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On the boundedness of the bilinear Hilbert
transform along “non-flat” smooth curves.
The Banach triangle case (L", 1 < r < 00)

Victor Lie

Abstract. We show that the bilinear Hilbert transform Hr along curves
I' = (t,—(t)) with v € NF is bounded from LP(R) x LY(R) — L"(R)
where p, g, r are Holder indices, i.e., 1/p+1/g = 1/r, with 1 < p < oo,
1<g<ooand1<r < oo Here NFC stands for a wide class of smooth
“non-flat” curves near zero and infinity whose precise definition is given
below. This continues author’s earlier work, extending the boundedness
range of Hr to any triple of indices (1/p, 1/q, 1/r") within the Banach
triangle. Our result is optimal up to end-points.

1. Introduction

This paper, building upon the ideas in [14], continues the investigation of the
boundedness properties of the bilinear Hilbert transform along curves. More pre-
cisely, if I' = (¢, —(t)) where here v is a suitable (in a sense that will be specified
later) smooth, non-flat curve near zero and infinity, we want to understand the
behavior of the bilinear Hilbert transform along I' defined as

Hr : S(R) x S(R) — S'(R)

() He(f9)(a) = pv. [ @ = ale+(0)

dt
;-
One can easily notice that taking v(¢) = ¢t we obtain the standard bilinear Hilbert
transform. Thus, the problem considered in this paper is, in fact, the “curved”
analogue of the celebrated problem of providing L? bounds to the classical (“flat”)
bilinear Hilbert transform —the latter being solved in the seminal work of M. Lacey
and C. Thiele ([10], [11]).

It is worth noticing that similar studies regarding curved analogues of classical
“flat” objects arise naturally in harmonic analysis in various contexts. Indeed,
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recalling the discussion in the introduction of [14], a prominent such example is
given by the study of the boundedness of the linear Hilbert transform along curves
given by

Hr: S(R™) — S'(R"),
Hr(f) —pv/fx—

whereI': R — R™, n > 1, is a suitable curve. This latter problem first appeared in
the work of Jones ([9]) and Fabes and Riviere ([5]) in connection with the analysis
of the constant coefficient parabolic differential operators. The study of Hr was
later extended to cover more general and diverse situations ([17] [20], [4],[1], [2]).

In the bilinear setting, the work on the “curved” model referring to (1.1) was
initiated by X. Li in [12]. There, he showed that, for the particular case v(t) = t?
with d € N, d > 2, one has that

(1.2) Hr maps L*(R) x L*(R) — LY(R).

His proof relies on the concept of o-uniformity, previously used in [3] and originat-
ing in the work of T. Gowers ([7]).

In [14], the author proved that (1.2) remains true for any curve 7 that belongs
to NFC —a suitable class' of smooth non-flat curves near zero and infinity. Our
work greatly extended Li’s result both qualitatively by significantly widening the
class of curves, and quantitatively by revealing the scale type decay relative to
the level sets of the multiplier’s phase. Our proof is based on completely different
methods, involving in a first instance a delicate analysis of the multiplier followed
then by a special wave-packet discretization adapted to the two-directional oscilla-
tory behavior of the phase. In the Appendix of the same paper, we also explained
the main idea of how to upgrade the methods employed in [12] in order to be able
to obtain the scale type decay.

Later, X. Li and L. Xiao, ([13]), relying heavily on [14] in both the analysis
treatment? of the multiplier and the “upgraded” o-uniformity approach required
for capturing the key necessary scale type decay revealed in [14], proved that if P
is any polynomial of degree d € N, d > 2 having no constant and no linear term 3
then taking «(t) = P(t) one has that Hr maps boundedly LP(R) x L1(R) — L"(R)
where p, ¢, robey 1/p+1/g=1/r;1<p<oo,l<g<ocandd/(d—1) <r < c0.
(The bounds here depend only on the degree d but not on the coefficients of P).
Finally, more recently, in [8], the authors take the proof in [14] and translate it in
the o-uniformity language used initially in [12].

The present paper should be regarded as a natural continuation of [14]. Relying
on the author’s previous methods, we extend the earlier results by showing that

IFor its definition the reader is invited to consult Section 2. It is worth saying that N F€
contains in particular the class of all polynomials without linear term —for more on this see
Observation 2.1.

2See for example the decomposition of p. 16 in [13] versus the one in Section 5.3. of [14], the
treatment at p. 29 in [13] versus the corresponding one at p. 323 in [14], the perturbative strategy
applied in analyzing the phase of the multiplier, etc.

3Any such polynomial P is just a particular example of an element v € N F.
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for any v € NF the bounds on Hr can be extended to cover the natural Banach
triangle case. Our result is optimal up to end points. For a precise statement of
our result as well as for a reminder of the definition of the class N'F of “smooth
non-flat” curves near zero and infinity one is invited to consult the next section.

Acknowledgement. I would like to thank my wife Anca for drawing Figure 1 in
this paper.

2. Main results

We start by recalling from [14] the definition of the set N'Fy of all curves v which
are smooth non-flat functions near the origin:

e Smoothness, no critical points, variation (near origin)

38 > 0 (possibly depending on ) and Vs := (—6, )\ {0} such that v € CV (V;)
(N >4) and |7'| > 0 on Vs; moreover,

(2.1) sup #{j € Z+ 1277 7'(277)| € [, 20]} < o0,
a€R+

where here Z4 :={j € Z|j > 0}.
o Asymptotic behavior (near origin)

There exists {a;};en C Ry with lim; o a; = 0 such that:
-forany t € I:={s|1/4<|s| <4} and j € Z, we have

v(2771)

(2.2) 55 TR

=Q(t) + (1),

with @, Qj S CN(I) and ||Qj||CN([) < as;
- for s € J = Q’'(I) we require

(V)" (s7'(27))
()t (27))

where 7, r; € CN7H(J) with [|rj|lov-17) < a; .

(2.3)

=r(s) + r;(s),

(The existence of (7/)~!, the inverse of 4/, will be a consequence of the next
hypothesis.)

e Non-flatness (near origin)
The main terms in the asymptotic expansion obey
inf [Q(0), inf |1'(1)] > ¢, >0,
[t17'(t1) — tar'(t2)] -

e [t1 — t2] B
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In a similar fashion one can define N'F, the class of smooth, non-flat near
infinity functions + having the following properties:

e Smoothness, no critical points, variation (near infinity)

36 > 0 (possibly depending on 7) and Vs := (—00,—0) U (4,00) such that
v € CN(Vs) (N >4) and |9/| > 0 on Vs; moreover,

sup #{j € Z_[|277~/(277)| € [0, 2a]} < 0,
a€Ry

where here Z_ :={j € Z|j < 0}.

o Asymptotic behavior (near infinity)
There exists {a;}jez C Ry with lim;_,_ . a; = 0 such that:
-forany t € I:={s|1/4<|s| <4} and j € Z_ we have

V277 A -
27j ,7/(27j) - Q(t) + Q](t)a

with Q, Q]‘ €~CN£I) and ||Qj||CN([) < &j;
- for s € J = Q'(I) we require

()" (s7'(279))
()~ (27))

where 7, 7 € CN~1(J) with I7illen-1(5) < aj -

=7 (s) + 75(s),

e Non-flatness (near infinity)

The main terms in the asymptotic expansion obey
inf |Q" ()|, inf |#(t)] > ¢, >0,
tel teJ

t1 7 (t1) —to 7' (¢t
inf [t 7 (t1) 27“(2)|>c

t1,to€J |t1 7t2| v
t1#t2

With this done, we set
NF:=CR\{0}H)NNFoNNFyp
and NFC := N F + constant.

Observation 2.1. Following [14], we list some interesting features of the class N'.F:

e Any real polynomial of degree > 2 with no constant and no linear term
belongs to N F.

¢ More generally, any finite linear combination over R of terms of the from ¢
with a € (0,00) \ {1} belongs to N'.F.
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e Even more, any finite linear combination over R of terms of the form
[t |log #]|7,
with o, € Rand a ¢ {—1, 0, 1} is in N F.

e If v € NF then there exist Ky > K; > 0 and C2 > C; > 0 (all constants
are allowed to depend on 7) such that for any ¢ € V(0) \ {0} or ¢t € V(oc0),
respectively

either Kyt [t|%2 < |y (t)] < Ky 1|t

(2.4) K, Ko

/
or e < |'(t)| < e

Thus, if v € N F, one has:
(2.5) 3 lim |y/(¢)| € {0, oo} and 3 lim |7/(¢)| € {0, oo} .
t—0 t—o0

0
Recall the definition of the bilinear Hilbert transform Hrp along the curve I':
Hr: S(R) x S(R) — S'(R)
He(F.)@) = pv. [ o= tgla+ ()5
In [14], we proved the following result.

Theorem. Let I' = (t,—(t)) be a curve such that v € NFY. Then Hr estends
boundedly from L*(R) x L?(R) to L'(R).

In the present paper, we extend the boundedness range of the above theorem
to the Banach triangle (see Figure 1).

Main Theorem. If v € NF¢ and Hr is defined as above, we have that

(2.6) Hr: LP(R)xLYR) — L"(R),

where the indices p, q, r obey
1 1 1

(2.7) —+-=—, withl<p<oo, 1<qg<oo, and 1<r <oo.
p q T

Observation 2.2. The Banach range in our main theorem is optimal up to end-
points. Indeed, let us define Py be the class of all real polynomials of degree d
with no constant and no linear terms. Then, in [12], p. 9, it is shown that for any
d € N, d > 2, there exists a polynomial P; € P4 such that for v = P; one has that

| Hr || r (R) x La(R) s Lr(R) = OO

whenever (p, ¢, r) obeys (2.7) with r < (d — 1)/d.

Since from Observation 2.1 we deduce that for any d € N, d > 2, we have
Py C NF we conclude that in order for (2.6) and (2.7) to hold for any v € NF¢
one must have r > 1.
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FIGURE 1. The boundedness range for the bilinear Hilbert transform Hr. In this figure
we represent the bounds for our object viewed as a trilinear form defined by A(f, g,h) =
J Hr(f,g)h. Our Main Theorem states that A maps boundedly L” x L9 x L™ into C for
all triples (1/p, 1/q, 1/7") that belong to the region Q := int (AABC) U (AC) U (AB) .
These bounds are optimal up to the bold boundaries defined by [BC| U {A}.

3. Preparatives; isolating the main component of our opera-
tor

In Section 3 of [14], after elaborated technicalities, we proved that the study of
our bilinear operator Hr(f,g), can be reduced to the corresponding study of the
bilinear operator T'(f, g) defined as follows:

T(f,9) = Z Z Tjm
JjE€Z meN
with
Ty (f.9)(@) = / / F(E) §(0) vy (E,m) €5 €17 i di
and

v;m(&,1M)
:—2—m/2ew5,7,(tc)C(UV’(Q‘J') - >¢( ¢ )¢<n7’(2‘j))

om+j ng’ﬁ;j) om+j om+j

where we have
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e the function ¢ is smooth, compactly supported with
(3.1) supp ¢ C {z| & < |z| < 10},

¢ the phase of the multiplier is defined as

e for &, n, j fixed (and based on the properties of 7) there exists exactly one
critical point t., defined by t, = t.(¢,7, 7) € [27%), 28] such that

Pelte) = *% + 2%7’(%) =0,
where here k() € N is an integer depending only on ~;
¢ the function ¢ obeys
C: 135,10 x 2740, 250] 5 R with [[¢llon-s S, 1.

Now based on (2.5) and (2.4), without loss of generality we can assume that
(3.2) 3 lim~'(t) =0 and 3 lim v/(t) = oc0.
t—0 t—oo
t£0
The other cases can be treated similarly; we will not discuss them in detail here.
Setting

\Pn(f) = 7305,77(12:) )

and following [14], we used the scaling symmetry in order to define the following
operators:

e For j > 0 (thus 277 — 0),
Byn(FOL NG = Ny (12700, ) (L),

Remark that
Bjm(f,9)(x) =272 [/ (279)]!/?

—i2m2 Wy (€)

/ / F(€) () 0O o e, %)¢(§)¢(n)d§dn-

e For j < 0 (thus 277 — o)

B F09)e) = B2 T (52700 s+ )) ()

As before, notice that
Bjm(f,9)(x )—2_7”/2[ ‘(2772

64—y, —i27200 (€
/ / F© g £ mam e s g, %)¢(§)¢(n)d§dn-
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Observation 3.1. In what follows we will focus on the case 7 > 0 as the reasonings
for the other case j < 0 can be treated in a similar fashion.

Main reductions

For j € N, using (3.2) and v € N'F, one follows the reasonings from Section 5
in [14] and successively simplifies the structure of Bj ., as follows:

o for s € J, recalling the definition of r and r; in (2.3), we set

R(s) := / r(u)du and R;(s):= / rj(uw) du,
1 1
and first notice that

2W_a (&) =nR(E) +nR;(E).

y(277)

Based on the properties of v and on the assumptions on ( it is enough to treat the
term

Bj(f,g)(z) ~ 2 ’"/2[ "(270)M?
/ / F(6) 4(m) 0" CTHER @ =2 R ey b de dy

and thus

g ”L(f’ ~ 2_”L/2/ / f g Z(EJ’_W) x -t (22;J) nR(’yl(2ij) 71)

3 V(2 )
. ¢(2m+j) ¢( gm+i ) dg .
e Because the phase of the multiplier has roughly the size 2™ with the dominant
factor in the variable 7, we further divide the n-support in & 2™ intervals of equal

size. Thus, after running the same approximation algorithm as in [14], we deduce
that the main component of T} ,, is given by

2m+1

Tj,m(f, g)(iﬂ) = 27m/2 / / f Q ’L(§+n) _IL po R( 27 po)

po=2™
* ¢(2n§+a‘) (’5(7/(22;])77 _po) dt -

For notational simplicity, we will allow a small abuse, and redenote T} ,,, as just
simply T, .
Let us introduce now several notations:

35 o) =0(5), keZ;

/ 2—_] ) )
38 ot =o(TE p). jeN e 2 NN
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and, for m € N, pg € [2™, 2mT1) NN, j € N,

—my2 _—ipo R(55) £
(3'7) "/)m,po»j(g) =272 " ¢<2m+j>'

It will be useful to record the following identity:

(3.8) Vrmpo.j () = 27 e Pr0 (2 @) N (5—:@ (27 x)) + error term ,
where
] r (27 x)
(3.9) Iy (27 ) == po / tr'(t)dt,
0

the function ¢* € C§°(R) is a smooth function supported away from the origin
with ||¢*||ci0 < 1, and finally, the error represents a smooth, fast decaying term
relative to the m-parameter.

Also, throughout the paper, we have p, ¢ > 1, 1/p+1/q¢=1/r with 1 <r < o0
and 1/ =1—1/r.

Now for f € LP(R), g € L%(R) and h € L™ (R) (recall j € N) we set

Aj,m(f,g,h) = /RTj,m(f,g)<l‘) h(l‘) dx .

From the above considerations, using relation (3.2) and Observation 3.1, we deduce
that*

gmtl

(3.10) Ajm(f,9,h) = Z /R(f*(ﬁm+j*1;m7po,j)(m) (g*éj,po)(m) (h*(ﬁj,po)(m) dx.
po=2m

We now define

(3.11) AL 9h) = NS g 1)

JjEN

A similar decomposition can be done for treating the case j < 0. In this situation
the analogue of (3.11) will read

A (f.9.h) Z Ajm(frg,h),

JEZ\N

where for this case A;,, is an appropriate adaptation of (3.10) to the context
of (3.4) instead of (3.3). For the brevity of the exposition, we will not insist more
on this.

4Throughout this paper we will ignore the contribution of the error term in (3.8) as its treat-
ment was carefully presented in [14]. Also, for notational convenience, we make a small abuse by
letting the same function ¢; ,, represent the Fourier localization of both g and h; in reality the

support of h should be slightly (e.g., twice) larger than the support of g.
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With all these done, our main focus will be on understanding the main prop-
erties of the trilinear form

(3'12) A(fagvh) = Z Am(fagah)a
meN
with

Based on the reductions presented above, we deduce that for proving our Main
Theorem it is enough to show the following.

Theorem 3.2. The form A initially defined on S(R) x S(R) x S(R) — C by (3.12)
obeys the bounds
A: LP(R) x LY(R) x L" (R) — C,

where the indices p, q, v’ satisfy

1 1 1 .
—+-+==1, withl<p<oo, 1<qg<oo, and 1<r<oo.
P r

(=

Give relation (3.12), we further notice that Theorem 3.2 follows from the the-
orem below® after applying real interpolation methods and a telescoping sum ar-
gument (see Section 5):

Theorem 3.3. Let 1 < p < co. Then the following estimates hold 5 :

[ Fllollglloo (121l
[ Fllo llglle [[2]loo -

Bge (AC):  |Am(f,0,h)| Sp (1-+m=2/p) 2~ 01/

Edge (AB) : |Am (f, 9, 0)| Sp (14 mi=2/P)2- 5 (1-1/P7)

Finally, based on Observation 3.1, it will be enough to prove Theorem 3.3 above
for the “positive half-line” forms A} (f, g, h) with m € N.

4. Controlled bounds for Al (f,g,h) on the edge (AC)

In this section, we focus on providing “slowly increasing” bounds” for our form
A (f,g,h) on the edge (AC) (see Figure 1). More precisely, our goal is to get the
following tamer result.

Theorem 4.1. Let 1 < p < oco. Then the following estimate holds:

Edge (AC): AL (F. 9 1) Sp (L m® P ) (1l g oo 1Pl -

5For a helpful geometric perspective, the reader is invited to consult Figure 1.
SThroughout the paper p* = min{p, p'} .
"Relative to the m-parameter.
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4.1. Estimates for the edge (AB1]

The main result of this subsection is
Proposition 4.2. If 1 < p < 2, the following holds:

(4.1) Edge (AB] : AT (fr 9, 8] Sp 11 lgloo 1Al -

Proof. As a consequence of (3.10), we deduce that

|A+ f,g, |<Z/| *¢m+j |
JjEN
gm+1

<[ (X Mo din)@) Gy @)]) 216767 (@ = )] dady

Po=2"

Now, letting M stand for the standard Hardy—Littlewood maximal function,
we deduce the key relation

(4.2) 185(/,9,h) |<Z/|f Dty |M(2mZ (9% Bi0) (1% G0 ) () y.
jEN po=2™
Now, from (4.2), we deduce that
A (f, 9. 1)
< [(Zwsbune)” (ZiM(22|g*¢m = b))t
SIS 1+ LS P (S 0w ),
2ml y } 21 1/2
S| (2 (X Haxdum) texdinl) )|
JEN po=2m

where for the last relation we used standard Littlewood—Paley theory (for providing
bounds on the square function for f) and Fefferman—Stein’s inequality ([6]) (for
the term involving the functions g and h).

Now we make use of the following observation:

2'rn+ 1

(4.3) Y g xdip)l S llgll3 -

po=2""

Indeed, this is a simple consequence of the fact that

<g*éj,po><x>:/g(x,%

R

y) dly) e dy.
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Thus applying the Cauchy—Schwarz inequality we get

27n+1 27n+1

@) (X Mo (b)) Slal 30 by,

po=2"" po=2m
Inserting (4.4) in the last estimate on |A} (f, g, h)| we get:

27n+1

5 1/2
45 NG Sl (5 X Wil
jEN po=2m %
Define now
A [ P10 Po— 15 } [po+11—0 p0+10}
= ey Ty YR T

From (3.1) and (3.6) we notice that

supp ¢J)Po - AJ};DO .

Using now the key assumption (2.1), we deduce that {4; p, };jp, have the finite
intersection property, that is

2m+1

(46) ST v, L

jEN po=2m

Now, due to (4.6) and the fact that p’ > 2, we are precisely in the setting of Rubio
de Francia’s inequality ([18]):

m—+41

2 L\ 1/2
(4.7) (2 X tmxdsml?) ™| Sl -

JEN po=2m

Thus, putting together (4.4), (4.5), and (4.7), we conclude that (4.1) holds. O

4.2. Estimates for the edge [B1C)

In this subsection we will focus on proving:

Proposition 4.3. If p > 2, the following holds:

(48)  Edge [BiO):  [AL(fr9, )] Spm® P V| Fllp llglloo [1Bl] -

The proof of Proposition 4.3 will be decomposed in two main steps encoded in
the two propositions below:
Proposition 4.4. Let p > 2. Then, with the previous notations, we have

gm+1

@9 (X 3 1+ b dpoa@) | om0l

JEN po=2™
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Proposition 4.5. If 1 <p < oo and 1/p+ 1/p’ =1, then the following holds:

2'rn+ 1

@10 (X Mo i)@) (=33 )@F) || S gl il

JEN po=2™

Assuming for the moment that (4.9) and (4.10) hold we pass to the:

Proof of Proposition 4.3. By the Cauchy—Schwarz inequality, we have

. < - 1/2
|A$(f,g,h)|§2/( > (9% Bia) (@) (h 5 i) (@)]?)
jeN R Tpo=2m
2m+1 § ) 1/2
X ( > |f*¢m+j*¢m,po,j(w)l2> dz,
po=2"

which after a second application of Cauchy—Schwarz and then Holder’s inequality
becomes:

27n+1

. . 1/2
Mg (322 19 % i) @) (s i) @) |
JEN po=2™ p

2mtt
; 5 5\ 1/2
<[ (X0 2 1 b # dmpos@?) |
jEN po=2m b
Now applying Propositions 4.4 and 4.5 we conclude that (4.8) holds. O

We pass now to the:

Proof of Proposition 4.4. This proof will be decomposed in three main components.

The first one relies on the following key aspect: the cancelation offered by the
phase of ¥, p,,j. Indeed, we have that:

Lemma 4.6. The following holds:

2m+1

1) D> 1f * Py * Dinpog (@) S /R [(f % b)) )1* 27 v(2 (2 — y)) dy
po=2m

where here v € Cg°(R) with 0 & suppv and [[v||ciom) S 1.

Proof. For fixed m € N, j € N set now

w(y) = (f * (ﬁm-i-j)(y/Qj)'
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Then (4.11) turns into

gm+1

(412) % /wx yemivo i e t>dt¢(2mr*1(y))dy‘2

0 27”
< / e ()2 () dy

where here z € R is considered fixed and we set w,(y) := w(2/ x — y).
Recall that from (3.9), we have

Y
Do / tr'(t) dt = poV1(y) == poV(y).
0

Also recall that for expression (4.12) to make sense one should also have®

1
o < ly| < Cy for some fixed Cy > 1.
N

Set then p € C§°(R) with supp p C [20 ,2C,] and u|[ Loy =1

Now in order to prove (4.12) it is enough to show the dual statement

omtl 2m L
(113) /\ 3 om0 (37 0) u0) )| av 3
—om —om

For this we analyze the generic interaction

By = [ €077 6 (B073(0)) 57 (7 0) o) o)

Now since ¥'(y) = r~!(y) has obviously no roots inside the support of u we
deduce that for 2710 < pg, go < 2™19 one has

1
E, _—.
| P07q0| ~ 1+|p0 7q0|2
Thus
gm+1 )
LY anermo o (Beriw) uw | a
po 27”
2'rrt.+l 27!L+1
S Z |apo | lag| ¥/ o2 S Z |ap0|2
~ 1+ Ip
P0,qo=2" po=2"
proving this way our claim (4.13) and hence (4.11). O

8The constant C are allowed to change from line to line.



ON THE “NON-FLAT” BILINEAR HILBERT TRANSFORM. BANACH CASE 345

We pass now to the second ingredient:

Lemma 4.7. Let u € L%OC(R) and v as before. Then, preserving the previous
notations, we have:

(4.14) I j(u)(x) := / |(w* @) (y)|* 2 (2 (2 — y)) dy
omtt 9
PG

Proof. From the assumptions made in our hypothesis, using a smooth, compactly
supported partition of unity, we have

2m+1

viy)= Y v@My-1).

l=2m—1

From this, we deduce

(@) = [ ([ a2 dem iy - 9)ds)

R N JR

gl
x ( / ()2 Gty —H)dt) (2 3 wE™ (@ —y)—1))dy
R =2m—1

1 _
(415) = - / w(s) W) Komy (s, 1) ds dt

2™ Jrxr
where we set

gm+1
Kom,j(s,1) := 25000 N [ 927 (y—5)) (27 (y — 1)) (27 (w—y) —1) dy.
j=gm-1/R
From the smooth behavior of ¢ we deduce
2m+1
(4.16) [ j(s,1)| S 220737 6] H (@ — 5) = 1) 927 (x — 1) = 1)
l=2m—1
Thus, from (4.15) and (4.16) we have
1 gm+1 o 4 )
i@ S 57 3 ([ o216 w =5 ~vyds)
l=2m—1
from which we conclude
1 2m+1 9
A < = . m+j.
s @IS g 3 M (|G @2 -]

which proves (4.14). O



346 V. LIE

Combining now Lemmas 4.6 and 4.7, we deduce that

2'rn+ 1

(S 17+ bnss = dmast@) |

JEN pg=2™
1 . l 2\ 1/2
SNEw X b (—zm)] ),
JjEN l~2m
On the other hand, from Fefferman—Stein’s inequality, ([6]), we have

(53 3 w5,
<N 3 oeimn () )"

However, applying Fubini and Jensen’s inequality (at this last point we use the
key fact that p > 2)

(S 5 l0wsmn( 5= )

p

s DI loeinn(—5m) ),

l~2m p

p

Now, we appeal to the last ingredient in order to prove Proposition 4.4:

Lemma 4.8. Take | € Z and define the l-shifted square function

(4.17) Sif(a (Z; % ;) m—1/2])|)

JEZ

Then, for any 1 < q < oo, one has
(4.18) 151 f1lg Sq Gog(le] +10)* <[ £, -

Proof. This statement relies on interpolation and Calderén-Zygmund theory adding
to the classical theory of the LP boundedness of the (classical) square function a
small extra twist in order to deal with the translation symmetry encoded in the
[-parameter. In a different form, its statement/proof can be found in [19] (see Chap-
ter II, Section 5). Shifted square functions (in various forms) appear naturally in
analysis. One such instance refers to the case of the first Calderén commutator,
whose approach involves a discrete version of (4.17). This theme is explained in de-
tail in [16], Ch.4, p. 126, while the standard approach for the discretized analogue
of (4.17) is given at p. 150.

Step 1. L? boundedness.

This is a straightforward statement since {¢y,+;};en can be split in at most C
disjoint, families such that the functions within each family have pairwise disjoint
supports.
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Thus, from Parseval, we conclude
ieL
HWM—ZH*%@H—N =2 W©56 TSI

Step 2. L' to LY boundedness.
Our intention is to show that there exists C' > 0 absolute constant such that

YAS0 IS @)] > A < S logll + 10) 1]

As expected, we will make use of the Calderén—Zygmund decomposition of f at
level \.

Thus, for simplicity, we consider My f, the dyadic Hardy-Littlewood maximal
function associated to f. Then, for A as above, we set

Ey = {Lﬂ | Mdf(IL') > )\} .

From the definition of E) we know that there exists a unique collection Z of
maximal (disjoint) dyadic intervals such that

Ex=JJ.
JeT
Of course, we retain for later that
EAEDNUESS O AVES TS
JeT Jez

and that
[f(x)] <A VazeR\E).

Next, we decompose the function f as follows:

f=g+b,
with
fXEAJrZ(m/ )XJv
JeT
and )
b= by with by:= (f—m/]f)xj.

Jez
Notice that from the above decomposition we have the following important prop-
erties:

b Hg”oos)‘;
o gl < I fll1;
e suppby C J for every J € T;

o [obs =0 for every J € I;
o |bsll1 S A|J| for every J € T.
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Now, as in the classical theory approach, we continue with the remark
{Sif > A < {Sig > A2} + {Sib > A/2}].
For the first term we just use the L? boundedness of S and then the L>-control
on g:
50> 2| 5 55 15wl s L2 < Xy
lg N )\2 lg L2 N )\2 ~ 1-

In order to treat the second term, we adopt the following convention: given an
interval J with center ¢(.J) and a > 0, we refer to a.J as the interval with the same
center ¢(J) and of length alJ|.

With these done, we have

Hx|5’lb(x) > %}‘ - Hx = JL€J1100J|Slb(x) > %}'

+ ’{xeR\91100J|Slb(x)>%H_A+B.

Now, on the one hand,

szl

JeT
while on the other hand,

1 1
B< - / Sib < — / Siby .
A JR\U, oy 1007 A %; R\100.

It will be thus enough to show that
/ Siby <log(|l] +10) AlJ] .
R\100J
In fact we will show the stronger statement
. l
(4.19) I, = / 3 ‘(bJ * ¢j)(m - —j) ’ dx < log(|l| + 10) A]J] .
R\100J %=, 2

For this, we first use the mean zero condition for b; and write

12 = [+ ) (e - 57)
’/ ¢j xfc()fsfm) gzﬁj(mfc() ;]))bj(s)ds,

where here we denoted with ¢(J) the center of J, J = J — ¢(J) and b;(s) :=
by(s +c(J)).
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As a consequence, we have
22717
L (z) < [ mi :
0 () S /Rmm{ |u\1£3]X|J| [27(z —e(J)) =l —ul?+1’
2J
: : bi(s)|ds.
27(z —c(J) —s — 1202 + 1} 1b5(5)lds

(4.20)

Then, implementing (4.20) into the LHS of (4.19), we have

; 27
MRSV L , s
’ JZGZ: r\1007 |27 (x —c(J)) =1 +1

27|J<1

27
- bs(s)| dxds
; /R\100J/J |2J($*C(J)*S*ﬁ|J|)|2+1| a

27 J|>1

<A log(|l] + 10).

This finishes Step 2.

Step 3. L7 boundedness, 1 < q < co.

The fact that (4.18) holds for 1 < ¢ < 2 is just a consequence of real interpo-
lation between the ¢ = 2 case (Step 1) and ¢ = 1 case (Step 2).

The other part of the range, i.e., 2 < ¢ < oo, follows from duality. This is again
a standard argument, an application of Hincin inequality (probabilistic method).
For completeness, we give here the details.

For {w;}jez a sequence of i.i.d. random variables on [0, 1] with each w; taking
the values {£1} with equal probability (the probability measure here can be taken
to be the Lebesgue measure on [0,1]) we define for any function h € L (R) the

linear operator
l
Elwt)h ij h*¢] ( 2-])
JEZ

Then, for any f € L1(R), we have
sl [ [ Ve f@)ftdtda
(0,1 /R

Taking now any function g € L? (R) with llglly = 1 we define

Vialf.g) = /R 9(—2) Lo f () do

and notice that
Virlf.o) = [ F@) Lripa—a)da.

from which we deduce

WVie(F, DI S Ml 1w glla -
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Finally, we notice that following exactly the same procedure as that presented at
the Step 1 and 2, we have that

11wl STl and || £y w@hllieo S log(|l] 4 10) |21 -
Thus from interpolation we get that for any 1 < ¢’ < 2 we have
I£1wm9lle Se log(ll] + 107 gl

with the constant in the above inequality independent of t.
Now it only remains to observe that we can choose a function g;(-) € L9 (R)

such that
’ 1/‘1’
(/ (@) dedt) " =1
[0,1]xR

and
IISszIq%/[ ]/Rgt(x)ﬁz,wa)f(w)dtdfc o log(1 +10) 71 £llg llgell o -
0,1 t,x

This concludes the proof of Lemma 4.8. O

Proposition 4.4 follows now trivially from combining Lemmas 4.6, 4.7 and 4.8.

Proof of Proposition 4.5. The proof of this result follows from Fefferman—Stein’s
inequality ([6]) and the result below.

Lemma 4.9. The following holds:
gm+1

(4.21) Y 1% Dipa) (@) (hx Gype) (@)1* S Nl g2 M (B G g)* ()

po=2"

where here we set

v'(277)
Dy.m.j(0) = ¢( St ?7) :
Proof. Notice first that, recalling (4.3), we have

2m+1

(4.22) Y g * dip) @) S llgll3 - -

po=2m

We also know that

sup | % 6o | (2)

poR2™

27 ~( 27

. od
i ¢ : y> 61,7/2(21)P0ydy
(277) "\ (277)

= | fihe b0

(423) S M(h*dymy)(@) .

Thus combining (4.23) and (4.22) we deduce that (4.21) holds. O
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5. Controlled bounds for A} (f,g,h) on the edge (AB)

As in the previous section, we only intend here to get log-type upper bounds for
our form A} (f, g, h) when restricted to edge (AB) (see Figure 1). It is now simple
to notice that taking advantage on the symmetry of our form, by just switching
the role of g and h in Theorem 4.1, one gets the desired result.

Theorem 5.1. Let 1 < p < oo. Then the following holds:

(5.1)  Edge (AB) : g (£ g W Sp (Lm0 (£l gl 1Ploo -

6. The proof of our Main Theorem

It now remains to prove our Theorem 3.3. We will do this, by applying real
interpolation methods between the tame bounds obtained in Theorems 4.1 (and
respectively 5.1) and the corresponding bounds obtained in [14] for the L? case.

6.1. Estimates for A (f,g,h) at points By, and C;

In this subsection we only quote the previous results on the author addressing the
(local) L? case.

As in the previous section, it is useful to notice that because of the symmetry
between the role of g and h we only need to refer to one of the mid points of the
segments (AB) and (AC') respectively.

However, the estimate for A,,(f, g, h) for the point Cy is precisely the content
of the author’s paper ([14]). Thus, based on Propositions 1 and 2 in [14] together
with the symmetric role played by the points C7 and By we conclude the following.

Theorem 6.1. The following estimates hold:
(6.1)  Point C1(1/2,1/2,0):  [Am(f,9,0) S 27" [ fl12 lgll2 [Alloo »
and

(6.2)  Point Bi(1/2,0,1/2):  |Am(fog, W) S 27" £ll2llgllc 1]z -

6.2. Interpolation: Proof of the main result

The remaining task for proving our Main Theorem relies on the standard multi-
linear interpolation theory.
Indeed, we first interpolate

¢ along the edge (AB) between the mid point C and a generic point P € (AB),
that is between the bounds obtained in Theorem 6.1 and Theorem 5.1.

e along the edge (AC) between the mid point B; and a generic point P € (AC),
that is between the bounds obtained in Theorem 6.1 and Theorem 4.1.
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Through this process we get precisely the content of Theorem 3.3. Applying
one more time real interpolation between the newly better bounds just obtained
n (AB) and (AC), we get the final global result.

Theorem 6.2. Let P(1/p, 1/q, 1/r') be any point in the plane determined by the
points A, B, C such that P € Q = int A ABC'\ {[BC]|U{A}}. Then there exists
a(P) > 0 such that for any m € N the following holds:

(63)  Point P(1/p, 1/q. 1/"):  INL(f,9.m) Sp 27 ™ | £llp gl Rll -

Now as mentioned at the end of Section 2, the same reasonings applied to the
form

m(Fr90) = > Njm(fr9,h).

JEZ\N

will give the corresponding analogue of the bound (6.3).
Finally, recalling that

A(fg.h) =Y Aw(f,9.h)

meN

and using the geometric summation in the parameter m as resulting from bound (6.3)
we deduce that our Main Theorem is true.
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