive® =0,

(v°,T%)|,_y = (v0,T0) = Vo,

in the unknown v° = (v, 0% v3¢), T¢ and ®.. In the following we write V¢ =
(ve,T¢) = (VI V22 V3e V4e) All the functions described depend on a couple
(x,t) € T® x Ry, where T? represents the torus

3 3
T3 — R3/Hai z =[] 10, 27as).
=1 =1

The only assumption which is made on the vertical viscosity is v,, v, > 0,
while the horizontal viscosities vy, v}, are strictly positive constants. The results
obtained will be uniform with respect to the vertical viscosities (v, ) and hence
from now on we can suppose them zero without loss of generality. We refer to [36]
for a result of well-posedness of the Navier—Stokes equation in critical spaces in
the whole space with anisotropic viscosity, and to [37] for the periodic case.

Under the assumption v, = v, = 0 , we can rewrite the system (PE.) in the
more compact form

Ve +0v°-VVE =DV 4 1AVE = 1 (-V_,0) + ,
(PE,) divv® =0,

V€|t=0 = Vo,
where
v A 0 0 0 0 -1 0 0
_ 0 v Ap, 0 0 _ 1 0 0 0
(L1) D= 0 0 AN 0 , A= 0 0 0 F-1
0 0 0 v, Ap 0 0 —Ft! 0

with vy, v, > 0 and V© = (v°,T°).

This system is obtained by combining the effects of the Coriolis force and the
vertical stratification induced by the Boussinesq approximation. We refer to [18],
[38] or [20] for a discussion on the model and its derivations.

In the study of hydrodynamical flows on this scale two important phenomena
have to be taken in consideration: the Earth rotation and the vertical stratification
induced by the gravity. The Coriolis force induces a vertical rigidity on the fluid.
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Namely, in the asymptotic regime, the high rotation tends to stabilize the motion,
which becomes constant in the direction parallel to the rotation axis: the fluid
moves along vertical columns (the so called Taylor-Proudman columns), and the
flow is purely horizontal.

Gravity forces the fluid masses to have a vertical structure: heavier layers lay
under lighter ones. Internal movements of the fluid tend to destroy this structure
and gravity tries to restore it, which gives a horizontal rigidity (to be opposed to
the vertical rigidity induced by the rotation). In order to formally estimate the
importance of this rigidity we also compare the typical time scale of the system
with the Brunt—Vaiséla frequency and introduce the Froude number e . We shall
not give more details in here, we refer to [38], [18], [20].

The primitive equations are obtained with moment, energy and mass conserva-
tion (see [22]). The coefficient € > 0 denotes the Rossby number, which is defined as

_ displacement due to inertial forces

€= .
displacement due to Coriolis force

As the characteristic displacement of a particle in the ocean within a day is very
small compared to the displacement caused by the rotation of the Earth (generally &
is of order 1072 outside persistent currents such as the gulf stream), the Rossby
number is supposed to be very small hence it is reasonable to study the behavior
of the solutions to (PE.) in the limit regime as ¢ — 0.

We denote the Froude number as eF. Assuming that the Brunt—Vaiisala fre-
quency is constant, in the whole space R?, when € — 0, the formal limit of the
system (PE.), when the viscosity is isotropic, is the quasi-geostrophic system

VL
OVae +T'(D) Voe = — ( }g’; ) AN (vl - Vi),
- 3
(QG) div QG = 0,

VQG|t:0 = Vqa,0s
and I'(D) is the pseudo-differential operator given by the formula

|12 (vlgn|* + v/ 2 €3)
[ + F2 €3

(D= F1( al€)).

The differential operator Ar is defined as Ap = 8? + 95 + F202, while its inverse
A;l in L? is the Fourier multiplier

_ _ 1 R
A f=F 1(Wf).

The quantities Vo and  are respectively called the quasi-geostrophic flow and
the potential vorticity. We focus on the latter first. The potential vorticity is
defined as

Q= -0V + nVia — FOsVia,
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and it is related to the quasi-geostrophic flow via the 2D-like Biot—Savart law

—0y
Vaa = ( %1 )AFlﬁ.
—Fos

The vectors ng and vqq represent respectively the first two and three components
of the vector field Vqog. In the present setting, i.e., with periodic data, the limit
system is more involved than the one mentioned above. In this case, as well as in
many problems with singular perturbation, the idea is to decompose the unknown
(in the case of the system (PE,) is V) into two parts V¢ = V5, + V., where V2|
belongs to the kernel of the perturbation PA, where P is the Leray projector in
the first three components which leaves untouched the fourth one, and V. to its
orthogonal complement. In the whole space it can be proved that the oscillating
part, V., tends to zero strongly as ¢ — 0. In the case of periodic data instead
these perturbations interact constructively, as in [4], [6], [24] and [35], whence
the limit system is different from the quasi-geostrophic system mentioned above
(see (S)). We aim to study the behavior of strong solutions of (PE.) in the regime
¢ — 0 in the periodic setting for a large class of tori (see Definition 1.8) which
may as well present resonant effects. In particular we prove that the equation (S)
is globally well posed in some suitable space of low-regularity, hence we prove the

(global) convergence of solutions of (PE;) to solutions of (S).

We recall some results on primitive equations. We refer to J.-L. Lions, R. Temam
and S. Wang ( [31] and [32]) for the asymptotic expansion of the primitive equations
with respect the Rossby number ¢ in a spherical and Cartesian geometry.

J.T. Beale and A.J. Bourgeois in [9] study the primitive equations (without
viscosity, and with a simplified equation for the density) in a domain which is
periodic in the horizontal direction and bounded in the vertical one. By the use
of a change of variables they recover a purely periodic setting, on which they
prove their result. They study as well the quasi-geostrophic system (fist on short
times, then globally) as well as the convergence of primitive equations for regular
(i.e., H?) and well prepared initial data.

In [22], P. Embid and A. Majda present a general formulation for the evolution
of geophysical fluids in the periodic setting and derive the limit equation for the
kernel part of the solution.

Let us now mention some known result of existence and convergence of solutions
for the primitive equations when the spatial domain is R3. In [14], J.-Y. Chemin
proved that the solutions of the primitive equations converge toward those of the
quasi geostrophic system in the case F' = 1 for regular, well prepared data and
under the assumption that | — v/| (the difference between the diffusion and the
thermal diffusivity) is small.

When F # 1, F. Charve proved in [10] and [11], using dispersive Strichartz esti-
mates, that the solutions of the primitive equations (PE.) converge globally toward
a linear correction of the global solutions of the quasi-geostrophic system (QG).

For the inviscid case in the whole space, when F' = 1, we mention the work of D.
Iftimie [29] which proves that the potential vorticity Q propagates H*(R?), s > 5/2,
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data under the hypothesis US. o = 0c(1) in L2(R3). If F # 1, A. Dutrifoy proved
in [21] the same result under much weaker assumptions, i.e., {2y is a vortex patch
and ||U§ | g=rsy = O(e77), v > 0 and small. For the viscid case in the periodic
setting I. Gallagher proves in [24] the global convergence of (PE.) toward (QG)
using a technique introduced by S. Schochet in [39]. Such technique consists in
a smart change of variables which cancels some nonlinear interactions which are
otherwise impossible to control. We mention at last the work of F. Charve and
V.-S. Ngo in [13] for the primitive equation in the whole space for F' # 1 and
anisotropic vanishing (horizontal) viscosity.
We recall that the primitive equations and the rotating fluid system

3
A
(RF:) 8tv+v-Vv—yAv+e . U:_vp’

are intimately connected. In such system the rotation has a stabilizing effect on the
solutions of (RF.), inducing the fluid to have a strictly columnar dynamic. This
was proved at first by E. Grenier in [26] and A. Babin et al. in [4] for the periodic
case and by J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier [16] in R?.
We recall as well the results in [25] in which I. Gallagher and L. Saint-Raymond
proved a weak convergence result for weak solutions for fast rotating fluids in which
the rotation is inhomogeneous and given by %v Ab(zp)es.

1.1. A survey on the notation adopted

All the vector fields that we consider are real, i.e, we consider applications of the
form V: T3 — R* We will often associate to a vector field V' the vector field
v: T? — R3, which is simply the projection on the first three components of V.
Moreover, all the vector fields considered are periodic in all their components x;,i =
1,2, 3, and have zero global average, i.e., foB vda = 0, which is equivalent to assume

that the first Fourier coefficient Vi = 0. We remark that this property is preserved
for the Navier—Stokes equations as well as for the primitive equations (PE.). All
the vector fields considered are divergence-free.

Since the system (PE.) presents a parabolic behavior in the horizontal direc-
tions and an hyperbolic one in the vertical direction we introduce a functional
setting which is adapted to describe such anisotropy of the problem. The non-
homogeneous Sobolev anisotropic spaces are defined as the closure of D(T?) with
respect to the norm

(12) g = 2 = S0 (L l?) (1 + ),
(T3)

n=(np,ns)EL?

where we denoted n; = n;/a;, np, = (n1,7n2), and the Fourier coefficients i, are
given by v = ) U, 2™ In the whole text F denotes the Fourier transform
and FY the Fourier transform in the vertical variable.

We are interested to study the regularity of the product of two distributions
(which is a priori not well defined), in the framework of Sobolev spaces the following
product rule can be proved.
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Lemma 1.1. Let u,v be two distributions with zero average defined on H*(T%)
and HY(T) respectively, with s +t > 0, and s,t < d/2, then

flu - U"Hb’“*d/?('ﬂ‘d) < Cs,t||u||Hs(1rd) HUHHt(Td)-

As in classical isotropic spaces (see [1]), if s > 1/2 the space H* (T}) is a Banach
algebra. Combining this fact with the above lemma we deduce the following result,
which we shall apply all along the paper.

Lemma 1.2. Let u € H** and v € H*>* be distributions with zero horizontal
average, with s1 + s2 > 0, 81,82 <1 and s’ > 1/2. Then u-v € H5 5255 " qnd
the following bound holds true:

- 0ll g seamsor < C lall oy 0] gem

Let us recall as well the definition of the anisotropic Lebesgue spaces. We
denote with L} L7 the space L? (T%; Le (T},)), defined by the norm

4 r/q 1/p
Lp(T2) = </TZ (/ﬂ‘l |f(xh, 23)] dIE3> dxh> .
h v

In a similar way, we define the space LILY. Tt is well known that the order of
integration is important, as it is described in the following lemma.

||f||L§;Lg = ||Hf($h,')”Lq(m)

Lemma 1.3. Let 1 < p < q and let f: X1 X Xo — R be a function belonging
to LP(X1; LY(X2)), where (X1;u1) and (Xo; ua) are measurable spaces. Then f €
L9(X9; LP(X1)), and we have the inequality

[ flpaxsszexny) < I llzecxiinacxa))-
In the anisotropic setting, the Holder inequality becomes
HngLZL‘,f < ”f”Lf;,Lg’ ”gHLi”Lg” ’

where 1/p=1/p'+1/p”" and 1/g=1/¢' +1/4".

1.2. Results

We recall at first a result of local existence and uniqueness of solutions for Navier—
Stokes equations without vertical viscosity and periodic initial conditions.

Theorem 1.4. Let s > 1/2 and Vo € H%*(T?) a divergence-free vector field.
Then there exists a time T > 0 independent of ¢ and a unique solution V< for the
system (PE.) in the space

vee c([0,T); H*®), V,Vee L*([0,T]; H"®).
Moreover, (V¢)cso is uniformly bounded (in €) in the space

VeEe L®Ry; LA(T?), V,VEe€ L*Ry;L*(T?)).
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The existence part of Theorem 1.4 was proved in [16], while the uniqueness (in
the same energy space) was proved in [30].

Remark 1.5. We want to point out that, as it was proved by M. Paicu in [37]
(see Proposition 2.7), the maximal lifespan does not depend on the regularity of
the initial data, as long as Vo € H**, s > 1/2.

Let £(7) be the semigroup generated by PA, where P is the Leray projector
on the divergence-free vector fields on the first three components, which leaves
unchanged the fourth. In particular, the Leray projector in three dimensions is
given by the formula P®) =1 - R®) @ RG), where R®) is the three dimensional

Riesz transform
R _ ( 01 0 03 )
m? \/I? \/I )
while A is the matrix defined in (1.1). In the same way we define the operators
A=+V-A, A, =V-Ay, A, = |05].

Let L(t)Vy be the unique global solution of

Vi +PA VL = 0,
WLlt=0 = Vo.

Let us further define U® = L(—t/e) V. We will denote U® as the sequence of
filtered solutions, we define

= (- )ele(Be-ve( ). (- oe(’)e

€

where D is defined in (1.1), and we consider their limits Q,D in D’ (we shall see
that these limit exists). We can hence formally introduce the limit system

oU+Q(U,U)—DU =0,
(S) divu =0,
U|t=0 - ‘/07

Since the space domain is periodic, resonant effect may play an important role.

Definition 1.6. The resonant set * is the set of frequencies such that

K* = {(k,m,n) € Z°| w(k)+w’(m)=w(n), k+m=n, (a,bc)e{—+}}
={(k,n) € Z° | w(k) +w’(n—k) =w(n), (a,b,c)€{— +}},

where w’/, j = 4, are the eigenvalues of a suitable operator (see Section 3 for

further details). Relatively to the present problem the explicit expression of the
eigenvalues is

, i /|nnl? + F?nj

iwE(n) = VAL e - 3,

F I

We may as well associate a resonant space to a determinate frequency n. In this
case we define

K = {(k,m) € Z° | w' (k) + w’(m) = w'(n), k+m=mn, (a,bc)e{~ +}}.
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Definition 1.7. We say that the torus T® is non-resonant if X* = (.

Tori which are non-resonant are, generally, a better choice since the oscillat-
ing part of the solution satisfies a linear equation (see [24]). Indeed though a
generic torus may as well present resonant effects. For this reason we introduce
the following definition:

Definition 1.8. We say that a torus T? C R? satisfies the condition (P) if either
one or the other of the following conditions is satisfied:

(1) T? is non-resonant.

(2) If T3 is resonant, the Froude number F? is rational, and either

e a%/a? € Q and a3 /a3 is not algebraic of degree smaller or equal than 4;

e a3/a3 € Q and a} /a2 is not algebraic of degree smaller or equal than 4.

Remark 1.9. The above Definition 1.8 is motivated in Section 5.1. The point (2)
ensures that even with resonant effects we can propagate the horizontal average
of the initial data, thing that, generally, is not true for three-dimensional Navier—
Stokes equations.

Although (S) is an hyperbolic system in the vertical variable, we are able to
prove that there exist weak (in the sense of distributions) global solutions. This was
first remarked by M. Paicu in [35], and it is due to the fact that the limit bilinear
form Q has in fact better product rules than the standard bilinear transport form
(see as well Lemma 8.4). The complete statement of the theorem is the following.

Theorem 1.10. Let T? be a 3-dimensional torus in R® and let F # 1. For each
divergence-free vector field Vo € L*(T?) and Qo = —0av§ +01v3 — FOsTy € L*(T?),
there exists a distributional solution of the system

&U + O(U,U) — DU = 0,
(S) divu =0,
Ul,_y = Vo,

in the space D' (Ry x T?), which moreover belongs to the space
Ue Lo IATY), Vil € IRy I3(T%)),

and satisfies the following energy estimate:

¢
[T 2o + 2 | 194U ds < [0l
where the constant ¢ = min{vy, v, } > 0.

We remark that Theorem 1.10 holds for any three-dimensional torus. We do
not require the condition (P) to hold.

A natural question we address to is whether the system (PE.) converges (even

in a weak sense) to the limit system (S) as € — 0. This is the scope of the following
theorem.
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Theorem 1.11. Let the initial data Vo be as in Theorem 1.10. Then, defining the
operator
L(1) = e ™A

and denoting as U the distributional solution of the limit system (S) identified in
Theorem 1.10, the following convergence holds in the sense of distributions:

Ve - ﬁ(g)U =20
Moreover, U weak solution of the limit system (S) can be described as the super-
position of the evolution of U = Uqg + Usse = Vi + Uose, where Vg solves
N Vi —1/h
8tVQG + an(Dh)VQG = — 196 AF (UQG . VhQ),
- 3
divy, ng = divuqg =0,
Vacl,_o = Vac.o,

and Uyse solves

atUosc + Q(VQG) Uosc) + Q(Uosm VQG) + Q(Uosm Uosc) + Qosc (Dh) Uosc = 07
div uese = 0,
Uosc|t:0 = Uosc,O = (‘/O)osc-

The operators aqa and aesc are elliptic in the horizontal variables, in the sense
that there exists a positive constant ¢ > o such that

(aqa (Dn)ulu) s, (aose (Di)ulu)z = ¢|[Vaull7s

and @ is a bilinear form which shares many aspects with the more classical trans-
port form, but has better properties as far as the regularity of the product is
concerned (see Section 8.2 for the product rules and (3.14) for the proper defini-
tion of Q).

Performing some a priori estimates on the limit system (S) we can improve
of the above theorem, at the cost of having well prepared initial data and tori
which satisfy Condition (P). We say that a data Vj is well prepared if it has zero
horizontal mean, i.e., fT% Vo(zp, x3)dzy, = 0. This property is conserved by the
limit system (S) as long as the condition (P) is satisfied (see Lemmas 5.6 and 5.7).
Moreover, we ask as well that the potential vorticity, defined as

(1.3) Qt,z) = —0U(t, ) + O U(t,x) — F 03U (t, x),
belongs to H%*, s > 0 at time t = 0.

Theorem 1.12. Let T? satisfy the condition (P) and consider a divergence-free
vector field Uy € HYS with zero horizontal average. Let Qo € H**, for s > 1 and
F # 1. The global weak solution of (S) is in fact strong, and it belongs to the space
of sub-critical reqularity

Ue L®Ry; H*), V,U e L*(Ry; H).
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Moreover it satisfies, for each t > 0, the energy bound

t
U)o + e / VAU )00 < E(ITo]0.),

where £ is a suitable function which is bounded on compact sets. The solution U
is unique in the space L°(Ry; H*?) N L*(Ry, HY?) for o € [-1/2,5).

Remark 1.13. Compared to the work of M. Paicu [35] the author requires only
s > 1/2. This discrepancy is due to the fact that in the present work the limit
system is well-posed only for s > 1. Indeed we are able to propagate H%* s > 0,

norms for the potential vorticity €2, and, as explained in Lemma 5.5, ||Voc || go.s+1 S

The main idea in the propagation of regularity stated in Theorem 1.12 is that
we can recover the missing viscosity in the vertical direction using the fact that the
vector field u is divergence-free. We can in fact observe that in the nonlinear term
the vertical derivative is always multiplied by the third component u? of the vector
field considered (i.e., terms of the form u®d3). We hence remark the fact that the
term Jszu® is more regular thanks to the relation —dsu® = divy, u”, and due to the
fact that the horizontal viscosity has a regularizing effect on the derivatives in the
horizontal variable xj,.

Theorem 1.14. Let T? satisfy the condition (P), let Qo = —dov + 01v¢ — FO5Ty
€ H%, and let Vo € H*® for s > 1 be a divergence free vector field. Let V€ be a
local solution of (PE.) and U be the unique global solution of the limit system (S).
Then the following convergences take place: for o € [1,s),

Mn<V€—£<£>U>:O in C(Ry; HO),

e—0
g%w@tqgwﬂ)mmmﬂm.

The paper is organized as follows.

In Section 2 we introduce some mathematical tools that will be useful in the
development of the paper.

Section 3 we provide a careful analysis of the spectral properties of the linear
system whose evolution is determined by the operator PA. In Subsection 3.1 we
state some results proved in [22], [23] and [5] which describe the behavior of the
limit bilinear interaction Q(U,U) in (S) along the eigendirections spanned by the
eigenvectors of PA.

In Section 4 we prove Theorem 1.10. Such result is not a straightforward appli-
cation of Leray’s theorem since, due to the lack of the vertical diffusivity, the solu-
tions are bounded in the space L12OC (R+; HLO) only. Such space is not compactly
embedded in leoc(R+; L?), this prevents us to use standard compactness theorems
in functional spaces such as Aubin-Lions lemma (see [3]). Nonetheless using Fu-
jiwara near-optimal bound (see [33]) we can transform a vertical derivative 05 in
a multi-index of the form C(d]*,85?), where N1, Ny may as well be large. The
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system (PE.) has a non-zero diffusive effects in the horizontal directions, hence
we can prove that bilinear interactions of weakly converging (in the sense that
converge w.r.t. a Sobolev topology of negative index) sequences converge in the
sense of distributions to some limit element.

In Section 5 we prove Theorem 1.11. The approach is twofold:

e thanks to a topological argument, we prove that the sequence (V¢).5q is
compact in some weak sense,

e a careful analysis of the bilinear interactions in the limit € — 0 gives us the
explicit form of the bilinear limit interactions.

Next, in Subsection 5.1, we prove that, under some suitable geometric conditions
(see Definition 1.8), the limit system (S) propagates globally-in-time the horizontal
average of the initial data.

In Section 6 we prove that the limit system propagates globally-in-time H"*
data, at the price of having well prepared (in the sense of zero-horizontal average)
initial data and domains which satisfy the condition (P) given in Definition 1.8.
Hence we prove Theorem 1.12.

Lastly in Section 7 we prove Theorem 1.14, i.e., that we can approximate
globally the solutions of (PE.) as ¢ — 0 with the (global) solutions of (S) in some
suitable subcritical topology.

2. Preliminaries

This section is devoted to introduce the mathematical tools that will be used all
along the paper and which are necessary to understand the contents described in
the following pages.

2.1. Elements of Littlewood—Paley theory

Let us define the (non-homogeneous) vertical dyadic blocks as follows:

Aju = Z Uy, @(@)em'” for ¢ > 0,
nezs 2
AV ju= Z Tn x(|73]) €7,
nezs
Aqu=0 for ¢ < =2,

where u € D’ (T3) and 4, are the Fourier coefficients of u. The functions ¢ and x
are smooth functions with compact support such that

4 38
5(0.3). (3)
supp x C 3 supp ¢ C 13
and for each ¢ € R the sequence (x(-), ¢(277-))q4en is a partition of the unity. Let

us define further the vertical cut-off operator as Squ= 1>, ; Ay u.
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2.2. Anisotropic paradifferential calculus

We can, at least formally, write for two distributions u and v:

(2.1) u= ZA;U; v = Z Ayv;  uv = Z Agu Sy v.

qEZ q'EZ qEZ
q€r

We are going to perform a Bony decomposition in the vertical variable (see [7],
[8], [15] for the isotropic case, and [16], [28] for the anisotropic one).
Paradifferential calculus is a mathematical tool for splitting the above sum in
three parts
wo =T v+ T u+ R’ (u,v),

where

Ty = Z Sy ulpu, Tju= Z Sy _jvAyu,  RY (u,v) = Z Z ApulSiy,v.
q q’

ko |pl<1
In particular, the following almost orthogonality properties hold:

AY(Sy _ja AYb) =0 iflg—¢'[ =5

AY(AYa Y

vaab) =0 ifq¢ <q—4, |u <1

and hence we will often use the following relation:

Ay (uv) E Av gV A;’/u E Av o 1uA:1’/u)
l[g—q’|<4 lg—q'|<4

+ Z ZA;( ’“Aq-&-u)

q'2q—4|pl<1

(2.2) = ) Ay(Su_wAyu)+ Y AY(Shiau AYv).

lg—q'|<4 q'>q—4

In the paper [19], J.-Y. Chemin and N. Lerner introduced the following asym-
metric decomposition, which was first used by J.-Y. Chemin et al. in [16] in its
anisotropic version. This particular decomposition turns out to be very useful in
our context:

Ay (wv) = S)_quljv

(2.3) + >0 {[AL Sy ] Ayv 4 (SPu— Sy _yu) AYAY Y
lg—q'|<4
S0 A (Seavisyu).
q'>q—4

where the commutator [A}, alb is defined as [AY, a]b = Ay(ab) — aAYb.
We denote as (by), an ¢1(Z) sequence such that >4 bq < 1. In the same way,
we denote as (cg), € £*(Z) any sequence such that > 2 < 1. Aswell Cis a
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(large) positive constant independent of any parameter and ¢ a small one, these
two constants may differ implicitly from line to line. We remark that the regularity
of a function can be rephrased in the following way: we say that u € H%* only if
there exists a sequence (c¢;), depending on u such that

(2.4) | Al sy < C eqlu) 272 o

2.3. Dyadic blocks and commutators as convolution operators

The dyadic blocks and the low-frequencies truncation operators can be seen as
convolution operators. In particular, if we denote as h = F 'y and g = F 'y, we
have

Avu= ¢ (279D)u =21 / h(2%) u (z — y) dy,
(2.5) A
Squ=x(27"D)u=2° / 9(2%)u(z —y)dy.

T
This is due to the fact that AYu(z) = (F”)~! (¢(-)a(:)) (z). In particular, we
want to express a commutator as a convolution operator, since a commutator is

defined as
[A;’, alb(x) = A;’(ab)(x) —a(x) A;’b(x),

and we apply to the right-hand side of the above equation the relation in (2.5), to
obtain that

[Ag alb(z) = Q‘I/Th(mh,x;; —y3) (a(zn, y3) — a(@n, 23)) b (zn, y3) dys.

Thanks to Taylor’s expansion with reminder in the Cauchy form, we know that
a(wh,y3) — a(zn,x3) = Oza (vn, v3 + 7 (x3 — Y3)) (T3 — Y3)

for some 7 € (0, 1), hence we can write the commutator as

(2.6) [AY

q’

alb(x)

= 2q/ (w3 — y3) h(xn, x3 — y3)03a (Th, 23 + 7 (23 — y3)) b (T, y3) dys.
T

2.4. Some basic estimates

The interest in the use of the dyadic decomposition is that the derivative in the
vertical direction of a function localized in vertical frequencies of size 27 acts like the
multiplication of a factor 2¢ (up to a constant independent of ¢). In our setting
(periodic case) a Bernstein type inequality holds. For a proof of the following
lemma we refer to the work [28].
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Lemma 2.1. Let u be a function such that supp F'u C T3 x 29C, where F"
denotes the Fourier transform in the vertical variable. For all integers k, p € [1, 00,
1 <1’ < r < oo, the following relations hold:

20k CF lullLe oy <H3§3UHL§;L5

297 C=F | |ul

27 C* ||ullp s,

<
Lory <27 CF lul

Loy <[0%,ul LoLt-

Let now oo = r = 1" > 1 be real numbers. Let supp F'u C 'JI‘% x 29B. Then
1/r'—1
”U”LQLQ < ¢ 211/ =1/m) |‘u|‘L£Lg/’

lullprr < ¢ 2001/r'=1/m) llull Ly -

The following are inequalities of Gagliardo—Niremberg type. We will avoid to
give the proofs of such tools since they are already present in [35].

Lemma 2.2. There exists a constant C' such that, for all periodic vector fields u
on T3 with zero horizontal average ([ro u (xp,x3)dxy = 0), we have
h

1/2 1/2
(2.7) lullz2zs < Callull gaseo < Co llull g, [ Vnul o,

From Lemma 2.1 and (2.7) we can deduce the following result.

Corollary 2.3. Let u be a periodic vector field such that supp F'u C ’]I‘%L x 29B.

Then
(2.8) lullpeerz < C' 272 ||ul| p2(psy,
moreover if u has zero horizontal average

1/2 1/2
(2.9) el e s < C 292 ull oo 1V ntal o5 -

Lemma 2.4. Let s be a real number and T a three dimensional torus. For all
vector fields u with zero horizontal average, the following inequality holds:

How | Vnull e

(2.10) [l /2. < Cllullgo.s
Corollary 2.5. Let s > 1/2. There exists a constant C' such that the inequality

lullpeerz < Cllullgos,
holds. Moreover, if u is of zero horizontal average we have

Vhulie..

1/2
lull e s < C llull o

Finally we state a lemma that shows that the commutator with the dyadic block
in the vertical frequencies is a regularizing operator. The proof of such lemma can
be found in [37].

Lemma 2.6. Let T? be a three-dimensional torus and p,r, s real positive numbers
such that oo = 1',s',p,r,s 21, 1/r'+1/s' =1/2 and 1/p = 1/r+1/s. There exists
a constant C such that, for all vector fields w and v on T2, we have the inequality

I[AGu] o]l s < C27% |1B5ull y 0]

slps «
L3 Ly,
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2.5. Preliminary results on the Navier—Stokes equations with zero ver-
tical diffusivity

A primary tool in the study of the convergence of the primitive equations (PE,)
to the limit system (S) will be a careful study of the Navier—Stokes equation with
only horizontal diffusion:

Ov+v-Vo—vpApv+Vp=0 in R, x T3,
(NSh) divo =0,
v],_y = Vo.

This equation in the case of the periodic data on T? has been carefully studied
in [37], hence we will refer to this work as we go along.
Given any vector field A we denote

1 .
A(zz) = ] A(yn,xz3)dyn, and  A(zp,x3) = A(xp,x3) — A(zs).
hlJT3

Here we start giving the following energy estimate for three-dimensional Navier—
Stokes equations with zero vertical diffusivity.

Proposition 2.7. Let s > sg > 1/2 and let v be a solution of (NS;,) belonging to
the space C([0,T]; H**), whose horizontal gradient Vv € L*([0,T]; H**). Let us
suppose moreover that v = v+ v, where v is the horizontal average of v and v has
zero horizontal mean. Suppose moreover that [[v(t)|| geo < caz vy in [0,T]. Then,
fort e 0,7,

t
oo+ [ 1900 () 0 < ol
¢ 2 ! 2 2
xexp (C | 19h0 )5 A+ C [ o (oo 1950 (o )

For a proof, we refer to the works [35], Proposition 3.1, and [37].

Remark 2.8. Proposition 2.7 was proved by M. Paicu for s > sy > 1/2 in [35].
Indeed, in [35] the limit system was a coupling between a 2d Navier—Stokes system
and the oscillating part. Indeed the 2d Navier—Stokes system is globally well posed
if the initial data depends on xj, only, and it is in H%* for s > 0. The oscillating
part instead is globally well posed in H%* for s > 1/2. In our case though the
limit flow is the sum of Vg satisfying (5.11) and the oscillating part Ussc, which
are two three-dimensional vector fields. Now, U, is globally well posed in H%*
for s > 1/2 (see Proposition 6.5), but Vqg is globally well posed in H%* for s > 1
(see Proposition 6.2 and Lemma 5.5). This is why in the following, as long as
we are required to apply Proposition 2.7, we shall use the index sy > 1 instead
that sg > 1/2.
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Proposition 2.9. Lets > 1/2, let T be an arbitrary torus, and w € C([0,T]; H**),
Viw € L*([0,T); H**) a solution of the problem

ow+w-Vw—+u-Vw+w-Vu—vpApw+ Vp = f,
(2.11) divw =0,
w|t:0 = Wo,

where u € C([0,T]; H**), Viu € L2([0,T); H*#®), is a divergence-free vector field
such that its horizontal average satisfies ||u(t)||ms < caz vy for all t € [0,T), and
f :i—l—f is such that

fe Ll([OaTLH@_l/Q), and fe Lz([O’T];H—l,—1/2)-

Then there exists a constant C' > 0 such that, for all t € [0,T],
t
AR RO RS
b t
S (e N PRI VI Py
0 0
t t
xexp{/o [FAC vz ds+/0 (14 w(s) 30,0 ) IVaw(s) 0. ds

4 [ @ B ) 190 . a5}

Proof. See Proposition 3.2, p. 182, in [35]. O

Remark 2.10. Let us remark the fact that we impose two different kind of
regularities on the exterior force. In order to obtain global results in time, we
shall apply this proposition for bulk forces which are f € L' (R, H~~1/2)n
L2(R+,H_1’_1/2).

3. The filtering operator PA
Let us consider the following linear equation:

{ oV, +PA VL, = 0,

3.1
( ) Vth:() = ‘/07

where P is the Leray projection onto the divergence free vector fields, without
changing Vi*. The Fourier multiplier associated to P has the following form:

2
ny ning nins 0
a? aiasz aiag
1 nang na nanz ()
(32) P,=1— — azay a2 asas
~ 12 3 )
|n| nzni nanz ng 0
asai aszan ag
0 0 0 0
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where |7|? =

17

> n? /a? and 1 is the identity matrix on C*. The operator A

was defined in (1.1). The solution to the linear equation (3.1) is indeed Vi,(7) =
e~ PAV,. We denote the propagator operator e~ "4 as L(7). One can compute

the matrix P, A:

=

_ngng 7 _ nng
e it 0 Flaf?
w0
[E N F|nl?
(3.3) PoA = ,
S [ ~ 2
_ hong 1113 1 _ N3
ik Bk 0 7 (1 W)
1
0 0 ~L 0

whose eigenvalues are

ii V|2 + F2nj

(34) P

Wo(n)=0, iw

where the eigenvalue w® has multiplicity 2, and we can write w® = +w.

associated normalized eigenvectors are

g
1 n
0 1
e(n)= — :
7| 0
—Fng
3.5 .
(3:5) —Frig (e F inqw(n))
+ 1 F’ng (fll + ihgw(n )
e (n) = 2,2 j |2 ’
(1 + F2|w(n)[2) |7n | |7] FiFw(n) n|
|7
where ||, = \/7% + 73 + F2nZ, if |ny|, ng # 0, otherwise, respectively
it} 0
1 1 1 0
3.6 et (0,n3) = — . et(np,0) = — .
(36) 0= g 0 = 2= | 2,
0 1

The

The eigenvalue w® has algebraic multiplicity 2, but there is only one eigenvector
related to it, namely €°. Indeed the matrix PA has a nontrivial 2 x 2 Jordan block
structure associated to the eigenvalue 0, hence there is a generalized eigenvector é°.
This though is not divergence-free, hence it plays no role in the evolution of the
system (PE,.), for this reason it is omitted. For a more detailed discussion on
the spectral properties of the linear system, we refer the reader to the papers [22]

and [23].

Once we have introduced the eigenvectors in (3.5), we can consider a generic
divergence-free vector field V as direct sum of the elements belonging to Ce® and
Ce~ ®Ce™. We denote the projection of V onto Ce® as the quasi-geostrophic part
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of the flow, while we denote the projection onto Ce™ @ Ce™ as the oscillating part.
The projection can be explicitly defined as follows:

VQG = f_l((vnko(n))(y 60(,”)))
(3.7) Vise = Z .7-'_1((‘7”’6"(71))(C4 ei(n)).
i=%4

The element Vg is called oscillating because is the only part of the initial vector
field Vp which is affected in the evolution of the system (3.1), Vqq stays still being
in the kernel of P.A.

We would like to point out the following relevant fact: the non-oscillating
eigenspace Ce' is orthogonal to the oscillating eigenspace Ce™ @ Ce*, whence in
particular it is always true that Vog L Vosc.

In the following we shall denote as e®(n) the eigenvector of P,.A associated
with the eigenvalue i w?, i.e.,

eTFnA (e e*(n)) = exp {in-x + Tw®(n)}e’(n).

Let us define U® = L(—t/e) Ve. We want to reformulate (PE.) in terms of the
new unknown U®. A straightforward computation shows that the vector field U*®
satisfies the following equation:

O.U* + Q°(U°,U*) — D°U* =0,

(FSe) divv® =0,
U€|t:0 = Vo,
where
@ e =e-Jel(e()r w)e(r)
(3.9) DUe = £~ g)m@m

We denote the system (FS.) the filtered system.
Before using the above results to find the limit of (FS.) we introduce the
potential vorticity

(3.10) QF = —0,U + 0,U> — FO3U*<.

The potential vorticity was introduced by J.-Y. Chemin in [14] and it is now
a well-known tool in the study of primitive equation (see [12], [13], [24], [29]).
The diagonalization explained in (3.7) can as well be obtained by writing U¢ =
Uda + Ugee, with

(3.11) Uge = (fagA;fQE, 5‘1A;195, 0, 783FAEIQ€),
where A;l denotes the operator
1
AL, 1 .
Apu=7F ((ﬁ§+ﬁ§+F2h§ “”)n)'

We remark the fact that since Ugg belongs to the kernel of PA we can write
Uje = Via-
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One major problem is to understand which is the limit for € — 0 of the forms Q¢
and D, and, if possible, how to give a closed formulation for it. To do so we use
the explicit formulation of Q° and D¢ given in equations (3.8) and (3.9). Let us
decompose the divergence-free vector field U as

FUm)= Y Utm)= Y (FU@)e"(n))ee(n),

ac{—,0,+} ae{—,0,+}

and after some computations we obtain that

(3.12) F(Q°(U,V))(n)

- ¥ e—iﬁwizi’ik,n( (ny — k;) U (B)V? (n — k) ec(n)> ef(n).
a,b,ce{0,£} j=1,2,3 c
In the following we write wngkn = w(k) + wb(n — k) — w®(n) for the sake
of conciseness, as well as w?® = w(n) + w’(n). With U/ we denote the j-th

component of the vector U® = (l_'Af|ea)(C4 e? fora =0, +.
Similar calculations give us that

(3.13) DEU:f*l( 3 e*i%w%”’(D(n)Ub(n)\ea(n))c4ea(n)>,
a,be{—,0,+}

where D(n) is the Fourier symbol associated to the second-order differential oper-
ator D, see (1.1).

Letting € — 0, we only have to use the non stationary phase theorem (see, for
instance [2], [7], [40]) to obtain that, if U and V are smooth functions,

3
(3.14) Q(U,V):f—l( > (Z(nj—kj)mvi(k)vb(n—k)

() o)

(3.15) DU = f1< > (D(n)Ub(n)|e“(n))c4e“(n)).
wib—0

Here we implicitly define as D(n) the Fourier symbol associated to the matrix D
defined in (1.1).

3.1. The global splitting of the limit bilinear form Q

This section is aimed to explain how the bilinear interaction Q defined in (3.14)
behaves along the non-oscillating and oscillating subspaces Ce? and Ce™ @ Ce™.
Such kind of result is well known in the theory of singular perturbation problems
in periodic domains. The results that we present are proved by several authors
in [5], [22] and [23], for this reason we do not prove them but instead we refer to
the works mentioned and references therein.
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In this section we consider smooth vector fields. Given a smooth vector field W,
we define

Qw = —BW?2+0W? - Fo,WH,
—0o
Wae = ( i ) Ap'Qw = (wae Waa)
7F63
Wose = W — WQG-

Obviously Wqe and Wo. are respectively the projections of W onto the non-
oscillating and oscillating subspaces defined in (3.7).

Lemma 3.1. The following identity holds true:
FH((F QW W)||n|re®) oi) = waa - VQw,

where Q is defined in (3.14) and € is the non-oscillating eigenvector defined

Corollary 3.2. The following identity holds true:

_82
FH(Fow,w)le?) ., €)= ( o )AFl (woe - V).
—F0O3

For a proof of Lemma 3.1, we refer the reader to [22] and [23]. What has to
be retained is the fact that the projection of Q(W, W) onto the potential non-
oscillating subspace does not present interactions of the oscillating part of the
vector field.

Lemma 3.3. Let W be a smooth vector field, then the following identity holds true
(Q (Waa, Waa)) pee = 0-

Proof. Considering the explicit formulation of the limit bilinear form Q, we deduce

(316) (Q (WQG>WQG))OSC

—]-'1< Z (n (Wo(k)® Wo(m))|ei(n))c4 ei(n)>.

Let us consider hence the equation wg’?f; = 0, thanks to the explicit expression

of the eigenvalues in (3.4). Then it is eqtiivalent to the equation
|nal® + F2n3 =0,

which is true only if n = 0, and in this case the contributions arising in (3.16) are
null, concluding the proof. O

Corollary 3.4. The projection of the limit bilinear form Q onto the oscillating
subspace can be written as

(Q(I/Va W))osc = (Q (WQG, WOSC))OSC + (Q (Wosm WQG))OSC + (Q (Wosm WOSC))OSC :
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4. Proof of Theorem 1.10

Remark 4.1. As the reader may have noted Theorem 1.10 states the existence
of a la Leray solutions. This can seem to be unexpected since, generally, Leray
solutions are constructed thanks to compactness methods. In system (S) we cannot
apply directly any compactness method since we do not have any second-order
vertical derivative 92 and H'C is not compactly embedded in L?. Nonetheless,
the bilinear form Q has better product rules than the standard bilinear form in
the Navier—Stokes equations; this allows us to make sense (distributionally) of the
term Q(U,U). Moreover we require the initial potential vorticity Q2 to be L?(T?),
which, roughly speaking, is almost as requiring the initial velocity field to be H'.

Proof of Theorem 1.10. Before starting the proof we point out the following fact:
Navier—Stokes equations preserve the global average of the unknown function. This
is true as well for the system (PE.), whence we can consider data with zero horizon-
tal average. Thanks to this property, homogeneous and non-homogeneous Sobolev
spaces are equivalent; we use this property constantly in the present proof. This
fact concerns the isotropic spaces H*(R?) only.

The proof is standard application of Galerkin’s approximation scheme. We
define the truncation operator

_ ~ ik-x
Jpu = E Uy €77,

{keZ?:|k|<n}
and consequently the approximated system

atUn + JnQ (U'IL) Un) + ]D)Un = 0,
(4.1) div u, =0,
Un|t:0 = J,Uo,

in the unknown U,,. We recall that for a fixed n, J, maps continuously any H k
space to any H**" space for h > 0 thanks to Bernstein inequality. Thus (4.1) is a
differential equation in the space

L2(T%) = {u € L*(T3) | as, = 0 if |k| > n}.

Since the support of the Fourier transform of U,, € L2(T?) is included in the ball
of center 0 and radius n and the support of F (U, ® U,) is included in Bs,(0),
we obtain easily that J,Q € C (L2(T?) x L2(T?%); LZ(T?)). Hence the Cauchy—
Lipschitz theorem gives the existence of a unique solution to (4.1) on a maximal
interval of time [0, 7},) taking values in L2 (T?). Since

ot = imye(- el (e(a-v)e(2)s]

it is clear that

(JnQ(Una Un) | Un)LQ(Tf‘) = (Q(Una Un) | Un)LQ('ﬂ‘3) =0,
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since div u,, = 0. Hence, by a standard energy estimate on the parabolic-hyperbolic
equation (4.1), we deduce that

1 t 5 1
§||Un(t)”%2('ﬂ‘3) +C/0 IVRUn(8)|[72(ps) ds < §||Uo||%z<m>,

from which for all ¢ € [0,7,) we infer that ||Un(t)|\%2(T3) < ||JnU0H%2(T3) <
HUOH%Q(TS). Hence T, = oo and for all ¢ > 0, U, (t) satisfies

t
2 2
I0AO ooy + 2 | 194 (6) ey s < 1015
Considered the relation
10l 2(0,67:22(13)) < VEIUnll oo (0.0:L2(r3)) < VEIUoll L2739
)

we can say that the sequence U, is bounded in L (R ; L*(T*)) N L . (Ry; HO).
By the structure of (4.1), we obtain easily that 9,U,, is bounded in LlOC (R+; H’N)
for N sufficiently big (the proof of such fact is identical as that of Proposition 5.1),
hence (9;Uy),, is a sequence of uniformly bounded functions in L2 (R+; HN ) . We
can infer via Aubin-Lions’ lemma [3] obtaining that U,, — U in L} .(Ry; H¢(T?)),
e € (0,N) up to (non-relabeled) subsequences.

Since the sequence (U,,), converges in L% (R ; H~¢(T?)) only, and products
of H~¢ distributions are, a priori, not well defined, we introduce a diagonalization
method which allows us to split (4.1) in two systems which we are able to handle.

We rely on a diagonalization method introduced introduced by P. Embid and
A. Majda in [22]. We define

(4.2) 0, = —0UL + 0,U2 — Fo3U,
€1
(43) VQG,n = UQG,n = ( VOh ) A;*lQna
—F0O3

Uosc,n = Un — UQG,n-
Applying Lemma 3.1 on the smooth vector field U,,, we deduce that
(FInQUn, Un) | In|F €®(n))cs = F(Jn(vGG.n - Vasla))-

Whence the projection of the element .J,, Q (U, Uy,) onto the potential space defined
by the potential vorticity is the quasi-geostrophic transport J,, (’U&Gm . VhQn).
Applying Corollary 3.4, we deduce

(JnQ (Una Un))osc = (J Q (VQG n> Uosc ”))osc
(J Q( oscanQG ”))osc (J Q( oscnansc,n))OSC~

Projecting hence (4.1) onto the oscillating subspace and the potential nonoscillat-
ing subspace we obtain the following global splitting for the first equation of (4.1):

0y + Jn (’UQG n thn) + aqac (Dh) Q, = 0,

(44) atUosc,n + (J Q (VQG ) (]osc,n))osC (J Q ( 0sc,n ) VQG ”))osc
(J Q ( osc,ny (.-]osc,n))osC + Qosc (Dh) Uosc,n =0.
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The operators aqgg and aesc are nothing but the projection of the operator —ID
onto the potential space defined by @ and the oscillating subspace. We avoid to
give a detailed description of such operators now (see Section 5); what has to be
retained is that they are symbols such that there exists a positive constant ¢ such

. . .2
that aqg (7)), aosc () > c|np|”.
On the splitting (4.4) we can apply the same procedure as above to obtain that
VL
Q, = Qin L2 (Ry; H#(T%)), and defining Vog = (o )AR'Q where Q is the
—FO3
limit of the sequence (€2,,),,, and since

vL
( i ) ARt e L(HY, H*M), aeR,
—F0s
we obtain as well that
Vaan = Vo in L, (Ry; H'™9),

and (Vqa,n),, uniformly (in n) bounded in L>®(R,, HY) .
Combining the definitions (4.2) and (4.3) we can hence rewrite Voa,, as

—0

VQG,n - ( 801 > Ag‘l(*a% 817 0, 7F83) : Un - HQGUnv
—Fos

with Ilgg Fourier multiplier of order zero, hence llgg € £ (HO‘(TS)) for each
o € R. This implies that, since Uyse = U — Vua,

||Uosc,n - Uosc”H—e = ||(Un - VQG,?L) - (U - VQG)H
= ||(1 - HQG) (Un - U)HH—E <C HUn - UHH*E :

We deduce hence that Ussc,, — Upse in L12OC (R+; H*E(']IG)). The same idea can
be applied to show that (Ussc,n), is bounded in L (Ry; L?(T?)) and (VpUosc,n)
is bounded in L?(R; L?(T?)).

At this point we can project Q (U, Uy,) on the spaces Ce", Ce~®Ce™ (see (3.5))
obtaining, thanks to the results of Corollary 3.2 and 3.4.

n n

Q (Un, Un) - Q (Una U”)QG + Q (U'ru Un)osc
= (*(92, (91, 0, *Fag)T A;l (U(}SG,n . VhQn)
+ (Q (VQG,na Uosc,n))osc + (Q (UOSC,TL) VQGv”))osc + (Q (UOSC,TL) Uosc,n))osc .

It is matter of standard energy bounds with classical product rules in Sobolev

spaces to prove that

(=02,01,0, —F3)T A" (086 - V) = (—02,01,0,—F03)T AL" (08 - Vi),
(Q (VQG,n, Zjosc,n))osC — (Q (VQGv (]osc))osC ’
(Q (Uosc,na VQG,"L))OSC — (Q (UOSC) VQG))osc ’
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in the sense of distributions as n — co. The limit of the product of terms of the
form Ugsc,n 18, in general, not well defined. Indeed system (S) lacks of vertical
dissipation, hence the best we know is that Upscn, — Uose in L (Ry; H™¢), but
generally a product between H ~¢ elements is not well-defined. Is in this context in
fact that we shall use the improved regularity in the product which is characteristic
of the bilinear form Q. We claim that

D' (R xT?)
_—

(4-5) (Q (Uosc,na Uosc,n))osc (Q (Uosm Uosc))oSC )

n—oo

The proof of (4.5) is postponed. Whence we finally proved that Q (U,,U,) —
Q(U,U) in D'(Ry x T?), concluding the proof. O

4.1. Proof of (4.5)

As we already stated, M. Paicu in [35] proved a similar result. We prove (4.5)
using different techniques.
Define Q(A, B) = div Q(4, B), i.e.,

é(A, B) = Z (/Ala(lc)Bm’(Tn)|ec(n))0L e‘(n) = Z/l“(k) Bb’c(m,n),
K

K

where A%(k) = ((A(k)|e®(k))e®(k), B¥(m,n) = (.B"(m)]e¢(n))e(n). It suffices
in fact to prove that

é (Uosc,j - Uosc> Uosc,j + Uosc) — 07

in D'(R;. x T?) as j — oo to conclude. To do so, we consider a ¢ € D and, by
Plancherel’s theorem,

/R - d)(t, m)é (Uosc,j - Uoscv Uosc,j + Uosc) (t, I)dl’ dt
+ X

- / ST 6t 1) (Uoses — Uose)* (8, k) (Uosej + Uosc)(t, m,n) dt
R+

(4.6) nezs
= / Z én(t) Z (Uosc,j — Usse)“ (t, k)
Btk mi, {ks:(k,(mn,n3—ks),n)eL*}

X (Uosc,j + Uvosc)b7c (t, Mhp, N3 — k?3, n) dt.

We make a couple of remarks in order to simplify the notation. Since we considered
the eigenvectors as normalized the following relations are easy to deduce

T (m,n)| < |U°(m)| < |U(m)].
Hence from now on the terms

(Uosc,j - Uosc)a(ta k)) (Uosc,j + Uosc)bﬁ (ta mMp, N3 — k3) n)
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shall be substituted respectively with

-

(Uosc,j - Uvosc)]€ and (Uosc,j + Uosc)

(mn,n3—ks)"

Here we chose to make implicit the dependence on the variable t. We want to
stress out the fact that this choice is made only to simplify the notation. Indeed
we have that

(47) (Uosc,j - Uosc)k(Uosc,j + Uosc)(m}“ng_k:})
= |k|7€/2(Uosc,j - Uosc)k |k|€/2 (Uosc,j + Uosc)

(mn,ns—ks)
The set {ks: (n,k) € K*} is indeed finite and, in particular, it is composed of
the k3 which satisfy the following equation:
(F2 (ks) 2y (kn) 2) 1/2 ((mh) 24 (ng — k) 2) 1/2
= ((kn)? + (k3)®) /2 ((mn) > + (s — ks) ) /2
_ ((kh)2 + (k3) 2) 1/2 (F2 (ng — k3)2 + (my) 2) 1/2

Expanding the above equation and collecting term by term in the powers of k3, we
deduce the following polynomial equation:

8
o (ks) = Ai (kn,mn,n) kj =0,
=0

where the A; take the following form:

Ag = (1 — 4F?)

A7 =4 (=1 +4F?)n3

Ag = —6 (F2k} + F2m} + (-1 4+ 4F%)n2)

As = 4nz (6F? kI +3F?m3 + (=1 4+ 4F?) n3)

Ay = —(F*(—4+ F?) ki + F2(—4 + F)m},

—6F?m3n3 + (1 —4F%)n3 — 2k} ((3+2F% 4+ FY)m; + 18 F*n3))

Az =4dkjng (—F*(—4+ F3) ki + (3+2F* + F*)m} + 6 F*n3)

Ay = =2k ((2+ F*)m} + (3 + 2F* + F*)mj n3

+3F%ns + k7 (2+ F*)m3 — 3F% (—4 4 F?)n3))

Ay =4kins ((2+ F)mi — F?(—4+ F?)n3)

Ao = —ki 3mp +2(2+ FA)ymin3 — F2 (-4 + F*)n3).

Although we give the explicit expression of the A;’s we underline the fact that
the explicit expression is by itself irrelevant. The only thing that matters is that
the A;’s are polynomials in the variables kp, m; and n. We can hence apply the
following result which bounds the modulus of of a complex root of a polynomial

in terms of its coefficients. The following proposition is known as Fujiwara near-
optimal bound.
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Proposition 4.2. Let P(z) = >} _,an2" be a polynomial P € C 2], and let ¢ be
one of the n complex roots of P. Then

We omit the proof of Proposition 4.2, and refer the reader to [33] instead.
Proposition 4.2 applied on @ (k3) tells us that

< (&5} (%) a3
~Y
k3| S [n|* [mn]* [kn[,

1/2

geeey

1/(n-1)

)

Ap—2
Qp,

Ap—1
Qn

a1 Qg

an

)

I¢] < Zmax{

an

where k3 is any root of p. Hence
K172 S TRl (] a2 fon | )2,

by concavity on the function h.(x) = /2, with a; + ag + a3z < N for some large
and finite N. Coming back to (4.6) and (4.7), this means that

‘ / (b(l‘)é (UOSC,j - UOSCa UOSC,j + Uoso) (J)) dl‘ dt’
Ry JT3

< 3 (6l 3 e |2 k|| (Uosery — Usse),

Rt kenmo {ks:(k,(mn,n3—ks),n)eL*}

. |(Uosc,j + UOSC)(W;“ng—ks)‘ dt

* /R > 16l > k1 772| (Uose.s — Uosc)

+ n.kp,mp, {ks:(k,(mp,n3—ks),n)eL*}

X (|n|oq|mh|a2|kh|a3)6/2 |(Uosc,j + UOSC)(WL,L,ng_k:,)‘ de

:/R > 1ol > [en /21 7/2| (Uoserj — Usse)y

+ n.kp,mp {ks:(k,(mp,n3—ks),n)eL*}

% | (Usserg + Usse) |dt

(mp,nz—ks)

+ / S e ()

+ n,kp,mp
x > [en |5/ [k| =2 (Uose,; — Uose)y
{k?g:(k),(mh,ngfkg),n)el(:*}

% ||/ | (Uose g + Uese) | at

mp,ng—ks
= Lj+ 1.

We prove that I ; — 0 as j — oo. In order to prove that I; ; — 0 the procedure
is very similar (and actually simpler) to the one we are going to perform now, for
this reason is omitted. We start remarking that

[ |25/ 2 k| ~=/2| (Uoserg — Uose)y]
— (K™% (Uoserg = Uose)i|) 2 (1kn] %% | (Uoserg — Uose)i) /%,
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hence

(48) I, < / S 2 )g,)
R

+ n,kn,mp

x > (1*17 | Uosers — Usse)i )

{k3z:(k,(mp,n3—k3z),n)ek*}

) — 1/2 . —
X (|kh|%€|(Uosc,j - Uosc)k|) / |mh|a2€/2|(Uosc7j + UOSC)(m;L,TLg—k3)| dt.
Applying Lemma 8.4, we obtain
IQ»j f, ||¢||L?§C(R+;H1/2+a1€/2) HUosc,j + UOSC||L1200(R+;H1/2+0‘25/2’0)

1/2 1/2
X HUOSC,j - UOSC||L/120C(R+;HQ3E’O) HUOSC,j - UOSC”L/{):C(R_*_;H*E) .

Both Ugsc,j and Usse belong to L™ (R ; L?) and to L*(Ry; Hl*o), and hence to
L2 _(Ry;L?), and by interpolation to L2 (Ry; H%C) for o € (0,1). This means

loc loc
that if ¢ is sufficiently small, the quantities

2
HUosc,j + Uosc”L?OC(R+;H1/2+(125/2,0) 5 HUosc,j - UOSC||L1206(R+;Ha3E,O)

are bounded, while since

Jj—o0

2
||Uosc,j - UOSC|‘L?§C(R+;H—E) — 07

we proved that I ; — 0 distributionally. This implies hence that
Q (Uosc,j, Uosc,j) — Q (Uosc, Uosc) 9

in a distributional sense.

5. Weak convergence as € — 0

In the present section we prove Theorem 1.11.
It is natural to ask if, in the limit &€ — 0, the filtered system (FS.) converges
to the limit system (S).

Proposition 5.1. Let Uy € H%® and U¢ be a local strong solution identified by
Theorem 1.4 of (FS.). Then the sequence (U*®) has the following regularity
uniformly in €:

e>0

(5.1) U® € L™ (Ry; L*(T%)), ViU € L? (R L*(T?)) ,
and is compact in the space
Li,e (Ry; H(T?)),

for some 1 > 0 (possibly small).
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Proof. The proof of (5.1) is merely an L?(T?) energy estimate on the filtered
system (FS.), hence is omitted.

We prove now that (8;U¢). is bounded, uniformly in e, in L2 _(Ry; H-),
where N is large.

The only thing to prove is to control the bilinear interaction Q¢ (U¢, U¢) in the

L2 (Ry; H=N) space. Let ¢ be a test function:

loc
’/RMTB QO (U%,U°) - 6 du ] = ‘/RMTB [‘CG)UEQMG)UE} V6 i

< U zoe @522 IU” Ml 2

loc

(R HLO) ||v¢||L2(R+;L5°L%)'

Indeed (5.1) assures us that U® € L _(Ry; H°(T?)) uniformly in e, whence,
by density, we proved that (8;,U¢). is bounded, uniformly in ¢, in LZ_(Ry; H)
where N is large. It suffice hence to apply the Aubin-Lions lemma (see [3]) to

deduce the claim. O

Proposition 5.1 asserts hence that (up to subsequences, not relabeled)
Us=U+r®,

2 (Ry; H="(T3)) perturbation and U is a non-highly-oscillating
state. In what follows we denote as Vg the projection onto the non-oscillating
space defined in (3.7) of the limit non-highly-oscillating state U; similarly, Uy is
the projection of U onto the oscillating subspace. The element 2 is indeed defined
as = —82U1 + 61U2 — F83U4.

First of all we have to make sense of a convergence of the form

where ¢ is an L?

Q° (U=, U%) - Q(U,U),

where U is a weak solution of the limit system (S) of which we can say at best that
it belongs to the space

(5.2) Ue L™ (Ry; LA(T?), VU € L? (Ry; L(T?)),

thanks to Theorem 1.10, (U®)_., a (not relabeled) sequence of local strong so-
lutions of (FS.) which satisfy (5.1) uniformly in € and that converges to a limit
element U in L _ (Ry; H™") for some 7 > 0. In fact, in order to define Q in (3.14),
we applied the nonstationary phase theorem for smooth function. This is obviously

not the case, but mollifying the data it is possible to deduce an analogous result.

Lemma 5.2. Let (U®).., a (not relabeled) sequence of local strong solutions
of (FS.) which satisfy (5.1) uniformly in & and that converge to a limit element U
in L3 (Ry; H™") for some > 0. Then the following limit holds in the sense of
distributions:

Q° (U=, U%) —» Q(U,U).
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Proof. Let us define the mollifications

Us = F (Lni</ayU%)  and Ua = F ' (LgnicymyU).

Indeed,
(U5, U7) - QU U) = Q@ (U, U") - Q (Us, Uy)
and

(U U — OF (UE.US 0‘%00
(54) Q( ) ) Q(aa a)—> )

a—0

Q (Uaa UOé) - Q(Ua U) —>07

weakly since Ug 229 e Uy 22% U in L2 (Ry; L*(T?)). Being the space do-
main T? compact, we do not require a passage to subsequences on the parameter «,

but the convergence holds true for the entire sequence. Next we can say that
Q" (Uq,Us) = QUa, Ua) = (27 (UL, Ug) — Q° (Ua, Ua))
+ (Qg (Uaa Ua) - Q (Uaa Ua)) ’
and again, for o > 0 fixed

e—0

(55) QS (U(i’ UOEt) - QS (UOM Ua) E— O,

weakly since UZ 29, Uq in L2 (Ry; H™") due to the topological argument per-

formed in Proposition 5.1. Finally we can apply the nonstationary phase theorem
on Q¢ (Uy,Uy) — Q (U, Uy) deducing that

(5.6) Q° (Ua, Uy) — Q (U, Ua) =20,
in the sense of distributions for a > 0 fixed. Whence (5.3)—(5.6) imply that, fixed
a (possibly small) positive v > 0, considering a ¢ € D (R+ X T3), there exists a
Ca = Cqo (¢) > 0 such that ¢, — 0 as @ — 0 and such that

(5.7) lim ‘/ (QF (U5, U%) — Q(U,U)) - ¢ du dt‘ < ca.
e—0 R+ XT3
The left-hand side of (5.7) is indeed independent from the parameter «, whence
. 13 e TTEY _ . < _ 0
615%’/R+m (QF (U5, U%) — QU,U)) - 6 da dt’ < lim co =0.

We underline the fact that the following calculations are an adaptation of the ones
present in the work [24] to the case of anisotropic viscosity. For this reason many
calculations shall not be carried out in detail, or we shall directly refer to the
work [24] and references therein.

Once the convergence for the bilinear interactions is formalized we focus to
understand how the global splitting introduced in Section 3.1 can be applied on
bilinear interactions of elements which are not smooth.

P. Embid and A. Majda proved the following lemma in [22]:
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Lemma 5.3. F ' ((FQ° (U%,U*) ||n|p€(n)) ) =29 voa - VQ. The limit holds
in the sense of distributions.

Proof. Let us compute

F! ((fQE (U=,U°) ’|n|Fe )C4) UQG vQ

=7 <<fQ€<U€ U) [Inlg " (n) ) oa) = F 1 ((FQ° (U5, U3) [Inl g €°(n)) )
+ F((FQ (UL, US) |Infp e <n>)c4) —vGa - Ve
+vq¢,a - VQa —vge - VAL

The element

FH((FQ %, U9) [Inlp " (n)) o) = F 1 ((FQ (UL, UL) [Inlp e"(n)) )

D' (Ry xT?)
—F= 0,
a—0

since U} 220 Ue in LS (Ry; L?). Next, applying the nonstationary phase theo-
rem and Lemma 3.1, we can say that

]:71 ((JI‘Q& (UOEU U(i) “an eo(n))(czl) —VQG,a " an — 0,

as € — 0 in the sense of distributions. Lastly, again we can argue as above in order
to state that

D’ (Ry xT?)
VQG,a VQa — QG - vQ T) 0,
since vqa,a — vqa and Qq — Q in L2 (R4 ; L?), concluding the proof. O

We want to understand which are the projections of DU onto the oscillatory
and non oscillatory space as € — 0. This is easily done if we consider the formula-
tion of the limit form as it is given in (3.15). Let us consider the projection of the
limit linear form onto the potential space defined by Q = F~! ((]-'U ||n|pe0 )64),

(FDU |nlre®) e = 32 (DT ()] () s (e ()] In] e ., -

wil=0

As it has been pointed out above, € L e*, hence @ = 0. On the other hand, if
we consider the limit set w®® = 0 with the fact that a = 0, we easily obtain that
w®(n) =0, whence b = 0 as well, hence we obtain that

(—£(=oe(Q)u]F (mel ),
2% aga (DR)Q = ]:‘1(”(7;%%12?:;2/:;@

(n% + n%) ﬁn).
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In the same way, defining U® = (FU|e®) e?,
: l t e e
- ill)?% ‘C( - E)DE(E) Uosc = Qosc (Dh) Uosc

— ]-‘1< > (DU (n)]e(n)) e e“(n)).
wt=0
a,b==+
We want now to understand which form assumes the limit as ¢ — 0 of the
projection of Q¢ (U¢,U*¢) onto the oscillatory subspace Ce™ & Ce™. In particular
the following result holds true.

Lemma 5.4. For every three-dimensional torus T3 we have

(58) QE(UE, UE)OSC EA_LO_) (Q(VQG, Uosc))osc+(Q(Uosca VQG))osc+(Q(Uosc, Uosc))osc~

Proof. We avoid to give a detailed proof of such result, since the proof is very
similar to the one performed in Lemma 5.3, but using Corollary 3.4 instead of
Lemma 3.1. O

The above lemmas hence state that, in the limit € — 0, there is no bilinear
interaction of kernel elements in the equation describing the evolution of Ugygc.

The filtered system (FS.) can be described, as ¢ — 0, thanks to the following
two systems:

0 ) + U(BG Vi + aQaG (Dh) Q =0,
(5.9) divy v = divuge =0,
Q!:&:0 = o,

OtUosc + (Q(VQG7 Uvosc))osC + (Q(Uosm VQG))OSC
+ (Q(Uosm Uvosc))osC + Qosc (Dh) Uose = 0,

div Uese = 0,
Uosc’t:() - Uosc,O - (‘/O)OSC'

(5.10)

The system (5.9) represents the projection of the limit system onto the non-
oscillatory potential subspace defined by €2, and (5.10) represents the projection
onto Ce™ @ Ce™. .

v

It is easy to deduce from (5.9) that if Vog = (o )A}?lQ then
—F03
_ Vir ~1¢,h
6tVQG + aQ(;(Dh)VQG = — ég)F AF (UQG : VhQ),
—0U3

(5.11) divy vl = divvga =0,

Vaa| = Vaco = (Vi,0,—Fa3)" AR' Q.
t=
We remark that in the equation (5.10) the term Q (Uyse, Uosc) represents a bi-

linear interaction between highly oscillating modes, i.e., we are taking into account
some potentially resonant effect such as in [35].
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The following lemma gives a connection in terms of regularity between the
solutions of (5.9) and (5.11), and will result to be extremely useful in the energy
estimates for the global well posedness of the limit system.

/ Vi

Lemma 5.5. Let AjA3Q € L*(T®), with Voe = (¢ )AR'Q. Let o € [0,1].
—F03

Then there exists a uniformly finite (in o) constant C,, depending only on o, such

that

||A;+0Ag/+<1—o>UQGHLZ(TB) < CUHA;A3’9||L2(T3).

5.1. Propagation of the horizontal average

In the following lemmas we identify some conditions which suffice to guarantee that
the horizontal average of U = Uqq + Uosc solution of the limit system (5.10)—(5.11)
is preserved for each time ¢ > 0. It is important to propagate the horizontal
average since, generally, we cannot use inequalities such as the one stated in (2.7)
or Corollary 2.5 unless the horizontal mean of the function considered is nil. It is
in this setting that the condition (P) plays a fundamental role.

Lemma 5.6. Let Vg the solution of (5.11). If we define
1
Vaa(t, xs) = —2/ Vaa (¢, yns x3) dyn,
T |Th| T2

then
atVQG (t, mg) =0.

Proof. Tt suffices to remark that
(—02,01,0, —F93)TAL (v - Vi Q) = (—02,01,0,—F05)TAR divy, (vhQ). O

Lemma 5.7. Let U be the weak solution of the limit system (S). Then, if T3
satisfies the condition (P),

Gt/ U(t,xh,:cg)d:ch =0.
T3

Proof. Taking in consideration the oscillatory part described by equation (5.10),
it suffices to prove that

) Q (VQG7 Uosc) dxyp, = /2 Q (Uosc> VQG) dxyp, = ) Q (Uosm Uosc) dxp = 0.
T, T, T

We consider at first the term f,ﬂ.2 Q (Vaa, Usse) dxp,. To do so we consider
h

F / _ Q(Vag, Uose) dan = > (n3ide(k)) Usse(m).
T c
" ‘*’2:2,,(0,”3):0
b,e=+
k+m=(0,n3)
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Analyzing the term f)gG (k), we easily deduce that {’%G (k) = Va (k) - €2(k)eO3 (k),
where €° is defined in (3.4) and %3 is the third component of e®. Looking at (3.4)
we immediately notice that €®3 = 0, and hence the above value is null.

Next we consider the following term:

(5.12) ]:/ Q(UOSC,VQg)dxh
T3

= Y (583 (k) Vo (m) e°(n)) g e(n).

a,0,c _
wk,m,(omg)io
a,c=

k+m=(0,n3)

In order to prove that the above quantity is zero we have to study the summation
set. Recall that the eigenvalues are given in (3.4). The right-hand side of (5.12)
was evaluated explicitly thanks to the explicit formulation of the bilinear form Q.
The formulation of the summation set is quite simple thanks to the relation nj, = 0.
Writing down in fact explicitly the relation® wZ:?(fng)_ k.(0ms) = 0, we deduce that

we are considering the following modes:
Ky ={keZ® | wE(k) =1}

The equation w* (k) = 1 characterizing K+ reads as

(F2 B3 + [n2) 2
F

=+F

)

which is equivalent to
(F? = 1) |kn|* =0.
It is easy to deduce that this relation is satisfied only if k;, = 0, but let us consider

now in detail what the element ﬁgsc(k;)|k:(0 ks) appearing in (5.12) is. By defini-
tion, 42, (k) = (FU (k)| e*(k)) e*3(k), where e*3(k) is the third component of the
oscillating eigenvectors defined in (3.6), i.e., e®3(k) = 0. Whence @3,.(0,k3) =0
and this implies that the contribution in (5.12) is zero.

Next we deal with the more complex term, namely the term

/ (Q(UOSC7UOSC))OSC di[h,
T3,

For this term the resonance set defined in Definition 1.6 plays a fundamental role.
Let us consider the explicit expression of the above term:

/ (Q (Uosm Uosc))osC dmh
T2

h

= .7:1< Z ( Z U (k)ym;U"(m)

J=123

e€ (O, ng) )6466(0’ n3)> .

ICZ(OJ’LB)

1 (0,n3) — k = m and we recover the same summation set as in (5.12).
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We prove that the above quantity is zero by proving that IC(*O ha) = (). Since

fip, = 0 and the convolution constraint k + m = n, we deduce that Ep + mp, = 0,

i.e., |kn| = |mn| = A\. Writing down the resonant equation, we obtain the following
equality:
(F2R3+ 22" (P23 +22)°
o =+l
(A2 +£2) (A2 +m2)

Taking square (twice) and after some algebraic manipulation we obtain that the
above equation is equivalent to

A 4+ F2 0202 4+ k2 (—(—2+ F?) A2 +m2))?
=4 (N +k3)> (N +m3) (N + F?mj).
We multiply the above equation for a§, obtaining the new equality in the unknown
u? = \%a3:
(513) (u* + F? 2 md + k3 (—(=2 + F2) p? + m3))?
=4 (4 +E3)? (1 +m3) (u® + F2m3),
and ) )
a a
p? = XNaj = (—3) ki + (—3) k3 = pa ki + pa ks
aq a9

Since the torus satisfies the condition (P), we know that F? = 71 /ry € Q, hence
we can transform the expression in (5.13) in an equation of the form P (u) = 0,
with P € Z [u]. Whence by the definition of condition (P) given in Definition 1.8,
we argue that
o If uy = a3/a? € Q, (5.13) can be rewritten as P(us) = 0, where deg P = 4.
By the hypothesis in Definition 1.8, us is not algebraic of degree smaller or
equal than four. This implies that the equation P(,ug) = 0 has no solution,
concluding the proof.

o If s = a3/a3 € Q, the procedure is the same as above, but symmetric (see
Definition 1.8). O

We have hence identified some conditions under such we can say that the hor-
izontal mean of the limit function U = lim._,o £(—t/e)V® is preserved. Hence if
we consider initial data with zero horizontal average we can use freely (2.7) and
the following Poincaré inequality: ||U||rr(rsy < C||VaU| pr(rs) holds.

6. Propagation of H%* regularity

6.1. The quasi-geostrophic part
Section 4 ensures us that there exists a solution U for the limit system (S), which is

U € L®(Ry; LA(T®)), ViU € L*(Ry; L*(T?)).
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The scope of the present and following sections is to prove if, under suitable initial
conditions, the equations (5.9) and (5.10) propagate H”* s > 1, regularity.

Proposition 6.1. Let Qo € L*(T?). Then Q € L®(Ry;L*(T?)) and V,Q €
L? (Ry; L3(T?)), and in particular for each t > 0 the following bound holds true:

t
2 2
1O 22 (xs) + 20/0 IVRQU(T) |72 (3 AT < ClI0[72(rs).

This is a standard L? energy estimate on the parabolic equation (5.9) which
has been already proved in Theorem 1.10.

Proposition 6.2. Let Q be the solution of (5.9) and let Qo € H** for some s > 0.
Then for all t € R, Q € C(Ry; H*®) and Vi € L? (Ry; H®). The following
estimate holds:

t
(61) [0 %0. +c / V420 5.0 dr

2C
< O]l 0. exp { = (14 92013z 120 22 }-

Proof. Applying the vertical truncation A} on both sides of equation (5.9), mul-
tiplying both sides for A7) and taking the scalar product in L?(T?), we obtain

v 2 v v
5 @t 1250l ey + AT Loy < | (A (v - Vi) A1) g |

(T3) =
By use of the Cauchy—Schwartz inequality and (8.1), we obtain
v v 2
(6.2) th HA Q||L2 (T3) +CHAqth||L2(’H‘3)
_ 1/2 1/2 2 3/2
< C 2720, (8) (190 ot | VA1 o QU QA
IVl L2 sy 120 o0 VR gro.o

We recall that, in (6.2), (b,), is a ¢! (Z) positive sequence which depends on 2 and
such that Zq by(t) < 1. Multiplying equation (6.2) on both sides for 224, summing

on ¢ € Z and using the convexity inequalities 2ab < a? + b? and ab < %a‘* + %b‘l/ 3,
we obtain

63) 52 19030 + [V .
&
< SIVADA 00 +C (1 1320 I VAL ) [ 3.

whence, applying Gronwall’s inequality to (6.3) in [0, ¢], we deduce the bound
t
190 +¢ [ 1942 dr

t
< O 0. exp {2 / (1 19() 220y 170205 [ sy s -
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Hence, considering that €2 is bounded in L (R+; L2(T3 )) and V{2 is bounded in
L? (R4; L*(T?)) we deduce the estimate (6.1). O

Remark 6.3. In Proposition 6.2 we do not require the initial data to be of zero
horizontal average in order to propagate H%*® norms.

6.2. The oscillatory part

We can now turn our attention on the oscillatory part Uys. solution of the equa-
tion (5.10). Indeed the terms Q (VQa, Uosse) and Q (Uose, Voa) present in (5.10)
should not present a problem in the propagation of regularity, being linear in Ugc.
The term Q (Uopse, Uose) though is a bilinear interaction of oscillating modes. For-
tunately, as pointed out in Lemma 8.4, the bilinear form Q has better product
rules than the standard Navier—Stokes bilinear form; this will allow us to recover
the global well posedness result for (5.10).

Lemma 6.4. Let U be the weak solution defined in Theorem 1.10. Then Uyse =
U — Vqq satisfies the energy bound

t
2 2 2
[Uosc ()12 (rs) + C/O IVaUose (T2 (rsy A7 < C|Uol[L2 (s -

Proof. The proof stems from the fact that Uyse = IoscU, where Ilose = 1 — Ilga
is a pseudo-differential operator of order zero, as it was explained in the proof of
Theorem 1.10. O

Proposition 6.5. Let Uy be the solution of (5.10) and Vqg,0, Ussco = 0. Let T3

satisfy the condition (P), and let Ussco, Q0 € H®® for s > 1/2. Then Usse €
C (R+; HO’S) and VpUsse € L? (R+; HO’S), and the following bound holds:

t
Uase®)l 200 + ¢ / s %.. dr

2 2C 2C
< O Uoseoll o exp { = [[190ll10.0 exp { = (1 + 120]3229)) 1203 2(22)}

5
+ (14 100l 2rs)) 100 32y }-

Proof. As in the proof of Proposition 6.2, applying the vertical truncation A7 on
both sides of (5.10) and taking scalar product in L?(T?), we obtain

1d

2dt HAZUOSCH%Z(W) + CHAZVhUOSCH%Z('ﬂ‘i") < |(AZQ(VQG7 UOSC)|AZUOSC)|

+ |(AZQ(UOSC7 VQG)|AZUOSC)| + |(AZQ(UOSC, Uosc)|A;Uosc)|~

Taking moreover in account the estimates (8.8) and (8.9) the above inequality
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turns into
(6.4) th”Av Uoscl|Z2(ra) + € |1 85 ViUoscll 22 (o)
< Cbg(t) 272 V4 o Vi Uoscl o [1Uosell ro.-
+ Cby(t) 2729 QIS Va2 oo 1Uoselltos IV aUosel 3 s

+ qu(t) 272(18 HV}LUOSCHLZ TIS HUOSCHHO s VhUOSC”HO s
s 1/2 1/2 1/2
+ Cbg(t) 27°% [|Uosell sts) |V aUoscll 5o, 1Uoscll 7010

VhU-oscHHO s .
We recall that (by), is a ¢! (Z) positive sequence which depends on Q and Uy and

such that Y7 by(t) < 1. Multiplying both sides of (6.4) for 2%¢*, summing over
q € Z, and using the inequalities 2ab < a? + b? and ab < ia‘l + %64/3, we obtain

d
(6.5) ar HUOSC||§{0~< + CHvhl--]050||2L2(’]1‘3)
2
<2C[ (1 +190F0.0) 1V 0.
2 2 2
+ (1 + ||UOSCHL2(’£F3) ) thUOSCHLZ(TF?')] ”UOSCHHOvS :

Applying Gronwall’s inequality to (6.5), we obtain

t
Uose®)l 200 + ¢ / Unse()%.. dr

t
< ClUoncollyn. exp {20 [ (1+1907) o 17027 o
0

(14 Nose (7)) 1V Uosc (7) 2y},

concluding the proof. O

6.3. Proof of Theorem 1.12

At this point, it is very easy to prove Theorem 1.12. Let us consider a data V; €
H% Qo € H%*, s > 1, and Vj with zero horizontal average. Thanks to Proposi-
tion 6.2, we know that Q € C(Ry; HO*~H)NC(Ry; H**), V,Q € L2(Ry; H>*~1)N
L?(Ry; H®). This implies, thanks to Lemma 5.5, that ASVqa € C(Ry; L?(T3)),
ViA; VQG € L?(R4; L*(T?3)). Since Ve is defined as Vg = HqaU where Ilgg is
a Fourier multiplier of order zero, which maps continuously any H 5,8’ space onto
itself, we deduce that Vg € L*®(R4,L?), V,Vqae € L*(Ry, L?) since U is so
thanks to Theorem 1.10. Hence Vg € C(Ry; H*%), V,Voa € L*(Ry; HY*). For
the oscillating part it suffices to apply Proposition 6.5 and the proof is complete.

We outline how to prove that solutions to the limit system are H 0.s"_gtable, for
s' € [-1/2,s) globally with a continuous dependence of the initial data. To do so,
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consider the two solutions Uy, Us to the limit system

Uy + Q(U,,Uy) — DU, =0,

(66) div uyp = 07

U1|t:0 = Ui 0;

0Us + Q(Us, Us) — DU, = 0,
(67) div Uz = 07

U2|t=0 = Uzp.

Subtracting (6.7) from (6.6) and setting U = U; — Usa, we obtain the following
system:

U + Q(Ulv U) + Q(U’ UZ) —-DU =0,
(6.8) divu =0,
Ul,_y=Uo="U0—Usp.
The horizontal average of U is zero thanks to the propagation results proved in

Section 5.1, hence we can now apply the stability result stated in Proposition 2.9,
proved by M. Paicu in [37], to the system (6.8). This gives the following estimate:

t
Hw%ﬂmwAnwmﬂ@wmm
t
<cnwbmpﬁuﬂmp{[;@s%memzmunvmyvnﬁpﬁdT
t
+ [ IO ) 1920l dr

+ [+ 1) ) 140l o}

The argument of the exponential is indeed uniformly bounded thanks to the es-
timates on the limit system performed above, whence if [|Upl|%,, /. is small the
whole right-hand side of the above equation if small. Since moreover

t
10 Z0.e +c/0 VAU () 0.. dr < C (1Uol%0..)

uniformly in ¢, by interpolation we prove the assertion stated above. O

7. Convergence of the system as € — 0

Remark 7.1. We point out the fact that Proposition 2.9 can be applied as well
to systems of the form

Ow + O (w,w) + Q°(u,w) — ap(D)w = f, divw = 0.
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Remark 7.2. In the present section, our aim is to use Proposition 2.7 and 2.9
to the systems (FS.) and (S). Let us compare these two systems with (NSp,): the
only structural difference between these two is that in (FS.) and (S) the Poincaré
semigroup couples velocity field and temperature v, T¢ in a new variable U¢, but
the structure itself of the equation is unchanged. For this reason Propositions 2.7
and 2.9 can be applied in the present case.

We shall require as well the following result.

Lemma 7.3. Let f € H** | s,s' € R such that the horizontal average fe Hf)',
Then

1l < 1l

Proof. Since the element f is the horizontal average of the function f, we can
indeed argue that

f(:tg) = ]:v_l((f(ovnd))na)v

at least in L2. Whence, calculating explicitly the Sobolev norms,

(7.1) £, = D2 (1 +n3)7[F (0,ns) 2,
ns€”Z

(7.2) 112 = 37 (U ) (1+02)" |F (nnsms) I
nez3

Comparing the expressions in (7.1) and (7.2), we remark that (7.1) is the restriction
of (7.2) onto the fiber {n;, = 0}, concluding the proof. O

Remark 7.4. Let us recall that Theorem 1.4 implies that, for each € > 0 fixed,
there exists a maximal time T < oo such that for each T* < T} and s > 1/2 the
function U¢ belongs to the space

Us € L*([0,T*]; H>®), V,U® e L*([0,T*]; H>*).
We prove that, given Vi € H%® s > 1, the solution of the filtered system (FS.)
converges to the solution of the limit system (5.9), (5.10) in the sense that
t
lim (vs - E(E>U> =0 inC(Ry; HOO),

e—0

lim (V7 c(é)U) —0 in L2(Ry; H),

e—0
VL
for o € [1,s), where U = Ugsec + Uqa and Uga = Vg = ( 0 )AEIQ with Q
7F83
solution of (5.9). To do so we use a method introduced by S. Schochet in [39]
in the framework of hyperbolic systems. A suitable change of variable has to be
performed so that the singular perturbations cancel among themselves. The same
method has been studied in a wide generality by I. Gallagher in [24] in the generic
context of parabolic (nonlinear) equations with singular, linear, skew-symmetric
perturbation. We mention as well the works [26] and [35], in which such technique
has been used.
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We want to underline a major difference between the application of Schochet
method in the present work and in the work [35]. In [35] in fact the convergence
takes place for the values of o between 1/2 and s. In the present case o € [1,s),
this difference is motivated by the fact that the limit system (S) is globally well
posed in H%* s > 1 only. This is due to the fact that we proved the propagation
of H%* s > 0 data for  in Proposition 6.2, hence we applied Lemma 5.5 to state
that H%* s > 1 data is propagated for Vgg.

Let us denote T the maximal lifespan of U® solution of (FS.) in the space
H%3(T?) with s > 1. Then there exists a time T > T > 0 such that U¢ €
C ([O,T]; HO*S) and V,U® € L? ([O,T]; HO’S) uniformly in € small enough. Let us
define W& = U®—U on the interval [0, T*], taking values in H%*. The difference W¢
satisfies the following equation:

OWE + QF (We, W*) + O° (U, W*) — D°W*®
= (Dg - ]D)) U - (QE(U, U) - Q(Uv U)),

divw® =0,

we|,_, =0,

(7.3)

where the form OF is symmetric, bilinear and is defined via
Q°(A, B) = Q°(A, B) + Q7 (B, A).
Let us define R .(U) = Q°(U,U) — Q(U,U), where

Q°(A,B) —=" Q(A, B).
D’ (R4 xT3)

Let us consider the oscillating in time function given by the formula
= ]—"_1( S SR (U (k) (ny — ky) UP (n = k)] °(n)) ec(n)>,

where we used the notation wgz ko = w(k) + wb(n — k) — wé(n), a,b,c € {£},
w¥(n) defined as in (3.4), U%(k) = (U(k)|e*(k))e?(k) and U% is the j-th compo-
nent of U“.

The function S, = (D° — D) U is also a highly oscillating function defined as

S50 =7 2 D)0 )] () () ).

and as well as RS, S5.. — 0 as ¢ — 0 in D’ only. For the rest of the section, (-|)
denotes (|)ca.
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and S¢

osc osc

& — i L,abie a,b,c
ROy p(U)=F 1<1{n<N} Yo el eny Uy ),

ab,c
Wik n 70

We decompose R in high and low frequencies, i.e.,

3
= (UM k) (n; = k) U” (n = k) € (n)) (),
Sséf:\,/LF(U) = .7:71 (1{n<N} Z eiﬁw%’b (D(n)Ub(n)| ea(n)) ea(n)),
Wi 750

and
RN p(U) = Re(U) — RN p(U),

SoNup(U) = S5 (U) = SN R (U).

Indeed the subscript fur stands for high frequencies, and the subscript fLr stands
for low frequencies.
Concerning the high frequencies terms, the following lemma hold.

Lemma 7.5. If N — oo, the terms ROSC arU) and S;]C\THF(U) tend uniformly
to 0 in & respectively in the spaces Lp([O,T],H_l’_l/Q) and LP([0,T); H=1%) for
all1<p<2,s>1.

The proof of Lemma 7.5 is postponed to the end of the section for the sake of
clarity.

The term R;ZC\{LF(U ) tends only weakly to zero. In order to absorb it in the
following computations, we introduce the following notation:

~ ,N _ e Ewk7L4k n ,b,
R erp(U)=F! (1{n<N} > Tl{lnsN}UZ,kc(ﬂ)

a,b,c k.n—k,n
wkn kw;éo ’ ’

1<J<3

Se,N et
Sssc,LF(U) F- (1{"<N} Z
wi"#0
We define as well the following auxiliary unknown:
(7.4) UiE = WE e (R e (U) + S3ce(U)).
Plugging the new unknown defined in (7.4) into (7.3), after some algebraic manip-
ulation, we obtain that ‘I/iév satisfies the following equation:

D ()0 ()] ¢ (n)) e“(n)).

E n
zwn

(7.5) 0Ly + = Q(‘I’i’é\[, U — QE(EiéZLF(U) + ggsf:VLF(U)) +2U)
— DU = TN (),

where
e, N _ p&e,N €, &
r - Rosc,HF + Sosc HF + EFN’
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and
(76) FE =D* (Rosc LF( ) + gcs)éi\fLF(U))
+ S O((R e (0) + 852 (0)), 2 (B (U) + 8525 (1)) — 20)
+ (B (U) + S (D),
and respectively,

iiwa,b,c

~ _ e« k,n—k,n
Ricip=F 1(1{|n<N} D T NIV [Uﬁfi’c(t)})

w
b,
WSy #0 - knmkn
1<j<3

555t =7 (e ¥ © - 00 [(DEIU 6] () ()] ).

w20 !

Lemma 7.6. The term I'S; given by the relation (7.6) is bounded uniformly in e
by a constant C(N), which depend on N solely, in the spaces LP ([O,T]; H_17_1/2)
for 1< p<2.

Proof. Since the functions considered are localized in a ball of radius N in the
frequency space, it is possible to gain all the regularity that wanted at the price of
a constant which behaves like a power of N. Hence, if w ,wg n’c kn 7 0,

L L <o

| [ a,b,c | =
Wn wk,n—k,n

Whence we easily obtain that I'§; belongs to the space LP (R+, Hil*’l/z) and that
it is uniformly bounded by a constant C(N). O

We remark that, for ¢ sufficiently small, the term
U— E(EzsiVLF(U) + ggsf:VLF(U)) = ‘I’iév,

has a small horizontal mean in H;}, whence we can apply Proposition 2.9 to equa-

tion (7.5) in order to obtain, for all ¢ € [0,T7], the following bound:
N 2 ! N 2
(77) ||\IJ%F (t)HHO,—l/Z + C/O th‘IIiF (T)HHo,fl/2dT <C (HUOHHO’SO)

t t
(WOt [ IOyt [TV )

t t
et { [ 10Nl st [ QI O T05 0) r

Since we want to obtain global in time solutions, it is important to have I'®Y

at the same time in both spaces L' (Ry; H~5~1/2) and L? (Ry; H-171/2).
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e We remark the fact that writing the estimate (7.7) we used implicitly the
bound

o lQ

t
/0(1+|\U(T)Ilzo,so)HVhU(T)IIfqo,sodTé C (0ol zz0:50)

for so > 1, and we denoted C (||Uo|| ;;r0.50 ) = exp {< C (|Uol| gro.=0) }-
¢ We used Lemma 7.3 to deduce the inequality

RGPV [ e (ol Py

which has consequently be applied in order to deduce (7.7).

Considering Lemma 7.5, we can say that for each n > 0 there exists a large
enough N such that, setting X = L' (Ry; H=571/2) N L2 (Ry; H-171/2),

N N n
HR(E)SC,HF + Sgsc,HFHX < §>
and thanks to Lemma 7.6, for ¢ sufficiently small,

£ ITy e < 2C(N) <

)

N3

whence we obtain that
0= |2 < .

Thanks to the definition (7.4) we argue that for each n > 0 and t < T time
of local existence of the solutions, there exists a €1 = &1 (n,T) such that for each
€€ (0, 51)7

t
[N (1) = W) so + / VR U5 (7) = VW ()| 5,1

<eC(N) <

N3

In the same way we can write

N e, N Je.N n
||\IliF (O)HHo,—l/z = EHRCE)sc,LF(UO) + stc,LF(UO)HHO,fl/Z < SC(N)HUOH%JOYS < 9"
Whence, for ¢ sufficiently small and ¢ € [0,77), we have

t
(78) OO+ /0 VAT (7)o dr

t
N 2 N 2
< 077(1 +exp {/ th‘l’i’F (T)HHOvSo (1 + H‘IIiF (T)HHOvSO)dT})'
0
We use now the definition of W& given in (7.4). This implies that | @5 || =
[We|| + On(e) for N fixed. This means that W52 and W€ have the same norm
up to an error which is comparable to € which is, anyway, considered to be small.
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Whence (7.8) allows us to deduce that
2 ! 2
(7.9) (W) lzr0.-1/2 +C/ IVRWE () ggo.-1/2 AT
0

t
<n(1+exp] / I3 () 0.0 (L IV 00 )T }).

For the real numbers s’ € [—1/2,s], we introduce the following continuous
function:

(7.10)  fowr(t) = [WE@) |30 + /0 (L + IWE ) o ) IVRWE(T) [ o, dT-

The function HWE(t)H?{o,SI is defined on the interval [0, 7). By use of (7.9) we get

(711) fe,—l/Q(t) < Cnv

for each t € [0,7T7).
We consider now an sg > 1 and the maximal time

T2 =sup{0 <t <TZ | feso(t) <1, for each 0 <t < T:°}.
Interpolating between H%~1/2 and H®% we get
(7.12) fer(t) = O(n"7) <1, tel0,T),

where 0 < 9 (s9,0) =% 0 and 0 < o € [~1/2, 50).

We consider at this point U¢ = W*¢ 4 U, since U has zero horizontal mean we
can easily point out that
US(t) = WE(R).

Whence using Lemma 7.3, the definition of the function f. , given in (7.10), and
the smallness property on f; , given in (7.12), we deduce

=@y < AWEOllror < Cyf fer®), < C?2 <1

Since the horizontal average of U€ is small, we can infer via Proposition 2.7 ob-
taining, for o € (1, so),

t
(7.13) U= (t)|[ 570, + ¢ / IVRUE(7) [ 370.. A7

t
< C Wl exp ([ (1 10 g0 ) 190 (7)o ).

If 0 <t < T, and since U* = W* 4+ U, we deduce
‘ 2 2
(7.14) /0 A+ MU D00 ) IVRU=(7) [ 0.0 ds

< fenlt) + / (1 [T 200 ) VAT () 200 dr + Fo ().
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The function F,(t) in particular is defined as
t
Fot) = [ (I o) DAV e o
t
+ [ Q@) IV dr

¢
5/0 L+ WO 0.0 ) IVRU (D Foe A7+ (L4 U g sr10.0)) foro (2)
S (?Slgfs,o) thU||L2(R+;H0v“) + (1 + HU|‘%°°(R+;H0w))fs,o(t)a

which in turn implies that, considering the above estimate in (7.14),

t
/0 (14 [T () g ) VAT () e dis

t
< feolt) + / 1+ 10 00 ) VU ()20 dr
+ (?315 Jero ) INAU sy 00y + (L4 N0y 70 feo (8

We have seen though that in [0,77°) that f.,(t) < 1 for o € (—1/2,50). Since
U € L* Ry, H*?) and ViU € L? (R, H*?) for 0 € (1,s0] (this is simply
Proposition 6.2 combined with Lemma 5.5), we obtain that

t
@10 ) 10 s < €

If we consider the above bound in (7.13) we deduced that

t
05O+ [ IV @ ds < C.

for all times ¢t € [0,77°) and s > 1. We deduce that T° = T, and since the
constant C' is independent of the time ¢, this implies that U®(t) can be extended
in H%* beyond T, and hence we obtain that T* = oo as long as ¢ is sufficiently
small. Recalling that ||[IW¢|| = o(1) in [0,T7), we deduce that U¢ — U globally in
time in H%? for —1/2 < 0 < s.

Proof of Lemma 7.5. In the following the index s denoting the anisotropic Sobolev
space H%* is always considered to be s > 1. An interesting feature is that if s > 1/2
then H is a Banach algebra. We use this property all along the proof. We perform
at first the estimates for the term Rf);gHF. Since U (t) is of zero horizontal average
for all t > 0 and V,U € L? (R+;H0*S) we obtain that U € L? (R+;HO’8). Con-
sequently U € C (R+; HO*S) NL? (R+; HO*S), and interpolating, U € L¥' (R, H*)
for each p’ € [2, o0].

Let us observe that the term RE’SJC\{HF can be decomposed as

e, N _ p&,N e, N
ROSC,HF - Rosc,l + Rosc,2’
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where we denoted
e, N — e, N
Rosc 1 ‘F 1(1{|n‘>N}ROSC,HF)7

e N 1 itwphe, ab,e
Ry o(U)=F (1{n|<N} > ek s U )
w:fwck n;ﬁO
1<j<3

The term RS

0sc,
its LP (R+, H-1- 1/2) norm tends to zero as N — oo it is sufficient to apply the
Lebesgue theorem. In fact,

|Rowe )l gsme < || FH( X (U0 @ U )| () 50 () |

k+m=n
= 1U ® Ullgro.as2 S NU5p1/2.0-

1 is localized on the hi-frequencies, hence in order to prove that

HO.1/2

Now, since U has null horizontal average, we can apply Lemma 2.4, obtaining that
[ Rosc (U 1172 S [[U |l 0.

Since L2 ([0, T]) ¢ L¥ ([0,T)) for p' € [1,2), if we prove that

ViUl go.s -

||Rosc< )HL?([O,T];H*L*I/?) < 00,
we can apply the Lebesgue theorem and conclude that

||R —0 as N — oo.

osc IHLP "([0,T);H—1:—1/2)

t
2 2
2= [ 0@,

<Ny c00)

This is in fact true since

(7.15) Ul o-- VaU(1)ll30.. d7

vhUvHIqO,s

VU L2, ro.e) -

For the second term we argue as follows:

IRl < [ FH0 Y tqusm (@) @ U )l tm)ec(n)) |

[0,1/2
k+m=n
< H]'—fl( Z 1{|k|>N}( |€ bzg)e%k))HHl/zys UHHl/Q,sv
k+m=n
and, using (2.10), we obtain the following bound:
1B g1 < IF (L iy U () o
X H]—'f (Lgr=ny (VRU)” )H}ﬁ UHL/OQ VhUH}ﬁs )

which evidently tends to zero thanks to the Lebesgue theorem.
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For the term S;JC\THF it is straightforward since

[Ex R b (1{n|>N} > € (DU ()] e (n)) ea(")> .
w20
(7.16) < C 194Ul .

8. The energy estimates

In this section we refer to Voo and Usge, respectively, as the solutions of equa-
tions (5.11) and (5.10). Moreover, vgc and ues. represent the projections of the
first three components of Vg and Ugsc.

The aim of this section is essentially to give an energy bound for the bilinear
term appearing in equation (5.10).

Given a generic vector field u, we refer to u as the horizontal average of u. This
gives the natural decomposition u = u + %. Since @ has zero horizontal average,
the results given in Subsection 2.4 can be applied.

8.1. Estimates for the global well-posedness of the limit system
vL

Proposition 8.1. Let Vg = ( o )A;lﬁ, where € is the potential vorticity
—F03

defined in (3.10). Then

(8 (vha - Vaf)] £70) <C27290by(0) (10 ats) IV 8 ol 12 o

L2(T3 L2(T3
VhQHHO,S ] ’

(8.1) < [IVa Q5. + Va9l 2 po 19 0.1

where (by), is a ' (Z) positive sequence which depends on Q and such that

>, be(t) < 1.

Proof. Thanks to the Bony decomposition (2.3), we can write

A;’(ng Vi) = S;_lngA;VhQ
+ > ([A% S qvba] Ay Vi + (S)_1vha — Si_1vba) DAL VAQ)
lg—q'|<4
(82)  + > AYV(SL12VaQALEG)
q'>q—4
and hence we can decompose (A} (ng V)| AYQ) = Zi:l It (q).
First of all, since div hng = 0, we deduce that I} = 0. We remark that we
proved in Lemma 5.6 that ng = 0, whence ng = 776(;- Moreover, V,Q = V,,Q,
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hence
Ba)= Y ([A%S)_1vbe] AyVi0| AY90)
lg—q'|<4
= Z ([AY: Sy _1086] AU VRQAYQ) + ([AY; SY_1T8a] ALY VAQ|AYR)
lg—q'|<4

= I (q) + I7%(q).

We consider first the term [ }21’1. By Holder’s inequality and Lemma 2.6, we can
deduce

1}2171((1)5 Z 27(1"5;’—18317(}3G||L30L;§HAZ’V*LQHH(W)HA;QHLgL;ﬁ

lg—q'|<4

we can hence apply (2.9) to the term ||S(‘1’/_183176G||L30L;; and (2.7) to HA;’QHL%L?,
and then (2.4) and Lemma 5.5 in order to deduce

>'(g Z 9—a+a /2 || 95 QGHWW) ||83v“~’h||2/22@3) ’AZ’VhQ‘H(Tg)’
Iq q'|<4
vy (11/2 v 1/2
X HAqQHH('ﬂ‘& HA th||L2('ﬂ‘3
(8:3) S bg(t) 272729ty VA fatoy 120 o V625 -

For the following terms, the tools used are the same as for the term I }21’1((]),
hence we do not explain the procedure in details. For the term Iﬁ’z(q),

2,2 — v ~h v A v
Iy (q) 2 qHSq’flanGHLgoLiHAq’thHLZ(W)HAqQHLg’
S bg() 27295792 ||V,,08Via [ 2 gy (9100 19092 o
(8.4) < by () 272959 2|V, 2o 12] grows IV Q| o »

where in the first inequality we used (2.8) and by the Poincaré inequality in the
horizontal variable to obtain

155 10578 e 1z < 2772 (|5 -1 V05086 | o)
Next, we consider the term
L= > ((Sh-1v4e — Si-1vhe) 207 Va0| 479)
lg—q’'|<4
=Y (St — Sp1he) A3ALT,0|AL)
lg—q’'|<4
+ (3190 — Sg—106a) LyALVaQATR) = Iy (a) + 1 (a)-

With similar calculations, and since

) h
supp F (53, 1UQG Se_1vha) C Lqu_q,‘<4 241 ¢,
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and hence localized from above and below in the frequency space, using respectively
in the first inequality (2.9), Bernstein’s inequality, (2.7), (2.4) and Lemma 5.5,

Iy (q) < Z 155 1086 — S;—IEQGHLgoL;lLHAZAZ/thHLZ(W)HA;QHLgLfL’
la—q'|<4

s 1/2 1/2
< bg(t) 2772728 |0 Via | oty V05V [ sy 1920 e

_ —2gs 1/2 1/2 2 3/2
(85) S bg(t) 272720 ) VR ) QLo VR0 51

Vi

The procedure for the term 12’2 (¢) is almost the same as the one for the term Ii’l (q),
except that we do not use (2.7) and we use the Poincaré inequality in the horizontal
variables:

(8.6) Iy (a) < bg(1) 2772729 |Vl 2oy |2 ro.s

thHHO,s .
The last term,
L@ = > (A7 (S5+2ViAjuGa)| 479)
q'>q—1

= > (8] (554:ViQhyute) |270)

q'>q—1

+ D (B (Sp2Vaayve) [852) = 1,7 (@) + 1, ():

q'>q—1

Let us deal with the term If;’l(q). Applying Holder’s inequality, we deduce
L) < D [1087v66ll e pa 15542 VAl Lo 12590 12 s
q'>q—1

Using Bernstein’s inequality twice, (2.7), Lemma 5.5 and lastly (2.4), we deduce

185 vtllmns S 272 185 vh6 N ans - S 2772 10505086 2 s »

SR R P A L e
S 2P| g, IV AT s
< e (@027 NQY L VA e

An application of (2.7) and (2.4) gives instead

(87) 1250 210 S e (@) 27| Ql30 IVAL e

whence we deduce the bound

I (q) < 2720792, (1) [IVAQ| 2 oy 12 1105 V22 g0, -

To bound the term I;’Q(q) is a similar procedure, and hence is omitted. Collecting
the estimates (8.3)—(8.7), we deduce the bound (8.1). O
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Proposition 8.2. Let Vo and Ussc respectively be the solution of equation (5.11)
and (5.10), then if the horizontal means of Voa and Uyse are zero (see Lemmas 5.6
and 5.7), the following estimates hold:

(88)  (A7Q(Vae, Usse)| AUose) papay + (£5Q (Uose, Vac)| AyUose) o)

< C272% by () VA o.e IV RUosell o.c |Uoscll gro.s
+ O 27205 by (1)1 L2, (VRS2 Unsel 42 1V Uose |22
(89)  (A7Q (ose, Uose)| AUosc) 12 oy
g qu(t) 272(18 ||VhUOSCHL2(’]I‘3) ||UOSCHH0 s vhUOSC”HOvS

+ C'bg(t) 272 | Ussel sy |1V nUose | oty [ Uosell o 1V nUosell 3o -

The sequence (by)q is a (1 (Z) positive sequence which depends on Q and Ussc,
and such that ) by(t) <1

Remark 8.3. From now on, (-|-) = (- |) 2 ps

Proof. We divide the proof of the above proposition in two parts, namely one part
for each estimate.

In what follows we always consider s > 1/2, hence the embedding HS < L°
holds true. Moreover, we underline the fact that Vg (t) and Uysc(t) have zero hor-
izontal average for each t > 0 if the initial data has zero horizontal average thanks
to the results of Lemma 5.6 and Lemma 5.7, whence the estimates (2.7), (2.10)
and Lemma 1.2 can be applied in this context.

Proof of (8.8). To prove the estimate (8.8), we substitute the bilinear form Q
with the transport bilinear form. This choice is done only in order to simplify the
notation.

Indeed we have

[(AY (006 - VUose)| AUos)| = [(AY (086 - Vilose) | AuUosc) |
V(086 ® Usse) | AyUsse) | »
(25 (tose - VVae)| AyUse) | < [ (dive A7 (ugee ® Vac)| A5Uesc) |
+ (9587 (u3se Vaa)| A5Uose) |

= !(divh

and

’(divh Dy (U&G ® UOSC)| AZUOSC” + |(divh q ( Uose @ VQG | A UOSC)|
< 2[(AY (Uose ® Vaa)| Ay VaUose) |
whence
| (&Y (UQG VUose)| AtUose) | + | (A (tose - VVoa)| AbUose) |
<2|(AY (Usse ® Vaa)| AyVaUsse) | + [ (9547 (ubse Vac)| AbUsse) |
= Bh( )+ Bu(q).
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Thanks to (2.4) and Lemma 1.2, we deduce

Bh(q) 5 272(18 bq(t) HUOSC (24 VQGHHO,s vhUOSC”HO,s 5
(8-10) 5 272 bq(t) HVQG”Hl/z,s UOSCHHl/Z,s VhUosanoys-

An application of the Poincaré inequality and (2.10) allows us to deduce that

1/2
Vgl gise S IVRVac iz S IV1Vacl e [[V3Vac e -
An application of Lemma 5.5 leads to
1/2 1/2 1/2
IVaVacll 2. [IViVac| e, S IQ1M2. IVLQIH2,
whence, by using (2.10), we deduce the bound
(811)  Bi(a) S 272 by(t) Qe IVaQ o [1Uosell Hore 1V nUose I 30 -

The term B, can instead be written as

By(g) = | (A7 (dive ugse Vaa) | AgUse)| + (A7 (s 9Vac)| 270osc) |
= B, (q) + B}(q).
For the term B}(q), applying (2.4) and Lemma 1.2,

B,(q)

UOSC”Hl/?vS bl

2qs bq (t) ||dth ugsc VQG ||H—1/2,s
? Vh(]oscHHo,s 5

24 bg () Vag ll 12
which is the same estimate as (8.10) and whence we can deduce the same bound
as for By(q). i.e., (8.11).

The term B2(q) is indeed less regular due to the presence of the vertical deriva-
tive. Similarly as before, we can apply (2.4) and Lemma 1.2 to deduce

S 27
S 27

UoscHHl/z,s

_9gs 2
B(q) S 2727 by(1) 103Vl o.» 1Uosclzr1/2.o -

The Poincaré inequality and Lemma 5.5 imply
105Vl go.. S 10sViVacllgo.s S I1VAQ gro.s »
while using (2.10) we can conclude with the following bound:

(8.12) By(q) £ 2779 bg(t) [V gro..

Uosc”HO,s vhUoscHHO,s .

Whence (8.11) and (8.12) prove (8.8).
Proof of (8.9). Lastly, we consider the term

(A3Q (Uoses Uose) | AyUose)
= (AZQh (Uosm Uosc)| A;,Uvosc) + (AZQS (UOSCa UOSC)| AZUOSC)
=C"(q) + C"(a),
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where Q" and Q3 are respectively defined as

(8.13) Q" (Unne, Uose) = lim ££( - _)[(z( )Ugsc) vhﬁ( )Usse]

e—0 g
(8.14) ok (UOSC,UOSC)—EIgrgJﬁ(f g)[(ﬁ(;f) ) c”aﬁ( ) }

By aid of the Bony decomposition as in (2.2), we can say that
h v h v v v
C (q) = Z (AqQ (Sqlfonscv Aq/(]osc)| AqU-osc)
lg—q'|<4

+ ) (D59 (A3 Uose Sy 42Uosc) | B5Uose) = C1(g) + C5 (g).

q'>q—4

By use of Lemma 8.4,

C{l(q) 5 Z HS;’—lUOSCHHl/w HAZ’V}LUOSCHLZ(TB) HAZUOSC”HI/?,O :

lg—q'|<4

Moreover, since Uyse is a vector field with zero horizontal average, we can ap-
ply (2.7):
153 -1 Uosell 120 S [1osell ooy [V Uosell oy
|85 Uosell 120 S 185 Vesel| ooy V25Vl | oty
whence thanks to (2.4) and the fact that the sum is performed on a finite set of ¢/,

(8.15) C{L(q) S by(t) 2 TR HUosc”Lz(Ts) thUoscnlL/‘zz(Ts) HUOSCH}-{O%s

vhUOSCHHO s -

Similar computations give us the result for C5. Here we sketch the procedure.
Respectively using (8.21), (2.4) and summing on the summation set,

CH@) = Y (AYQ" (A Usse, S voUosc) | AyUose)

q'>q—4

(8.16) S bq(t) 27 % thUOSC||L2(’J1‘3) HUOSCHHO@

ViUoscl| gro.s -
On the term CV we apply instead the Bony decomposition as in (8.2), obtaining
C"(q) = (Q*(5y_1Ussc: AyUose) | Ay Ussc)
+ Z Q3 SU 1Uosc — ij_onsc, A;A;onscﬂ A;Uosc)

lg—q'|<4

Y am ([ay sy (ﬁ(g)Uosc)S}AV(%ﬁ( )Uose

lg—q |<4

sie()e)

—+ Z AVQS AV Uosc, Sq +2Uosc)| A;UOSC) - ZC;;((I)a

q'>q—4 k=1
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where Q3 is defined in (8.14). Let us consider the term C¥(q) first. Integration by
parts and the fact that divergence-free vector fields are considered give

i) = tm | Sy (£(8)Use) 05 (L) 230U (1) 23U,

e—0

! lim S _,divy, <£(£>U05C> ‘ﬁ(é)AZUOSC

2 e—0

2
dx.

Using the fact that C(g) is an isometry on Sobolev spaces, and (8.21), we deduce

v : v : 3 h 3 v 2
et =ty 5 (6(2) ) (22 ) o
(8.17) S bq(t) 27 % thUOSC||L2(’J1‘3) HUOSCHHO@
Let us consider the term C§ which is defined as

Cg (q) = Z <Q3 (S;_onsc - Sg’—lUOSCa AZAZ’ Uosc)| Aleos<:) ’

lg—q'|<4

vhUOSCHHOYS .

—— a,3 _— a,3 _—— be 4

Z Z (S;}—lU (k) =S5 U (k)) mzAyAYU - (m,n)AyU (n),
lg—q’'|<4 (k,m,n)eL*
a,b,c,d==+

where U%¢(m,n) = (Ub(m)|ec(n))ec(n). Since the eigenvectors e® are normal-

ized to norm one, we deduce |U¢(m,n)| < [UP(m)|. At this point we can use
Lemma 8.4 to obtain the bound

C'u Z Z HS’U, UaS 'ul 1Ua 3||L2(T3)

‘q q'|<4a==x

X[ 8385 05Uosell 120 | 55Uoscll g1/ -

We remark that the term U?® is in fact divergence-free.
Thanks to Lemma 2.1,
15520 = S5 21U | 2oy S 277 (-1 = Sip-1) 0sU™| g
S279 H( -1 S};’—l) vhUOSCHL2(T3) )
HAZAZ’Q?’UOSCHHl/z,O 52 HAVAV OSCHHl/z 0
Hence, using first (2.4) and then (2.10),
(818)  C3@) S ba(t)2 " [ VaUosell o sy 1Wosell o [VnToscll e -

The term C¥(q) will be handled in a different way. First of all, writing f. = £(§) f
and considering that commutators can be expressed as convolutions (as it has been
expressed in detail in the Section 2.3, see equation (2.5)), we can write C§(q) as

e—0
lg—q'|<4

C3(g) = lim / / B (20ys) (S5 10502 ) (wny s + 7 (3 — 93))
T3 JTLx[0,1]

X 83A:1/' Uosc,s (-rh) xr3 — yS) A:;l]os<:,z€ (l‘) dyS drdzy, dea
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with h(z) = zh(z) and h = F~'¢. Taking the limit as ¢ — 0, and using the
divergence free-property, we obtain the following bound:

1C3 ()]

< Z / Z h(2%3) | F (S} 1 ViUose) (wn, x5 + 7 (23 — 3))) (k)]
lg—q/|<a 7 T X0 (e eres

X |]: (GSAZ’ Usse (-rh) Z3 — y3)) (n - k)@c(nﬂ dys dr.
Therefore, applying Lemma 8.4,
Z / qus HS 1 ViUcsc (.Z‘h,l‘3+7'( y3))||L2(T3)
‘q 71<a ) TEx[0.1]
X (|95 55 Uose (s 5 = y3)l| a0 (|55 Uose | 2.0 dys dr-

By standard calculations, localization of the term 83&21’/ Usse and (2.7), we obtain

(8.19) C3(q) < bq(t)2_2qs ||vhUosc||L2('ﬂ‘3) [Uosell go.«

vhUvoscHHO,s .

Lastly, for the reminder term C¥(q), if we apply Lemma 8.4 and Lemma 2.1 as for
the term C¥(q), we get

DS Y2 11psaUosel o 185U gy 185 0omcl -
q'>q—4

Hence, by localization and the interpolation (2.10), we obtain

v —92gs 1/2 1/2 1/2
(8.20) C3(q) S bg(t) 27 |Ussell oty [V nUssell oty [Uosell o |1V nUoscll 3o -

The estimates (8.15)—(8.20) prove hence (8.9). O

8.2. The bilinear form Q

In this section we state some specific property of the quadratic limit form defined
n (3.14). We prove a product rule which can be applied thanks to the particular
structure of the resonance set K* = J, ;s K}, which is a crucial feature in the
energy estimates for the limit system.

The following property has been remarked at first by A. Babin et al. in [6], and
it was explicitly proved by M. Paicu in [35]. The proof is based on the fact that,
fixed (kn,n), the fiber J(kp,n) = {ks : (k,n) € K*} is of finite cardinality.

Lemma 8.4. Let a,b € HY/?9(T3), ¢ € L*(T®) be vector fields of zero horizontal
average on T%. Then there exists a constant C, which depends on ay/as only, such
that

L 0Ng N C
s21) | 3 alhbn—k)ém)| < . lallmmoms [llmzom el o) -
(k,n)er*

The following proof can be found in Lemma 6.6, p. 150, of [18], or in Lemma 6.4,
p. 222, of [35].
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Proof. We prove Lemma 8.4 when T3 = [0, 27r)3. Let us consider

IIC* = ' Z dki)n—kén < Z Z |dk6n—kén|a

(k,n)er* (kp,n)€Z2 X723 {ks:(k,n)ek*}

(8.22) < Z |én| Z |dk| |i)n—k|'

(kp,n)EZ2XZ3 {ks:(k,n)eX*}

By the Cauchy—Schwarz inequality,

3 |ak||6n,k|<( > IdeQIankIQ)l/Q( >

{ks:(k,n)eK*} {ks:(k,n)eX*} {ks:(k,n)eX*}

1/2

Now, fixing (kn,n) € Z? x Z3, there exists only a finite number (8) of resonant
modes ks, i.e., # ({ks: (k,n) € K*}) < 8. Let us briefly explain why this is true.

We write explicitly the resonant condition w,i;:",;n = 0 (the same procedure holds

for the generic case wZ:Z’fkm =0,a,b,c # 0). This reads

(|Fk3|2 + |kh|2)1/2 ((F |ns — ks|)” + |nn — kh|2)1/2 B (|an,|2 + |nh|2)1/2
|ks|* + [Fon? Ing — ks[* + |np, — kn|” [nal” + [nal?
Taking squares several times on both sides of the above equation give us an ex-
pression which is free of square roots. Moreover, putting everything to common
factor and recalling that n, kj, are fixed, we transformed the above equation in the
form R (k3) =0, R € R [z], hence thanks to fundamental theorem of algebra it has
a finite number of roots k3.
From this we deduce

. R 1/2
S okl <VE( DDl lbaeal?)
{ks:(k,n)eK*} {ks:(k,n)eK*}

which considered into inequality (8.22) gives

I <VE Y S leal( X lan haoil?)
k3

kp,np 3
Moreover,

R . 1202 1/2 . 1/2 . . 1/2
Soleal (3 lanllb-il?) < (Y 1el?) (D Janl i)
ns ks ns ns,ks

and hence

(8.23) I» < V8 Z (Z |én|2)1/2(z|Enrkmp3|2)1/2(z |&k|2)1/2'

(kn,n)EZ2XZ3 ns3 k3
Let us denote, at this point,

- . 2 - . /2 X 1/2
= (X lanl®) b= (D) s = (D lel?)
ns n3

ns
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and consider the following distributions:
a(en) = Fp, any ), blan) = F Hbny),  &zn) = Fy ' (En)-

The inequality (8.23) can be read, applying Plancherel’s theorem and the product
rules for Sobolev spaces, as

Tic- g(&blé)LZ(T%‘L) S HdeL?(Ti) HEHW(TZZ,)
<llall gz (r2) ||5|\H1/2(T§)||5|\L2(Ti) = llall gr/2.0¢m3) |6l /2.0 (73 [l ell L2 (T3 -

To lift this argument to a generic torus Hle [0,27a;), it suffices to use the
transform
0 (1,2, 23) = v (@121, G22, a3T3) ,

and the identity
- —1/2
||UHL2([0727T)3) = (a1azas3) / ||U|‘L2(H§=1[0,27rai)) . U
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