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Estimates for the Szeg6 projection on uniformly
finite-type subdomains of C2

Aaron J. Peterson

Abstract. We prove precise growth and cancellation estimates for the
Szegd kernel of an unbounded model domain Q C C? under the assumption
that b2 satisfies a uniform finite-type hypothesis. Such domains have
smooth boundaries which are not algebraic varieties, and therefore admit
no global homogeneities that allow one to use compactness arguments in
order to obtain results. As an application of our estimates, we prove
that the Szegd projection S of €2 is exactly regular on the non-isotropic
Sobolev spaces NL? (bQ) for 1 < p < 400 and k= 0,1,..., and also that
S: T'a(E) — I'a(bQ), for E € bQ and 0 < o < 400, with a bound that
depends only on diam(F), where 'y, are the non-isotropic Holder spaces.

1. Introduction

Let Q C C? be a pseudoconvex domain with smooth boundary b2, and give b{2
an appropriate measure dmyg. The purpose of this paper is to study the Szeg6
projection S: L?(b2) — H2() when © belongs to a class of unbounded finite-type
model domains for which bf) is not an algebraic variety. Our primary motivation
is to discern how the Szegd projection behaves in unbounded domains which lack
homogeneity. We prove two types of results. First we show that the Szegé kernel of
such domains is smooth off of the diagonal and satisfies scale-invariant differential
and cancellation estimates. Second, we establish the exact regularity of S on the
non-isotropic LP-Sobolev spaces and non-isotropic Holder spaces associated to b{2.
In this paper, we restrict our attention to domains of the form

Q={z=(2,2)€C?: Im(z) > P(2)},

where P: C — R is a smooth, subharmonic, non-harmonic function such that, for
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some constants C and Co, h := AP satisfies

m

(H1) There exists m € N such that 0 < Cy < sup Z ‘V,{_zh(z)’ for all z € C.
|v|=1 j=2
(H2) ||Rllercy < +oo for k=0,1,2,....
h
(H3) sup ’/ @ dm(n)‘ < (.
z€C, re[l,4o0) ' J1<|n|<r n

In this case, we say that b(2 satisfies a uniform finite-type (UFT) hypotheses of
order m. Several concrete examples of UFT domains are discussed in Section 1.1.
To avoid degeneracy issues introduced at infinity by the unboundedness of the
domain, we take dmpq = dm(z,Re(z2)) to be the Lebesgue measure that

bQ = {(z,t +iP(2)) € C* : (2,t) € C x R}

receives under its identification with C x R. The precise definition of the Szegd
projection S (which maps L?(bQ2) onto the closed subspace H?(£2) of L2-boundary
values of holomorphic functions in ) is recalled in Appendix A.

Our results are expressed in terms of a non-isotropic geometry on b2 closely
related to the tangential Cauchy—Riemann vector fields

7 = az + ZZ'PZ(Z)GZQ, Z = 85 — QZ'PE(Z)GEQ,

which we now describe. Writing X = Z + Z and Y = —i(Z — Z), condition (H1)
quantitatively expresses that the real vector fields X and Y satisfy Hormander’s
finite-type condition of order m uniformly over bf), which ensures that any two
points z, w € bQ) can be connected by a piecewise C'' path which is almost every-
where tangent to X or Y. If we equip bQ) with a metric such that (X,Y) = 0 and
IX] = ||Y]| = 1 at each point, then the infimal length d(z,w) of such a path is
called the Carnot—Carathéodory distance between z and w. One can understand
the balls By(z,0) = {w € bQ : d(z,w) < 6} as ‘twisted’ ellipsoids of radius ¢ in
the directions of X and Y, and radius A(z, ) in the direction of T = 0,, + 0s,.
For small §, A(z,0) is essentially a polynomial in ¢ with coefficients that depend
on z, while for large § we have A(z,§) ~ 62 uniformly in z. The volume of By(z,§)
satisfies

(1.1) |Ba(z,06)| ~ 0%A(z,0).

In Section 4 we give a more detailed discussion of d, but additional background
can be found in [32] for the case § < 1 and [33] for the case § 2> 1.

Before stating our results, we give two small pieces of notation. We denote
by [H] the Schwartz kernel of an operator H which maps test functions into the
space of distributions. Also, if a is a multi-index then we write Zy = Z1 -+ Z),,
where each Z; € {Z, Z} and acts in the n-variables.

Our first result gives precise size and cancellation estimates on the Szeg6 kernel
and its (non-isotropic) derivatives.
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Theorem 1.1 (Growth/cancellation estimates). The Szegd projection S can be
written as the sum of two operators S = N+ such that, for all multi-indices o, 8
and all N, M > 0, the following hold.

(a) For 0 < K+ K’ < |a|+|8]+4 there exist multi-indices v,~" of length K, K’
and an operator Ni g+ such that
(i) N= Z'Ng 27, and
(ii) for some C = C(a, B, N, M, K, K’  h),
TN Z2(Z) Nk 1] (2, )]
d(z,w) 1PN (2, d(2, w) "N
|Bd(z7d(sz))|

(1.2) <cC (14 A(z,d(z,w)))~M.

(b) For 0 < K+ K’ < min(|a|,2) +min(|5|,2) + 4 there exist multi-indices v,
of length K, K’ and an operator Fr i+ such that

(i) F=Z"Fr 27,
(ii) for some C = C(«a, B, N, K, K’  h),
TN Z2(Z3) [Fre i) (2, w))|
d(z, w)K+K/—min(\a|,2)—min(|,8\,2)A(z) d(z, ,w))—N)
|Bd(z’d(z,w))| .

(1.3) < Cmin (1,

(¢) The conclusions of (a) and (b) also hold for N* and F*, respectively, with
the same qualifications.

The cancellation properties of the Szeg6 projection are captured by parts (a)-(i)
and (b)-(i), which allow us to view S as a derivative. Theorem 1.1 implies that S
can be analyzed via the Calderén—Zygmund paradigm (see [39]). Indeed, with
some additional work we obtain the following classical cancellation and growth
estimates for the Szeg6 kernel.

Corollary 1.2 (Classical growth estimates). Fiz z,w € bQ). For multi-indices «
and B with |al,|B] < 2, and for N >0,

d(z,w) 11 IPUA (2, d(2,w)) N
|Ba(z, d(z, w))| ’
where C' = C(N,«, B, h) is independent of z and w. The restriction |al,|5] < 2

is sharp in the sense that the above estimate may fail to hold if either |a] > 3 or
18] = 3.

(1.4) TN 22 (Z3)"[S](z,w)| < ©

Corollary 1.3 (Classical cancellation estimates). Let |a] < 2, and N > 0. If ¢
is a smooth function with support in B4(z,0), then there is C' = C(N,«a,h) and
M = M(N,«) such that

TN Z S]] Lo (Bu(z.0))
< CA(Z, 6)7N 57‘04 (H(b”LOO(Bd(z,&)) + H(A(Z, 6)T)]VI¢||L°°(Bd(z,6)))-
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Although the estimates in Corollary 1.2 follow immediately from those in The-
orem 1.1, sharpness will follow from examining the situation on tube domains,
where an explicit formula for [S] is available; see Example 1.10 and Section 9 for
the details.

We use the estimates from Theorem 1.1 to prove that the Szegd projection ex-
actly preserves non-isotropic Sobolev and Holder regularity in the following sense.

Theorem 1.4. The Szegd projection S has the following mapping properties.

(a) S: NLY(bQ) — NLY(bQ) for 1 < p < 400, k=0,1,..., where NL}(bQ) are
the non-isotropic Sobolev spaces on b§2 associated to the vector fields Z, Z.

(b) For every Carnot-Carathéodory ball E = Bg(zo,00) C bS), S: T'o(E) —
Lo (bQ) for 0 < a < +oo, where I'y(U) are the non-isotropic Hélder spaces
of functions supported on U C bS) associated to the vector fields Z and Z.

Here, the operator norm depends only on «, dy, and the constants in (H1),
(H2), and (H3).

The spaces NL¥ (bQ2) and T'o(U) are defined in detail in Section 1.2.

The regularity of S and [S] on domains with smooth, finite-type boundary has
been extensively studied, and is well-understood in situations where the domain is
bounded and the geometry is well-behaved. When © € C? is a smoothly bounded
weakly pseudoconvex domain of finite-type, Nagel, Rosay, Stein, and Wainger [28]
showed that [S](z,w) is smooth on

(Q x b\ {(z,w) €A xbQ : 2 =w}

and satisfies estimates similar to those in Corollaries 1.2 and 1.3, and they ob-
tained results analogous to Theorem 1.4. When Q@ € C" (n > 3), similar results
were proved by Kordnyi and Végi [20] on the unit ball, Stein [36] on strongly pseu-
doconvex domains, Fefferman, Kohn, and Machedon [9] on diagonalizable domains,
McNeal and Stein [25] on convex domains, and Koenig [19] when the Levi form
has pointwise-comparable eigenvalues. This culminated in the work of Charpen-
tier and Dupain [4] for geometrically separated domains, which contains all of the
previously mentioned cases.

When @ = {z € C" : Im(z,) > P(21,...,2n—1)} is an unbounded model
domain, our knowledge is essentially restricted to cases where we either have an
explicit formula for [S], or where P is a polynomial. When n = 2, explicit formulas
for the Szegd kernel were obtained by Greiner and Stein [13] when P(z) = |z|?*,
by Nagel [26] when P(z) = b(Re(z)) is a convex function, and by Haslinger [15]
for P(z) = |2|*, a > 2. When n = 3, similar formulas were obtained by Francsics
and Hanges [11]. Several authors have leveraged these formulas to answer various
questions related to the Szegd projection and kernel; for examples, see [18], [7],
[16], [17], [14], and [12].

In the special case where P is a subharmonic, nonharmonic polynomial, full
estimates of the type given in Corollary 1.2, Corollary 1.3, and Theorem 1.4 were
proved for n = 2 in [27], [28], while limited results for special examples in the
case n > 3 are also known, [10], [22], [1]. The critical fact in this case is that the
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class of polynomial model domains in C? is highly amenable to study because it
is homogeneous, in the sense that there is a large family of affine non-isotropic
dilations of C? that preserve it. One is therefore able to effectively ‘normalize’ a
polynomial domain by translating any large- or small-scale data to unit scale. The
class of such domains (for a fixed degree m) is parametrized by a compact set,
which plays a big role in the analysis.

Once one breaks this homogeneity, though, many of the standard techniques fall
apart. As observed by McNeal in [24], except in certain special situations these
scaling arguments do not suitably generalize to domains in higher dimensions,
even for polynomial domains. For large classes of smooth finite-type pseudoconvex
subdomains of C" for n > 3, the standard scaling techniques destroy either the
smoothness of the boundary or the finite-type assumption. This has been a major
obstruction to the study of the Szegd projection (and the Jy-problem in general)
in higher dimensions.

UFT domains (for m > 2) furnish a situation where the standard scaling argu-
ments fail, and our main task in this work is to develop techniques for studying the
Szego kernel in the absence of homogeneity. We accomplish this by extending an
idea of Raich [34], who explored the link between non-isotropic smoothing opera-
tors on polynomial model domains in C? and one-parameter families of operators
on C which satisfy uniform estimates. The parameter here comes from taking the
partial Fourier transform in the Re(zg)-variable, and can be thought of as decou-
pling the operator Z into a family of operators on C which capture a single scale of
the Re(zg)-variable. In our case, we tie S to a one-parameter family of weighted 0
operators on C. We then build off of the work of Christ [6] to estimate each op-
erator in the resulting family. These estimates are then pieced together with an
inverse partial Fourier transform.

This work is an extension of my Ph.D. thesis at the University of Wisconsin-
Madison. It is a great pleasure to thank my advisor, Alexander Nagel, for his
support and guidance throughout this project. I would also like to thank the
referee, whose suggestions greatly improved the paper.

1.1. Examples

Before diving into the argument, let us pause to explore a few basic classes of UFT
domains.

Example 1.5. Perhaps the most basic example of a UFT domain is the upper
half-space

Ul ={ze€C? : Tm(z) > |2*},

the boundary of which is the one-dimensional Heisenberg group H'. Here P(z) =
|z|? and h(z) = 4. In Remark 6.20 we explain how the fact that h(z) is constant
allows us to replace estimate (1.3) with

. (g )N A )
TN Z8(Z5) [Fk. k] (2, w)| < Cmin (1’ |Ba(z,d(z, w))] >’
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and relax the restriction on K + K’ in part (b) of Theorem 1.1 to 0 < K + K’ <
|a +|8] + 2N + 4. This in turn replaces inequality (1.4) with

d(z,w) 1=\ (2, d(z, w))~N

N 7o 73 \* > w
7Y 2223 )z w)| < 0 Tt B eE )

N, lal,[8] =0,

which are the known size estimates for S on H!; see for example [27]. Similarly,
the result in Corollary 1.3 holds for all || > 0.

Up to adding a degree 2 harmonic polynomial and scaling, P(z) = |z|? is the
only subharmonic, non-harmonic polynomial that satisfies hypothesis (H2) (and
therefore yields a UFT domain). To see the richness of the class UFT domains
we therefore need to consider general subharmonic functions P(z) for which h(z)
satisfies (H1)—(H3). We reduce our search for such functions P(z) to a search
for h(z) = AP(z) by noting that for a given function h(z) satisfying (H2), (H3) is
equivalent to the existence of a ‘nice’ class of subharmonic potentials P(z) for h(z).

Proposition 1.6. Let h: C — R be a non-negative, smooth function such that

lPllercy < +oo for k=0,1,2,.... Then the following are equivalent:
h
(a) sup  sup ‘/ Mdm(n) = Ay < +o0.
CeC refl+oo) ' Jigpl<r N

(b) There exist constants Ay, Aa, ... such that for every fized ¢ € C there exists
P:C — R, with P(0) =0, such that

(i) AP(z) = h(¢C + z) for all z € C,
(i) [VP(2)] < Auf2,
(iil) |VFP|loo < Ay for k=2,3,....

We prove Proposition 1.6 in Section 3.1. As an immediate application, we
identify two classes of functions h(z) that satisfy (H3).

Proposition 1.7. Let h: C — [0,400) satisfy (H2). Then h satisfies (H3) if
either

(a) h(z) = h(Re(z)) for all z € C (i.e., if Q is a tube domain), or

(b) There exist constants A >0, B > 0, and C > 0 so that, uniformly in z € C
andr > 1,

/ |h(n + 2) — Aldm(n) < Br>=C.
[n|<r
Proof. To show that (a) implies (H3), we merely note that if ¢ € C, then
x T
P(z) = P(z+1iy) = / / h(s+ Re(C))dsdr
o Jo

satisfies (b) of Proposition 1.6, and therefore h satisfies (H3).
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On the other hand, if (b) holds, then note that for K such that 2K~ < < 2K,

h(n+z hin+2)— A
‘/ %dm(n)’ — ‘/ %dm(n)
1<nl<r 7 1<|n|<r n
K

|h(n +2) — Al / |h(n+z) — Al
< —————dm(n) < —————dm(n
frper T < [ S dnto

K
<Yz | 1+ 2) = Al dim()
2k—1< || <2k

K K K
<4y 2*2’“/ |h(n+z) — Aldm(n) <4 27*B(2")*"¢ <4B) 27+,

k=1 In|<2% k=1 =1

which is bounded by a constant that depends only on B and C' (and not on r or z).
In the first equality above we used the fact that for r > 1,

1 I 2 1 90
— dm(n) = —e dfds = 0.
1<[n|<r T 1 Jo S

This shows that (H3) holds, and we are done. O

Remark 1.8. The interesting case here is C' < 2, because C' > 2 implies that h is
constant.

Example 1.9. Condition (b) in Proposition 1.7 is a quantitative way of saying
that h is well approximated on large scales by a constant. This holds, for example,
when h(z) = x(AQ(z)), where @ is a subharmonic, non-harmonic polynomial
and x is a smooth, non-decreasing function with x(¢) =¢ for t <1 and x(¢t) = 3/2
for t > 2. Because subharmonic, non-harmonic polynomials Q(z) satisfy (H1),
such functions x(AQ(z)) give rise to UFT domains.

Example 1.10. The Szeg6 kernel for tube domains of the form
Q={zcC?: Im(z2) > b(Re(z)), b:R— R convex}

are particularly amenable to study due to the translation invariance of €2 in the
Im(z)-direction. This invariance was exploited by Nagel in [26], who showed that
for such ) the Szeg6 kernel has the form

1 +o0o eiT(zg—w2)+n(z+w)
(1.5) 1S](2, w) = W/o g

The explicit nature of this formula has facilitated the study of the Szegé kernel on
tube domains. For a discussion on the history of this formula, see [14].

Formula (1.5) allows us to exhibit the sharpness claims in Corollary 1.2 by
explicitly studying [S] for one particular (and rather nicely behaved) convex func-
tion b(x) that satisfies (H1) and (H2). Indeed, if b: R — [0,+00) is chosen so
that

 b(0) =b'(0) =0,
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e b'(xz) = e* ™ in a neighborhood of x = n, for all n € Z, and
e 0<a<b'(r) <A< +oo for some constants a, A uniformly in x € R,
then for k£ > 0 there exists C' = C(k) > 0 so that if z,, = (n,ib(n)), then

B d(zn Z—n)_2
Zk‘ZS Zn)z—n Z C . I
| [ ]( )l |Bd(zn,d(zn,zfn))|

n € 7.

Details are given in Section 9.

Remark 1.11. There exist functions & that satisfy (H1) and (H2), but for which
(H3) does not hold, and therefore the conclusions of Proposition 1.6 do not hold.
For one such example, consider the smooth function h(z) defined by

h(re') = 1+ x(r)f(0),

where f: [—m, ] — [0, 1] is smooth and supported in [—1/100, 1/100] with f(0) = 1,
and x is a smooth, non-decreasing function with x(r) = 0if r < 1 and x(r) = 1
for » > 2. For large |z| the arguments in the proof of Proposition 1.6 show that,
for a particular subharmonic P with AP = h, |[VP| ~ |z|log|z|. Tt follows that
the estimates in part (b) of that proposition fail to hold for every subharmonic P
with AP = h.

1.2. Definitions and notation

As in the introduction, let Q = {z € C? : Im(z3) > P(2)}, where P: C — R is
smooth, subharmonic, and non-harmonic. The space of tangential antiholomorphic
vector fields 7%1(bQ) on bQ is spanned by Z,q = 0; — 2iP:(2)0s,, while the
space of tangential holomorphic vector fields T1:%(bQ2) on b(2 is spanned by Zy,q =
0, + 2iP,(z)0,,. When no confusion can arise, we will omit the subscript bS2.

We identify (z,t + iP(z)) € bQ with (z,¢) € C x R via the diffeomorphism
II: bQ — C x R given by I(z,22) = (z,Re(z2)). Under this identification, Z
and Z become, respectively,

Give Q the standard Lebesgue measure dmq = dm(z, z2) that it receives as a
subset of C2, and b2 the Lebesgue measure dmygo = dm(z, Re(z2)) = IT*dm(z,t)
that it receives from its identification with C x R. As above, we will omit the
subscript when no confusion can arise.

Letting O(£2) denote the space of holomorphic functions on 2, we define the
Hardy space

H2(Q) = {F € 0(Q) : |Fl32q) = sup
e>0 JCxR

where F.(z,t) := F(z,t + iP(2) +i€). We can identify H?(Q2) with the (closed)
subspace of L?(bQ2) defined by

|EL(2,8)[2dm(z,t) < +oo},

B(bQ) = {f € L*(bQ) : Zf =0 as distributions},
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the L?(b§))-nullspace of Z, and therefore view
S: L*(bQ2) — B(bQ) = H*(Q)

as the orthogonal projection of L?(b§2) onto the null-space of Zy,q; see Appendix A
for more details.

For a function f: C — C, the symbol V f will denote a generic first-order partial
derivative of f, while V¥ f denotes a generic k-th order partial derivative of f. For
In| =1 we write V,, f to denote the derivative of f in the direction of 7.

For 1 < p < 400, we say that f € NL}(bQ) if

[fllnzr ey = Z W FllLe ey < 400,

0<|al<k

where W is an |a|-order mixed derivative in the vector fields Z and Z.
For U C bf2, the non-isotropic Holder space ', (U) associated to U is defined
as follows. For0 < a <1 and k=0,1,2,...,

flle. oy :=inf{A : for every z,w € U and |B| <k, |[WPf|| =) < A and
a+k( ) ( )
(WP f(z) = WP f(w)] < Ad(z,w)"}.

Now, say that f € I'1(U) if

+oo
(1.6) we can write f = ka with ||Wﬂfk||Loo(U) < A27kolBlk for 8] < 2.
k=0

We define
Ifllr, @) :=1inf{A : (1.6) holds},

and for integer o > 1 we define [|f[[r, ) == X2 5/<a W2 Fllr, -

Throughout the paper, we will write A < B to mean that there is a constant 0 <
C < +o0, independent of all relevant parameters, such that A < C'B. Similarly,
write A 2 B when B S A, and A~ Bif A S Band BS A

2. Outline of the argument

In this section we describe the techniques used to prove Theorem 1.1, and outline
the structure of the paper.

The first step in our argument is to exploit the Re(zz)-translation invariance
of Z by taking the partial Fourier transform in the Re(zz)-variable (see for exam-
ple [26]). For Schwartz functions f on C x R, this is defined via

f(em) = Flf)(zr) = / 2T f (2, 1) d.



120 A.J. PETERSON

This allows us to formally! write
o0 ) B .
[S](z, ,w) _ / e27m‘r(Re(zz)fRe(w2))[S](Z’ w, T) dr,
0

where § = Fo (II"1)* 0 So IT* o F~1. We also have
7 = 0s + 2n7P; =: D, Z=0,—2n7P, = —D..

We think of D, = ¢ 2™ 0 9 0 2™ as a weighted 0 operator acting on (a
dense subspace of) L?(C), and D, = D} as its adjoint. As before, we write
W = Wey-+ Wy o, where W.; € {D,,D;}. Writing S;: L*(C) — L*(C) for
the orthogonal projection onto the space of L?(C) functions annihilated by D, in
the sense of distributions, we are able to say (Proposition 5.4) that

[S|(z,w,T) = [S;](z,w), ae. (z,w,7) €CxC xR.

The next step is to analyze the operator S, for fixed 7 > 0. Here we utilize
the work of Christ [6], who studied the operators G, = (D,D,)"!, R, = D, oG,
R* = G,oD,,and S; = I — D, oG, o D, on L?(C) (for fixed 7), and proved
pointwise bounds on their Schwartz kernels in terms of a smooth function o (z) and
a metric p,(z,w) on C that are intimately connected to the Carnot—Carathéodory
metric d. To simplify our argument, we will replace p,(z,w) with a quasimetric
pr(z,w) that is easier to work with; see Section 6 for the details.

In Section 5 we formally define Fx g/ and Ng g via
+oo ) B ,
[Frse](2,w) = / iR TRRD) x (7) [RY'S- (R7) ] (2, w) dr
and
+oo ) B ,
i zvw) = [ emireaRem) (1 - () RES, (R )z, 0)

where x: [0, 4+00) — [0, 1] is a non-increasing smooth function with x(7) = 1 for
7 < 1and x(r) =0 for 7 > 2. These operators are densely defined in L?(b§2) and
satisfy S = Fo 0 + No,o and

ZKIFK,K’ZKI = Fo,0, ZKNK,K/ZKl = Np,o.

!The Szegd projection S: L2(bQ) — B(b2) can be written as S = lim__, o+ S¢ in the sense
of tempered distributions on b2 x bQ2, where the operators S¢ : L?(bQ2) — B(bQ) are defined
by S¢[f] = (S[f])¢ as in Appendix A. The Cauchy integral formula and Proposition A.2 in
Appendix A imply that the S¢ have C'> Schwartz kernels. Indeed, we have

+
[S9](z, w) :/ °°e_27rere27ri(Re(22)—Re(wg))r[S}(z’wﬂ_) dr.
0
We will prove Theorem 1.1 for S¢, although all constants that appear in our estimates are in-

dependent of € > 0. The structure of our argument will allow us to obtain the results for S by
taking € — 0. For the ease of notation, however, we will omit the ¢ from all computations.



UNIFORMLY FINITE-TYPE DOMAINS 121

Theorem 1.1 therefore requires us to prove pointwise bounds on the Schwartz
kernels of operators of the form

(2.1) WoRES, (RE)K'WE.
To take advantage of the oscillatory term e27*(Re(22)=Re(@2))7 i) the integrals defin-

ing Ng i and Fg g, we will want to integrate by parts in 7. The heart of our
argument, expressed by Theorem 6.14, shows that

T [WeRE S, (R WP (2,w)|

< 7_1\/10'7_(w)_Q_‘al_lﬁ‘e_EﬁT(sz) if 7 Z 1,
~ 7_—1\/10.7_ (w)—Q—min(kx\,2)—min(\ﬁ|,2)e—sﬁr(z,w) if 7 5 1.

Here _ N ~
T, = 27T (w0) 6 9o e 27T W) = 2miT (2, w),

where T'(z,w) is related to the ‘twist’ T'(z,w) in the Carnot—Carathéodory geom-
etry described in Section 4, and will be chosen based on the size of 7. Standard
integral estimation techniques then allow us to establish the estimates in Theo-
rem 1.1.

The rest of the paper is structured as follows. In Section 3 we use (H2) and (H3)
to prove Proposition 1.6 and construct various biholomorphic changes of variables
to simplify our computations. After recalling and developing the necessary facts
about the Carnot—Carathéodory metric d(z,w) in Section 4 and defining Fx -
and Ng g+ in Section 5, in Section 6 we show how Christ’s bounds are related
to (H1), (H2), the Carnot—Carathéodory metric on b2, and 7. We then use an
algebraic argument to obtain pointwise bounds on the Schwartz kernels of the
operators appearing in (2.1). The proof of Theorem 1.1 is given in Section 7, and
the proof of Theorem 1.4 is in Section 8. In Section 9 we prove the sharpness
claim from Corollary 1.2. The paper concludes with the proof of Corollary 1.3 in
Section 10. There are two appendices, each containing technical results used in the
argument: Appendix A contains a discussion of the technicalities surrounding the
definition and properties of S (building off of the discussion in [14]), and contains
the proof of a well-known formula relating the Szegé and Bergman kernels for
unbounded model domains which, to the author’s knowledge, has not yet appeared
in the literature. Appendix B is devoted to the proof of several technical results
from Section 5.

3. Normalization

In this section we explore (H3) wvis-a-vis its connection to the existence of a class
of biholomorphic changes of variables that normalize b{2 near a point w € b{). We
begin with a proof of Proposition 1.6 in Section 3.1. In Section 3.2 we produce a
family of biholomorphisms ®: C? — C2? which ‘isomorphically’ preserves the class
of UFT domains in the sense that if  is a UFT domain, then Q = ®(Q) is also
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a UFT domain that satisfies (H1)—(H3) with the same constants as does §2, and
such that ® preserves all of the relevant CR structure and integration measures
involved in the problem.

Now let II: b2 — C x R be the diffeomorphism (z,t) = II(z) = (z,Re(z2)),
and suppose that H: L?(bQ) — L?(b(2) is a bounded Re(zs)-translation invariant
operator. Then the operator

(T 1)* o H o IT*

is a bounded t-translation invariant operator on L?(C x R).
If we define F: L?(C x R) — L?(C x R) to be the partial Fourier transform

Flfler) = / T E (2 ) d,

then the operator H := F o (II"1)* o Ho IT* o F~1 : L2(C x R) — L2(C x R) is
given on functions by formal integration against a Schwartz kernel [H](z,w, 7) as

H[f](Z,T) = /(C[H](Z,M,T)f(w,T) dm(w), for a.e. T;

see [38].

We construct the biholomorphisms ® so that HP? = (&~1)* o H o ®* defines a
bounded Re(%)-translation invariant operator on L?(bQ2), and so we may ask how
the kernels [HP] and [H] are related as functions on € x C x R. This is explored
in Section 3.3.

3.1. Proof of Proposition 1.6

We first show that (a) = (b). It suffices to prove (b) for ¢ = 0, since we can then
get the full result by applying (b) to z — h({ + 2).
To begin, we follow Section 4.6 of [2] and define, for z,n € C,

) = [l ol - ol + ()],
Ky(z,n) = % [log |z —n| —log|n| + Re(%) + %Re((%fﬂ.

Because |K2(z,n)| < §|%|3 and h € L*(C), the integrals

(31  P(z)= ‘ ‘<1K1(z>n)h(n)dm(n)+ - ‘KQ(zan)h(n)dm(n)

converge for all z € C, and a localization argument implies that AP(z) = h(z) for
all z, establishing (i); see [2] for the details.
Because P(z) is real-valued, to prove (ii) it suffices to estimate

(3.2) 4#86—15(2)—/n<1<i+1>h(77)dm(77)+/

1 1 =z
- ——+—+= ) h(n) dm(n).
e |M( ; 5 ) hr) dm(n)

2= n
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We consider two cases.

Case 1: |z| < 4.

In this case we write hi(n) = x(|n|)h(n) and ha(n) = h(n) — hi(n), where
x: [0,+00) — [0, 1] is a smooth, non-increasing cut-off function with x(¢) = 1 for
t <5 and x(t) =0 for ¢t > 6. Then

oP

4775(2)

:/C< : +%>h1(”)dm(”)+/ %hl(”)dm(nH/CZizghz(n)dm(n)

Z—=n 1<y N
hi(n) — hi(z +n) / z / 2
= dm(n) + —hi(n)dm(n) + | ———=ha(n) dm(n
[ = o+ [ i+ [ o dno)
— L+ L+ I

We immediately have

1
|| < |7 ||h1||01/ T dm(n) < ||hllcrlz] and || S [[hlcol2]-
<10 17|

When || > 5 and |z| < 4 we have |z —n| = ||, so that

dm(n) < [hllco |2 < Rl co 2]

] S 2P oo [

5<|nl<+oo 1113
This proves (ii) in Case 1.

Case 2: |z| > 4.
In this case we write

op
dmo-(2)
- /|n|§|z|/3 (o= O ) + /1§|n|§|z|/3 7 o) dm ()

2,2

i /Izn|<|z|/3 W o) dm{r) + /z/3<min(77,zn) m () dm (1)

= L+ 1+ I3+ 14.

Condition (a) immediately implies that |I5] < Ag|z|. We estimate the other inte-
grals as in Case 1:

1
115 hller | L dm(n) < oo 2.
1<nl<lzl/3 |

1
5] < HhHCO/ dm(n) < ||h]lco [z,
z—nl<|z1/3 17 = 1]
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and

1
LIS Wblleo o [ dm() < oo 2,
j2l/3<lal 1

which completes the proof of (ii).

We turn now to the proof of (iii), which is similar to (but more involved than)
that of (ii). The assumption that |[Al|cx < +00, together with the fact that P is

real-valued, implies that we need only show that 477%(,2) is bounded for k£ > 2.

Case 1: |z| < 4.
Split A = hy + he as in Case 1 of the proof of (ii). Then we first write

=) = / LU e Gl [ Shmant)

0z n <l M
+/( ! JrlJri>h(n)dm(n)
c\z—n g p2)7? '
When k = 2 we have
9*P / ~Fz+m) ()
dr——()= | —<1— " dm +/ dm(r
G )= [+ [ B an)
4 [ (G- o) et dma)
c\n* (z—n)
=0 +1x+ I3,

which is estimated (using the fact that |z| < 4 and hqi(n) =0 for || > 6) as
L] S kller, Hal S Mllco,

and
dm(n) < |z|[|hllco S [[Rlco-

L] < 2| ||h||00/5

For k > 3, we have

<l [1°

I e R (—1)*1 (k=1)! B
i) = [ )+ [ et dmlo) = 1+

which is similarly estimated as
(1] S lhller—r and |12 S [[A][co.

Case 2: |z| > 4.

In this case, fix a point zy with |z — 29| < 1/4, and let h = hy + ha, where
hi(n) = x(lzo — n)h(n) and he = h — hy, where now x: [0,4+00) — [0,1] is a
smooth, non-increasing cutoff function with x(¢) = 1 if ¢ < 1/3 and x(¢) = 0
if ¢ >1/2.



UNIFORMLY FINITE-TYPE DOMAINS 125

We write

opP
4775(,2)

- /ngl (Z i 1 ’ %)h(n) dm(n) +/C (Z i n + % + 7)%) ha(n) dm(n)

+/1<n ( LI % + n%) ha(n) dm(n)

2=

= [T )+ [ (G4 5 mdmin

i /|n|<1 (Z i n * %)h(n) dm(n) + /1<77 (z i n + % + n%) ha(n) dm(n),

which yields

P, —%(z%—n) ha(n)
4WW(2)7/@#dm(n)+[c = dm(n)

—h(n) 11 "
(3:3) +/|n|§1 o )+ /197 (7o n)2>h2(77)d ().

Noting that hyi(n) = h(n) and ha(n) = 0 for |z — n| < 1/12, and ha(n) = h(n) and
hi(n) =0 for |z —n| > 3/4, we have

1 1
/1<n (0_2_(%77,@ ha(n) dm(n)
- " —h) .
_/1§|n|§|z|/3 72 d (77)+/1§|MS|Z|/3 ) dm(n)
1 1
| /1/12<Z77<1 (ﬁ - W) ha () dm(1)

h) —h(n)
+/1§z—nSZ/3 Uk ! (n)+/1£z—nﬁz/3 (Z*n)zd )

1 1
+/ = — -3 ) ”n) dm(n)
|21/3<min(|n],|z—n]) ("2 (= — 77)2>

and

—h(n) m(n) = —h(n) m h(n) m
/n<1 =2 " /77<z/3 G—np )+ /1<|77|<|z|/3 EErE ).
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We may therefore rewrite (3.3) as

P, G- (= +n) ha(n) —h(n)
4wﬁ(z)f [Cidm(n)Jr[C po dm(T})+/nSz/3 G 5 dm(n)

! —n)
+/1< <] /3%dm(m+/1< i< (771_27 (z—%P)hz(n)dm(n)
M m —h(n) m(r
+/1<77z<z/3 o (77)+/1<Zn<z/3 (Z_n)2d (n)

1 1
+f 2L V)
|21/3<min(|n],|5—n]) (772 (z - 77)2)

= L+ I+ 13+ 14y + 15+ Ig + I7 + Is.

As before, we have

1) L < blen, 1121+ 1l 5 L0 < em, 11+ 11l S i,
while
S Rl [ pdmn) $ [hlles
and, by (a),

|I4] + |I7] < 24o.

This completes the proof of Case 2 when k& = 2. For Case 2 when k > 3, we
differentiate (3.3) to obtain

N e ) (—1)F'(k — 1)A(y)
4 z) = /(C—dm(n)Jr/ dm(n)

0zk (2) n lnl<1 (z —m)*
(DM (k= Do)
* /<|n| (z —n)* am(n)
o h L(z +mn) (=11 (k — 1)!ha(n)
— d"— m 2 m
- /c 1 )t /12<|z " (z —m)* i
which is estimated to be o
[4r =5 )| S Bl

This completes the proof that (a) = (b).

It remains to show that if (b) holds, then the bound in (a) holds. By translation,
it suffices to show that the existence of such a function P for ¢ = 0 implies that

(3.4) ’/ dm(n )‘§A0<+oo
re[l +oo) 1<|n|<r 7)

for some constant Ay that only depends on the constants from (b). Let P be the
function constructed in (3.1).
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Claim 1. If P satisfies the conclusion (i) of (b), then (a) holds.
To see this, note that for |z| > 3 we have
oP z z
o= [ Ehmdn [ Zhdm()
0z mi<lzlzs (2= mn 1<n|<z1/3 12

2
4
+/ ————h(n)dm(n
s—nl<lzl/3 (2 =m0 ) )
/ ) dmin)
+ 1) dm(n
|21/3<min(|nl,|z—nl) (2 = M)

=L +1+ 15+ 14
Because -
’47r88—]:(z)’ < Ay
by assumption, and we may estimate as above to see that
(I S llBlleo 21, Is] S lRlleo 2], and |14 S [[Rllco|2],

we must have

h{n
= kl| [ ") ()| < (A o) 1,
1<ln|<|z|/3 1
so that

h
[ M dmin)] < o o), 23
1<[n|<lzl/3 N

Because r = |z|/3 € [1,4+00) is arbitrary, the claim is proved.

Claim 2. P satisfies conclusion (ii) of (b).

Let P be a function satisfying (b) (for ¢ = 0). By estimating directly as in the
proof that (a) = (b), one shows that

[VP(2)] < C(|[hllor) 2] log(l2] +2),

while we have assumed a priori that [VP(z)| < A;|z|. Now, P(z) — P(z) = Q(z)
is harmonic on C and satisfies |VQ(z)| < C(Ay, ||h]|cr) |2|log(|z] +2), and there-
fore Q(z) is a degree 2 harmonic polynomial®. Because Q(0) = 0 and |[VQ(0)| = 0,
we may write

Q(z) = 2Re(cz?) for some ¢ € C.

2Let V(2) be a harmonic conjugate of Q(z), and consider the entire function f(z) = Q(z) +
iV (z). The Cauchy-Riemann equations imply that |[VV (z)| < C(h)|z|log(|z| +2) as well, so that
if w € C is any fixed complex number and R > 2|w| + 10, then
(R+ |w|)log(2 + R+ |wl|)

R2

IF (w)] = 1(f")" (w)] < 2R™2 sup R\f/(n)\ S —0as R — 400,

[n—w|=

proving that f”/ =0, and therefore f(z) is a degree 2 polynomial.
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It follows that

oQ oP oP

(3.5) 2cz = a(z) P —(z) — 5(2)
For |z| < 3, the inequalities
oP op
- < — < 1
()| < Aule] and | G-()| < Cllbllen)
imply that
o < S+ 41

By writing P(z) = P(z) — Q(z), we conclude that
IVP(2)| < C(lhller, A) |z].

Because this constant depends only on A; and ||h||c1 (and not on (), the claim
(and therefore the proposition) is proved.

3.2. Biholomorphic changes of variables

We start by defining a family of biholomorphisms ®: C? — C? that preserves the
class of UFT domains. Fix o = (0,02) € C? and an entire function H: C — C
with H(0) = 0, and define the map ®: C2 — C? via

(2,22) =®(z) = (2 — 0,22 — 02 — 2iH (2 — 0)).

It is immediate to check that ® is a biholomorphism.

Define ]5( ) = P(2+ 0) — Im(o2) + 2Re(H(Z)) and Q= {(3%) e C?:
Im(%) > P(2)}, and give Q and bQ the Lebesgue measures dmg, and dm,q as
in the introduction. Then the following elementary result holds.

Proposition 3.1. The domain Q and the biholomorphism ® have the following
properties:

(a) Q is a UFT domain with constants in (H1)~(H3) identical to those of Q.

(b) ®(Q) = Q, &(bQ) = b, and ®(c) = 0.

(c) ®*(dmg) = dmq and ®*(dm,g) = dmpg.

(d) As differential operators, ®*(V, q) = Voo for V € {Z, Z,T}.
)

(e Sh = (@~1)* 0So d*.

Proof. For part (a), we need only note that AP(Z) = AP(3+40). Parts (b), (c), and
(d) follow from direct computations. Part (e) is proved by noting that ®*: L2(bQ)
— L?(bQ) is an isomorphism with Z,5f = 0 if and only if Z,o®*f = 0 in the
sense of distributions. O
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By restricting our attention to o € b{) and carefully choosing the entire func-
tion H, we can ensure that the function ]5(2) behaves nicely near z = 0. In par-
ticular, for o = (0,02) € bQ2 we let P?(z) be the subharmonic potential function
for h(z + o) given by part (b) of Proposition 1.6. For £ > 2, we then define

(3.6) P(z) = Po(2) — 2Re( 3 %%(0) ).

Then our main result of this section is as follows.

Lemma 3.2. Let Q = {z € C? : Im(22) > P(2)} be a UFT domain, and fix
o €bQ and Kk > 2.

(a) There exists an entire function H: C — C with H(0) = 0 so that the

biholomorphism ®: C? — C? from Proposition 3.1 sends Q to €, where
P(z) = P7"(2).

“10°P, .
_ po0,2 _ i
(b) If we further assume that P = P%?, then H(z) = jgzl = (0)z

Proof. Let H be the unique entire function with H(0) = 0 and
2Re(H(z)) = P7"(z) — P(z + o) + P(0).
Then

P(zZ) = P(2+0) —Im(o2) + 2Re(H(2))

— P(E+
— P(:+0) - Plo) + (P7(2) — Pz + o) + P(0) = P7*(3),
proving (a).

Under the additional assumption that P = P%? and x > 3, we let Hy denote
the unique entire function with H(0) =0 and

2Re(Hy(2)) = P7%(2) — P(z + o) + P(0).

Then H(0) = H5(0) =0 and

1 JP” ;
55 )

PoR(z) = P7(2) + 2Re( =

Z
= P73(z +2Re(zl' ]PUZ zj),
=/

027

so uniqueness implies that

"1 97po2 ,
H@:%@+§ﬁaymw'
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Moreover, writing

P72(z) = P(z + o) — P(0) + Ha(2) + Ho(2)

yields
01 po:? 8jP 0T Hy
o ) =5 7z + )+—azj (2),
and hence
GJP 5‘ng ;
(3.7) H(z) +Z (82] o)+ 5 (0))2.

The result (b) immediately follows from (3.7) once we show that
1 2
Hy(z) = P.(0)z + 3 P, .(0)z".

To see this, note first that Hj(2) = PZ2(z) — P.(z + o), so that

|P72(2) = P(2 +0) + P(0)| = [2Re(Ha(2))]

1 1
:Q'Re(z/ Pf’z(tz)sz(athz)dt)‘ §2|z|/ |PO2(t2) — P, (o + tz)|dt.
0 0

The maximum modulus theorem applied to H,(z) on the disc |(] < |z], together
with part (b) of Proposition 1.6 and part (a) of Proposition 3.1 then implies that

|P72(2) = P(z+ o) + P(0)| < 2|Z|ln?a‘x‘|P§’2(CI) — P.(0 + Q)|

< 2IZI( max, [P72(0)] + v [P (U+C)|> <2412 ([z|+|o|+[2]) < [21(1+]z2]),

and therefore P72(z) — P(z + o) + P(0) is a harmonic polynomial of degree no
more than 2.

We may therefore write Hy(z) = a+ bz + cz? for some complex constants a, b, c.
The condition Hs(0) = 0 immediately yields a = 0, while

b+ 2cz = Hy(2) = P.(0 + z) — P7?(2),
so that

b= Hy(0) = P.(¢) — P72(0) = P.(0).

Finally,
2¢ = HY(0) = P, .(0) — PZ%(0) = P, .(0).

This concludes the proof. O
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3.3. Substitution of Schwartz kernels

We return now to the question posed in the beginning of Section 3 about Schwartz
kernels. In particular, let bQ = {z € C? : Im(z2) > P(z)} be a UFT domain
and let H: L?(bQ)) — L?(bQ) be a bounded Re(z2)-translation invariant operator.
We further assume that P = P%2. Fix o = (0,02) € bQ2 and £ > 2, and let
®: C2 — C? be the biholomorphism constructed in Section 3.2 corresponding to o
and the entire function H(z) in part (b) of Lemma 3.2, so that ®(Q) = Q =
{(2,%5) € C? : Im(Zy) > P?*(%)}. Then HP? = (&~1)* o Ho ®* is a bounded
Re(Z;)-translation invariant operator on L?(b2).
Denote by H and H® the bounded (on L2(C x R)) operators

H=Fo(lI"')* oHoll*o F~!
and L .
Hbﬂ —Fo (Hfl)* OHbQ o IT* Ofil,

Lemma 3.3. As functions on C x C x R, the Schwartz kernels [H](z,w,7) and
[HP?)(Z, @, 7) satisfy

[H](Z,U),T) — e—QTriT(T,.;(z,o)—TK,(w,a)) [Hbﬁ](z —o,w— o, 7_))

where

T.(¢.) = ~21m( Y 5, 5 @)~ o).

Proof. The proof is similar in spirit to the derivation of equation (1.5) in [26]. We
begin by noting that for f € L?(C x R) we have

Fo(II™Y 0d* oII* o F~ Lo HP2[f](2,7) = Ho Fo (IT"})* 0 ®* o II* 0 F L[ f](2, 7).
For (w,s) € C x R,

(ST (w, s))) = I(®(w, s +iP(w))) = (w — 0,5 + iP(w) — o9 — 2iH(w — 7))
= (w—o0,s — Re(o2) + 2Im(H (w — 0))),

and therefore for (w,7) € C x R we have

Fo (™) 0@ oll" o FH[f](w, T) = /Re_z’riTsf_l[f](H@(H_l(w,8))))d8

_ /Re—%mf—l[f] (w — 0,5 — Re(09) + 2Tm(H(w — 0))) ds

— e—2m’7(Re(ag)—2Im(H(w—a))) / e—2wi7s;——1[f](w _ O‘,S) ds
R

_ 6727TiT(Re(02)72Im(H(wfa)))f(,w — o, 7_)

and

Fo(II1)*od* oIl 0 F~LolP2[f] (2, 7) = ¢~ 2mir(Re(r2) ~2Im(H (z=))) P2 £] (> g, 7).
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We therefore have
H[f)(z7)
_ e27ri-r(Re(cr2)f2Im(H(z)))J—_-O (Hfl)* o ®* o IT* O]_-fl OHbQ[f](Z + o0, T)
_ e27ri‘r(Re(c72)72Im(H(z))) HO]:O (Hfl)* o d* o IT* O\/—'.il[f](,z#»a, 7_)

— e27riT(Re(0'2)—2 Im(H(z)))

x/[H](z—i—a,w,T)]-'O(H_l)*o@*oH*Of_l[f](w,T)dm(w)
C

_ eQﬂ'i‘r(Re(o’g)72 Im(H(z)))

x / [H) (2 + o, w, 7)e 27 Relez)=2Im(Hw=0))) £ (4 — 5, 1) dm(w)
C

_ / [H](z +o,w, 7_)67271'1'7'(2 Im(H(z))f2Im(H(wfa)))f(w —o, T) dm(w)
C

_ / [H](z +o,w+ o0, 7_)6727m"r(2Im(H(z))f2Im(H(w)))Jc(w,7_) dm(w)
C

Because this holds for every f € L?(C x R),
[Hbﬁ](g,ﬁ),%) _ [H](ZJFU’U? +0_7,7:)e—27ri7—(2Im(H(Z))—QIm(H(u?)))’
or equivalently
[H](z, w,T) = 2T R Im(H(2—0))=2Im(H(w=0))) [Hbﬁ](z —o,w—0,7T).

Part (b) of Lemma 3.2 implies that —2Im(H ({ — o)) = T (¢, o). This completes
the proof. O

4. Metrics

In this section we study the properties of the Carnot—Carathéodory control met-
ric d(z,w) on bf), obtain approximate formulas for d(z,w) to be used in later
estimates, and construct a smooth version of d that allows us to construct bump
functions on b2 adapted to the control geometry. )
On bQ2 we decompose Z = £(X +iY) and Z = (X —iY), where X = Z + Z
and Y = %(Z — Z) are real vector fields. We begin by defining the control metric
associated to the vector fields X and Y, and recalling a few of its properties.
The Carnot—Carathéodory distance between z and w on bS2 is defined to be
d(z,w) =inf {§ : Iv:[0,1] = bQ, v(0) =z, ¥(1) = w,
V() = a(t)0X (v(t)) + B(X)IY ((t)) a-e.,
o, 8 € FPWS[0, 1] and [[la(-)|? + 18012l < 1}

Here, the function space FPWSJ0, 1] consists of all functions f: [0, 1] — R for which
there exist 0 = ap < a1 < -+- < any < any1 = 1 such that, foralli =0,..., N, f
is smooth on (a;,a;41) and fl(q, q,.,) extends continuously to [a;, a;11].
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By the results in [33], the balls with respect to this metric are given by

By(z,0) :=={w € bQ : d(z,w) < ¢}
(4.1) ~{webQ : |z—w| < and |Re(z2) — Re(we) — T'(z,w)| < A(z,0)},

where )
T(z,w) = —21m</0 (z —w)P.(w+ (2 —w)r) dr)
and § — A(z,0) is defined as
A(z,6) :=sup{|t| : t € R and d(z, (z,t+ 22)) < d}.
Indeed, defining
Cyla(z,0) ={w € bQ : |z —w| < ¢ and |Re(z2) — Re(wz) — T'(z,w)| < A(z,9)},

we may express (4.1) quantitatively as
1
Cyly (z, Z5) C By(z,8) C Cyla(z,35).

To see this, note that if [z — w| < § then A(z,0) > A(w, +6), and therefore

Cylyg(z,9)

={w: |w—z| <Jand [Re(z2) — Re(wz) — T'(z,w)| < A(z,0)}

C{w: |w—z[ < and [Re(z2) — Re(wa) — T'(2z,w)| < max,-_.j<s A((2", 23),0)}
C Ba(z,49)

and

Bd(z,é)

C{w:|w— 2] <§ and [Re(z2) — Re(wa) — T'(2,w)| < max|,«_j<5s A((2", 23),0)}
CH{w:|w—z| <6 and |Re(z2) — Re(ws) — T'(z,w)| < A(z,30)}

C Cyla(z,30).

Thus, B4(z,9) is a ‘twisted ellipsoid’, with minor radii § in the z-direction and
A(z,6) in the Re(zz)-direction.

Remark 4.1. By Proposition 3.1 and part (a) of Lemma 3.2, Z, Z, T, S, and the
metric d(z,w) are preserved under the biholomorphisms produced in Section 3. In
other words, the estimates appearing in Theorem 1.1, Corollary 1.2, Corollary 1.3,
and Theorem 1.4 are also invariant under these biholomorphisms. We will therefore
assume that P = P%2 throughout the rest of the paper.

Our first major result in this section, proved in Section 4.1, describes A(z, )
in terms of h.
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Lemma 4.2. Suppose that h(z) satisfies (H1) and (H2). Then, uniformly in 0 <
0 < 400 and z € b,

(42) Mo [ ) dm()

Moreover, there exists 6g > 0 so that
A(z,6) = 6% for 8o <6 < +oo and z € bQ.

One consequence of Lemma 4.2 is that (H1) and (H2) imply that every UFT do-
main is approximately quadratic in the sense of [33]. The conclusion of Lemma 4.2
for 0 > §q will follow from the following technical result, whose statement is slightly
altered from (but admits the same proof as) the original.

Lemma 4.3 ([33], Theorem 4.2). For bounded and continuous h(z), the following
are equivalent:
(a) there exists 0 < §g < +oo with A(z,8) ~ 62 uniformly in § > &y and z € bQ,
(b) for some 6 >0, |,

(c) there exists 0 < 5y < +00 with f‘
and § > dg.

n—z|<6o h(n)dm(n) = 1 uniformly in z € C, and

n—z|<6 h(n)dm(n) =~ 6%, uniformly in z € C

By Lemma 4.2, we may take 6 — A(z,J) strictly increasing, and can therefore
compute its inverse ¢ — u(z,d). That is,
(4.3) Az, p(2,8)) = 6 = (2, A(2,0)).

The results of [33] and Lemma 4.2 imply that
(4.4) d(z,w) ~ |z — w] + p(w, [Re(z2) — Re(ws) — T(z,w)]).

We establish (4.4) by taking 0 = d(z,w) in (4.1), and noting that if A = |z — w|
and B = |Re(z2) — Re(wz) — T'(z,w)|, then B < A(z,0), so that A+ p(z, B) < 0.
Similarly, A + u(z, B) 2 6, establishing (4.4).

By using our biholomorphisms from Section 3.2, we can obtain a simpler version
of formula (4.4) for d(z,w) depending on the size of |z — w|.

Lemma 4.4. Let d(z,w) be as above.
(a) For|z—w| 21,

d(z,w) ~ |z — w| + p(w, |Re(z2) — Re(wz) — Ta(z,w)])
~ |z — w| + p(w, |Re(z2) — Re(wz) — Ti(z, w)]).

(b) For |z —w| <1 and k > m,
d(z,w) =~ |z — w| + p(w, |Re(z2) — Re(ws) — T (z,w)|).

We prove Lemma 4.4 in Section 4.2.
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Finally, the proof of Theorem 1.4 requires, for fixed w € b2, a smooth version
of the function z — d(z,w) for constructing smooth bump functions; cf. [29], [39].
This is accomplished by the following result, proved in Section 4.3.

Lemma 4.5. For each w € bQ) there is a function d*(e,w) : bQ — [0, +00) with
(a) d*(z,w) ~ d(z,w), and
(b) |2¢d*(z,w)| £ d*(z,w)'~1*l = d(z,w)' 71! for o] <2,

where Z$ denotes an arbitrary |a|-order derivative in the vector fields Z or Z

acting in the z wvariables. Moreover, the constants in (a) and (b) can be chosen
independently of z and w.

4.1. Proof of Lemma 4.2

The first step in the proof of Lemma 4.2 is a technical result establishing several
quantities that are comparable to A(z,d) for ¢ sufficiently small and z € C.

Lemma 4.6. Suppose that h(z) satisfies (H1) and (H2). Then there exists 69 > 0
and vy, ... ,vm € S C C so that if

Ai(z,0) :/I » h(n) dm(n), As(z,0) = sup Z |VI~2h(z)] &7,

[v|=1 j=2

Ms

As(

(S mte)o, wien = 35 (3 gt
J j= =

then, uniformly in 0 < § < dg and z = (z, 22) € bQQ,
A(Z, (5) ~ Al(z, (5) ~ AQ(Z,(S) ~ Ag(z, (5) ~ A4(Z, (5)

Il
N

The proof of Lemma 4.6 uses the following two elementary facts. The first
allows us to interchange mixed partial derivatives with linear combinations of di-
rectional derivatives.

Proposition 4.7. Fix j > 0 and z € C, and suppose that f is smooth in a

neighborhood of z.
(a) Ifv e S C C, then

_ I/ . Py

(b) If vy,...,v; € S C C are chosen so that the v2 are distinct, then there exist
constants a(n, k) for 0 < n,k < j, with

St ()= Y aln )V, £,

n=0

where |a(n, k)| < (5!) (minazg [v2 — Vg|)fj<j+1)/2.
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Proof. Part (a) follows immediately from the formula V, f(z) = vf.(2) + v fz(2)
and induction.
For (b), define vectors D, H, V"™ € C/*! for n =0,1,...,j by
_ v (N _Pf
Dyy1 =V, f(2), Hip1 = (k) 5k agjfk(z)’
and

Vi =vEoi " =27 for 0<n,k<j.

Then if A, is the (j+1) x (j+1) matrix with rows V°, V' ... V7 then A, H = D
and

2 4 2j
1 vy vy - 1/%
1 V% 1/j1 e 1/123
2 4 J
detA, = (vov1---vj)~ idet |1 va va -0 14
2 4 .. 2j
1 vi v v;
_ —Jj 2 2 0
= (vov1 - vj) (va —v3) #
0<B<a<j

because the numbers 1/,3 are distinct, where we have used the formula for the
determinant of a Vandermonde matrix.

Therefore A, is invertible, and H = A;'D. We now estimate the entries
of A;'. Note that if A2 denotes the pg-th minor of A, then |AP4| < j! because
all of the entries of A, have unit modulus. By the well-known formula for the
classical adjoint and the above explicit formula for detA,,

-1 —j(j+1)/2
(A Yl < j!‘ H (V2 — yg)’ <j! (Lnérgqyi _ V;23|> JG+1)/ ,

0<p<a<j
and therefore the constants a(n, k) in

; j
o] Zankvj (2)

0zk 0z9— ’“

are bounded by

N —1 o
—j(j+1)/2
la(n, k)| < (2) ! (minp2 —31)

a#f
~i(i+1)/2 —i(i+1)/2

=k!(j — k)! (m;nh/ *I/ﬂ|) < (j,)Q(Ln;ré'VzngD

as desired. O

The second elementary fact allows us to choose, for a fixed C'/(C) function h
and z € C, a direction v, € S* C C so that |VJh(z)| is essentially maximal for
i=0,1,...,J.
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Proposition 4.8. Fiz J € N and let h: C — C be C’. Then there exists a

constant C(J) > 0, independent of h, and for each z € C there exists a direction
v, € 81 C C so that

: N
Vi h(2)] > C(J) ’W(z) ;
k=0

In particular, taking J =m — 2 and C' = ming< j<m—2 C(J) we have

Z|V3 2h(z 5J>CZ(Z’aZk;Zjh2 7)), 0<s <+

Proof. We claim that for each j > 0 and ¢ € (0,27) there exists C = C(j,¢) > 0
so that, if o denotes arc-length measure on S' C C,

(4.5) O'({VESl VI h(2) 20(],0)%‘%(2)’}) > c.
k=0

Granting this for the moment, for j > 0 we set ¢ = 27 — 27771 and choose
C(j,2m — 27971) accordingly. If

J=0,...,J.

A(j) = {ve s : [Vih()| > CGi2n - )3 )
k=0

then
m—2 m—2 m—2
o( (N A0) =2r—o( J 46)) z2m = Y o(4()")
j=0 j=0 j=0
m—2
>2r— ) 2777 =2 —1>0,
j=0

so we can choose v, € (72, % A(j). Setting C' = ming<j<,n_2 C(j, 2 — 279-1), for
this particular v,, we have

i—2 @2 :
|VV* h(z)|Zcz‘W(z)', 7=2,3,...,m,
k=0

and therefore

- d172h :
Z|V3 2h(z |5]>CZ(Z'M;ZJ ()])7, 0<8 < oc,
Jj=2

It therefore suffices to establish (4.5). Fix z € C. For v € S!, part (a) of
Proposition 4.7 implies that

J

VIVLh(z _Z<)82k821 - (2) vk

=0
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(i &R
b= (k) PR

Write

so that
J
VI VI h(z) = Zbk v,
k=0

If by, =0 for k =0,1,...,7, then for any choice of ¢ (4.5) holds for any C(j,¢c) > 0.
We may therefore assume without loss of generality that b, # 0 for some k. Define
B =% _olbkl, and ax = B~'by. Defining Spcny(0,1) = {a € CV : |lal|n = 1}
to be the unit sphere in CV in the £'-norm, we have

J
ha(v) == B~ v Vih(z) = > apv® € P(2j,1),
k=0

where P(m, 1) := {pa(v) = 31 A* 1 A € Sp(cm+1y(0,1)}.

We now show that if ¢ € (0,27), then there exists C' > 0 so that for ps €
P(24,1),

(4.6) o{v:lpaw)| = C}) >c

To see this, suppose that on the contrary that for all C' > 0 there exists A(C) €
Sg1(c2j+1)(0, 1) with

c{re s : [paw) =C}) <ec

Define a smooth, nondecreasing function y: R — [0, 1] with

{1 ez
A =V0 e <,

and for A € C%*! define
fe(d) = [ X(C pa) do(v).

Note that
(a) C'+— fc(A) is non-increasing.
(b) A — fc(A) is continuous in A.
(€) o({v : [pa(v)| 2 2C}) < fo(A) <o({v : [pa(v)| = C}).

Let
H(C)={A : Ac Sp2+1)(0,1) and fc(A) < c}.
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By (b), H(C) is a closed subset of Sy1(c25+1)(0, 1), and is therefore compact. More-
over, (a) implies that H(C') C H(C) for C' < C. By choosing A(C) for a se-
quence C' — 0 and passing to a convergent subsequence, we see that there exists
A € Neso H(C). But then

o({v : lpa()| > 0}) = lim o({v : [pa(v)] 2 2C}) < e <2,

so that
o({ve St : Ipa(v)| =0} > 0.

By interpolation we have A = 0, contradicting the fact that A € Sy (c2i41)(0,1).
This establishes (4.6).
To see how (4.5) follows, we need only note that

a({u e SL: |Vih(z)| > c}j: ’%(z)‘}) —o({r € 8" |ha(v)] > C}).
k=0 O

We also recall the following result from [3] for convex functions of one variable.

Proposition 4.9 ([3], Lemmas 3.2 and 3.3). Suppose that Q(t) = Z;’LO ajt’ +R(t)
is convex on [0,T), such that Q(0) = ap = 0, Q'(0) = a; = 0. We assume that
[R®)(1)| < Cpt™ =% for 0 <k <m+1, and that 37", |a;| ~ 1. Then there is a
positive constant C = C'(m, Cy) such that, for 0 <t < min(C,T),

(4.7) Qt)~ Y la|t,

=2
(4.8) Q) ~ Y lag[ .
=2
Remark 4.10. The result in [3] actually shows that, for example,

m
Q) 2 Y las| 1+ A+,

=2

Because the sum of the |a;| is comparable to 1, the ‘junk’ term At T is negligible
if ¢ is sufficiently small, which yields the result above.

Before we give the proof of Lemma 4.6, we need to recall some terminology
from [33]. We say that a set A C C is a pen if it is open, connected, simply
connected, and if bA is FPWS (i.e., it is locally parametrized by a continuous
function with FPWS velocity). Let L(bA) denote the perimeter of A. Then for
z € Cand § > 0, a finite collection of pens R = {Ry,...,Rx} is called a (z,9)-
stockyard if

N N N
z € U bR;, Z L(bR;) <0, and U bR; is connected.
i=1 i=1 i=1

One of the main results of [33] characterizes A(z,d) in terms of (z, §)-stockyards.
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Theorem 4.11 ([33], Theorem 1.1).

Meb)= s S0 ndm)

(z,6)-stockyards R R.CR
We are now ready to prove Lemma 4.6.

Proof of Lemma 4.6. Without loss of generality, we may assume that z = 0. Let

Tn

) forn=0,1,2,...,m.

Then the numbers 12 are distinct, and therefore satisfy the hypotheses of Propo-
sition 4.7.
We first claim that there is some dg > 0 such that

(4.9) A1(0,8) ~ As(0,8) = As(0,8) ~ Ag(0,0)

holds uniformly for all 0 < § < g, with constants that depend only on m and the
constants from (H1) and (H2).
To see this, first expand h(n) in its Taylor series as

m j—2 1 8j72h ok
(410) h(n) = Z; kzo k'(j —92_ k)' 87)k 87—)j—27k: (0) n 77J + Rm—?(n)a
Jj= =

and choose v, = € as in Proposition 4.8. A simple size estimate and Proposi-
tion 4.7 yield

S sup Y [VEh(0)| 67 + O(|lhf|om-16"F)

V=152
(4.11) ~ sup Z |VI2h(0)| 67 ~ Z V7 2h(0)| 8
=132 j=2

if 0 < 0 < do, provided that Jdp is taken small enough (depending only on Cy
from (H1), ||h||cm-1, and m).

We next show that Ax(0,d) < A1(0,0), which (together with (4.11)) immedi-
ately implies (4.9) as long as dp > 0 is chosen sufficiently small. Fix ¢ > 0 (to be
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chosen later), for integers «, 5 define C(«, S, ¢) = 2sin(c|a — f])/|a — S|, and note
that for |al,|3] < m we have |C(«, 3,¢) — 2¢| < ¢3. We compute

A4(0,9) = / h(n) dm(n) / / h(re')dodr
In|<é 0— 90|<C
// h(re®o) d9dr+// h(re®) — h(re®))dfdr
0— 00|<c 0— 00\<c

51122 9i—2p

{Z Zkly—z— k)! ok oni—2= FOrm

0
+ / 7Ry (re’ )dr}
0

— [C(k,j —2—k,c)—2c] &7 2h
El(j—2—k)! onk onp—2-k

(0) vk ik

2

6 . .

+/ P[Rpn—2(re?) — Ry _a(re?)]dfdr
0 J|0—0p|<c

(4.12) :2c{§:%vj 21(0) + /0 67~Rm_2(7~e“’o)dr}

T 5 AN Ok, — 2 — k) — 2 9I2h b e
Z g El(j—2—F)! onk Oni—2—k 0) v vl

+ / P[Ryn—2(re®®) — Ry _a(re')]dbdr,
0 J9jo—60l<c
where we used (4.10) in the third step and part (a) of Proposition 4.7 in the fourth
step.

Note that because

m 6 k‘]—Q—k C)—QC] 91—2p, .
‘ Z 7 Z E'(j—2—k) Onk oni—2—k (0) vy 7] ’

k=0
m3 92 .
CSZZ.@nkgng 70 ).‘W:CSA2(075)
7=2 k=0

and

m+1
Cmo1 ML

)
[ ] riRnea(re®) = Ra(re™) doir| S el
0—0o|<c

by (4.11) and by taking §p and ¢ sufficiently small it suffices to show that

m

m 1 5
[Z G - VI=21(0) + /0 rRm,g(rewO)dr} 2> IViTPh(0)] 67

Jj=2
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To this end, for ¢ > 0 define H(t) as

m

H(t) = /Ot {Z ﬁw 2n(0) + /OT §Ry_o(s5¢'%) ds| dr-.

Because
H(0)=H'(0)=0, H"(t)=th(te') >0,

and
dtk//sRm 2 wo)dsdr’gcgtm”*k, k=0,...,m+2,

we can apply conclusion (4.8) of Proposition 4.9 to obtain

———— VI721(0) + / R (re'®) dr 23 " [V1-2h(0)| !
= (J—2)l 0 =
for all 0 < ¢t < 4o, if d is taken to be sufficiently small (depending only on Cf,
lh|lgm-1, and m).

In particular, choosing ¢t = ¢ we see that the right hand side of (4.12) is therefore
bounded below by a constant multiple of

QCZWJ (0 |5ﬂ+o( Z|v5;2h(0)|5i+c5m+1)

j=2

2 e |VI2h(0)] 6 2 e As(0,0),
j=2

provided that ¢ and § are taken to be sufficiently small (depending only on Cf,
lh||cm-1, m, and dp). This concludes the proof of the (4.9).

We now show that for 0 < ¢ < §y (for §p as above),
A(0,0) ~ h(n) dm(n).
Inl<é
We apply (4.9) to obtain

/ h(n)dm(n) < sup / h(n) dm(n
In|<é (0,106)-stockyards R R,ER

m J7262 .
< (s nm) o< sp ST g 2n) o)

—1y 52
cm—1|T] m )5
[n|<108 In|<106 ;55 (4 —2)! | |

< sup ZIV’ *h(0)| 87 + O(|[hl|cm-16™) ~ sup ZIW *n(0)] &7

lv|= 1] 2 ‘Vl—l‘] 2

~Z|w 21(0)| 89 ~ / h(n) dmi(n),

Inl<é

Wthh, after applying Theorem 4.11, concludes the proof of Lemma 4.6. O



UNIFORMLY FINITE-TYPE DOMAINS 143

Remark 4.12. In the sequel it will be helpful to note that, for fixed dp > 0 and
Kk > m, we have

(Z‘azka;;hz i ( )DW@A(z,g) for 0 < § < &,

with constants that depend only on dg, x, and the constants appearing in (H1)

and (H2).

Proof of Lemma 4.2. The conclusion for 0 < ¢ < §p follows immediately from
Lemma 4.6. The proof is complete once one observes that (H1) and Lemma 4.6
imply that h(z) satisfies Lemma 4.3 (b), and therefore also satisfies parts (a)
and (c). O

As an immediate corollary of Lemma 4.2 and Lemma 4.6, we gain the ability
(to be used in the proof of Theorem 1.1) to approximate the function 7 — u(z,7)
with one that has a specified bound on its growth rate.

Corollary 4.13. There exist constants 0 < ¢ < C < 400, and for fired z €
bQ) there exists a non-decreasing function T — p*(z,7), such that cu*(z,7) <
w(z,7) < Cp(2,7) and

p(z,21) < 2Y2 ¥ (2, 7).

Proof. By Lemmas 4.2 and 4.6 and (H1), for fixed z € bf) there exists a continuous

function
m

> aiel ifs<1,

=2

52 if § > 1,

with the a; > 0, as + -+ a,, = 1, and A*(z,0) = A(z,0) for 0 < § < +oo with
constants in the approximation depend only on the constants from (H1) and (H2).
If u*(z,7) satisfies

5 — A*(z,0) =

p(z, A (2,0)) =6 = A(z,17(2,9)),
then we have p*(z,7) =~ u(z, 1), as desired. The inequality
A*(z, 1" (2,27)) = 27 = 20* (2, 4" (2, 7)) < A" (2,25 " (2, 7)),
then yields
p(z,21) < 2Y2 ¥ (2, 7). O
4.2. Proof of Lemma 4.4

Let Q = {2 € C?: Im(%,) > P¥ "2(2)}, and let ®: C* — C? be the associated biho-
lomorphism in Section 3.2. If d denotes the Carnot—Carathéodory metric on bS,
then

d(z,w) = d(®(z),®(w)) = d(®(2),0).
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Denote by A and it the analogues of A and p on b(2, and note that because
A(0,0) = A(w, d) for 6 > 0 by Remark 4.1, we have /i(0,0) = pu(w,d) as well. Let

S 18JP -
zz(z,zz):@(z):(zf’w z9 — ngZZjl 821 w)ﬂ>

Setting
T(%,0) = —QIm(/1 Z P¥2(3s) ds),
equation (4.4) yields 0
d(2,0) ~ |2] + (0, [Re(22) — T'(2,0)).
Note that when |Z] 2 1 property (b)-(ii) of Proposition 1.6 and Lemma 4.2

yield
N OPW-2 N
z — < 2 ~ z|).
I7(2,0)| = [21m( / 2 (3s)ds)| < 22 ~ A0, 2))

Hence,
either |Re(Z2) — (z 0)] ~ |Re(z2)] or |Re(Z2) — T(2,0)| < 1~\(0, [Z]),
so that &(2, 0) ~ || + [1(0,|Re(22)|). For |z —w| 2 1 we therefore have
d(z,w) = d(®(2),0) =~ |Z] + 1(0, |Re(Z2)])
= |z — w| + p(w, |Re(z2) — Re(ws) — Ta(z, w)|).

Because

10%P 5

- — <l|lz—wlPxA — h —w| 21

L0 )z~ wp| 12— wf? ~ Aw, |z - wl) when [z~ u] 21,
we also have

d(z,w) ~ |z — w| + p(w, |Re(z2) — Re(wsz) — Th(z,w)|) for |z —w| 21

which proves (a).
On the other hand, if |Z| <1 and k > m then

P™2(2)
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Then
opw:2 = 1 9ipw?2 OR
3\ — =J 1 MyK [~
A ;(jfl)! o OF T+ 53
m k—1

1\ 9kpw2 o
_ zJ—1 Zk—j
e (1 )amm

so that

—QIm(i%%(o)/gOQIm(/o 23];7;;{( )ds)

— j!
m k—1
1 kE—1\ 0Fpw? o
_ - 53 zk—J
QIm(Z ! (;—1>azja§k—j(0)z : )
k=2 j=1
Because
" 197Pw2 -
21 (Z—| = zj>:T,{(z,0),
j=1
L -
| 2T ) ds = Ol ™),
and

m F=l o ok pw.2 o _
‘—ZIm(Z% ( 1)%(0)% zk‘ﬂ)‘ < A(0, |2])
=1

T(2,0) — T.(2,0) = O(A(0, |2])).
Hence, either
[Re(%2) — T(2,0)| = [Re(Z2) — Tu(2,0)| or [Re(22) —T(z,0)| S A(0, [2)),
so that d(2,0) ~ |Z| + (0, |2 — Tx(%,0)|). This yields
d(z,w) = d(®(2),0) ~ 2|+ (0,2 = Tu(,0)|) = |z —w|+ p(w, |2 —w —T(z,w)|)
for |z — w| < 1, which proves (b).
4.3. Proof of Lemma 4.5

By arguing as in the proof of Lemma 4.4, it suffices to prove the result when w = 0
and P = P%2. Fix z = (z, z2) € bQ, and define

g9(z) = Re(z2) — T'(z,0).
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Choosing vy, ...,V to be v, = exp(;;fﬁl

to define a smooth, increasing function

i) ~ Z(Z|V{,ﬂ2h ) ifs<,

j=2 n=0
52 if 6> 1,

), we apply Lemma 4.6 and Lemma 4.2

with §’1/~\(6) and 0~2A(8) non-decreasing, and let ji(8) be the inverse function to
d +— A(0). We define

dsnnll(z O) ((A(|Z|2) +g(Z)2)1/2)

and
(2,0) == (|2|* + [Re(z2)[)/*.

By the explicit formula in Lemma 4.2,

d(z 0) ~ dsmall(z 0) if d(z,O) f, 1,
T  dhge(2:0) ifd(2,0) 21

large

*
dlarge

Let x: [0,+00) — [0,1] be a smooth, non-increasing function such that x(¢) =1
for t <1 and x(t) =0 for t > 2. We then define the d on bQ2 via the formula

d* = X(d:mall) d:mall + (1 - X(6 dikarge)) dikarge'

By choosing e sufficiently small, we can guarantee that d ~ d*.

It remains to show that the formulas in (b) hold. To this end, it suffices to
estimate the derivatives of d7 ., when d* < 1 (so that |z| < 1), and the derivatives
of df, . When d* 2 1. Because the derivatives of dj, .., are much simpler than

those of dZ .., we only show the details for d*
We start with d* Note first that

small*

small”

1 1 1
—iZg(z) = Py(z) — P, (zr)dr — / 2rP;, (zr)dr + / zZrP, z(zr)dr
0 0 0

1
:2/ zZrP, z(zr)dr
0
and .
iZg(z) = 2/ zr P, z(zr) dr.
0

Arguing as in the proof of Lemma 4.6 and writing P, 5 = h, for |a| = 1 we have

Weg(z)] :2|z|/01 rh(zr)dr < 20z sup b))

[nl<]z|
<L h(n) dm(n) ~ —A(|z])
|Z| In|<|z| |Z|

by Lemma 4.6.
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For second-order derivatives when |z| < 1, we apply (4.10) to see that

—iZZg(z) =220, / rh(zr)dr

1m i2 ri—1 3 2h ksj—2—k
= 270, / ZZ MG 2 ) Py (Ot + 7Ry _oh(zr) dr

j=2 k=
m j= -1 -2, ,
r
= 22/ — 0)zF-1z3-2-k
0 {jz;kl (k=!G —2—k)ozk 8,23—2—’“( )
OR,;,_2h
r* 0z : 9, ¢ r)}dr,

so that because |z] < 1 we have

1224(2 |<ZX§ZB%&J2kﬂ)w*+owwmAMWﬂzﬁ%Mm»

Similar computations show that
1

EE ]\(|z|) for |z] <1

1ZZg(2)| +1Z2Zg(2)| +12Zg(2)| <
as well. Note also that

‘a(sk“ ‘ (V85 for k> 0.
Writing ¢ := ¢g(z), and d* := d*(z,0), we compute that for d* < 1 (in which
case |z| S 1 as well),

A ]
<& A

AN + gl I

@ A(z])

where in the third line we used the facts that A(62) ~ (A(0))? and a®4b* ~ (a+b)?

for a,b > 0, and in the last inequality we used the fact that & — = 'A(J) is
increasing. Similarly, we have

oo dr (A(ED? L AQEDN? L dt /A()? ,, AgzD)
|Wd|<(d*)(|z| +lol = >+Auw<ll "m2>
- A(d)\2 dr A 1
S @ P (5) F g S (@)

which gives the desired estimates for d* < 1.
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The proof for Afarge When d* 2> 1 is similar, except that one must estimate the
derivative of dj, ., and use the fact that [P, (z)| < |z|. This concludes the proof of
Lemma 4.5.

Remark 4.14. Lemma 4.5 is very similar to a result of Nagel and Stein [29], who
constructed such a metric d* on the boundary of compact domains and polynomial
model domains. In that setting, compactness allowed them to take higher order
derivatives of d*. We do not pursue this here, because our results only necessitate
control over the first and second order derivatives of d*.

5. Definition of Fg i and Ng g/

Throughout this section, fix a UFT domain Q = {z € C? : Im(z2) > P(2)} and
assume that P = P?" for some o, k. The proof of Theorem 1.1 is fundamentally
reduced to the study of the weighted 9 equation on C, carried out by Christ? in [6].
That is, for subharmonic P: C — R such that 477APdm is a doubling measure,
he defines the (closed, densely defined) operators

(5.1) 7 = D, =0+ 2n7Ps, —Z=D,=—-0+2n7P,

on L?(C), which are equivalent to d and —0 acting on L?(C;e~*"7P(*)dm(2)). He
then carefully studies the operators

G=(D;D:)"", R,=D;o (DrDr)ila

(5.2) § _ - _ -
R =(D;D;)""oD,, and S=I-D;o(D;D;)" " D,,

giving pointwise bounds on their Schwartz kernels in terms of a metric p, : CxC —
[0,4+00) and a closely related smooth function o, : C — [0, 400) defined by

/ drTAP(n)dm(n) = 1
ln—zl<or(2)

uniformly in z € C, and which measures the local average degeneracy of TAP.

Remark 5.1. For the UFT domain €2, the fact that TAP is a doubling measure
on C (with doubling constant independent of 7) and the existence of the function
or(z) follow immediately from Lemma 4.2.

In this section we use Christ’s weighted operators to define the operators Fg g~
and Ng g appearing in the statement of Theorem 1.1. More detailed information
about o;, pr, and the pointwise bounds for [S;], [G,], [R;], and [R%] can be
found in Section 6, where we give pointwise bounds on the Schwartz kernels of
(ZQIE"KJ(/Zﬁ)/\ and (ZOLNKJ(/Zﬂ)/\.

We begin by making three basic observations.

3Christ only considers the case 7 = 1 in his paper, so the following discussion and the results
in Section 6 should be interpreted (in the notation of [6]) as an application of Christ’s results to
the function ¢(z) = 7P(z) for 7 > 0.
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Lemma 5.2. Let A(T) = sup,cc o-(2). Then A(T) < 400 and is non-increasing
for 7 € (0,+00). Moreover, there exists a constant C > 0, depending only on the
constants appearing in (H1)—(H3) (but independent of T), such that as operators
from L?(C) — L?(C),

G-Il < CA(T)?, Rl + [IR7|| < CA(7), and [S-]| <1.

Proposition 5.3. As operators on L*(C), G,, R,, R, and S, are strongly con-

T

tinuous in 7 € (0,+00). That is, for fived f € L?(C) and any operator H, listed
above,

lim H, 5 f =H,f in L*(C).

h—0

Proposition 5.4. For almost every (z,w,7) € C x C x R,

812, 7) = {ESTKZ’”) e

The proofs of Lemma 5.2, Proposition 5.3, and Proposition 5.4 are provided in
Appendix B.

Now fix a smooth, non-increasing function x: R — [0, 1] that satisfies x(7) =1
for 7 < 1 and x(r) = 0 for 7 > 2, and formally define the operators IF"KK/ and
NKJ(I on LQ((C X R) via

Frx[f](z,7) :/CX(T) RIS, (R ](2,w) f (w, 7) dm(w)

and
o lf)(2.7) = (1= () RES, (B )2, w)f . 7) o)
for 7 > 0, and
IAFK,K/[]C](Z,T) = NK,K/[f](z,T) =0 for7<0.
By Lemma 5.2,
IRES, (R3[| 20)—L2(c) S AMFFTE, >0,

we therefore immediately have that I K,k and N K,k are closed and densely defined
operators on L?(C x R).
Finally, define

Fg g =117 oF 1 oIAFK7K/ oFo (H_l)*

and R
NK,K’ = H* O]:_l ONK7K! O]:O (H_l)*.

By (5.1) we immediately have

(ZQFKJ(/Zﬁ)/\ = Wf‘ IAFK7K/WE and (ZQNK,K/Zﬂ)/\ = WTa NKJ(/WE,
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so that

(5.3) (Z°Fk,i Z°)") (2,0, 7) = X(1)[WERES, (RE) K WP (2, w)

and

(5.4)  [(Z°Ng,x Z°)"|(z,w,7) = (1 — x(1)) [WERES, (RE) K WE] (2, w),

where for a multi-index o we have Z% = Z,, ---Z,, and D} = D; o, -+ Dra,,
where Z,, € {Z,Z} and D, o, = Za,.
In particular,

TN Z2(Z8 ) [Fi 1] (2, w)

+oo ) B ,
(55 = (@mi)" / 2mir(Re(z2) =Re(@2))y (1) N [WORKS, (RE) K WP)(2, w) dr
0

and
TNZ¢(Z5) Nk x/](z, w)

—+o00
(5.6) :<2m‘>N/ e2mir(Re(ea) =Re(02)) (1 (1)) 7N [WERES, (RE)K W) (2, w)dr,
0

Remark 5.5. By defining F = Fy 9 and N = Ny, we have S = N + [ as well as
parts (a)-(i) and (b)-(i) of Theorem 1.1.

Let ®: C? — C2, ®(Q) = Q be the biholomorphism constructed in Section 3.2
associated to o € bQ) and k > 2. Then Remark 4.1, Lemma 3.3, and the above
discussion immediately imply that

Lemma 5.6. If

Fo =TNZoFp 2%, Ny = TN 29Ny g0 2°,

and

7,8, N _ N o mbQ B g6, N _ N za ngbQ B

]FKﬁK’ *TbQZbQFK,K/ZbQ ) NK,K’ *TbQZbQNKﬁK’Zva
then
(5.7) [N%@{V](z, w, 7) = 2T (Te(2:0) =T (w,0)) [N}x(ﬁ%{v]@ — 0w —0,7)
and
(5.8) [F;?ﬁgﬁ](z, w, 7) = e~ 2miT(Te(z:0)=Tx(w,0)) [F%ﬁé]fv](z —ow—0,7)

Proof. Lemma 5.2 implies that N x is bounded on L?(bQ2), and so Lemma 3.3
and standard Schwartz kernel arguments imply (5.7).
For § > 0 we define the operators F%K, via

+oo
[Fe or](z,) = /5 2mir(Re(e)—Re(@2)y (1) [RES, (%)X | (2, w, 7) dr.
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Then Lemma 5.2 implies that F?Q s is bounded on L?(b(2) for 6 > 0 and therefore

X(NRESH(R:)X)(z,w,m) i 726,

0 otherwise.

[F%,K’](Z’ w, T) = {

By arguing as for (5.7) and then taking 6 — 0, we obtain (5.8). O

6. Kernel estimates

We now come to the heart of the argument. Throughout this section we work with
a UFT domain Q = {z € C? : Im(z2) > P(2)}, where P = P%* for some o € bQ)
and k > 2.

6.1. Past work and translation

In this subsection we recall the results of Christ [6] on the weighted d equation
on C. As briefly mentioned in Section 5, for subharmonic P: C — R such that
47T APdm is a doubling measure, we define the (closed, densely defined) operators
D, =0+ 2r7P; and D, = —0 + 277P, on L?(C).
When 7 = 1, [6] Christ carefully studies the operators
G=(D,D;)"', R,=D,o(D,D;)7},
R* = (D,D,)"to D,, S=I1-D,o(D,D;)"'D,

in terms of a metric p,(z,w) on C given essentially as dp2 = o, (z) 2ds?, where ds?
is the standard Euclidean metric on C and o,(z) is a smooth function satisfying

/ ArTAP(n)dm(n) = 1,
ln—zl<0r (2)

uniformly in z € C. Because the constants here can be taken to universal, we can
extend o, (z) to 7 € (0, +00).
The metric p,(z,w) and function o, (z) satisfy the following estimates.

Lemma 6.1 ([6]). If z,w € C satisfy |z —w| > o,(w), then

(6.1) prlew) > o(E24Y

or(w)

where C,§ > 0 depend only on the doubling constant 2% of 4wt APdm.
Moreover, one can find C, M > 0 also depending only on 29 such that

or(2)  or(w) |z — w[\M
(6:2) o-(w)  o.(2) = C( or(w) ) '

The main theorem of that work provides the following estimates on the Schwartz
kernels G, R,, and S, respectively.
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Theorem 6.2 ([6]). There exist constants C,e > 0, depending only on the doubling
constant of 4rTAPdm, such that

20, (w) _ <
(6.3) I[G,](z,w)| < C 1Og( |z7w|_)7 |z —w| < o, (w),
e_EpT(Z’w), |Z _ U}| Z UT(IU),
|Z_w|_1) |Z—w| SUT(’U)),
6.4 R, (2, <C
( ) |[ ](Z U))| {O,T(w)leepT(z,w)7 |wa| > O'T(’w),
(6.5) [S7](z,w)| < Corp (w)~2epr (=),

Remark 6.3. Because [R%](z,w) = [R;](w, z), [RE] satisfies the same estimates
as does [R,].

Remark 6.4. For some large fixed M, at the expense of perhaps a larger C' =
C(M), we may replace the estimates for [G,](z,w) by

log ((2Moz () —w| < Mo,
66) Gz w)] < C og( e—w] )» |z —w| < Mo (w),
emcpr(zw), |2 —w| > Mo (w),

and similarly for |[R.](z,w)| and |[RZ](z,w)]|.

In order to utilize Christ’s results in our setting, we first make two crucial
observations. First, note that the value of 7 does not affect whether or not 477 Pdm
is a doubling measure, nor its doubling constant. In particular,

Proposition 6.5. The estimates in (6.1), (6.2), and Theorem 6.2 only depend on
the constants in (H1)—(H3), and not on .

Second, we must understand the quantities o,(z) and p,(z,w) appearing in
Christ’s estimates in terms of the geometric quantities studied in Section 4.

Proposition 6.6. Let w € bS). Then for some C,C’',C" v,§ > 0 which depend
only on the constants in (H1) and (H2),

(a) or(w) = p(w,771),
|z — w|

(b) pr(zw) = C( e

for |z —w| > o (w).

Z_w|)21/
N )

) > ¢ (rAw, 2 — w))” = C"(|ar(w>

Proof. For (a), we merely apply Lemma 4.2 to the definition of o, (w).
To prove (b), let 0 be as in Lemma 6.1 and define v = §/m. Choose k > 0 so
that |z — w| ~ 2¥0,(w). Then Lemma 4.2 yields

(ljr_(qulf ~ 2% 7 Aw, 0. (w)) S 7 A(w, |z — w|)

< 72" N (w, or (w)) & 27 & ('j d‘;')m.

Raising each term to the power v and applying (6.1) gives the result. O
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Remark 6.7. As before, the above estimates can be taken to be symmetric in z
and w, and one can interchange the roles of z and w at the expense of perhaps
larger constants.

To simplify the computations in the rest of the paper, it will be convenient to
replace p,(z,w) with a (simpler) quasimetric. To this end, define

pr(z,w) = (TA(w, |z — w]) + TA(2, |2 — wl))",

where z = (z,22) € bQ and v is as in Proposition 6.6. Then Proposition 6.6 and
the results in Section 4 immediately imply that:

Proposition 6.8. Uniformly in z,w,n € C and 7 € (0, 4+00),
(i) pr(z,w) = (TA(w, |z — w|))” = (TA(z, [z — wl))",

Remark 6.9. The formulas from Theorem 6.2 can be recast in the following
slightly weaker form. Defining

Kro(z,w) =1, Kra(z,w) = (1+ |ZT(U:3|), K;o(z,w) = (1+10g (T;T(ZD)’

and taking p-(z,w) as above, there is a constant C' > 0 so that
I[G,](z,w)| < Coy(w)2T? KTQ(Z’w)e*EﬁT(Z,w),

IR, (2, w)] + |[R])(2,w)| < Cor(w) K, 1 (2,w) e Pr=w),
I[S+](z,w)| < Coy(w)2T° Kﬂo(sz)e*EﬁT(Z,w).

These estimates are symmetric in z and w, perhaps at the cost of slightly enlarg-
ing C.

In light of equations (5.5) and (5.6), in order to prove Theorem 1.1 it is sufficient
to obtain precise size estimates for [WORES, (R*)K W5](z, w).

Remark 6.10. To take advantage of the oscillatory term in the integrals (5.5)
and (5.6), we will also need to make sense of, and prove size estimates for, the
Schwartz kernels of operators of the form

(6.7) OM(WERES, (RN WP).
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Note that by the arguments used to prove Lemma 3.3 the operators 0, associated
to © and 0, associated to 2 are related by

9, = e~ 2miTTw(2,0) 57_ 0 e2miTTx(2,0) 5‘_’_ + 27T (2, 0),
and therefore it is natural (see [34]) to replace J, with the ‘twisted’ derivative
eQTI'iTTﬁ(Z,O') o aT o e—QTriTTﬁ(z,o) _ 87— o 2’/TZ‘T,{(Z,(T)

when studying the kernel [Fi‘(ﬂK/](z, w, T) described in Lemma 5.6. The substitu-

tion described in Lemma 5.6 has the effect of ‘un-twisting’ the operator
WeRE S, (R;)<' WP,

and therefore the T-derivatives considered in (6.7), which will be computed after
applying Lemma 5.6, are not twisted in this sense.

The size estimates that we obtain for the operators (6.7) are most easily ex-
pressed as follows: For k € Z and wy € C, and an operator H, on C, we say that
H, = Op}° (k) if, for ¢ supported in {w € C : |[w—wp| < o,(wo)}, H-[¢](z) is given
by integrating ¢ against a locally integrable Schwartz kernel [H,] which satisfies

(6.8) [H)(z, w)| < e oy (w)F=2e= P W) 2 e C, jw—wo| < or(wp)

for some € > 0.
If I C (0,+00) and Hy := {H } ., is a one-parameter family of operators on C,
then say that H; € Op7°(k) if H. € Op>° (k) uniformly for 7 € I.

Remark 6.11. As is customary, we will often use the notation Op7° (k) to refer
to an arbitrary sum of operators in Op7° (k).

Remark 6.12. The operators Opy° are similar in spirit to the one-parameter fam-
ilies of Raich [34], which were designed for the situation when P is a subharmonic,
non-harmonic polynomial. Our families are, in a sense, an adaptation of his to
the non-polynomial setting, although we have no need for the type of cancellation
conditions he imposes on his operators of order < 0 because our operators all have
locally integrable Schwartz kernels.

One simple but crucial observation is the relationship between Op7°(k) and
Op7°(¥¢) for various intervals I.

Proposition 6.13. For fixed 0 < © < +o0,
Op(gg) (k) C Op(ge(f) fork <Z,
and
Opi&s ) (k) C O, (0) fork > 1.

Proof. This follows immediately from the observation that o, (w) < 1 for 7 > O,
and o, (w) 2 1 for 7 < ©O. O
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Our main result of this section is as follows.

Theorem 6.14. Let o and 8 be multi-indices. Fiz 0 < © < +oo. If M, K, K' >0,
then the following hold:

(a) if P = P72,
MM (WeRES, (R:)X'WF) € Oply 0)(K + K’ — min(|al, 2) — min(|8], 2));
(b) ZfP — Pa-,max(m,\a|,|,8\)7
MM (WERES, (R:)X WE) € Opfly o) (K + K" —|a| - |8]).

In each case, the constants in the estimates depend on ©, (H1), (H2), (H3), M,
K, K', m, |a|, and |38], but are independent of 7.

The proof of Theorem 6.14 is accomplished in several stages. We begin with a
definition. Say that an operator H; is O, (L, M, N) (and write H, = O, (L, M, N))
if either

(a) H, is a composition of A+ B + C + D + M operators, with A > 1 and
B+ 2C — D = L, where the factors consist of

(i) A copies of S,
(ii) B operators from {R,, R*},
(iii) C copies of G,
(iv) D multiplication operators of the form 7V P
(v) M multiplication operators of the form 7V**2P  with k; > 0 and

> ki=N,

1<i<M

or
(b) H, is a linear combination of operators described by (a).

In Section 6.2 we rewrite expressions of the form WoRES, (R*)X'WE as a
sum of operators in the classes O, (L, M, N). We then show in Section 6.3 that
for H, = O,(L, M, N) and for ¢ supported in {|w| < 0-(0)}, the operator ¢ —
H,[¢](z) is given by integration against a Schwartz kernel which is in Op%(k) for
appropriate I and k, depending on our choice of k. The arguments in Section 6.4
show that the Schwartz kernels of G-, R,, R%, and S; are differentiable in 7, and
explicitly compute formulas for their derivatives. This gives us a natural definition
of 0;H, for any H, in the class Q. (L, M, N); see Corollary 6.25 for the details.
These results are combined in Section 6.5 to prove Theorem 6.14.

6.2. Alternate expression for W* RE S, (R:)K' Wf

Our goal in this section is to prove the following lemma, which allows us to write
operators such as W RES_(R*)X ' W# in a form which does not involve any ex-
plicit differentiation.
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Lemma 6.15. Let K, K’ |al|, || > 0. Then

WeRE S, (R:)K W
la|—£ B8] =2

(6.9) ZZ > Z O (K —|a| +2i + £,i, )0 (K' —|8] +2i' + ¢, ,0)
0 i=0 /=

la|—€]8]— Z’
(6.10) ZZZ 3" OAK+K ~|af = |8] +2i+ 20 + £+ £,i+ 1,0+ 0);
¢ i=0 /=0

the outer two sums are over 0 < ¢ < max(|a|—2,0) and 0 < ¢’ < max(|5]-2,0).

Remark 6.16. Note that (6.9) implies that, when writing W RE S, (R*)X W/
as a linear combination of operators which are O, (L, M, N), we may assume that
each term 7V?+¥: P satisfies k; < max(|al, |3]). We will see later how this leads us
to use PZmax(mulallB) in part (b) of Theorem 6.14.

We begin with a few algebraic computations.

Proposition 6.17. Let I denote the identity operator. Then
() D,G, =R,, D,G, = —R:(477P, )G, + R},
(b) G, D, =R, G,D, = —G,(47rP, )R, +R,,
() D,R, =I=R:D,, [D,,R,] =R, (4x7P.;)R,,
[Dr,Ry] = —R;(4nrP,)R;, D.R:—I-S, =R, D;,

(d) D;S, =0=S,D,, D.S; =R,(4r7P.:)S., S.D, =S,(4rrP.:)R".

Proof. We will only prove the formula for D,G, as the other formulas either use
the same techniques or follow immediately from the formulas in (5.2).
We compute as follows:

DG, = G,D, D,D,G, = R:[D,, D,]G, +R: D, D,G, = —R:(477P. ;)G, +R.
—— —_———
=Rx =I
O

As an immediate application of the above formulas, we have:
Corollary 6.18. Let W, denote either D, or D,. Then
W,0.(L,M,N)=0,(L-1,M,N)+ O, (L+1,M+1,N)+O,(L,M,N +1)
and
O(L,M,NYW, =0,(L-1,M,N)+O,(L+1,M+1,N)+O,(L,M,N +1).
We now prove Lemma 6.15.
Proof of Lemma 6.15. By writing
WeRE S (RN WP = (WeRES,)S, (W) RE'S,)”
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and observing that
®T(L,M7N)®T(L/7M/7N/) = ©T(L+L/7M+M/7N+Nl),

we are done when we prove (6.9) for |5 = K’ = 0.
We prove the cases where |a] < 2 directly, and then handle the higher-order
cases by induction. When |«| = 1, Proposition 6.17 implies that

_ RE-1S. if K > 1 K .
D,RES, ={ "~ ST and  D,RES, = Y RIV(dnrP, ) RE IS,
0 if K =0, = *
There are four possibilities when |a| = 2:
o RE-2S.  if K >2
D,D,RES, ={ "7 phes
0 if K <1,
0 if K =0,
D.D,REs, = { & ,
DR S, RIFT (4rr P, ) RE-IZIS. i K > 1,
j=0
K
D,D,RES, =) "RI(4n7P, )REIS,,

<
I
<)

J
D-D,RES, = 3" S RENdnr P, o )RIFI (4nr P, s )RE IS,
7=0¢=0
K K
+ZR£S (477P, ) RETIS, — Y "RI(477P, . )RES,
: ot

+ Z RI (477 P, 2)R7 K-l-jg_
7=0

i

RIT (47 P, )R (4n7 P, ) RE—I-ES

v

Il
=]

+
L

Il
=]

J

where in the case D, D,RES, we needed to use, in addition to Proposition 6.17,
the computation

[D;,47TP, ;) = —4n7TP, 5 , = —[D,, 477 P, .].
Because RXS, = 0, (K, 0,0), we see that for |a| < 2,

la|
WERES, =3 " 0.(K — o] +2i,i,0)
=0

as desired.



158 A.J. PETERSON

We turn now to the proof of equation (6.9), which we have shown holds for
o] = 0,1,2. If we know that (6.9) holds for some a with |a] > 2, then by
Corollary 6.18 we have

la| =2 |a|—£
W WERES, =W, > Y O (K — |a| +2i + £,i,0)
¢=0 =0
la|=2 o]

Z Z — (la| + 1) + 2i + £,i,0)

+@T( —(Ja| + 1)+ 2+ (£ +1),i,£+1)
+ 07 (K = (lo| +1) +2(i + 1) + £,i + 1, 0)]
(la]+1)=2 (la]+1)—¢

= Z Z O-(K —(Ja| + 1)+ 2i+£,i,0).

This completes the proof of Lemma 6.15. O

Remark 6.19. The inclusion of the multiplication operators 7V P in the definition
of O, (L, M, N) might currently seem superfluous because these terms have not yet
appeared in the above proof (indeed, only higher-order derivatives of P appeared).
These operators will show up when we differentiate operators in O, (L, M, N) with
respect to 7.

Remark 6.20. If we are working with the Heisenberg group (i.e., if P(z) = |z|?),
then the above results simplify substantially. This is due to the fact that P, . =0
and P, ; =1, and therefore

la|+]8]
W‘?RfST(R:—)K/WBZ @T(K+K/—|Oé|—|ﬁ|+2j,j90).

§=0
The arguments used to prove Theorem 6.14 in Section 6.5 then yield
TMOM(WeRE S, (RY)KWE) € Op{y 4oy (K + K’ — |a| = |B]),

which is a much stronger result for 7 < 1 than that of Theorem 6.14 for general P.

6.3. Estimates for O, (L, M, N)
Our next goal is the following lemma.

Lemma 6.21. Let H, € O, (L, M, N), and restrict H, to test functions supported
in {Jw| < 0,(0)}. As before, fix 0 < © < +00.
If P = P72, then

(6.11) Ho,e] € Op(p,e)(L — 2M).
If P = P%" for k > max(m,|«|,|8]), then
(6.12) Hio,450) € OPlo, 1oy (L —2M — N).



UNIFORMLY FINITE-TYPE DOMAINS 159

As a preliminary step, we give additional pointwise bounds for the derivatives
of P72 and P".

Lemma 6.22. Let |w| < 0.(0) and n € C, and fir e > ¢ > 0, kK > m, and
1 <k <k. Then for 7 < © we have

(6.13) [TVFPTR ()| e P S o ()T RO g pr (1)
while for T > © we have

(6.14) |7VF PR ()| e~ Pr(00) < 5 (w) =k e P 1w)

~

where the constants involved depend only on €, €, ©, and (H1)-(H3).

Proof. When 7 < ©, note that o, (n)?7 ~ 1 uniformly in n. Thus if || < 0. (n) ~
or(w), then Proposition 1.6 gives

|Tvkpo-,2(n)| S 7_|77|27min(lc,2) g 7_O,T(77)27min(lc,2) s O_T(,w)fmin(kﬂ)'

On the other hand, if || > o,(n) then we apply part (b) of Proposition 6.6 to
obtain

[TVEPT2 ()| <ty D) < 1o ()22 5 (n, 0)N
< or(w) ™2 ED (5 (n,w) + pr(w,0)N < or(w) "2 ED (5 (n,w) + DN,

from which (6.13) follows.
When 7 > O, we write

G15)  Py= Y I e 1 Ol el )
. 77 - 8zaazﬁ "7 "7 Cr—1 "7 .
2<a+p<k,
a,>1

Computing V¥ P7+%(n) and estimating yields

8a+ﬂ72h

Ssa9:8 0) [ * 07 4 || Bl| g ]

VEPTEmIS )
max(2,k)<a+B<k
a,>1
If |n| < 0-(0), then because o, (w) ~ 0,(0) < 1 we apply Remark 4.12 to get
[rVEPTE ()| S 707(0)7A(0,04(0)) = 0-(0)F = or (w) .

Similarly, for |n| > 0,(0) we apply part (b) of Proposition 6.6 to see that

PP )] £ o0 (S

which yields (6.14). O

k+1—k
) s o) e w)Y

)
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Our first lemma shows how operators behave under composition.

Lemma 6.23. For € > 0 there exists ¢ > 0 such that for 0 <i,j <2,

[ e O ) s, 0) din)
C

- 0r (W) Ky o(z,w)e™ € Prw) gf =5 =1,
~ ) op(w)2em < pr (=) otherwise.

Proof. We will prove the case 1 = j = 1, as it is almost identical to the other cases
and exhibits all of the relevant techniques. Throughout the proof, ¢ denotes an
arbitrary small positive number that may shrink from line to line.

We want to estimate the integral

L= / e GGt | K (2 )| K (7, 0)] dim(n)-
C

To do this, we consider two cases:
Case 1: |z — w| < 2max(0,(2), o (w)).
Case 2: |z — w| > 2max(0,(2), 0 (w)).

For Case 1, break the integral Z into

I = / +/ =: Il —|— 12.
lz=n|<Mo,(w)  J|z=n|>Mo (w)

Here, M is chosen large but depends only on the doubling constant of h(n) dm(n).
Throughout this case we will use the fact that p.(z,w) <1 and o, (2) = o (w).
For I, we may assume that |z — w| > 0. Choosing M so large that |z — w| <
Mo, (w)/20 and setting
[z — w|
a=—
Mo, (w)

we have

|11|§/ o )IZ*nl’lar(n)ln*wl’lar(w)dm(n)
z—n|<Mo,

Sow? [ a1 )
A|<a™?t

. "T(“’>2(/|m<3 il i+ 1] dmG) + [ 2=+ 1] dm (7))

3<|A|<a—1
Sorwp(Le [ il am(i)
3<])|<a™?

MO'T(’U)))’

~ o, (w)?In(a™!) = o, (w)*In ( |

where in the second step we made the change of variable (z — w)f) = n — 2.
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For Iy, we make the change of variable z — n = o, (w)7n and note that |n — z| ~
|n —w| to get

|| 5/ e—€Pr(zm) o —€pr(n,w) dm(n)
|zl > Mo (w)

< o (w)? / =<l AG il () g (1)
[7]>M

N O'T(w)Q/ e_ﬁmludm(ﬁ) S O'T(w)Qa
[7]>M

where we used Proposition 6.8 in the first two lines. This completes the proof of
Case 1.
For Case 2, we need to break Z into five pieces:

I:/ +/ +/
p=nl<orz)  Jlw-nl<or @)  Jor(2)<lz—nl<]z—wl/2

o, o
or(w)<fw—n[<|z—w|/2 min(|z—n|,|w—n])=]z—w|/2

=L+ L+Is+ 14+ I5.

For I; we note that because |w—mn| &~ |w—z|, part (v) of Proposition 6.8 implies
that

L) < /| e 0
z—n|<o,(z

Sorw) [ |2 — gl 1e= P ) (i)
|[z—n|<or(2)
gUT(w)Qe—eﬁ,—(z,w).

In the second line we used (6.2) and (6.1). Iy is estimated in the same way.
For I3, again applying Proposition 6.8 and Proposition 6.6,

| 13| 5/ e—€Pr(zm) g —€pr(n,w) dm(n)
or(2)<|z—n|<|z—w|/2

Se T @ [ i)
1<

< O_T(w)2p~7_(z’w)Me—eﬁ,.(z,w) 5 O_T(w)2e—eﬁ,-(z,w).

~

Of course, I is almost identical. Because I5 involves nothing more than chang-
ing variables and using the fact that |n — z| &~ |n — w| > |w — z|, the proof of the
case i = j = 1 is complete. O

Proof of Lemma 6.21. It is enough to prove the theorem when H, falls under
part (a) of the definition of O, (L, M, N).

We prove (6.12); the proof of (6.11) is exactly the same, but with all of the k;
replaced with min(k;, 2).
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Write H,, = HiI=1 H ;, where each H; ; is either S;, R., RZ, G, or multipli-
cation by 7V¥i P (with k; > 1), and define

—k ifH,; =7V*P,
0 ifH,;=S,,
1 ifH,; =R, R,
2 ifH,;=G,.

d(i) =

Let 1 <y <z < -+ <ig < I be the indices for which H; ;, € {S+,R,,R*, G, },
and set ig = 0. Define

Il(zlaw)a IQ(ZQ)U))) sy Ie—l(ze—hw)a IQ(Z,U))
by setting

Ti(z1,w) = |Hri )z, w)| ] 17V5 P(w),

0<i<iy

Iz(Zzaw):[C|[Hr,i2](zz»21)| [T 17V"P@)|Zi(a1, w) dm(z1)

11 <i<1i2

Ie(zaw)Z/CI[HTJG](Z,ZG—OI I[I 1PV P@) Ti(zp-1,w) dm(zp-1).

19—1<t1<tlp

By the Fubini-Tonelli theorem,

(6.16) I[H](z, w)| < ( I1 |Tv’wp(w)|) To(z,w),
ig<i<I

and therefore our first task is to bound the right-hand-side of (6.16) by induction.
By the definition of O, (L, M, N), There are four mutually exclusive cases to
consider:

Case 1: H,; =S,

Case 2: H,,, =S; and H.;, #S;,

Case 3: 60 >3and H,, H,;, € {R. R},

Case 4: 6 > 3 and either H, ;, = G, or H,;, = G-.

The proofs of the various cases are almost identical, differing only in the details of
applying Lemma 6.23 to establish the inductive base step. We provide the details
for Case 3. Throughout the argument, ¢ > 0 is a small number which might shrink
from line to line.

Assume that © < 7 < 400, 6 > 3, and that d(i1) = d(iz) = 1. By Remark 6.9
and Lemma 6.22 we have

Ti(z1,w) S e P (w) "oz WK (21, w),
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where K, 1(z1,w) is as in Remark 6.9. Applying Remark 6.9, Lemma 6.1, Propo-
sition 6.6, Lemma 6.22, and Lemma 6.23 gives

To(z2,w)
< / [eeGr a4 Pr LN K (2 21 ) K (21, )
(®

X o, (Zl)*2+27:1<7:§i2 4@ (w)72+zo<iﬁ7ﬂ1 d(i)} dm(z1)

A

o (1)~ Tociziz 40 /C e~ elir (o) 43 LD | (o 1)Ky (21, w) dim(21)

< o, (w)_2+20<i§7ﬁ2 d(?) K, o(22,w) e~ €Pr(z2,w)
Repeating this argument for Z3(z3, w) yields
I3(z3,w) < OT(w)_2+ZO<iSi3 d(@) K o(z3,w) e~ hr(z3w)
We now apply the same argument inductively to see that
Ty(z,w) S o (w) 200 M0 | (2, w) e=Pr ),
so that by Lemma 6.22 we have
I[H-] (2, w)| S 07 (w) ™2 20<isr 40 g=ebr(z0),
In other words, as long as k > max(m, |a/, |3|) we have
|[H7—](Z’,’u})| 5 or (w)—2+B+20—D—2M—Ne—eﬁ7-(z,w)
= UT(w)*%szMfNe*Eﬁ*(z’“’) for 7 > ©.

This shows that Hig, o) € OPfe, 4o (L —2M — N).

In the case where we work with P?-? (and where 0 < 7 < ©), our application of
Lemma 6.22 necessitates that when d(i) = —k < 0 we replace —k with —min(2, k),
yielding Hyg,e] € Opg e)(L — 2M).

This completes the proof of Lemma 6.21. O

6.4. Derivatives in 7T

For a one-parameter family of operators F (g ;o) and fixed 7 € (0, 4-00), define
Ah(FT) = hil(FTﬂz - IFT)
for all h with 0 < |h| < 7.

Lemma 6.24. Let P, and Ps denote multiplication by P, and Ps, respectively. As
operators, we have the following formulas:

(a) Ah(GT) = —GT(QFPE)RT+}L — R:(QFPZ)GTJ'_}“
(b) An(R,) = S, (27P)Grin — Ry (20 PRy,
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—

T

(d) An(S;) = =S, (27P)R?, ;, — R, (27 P%)S, 41

¢) An(R:) = G, (27P;)S, 14 — RE(27P)R?,,,

Proof. We first compute (a). Choose a smooth cutoff function x(¢) with x(¢) =1
for t <1 and x(t) = 0 for t > 2. Also, let n € C2°(C?) satisfy [n =1, and write
m(z) =ttt 2t w).

For € > 0 define the regularized kernel

(G- (2, w,7) := 7 * [x(€] @1 — 02 [)[G7] (01, 02)](2, w),
and let GE be the operator given by integration against [G,]¢. We also define
R¢ == D,G¢, R**:=G:D,, St:=1- D,R*".

One can easily show that, as € — 0, these distributions converge to their respective
non-regularized operators.
Notice that

Ah(GiDTDT)Gi—&-h
= An(G5)DrynDrynGlyp + G5 (21 Ps) Dy nGY 4y + G5 D, (21 P, )Gy -

Sending first € — 0, and then § — 0, we obtain (a).
Now that (a) is established, we can use it to prove the other formulas. To this
end, note that

Ah(RT) = (27TPZ)G7—+h + D-,—Ah(G-,—)
= (27TPZ)G7—+}L - DTGT(QTFPE)RTJ'_}L - DTR:(QFPZ)GTJ,_}L
= ST(QTFPZ)GTJ,_}L — RT(QFPE)RTJ,_}L,
proving (b). The proofs of (¢) and (d) are similar to that of (b). O

As an immediate corollary of Lemma 6.24, Proposition 5.3, the definition of
O-(L, M, N), and the product rule, we have

Corollary 6.25. For H, € {G,,R.,R%,S;} we have

—G,(27P:)R, — R:(27P,)G, if H, = G-,
2nP —R,(2nP;)R if H =R
lim Ah(Hr) — ST( m Z)GT 7’( i Z) T Zf T T
h—0 G-(27Pz)S; — R: (27 P,)R: if Hy =RE,
—S;(27P,)R: — R (27w P;5)S, if H, =S;.
More generally, if H; = O;(L, M, N), then [H;](z,w) is differentiable in 7 > 0 and

O H;|(z,w) = [0-H,|(z,w), where 0.H, = limy_,0 Ap(H;). Moreover, T70"H,, =
O-(L,M,N) forn > 1.
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6.5. Proof of Theorem 6.14
By Lemma 6.15 and Corollary 6.25, we have
MoM(We RE S, (R K WP)
loe| =2 |B| ¢

—ZZZ > O(K+EK —|a|— |8l +2i+20" + L+ L+, 0+ 1)

¢ =0 /=0

The outer two sums are over 0 < ¢ < max(|a| —2,0) and 0 < ¢ < max(|5] —2,0).
If P = P%2 then Lemma 6.21 implies that

lo| —€]B]-¢

MM (WeRK S, (R ZZ > Z Op(o o) (K +K'~[a|—|Bl+(+'),

¢ i=0 i
which, via Proposition 6.13, can be simplified to
™MoM(We RE S, (R) X W)
= Op{p,0) (K + K’ — |a| — |B] + max(|a| - 2,0) + max(|5] - 2,0))
= Op{y,6)(K + K’ — min(|a/,2) — min(|3], 2)).
On the other hand, if P = Pomax(m.lalB) then Proposition 6.13 yields
MoM (W RE s, (R:)K W)

lee| =2 |B] =€

—ZZZ > ODfo ooy (K + K" —|a| = B + £+ )
¢ =0 =0
= Op[@,+oo)(K + K —|af —|B]).

This completes the proof of Theorem 6.14.

7. Proof of Theorem 1.1

Before proving our main theorems, we need several elementary estimation tools.
Proposition 7.1. Let f: (0,+00) — [0,400) be a positive, decreasing function
and fix e > 0.
(i) If f(21) < 2717 f(1), then there exists C = C(e€) so that
+oo
/ f(r)ydr < Caf(a), 0<a< +oo.

(ii) If f(27) > 271F€f(7), then there exists C = C(e) so that

/af(T)dTSC'af(a), 0<a< +oo.
0
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Proof. In case (i) we have

oktlg

/:OO F(r)dr = io/ F(r)dr

L—o”2%a

2a
—Z2k f2k dT<ZQEk f(r)dr < Caf(a),

a

where the last estimate uses the fact that f is decreasing.
For (ii), we have

/f dT—ZZkl

2a

Y et d7<22 kﬂ/ f(r)dr < Caf(a).

O

Proposition 7.2. Fix Q,e,v > 0, N > 0, and 0 < a < +oco. Suppose that
f:10,400) = [0, +00) is either

(a) increasing with f(21) < 29f(7), or

(b) decreasing with f(21) > 27 1FQf(7).

Then

+o0 .
[ s ar < ),

a

where the constants depend on Q, €, v, and N, but are independent of f and a.

Proof. Because f(7)7Ne™¢T" > 0, we need only prove the case where a = 0.
Throughout the proof C' denotes an arbitrary positive constant depending only
on @, €, v, and N.
If (a) holds, then

too v 1 +OO 2 kv __v
/ f(r)yrNe " dr < / flr)ydr + Z ok(N+1) / f@Er)yrNe 2 T ar
0 0 —o 1

“+o00
1)+ Z 2k(N+1)2Nefe2’“’f(2k+1)
k=0

+oo
< f(l)(l +ZQk(N+1)+N+Q(k+1)e—62’W) < Cf(1).
k=0

On the other hand, if (b) holds then

“+o00 1 —+o00
/ f(T)TNe_ETVdT < / flr)ydr + f(l)/ Ne=<™"dr < Cf(1)
0 0 1

by part (ii) of Proposition 7.1. O
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Proposition 7.3. Let f,g: [0,400) — R with g non-negative and assume that
there are constants Q, M > 0 and N > 0 with

(a) 7ROk f(T)] < MTNg() for 0 < k < Q + 2,
and either
(b)1 g increasing with g(27) < 29g(7)
or
(b)2 g decreasing with g(27) > 271+ %g(7).

If \ =z + iy with x > 0 and y € R, then there exists C > 0 (depending only
on Q and M) such that

(r.) [ e smar] < on e,

Proof. Let ¢ = |A\7'X and @ = |A\|~!. Then

+oo +oo
/ e M f(r)dr = a/ e~ f(ar)dr
0 0

1 “+o0
= a/ e T f(ar)dr + a/ e Tflar)dr =1 1 + L.
0 1

Note that by either a simple size estimate or part (ii) or Proposition 7.1,

1 1
|| < MaHN/ ™Nglar)dr < MaHN/ glar)dr < Ma* ™ g(a)
0 0
if either (b); or (b)2 holds.
For I, we integrate by parts J > @Q + N times, using the fact that Re(c) > 0
to compute the boundary terms at infinity, to obtain

J al+2

k e J+1
}j Lo (a) + s / e [ (ar) dr,
1

k=

so we obtain

J 400
B <Y a1V " g(a) + a7+ / £ (ar)|dr
1

k=0

“+o0
< a1+Ng(a) + a‘]+2/ (aT)N_J Yg(ar) dr
1

+oo
<aNg(a) + o'tV / N=I" g (aT) dr.
1
If (b); holds, then we can apply part (i) of Proposition 7.1 (with e = J — N — Q)
to see that
|12 S o'V g(a).
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On the other hand, if (b)2 holds then

+oo
L) < a"*Vg(2) +a"*Vg(a) / NIl < a1+ (a)
1

because g is decreasing. This completes the proof. O
We are now ready to begin the proof of Theorem 1.1.

Proof of Theorem 1.1. By Remark 4.1 we may assume that P = P%2. Throughout
the proof we fix z, w € b}, multi-indices |al, |3], and N, K, K’ > 0, and we let x
be as in Section 5. We also write ¢ = Re(z2) and s = Re(ws). By Corollary 4.13,
we may choose of(w) = p*(w, 77 1), decreasing in 7, so that of(w) ~ o, (w)
(uniformly in w and 7), and o3_(w) > 27/26*(w).

To simplify notation we write H, = WoRES (R*)X'WF. We also use the
estimate |Bgy(z,6)| ~ 6?A(z,§) without further mention.

By (5.5) and (5.6), we have

(7.2) TNZ;X(ZEJ)*[IFK,K/](z,w) = C’/+OO eQWiT(t_S)X(T)TN [H,](z, w) dr,
0
and
+oo )
(7.3) TNZg(Z5) Nk k'] (2,w) = C/O T (1 — ()TN [HL ) (2, w) dr,

where C = (2mi)V.

If ®2,®" : C? — C? are the biholomorphisms constructed in Section 3.2 asso-
ciated (respectively) to P = P¥?2 and P = P¥* for k = max(m, |a/,|3]), then
let

Hro = Wi REG 8o (R ) WY,
and ) S B B
Bl = W8 R, 8 )€ W2,
denote the operators H, corresponding to P2 and P%'*, respectively.
By Lemma 5.6, we have

TNZ2(Z8)* [Fr xo](2, w)

+o00
(7.4) =C / i)y (1) e N H, o) (2 — w, 0) dr
0
and
TN Z2(Zy) [Nk k) (2, w)

+oo _
(7.5) e / 2T (=s=Te (=) (1 _ 3 (7)) [fL 1] (2 — w, 0) dr.
0
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Theorem 6.14 implies that, writing 0 = ®(w),
TMOMH, . € OP] 4oy (K + K' — |a] — |B])

and .
T™OMH, 5 € Op{y (K + K’ — min(|a, 2) — min(|B],2)),

so that, because j,(z — w,0) ~ p,(z,w) and &,(0) = o, (w), for a small constant
€ > 0 we have

|07 [Hr,2)(2 — w, 0)]

7.6
( ) < T—MO_T(w)—2+K+K’—rnin(|o<\,2)—min(\ﬁ|,2)e—eﬁr(z,w)) 0<7<2
and
8?4 H, .](z — w, 0
or G0

< T_MUT(w)_2+K+K’_‘O‘l_lme_sﬁf(z’w), 1<7< 4o0.

Estimates for Ng /.

We first focus on the estimates for Ng k. To begin, we fix 0 < ¢ < 2 <€ 1
(to be chosen later). There are four cases.

Case (N);: d(z,w) > co and |z —w| > 1.

Note that equation (4.4) implies that

() = |2 — 0l + (w, |t — 5 — To(z,w))
o=l (|t = s = o) —21m( 3 S22 e — ) )
Sle—wltpwli—a-Tew))
+ (w21 3%?75<w>(2—w’“)\)

< |2 = wl + u(w, [ — 5 — To(z, w)]) + |2 — ]2
(7.8) ~ |z — w|? + p(w, |t — s — Tp(z,w)]),

where in the fourth line we used the fact that [V*P| < 1 for k > 2. The estimate
w(w, ) < 612 for 6 2 1 follows from equation (4.3) and Lemma 4.2.

The proof of (1.2) in this case requires us to show that the right-hand side
of (7.5) is controlled by A(w,d(z,w))™™ for large M, and by (7.8) it suffices to
show that we can bound (7.5) by large negative powers of |t — s — Ty (z, w)| and
A w, |z —w|) ~ |z —w|*

For small enough €, > 0, equations (7.5) and (7.7) and Proposition 6.6 give

—+o0
[T 2°Nicso 2z w)| [ 7o () 2K el Blmelrawiz-uh g,
1
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which we estimate by noting that, because A(w,c1) 2 1 uniformly in w,

+oo
/ TNO-T(w)—2+K+K/—\al—l,@\e—e(TA('w,|z—'w|))"d7_
1

IN

+oo
eﬁA(w,\H\)"/ N g (1)~ FHEHE —lal=18] = A ) 7 g
1
€ v +OO ’ € v_v
~ e~ 5 M w,[z-w)) / TNJ:('LU)_2+K+K —lal=[8lg=§Mw,c1)" 7" 10
1

— A (w,|z—w|)”
o~ EAGw |=—ul)”

A

where in the last line we were able to apply Proposition 7.2 because
1 !
—5(—2+K+K —lal = |8]) > —1.

This gives the fast decay in A(w, |z — w|).

On the other hand, by integrating by parts M times* and using the support of
(1 — x(7)) to compute the boundary terms at 7 = 1, we have

‘ /+Ooezmr(tsTn(Z»w))(1 — x()N[H, (2 — w,0) dr
- |2mi(t — 5 — Tie(z, w))| ™
. ‘ /+‘X’ eQWiT(t—s—T,.;(z,w))ai\/I((l — ()Y [HT,R](Z —w,0))dr
<lt—s— Tﬁ(l,w)|*M

+oo
’ v
x/ PN=M g ()2 KK ~lal= |8l ~e(rA(w |==w])” g
1

<|t—s—Tu(z,w)| ™™ /+oo N=M g ()= 2HK+K —Jal=|Blg=eh(w,c)"r" g
1
S|t—s— Tz, w)| M.
This completes the proof of Case (N);.
Case (N)g: d(z,w) > co and |z —w| < ¢;.

In this case we have |z — w|"/? < |z — w| < d(z,w), and therefore we may
compute as in (7.8) to show that

d(z,w) = p(w, |t — s — Ty(z,w)|)

provided that ¢y is chosen sufficiently small relative to cs.

4Recall that we have suppressed the term e~ 277¢ in the integral, and that our estimates are
independent of € > 0.
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Integrating by parts as in Case (N);, we have

’ /Jrooezmr(tsTN(zﬁw))(l — ()TN [H, ] (2 — w,0) dr
' = [2mi(t — s — Ty(z,w))| ™™
y ’ /“’O 2T (t=s=Tu =) gM (1 — ()N [H, ] (= — w, 0)) dr
Slt—s— Tn(lz,w)|_M

“+oo
X/ TN—MO_T(w)—2+K+K/—\a|—|[3\e—e(TA(w,\z—w\))’“dT
1
o0 ,
<|t—s —Tn(z,w)rM/ TN Mg (w) 2R el =18l
1

“+oo

1 ’

,Stfsz,{(z,w)rM/ AN-Mt =24 KK~ |al-18]] g
1

St—s5—Tolz,w) ™ = Alw, d(w, z)) ™M
provided that M is sufficiently large. This completes the proof of Case (N)j.

Case (N)3: d(z,w) < cp and |z — w| > ¢1d(z, w).

Note that d(z,w) ~ |z — w| in this case. By applying (7.7) and making the
substitution 7 +— 7A(w, |z — w|)~! we obtain

“+o0
’ / 2mir(t=s=Tu(zw) (1 _ (7))rV[H, ] (2 — w,0) dr
0

~

+oo
</ N g ()~ 2HEHK —lal =18l —e(rAGw =) g7
1

+oo
I _ /_ _ _ v
:A(walz_wl) ! N/ 7—NO-TA('w,|z—'w|)*1(w) KK e lme Tdr
Aw,|z—wl)
+OO ! v
~ A w, [z — w|)_1_N/ TNOE p o )1 (w) THHEHE =l g
Aw,|z—wl)

—24 K+K'—|a|—|8|

A

Afw, |z = w) T N oK g oy 1 (W)
Aw, |2 = w]) 7N |2 — | 2Rl 1A
A

(w,d(z,w)) " "N d(z, )2,

Q

Q

where in the fourth line we were able to apply Proposition 7.2 because —%(—2 +
K + K’ — |a] — |B]) > —1. This completes the proof of Case (N)s.

Case (N)4: d(z,w) < ¢ and |z — w| < c1d(z,w).
By part (b) of Lemma 4.4 and the assumption that |z — w| < d(z,w), we have

d(z,w) ~ p(w, [t — s — Ty(z,w)|).
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Write g(7) = o (w) = 2HK+E =lel=18l and f(7) = (1 — x(7))7N[H, .](z — w, 0), and
note that f(r) and g(7) satisfy the hypotheses of Proposition 7.3, where in the
case —2 + K + K’ — |a| — |8] > 0 we again use Corollary 4.13 and the fact that
—3(—24+ K + K’ — |a| — |B]) > —1. We therefore have

Hoo .
‘ / e2mir(t=s=T=w) (1 _ (7)) 7N [H, (2 — w, 0) dr
0

S It — 5= Tl w) " Ng(lt — 5 — Tu(z,w)| )
~t—s— Tu(z,w)| "N p(w, |t — s — Te(z, w)]) ~2HEHE —lel =15l
~ Aw, d(z, w)) " Nd(w, w) 2K el =18l

which finishes the proof of (1.2).

Estimates for Fx .

We now establish the estimates (1.3) for Fx g+. To begin, fix 0 < ¢; < ¢2 < 1
(to be chosen later). Throughout, we use the fact that o, (w) ~ 771/2if 0 < 7 < 2.
Then there are three cases.

Case (F): d(z,w) < co.
We apply the estimate (7.6) to the right-hand-side of (7.4), thereby obtaining
’ / 62W17(t787T2(z’w))X(T)TN [HT,Z](Z —w, 0) dr
0

2
5/ N () 2K —min(ja].2)—min(|8].2) e (z.0) g
0

2
< / TN+1—%(K—i—K’—min(\a|,2)—min(\ﬁ|,2))d7_ <1

0
provided that K + K’ < 4+ 2N + min(|a|, 2) + min(|5], 2).
Case (F)2: d(z,w) > ¢2 and |z — w| > c1d(z, w).

We estimate as in Case (IF)1, but now use Proposition 7.2 and d(z, w) ~ |z —w|:

+o0 ) N
‘ / eQTrzT(t—s—Tg(z,w))X(T)TN [HT,Q](Z —w, 0) dr
0
2

T
0

N+17%(K+K'7min(\a|,2)7min(\ﬁ|,2))676(TA(w,\z7w\))"d

A

T

A

A(w, |z — w]) N2 3(F+K —min(jal,2)—min(|6],2)
Alw,|z—w])

X / TN+1—%(K+K/—n1in(|04\,2)—min(\ﬁ|,2))e—e7—’“d7_
0

—N—241(K+K'—min(|a|,2)—min(|3],2))

A

(w, |z —w))

Q

A
Aw, |z — w]) " N|z — o 2HE+E —min(al,2) —min(|5],2)
A

Q

(w,d(z,w)) " "Nd(z, w)*2+K+K'*min(|a\»2)*min(\ﬁ|,2))
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where in the third line we needed K 4+ K’ < min(|al,2) + min(|5],2) + 4, and in
penultimate line we used that A(w,d) ~ §2 for § > 1.
Case (F)3: d(z,w) > cp and |z — w| < ¢1d(z, w).

Note that if f(7) = x(7)7V[H, 2](z — w,0) and

g(,]_) _ O'j; (w)—2+K+K’—min(|o¢\,2)—min(\ﬁ|,2),

then (as in Case (N)4) f and g satisfy the hypotheses of Proposition 7.3 (here
we again use the fact that K + K’ < min(|a/,2) + min(|3|, 2) + 4). Moreover, by
taking c¢; sufficiently small relative to co, applying Lemma 4.4, and arguing as in
Case (N);, we can guarantee that

d(z,w) = p(w, [t — s = To(z, w)]) = p(w, [t = s = To(z,w)]).

Together these observations yield

+oo .
‘ / e?mir(t=s=Ta(=w)y (1N [H, 5] (2 — w, 0) dr
0

St s = Ta(z,w) Vgt — s = Ta(z,w)| ™)

~ [t — 5 — To(z,0)| 1N p(aw, [t — 5 — To(z, w)[)~2HK+ K ~min(lal:2)-min(|5]:2)

~ Aw, d(z, w))_l_Nd(z, 'w)_2‘“(‘“(/—min(\0t|72)—min(|[3\,2)7

which completes the proof of (1.3). O

8. Proof of Theorem 1.4

We now turn to the proof of Theorem 1.4(a). We first show that WF is bounded
on LP(bQ) for |a| > 1. Note first that, by Theorem 1.1,

[WOF](2, o), [WOF](s,w) € L'(b2) 1 L (b)
as long as |a| > 1. Therefore, Minkowski’s inequality for integrals implies that

(8.1) IWeE[fll ey < Callfllzrma), |af > 1.

The proof that F is bounded on LP(b€2) is the same as that which shows that
WeN is bounded on NL¥(bQ) for |a| > 0, so we now focus only on this latter
case. Choosing K = 0 and K’ = |a|, Theorem 1.1 implies that there exists +/
with |7'| = || such that W*N = W”‘NO’MW”/, where W*N |, satisfies all of the
same estimates as does N. Thus, it suffices to show that the estimates (1.2) imply
that N = Ng o is bounded on L”(bf2) for 1 < p < +o0.

We will apply the general T'(1)-theorem of [8]. First we show that N is restrict-
edly bounded, in the sense that

(8.2) IN[6$] ]| 2me) S |Ba(C,277)[1/2

for any function ¢§ such that
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(a) supp ¢$ C Ba(¢,277),

(b) [[(277W)*¢¢||se < 1 for any 0 < o] < 2.
Such a function (bjc- is called a normalized bump function adapted to Bg(¢,277).
The existence of such functions for arbitrary ¢ and 277 is guaranteed by Lemma 4.5.

To do this, fix C' > 1 and writing dm, := dm(z, Re(z2)) throughout this section
for brevity, we have

NS 11172 ny = / |N[@$)(=z)Pdm. +/ IN[@$](=z)Pdm.
d(z,)>C2—7 d(z,)<C2-7J
=: Il + 12.

For Iy, we note that d(z,w) ~ d(z,¢) when d(w,¢) <277 < C277 < d(z,¢)
to obtain

1 2
I 5/ / i) dm
14| d(2,¢)>C2—i ( Ba(¢,2-9) |Ba(z,d(z, w))| w) :

</ |Ba(¢,277))? dm,
~ Jaze)y>c2-i |Ba(z,d(2,¢))[?

“+o0o ].
< |Ba(¢, 279 / Ba(z dz Q)"
[Ba ) ; d(z,¢)<c2t-i |Ba(z,d(2,C))?

”|fiKCvQ‘jN2§§§-————3———f— <|zzxc,2—fMQf§f———3:ff—f— < 1Ba(¢.27)],
= 1Ba(¢, 280 ™ 2 |By(¢,279)] ~

as desired.
For I, write Ny o = Ny 1Z and observe that

d(z,w)2’ 2
e[ ([ e e,
d(z,¢)<C2-i ( Bu(¢,2-9) | Ba(z, d(z,w))]| “) -

0

z22j/ (
d(z,()<C277 k;

— 00

/ 2 >2d
— dmy ) dm,
d(z,w)=C2k—Ji |Bd(z>2k_j)|

0
s [ (
d(z,6)<C277 k;

proving (8.2). As N* is assumed to satisfy the same estimates as N, N* is also
restrictedly bounded.

It remains to show that N[1],N*[1] € BMO(b{2). As above, it suffices to show
the result for N[1]. Fix zg € b€, § > 0, and let a(2z) be an H*(bQ)) atom associated
to B4(zp,0). That is,

(a) [a=0,
(b) supp a C By(zo,9),
(c) lal < [Ba(zo,9)[~".

N 2 .
2t7) dm ~ |Ba(¢,277),
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Let x be smooth with x(¢) =1 for ¢t <1 and x(t) = 0 for x(¢) > 2, and write
i (2) = x(d"(z, w)277).

The arguments in Chapter 7 of [37] imply that N(n?) is uniformly in BMO(b$2)
for all j. Therefore, to prove that N[1] € BMO(b{) it suffices to show that there
exists D < +o0o (independent of @) so that

lim | (N*(a),n9)| < D.

J—+o0

To start, choose k such that C§ < 2% < 204, (for some fixed large C) and write

<N*(a),77?> = /bQ(l - n,fo)N*[a]n?dm + /bQ n,:ON*[a]n?dm =1 + L.

For I, we use the fact that ['a =0 to write

ni=| [ {o-m@me

(8.3) x /B - [[N'] (2, w) — [N*](2, 20)] a(w)dmw}dmz.

Now let 7: [0,1] — bQ be a piecewise smooth path with v(r) € Bg(zo,d) for
all 7, with v(0) = zg, v(1) = w, and

V' (r) = a(r)dX (y(r)) + B(r)dY (v(r)) ae.,

where a, 3: [0,1] — [0, 1] are piecewise constant and |||a|? + |3|?|l« < 1. Then

1
N)(z.w) = W]z, 20) = | £V (2,90l
= [ {08 Xl (=10 45(0) 8 Yl (2227}

so that the derivative estimates in (1.2) imply that

-1

(8.4) |[N*](2, w) = [N*](2, z0)| 5/ |Bd z, d (z ’y( )| o

Because (1—77°(z)) is supported where d*(z, z9) > 2F > C6, and v(r) € Ba(zo, ),
we have

d(z,7(r)) = d(z, ).
Combining this observation with (8.3) and (8.4) yields

d(z,2z0)7!
1 gé/ 1—72(2)n%(2) =————dm,
| 1| bQ( nk ( ))773( ) |Bd(z,d(z,z0))|
<o io / A=) < io 9-M§-1 <1
~ M—1 7 d(z,z0)=2M§ |Bd(zvd(z7z0))| o M=1 ~



176 A.J. PETERSON

For I, write N = Ny ; Z and take j so large that 77;-’ = 1 on the support of n;°.
We then integrate by parts to obtain

Bl =| | 20 () olal(z) dim.
o[ d(z.w)
Bua(20,06) J Ba(z0,c0) |Ba(z,d(z,w))| - |Ba(z0,0)|

Hence N[1] (and N*[1]) are in BMO(b2), so that N: L?(b§2) — LP(b(2), as desired.

We now begin our proof of part (b) of Theorem 1.4. By the interpolation
arguments in [28], to prove that S: T, (E) — T (bQ) for all 0 < a < +oo, it
suffices to prove the result for non-integer .. Also, we may assume that Jy > 1.
By the same observations as in part (a), it suffices to prove the result for operators
which satisfy the same estimates as N, and to restrict our attention to 0 < o < 1.

Choose a bump function 7 supported in By(zo,500), with n = 1 on B(z0, 4d0)
and [W¥n| < 507\ﬂ|7 8] <2. Let 0 < < 1and f € To(E), and let T denote an
operator satisfying the same estimates as N. For z € b{2, define

F(z) :==T[f = f(z)nl(2) + f(2)Tln](2).

We will show that | Fllr, < C(1+ )| flr.-
First suppose that d(z, zg) < 2dp. Then

dmy, dm, < 1.

dmy,

£ = 7)o (20)(2)] S 116" [ d(z,w)

d(w,z0)<5d¢ |Bd(w> d(za 'U)))l

—1 d(sz)
S [, T < M1
Moreover,
|f(w) — f(2)]
|T[f B f<z)n]<z>| g /d('w,z)<7§o |Bd(zv d(zaw))| A
d(z, w)*
< dmy, <08 .
S [ e TG ey e 5 8811

Therefore |F(z)| < (14 6§)||fl|r., when d(z,z9) < 20p. On the other hand, if
z ¢ By(zo,200), then f(z) =0 and the estimate of || F'||« reduces to

P = T S 1l [ |Balz. d(z,w))| " dm,
d(w,z0)<dg
~ |l o 2tZ0 00 gy

|Ba(20,d(z, 20))

which proves that [|F|lec < (1 + )| fIr.,-

Now, fix z,¢ and write d(z,{) = §. Let ¢ be a bump function supported in
By(z,36) with ¢ =1 on By(z,26) and [WP¢| < 67181 for |8] < 2.
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If 6 > 1, then

|F(2) = F(OI < 2[|Flloc S (14 65)[[fllr. < (1+65) 5% [ flIr..-

If 6 <1, then we have

F(z) = F(¢) = (f(2) = f(C)

YTlml(z) + £(O)[TR*[Z1](2) — TR*[Z)(C)
F(F(=) — FO)TI( - #))(2)
+ / [T}z, w) — [T](¢, )

b

x (f(w) = f(Q))n(w)(1 = ¢(w))dmu,
+ T[(f = f(2)el(z) = T[(f — f(C))d](C)
=L+ DL+ Is+ 14+ I5 + I

Estimating as above (and using T = Ty ; o Z in I3), we have
a| + sl + sl + 5| + [Ls] S 6| fllra, M2l S 6llflloc < 6¥[1f[Ira-

This concludes the proof of Theorem 1.4.

9. Proof of Corollary 1.2

In this section, we prove Corollary 1.2. Because the estimates follow immediately
from Theorem 1.1, it suffices to prove the sharpness claim. We will do this by
inspecting a single example.

Consider the tube domain Q = {z € C? : Im(z23) > b(Re(z))}, where b: R —
[0,4+00) is a convex function with

e b(0) =0'(0) =0,

e V'(z) = e ™ in a neighborhood of = n, for all n € Z, and
e V'(z) = 1, uniformly in = € R.

Fix z,w € b(), and recall from Section 1.1 that we have

. 1 +o00 eiT(zQ+i677I)2)+n(z+7I))
(9.1) [S)(z,w) = W/O W T I dndr.

Using the formulas Z[S¢] = 0

2.2) = V" (Re(:))(0:. + 05,

and
209 (Re(2)(@-s +05,)] = 5807 (Re(2))(@-, +02,)
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for kK > 1 we have

7 Z 7k— /! €

2* 218 (2, w) = 5 2571 [B (Re(2)) (.. + 02,)[8°) (2, w)]

)

— S VD (Re(2)) (02, + 0:,)[8° (2, w)
,L'Teir(22+ie—1ﬂ2)+n(z+1ﬂ)

. 400
— kD)
= gt (Re(2) /0 . ety T

so that
TeiT(ZQ +ie—wa)+n(z+w)

R fR e2[nf0—b(0)] 49

+oo
(9.2) —2F2722 2% Z7[S°) (2, w) = bV (Re(z)) / dn dr.
0

For n € Z we let z,, = (n + 10,0+ ib(n)), so that

_ Foo -1
(9.3) —4n2Z*Z[SV (20, 2_0) = / Te~T(b(m)Fb(=n)+e) / ( / 62["9—Tb<9>1d9) dn dr.
0 R R

We begin our analysis of (9.3) with a basic fact about convex functions.

Proposition 9.1. Let ¢ : R — R be conver, and suppose that ¢(0) achieves its
minimum value at 0g. If L ={6 : ¢(0) < ¢p(0y) + 1}, then

(9.4) / e ?0)dg ~ |L|e= ),
R

Proof. To avoid trivialities, assume that |L| < +oo.
Making the change of variable 6 — 0 + 6, the left-hand-side of equation (9.4)
becomes

9.5) /e—¢<e)d9 :e—¢(90)/e—(¢(9+90)—¢(90))d9_
R R

Write L = [0o—0_, 0y +604] and split the integral on the right-hand side of (9.5)

above as
/:/ +/ +/ =L+ L+ 1.
R [—0_,04] 0>6 0<—6_

A simple size estimate on I yields I ~ |L]|.
We turn now to I and I5. Note that because ¢(6 + ) is convex, the function
0=1(p(0 + 0o) — ¢(0p)) is increasing on 6 > 0, and therefore for > 6, we have

¢ +60) = ¢00)  ¢(0+ +60) —6(00) _ 1

0 0. 0.’

or rather
#(0+6) — ¢(0o) > —0, 0=>0,.
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Similarly, ¢(6 + 0y) — ¢(6p) > 79%9 for # < —0_. Combining these yields

IL+13 < / e=05 0 dp +/ =040
0>0, 0<—6_
:9+/ 6_xdx+9,/ e’dr <0, +0_ =|L|,
z>1 r<—1

which is the desired result. O

Now, let ¢,,(0) = 2[rb(0) — nb], and define 6y(r,n) and L(r,n) for ¢, , as in
the previous proposition. We then have

Lemma 9.2. |L(7,n)| ~ 72 and — 7 (Oo(T,m) =~ n?/7.

Proof. Writing L = [0y — 0_, 60y + 0], we have

00+9+ 0 00+9+ 0 1
1:/ qs;’n(r)drdezT/ / drdf = =767,
90 90 ’ 90 90 2

~1/2

which shows that 0, ~ T . Similarly, §_ ~ 771/2, showing that |L| ~ 7=/2 as

claimed.
For the second inequality, note first that 0o(7, 1) = (') ~1(771n), so that

BrnO0(r,m) = —27 (7~ n(¥) (7 — b))
T L (L0 DN
- [ ¥/(sds~ - [ ds = —r((0) " (7)),

Because b ~ 1, b'(0) ~ 0, and therefore (b')~1() ~ 6. This proves the second
claim. 0

By the results in Section 4, we have
d(zZn,z—n) = n, Az, (5) ~ §2.

This allows us to estimate (9.3) as

“+o0 1
_2k+2ﬂ_22kZ[Se](zmz_n) :/ Te—T(b(vL)+b(—n)+e)/(/eQ[nO—Tb(G)]dH) d??dT
0 R R
—+o0
~ / o= (b(m)Fb(—n)+o) / \L (7, )|~ Le®rn Oomn)) gy i
0 R

+o0 1 +o0
> / 7_3/2 e—T(b(n)+b(—n)+e)/ e=CT M d77 dr ~ / TQe—T(b(n)+b(—7L)+e) dr
0 R 0

» _ d(zn z,n)72
~ |b(n) +b(—n) +¢e B =n "t~ : ’
| ( ) ( ) | |Bd(zn,d(zmz—n))|

uniformly for k¥ > 1, n € Z, and ¢ > 0 small. This concludes the proof of the
sharpness claim in Corollary 1.2, and therefore the full proof of Corollary 1.2.
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10. Proof of Corollary 1.3

The proof of Corollary 1.3 requires us to integrate by parts in the integral
/ (TN 2° 8] (2, w) ¢(w) dm(w, Re(ws)).
bQ

To do this, we first adapt a result of Nagel and Stein to decompose the Szegd kernel
into two parts: one which is a nice function and one which is a high derivative in
Re(z2) of a nice function. More precisely we have the following result, proved in
exactly the same way as Lemma 7.21 of [31].

Lemma 10.1. Let 0 = (0,0+140), w = (w, s+iPy(w)). Fixd >0 and N > 0, and
let o, B be multi-indices with |a|, |B| < 2. For M > 2+ N + 3(|a| + |B]), there is
a constant C = C(|al,|B|, M, N) and functions FM) (0, w), GM) (0, w) such that

(TN Z2(Z5)S)(0,w) = F™(0,w) + (6T)™ G (0, w),
where

|FMD(0,w)| <
|G (0, w)] <

§)] 721717l [A(0, (0, w)) + 8],
,0)] 72710181 [A 0, d(0, w)) + 6]

NN
Q Q
= =
o o
g &
+ +
G

Remark 10.2. It is in the proof of this lemma that we need to use the formula
[B)(z,w) = Zi%[S](z,w), which is proved in Appendix A. Here B: L?(Q2) —
L2(Q) N O(Q) is the Bergman projection, which is the orthogonal projection of
L?(Q) on the (closed) subspace of square-integrable holomorphic functions on .

Proof of Corollary 1.3. By making a biholomorphic change of variables as in Sec-
tion 3.2, we may assume that z = 0 and that P(w) = P2 (w).
Apply Lemma 10.1 with 6 = A(0,dy) and large enough M to get

sup (TN Z°8)[g](¢))
¢EB4(0,60)

= swp | [ [INZ08)(¢ w)ow)dm(w, Re(ws))
¢€B4(0,80) ' /b2

= sup
¢€B4(0,40)

/ FOD (¢, w)p(w)
b

+ (=M G (¢, w) (A0, 50)T)M p(w)dm (w, Re(ws))
< 65271 A0, 60) 7N Ba(0,60)] - 6]l
+ 85 271 A(0,60) 71N Ba(0, 80) [ (A0, 80)T)M 6
<651 A0, 80) N ([[]l00 + 1(A(0,50)T)M oo ),

as desired. O
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A. The Szegé kernel

Let © = {z€C? : Im(22) > P(2)} be a pseudoconvex model domain, where
P: C — R is smooth, subharmonic, and non-harmonic.

In this section we give a precise definition of the Bergman and Szeg6 kernels [B]
and [S] for €, respectively, and supply a proof of the following proposition which
has been widely used (going back at least to [27]).

Proposition A.1. Let Q = {z € C? : Im(z2) > P(2)}, where P: C — R s
smooth and subharmonic. If we equip Q0 and bQ with Lebesgue measure (as in
the introduction), then we have

[B](z, w) = Zi%[S](z,w), for z€Q, webQ.

Although the proof of Proposition A.1 is not difficult, the technical issues sur-
rounding it have, to the author’s knowledge, not been treated in the literature.
The goal of this appendix is to give a complete account of these non-trivial issues.

Let O(€2) denote the space of holomorphic functions in Q. For a function F'
on Q and € > 0, define F, : C x R — C by
Fo(z,t) = F(z,t+ i(P(z) +¢€)).

We then define the Hardy space

() = {F e 0@ | swp [ R 0Pdm = [Flfs <+,
€ X

Here and below, we use dm to denote both Lebesgue measure on €2 and Lebesgue
measure on C x R.

In an appropriate sense, the space H? () consists of holomorphic functions with
boundary values in L?(bQ2). Halfpap, Nagel, and Wainger give the elementary
properties of such spaces in [14]. In particular, they prove the following result,
which is valid for the domains above.

Proposition A.2 ([14], Proposition 2.4). Let F € H?*()). Then there exists
F® € L?(C x R) such that

(a) F'(z,t) = lim._,+ F.(z,t) for a.e. (z,t) € C x R;

(b) limo+ [|[Fe = F*llL2(cxr) = 0, and ||[F®||p2cxry = I|F lln2)

c) F' satisfies ZF® = (0; — iP;(2)0;)F® = 0 in the sense of distributions;

(d) for any compact set K € Q, there exists C(K) such that

sup |[F(z)] < C(K) || Fl[3:2(e)-
zeK
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To study functions on the boundary of 2, we use the fact that €2 is translation
invariant in Re(z2). To this end, define the partial Fourier transform

Flfl(z,1) = / e 2T f (2, 1) dt.
R
For our purposes, we need the following alteration of Proposition 2.5 of [14].

Proposition A.3. Let P: C — R be smooth, subharmonic, and non-harmonic.
Also assume that f € L?>(C x R). Then the following hold:
(a) The function f satisfies
(A1) Oz f(z,t) —iPs(2)0, f(2,t) =0

on CxR as a tempered distribution if and only if the partial Fourier transform

(in t) F[f] = f(z,7T) satisfies
(A.2) 8g(e2ﬂp(z)f(z,7')) =0

on C x R as a tempered distribution.
(b) If f satisfies the PDE (A.1), then f(z,T) = 0 almost everywhere when T < 0.

In particular, if we set hs(z,7) = 6*2”8]3(2,7), then hs € L*(R3) for s > 0.
(¢c) If [ satisfies the PDE (A.1), and if
F(z) = F(z,t +iP(2) +is) = F '[hi](2,1),
then F € H?(Q) and F* = f.

Proof. The proof of (a) and (c) is very similar to that of Proposition 2.5 of [14].
For (b), we refer to Lemma 5.2.1 of [31]. O

We see therefore that the space of boundary values
B(bQ) = {f € L*(bQ) : f(z,t+iP(z)) = F’(2,t) for some F € H*(Q)}

is exactly the space of functions f € L?(b§2) that satisfy Zf = 0 as distributions.
From Proposition A.3, B(bQ2) is closed in L?(bQ2). The orthogonal projection
S: L?(bQ) — B(bQ) is called the Szegd projection, and is given by the formula

S[f(z) = /b (81w (w) dm{w. Re(uwz),

where [S](z,w) is the Szegé kernel.

By writing [S|(z,w) = }_¢;(2)¢;(w) for some orthonormal basis {¢;} of
H2(£2), we see that [S](z,w) is actually defined on (Q x Q)\3, where 3 C b€ x bQ2.
Theorem 1.1 shows that ¥ C {(z,z) | z € bQ} for UFT domains. Indeed, for
f € L?(bQ), we may write

S1)(=) = lim [ (8], (s +i6))  a0) (. Re(w2)),

where the convergence is in L?(b(2).
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For functions F € L2(Q) N O(2), we can also write
F() = | [Bl(z,w) Plw) dm(w)
Q

where [B](z,w) is the Bergman kernel. One fruitful approach to studying the
Szegé kernel is to express it in terms of the Bergman kernel via Proposition A.1.
This is slightly complicated by part (iii) of the following proposition.

Proposition A.4. If P is as above, then the following statements hold.

(i) L3(Q) NHA(Q) is dense in L?(Q) N O(Q), and for F € L*(Q) N O(Q) and
€o > 0 we have

2
(A.3) 1Feollz) < €6 2 [ Fll 2y

-1/2
.. €
(ii) If F € H*(Q) and € > 0, then |[(9:,F eyl 2(0) < ZZWHFHHQ(Q),

(iii) If P(z) = b(Re(z)), then there are functions F € H*(Q)) with F ¢ L?(2).
Proof. For (i), we first note that for F' € L*(Q), F. — F in L?(Q) as ¢ — 0. To
complete the proof, we will show that F,, € H?(Q) for any €y > 0, and establish

equation (A.3).
Because F € L?(Q),

H(e) = /CXR \F.(2, ¢ +iP(2))2dm € L}(0, +o0),

and therefore H(e) < +oo for almost every e > 0. Fore e C; = {z+iy € C:z > 0}
and n € N, define

= z iP() 2 dm(z.t).
Hn(G)/ZHKnIFe( 4 iP(2)) dm(z. 1)

We note that, because F' is holomorphic,

0%H,
AH,(e) =4 2 (e) = 4/
( ) 8686 ( ) |z|+]t|<n

and therefore H,(€) is subharmonic.

Moreover, we claim that H,(¢) is locally pointwise bounded (uniformly in n).
Indeed, for e € C, let A = Re(e) and write, for |n| < A/10 and R < \/2,

2
OF i 4ip)+io| dm(zb),
822

Hy(e+n) Hy(e+n+¢)do((),

§ N
278 Ji¢1=r
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so that
1 /\/5
mlern S5 [ 5[ Hiern+Qdo@ar
a0 B Jjg=r
A/5 .
~ —2/ / Hp(e+n+¢)do(Q)dR < — H,, (&) dm(é)
A% a0 Jicl=r A Jje—elo<anss

1/ 1 1
<L H(&) dm(@) < - / H(x)dr <~ |[F|2a0.
A2 le—€|loo<4N/5 A [A—xz|<4N/5 A L2

proving the claim.

Because H,(€) is increasing (in n) and locally bounded, Remark 4.4.43 of [2]
implies that the pointwise limit H (¢) is a.e. equal to the subharmonic function

H*(e) = limsup H(n).

n—re

Because H(x + iy) does not depend on y, neither does H*(z + iy), so that
O2H*(z) > 0 (in the distributional sense) on 0 < z < +o00. After one notes
that H*(x) is locally bounded, a mollification argument (together with the fact that
the pointwise limit of convex functions is convex) implies that H*(x) is actually a
convex function.

Therefore, the non-negative function H (¢) (for € > 0) is dominated by, and a.e.
equal to, the convex function H*(e). In particular, this shows that H(e) < 400
for all € > 0, and that H(e) is dominated by and equal a.e. to a non-increasing
convex function. Thus, for €y > 0, F., € H?(£2) as desired.

Moreover, by Proposition A.2,

1Fes 320 :/C R|F(Z»t+iP(Z)+i€o)|2dm(z’t) = H(eo) < &' |72 (0,
X
where in the last inequality we used the elementary fact that if H: (0, +00) —

[0,4+00) is a non-negative, non-increasing function with f0+oo H(s)ds = A, then
H(eo) < Aey* for any ep > 0. This completes the proof of (i).

For (ii), using the characterization in Proposition A.3 we can write

+oo
10y F)el gy = / / /@ | F (2 @ by (2, )| dm(z) dt ds

+o00 +oo R

= / / / A2~ (2 )2 ds dm(z) dr
+o00

:/ /71'7'6_4””|f z,7) 2 dm(z)dr
1

= Tee Hf||L2 (CxB) = Joe ||f||L (CxR) = 75 HFH?-LZ(Q)'
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For (iii), the proof of Proposition 2.5 of [14] yields
[P iy t+ i) + is)P dme. .1
R3

+oo _
(A4) - / / =475 (. 7|2 dr de iy,
R2 JO

fx,n,7) =/ e 2MWIIT) £ (2 44y, t) dy dt.
R?

Moreover, part (a) of Proposition 2.5 of [14] gives a 1-1 correspondence between
such functions f and functions g(n, 7) such that

flw,m,m) = 7@ g (n, 1) € L*(C x (0, +00)).

Integrating (A.4) in s over [0, +00) and applying Fubini—Tonelli gives

+OO f 1’?7)77— 2
1P = [, [ L2 drdsdy

o0 2 47‘((Y]$ 7b(x))
/ / lg(n, T)l drdzxdn
RZ

2 47r(na: Tb(z
/ / 9(n. 7 ' deacdn ~ / / den
] In<1 Iml<1 47”

We see that || F||2(q) = +00, for example, if [g(n,7)| 2 1for |n| <1,0<7<1. O

Remark A.5. The phenomenon described in Proposition A.4 seems to be a
byproduct of the unboundedness of Q. For a simple example in C!, let f(z) =
(z+1i)"tand Q = {z : Im(z) > 0}. Then Q is pseudoconvex and the Lebesgue
measure on b = {z : Im(z) = 0} coincides with the standard arclength measure,

so we have
37/4 ptoo
/ |f(2)|? dm(z) / / —Tde9_+OO

while

™
f(z+iy)|>dm(z) = —— <= forally >0.
[ 1@+ inP @) =

We are now ready to prove Proposition A.1.
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Proof of Proposition A.1. Let F(z) € L*(Q) N H?(Q). Then
F(z)= / [S](z, w) F®(w, Re(ws) )dm(w, Re(ws))
bQ

=lim [ [S](z, (w,ws + i€))F’(w, Re(ws))dm(w, Re(ws))

e—0 bQ
~ iy [ [ /Im(wz)P(w)[S](z,(w,wz+¢e))F(w)dw2}dm(w)
. 0 . _
~ iy [ [ /1m<w2)>p<w> 5= (812 (w,wa + 1) F () i A dus | dm(w)
I[S]

= 21_{% ; 2i8—11_)2(z, (w,wq + i€)) F(w) dm(w).

Moreover, part (i) of Proposition A.4 implies that
OS] )
(A.5) 2i—(z, (w, w2 + i€))G(w)dm(w) =0, Ve >0
Q 8’11)2

for any G L L?(Q) N O(9). Hence,

O[S] _
228—11_)2(z,w) = [B](z, w),

as desired. O

B. Proofs of Lemma 5.2 and Propositions 5.3 and 5.4

We first prove Lemma 5.2.

Proof of 5.2. Lemmas 4.6 and 4.2 imply that

- 1y < /2 if 7 <1,
or(w) = uw,7) 3 {C’l_lr_l/m ifr>1,
where Ci is the constant from (H1). This shows that A(7) < 400 for 0 < 7 < +00.
The fact that A(7) is non-increasing follows immediately from its definition as the
supremum of a family of non-increasing functions.
The operator bounds for G,, R;, and R% follow immediately from the Schur
test, coupled with the scaling arguments used in the proof of Lemma 6.23. The
bound for S; is due to the fact that S, is an orthogonal projection. )

The proof of Proposition 5.4 requires a preparatory lemma.

Lemma B.1. For f € L*(C x R) with Zf = 0 in the sense of tempered distribu-
tions, there exist Schwartz functions {fp,} C 8(C x R) such that f, € C°(C x R),
fn— [ in L?, and A(T)D; fn(2z,7) — 0 in L*(C x R), where A(T) = sup,cc 07 (2).
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Proof. By Proposition A.3, f(z,T) =0a.e. on{(z,7) : 7 <0}. Fix a non-negative
Y € C(C x R) with [¢ =1, suppy C {|z| +|7] < 1}, and let

Ve(z,7) =€ w(e_Qz, 6_17').

Choose a smooth, non-negative, non-increasing function

w1 irest
M= V0 e o,

and with |x/(¢)] < 2. For M, N > 1, define

N7z Dx(M—tr)xy(M =Y, if 7 >0,
oy = DT )
0, otherwise.

and note that

(B.1) supp xm,n(z,7) C{(z,7) e Cx R : |z] < 2N, ﬁ <7 <2M}
and

1
(B.2) xun(z,7)=1 for |z| <N, MSTSM.

Define fAE’M’N(Z,T) = 1/)6*(XM7N]E)(Z,T). Because XM,Nf — finL%as M,N —
+00, and since . * g — g for any g € L?(C x R) by standard approximate identity
results, we may make fE,M’N - f (and therefore f. s n — f) in L?(C x R) by
first making M and N large, and then taking e small (depending on M and N).

Now, using the fact that 8sf(z,7) = —2r7Ps(2)f(z,7) as distributions,
Dr fearn(z7) = Dr (e * (xarw f) (2,7))
= [ 0o = €7 = )7z = €7 = )+ a6 7=3) 0: ) (=6 7=
o (z = 67 = 9)f(2 = €7 — 8)207 P (2) e (€, s)dm (€, 5)
= [ @ounn) (€€ s)unz = €7 = shdme.)

tém[xMNw—gm—sﬂﬂT—@gw—gﬁw—af—@
+xun(z — &7 = 8)f(z — &, 7 — 8)217Ps(2)|Ye (&, s)dm(&, s)
- /C e (€ ) F(E el = 67 = )dm(E,)

+ f(& S)XM,N(§> S)QW(TPE(Z) - SPZ(&))wS(Z - §7 T = s)dm(f, 5)

CxR
=1(z,7)+ II(z,71).
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By our assumptions on xas,n, Young'’s inequality, and the fact that
or(2) STV T,
for fixed M we have
[A(®)] | r2cxry < (MY™ + MY2) || fll 12 (gn<|zi<2nyxr)y — 0 as N — +oo.
Defining

Ec N = sup sup |277P5(2) — 2msP:(§)],
|z|<2N, (2M)—1<r<2M max(m,h’—sl)ﬁe

we see that for any large M, N we may choose € sufficiently small so that Ec 7, n
is as small as we’d like. In other words, for fixed M, N large we have

|A()IT||y < (MY™ + MY2)||fll2 Eeprn — 0 ase— 0.

Therefore, choosing first M = M (n) large, and then N = N(n) large (depending
on M), and then e = €(n) small (depending on M and N), we obtain a sequence of
Schwartz functions f, = fe(n),m(n),N(n) With f, € CZ°(CxR) which, by Plancherel,

satisfy f, — f in L2, ||A(8)Da fn|l2 = 0 as n — +oc. O
‘We now prove Proposition 5.3.

Proof of Proposition 5.3. By Lemma 4.2, Lemma 4.6, and (H1), for fixed 7 > 0
there exists constants ¢, C' with

0<c<or4n(2) <C <400, uniformly inw € C, |h] < %

In other words we have

. . T
(B.3) B fllL2) S 1f 2y uniformly in f € L*(C), |h| < 5

Because the operators H, ., are uniformly bounded as operators on L?(C), the
statement of the proposition follows once we show that H, ,f — H, f in L?(C)
for all f € §(C).

To this end, we first claim that if f is such that for each N > 1 there is a
constant Cy satisfying |f(2)| < Cn (1 + |2])~Y, then for every M > 1 there is a
constant Aj,; with

(B.4) [Eenl 1)) < Anr (L4 12D, bl < 2.

To see this, note that the estimates in Theorem 6.2 and Lemma 6.1 provide small
numbers €,0 > 0 with

I[HL 1) (2, w)| S (1 + )e*‘%w\“, nweC, |h < Z.

|z — w| 2
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In other words, for each M > 1 we have

1

[Hr4r](2,0)] S |z —w|(1+ |z —w|)M’

Because |z|7! € L] .(C) and is bounded for |z| > 1, the inequality 1 + |z| <

loc

(1+ |z —w|)(1 + |w|) yields (B.4).

Writing ¢p(2) = Hryp f(2) — H-f(2) for f € $(C), we apply (B.4), Proposi-
tion 6.17, and the fact that D, = D, +27hP., D, = D, + 27hP; to see that
for all M > 1 there exists a constant A,; with

(B5)  |6n(2)| + Dron(2)| + [Dron(2)] < Aw(1+ 1), z€C, [hl < 2.

We now prove the proposition for G,. Letting (e, ) denote the standard inner
product on L?(C), and fixing f € §(C) and ¢4 (2) = G411 f(2) — G, f(2), we have

<G7'f> ¢h> - <G7+hfa ¢h> = <f> G7¢h> - <G7+hfa ¢h>
= (DrinDrinGrinf,Gron) — (Grynf, én)
(B6) = <G7+hfa (DT+hDT+h - DTDT)GT¢h> .

Because
DrinDyyn — DD, = 27hP.D, + 47°h?|P,|? + 27hP, ; + 2nhP.D,,
Proposition 6.17-(a) gives

(DT+hDT+h - DTDT)GT¢h = ZWhPERT(bh + (4772h2|Pz|2 + 277th,2) GT(bh
(B.7) + 27h PR @), — 2wh PR (477 P, 2) Gy b

Because P = P?" for some k, there exists N > 1 so that
IVP(2)| + |AP(2)| S (1+ 2N,

and therefore (B.4) (applied to ¢p,) implies that (D44 Dy —D; D, )G, ¢y, € L*(C)
for |h| < 7/2. Then (B.6), the Schwarz inequality, (B.3), (B.7), and the dominated
convergence theorem yield, for |h| < 7/2,

HGTf - G’r+hf”2 = | <G’rf7 ¢h> - <G‘r+hf, ¢h> |
< ||GT+hf||2||(DT+hDT+h - D’T‘DT)GTQS}ZHQ
Sl (Dr4nDrin — Dr D7 )Grépll2 — 0

as h — 0. This shows that G, f — G, f in L?(C) as h — 0.
A similar argument shows that if ¢, = R, ynf — R, f, then

IRrsnf —Refllz = | (Regnf, dn) — (Ref,én) | = | (Resnf, 2ThP.REgp) | — 0

as h — 0, and therefore R, 4, f — R, as h — 0 in L?(C).
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For R} and ¢, = R}, f =R} f, the analogous statement follows by noting that

(REL LS on) — (REF, én) = (f,Reqndn) — (f,Rrpp) — 0 as h — 0,
while that for S; and ¢ =S, f — S, f follows from
(Srqnfsdn) — (St foon) = (—DrynRi o 0n) — (—DRES, )
= (R:f, Dron) — (R4 1 fs Drynéon)
=[REf, Dron) — (Riynf, Dron)) — (RE, f, 2R Psgp ) — 0
as h — 0. This completes the proof. O

We move on to the proof of Proposition 5.4. In order to even make sense out
of the expression

+o00
/ et /C [S;](2, w) f (w, T) dm(w) dr
appearing in the proo(t:, we need to have the following elementary result.
Lemma B.2. Let g(z,7) € §(C x R), and define
S(z,7) =S:[g(e,7)](2), z€C, 7€ (0,+00).

Then S(z,7) € C°(C x (0,400)) N L?(C x (0, +00)).
Proof. Note that S(z,7) € L?(C) for each fixed 7, and that because D, S(z,7) =0
as distributions, we have

9:(e™ P8z, 1)) = 0,

and therefore the function z — S, (z) = e2"7P(*)§(z, 1) is entire for each fixed 7.
In particular, for fixed 7 the function z — S(z,7) agrees almost everywhere with
a continuous function, and we can therefore take S(z,7) to be continuous in z.
We claim that for 7 fixed, S(z,7+ h) — S(z,7) as h — 0, uniformly on compact
subsets of C, which immediately implies that S(z, 7) is continuous on C x (0, +00).

We prove the claim by first noting that the arguments in the proof of Proposi-
tion 5.3 can be extended to show that, for 7 fixed,

S(z,7+h) — S(z,7) in L*(C) as h — 0.
The continuity of P(z) then implies that for every compact set K € C we have
Sein(z) = S.(2) in L*(K) as h — 0.

Define K(N) = {z € C : |z] < N}. We apply the Cauchy integral formula and
the Schwarz inequality to see that for z € K(N),

Sren(2) = 50 = 5| [ / o S”h(z“’l)n' S: 1) 1)

//<| etz ) = 82+l dmi)
r

or 187 +n = Sell L2 (v2)) — O

IN
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as h — 0. This completes the proof that S(z,7) € C°(C x (0,+0oc)). The claim
that S(z,7) € L?(C x (0,+00)) is then an immediate consequence of Lemma 5.2
and Fubini-Tonelli. O

We finally prove Proposition 5.4. Define
B(CxR)={f € L*(CxR): Zf =0 as tempered distributions}.

Proof of Proposition 5.4. For f € §(C x R), define

+o0 R
TG = [ @ [ 8w, ) dm(w)dr
0 C
This expression is well-defined by Lemma B.2, and by Lemma 5.2 we have

ITLfNl2 < [Ifll and  T[f] € B(C x R),

and therefore T extends to a bounded operator from L?(C x R) into B(C x R) with
norm < 1.

We claim that T = S. To prove this, it suffices to show that if we write
f=fj+ fu, with fj € B(C xR) and f; L B(C x R), then T[f] = f;.

Choosing f, — f as in Lemma B.1, and writing S; = I — R, D, we have

Now, fn, — f in L?(C x R), while Lemma 5.2 and Plancherel give us
[[Re[De ful]V||, = [Re[De fullla < Cl|A(8) Da ful2 — 0,

which shows that T[f)] = f.
On the other hand one sees that T is self adjoint, so that for every h € L*(C xR)
we have

(T[fL], h) = (fL, T[R]) =0,

and therefore T[f,] = 0.
This completes the proof. O
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