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Long wave asymptotics
for the Euler—Korteweg system

Sylvie Benzoni-Gavage and David Chiron

Abstract. The Euler—Korteweg system (EK) is a fairly general nonlinear
waves model in mathematical physics that includes in particular the fluid
formulation of the NonLinear Schrédinger equation (NLS). Several asymp-
totic regimes can be considered, regarding the length and the amplitude
of waves. The first one is the free wave regime, which yields long acoustic
waves of small amplitude. The other regimes describe a single wave or two
counter propagating waves emerging from the wave regime. It is shown
that in one space dimension those waves are governed either by invis-
cid Burgers or by Korteweg-de Vries equations, depending on the spatio-
temporal and amplitude scalings. In higher dimensions, those waves are
found to solve Kadomtsev—Petviashvili equations. Error bounds are pro-
vided in all cases. These results extend earlier work on defocussing (NLS)
(and more specifically the Gross—Pitaevskii equation), and sheds light on
the qualitative behavior of solutions to (EK), which is a highly nonlinear
system of PDEs that is much less understood in general than (NLS).

1. Introduction

The Euler—Korteweg system is a dispersive perturbation of the Euler equations for

compressible fluids. In its most general form, it reads

(¢EK) B
ou+ (u-Vyu+V(©Zp]) =0,

for a compressible fluid whose velocity field is u, whose energy density .% is allowed
to depend on the fluid density p and on its spatial gradient Vp, and 6.7 [p] denotes
the variational derivative of .% at p. The standard Euler equations correspond to
F = F(p) only, so that §.%[p] = F'(p) (and the pressure of the fluid is p(p) =
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pF'(p)—F(p)). We are most interested in the classical form of the Euler-Korteweg
system, which corresponds to

1
F =F(p)+ §K(p)IWI2,

where the so-called capillarity coefficient K = K(p) is allowed to depend on the
density p in an arbitrary way, provided that K is smooth and takes only positive
values. In this case, (¢EK) ‘reduces’ to

dp+ V- (pu) =0,

(EK) 1, )
dru+ (u-V)u+V(g(p)) = V(K (p)Ap+ 3K (0)[Vp ) .

where ¢ 4 B Would K be zero, the system (EK) would of course reduce to the
standard Euler equations again, in which the sound speed is given by 1/pg’(p) as
long as ¢ is a nondecreasing function of p. In the special case when K (p) = 1/(4p),
the system (EK) can be derived from the (generalized) nonlinear Schrédinger equa-
tion (NLS) via the Madelung transform. An even more special case is g(0) = o—1,
which corresponds to the Gross—Pitaevskii equation. In fact, (EK) is a ubiqui-
tous system in mathematical physics, with various choices of K and g, see for
instance [3] for more details.

Associated with (gEK) is a local conservation law for the total energy £ p [ul?+
F(p,Vp). However, the Cauchy problem for (¢EK) has never been addressed for
general energy densities .%. Because of analytical difficulties inherent in all systems
involving high order derivatives (namely here, third order derivatives), the Cauchy
problem analysis has been concentrated on (EK). The local well-posedness of (EK)
is shown in [5] (one space dimension) and [4] (arbitrary space dimension). Our
purpose here is to investigate the behavior of solutions of (EK) on longer times,
by considering small perturbations of constant, thermodynamically stable states.
By small we mean small amplitude perturbations that are significant on large
space-time scales. By thermodynamically stable we mean reference densities o
such that ¢'(p) is positive. For any p, the condition ¢’(9) > 0 is equivalent to
the hyperbolicity of the Euler equations at (p,0) (or (o,u) for any velocity u,
by Galilean invariance) —and when applied to the fluid formulation of (NLS), it
corresponds to what is known as the defocussing case. This paper aims at justifying
several asymptotic limits regarding small amplitude, long wave solutions to the
Euler-Korteweg system (EK), thus extending a series of recent work on (NLS)
—and similar results known for the water wave equations.

The starting point is as follows. Constant states (g,0) are obviously global
solutions to (EK) —and even (gEK). Small amplitude perturbations (p, 1)) of (o,0)
are formally governed, at leading order, by the acoustic equations

Op+ oV -u=0,
Oy + g/(Q)Vﬁ =0.

For (gEK), it suffices to replace ¢’(o) by 2 5 7 (0,0). We are only interested here
in the case when these equations are Welfposed which amounts to requiring
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that ¢’(¢) > 0. From now on, we assume that g is as smooth as necessary near ¢ # 0
—vacuum being excluded from our analysis—, that ¢’(¢) > 0, and we denote by
¢ = Vog'(0) > 0

the sound speed at 9. The acoustic equations admit particular solutions that are
planar traveling waves (p, 1) = (p,0)(z — cnt) propagating with speed ¢ in any
direction n. A natural idea is to seek genuine solutions to (EK) that are of small
amplitude about (p,0) and vary slowly in the frame attached to this linear wave.

In one space dimension, a prominent asymptotic regime corresponding to a
weakly nonlinear limit can easily be identified by rescaling the solutions to the
one D version of (EK) —or even (¢gEK) - as

(1.1) pt,z) =0+ 52ﬁ(97 Y), ultz)= 52'&(0’Y) , 0= 53t, Y =e(z—ct),

for a small parameter ¢ > 0 (here above, the scalar, fluid velocities are denoted
by u instead of the bold letter u). Using that 9; = 39y — ecdy and 9, = ey, we
see that for (p,u) to solve (gEK) in one D we must have

I 5)i
0P~ 5 Ovp+ 5 Ov((e+e°p)1) =0,
1
aea—Eizayamaymg@v(&?[ﬁe%])=0-

Furthermore, by Taylor expansion we have

2 g 3%‘

F
0 - _ 4
8p2 (Q7 )p+25 apg

(0,005 + O(e°),

N 0F 0 N
5F[o+e°p] = ——(0,0) + & (0,0) p°

Ip
L O2F
op3

—€
which enables us to rewrite the system above as

- ¢ - - s
Opp — = Oyp+ 5% Oyt + dy (pu) = 0,
2
Boii — E%aymaaym;—Qayﬁwﬁayﬁ—ga%ﬁ:O(g),

i 0> F PF 0> F
2 def 0°.F def
C =0 (0,0), ¢ o7 (0,0), K 52 (0,0)

If we go on at a formal level, we find by inspecting the O(s~2) terms that necessarily

¢p = ol, and by taking a linear combination of the O(1) terms in the system above,

we see that w & %(ﬁ + %ﬂ) should approximately satisfy the Korteweg—de Vries

(KdV) equation
Ogw +T'wOyw = Kaiw

with

def 3¢ 09 det 0 K
r< = . k= E=
20 2c¢ 2¢
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When dealing with (EK), we merely have ¢ = ¢”(p) and K = K(p). Of course, if
K = 0 we recover the well-known Burgers equation

Ogw +T'woyw =0

as an asymptotic equation for the weakly nonlinear wave solutions to the FEuler
equations. The parameter I' is nonzero provided that the characteristic fields are
genuinely nonlinear in the neighborhood of p. Indeed, both characteristic fields of
the Euler equations are genuinely nonlinear in the neighborhood of g if and only
if 9,(p\/pg'(p))jo # 0, and by definition of ¢ we have
o (¢
ooV pg'(p))je = ¢+ 27(5 + @zf’(@)) =oT.

In fact, the dimensionless number oI'/c measures nonlinearity of pressure waves,
and is positive in standard fluids.

More generally, in order to find relevant asymptotic regimes, we seek solutions
to (EK) of the form

(1.2) p(t,x) = o0 +npletex), u(t,z) =nu(et,ex),

with > 0 and € > 0 some small, a priori independent parameters. The for-
mer gives an order of magnitude for the amplitude of solutions, and 1/e is a
spatio-temporal scale on which solutions are supposed to vary significantly. The
distinction between the time evolution scale and the spatial scale comes later in
the analysis.

After the linear wave regime considered in Section 3, the Korteweg—de Vries
and the Burgers regimes described above —which correspond to the special case
n=c¢and n = €2 in (1.2)— are fully justified in Section 4 for solutions to (EK)
with well-prepared initial data, along with alternate regimes in which dispersive
effects are weaker —i.e., when £ < 7. Section 5 is devoted to more general
initial data, and asymptotic regimes obtained by decoupling left-going and right-
going waves. Finally, multidimensional, weakly transverse effects are taken into
account in Section 6, in which we justify the so-called Kadomtsev—Petviashvili
regime for (EK). The rigorous derivation of the KdV equation (and KP equation)
has already been given for the water waves problem (see [17], [26]), for hyperbolic
systems (cf. [1], [2]), and for the Schrédinger map equation in [18].

2. Preliminary material

2.1. Statement of uniforms bounds
The ansatz (1.2) obviously transforms (EK) into the rescaled system

Orp+Vx - ((e+np)u) =0,
(EK. ;) Irt+n(4-Vx)a+g'(o+np) Vxp
=2 Vx (K(o+np) Axp+ 2K (o+np) |Vxp|?),
where T' = ¢t, X = ex.
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Note that the acoustic equations are formally obtained by setting n =0, € =0
in (EK.,). For n > 0, ¢ > 0, the local well-posedness of the Cauchy problem
associated with (EK. ,) follows from the following result.

Theorem 2.1 ([4]). Let us take s > 1+d/2, and (p™,u™) € (o,0) + H*FH(RY) x
(H*(RY))? such that p™ is positive and bounded by below in R?. Then, there exists
a time t, > 0 such that the system (EK) possesses a unique solution (p,u) in

(0,0) + ([0, t.], H*FH(RY) x (H*(RT)T) N € ([0, 8., H* ' (RY) x (H**(R)))

such that (p,u)(0) = (p'*,u™). Moreover, the mapping (p™,u'™) — (p,u) is con-
tinuous.

However, we need refined estimates of solutions that: 1) keep track of the
parameters (7,¢); 2) take into account the nonlinear term ¢'(o + 17p)Vxp —and
not as a source term as in [4]—, which will be possible thanks to the positivity
of ¢’(0). Furthermore, the following result implies that, as expected, the smaller
the initial data, the longer the time of existence of the solution.

Theorem 2.2. Let s be a real number greater than 1+ d/2 and n € (0,1]. For
e >0 and M > 0, we consider

Byo(M) € {(p,0) € H*L(R?) x (H*(R))?;

1P, Wl (zrs (rayya+1 + € [[Dll orr(ray < M}

If 0> 0, g'(0) >0, and (p'™,04") € B, (M), then there exists T. > 0, depending
only on M, s and d, such that the mazimal solution to (EK.,) in H*T1(R?) x
(H* (R with (p,0)(0) = (p™, @) exists at least on [0,T./n], and (p,a)(T) €
Bs,(2M) for all T € [0, T /n].

A similar result is shown in [6] (Theorem 1 there) for the hydrodynamical for-
mulation of the Gross—Pitaevskii equation obtained with the Madelung transform.
However, it is stated in terms of ||(p, )| gs+1x g+ instead of |[(p, 0)|| gs +& || ol grs+1
(with our notations), which seems to be a slight mistake. A priori estimates rely
indeed on Proposition 1 in [6], in which some quantity denoted by z is controlled
in H*, but the imaginary part of z is 2Vp/p with p = 1+ep, so that only €|| || grs+1
is controlled. The estimate in Theorem 2 of [6] should certainly be modified ac-
cordingly. Apart from this harmless correction, the main novelty here compared
to [6] is twofold. First, the capillarity is arbitrary, which means in particular that
it is not assumed to be proportional to 1/p. As already known from [4], the a
priori estimates are much trickier when pK(p) is not constant. The other point
is that we do not assume the vector field u to be potential —unlike what happens
when dealing with the fluid formulation of (NLS). This is again known to make a
priori estimates more complicated. However, it is important to deal with general
capillarities and velocity fields for various applications.

Remark 2.3. The special case n = €2 is called the Boussinesq regime. If, in
addition, the capillarity K is a positive constant and ¢ is a convex, quadratic
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polynomial (i.e., g’ = constant > 0), then (EK, .2) belongs to the (a,b, ¢, d)-class
of Boussinesq type systems as introduced in [9] and [10], with a = b =d = 0
and ¢ = —K < 0. In this case, the existence and uniqueness of (strong) solutions
on the time scale e=2 has been shown in [25], using hyperbolic techniques (see
Theorem 1.1 in [25], case (12) in the sense of their definition 1.2). Our own result
(Theorem 2.2 here above) applied to n = €2, K = constant > 0, g’ = constant > 0,
provides an alternate proof of theirs in that case.

Theorem 2.2 is a building block for the rigorous justification of asymptotic
regimes. We need some material in order to prove it.

2.2. Basic tools for the proof of uniform bounds

As in [4], we shall derive uniform Sobolev bounds through an extended formulation
of the system (EK). The idea is to introduce the complex-valued unknown z =
u + 7w that is naturally involved in the global energy

_ 1 2 1 2
5—4Aﬂﬁﬂ+F@+ZMMWM)M-

This integral is indeed well defined provided that we redefine F(p) def / gp g, which

merely amounts to adding a constant to F' so that F'(¢) = 0, and conserved along
(smooth) solutions (p, u) to (EK) that tend to (p,0) sufficiently fast at infinity. In
addition, we can write

def | K(p)
P

1 1 1
gplul® + SK()|Vpl* = 5plaf*,  with z=u+iw, w Vp.

Then, if we introduce

by differentiating the first equation in (EK) we obtain the following, equivalent
system for (p,z),
{aw+vwmn=m

(E5) Oz+ (u-V)z+i(Vz)w + b(p)w +iV(a(p)V -2) =0,

in which the notation (Vz)w stands for the standard product of the matrix-valued
function Vz = (9;2x)1<;,k<a and the vector field w, so that

d
(Va)w); =Y () wi = (9;2) - w,

k=1

where we use the notation u-v = 3¢ u;v; for u, v € C%. The scaling in (1.2)

=1
urges us to define

(2.1) W =¢e4|—=Vxp, z=u+iw,
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so that z(t,z) = n (a4 iw)(T, X) = nz(T, X ), and (ES) equivalently reads

orp+nVx - (pa) =0,
(ESe.n) L L R 5
8Tz+7)(u~VX)z+m(VXz)w+gb(p)erzeVX(a(p)VXm):O.

Our main purpose here is to derive some a priori estimates for solutions to (ES; ,)
that are valid uniformly in (e,7). In this respect, we are going to use a modified
version of the energy

2

n £12 2 .
&= | (plal*+ S F(o+np)) dx.
o [ (olak + =P+ )
Recalling that we have redefined F' so that F(p) = 0, omitting the linear term
in p in the Taylor expansion of F' about p, which is justified by the fact this term
does not contribute —at least to the lowest order— to a priori estimates since p is
conserved, and removing the factor 72¢~¢, we arrive at the modified energy

) 2

Bo(p. ) 5 [ plaf+d (o) aX . p= o up.

Clearly, even though Ey depends on 1 through p, the assumption ¢’(9) > 0 ensures
that /Eo[p, 2] is equivalent to the L? norm of (p,2) as long as p and ¢’(p) remain
bounded and bounded away from zero. Moreover, going back to (2.1), we may
see Ey as a functional applied to (p, ), and, as such, Fy[p, 0] enjoys the following
estimates.

Proposition 2.4. Let r € (0, 0/2] be such that g'(p) > 0 and K(p) > 0 if |p — o]
< r. Then for all (p,1) € H' x L? such that ||p||r~ < r, for all n € (0,1], for all
e >0,

co (allzz + 1pl172 + e 1A 3) < Eolp, ] < Co ([allf + 14ll72 +* 1Al 7).
where ¢o > 0 and Cy > 0 depend only on r (and the functions g, K ).

Proof. We have these inequalities with, explicitly,

o 5 minwin (p,g'(0). VE(I/0)
Co ™ 5 max max (p.g'(0) VEp)). .

Now, the following zero-th order a priori estimate is reminiscent of the fact that
the exact energy & is conserved along solutions of (EK).

Proposition 2.5. Let n € (0,1]. Assume that (p,1) € €([0,t.], H*T1(RY) x
(H*(R¥))) N 6L([0,t.], H~HRY) x (H*2(R9))?) is a solution of (EK.,) for
some s > 14 d/2, such that ||| < 7, where r is as in Proposition 2.4. Then
there exists C' > 0 depending only on r such that

d . -
g7 2olp, 0l < Cn[[(Vxp, Vxu)| Lo Eolp, ] .
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Proof. Of course, we are going to use that (p,z = 4 + iWw) solves (ES.,) if
pw = ea(p)Vxp —this equality just being a different way of writing (2.1). Re-
call also that a(p)b(p) = pg’(p). The notation (-,-) Will stand everywhere for
real-valued inner products, and more precisely (z, ) = 5 Z; 1(Z5¢; Jrsz ) for all
z,¢ € C¢ (whatever d, including d = 1). Using (ES. ,), we find by straightforward
differentiation that

2 & Eolp.a] =~ / Vi - (o) 22 — 7 / pi- Vx|af? — 20 / p (i(V )W, 2)
2 / pb(p) (i, ) — 2 / P iV x(a(p)Vx -2), )

e
+ / - Vx(209'(p)p +1(pg" (p) — 9'(p))5%).

By the relations recalled above and an integration by part, this reduces to

2 - Eolpyi =~ 22 [ alp) ((Vx2) - Vxp.2)

—2 / pg(0) (8- V) + 2 / a(p) (iVx - 2,2 Vxp)

+ / - V(209 ()0 + 1 (0a" (0) — 4 (D))

Now, using that a(p)Vp is potential, we see that the e-terms cancel out, and
simplifying/integrating by parts the remaining terms we obtain

d L . . .
2 —=Folp, o] = 277/8 pg' (p)) pa-Vxp— n/(pg”(p) —4'(p) p* Vxa.
The claimed inequality thus holds true with
1
C=— max (|0,(pg'(p)] + lpg"(p) — d'(p)]) - 0
Co |p—el<r

Since it involves the W1° norm of the solution (p, @), the estimate in (2.5) is
clearly not sufficient to get a priori estimates without loss of derivatives. In order
to close the estimates, we need higher order ones. If s is a large enough integer,

we may use
s
~ ~7 def LN
Ep.2) Y S Bylpa
o=0

Bl S L[ S el (010 + g ()O0°5P) dX . p= ok,
aENO,
|al=0
where 0% stands for 9%/ /X" ... 0X (. The coefficients o!/a! here above, as well
as the weights a?, are chosen so as to eliminate bad terms in our a priori estimates,
as we shall see. The usefulness of these estimates will be based on the following,
in which Ej is viewed as a functional applied to (4, @), by using (2.1) as for Ey.
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Proposition 2.6. Let s be a positive integer. Let r € (0,0/2] be as in Proposi-
tion 2.4. Then for all (p, 1) € H*THRY) x (H*(R))? such that ||p||lwr.~ < r, for
all n € (0,1], for all e > 0,
cllallf + 1817 +e1plFa+1) < Es[p, 0] < C (allfe + 1517 + %[1plF1) -

where ¢ >0 and C > 0 depend only on r, s, d (and the functions g, K).
Proof. As in the proof of Proposition 2.4, we readily see that

co (107272 + [0%p]1Z2) < /d a(p)” (p|0°2|* + ¢'(p)(0°p)?) dX

R

< Co (107272 + 1076117-) ,

with
o min (alp)” minp, '), VEG).
c, Jmax (a(p)” max(p,g/ (), VK (p)/p)))

By summation we thus find ¢, > 0 and Cs > 0 such that

cs (12013 +11p1E:) < Eslp, 0] < Cs (|2l7 + 1617:) -
So the only point is to check that ||z]|%,. +||||%- is equivalent to ||Q|%. + || 4l|%- +
2||pl1%.41 when z = G+iw, W = ec¢(0+1p)V x p for some smooth function ¢ (here

c(p) = /K(p)/p). This comparison relies on rather standard estimates, which are
stated in the appendix (Proposition A.1) for convenience. Indeed, we have

llc(o+np)Vxpllas < c(@)IVxpllms + 27 |lell oo (jo—r o+ I VX Pl 115
+ 51 lwsree (to—rsoep) (L4 14l o) IV xBll oo (| Al 5
C (|pllwree) 1Al o1

and in a similar way, using the notation d for 1/c,
ellVxpllas < do)|Wllms +[1d lwsoor,otr (L + 1AllL=)” [Wl[Loe [|4] 2

+2’7HCHL<><><[@ rootr)) [ Wl s
C (1o, W)llLe) lpll s + C(r) |W s -

Here above, 7 stands for a ‘universal’ constant (depending only on s and d),
and C(q) stands for a positive number depending only on ¢, whatever the quan-
tity g. We can thus conclude that

12017+ + 11117 < max(L, C(Ipllwre)?) ([allZre + 1511 + e l1ll7+1)

[z + 1217 +llpl e < max(L+20([[(5, W)llz=)?, C(r)?) (l2ll3 + l1lI3)-
|
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2.3. Proof of uniform bounds in the potential case

In this section, we are going to prove that for any integer s > 1+d/2, E; enjoys an
a priori estimate that is similar to the one in Proposition 2.5 for Ej, at least when
the velocity vector field u is potential. We start with this simpler case for the sake
of clarity —all computations below are detailed enough to be readable without a
pen. As was noticed in [4], the fact that u is potential or, equivalently, that u is
curl-free is preserved along (smooth) solutions. So it is sufficient to assume that
the initial velocity field is curl-free for these computations to be valid.

Proposition 2.7. Assume that
(p, @) € €([0,t.]), HFH(RY) x (H*(RD)T) N ([0, 8], H*H(RY) x (H*7*(R7))?)

is a solution of (EK.,), such that ||p||Le~ < T, where r is as in Proposition 2.4.
Assume moreover that 0(0) is curl-free. Then there exists C > 0 depending only
on r, s and d such that

d

dT
Proof. Let 0 < o < s be given and o € N¢ such that |a| = o. We work in the X
variable only, and use the simplified notations d; = 9dx;, V. = Vx. We recall
that when z is related to (p, @) through (2.1), if the latter satisfies (EK. ;) then
(p = 0+ np,z) satisfies (ES, ;). Applying 0 to the second equation in (ES.,),
we obtain

Eq[p, 8] < Cn(|(Vxp, Vx@)[[zee + e [ DXl ) (1 +ne [ Vxpllre) Eslp,a].

(2.2) 970%% + 1 (- V)% + in (VO“2)W + é b(p) O°W + ie 0V (a(p)V - 2)

= na-V,0%%+in((VO*2)w — 0°((Va)w)) + é b(p),0°]w ¥ R.

Here above, the notation [, -] stands for a commutator, that is,

0%, 4 V)2 0°((a-V)z) — (@-V)(0°2),  [0°,b(p)] W = 9% (b(p)W) —b(p) 0w .

All three commutators in the right-hand side R of (2.2) can be estimated by
using the inequality (A.4) recalled in the appendix, and by noting in addition that
[0%,b(p)] = [0, b(p) — b(p)] (since o is constant), and, by definition of W and since
s—1>d/2, that

[Wllgar < C(r) e [Valle-r < Clr)ellpllas < Cr)e v Es[p,2]

(by definition of E5). We then infer that
. . L.
IRIlz2 < C(rys,d)n (I Val oo |all s + = 116l
< C(ry5,d)n|[(V2, V)| L~/ Eslp, 2] .

Here above and in what follows, C'(¢) stands for a positive number depending only
on ¢, whatever the quantity ¢. For convenience, the actual value of C(q) may
change from line to line.

. . .
Wiz + = IVl o= W22 )
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Therefore, using that

@ (p)p) + mi- V(a” (0)o) + mpBy(pa” () 1 = 0

by the first equation in (ES. ,), we obtain after integrations by parts that
d 6
g2 ~
(2.3) ﬁ/ a’(p)|0°2|” dX < k§_11k+0 r,5,d)n[[(V2,Vp)|[Le Es[p, 2],

77/ a-V(pa(p)))]0“z* dX ,

R

Yo [ pou(pa”()(V - w]0raf ax.
Rd

7, %y / (V- (pa” (p))) 03 dX ,

7, o / P ()i0°5,0(V(a(p)V - ) dX .

We can expand the divergence in Z3 and notice that the term involving 4-V(p a?(p))
cancels out with Z;. As a consequence,

T4 Ty Ty = 77/Rd (00 (p) — pOy(pa” (o)) (V - @) [0°2)° dX

== [ O W)V )05 X < Crisd) 0|V - 1 Bl .
Concerning Zg, an integration by parts and the Leibniz formula give

Zo= 2 | (V- (pa”()0"2).0%(a(p)V - ) dX
=2 [ (ipa” )V (0"8) + (T (pa7(p) - 0"
- @ Y (§)o a)v @) + L) ax.

BLa,
[B|l=0—1
where the lower order terms in L are such that
(2.4) e||[VL||L2 < C(r,s,d)n (2]l - |eD?pllzoe + & |pll e 1V2] <)

g C(T?Sad)nu(vﬁavi)”Lo" E&[ﬁai]
We now expand the big inner product involved in Zg, and notice that:

e the term (ipa®(p)V - (0%2),a(p)V - (0%z)) vanishes point wise (recall that
(+,+) stands for a for real-valued inner product);
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¢ by (2.4) and an integration by parts, the contribution of L to Zg is bounded by
eC(r,s,d)n|[(Vp, V2|~ (1 +nl|Vpl L) Es[p, 2] ;

¢ the contribution of derivatives of z of order o, coming from the inner product
of the second term in the left factor and the sum on S in the right factor of the
integrand, is bounded by eC(r, s,d)n?||V |2« ||z]|% by the Cauchy—Schwarz
inequality.

This in turn gives

Ty < 2 / (ipa”(p)V - (0°%), 3
R 8<a,
[Bl=0—1

+ 8+ C(r,s,d)ne |[(Vp, Va)|Le (L +nlIVAllL<) Es[p, 2],
S~ /Rd@(v(pa"(p))) -0%2,a(p)V - (9°2)) dX .

By (2.1) we readily have that V(pa“(p)) = E;’(’;) 0p(pa’(p))W, and integrating by

(5)o oy - @%a)) ax

parts once more we see that
S <2 [ 90,0 ()@ 8. 0°) dX +20 V(0 (pa (9)W)] 1< B[]
We now use that
IV (pdp(a” (p)p)W)| L < C(r,s,d)n (0 | Wl |Vl L~ + VW] L)
< C(rys,d)en (n[IVAlIT~ + 1?4l )
to infer
s<2 [ po,lpa(p)(iV (02w, 0°%) dX
R4
+C(r,s,d)en (| Vplli~ + [1D?*pllL) Eslp,2].
Since 9,(pa’(p)) = a’(p) + p9p(a’(p)), the addition of
Li= 2 [ @ (ppli(V(0"2)w.05) X
Rd
to Zg cancels out the term involving a?(p) in the bound found above for S, so that
(25)  Ta+Ts < C(r,s,d)en (|[(V, V2, D) 1~
+0 (V5 V2= IVllL) Bslp 2] + K+ Y Ts,

B<a,
|Bl=0—1

g0 <22 [ par()(iv - 0°9), (§) 0 a() V- 0°9)) ax.
def

o /R PO () (VO3 0°5) X
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If, for any smooth enough mapping Z : RY — C9 we denote by curl Z the matrix-
valued function defined by

(Curl Z)_jk = 8jZk — aij 5
we see that for W, Y any other smooth enough mappings R — C¢,
(VZ)W,Y) = (W -V)Z,Y) + ((crlZ)W,Y).

In particular, we can write
(2.6) K= 207;/ p*a® (p)d (p)(iw - VO°%,0°%) dX
Rd

+ 2077/ p2a® (p)a' (p)(i (0% curl 2)W,9%z) dX .
Rd

On the other hand, using that 9*?(a(p)) = a’(p)0*Pp when a — j has length
one, we have

To= =2 [ pa®(p)al ()0 p) iV - (9°2). V - (0°2)) X

which gives, after integrating by parts and using (A.4),
To <2 [ pa®(p)a (0" Pp)(i0°0, V(Y - (0°2) dX
Rd

+C(r,s,d) e [V(pa® (p)a' (p)0* )| L= Es[p, 2]
Now, observing that for any smooth enough mappings Z,Y : R4 — C9,
(Z,V(V-Y))={Z,AY) + (Z,V - (curlY)),

(where we have used the notation V - M for the vector field defined by (V- M); =

ZZ:1 OxM i, associated with the matrix-valued function M = curl Y), we find
that

Ts < C(r,s,d)en (n]|Vp| 1~ + | D?p|l =) Es[p, 2]
+ 25—:/ pa’(p)a (p)(0°~Pp)(i0°z, ADPZ) dX
R4
+ 25—:/ pa’(p)a (p)(0°~Pp)(i0°2,V - (0P curl 2)) dX .
R4
To finish with the estimate of 73, we integrate by parts again, and arrive at

(2.7) Ts < C(r,s,d)en (n]|ValT~ + IIDQﬁIILoo) Eslp, 2]

_26/ pa’(p)a (p)(0°"p Z (i0°=P9,0°2,0,0°2) dX
]Rd :
B . / a—p3 0% Dz. ° Z

9e /Rd pa®(p)d (p)(d p)<18 Dz, 9" curl Z>Md(<C) X,

where (A, B) pm,(0) ef Re(Tr(AB*)) is the usual real inner product on M4(C), and
~ def ~\T
Dz = (Vz) .
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The remaining term Zs will turn out to cancel out, up to a remainder term,
with the time derivative of [;. ¢'(p)a”(p)(0*p)* dX. In order to see this, we
differentiate the first equation in (ES. ,) and obtain

Ord“p+n(0-V)0p+ pV-0% = —n[0%,a-V]p—[0%pV-]a
By (A.4), the commutators in the right-hand side here above have an L? norm

bounded by
Cr,5,d) 0 | (Vp, V)| 1 /B [ 2].

Furthermore, by the first equation in (ES, ;) again, we have
Or(g'(p)a’(p)) +ni- V(g (p)a’(p)) +npdy(g'(p)a” (p))V - 4 =0.
Arguing as for Z; + Z + Z3, we thus find that

d . . .
i .. g'(p)a’ (p)(0%p)* dX < C(r,s,d)n||(Vp, V)| L~ Elp, 2]

- / 209/(0) 7 () %PV - (9°8) dX

Integrating by parts, using again that

vaV = Ea(p)Vﬁ, ||W| Hs—1 < Cs,df Eé[ﬁai]

and combining this with (A.4), we arrive at

28 o / (a7 (p)(0° B dX < Clr,,d) 0 (V5 V) 1 Bl 5]
+2 [ o e (o 0% ax

Since a(p)b(p) = pg’(p), the integral in the right-hand side of (2.8) here above
cancels out with the integral Zs in (2.3). Therefore, using (2.6) and (2.7) in (2.5),
and combining (2.8) with (2.3), we obtain

29) 75 [ pa (003 + ' ()a (0)(0°

< C(rys,d)n (”(vPvVZ)”L"O(lJFUEHVP”L“’)JFEHDQPHL"") slp, 2]

+2077/ 2a° Y (p)d (p)(iw - VO2,0%%) dX
+ 201 / 2a7"Y(p)d (p)(i(0 curl 2)Ww,0%2) dX
d
-2 5( ) )0 p) > (i0°7P0;0°%,0,0°2) dX
Bl BLa " Jj=1
—2 e( ) d'(p)(0 P p)(i0° D2, 0" curl z) | dX .

\ £
|Bl=0—1
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At this stage, we use the hypothesis that z is a gradient vector field, so that the
two terms involving the curl operator in (2.9) cancel out. Summing over o with
|a| = o then gives

d . .. I R o
(2.10) ﬁEo(paz) <C(r,s,d)n|[(Vp,Vz)||Le(14+ne ||Vl L) Es[p, 2]
+2n0! Z / 207" Y(p)d' (p)(iw - VOz,0%%) dX
|o<\—o
d
—201 Y > ( >/ pa’(p)a’ (p)(0°~Pp) Y (i0°70;0°2,0;0°2) dX
T =t

In the double sum, there holds % (g) = %, since a — (8 has length one. Exchanging
the order of summation on « and 3, then summing at fixed o = 5 +e;, and using

again that ea(p)Oxp = npwy, we can rewrite this double sum as

d
B,Z/ pa’(p)a(p) p Y (i0x0;0°%,0;0°2) dX

|/3\_<7 1 j=1
d
=n > %/ PP (p)d (p) > _(iw - V9,;072,0,0"2) dX
|Bl=0—1"" j=1
d o / /
=n 2. > @) /R pPa”" (p)d(p) (i% - VO* 2,0 2) dX
la/|=0 j=1 '

1 _ N a//\ a//\
=no Z W/deQa" Yp)d'(p) (iw - VO~ 2,0* 2) dX

since the integral does not depend on j and ) j a; = o. Therefore, the two sums

in (2.10) cancel out (this is due to the coefficients 1/a! in the definition of E,).
The conclusion then follows by summation over o. O

2.4. Proof of uniform bounds in the general case

In this section, s is any real number greater than 1+d/2. Our aim is to prove The-
orem 2.2 in the general case. As we have seen in the a priori estimates above, there
remain some ‘bad’ terms when the velocity field u is not potential. This is why, as
in [4], the solenoidal and potential parts of u require different weights. In fact, our
proof of Theorem 2.2 will parallel very closely the proof of Proposition 3.4 in [4],
except that we pay attention to the parameters (n,¢), and insert the contribution
of the nonlinear function ¢’(p).

As in the proof of Proposition 2.7, V stands for Vx in what follows. As a
preliminary step, we rewrite the second equation in (ES.,) as an equation for

7 V/Pz instead of z. Using that pnw = ca(p)Vp (which is just a reformulation
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of (2.1)), the first order term in (Vz)Ww can combined with the second order one

1eV(a(p)V - z) to obtain

007+ (0-V)Z + é b(p)W + iV (a(p) V - Z) + ic a(p) (VoZ)V log /7

3N

_ _%n(Vﬁ)Z +ieV(alp)V7)

where the operator Vj is defined by

(VoZ)ji = 052y — (V- Z) Sz, or equivalently, VoZ < VZ — (V- 2Z) I
The advantage of this formulation is that it trivializes the proof of zeroth order
estimates (Proposition 2.5), since

| ivizyw.2) -

for all potential vector fields W, and in particular for W = a(p)Vlog,/p. The
idea is to keep this nice structure for higher order derivatives, which means writing
equations for Z° := /pA°z instead of A°z, where A® denotes the Fourier multiplier
operator
A E (1 A2

However, we have to cope with a ‘bad’ commutator, namely in V]a(p), A*]V-, which
already appears in the equation for A®z. Pointing out its principal part, we can
write as in [4]

2 ' Ry + sV(Va(p) - A 2V(V - 2))

LRy + Roo — sVa(p) - V(QA*2),

Via(p), A°]V - 2

where

IRollz2 < 1D*alp)ll o2 IV - 2]l + [ D*a(p)ll |V - 2 ]| o1
Roollz2 < IValp)lwel2 | as

and Q is the L?-orthogonal projector onto potential vector fields. Consequently,
by applying A® to the second equation in (ES. ), multiplying by /p, and using
also the first equation in (ES. ), we see that

OrZe+ (0 V)2 + éb(p) JPAN + ie V(a(p)V - 2°)
+ica(p)(VoZ*)Vlog/p + ic sy/p Valp )- V(QA*7)

_ _%n(v-ﬁ)z‘wz’ev( (0 )vm

p(Ro+Roo) ++/pPR

with

R [0V, A% 2+ in (VA2)W — A*(V2)W)) + ~ (), A"]
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being bounded as in the proof of Proposition 2.7 by
R[> < C(r,5,d) 1 [[(V2, V)| L= [|(,2) | = ,
and also, by the estimates mentioned above,
lie(Ro + Roo)l[L2 < C(r,5,d) n[|(V2, V)| L=/(p, 2)] 5,

using the fact that € ||p||gs+1 < C(r,s,d)||(p,2)||s. Therefore, apart form the
term £~ 1 b(p)/pA*W that we will deal with afterwards, the only troublesome term
regarding the time derivative of ||Z*|| .2 is the one involving V(QA*%), which cor-
responds to derivatives of order s 4+ 1. This is where the use of an appropriate
weight comes into play. In fact, whatever the positive-valued weight (or gauge)
¥ = (p), the equation above for Z* and the first equation in (ES;,,) give, after
some manipulations,

Y (8- V)Y 4 2 W) u(p)A +ie V(alp)V - ¥)
+ica(p)(VoY®)V log (*/Za(ip)p))

— i 5y/pt(p)(VPA*2)Va(p) + ic a(p)(V - Y*)V log (3)2(([;)) )

Vyp) | V(a(p)Vi(p))
VP ¥(p)
+ie\/p(p) (Ro +Roo) + Vo ¢(p) R

+a(p)(Vlog ¥(p) & V log (w((;j)) )y

with Y* 4 V(p)Zs = VPU(p)A®z, and P 4 71— Q. From this expression and

previous estimates, we see that the loss of spatial derivatives in the time derivative
of ||Y*#| 12 is only due to the terms in the third row. Of course, these terms vanish
when 10, and thus also z, is potential (hence PA®*z = A*Pz = 0), if we choose
¥?(p) = a*(p). Provided that the term e~!b(p)\/pA*W is properly handled, this
gives a shorter proof, compared to that of Proposition 2.7, of uniform bounds in the
potential case. In the general case, the idea is to estimate separately || QYSH 12 and

|PX5|| > where X* def @(p)Z* = \/p(p)A°% for some other weight ¢. These esti-

mates will be based, as in [4], on a preliminary observation using only integration
by parts and the properties V - P = 0, curl @ = 0, which gives that

d

FHIOVIE = [ (V@ + - V)V ax

+n/ (V- a)(QY*, 1OoY* + PY*) dX—n/ (PY*, (Vi) QY*) dX
R R
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and
d s _ S A S A1 S S
FHIPXE: = [ (PR (04 X dX oy [ (V- @)d(PXe PR X

0 /R (PXY, (Va)QX?) dx

Using the equations satisfied by Y* and X* —the latter being identical to the
former if we substitute X* for Y* and o for ¢¥—, and summing the equations
here above, we are left with harmless remainder terms, that may be bounded by
C(r,s,d)n ||(Vz Vo)l L /(p;2)|| %, plus a number of terms that must be handled
carefully. Among these delicate terms is

def 1 Crs ~ S N
T 2 [ QY HpVE(p)AS) + (PR Mo 5 lp)AW) dX
Noting that both e~*b(p)/p¥(p)A*W and e~ 'b(p)\/p¢(p)A*W are ‘almost’ po-
tential, that is, equal to a gradient up to a remainder term bounded in L? by
C(r,s,d)n ||(Vz Vo)L |(p,2)| s (like R), we see that Z reduces to

7oL [ (bl peaw) ax+R = =1 [ o (p)au e ax 4R
R4

3 Rd

with [R| < C(r,s,d) n||(V2, V)| L~ ||(p,2)||%.. Similarly as what is done in the
potential case (in the prev1ous section), this remaining O(e~!) in Z can be cancelled
out by adding to -=-2(||QY*||2, + [PX?||2.) the time derivative

d

= [ 10 g ()02 ax

/ (@ T )5 () + 0,5 (0)g ()Y - D)(A%5)° dX
[ V- RN X = [ pu(0) g ()N°H)V - A% dX
=R +/de¢ () g'(P)V(A*p) - A*h dX

with [R1| < C(r,s,d)n||(VZ,Vp)||L<|(p,2)||%.. Now, observing that

VIAT) = §A8<j(—‘f:)> - Ea(p)

with [|Rq]|r2 < C(r,s,d)n|[(Vz,Vp)||L=|(p,2)| m: (like R again), and recalling
that b(p) = pg’(p)/a(p ) we arrive at

AW+ Ry

s .

’I+d%4d%¢z(p>gf<p>(ASﬁ>2 ax| < Clr,5,d)n|(V2, V)l (5,2) I3

Appropriate choices of 1 and ¢ will enable us to get rid of the other tricky
terms, exactly as in [4]. Of course, there is no reason to change v, and we set



LONG WAVE ASYMPTOTICS FOR THE EULER—KORTEWEG SYSTEM 263

¥?(p) = a*(p) as in the potential case. As regards ¢, it turns out that a good
choice is given by

o) = 2L with A'(p) = () — p0,la*(0).

For convenience, we keep abstract notations for ¢ and ¢ in what follows, and use
only that ¥?(p) = a*(p) to simplify the equation satisfied by Y*. Since V- P =0,
we have

/ (QY*,iV(a(p)V - Y*)) = / (¥, iV(a(p)V - ¥*)) = 0,
R4 R4
/R (PR, i9(a(p)V - X)) = 0.

From our previous computations this implies

d 1 - N
2.11) —=(1QY*|13. + | PX*|3. 2(p)g (p)(A%p)? dX
1) 25 (10V I + IPXCI3 + [ w20l (0)(A*9)° x)

—Ro+ [ (@Y, ~icalp)(VaX*)Y logww(p)) T izs/B(p)(VPA*2)Va(p))dX
+ /Rd <77Xs, —iea(p)(VoXs)Vlog( ) +ies\/pp(p)(VPAZ )Va(p)> dx

[ (P a9 59 2 §§)>d

with |Ra| < C(r,s,d)n|[(V2, V)| 1=|l(p,2)||%.. Let us concentrate for a while
on the second line in (2.11) here above. By the same computations as in [4],
pp. 1516-1517, which heavily use that 1%(p) = a*(p) and rely on successive inte-
grations by parts together with commutator estimates, it is found to be equal to

R3+§ /deasﬂ( )<QASZ z(VPASA)Vlog( 8; ))> dx,

with |R3| < C(r, s,d)ne || D?p| = ||z ||%.. Furthermore, by a similar approach (as
n [4], p. 1518), the last two lines in (2.11) can be written as

Ri-35 /dea(p) #(p) (QN°2,i(VPA*2)V log(pe*(p))) dX,

with |R4| < C(r,s,d)ne||D?p| L= ||z ||%.. Therefore, the appropriate choice of ¢ is
dictated by the fact that we want to get rid of the terms involving s+ 1 derivatives
of z. If we set ¢ so that

a’(p
a*(p)Vlog (—ﬁ )) —¢*(p)V1og(pp*(p)) =0,
which is merely equivalent to

Vipe®(p) = (a®(p) — pdp(a®(p)))Vp,
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we deduce from (2.11) that

d 1 . 5 R
(19 s + P73 + / G2(p)g (p)(A*P)* dX ) =R + Ry + Ry
Rd

On the one hand, the right-hand side has been estimated above by
Rz +Rs+Ra < C(r,5,d)7 ([[(V2, V)| 1= (5,2) 5+ + e | D*pll o< |2 [|5+) -

On the other hand, the expression
1QY*[|72 + [PX*]7: + /Rd ¥*(p) ' (p)(A°P)* dX

is equivalent to (|[0]|3. +5]| %« +€2[4]|3.+1) as long as || p[|y1.c remains bounded,
as shown in Proposition 2.8 below. In addition, ||p||w 1. is controlled by the
Sobolev embedding H* < W1 which is valid since s > 1+ d/2. We can
thus complete the proof of Theorem 2.2 by a standard, Gronwall-type/bootstrap
argument. O

Proposition 2.8. Let s be a positive real number. Let r € (0, 0/2] be such that
g (p) >0 and K(p) > 0if |p—o| < 7. We denote by ¢ and o the positive functions
defined for |p — o] <1 by

a*(p) = pK(p), *(p)=a’(p), p’(p) =2 / i a’+2 max (a°(6))—pa’(p),

by A® the operator (1 — A)*/2, by Q the L>*-orthogonal projector onto potential

vector fields, and by P = I — Q the L?-orthogonal projector onto solenoidal vector

fields. Then for all (p,0) € H* 1 (RY) x (H*(R9))? such that ||p||wr.~ < 7, for all
€ (0,1], for all e > 0,

c(lallf + 1Al +e*lpl7)
<1V Y(pA B2 + IP(VPe(p)A2) |72 + 1V g ()1 () A1

< O(lallZs + a7 +lllz+)
where p = o+ np, z =10+ ie@Vﬁ, and the constants ¢ > 0 and C > 0 depend

only on 1, s, d (and the functions g, K).

Proof. The proof is to some extent similar to that of Proposition 2.6. We just have
to check that ||Q(\/p¥(p)A°2)[|32 + |P(\/pe(p)A®2)|%, is ‘equivalent’ to ||z]|%;.,
i.e., there exist ¢ > 0 and C' > 0 depending only on r, s, d such that

(212)  dlzlfe < 1QWPe(pA2)L: + IP(Voe(pA2)I7: < ClallF. -

The inequality on the right is straightforward since Q and P are projectors in L2,
and p, ¥(p) and ¢(p) are bounded for |p — o| < r, which is the case for p = o+ np
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as soon as |||~ < 7 and n € (0,1]. Furthermore, since p, 1(p) and ¢(p) are
positive and bounded away from zero for |p — g| < r, there exists C(r) such that

2| = A2 ][> < [|QA°Z |2 + [PAZ || 2
<O (Ve (p) QA2 L2 + ([P o(p) PA*2 ]| 2) .

Finally,

VP e(p) PNz L2 < [[P(VPe(p) A2)l L2 + [I[VPe(p), PIAZ]| L2,

and the commutator here above enjoys an estimate of the form

Ve elp), PIN2 |2 < C(r,s,d)|[2 || - -

(See Lemma A.4 in [4]). This estimate has in fact already been used, in a hid-
den way, in the estimate of R4 above.) We can proceed in a similar manner for
[|[QA®Z || 2, and thus prove the inequality on the left in (2.12). O

3. Free wave regime

Theorem 3.1. We choose a real number s with s > 1+ d/2, and a positive real
number M. Forn >0, e >0, any initial data

(™, 0'") € By o(M) = {(p,0) € H*H'(R?) x (H*(R?))*;
1, W)l zrs Rayy e + € [l prorrey < M}

is associated with the solution (p,0) € €([0,Tx/n], Bs.(2M)) of (EK. ) given by

3

Theorem 2.2. Let (v,u) € 6,(Ry, H*(RY) x (H*(R%))?) solve the acoustic equations

Ore + oVx -u=0
. {

Oru+g'(0) Vxr =0,

with initial data (v,u)jp—g = (p™,0™). Then at each time T € [0, T, /1] we have

(3.1) I(p, @) — (x, u)”HS—?(Rd)x(HS—?(Rd))d <Cn+e)T,
and
(3.2) (5, @) — (v, )| gro—s Rayx (o2 (Raye < Cn+€>) T,

where C' depends only on M, s and d.

Remark 3.2. For solutions (t,u) of (W) it is clear that the divergence-free part
of the velocity field u remains constant in time.
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The difference between the estimates in (3.1) and (3.2) is the regularity index.
When ¢ < 7, both estimates (3.1) and (3.2) provide an O(nT') error. By contrast,
when €2 < n < ¢, they yield respectively an O(eT) and an O(nT) error, so that
the second one is smaller. Therefore, n & ¢ appears to be a threshold at which we
lose one derivative. The estimates (3.1) and (3.2) provide an L* error bound only
for s > 2+ d/2 and s > 3 + d/2 respectively.

In the special case corresponding to the Gross—Pitaevskii equation (K (p) =
1/(4p), g(0) = o — 1), the first rigorous justification of the free wave regime was
given by Colin and Soyeur [15] in a bounded domain in terms of weak conver-
gence. Strong convergence was proved much more recently by Béthuel, Danchin
and Smets [6].

Proof. By (EK. ;) and (W), we see that (p —t, i — u) solves
Or(p—)+ 0V (@—w) =-nV-(pu)
Or(a—rt)+4g'(0)V(p—x) = —nu-Va—[g'(e+np) —g'(0)]Vp
AN A~ N N ~
+e?V (K(g +np)AP + éK’(g +n0p)|Vp |2>

with null initial data. As in [6], the proof of Theorem 3.1 amounts to estimating
the source terms in this system. By Theorem 2.2, we have

HUVX : (ﬁﬁ)”Hs—l < C(sad’ M) m,

and
[—na-Vxa| ..+ llg'(e+np) — g (0)]Vxp|geo
e vx (Kot m)axs+ L' o+ Vi )|

2 Hs—2
< C(s,d, M)(n+e+e’n) <C(s,d, M)(n+e),

where we have used the bound on ep in H**! for the term €2 VxAxp, and

l=na- Vxt| s + g’ (e +1p) = 9" (@IVxpll o
+ |2 vx (Kl + np)axs+ 2K (e +np) Vi )|
< C(s,d,M)(n+e®+e°n) < C(s,d, M)(n+¢e%),
using this time that €2 VxAxp in H¥~3 is bounded by £2||p||z:. The conclusion

follows from Duhamel’s formula and the fact that the wave group is unitary on H*.
O

Remark 3.3. One may wish to include the linear, e-dependent, dispersive term
e2K (0)VAp to the wave equation and consider the solution (r.,u.) to the system

(3.3)

aTte‘%QvX s Ug :0,
orue +¢'(0)Vxt. = e?K(0)VxAxte,
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with initial data (t.,uc)jr—o = (p™,@™), which is a (symmetrizable) Boussinesq
type system. It is then easy to show the comparison estimate

(P, @) = (ve, ue) || -2 (mayx (rs—2(rayys < C T

In [6], when d > 2 and for the Gross—Pitaevskii equation, the use of the dispersive
properties of (3.3) allows to improve the existence time T /n for (EK. ).

In one space dimension (d = 1), solutions to the acoustic equations in (W)
are exactly combinations of left-going and right-going waves. More precisely, there
exist w and v such that

1 1
5 (t + %u) (T,X) =w(X —¢T) and 5 (t - %u) (T, X) = v(X +¢T).
In what follows, we aim at characterizing the counterpart of these linear waves at
the weakly nonlinear, and possibly weakly dispersive level.

4. One-way propagating waves

In this section, the space dimension is d = 1, and the fluid velocity is denoted by
u instead of the bold letter u. We are going to show that the evolution of the
two weakly nonlinear / weakly dispersive counter propagating waves is governed
by Burgers equations if the parameters n and ¢ are of the same order, by weakly
dispersive Korteweg—de Vries (KdV) equations if ¢2 < 7, and by regular (KdV)
equations if n and €2 are of the same order. By weakly dispersive, we mean that
the coefficient in front of the third order dispersive term is small (and not that the
dispersion is of order less than three). What remains of the reference density o
in these equations lies in the two quantities pointed out in the introduction and
defined by ,
e e L),

which already appeared in a special form in earlier results on (NLS) by the second
author [14], [13], [12], [11].

4.1. Statement of errors bounds in various asymptotic regimes

A first, simpler result holds when the left-going wave v is negligible, so that ¢p ~ ot
(at least for small enough T') by (3.1) and (3.2). More precisely, we are going to
show that, if the initial norm of the difference p— pi/c is small enough, then both p
and pii/c are either close to solutions 3 to the (inviscid) Burgers equation

093 +1'30x3=0

if €2 < 7, or close to solutions ¢ to the (KdV) equation

2
pC + T COxC = %w;zc
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if £2 = O(n). Note that this equation is clearly weakly dispersive if ¢2 < 7, and
reduces to

99¢ + T (Ox( = kO%C

when 7 = £2. Precise error bounds are given in the following.

Theorem 4.1. We assume d = 1, and take two real numbers s > 4 and M > 0.
Forn e (0,1], € € (0,1], any zmtml data

(ﬁinaﬁin) c Bs,g(M) _ {(A A) Herl(R) % HS(R)_
1B, @)l 1= r)y2 + € | Al o2 r) < M}

is associated with the solution (p,w) € €([0,Ty/n], Bs,(2M)) of (EK.,,) such that
(p,u)(0) = (p'™,u™), as given by Theorem 2.2 in the case d = 1. We also introduce
3€%(]0,0.], H*(R)) a smooth solution of the inviscid Burgers equation

(4.1) 093 +T30x3=0

such that 3(0) = p', where the time of existence 0. depends continuously on M,
and ¢ € €([0,4+00), H*(R)) the global solution of the (KdV) equation

2

(4.2) B¢ + T COxC = %na;‘(g

such that (0) = p™. Then there exists a constant C, depending only on s and M,
so that for 0 < T < min(T%, 0.)/n, the following hold:

(1) If c€]0,s=3], orif (s>7/2 and 0 € [0,s5 — 2]),

19 = 30T = €T30y +| 1 = 30T, = 1)

He (R)
~in Q .in
< _ g
\C( b Ha+1(R))’
If (s>4 and o € [0,s —4]), orif (s >9/2 and o € [0,s — 3]),
A 0.
— 30T, = ¢T)|| o H— _ 3T, — TH
lp—3n <T)|| oy +|| =0 — 3(n T') Ho®)
QA
<C " ;
( H”+1(R)>
(2) Forallo €]0,s —4],
~ 0.
16 = CT, - = D)l o oy +| S = coT- - cT)HHﬂ .
X 0
< - an .
= C(1+ 77)( H“+3(R))
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If, in addition s > 5, then for all o € [0,s — 5],

~ 0.
T, — )| a H— - T,~7TH
1p—<C(n D) ey +|| 74— €0 <T) e

0 .
2 gin
¢

g? ~
<C’(1+—>(7)+52+‘ﬁm7
n

Ho+3(R)> '

Observe that both 3 and ¢ are shifted to the right at speed ¢ in the estimates
above. This theorem provides various types of errors, depending on the relation
between 1 and . Roughly speaking and neglecting the term ||p™ — gﬂin/cHHa(R),
which will be small enough provided that the initial data are well-prepared, Theo-
rem 4.1 ensures that p ~ pi/c is close, up to a rescaling in time and space shifting,
to the solution to

¢ the Burgers equation (4.1) if e < n < 1, with an O(n) error;
« still the Burgers equation (4.1) if e < n < ¢ < 1, with an O(¢?/n) error;

 but also the (KdV) equation (4.2) if 2 < 7 < & < 1 (which makes (4.2)
weakly dispersive), with a smaller error O(n) (because n < &2/n) if we
use (2):

e and the (KdV) equation (4.2) if 2 ~ n < 1, with an O(n) error.

When 1 < €2, the comparison with the solution 3 of the Burgers equation given
in the inequalities of (1) are clearly meaningless. In the first statement of (1), we
have in the error term 2¢ < 1 + £2/n, so that the term e seems superfluous, but
we have kept it in order to see the €2 /7 gain in the second statement, which is the
dispersive term (£2/n)k 9% ¢ of the (KdV) equation.

Note also that both statements (1) and (2) hold true if s > 5. For instance
in the case ¢ < n < 1, both (1) and (2) yield O(n) errors, but the advantage of
the second statements are that they control one more derivative. However, this
advantage is lost in the case e? < ) < e < 1, for which the first statement in (1)
and (2) provides O(g) errors instead of the ‘natural” O(n). In this sense, the case
e & 1 corresponds to a threshold across which the natural O(n) estimates lose the
control of one derivative.

The coefficient £2/7 in the dispersive term in (4.2) may be removed using the
scaling invariance of (KdV). Indeed, if ¢ solves (4.2), then the function

a1 (2
G0, ) = 5 ¢( 46, X)

solves
BpCs + T GOx G = K %Gy

with associated initial datum ¢4(0 = 0, X) = (/£%)¢(0, X), which may be large or
small depending on the ratio n/e%. In particular, ||¢4(0 = 0)||g= = (n/2)[|¢(0 =
0)|| g+ for any s.

Our results subsume those of [8] and [11] as particular cases. Notice that in
Corollary 1 of [11], there are two misprints: the correct conclusion is actually
‘As - CEHHS*S + U = CEHHS*S < K(HA}en - UsinHHS*2 + 52)'

Sup[O,min(To,T*)]
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For the water waves problem in 1D, in the so-called Camassa—Holm regime
n < e < 1, Constantin and Lannes have considered in [16] the class of equations

Oyu + Opu + ; nudpu + *(a 2u+ B3 1) = ne?(yudiu + § Oyu d2u).

They have shown that equations in this class, with some conditions on the co-
efficients a, 3, v and 6, give an approximation up to O(g*t) to solutions to the
Green—Naghdi equations and exhibit wave breaking. Under some constraints on
«, 3, v and §, the equation reduces to Camassa—Holm or Degasperis—Procesi equa-
tion. Following the same strategy as in [16] for the system (EK.,), one could
derive the class of equations

OrU + OxU +TnUIxU + Ton> UOxU + T3n® UPOxU + &%k 0% (adxU + B OrU)

K/
=ne % (YUIRU + § OxU d%U),

with some relations between «, 8, v and §, and where the coefficients I'y, involve
higher order derivatives of g at o.
4.2. Proof of error bounds for right-going waves
Concentrating on right-going waves, we can work in a moving frame, and introduce

HTY) L HT Y +¢T), aT,Y) S UT,Y +¢T).
This changes (EK, ;) into

Orp —cdyp+ 0y ((e+mnp)a) =0,
(4.3) Ort — cOyu+nudyu+ g (o+np)dyp

= 20y (K(o+1p) 035+ 4 K'(0+1p) (0v7)?)
1

In a first step, we estimate the L? norm of 5 — g ¢~ '4.

Lemma 4.2. We assume that s > 3. Then, in the framework of Theorem 4.1,
there exists a constant C, depending only on s and M, so that

in

I s PR

4 0 -
pln E———
0<T< T, /0 ¢

2
L. T Om+eT).
Proof. We argue as in the proof of Proposition 14 in [8] (see also Proposition 2
in [11]). Throughout the following computations, C' will denote a positive constant
depending only on s and M that may change from line to line. From (4.3), we see
that the difference
def - 1~

vV=p—pc¢ u

satisfies

(4.4) Orv — 2c¢0yv — 1 g voyv =0y G,
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where
~2
Gdjf o o - Ep_
e (9o +mnp) — g(o) —ng'(0)p) %
2 0 a2~ N ~ ~\2
(4.5) G ;(K(Q+np)3yp+ 5 K'(e+np)(9yp) )

The terms vdyv and dy v in (4.4) do not contribute to the time evolution of ||v|| .z,
and more precisely, (4.4) implies that

d V dY—2/v8deY:fl/(2c8yv)GdY.
dT R ¢ Jr

Using again (4.4), we can substitute drv — nco~'vdyv — dy G for 2c¢dyv in the
previous identity, which gives after integration in time,

Ain Q ’\III

(4.6) [IvlZ> =|p

// —TV+77§V3yV+8yG)GdeT.

Of course the integral fR G 0y G dY vanishes at all times. Moreover, since s > 3, we
have |0y G|z~ < C ||G||us by Sobolev embedding, and ||G||gs < C(n+¢?) < C.
Thus, by integration by parts,

[ 6o Gay =1 [ 2 006 av < CalovGlulvli < On v
R R

Therefore, integrating by parts in time the remaining integral in (4.6), we deduce,
for 0 < T < T/n,

n l/ [v(0)G(0) — v(T)G(T)] dY

L? ¢

/ /vaGdech/ V][22 dr .

Combining the L? bound (since s > 3) ||G||12 < C(n+¢?) with Young’s inequality,
we infer

1

;/R [V(0)G(0) = v(D)G(T)] dY < C (n+?) (IV(T) ]| 2 + [|¥(0)]|2)

Ain Q Am

”VH%Z X ||P

2
_ Q4in

1
< IV + Cln + )2

L2
As a consequence, putting the term 1[|v[|3, in the left-hand side,

dn O ainll?
pln__ulnL+C(77+5)

/ /vaGdeT—i—C'n/ vI32 dr.

3
ZIvlize <
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Now, notice that from the first equation in (4.3) we have 9,p — ¢ dyv = —ndy (pu)
with s > 3, thus
(4.7) 1045 — Oy vl < Cn,

and this implies

0 N I
0:G =~ (9'(e+mnp) —g'(0)0-p—1n 5 pO:p

o - - ~ ~ -
-’ (K(Q +1p) 05-0-p +nK' (0 +1p) 07 03

2
+nK'(0+n1p)dy p Oy Orp + %K”(Q + nﬁ)(ayﬁ)zarﬁ)
2
. (V.
=0(g'(0+mp) —g'(0) Oyv—n > pOyv —e?o K (o) 05 v

+ O ((o,1. /n),£2) (1 (€% 4+ 1)) -

We then deduce, by another use of Young’s inequality,

2
c
\v||Lz\ // g (o+mnp) — /(g))ayv—nzpayv—EQQK(g)ag’/v)v dYdr

2

T
g gin L +C(n+52)2+cn/ [v]|32 dr.
0

An integration by parts gives

T
%/ /(9'(Q+7)ﬁ) —g'(0))voyv dY dr = *—/ / (04 1p)(0y p)v? dY dr
o Jr
<om / Ivl2. dr,
0

and similarly,

T ne [T T
—77/ /—ﬁ@yvde dr = —/ /V28yﬁ dy dTéCn/ IvII2: dr.
o JrO 20 Jo Jr 0

Furthermore, [, vo§v dY =0 for all times, hence

3 5 inll? r
Tl < Cli = 2an |+ Ctnr e+ [ it ar

By Gronwall’s lemma, this implies

Ivii3e < o(

Ain Q ,&in

p

2\2\ .CnT
L2—|—(77+5))e . O

We can also estimate higher order Sobolev norms of p — p¢~'@. The natural

idea is to differentiate the equation with respect to Y and argue as for Lemma 4.2
(see Proposition 4 in [8], but here we lose three derivatives instead of six, which
seems to be a misprint in [8]). However, we shall see that this does not yield an
optimal result in terms of loss of derivatives (see Lemma 4.4 below).
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Lemma 4.3. We assume that s > 7/2. Then, in the framework of Theorem 4.1,
for any 0 < o < s — 3, there exists C, depending only on s, o and M, so that

Ain 0 .in

<o(fem-5a

u

-

0
0<T<T,/n ¢

H +n+ 52) .
HU HU

Proof. We apply A to both sides in (4.4):
OrA°v — 2¢Oy AN°v — 1 é A% (vOyv) = 0y A°G,

which implies

L I / ATVA? (vOyv) dY + 2 / ATVA (3yG) dY .
dT" Jg 0 Jr R

Of course here the term ‘vdy v’ does have a contribution, which we can control in
the usual way of dealing with Burgers’ equation. Namely, we have

/ (A7v) A% (vOyv) dY = / (A7v) v By (A7) dY + / (A7v) [A7,vOy]v dY
R R R

1
(4.8) <S35 /R((%fV)(A"V)2 dY + C |0y v lvlFre < C VIl

where we have integrated by parts the first term, and we have used (A.4) to
estimate the commutator and the uniform bound on (p, @) in H* — W1 (for
s = 2). For the last integral, we integrate by parts in space, substitute dpv —
neo~'vOyv — Oy G for 2¢ Oyv and integrate in time. This yields

. 2 T
a7l < Ao = Lam)| + o [ I ar
0

T
(4.9) +1/ /Aa<f5'rv+7)£v8yv+ayG> A°G dY dr,
¢Jo Jr 0

and here again [, A°(dyG) A°GdY = 0. We use the commutator estimate (A.4)
and Young’s inequality to deduce

g/Ao(vayv) A°GdY < g/v (A%8yv) A°G dY + O ||8y v = ||v]| = | AT G| 12
R R

< On||vlz2 [[A70yv| Lo A Gl L2 + Cn ||V ae |G| o
< Cn|vlae (n+€*) < Cnlivigs +nn+e°)>.

Here above, we have also used that o < s—3, so that A?Jy v is uniformly bounded
in H57°~1 € L* and ||G||g- < C(n+€?). Therefore, integrating by parts in time
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the remaining integral in (4.9), we deduce, for 0 < T < Ty /7,

P 2 4in ? + 1/ [A%v(0) A7G(0) — Av(T)A°G(T)] dY
c R

A° 2<’
[A7v]%s < ot

1 T T
+ E/ / A°v A°O.G dY dr + cn/ VI3 dr + C(n +%)?
0 R 0

Ain g ﬁin

2 1 -
<clp g I

1 T T
+E/ /A"vA"@TG deT+C’77/ VI3 dr + C(n+e2)?,
0 R 0

where we have used that |G||gs < C(n + €2), since ¢ — 3 < s. From the first
equation in (4.3) we have 0.p — ¢ dyv = —ndy (pa), thus

(4.10) |0-p — ¢ Oy V| gs—1 < Cn,
and this implies, since H*~3 is an algebra (recall that s > 7/2) and 0 < s — 3,
0,y ~ / ~ [
0-G = ~(g'(e+np) — g'(2))0-p — 11 p pOrp
0 ~ ~ ~ a2 ~
-’ (K(g +np) 050-p+nK' (0 +np) 0,p 95 p
2
U o i - _
+n K (0+np)dypdvdrp+ o K"(o+ np)(dy p)? 8m>
2
_ ¢
= olg/(e+np) = g'(e)) Oy —n— pdyv — e? 0K (0) O3v
+ O (0,1, /), 1) (1 (€2 + 1)) .

We then deduce by Young’s inequality again that

3 . K T
2Acv]2. < O’ = 2T omted)?+ Cn/ IVII%e dr
4 ¢ He 0
1 (7 ¢
+ - A7 (@(g’(g +1p) — g'(0))9yv — n, ﬁé‘yv) A%v dY dr
0 R

E2

T
- —/ A7 (0K (0) 03v)A%v dY dr
¢ Jo Jr

~in Q ain

2 T
+cm+£ﬁ+c¢/uw&am,
C He 0

by computations similar to those of Lemma 4.2 and by using the tame esti-
mate (A.4). The conclusion then follows from Gronwall’s lemma. O

Our next result is an improvement of the previous one in terms of loss of
derivatives. The idea is to apply dr to the equation and estimate Jr(p,a), as
n [11]. Since the equations in (4.3) are formally of the form drp — cdyv = O(n)
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and Ot +co~ 1y v = O(n+€?), where the remainder terms involve at most three
derivatives, this will allow to establish a better estimate, losing only two derivatives
instead of three.

Lemma 4.4. We assume that s > 7/2. Then, in the framework of Theorem 4.1,
the following estimates hold true.
For any 3/2 < 0 < s—2, there exists C, depending only on s, o and M, so that

~in 0 .in

il <o(fe -2

+n+€2>.

LGl

0<T<Ty /1 H

For any 3/2 < 0 < s—1, there exists C, depending only on s, o and M, so that

Ain gain

el

I Snee).

0<T<T/n He H

Note that the second estimate here above may be poorer than the first one (if
1 < €) in terms of the error value, but it controls one more derivative.

Proof. The starting point is the system (4.3) written with the complex extended
formulation, namely
1
OrzZ —cOyZz+ 77’118}/2 +in (8}/5)@ + g b(p)ﬂ} + 1 ay(a(p) ayi) =0.
Using the uniform bounds for (i, dy Z,w) in the algebra H*~! (s > 7/2), we infer
Inady z + in (Oy 2)W|| gro—1 < C.
In addition, since H? is an algebra (o > 3/2),
ledy (a(p)dy @) o1 < €2[|alp)dy (¢'(p)dy B/b(p) | 1= < C<2||g"(p)Dy 5 /b(p)|| o1

_ Ce?2 ifo+2<s
< O? o1 < =9
< Cel10y Allao+ \{05 if o+1<s.

We pursue the computations in the case o < s — 2 and point out the modifications
to make when o < s — 1. Then, we have

0= 0p% — cOy s + é b(p)i + ic Oy (a(p)dy @) + Opee oz, 1oy (1 + %)
= Orz — cOyi+ g'(p) Oy p —ie Oy (cb(p) ' g (p)Ov p — alp)dy @)
+ Ore(o,1, /u),Hro-1) (0 + €7)
= 0rZ —cOyi+g'(0) Oy p—ic Oy (cb(o) g (0)dy p — al0)dv i)
+ O (0,1, ), 1oy (N + €7,

using that, since H°~! is an algebra, we have

19" (p) — 9 () Oy pll - < I(
( |

- < I(g'(p) — g'(0) Oy pll - < Cny,
[(a(o) — alp)) Oyl u- < ||(a

(a(o) — a(p)) Oyl r=—r < C,
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and finally
1(cb(p)™" ' (p) — eb(0) "¢ (0)) Oy il e < C.
(If ¢ < 5 — 1, the error n + £2 is replaced by n + ¢ and the term

0y (cb(0) "¢ (0)Oy p — alo) By w)| o1 < & |lcb(0) "9’ (0)Oy p — alo) Dy ]| gra—
< Ce

can be incorporated into the remainder.) Since a(0)b(0) = 0¢'(0) = 2, we deduce
¢
0= 007 + o 0y (5 — o) — iU 02 (5 ')
o
+ Ope(o,7. /), o) (0 + £7)
a5 2 1 - ca(9) 4o 2
(411) =0rzZ+ ‘o Oyv—ie T 0yv + OLOO([()’T*/n]’HU—l)(n +e€ ) .
In particular, for T' = 0,
1(072)i7=0ll o1 < C 10y vir=oll o1 + Ce |0 vir=0ll o1 + C(n + %)
Since o < s — 2, we may now use the interpolation and Young’s inequalities
1/2 (1. 11/2
e5vlae-r <elvlgs Ivlze < Clvllar +Ce*

to infer
10072)i7=0ll ro—1 < C|[Vir=ollzr + C(n +€%).

When o < s — 1, the error is O(n + €) and € ||| gro—1 = O(¢) since o + 1 < s.

Applying Or to the equation for Z, we see that Zp of OrZ solves
1
(4.12) Orzr — ¢Oy 2z + nu Oy zZr + in (8}/27“)11) + g b(p)ﬁ)T + ¢ 8y(a(p)ay,§T)
= —n3rdyZ = L¥(p) Orpd — ien Ay (a (0)0rp Oy 2)

and we wish to perform an H~! estimate, with o —1 > 1/2. We first easily bound
some source terms by using that H°~! is an algebra:

Inzr Oy 2| o1 < Cn |2l go—1 |0y 2] o < CnllZrll o1 -

In view of the equation drp = ¢ dyv — ndy (p@t), we obtain (0 + 1 < s), on the one
hand,

2
|20 @rs—covvya|| <L gl @lye < O,

and on the other hand,

len oy (@' (p)(Orp — ¢ Oy v) Oy 2)|| gro—r < Cen® [|pi] o |10y 2] e < Cen?.
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We now express, by the second equation in (4.3), dyv in terms of the real part
of éTt

0=aTa—caya+na8ya+g’(g+nﬁ)6yﬁ
fszé‘y( (o+np) Oy p+ K (0 +np)(0yp) )
= Re (ET) +c 971®V + OLOO([O’T*/nLHG—l)(n +¢€ ) ,

since o + 2 < s (the error is O(n +¢) if 0 + 1 < s), and infer

gb'(P) Orp = co g b'(p) Re (21) @ + Opes (0,1, jj, o) (1 (N + %))
= Opo-1(nl|Zr |l go-1) + Ore (0,1, /), 1ro-1) (1 (n + €7))
since @ = O(g) in H*~!. Concerning the term
endy (a'(p)Orp dy z) = endy (a'(p) Oy 2) Orp +end(p) Oy 2 Oy Orp
n (4.12), the first term in the right-hand side satisfies
len 0y (a'(p) Dy 2) Orpll o1 < Cen |0y (d/(p) By Z)Re ()| o + Cen?
< OnRe (Zr)| g1 + Cen? .

For the second one, we write

end’(p) Oy 20y Orp = nd'(p) Oy 2 0r(v/ p/ K (p)w)
=nd'(p)Oyz+/p/K(p)Im (2r) +nd'(p) Oy 2w Or(\/ p/ K (p))
= Opor (nllzr)| go) + Onor (%)

Gathering all these estimates and inserting them in (4.12), we arrive at

1 ) -
(4.13) OrZr —cOvZr +nudyzZr +in (OyvZr)w + - b(p)wr + ic dy (a(p)dy Z1)
= Opo-1 (M| zr || gre-1) + Oreo (0,1, ), 17—y (1 ( + €7))

Therefore, following the lines of the proof of Theorem 2.2, we infer that, for

1015, Z0) | rre—1 < C (814, 20)(T = 0)|| gro—1 + C(n + &%)
< CZ0(T = 0)||gro-1 + C(n + £2),

since (Opp(T = 0) = —ndx (pu) = Opo-1(n). As a consequence, considering the
real part of (4.11), we obtain

10y vl a1 < CRe(Zr) || gre—2 + Cn+€%) < C[p™ = o™ a™ || ge + Cn +€?)

which completes the proof, since the L?-norm of v has been already estimated in
Lemma 4.2. O



278 S. BENZONI-GAVAGE AND D. CHIRON

Proof of Theorem 4.1 completed. We focus first on (2) in the case s > 5 and
0 < 0 < s — 5. In particular, we may apply Lemma 4.4 with 3/2 <o 4+3<s—2
to deduce

V|| gots < C(n+e%+||p™ — 0 ¢ 0™ grors) .

Combining the two equations in (4.3), we infer that

satisfies
207w+ 2nTwoyw — 262k 833/W

= *% [g’(g +np) —g'(0) — T)g”(g)ﬁ} Oy

y © ) poy + 257 08
(4.14) —|—77(Q N (Q))V@yw—i—n(g -9 (Q))payV—I—QE K Oyv
Y . - - -
+e o Oy (1K (0 +np) - K(0)] 935+ gK’(Q +1p)(0v )%

From the H°*3 bound on v and the uniform bounds of Theorem 2.2, we infer
consistency with the (KdV) equation by using (A.1). Our consistency estimate

reads
Ho+3 ) :

for 0 < 0 < s — 5, and allows by very standard estimates on the (KdV) equation
—like the one in (4.8) - to conclude that

_ g ,&in

||8Tw+77fwayw — EQIQ@%WHHU < Cln +€2)(77 +e2 + ‘ pm ;

2

€ 2 sin @ .in
Iw = COIT, - = <)l jgo ey < C(1+ ?) (n+e2+ o™ - Zi HM(R)) .
Then it suffices to write
¢
p= V;W and u= Q—Q(W—V),

and use Lemma 4.4 to complete the proof of the second statement of (ii). If s > 4,
we use the second estimate in Lemma 4.4.

We now turn to (1) in the case s > 4 (or s > 9/2), and write (4.14) under the
form

207w + 2Twdyw = —2|g'(+np) — g'(0) = g ()] O
[ [T
+77(Q 9 (@))v3YW+n(Q -9 (9)>payv
2 0

+ 2L oy (K(o+np) 05+ 3 Ko+ 1) (0v5)?)
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with the dispersive terms in the source terms. Note also that if (s > 4 and
o€ [0,s—4]), orif (s >9/2and o € [0,s — 3]), then Lemma 4.3 or Lemma 4.4
with 3/2 <o+ 1< s— 2 gives

[Vl fzosr < Cln+ e+ 5™ — oc 0™ gosn) -
From this, we infer the consistency estimate

2
€ Ain ~in
|0rw +n T woywl| . < Cn (77+ P ’ [ %u

Ho+1> '

In the case (s = 3 and o € [0,s — 3]), or (s > 7/2 and o € [0, s — 2]), we have
Wl < Clnte+ 15" = o ™ [ o)

and

&.2
107w +n T woywl| e < Cn (77+€—|— 7 '

Ain @ 4
- =1
r ¢

which completes the proof. O

4.3. The (KdV) regime for travelling waves

Under fairly general assumptions on the energy density %, (gEK) admits rich
families of planar travelling wave solutions. Indeed, for (p,u) = (R,U)(x — ot) to
solve the one D version of (gEK) the profile (R, U) must solve the ODEs

(R(U - o)) =0
(%(U o) +67(R)) =0,

which is equivalent to the existence of three constants (j, A, pt) such that

RU-0)=3j
(4.15) L 0F , _ 32
_ Ny 2 4 A\R=
R 6px(R’R) J(R,R)+2R+ R=u

(see [3] for more details). If o > 0 and (j,\) are such that (p,0) is a strict local
. . . . .2
minimum of the mapping ##: (R, R) — R %(R,R) — Z(R,R) + 45 + AR then
the level sets /
- OF 32

{(R,R); R a—px(R,R) ~ F(R,R) + 55 + AR = u}

consist of closed curves for u greater than, and close to —.% (p,0) + % + Ao. These
correspond to periodic travelling wave solutions to (gEK) oscillating around .
Note that, since the Hessian matrix of J# at (p,0) is given by
2 2
S0+ L o £_2
Hess. o (p,0) = P o 2T = 0 o
0 a—pg(gv 0) 0 K

xT
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the strict local minimization condition for 7 at (g, 0) is ensured by the inequalities
K >0, j2 > 0%, provided that (g, 0) is a critical point of #, which requires that

0.F ;2

This means that (¢gEK) admits periodic travelling waves solutions with sufficiently
large momentum in the frame attached to them. Solitary waves with endstate o
arise when (p,0) is a saddle-point of .7#°. They are of small amplitude if this
saddle-point is close to local minimum of 2. This happens only if (g,0) is close
to a critical point of J# where the Hessian of J# is singular. In other words, small
amplitude solitary waves occur when o%c? — j2 is positive and close to zero. Note
that for small amplitude waves around (p,0), we have j = R(U — o) &~ —go, so
that p?c2 — j2 being close to zero is equivalent to o2 being close to ¢2.

Let us consider a travelling wave (p, u)(z,t) = (R, U)(x—ot) solution to (gEK),
of small amplitude around some reference state (p,0). Assume moreover that its
speed o is close to ¢, say o = ¢ + €25 with € > 0 small. Then of course we can
write

x—ot = (e(x — ct) — 5e3t) /e,

so that if we use the KdV rescaling in (1.1),

(o, u)(@, 1) = (,0) +*(p, @) (e(x — ct), %) ,

we have

(5. w).0) = 5 (2.0 (F27) ~ (0.0)) = (RO)Y —50)
if we set o
(R,U)(x) = (0,0) +*(R,U)(cx) .

As far as (EK) is concerned, we know by Theorem 4.1 that (p, @) is such that
def 1

w = %(p+ oc ') approximately solves the (KdV) equation
Ogw + T woyw = n@%w .
Therefore, W def %(R +0 c_lﬁ) is close to the profile of a travelling wave solution

to this (KdV) equation with speed &. This can also be seen on the profile equations
themselves, which is especially interesting for (¢EK), for which we do not have a
result like Theorem 4.1 at hand.

Theorem 4.5. Let o > 0 be such that 8627“2}(9,0) > 0 and %(Q,O) > 0. We
denote as before /

02.F 3¢ o OBPF o O2F
c= Qa—pQ(Q,O)a P*Q_QJFQ_C 8—p3(QaO), K=o o0 (0,0),
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and assume that T' > 0 (which is the case in ‘standard’ fluids). Let w = W (Y —&0)
be a travelling wave of speed & > 0 solution to the (KdV) equation

Ogw +T'woyw = m@%w,
and more precisely such that

def 253

-oar?

Then there exists g > 0 such that for all € € (0,e0], there is a periodic traveling
wave (p,u)(z,t) = (R,U)(x — ot) solution to (gEK) with o = ¢ + 25, satisfy-
ing (4.15) with

TEW? —LTW3 4+ 26W? =m € (0,mo), mo

. By OF 32 OF G2 2
_ 1.2 _97 J _ oF _ ) 206
]_ Q(C+2E U)’ A ap (Q’O)+2Q2) /’L Qap (970) y(gao)—i_ Q+ Q‘Sma
and o
(R.U)(x) = (0,0) + (R, U)(ex)
with

i R . - l,00 — 2 .
nf [R(-+&) = Wwre = O()

From a straightforward phase portrait analysis of the (KdV) travelling wave
ODEs, using that & is positive we see that the wave profile W is indeed periodic
for m € (0,mg), and homoclinic to pg def 25 /T in the limiting case m = mg. As
explained above, there is no hope to get a solitary wave solution to (gEK) that
is homoclinic to g if j2 > p?c?. This explains why the (KdV) regime for solitary
waves requires 6 < 0, so that j = —p(c + %526) implies j2 < p?%c? for € small
enough. The (KdV) regime for solitary waves is a little simpler than for periodic
waves, and can be justified as follows.

Theorem 4.6. With the same notations as in Theorem 4.5, we consider a travel-
ling wave for (KdV) of speed ¢ < 0, w = W (Y — &0) such that
LeW? - iTrW3 +15W? =0.

Then there exists g > 0 such that for all € € (0,0, there is a solitary traveling
wave (p,u)(z,t) = (R,U)(z — ot) solution to (gEK) with o = ¢ + €25, satisfy-
ing (4.15) with

. _ OF 32 0F 42
J o(c+ 3¢76), o (9,0)+2Q2, n=ogs (0,0) = F(0,0) + .
and o
(R, U)(z) = (0,0) + *(R, U)(ex)
with

inf |REY +€) = W) lwix = OF).

This result was already known for the (KdV) regime associated with (NLS),
see [12].
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5. Approximation by counter propagating waves

5.1. Statement of error bounds for counter propagating waves

For the extension of Theorem 4.1 to left and right-going waves, we can no longer
change frame. In order to secure the interaction between those two waves, we shall
assume an additional bound on the initial data, ensuring some kind of decay at
infinity for the solutions of the (KdV) equations. For the similar issue concerning
water waves, some control on (1 + X?2)%((p™ £ p@'™/c)) in L? was required by
Schneider and Wayne [26]. Béthuel, Gravejat, Saut and Smets [8] replaced this
assumption by a weaker one, expressed in terms of the M-norm defined by

b

Theorem 5.1. We assume d = 1, and take an integer s > 3, and a real number
M > 0. Forne (0,1], € € (0,1], any initial data

def
[Fllm = sup
a,beR

(p™, ™) € B (M) = {(p,a) € H*T(R) x H*(R);
1(As @)l (= ryy2 + € Dl =+ (m) < M}
is associated with the solution (p,w) € € ([0, Ty/n], Bs,(2M)) of (EK.,,) such that

(p,0)(0) = (p™,4™™), as given by Theorem 2.2 in the case d = 1. We also introduce
3t € €([0,0F], H*(R)) solutions of the uncoupled, inviscid Burgers equations

(5.1) 693i + FSiaxsi =0
such that ' '
37(0) = 3 (p™ + 0d™/c),

where the times of existence 0F depend continuously on M, and the global solutions
¢t € 4([0,+00), H*(R)) of the uncoupled (KAV) equations

2
(5.2) BaCF + T ¢Fox (T = i%m;”(gi

such that
¢H(0) = 5 (P + 0™ /c).
If, in addition, o
[(p™, a™)lm < M,

then there exists a constant C, depending only on s and M, so that for 0 < T <
min(T, 07, 0;)/n, the following hold:
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(2) If in addition s > 6 and n < €2, then

|3 o+ Sa)m - cra - e

n H% (- §u> (T) = ¢~ (T, - + ¢T)

Hs—6

< Ce2.

’HHS

The proof in [8] relies on a careful (and lengthy) estimate of the interaction
terms, such as those involving

1 2 \1 0
ox(5(p+ )5 (- 9)).
ACAG ¢ /2 P c
We use instead a systematic approach, and prove an error estimate between the
solution and an approximate solution involving the two counter propagating waves,
as well as terms associated with these interaction terms. This simplifies the energy

estimate performed in [8], and gives a natural explanation for introducing the
M-norm. The drawback of our approach is that we lose one more derivative.

5.2. Detailed proof of error bounds for counter propagating waves

Construction of an approximate solution in case (ii) (s > 6, n < ¢?). The
aim of this paragraph is to construct an approximate solution to (4.3) up to a
sufficiently small error, namely O(n (n + £2)). We consider (¥, solutions of the
(KdV) equations in (5.2) associated with the initial data (p™ & pa'™/c) /2, and seek
approximate solutions of the form

p(T, X)

(T, X) &

CPOT, X —<T) + ¢ (0T, X +<T) +0p' (T, T, X),
é (CtT, X —¢T) — ¢ (T, X +¢T)) +na'(nT, T, X),
where (p!,4') will be defined later but have to be thought of order one in 7. Then
Brr, 005 + Ox (0 + np™™) ™)
= 00T (T, X — <T) +1n0p¢" (nT, X + ¢T)
¢ _

1 (Ox(CH 0T, X = D)) = Ox ([ (1T, X + <T)J%))

+n0rp" (T, T, X) +nedxa' (T, T, X) +n* dpp' (nT, T, X)

+ 7)2 aX (ﬁl (UT, Tv X)ﬂl (UT, Tv X))

and

Err, € 9pa®P +na? dx PP + g (o + np*PP) Ox pPP
- 205 (K (g4 0p"™) 5" + LK 0+ ™) Ox™)?)
= S+ nori' T, T, X) +1g'(0) 0xp' (. T, X) + n° 9a (T, T, X) + R,
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where S contains the terms of formal order 7, namely

g def néaqur(nT,X —T) 77)289C*(77T,X+cT)

nc?

L GO X = T) OxCH (T, X = <)

2
+ 77@—; ¢ ()T, X + ¢T) dx ¢~ (4T, X + ¢T)

- 77@—2 Ox[CT (T, X — T) ¢~ (0T, X + ¢T)] +ng'(0) Oxp' (T, T, X)

+9g"(0)n ([CToxCT T, X — <T) + [¢~0x¢ 70T, X + ¢T))
+4g"(0)ndx[CT (T, X — <T)¢ (0T, X + ¢T)]
—e? K(0) 0%¢T(nT, X — ¢T) — *K(0) 0%¢~ (nT, X +<T),

and R contains terms of formal order O(n (n + €%)), namely

R & % Ox [ (CT (T, X — ¢T) — ¢ (T, X + <T)) @' (T, T, X)]
+n*ar(nT, T, X) dxa*(nT, T, X)
+ (g (e +np™P) — ¢'(0)) Oxp' (T, T, X)
+ (g’ (e +np™P) — g'(0) — ¢"(0)n p**P) Ox ¢+ (T, X —<T)
+ (g (e +np™P) — g'(0) — ¢"(0)n p**P) dx ¢~ (T, X + <T)
+9"(on* p* (T, T, X) 0x (¢t (T, X = <T) + ¢~ (nT, X + <T))

— 0 K(0) 0% p' (0T, T, X) — &2 0x ([K (0) — K (0 + np™>)] 0% p™P)

2
€ ~ ~a
- 277 Ox (K (0 + np™™) (9x p™P)?).
At this stage we see the interaction terms, like

Ox [<+ (77T’ X - CT) 47 (7IT7 X+ CT)]v

appearing in S. We wish to define (p',@!) so that the terms of formal order n

and €2 cancel out, that is as the solutions of

Orpt(0,T, X) + 00xa' (0, T, X)
= —69C+(9,X - CT) - 69§‘(9,X + CT)
fg (Ox ([CH(6, X — ¢T)]?) — dx ([C (6, X + <T)2)
Ol (0,7, X) + ¢'(0)0x 4 (0, T, X) = %

Here, 60 is seen as a parameter, and for T = 0, we set zero initial data. In addi-
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tion, S is evaluated at 0 instead of nT'. The system above equivalently reads
Or + cox] (5 + o) (0, T, X)

2
_ o [aw Foctaxct — %na;’}ﬁ (0, X —T)

(5.3) (300 + 2 ) (CoxC) 0, X + 1)
- (%9"(0) - §>3X[C+(9,X — )¢ (6, X +<T)]

2Ke2 .
+ nTga}g(C*(H,XJrcT)

and
[0r —cox] (p' — oc )0, T, X)
= —2[agg— —T¢OxC — %m@g—} (0, X — cT)
(5.4) + (590~ 2 ) (CoxC) 0, X +eT)
+ (5970 = ) OxIcH (0. X — 1) (0. X 4T
2re?

Notice that the second line in (5.3) and (5.4) vanish since (T and ¢~ satisfy (KdV)
equations. The next lemma will allow us to derive estimates for the solutions
associated with the remaining interaction terms in the transport equation (5.3),
which have a specific form.

Lemma 5.2. (i) For F' € H*(R), the solution h of
[Or + cOx]MT, X) =0xF(X +<T), hjr=o=0

satisfies, for any T = 0, ||h(T)| s < ||F||m-/c.
(ii) Assume that s is a nonzero integer, that F*, F~ € H*(R) and that
|[F~||m < +00. Then the solution h of

(07 + ¢Ox|h(T, X) = Ox [F (X — ¢T)F~ (X +<T)], hjr—o =0

satisfies
1A= < CNE az=(1F (s + [ [ am1)

for all T >0, where C depends only on s and c.

When the source term is not an exact spatial derivative, we refer to Propo-
sition 3.2 in [21], where a norm growing like /7 is in general unavoidable. This
growth is prevented by our assumption on the boundedness of the M norm of the
left-going part of the right-hand side.
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Proof. The estimate (i) is a direct consequence of the explicit formula h(T, X) =
(F(X +¢T)— F(X —<T))/(2¢). For the proof of (ii), we obtain, by the method of
characteristics, the explicit formula

MT, X) = /OTOX[F+(X —IF~ (X — T +2c7)] dr

T
= / OxFH(X — ¢T)F~(X — T + 2¢7) dr
0
T

—|—/ FH(X —cT)OxF~ (X — T + 2¢c7) d7
0
X+cT

~ Lot x - cT)/ P
2c X—cT

+FHX = ¢T) [F~ (X +¢T) — F~ (X — ¢T)].

Since X +— f))((j:; F~ is bounded in L*> by ||F'~||m (independently of T'), we

immediately conclude that
IR(T) e < CHE e (1F [[p2 + [1F 7 [lm) -

The higher order estimates follow the same lines. Alternatively, we may differ-
entiate our transport equation, and observe that if F' € H', then [[0xF||m <
2C'||F|| g1, by Sobolev’s embedding. O

In order to apply Lemma 5.2, we need a bound on the M norms of ¢* for
0<0<0F.

Lemma 5.3. Let s be a real number, s > 3, and { € €([0,0.], H®) be a solution
of the (KdV) equation

2
g4 .
0pC + T COx( = 7—)3§<C :

Then, for any 0 < 0 < 0., we have
6 ) 52
<Ol < 1O+ C [ (16 + SIc)l) dor

where the constant C' depends only on I

Proof. We consider two real numbers a < b and simply write

/abg(e,X) dX/:q(a—o,X) dx

b 0 6 b <€2 6 b

:/ / 9pC(w, X) dde:—/ r/ COxC ddeJr?/ / 9% ¢ dX dw
a JO 0 a 0 a
I\ 0

2

0
2 — 2w a) dw + 2w, b) — 0% ((w, a)) dw .
=5 | @) - Clw) dor = [ @kCwb) - 040 d
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We then obtain

\/jc(e,X) ax| < /abcw —0,X) dx| + 0/09||<(w>|%w + %na%(c(w)nm d,

and use the Sobolev embedding to conclude. O
Lemma 5.3 implies in particular that, for 0 < 0 < 6F,
ICH(O)[a < C(M)

provided €2 < 7. As already mentioned, only three terms remain in the right-
hand side of (5.3) and (5.4), since ¢(* and ¢~ solve the (KdV) equation in (5.2)
with the + and — sign respectively. The first and last terms fall into case (i) in
Lemma 5.2, while the second one is as in case (ii). By the superposition prop-
erty of transport equations, we can add the contributions of these terms given
by Lemma 5.2. Thanks to the estimates of ¢(* resulting from Lemma 5.3, this
eventually yields

sup 15" + o™ al || e < C(M)
0<nT,0<min(T, 0,65
and
sup o' — o tat || oo < C(M)
0<nT,0<min(T% 07,65 )
hence

sup 1(p", @) a2 < C(M) .
0<nT,0<min(T,03,05)

Consistency error and comparison estimate. To control the consistency
error, we have to bound dpp* and dpail. Differentiating (5.3) with respect to 6 we
obtain

0= [0r +cOx]0s(p* + o ta")(0,T, X)
+ (29"(0) = <) 0x (¢ ACTIO. X + ¢T)
+ (fg”(g)
+ (fg”(g)

2
- 2""”75 8305C (0, X + cT).

_ ¢

0
- g)ax [09CT (0, X — ¢T)C (0, X + cT)]
- g)ax [CH(O, X — ¢T)dpC™ (0, X + T)]

Noticing that dp¢* is bounded in €([0,0F], H* 3(R)) by a constant depending
only on M (since €2 < n) and that the M norm of 9y¢* is also bounded by a
constant depending only on M (see the proof of Lemma 5.3), we infer once again
from Lemmas 5.2 and 5.3 that

sup 9[p" + oc 0| o5 < C(M) .
0<nT,0<min (T, 07,65
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Arguing similarly with p' — pc~'a!, we deduce

sup (899", Do) || -5 < C(M) .
0<nT,0<min(T,,05,05)

It then follows that (p°PP,u*PP) is an approximate solution to (4.3) with initial
datum (p™, ") and a consistency error

| (Erry, Erry) | gs—s < Cn(n+ 52) .

Proposition 5.4. Let o and o’ be two integers such that o0 > 2 and 0 < o’ < 0—2.
Assume that (p,@) € €([0,T], H*T1(R) x H?(R)) solves

Orp+ 0x((e+np)u) = Err;
(5.5) oru+nudxu+g'(o+np) Oxp
= £%0x | K (0 +1p) 9%+ 3K (0 +np) (9xp)?| + Erra,

where (Errz, Brrg) € L®([0,T], H” T1(R) x H? (R)). Let us denote by (p, 1) €

€([0,T], H*T1(R) x H?(R)) a solution of (EK.,, ) with (p,)(0) as initial condi-
tion. Assume that M > 0 is such that (p,4)(T) and (p,a)(T) € By.c(2M) as long
as 0 < T < min(T,T). Then, for 0 <T < mln(T T)

(e — i, €0x (p = P) | o

b, —
< Clo,r, M)+/nT ClerMmT
X <5H(Errﬁ, Errg, saxErrﬁ)||Lm([0,min(fj)]7Ha/) +n+ 52> )

Proof. We shall prove the stability estimate by linearization around the exact

solution (p, ). The difference (p, @) def (p, 1) — (p,u) satisfies the system

Orp+ 0x((0 +np)a) +ndx(pa) = —Errj,
(5.6) dru+ g'(0)0x p+nudxi+nudxa+ng"(0)pdxp+ng”(0)pdxp
=’ K (0) 0%/ — Erta + O p o (0 min(F, 7)), o) (1 (€2 + 1))
with null initial condition. In the second equation, the error term contains the
remainder associated with the expansion of the nonlinearity g(o + 1p), the term

e2n0x (K'(o + np)(0x p)?), the difference e20x (K (o + 1p)0%p) — €2 K (0)9% p and
the corresponding terms with ng. Then, the complex vector field

o
—

. aer o Y
Z = u-+w,

_ def K(Q) N K(Q) ~ K(Q) <
= ey | /5 Oxp— ey | —= Oxp = ey | — Oxp+ Opo
Y : o+np pos o+np X o+np xr o= (€1)

with
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is a solution, with zero initial datum, of
Orz +nudxz+nuoxzZ+in(Oxz)w +in(0x2)w
+ % bs(o +np) b + é (b:(0 +np) = by(e +np))w
+ie Ox(ag(0 + np)Ox Z) + i Ox ((ag(o + np) — az(o + np)) 9x 2)

K(o)
o+n

5 OxErr;,

= —FErrg — e

where

def
as(p) =

det p(g'(0) + (p—0)9"(0))
K(o)p, bﬁ(f)) = aﬁ(p) :

The terms nudx Z and in (9x )W are easily estimated in H?', using (A.2), by
Clom Izl o [10x 2] wor e < Clo, M) ||Z]] gor (|2 e < Clo, M)n || g0

since o/ + 2 < o by assumption and by Sobolev embedding. We write similarly
that the H? norm of the term e~ *(bs(0 + np) — bs(0 + np))w is

< Clo,r)ne pl o @l < Cloyr, M) ||l gor 10xpl e
c

<
< (OvTaM)n||ﬁ|‘HUl :
By (A.3) and (A.1), since 0’ +2 < o

iedx ((ag(o +np) — ag(o +np)) Ox Z)|| gor
< C(o,r)ell(ag(o +np) — az(o +1p)) Ox 2| gror 41
< C(oyr)enl|pll o1 [10x 2| gror+1 < Clo,r, M) ||(p, €0x )|l grov -

Therefore, Z is a solution of
1
Orz +nudxz +in(0xZ)w + B by(0 +np) W +ic Ox (ay(o +np) Ox2) = G,

with zero initial datum and where, for 0 < 7' < min(T, T),

IG(T) | gz < Clo, 7, M) (|| (Exrg, edxBrry) || gror + 1 (0 + €2) + 1 [|(p, €0xp)l| o) -

Letting

¢ (p, %) dEfZE” (5,2),

B (.2) ™ [ Saklon0) ((o-+ 1) 052 + (5'(0) + 9" (e) ) (9% 0)7) aX
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and arguing as in the proof of Proposition 2.7, we arrive at

LB (5,2) < Clo,r, M) 7 L (5, 2)

dT
+ C(o,r, M)/ Eg/ (5, 2) ||(Exrs, Errg, e Ox Errg) || 00
+ Clo,r, M)V B2 (5,2) (0 (0 + €2) + 1y B (5, 2))
< C(Uv T, M) nng(ﬁ»E)
1
+ C(o,r, M) <E || (Errs, Errg, saxErrﬁ)HZa, +n(n+ 52)2>
for0 < T < min(f, T), since Ox 2 and Ox p are uniformly bounded in L™ (o > 3/2).

Indeed, there is only one place where we have to pay attention to the extra terms
in the first equation in (5.5), namely when we compute

% 5 % [9'(0) +mpg" ()] af (0 +np) (0" p)* dX

and handle the term

[ 516'0)+ 15" (@) af (e + ni) 0r1(0 )" ax.

which produces the extra term

/ [9'(0) +mp 9" (0)] af (0 +np) & p 0" Errs dX < Clo,r, M)\/ EL (p, 2) || Exry| o
R
We complete the proof of Proposition 5.4 by a Gronwall-type argument. O

To complete the proof of Theorem 5.1 (2), we choose 0 = s > 2and o’ = s—6 €
[0,0 — 2] in order to apply Proposition 5.4 (notice that the term e0xErr; induces
the loss of one more derivative). Therefore, for 0 < T' < min(T%, 0,60, )/7,

157 — p, @ — i, e0x (5 — )| o5 < Clor, M) (n+€2) |

and this concludes the proof in case (2).
Proof of Theorem 5.1 in case (1). We argue in a similar way and look for an
approximate solution under the form

(T, X) Y 3T (T, X — ¢T) + 3~ (0T, X + ¢T) +n p* (4T, T, X)

and

def

PP (T, X) < g (3* (T, X — ¢T) — 3~ (4T, X + <)) + ni' (T, T, X).
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Now, we include the dispersive terms in R instead of S, since we want to prove
a comparison result with Burgers equations. We thus define (p!,4') as the solu-
tions of

0=[0r+cOx](p' +oc ' a")(0,T,X)+2[03" +T370x37](0,X — T

67+ ({90~ 5 )3 0x3)0, X +<T)
+ (29"(0) - 5)3)( 340, X — ¢T)3 (0, X + T)]
and
0=[0r —cOx|(p* —oc'a")(0,T,X)+2[0p3 — T3 0x37|(0, X —<T)
(58) - (%9”(9) - é)(?faxf)(@,X +¢T)
— (%7(0) = £)ox[3*(0.X = 1)3 (0. X + 7))

It follows from the above arguments that

sup (" @) -1 < C(M)

0<nT,0<min(T.,07,07)

and
sup (9", 8" | o2 < C(M) .

0<nT,0<min(T,,05,05)

This implies the following estimate for the consistency error
[[(Exrp, Err,)|| ez < C(° +€) .

Using Proposition 5.4 with 0 = s > 2 and ¢/ = s — 3 € [0, s — 2], this finishes the
proof of Theorem 5.1 (1). O

6. The KP-I asymptotic regime

In one space dimension, we have obtained as asymptotic equations a single (KdV)
equation for well-prepared initial data, and two decoupled (KdV) equations for
more general initial data. In higher dimensions, if one considers a weakly transverse
perturbation, we expect to obtain Kadomtsev—Petviashvili (KP-I) type equations

2 62
(KP-1) 00 TG0, = i 08¢ = 5 A 01

Throughout this section, we shall assume that the vector field u is curl-free, which
is a natural hypothesis for the KP-I asymptotic regime.
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6.1. Main results

We replace the long wave ansatz (1.2) by the weakly transverse long wave ansatz
plt,x) =04+np(T,2), u(t,z)=n(t,o0.)(T,z), T=ct, z=(sx1,e0x1),

where § is another small parameter (we have changed X to z to keep in mind
that the scaling is now weakly transverse). Usually, we take n = 2 = §2 to
derive (KP-I), but we may consider weakly dispersive (KP-I) equations similar to
weakly dispersive (KdV) equation we have already obtained. Then, the Euler—
Korteweg system (EK) becomes

orp+ 9., ((0+np)iy) + 62V, - ((e+np)ar) =0
Orty + 1010, 01 +nd*ty - V., 1+ g'(0 +1p)0-, b
(6.1) { =20 (K(o+np)[0%+0°A.,1 0+ 2K (o+1p)[(9:9) + IV 5[]
Oray +n0yd., 0y +nd*ay - V., a1 +g'(0+np)Va, p
= 2 V., (K(etnp)02+0°0:,1p+ 2K (o+np)[(0:, )% + 8*IV=, p 7] ).

We first state a result providing uniform bounds on the time scale T ~ n~!

(that is t ~ e~ 1n~1) and need to define, for s > 0 and M > 0, the set

~ def N s s
Bss(M) = {(p,0) € H*MH(RY) x (H*(RY))4;
‘ u7Ealﬁv56VJ_[3)HH5(R‘1)X(HS(Rd))dXHS(Rd)X(HS(Rd))d*I < M} .

1(5,
Theorem 6.1. Let s be an integer greater than 1+ d/2 and n € (0,1]. If o >0,
g'(0) > 0, and (p™, Q™) € Bs . 5(M), then there exists T, > 0, depending only on

M, s and d, such that the mazimal solution to (6.1) such that (p,w)(0) = (p™, a'™)
exists at least on [0, Ty /7], and (p,0)(T) € Bse,5(2M) for all T € [0, Ty /n].

In this asymptotic regime, one might expect an approximation by the two
counter propagating waves described by the two uncoupled KP-I equations

g2 ¢ 62
89C+ +FC+8Z1C+ = _Hag C+ - 5 _AZLaz_lc—i_a
77 1 2 n 1
(6'2) 52 ¢ 52
0p¢” —T¢ 0., =—— k02 +5-—A.,0,'¢C,
77 1 2 77 1

instead of the two (KdV) equations. However, Lannes has shown in [20] that, in the
case ) = g2 = 62 to fix ideas, the natural O(e?) error estimate does not hold. This
is due to the singularity of the symbol associated with the operator A, 9_ 1 unless
we impose the zero mass assumption fRA(Zl,ZJ_) dz, = 0 for every z; € R41,
which is not physical. This is the reason why Lannes and Saut have proposed in [22]
weakly transverse Boussinesq type systems for which we can prove the natural error
estimate and for which no zero mass assumption is made. This weakly transverse
Boussinesq type system is formally equivalent to the system of two uncoupled KP-I
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equations (6.2), and it can be shown to converge to (6.2) (without optimal error

estimates) under extra regularity and zero mass type hypothesis. In our context,

a natural weakly transverse Boussinesq type system is the following:

Orp + 00,01 + 1., (p) + 62V, - ((0+np)ay) =0,

Oty + g'(0)0:0p + n010:, 81 + 96%0L - Ve, Gy + npg” (0)0:,p

(Besn) =&?K(0)0:, [831 +0%A.,1p

Oray +¢'(0)Vay p+nd, i + 080 - V. +npg" (0)Vz, p
=e’K(0)V., [0, +8°A.,]p.

Let us observe that system (B; s,) may be seen as a particular case of system (6.1)
when ¢ is a quadratic polynomial and the capillarity K has constant value K (p).
The weakly transverse Boussinesq system (Be s,,,) may also be seen as the weakly
transverse analogue to the systems of the (a, b, ¢,d) class introduced in [9] and [10]
when a =b=d =0 and ¢ < 0.

Theorem 6.2. Let s be an integer such that s > 1+ d/2 and n € (0, 1].

(i) If 0 > 0, ¢'(0) > 0, and (p™,4™) € By 5(M), then there exists T, > 0,
depending only on M, s and d, such that the system (Bggs,) with initial datum
(p™, 0™ has a unique solution (p,0) € €([0, T, /n), H*1(RY) x (H*(R%))?). More-
over, we have (p,0)(T) € By . 5(2M) for all T € [0,T. /7).

(i) Assume that (B € 8., H*TT(R?) and that A, (™ € 92 H*3(RY).
Then, there exists 0, > 0, depending only on s, d and the initial data (™ such
that the uncoupled system (6.2) has a unique solution (¥ € €([0,0.], H*T6(R%)) N
Lip([0, 6.], H**3(R9)). Moreover, one has (¥ € L>([0,0.],0,, H*T¢(R?)). Let us
also assume that

1 A~in 0 ~in in 0 ~in — in —,in
(6.3) 5(0 + P ) = ¢, Jur = V., O M ¢ — ¢
and that
(6.4) 5% < n and 2 < .

Then, the following comparison estimate with the uncoupled system (6.2) holds as
n — 0:

1/, o. n
sup H—(p—l——u)T — (T, =T H
0<T<min(6.,T.)/n 2 o ! ( ) ( ) Hs—1(Rd)
and
A 0 . _
sup H (p—— )T — ¢ (T, -+ T H —0.
0<T<min(04,T%)/n 2 ¢ ( ) ) He=1(R4)

Remark 6.3. The properties of the solution (¥ to the (KP-I) equation given
in (ii) come from [28] and [24] and use (6.4). The compatibility condition (6.3)
on '] is natural since the vector field 1 is curl-free.
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Remark 6.4. Statement (i) is a consequence of Theorem 6.1 in the particular case
where g is quadratic and K = K(p) is constant. An alternate approach would be
to use the result given in Theorem 1.1 of [25] with a = b =d = 0 > ¢. However,
this result is stated in the Boussinesq scaling and not the weakly transverse one.
It is plausible that the method of Saut and Xu extends to the weakly transverse
case, but we have not checked this fact.

Remark 6.5. The proof of Theorem 6.2 consists in constructing an approximate
solution and then proving that the error remains small. The first point requires to
be able to compare ¢, § and 7, which is the reason for assuming (6.4).

Remark 6.6. In [11], we have proposed (in the case n = €2 = §?) another weakly
transverse Boussinesq system adapted to the case where one wave, say the left-
going one, is negligible. This system has the structure of a symmetrizable hyper-
bolic system plus a constant coefficient skew adjoint term —not affected by the
symmetrization, which is simpler than (B. s,). One may think that the dispersive
terms €20%A, | 9, p and £262A, V| p in the last two equations in (B.s,) should
be removable in view of their formal order O(n?) behavior (by (6.4)). However,
our existence and uniqueness result relies on a nonlinear symmetrization type ar-
gument which breaks down without these terms. Moreover, our estimates provide
a uniform control on p, €0;p and €6V, p in H®, so that the high order derivatives
of €262A,, 0., p and €26%2A, V., p are not that small.

Our last result gives a quantitative comparison estimate between system (6.1)
and the weakly transverse system (Bg s,).

Theorem 6.7. Let s > 2+d/2 (s integer), n, €, 6 € (0,1] and assume that o > 0,
g (0) >0, and let (™, 0™) € By 5(M). Then, there exists T, > 0, depending only
on M, s and d, such that the two systems (6.1), resp. (Bes.), with initial datum
(p™,4™) have a unique solution (p,a), resp. (p, 1), in €([0,Ts/n], H*TH(R?) x
(H*(RNY) and, for any T € [0,T./n], (p,0) and (p,1) belong to B . s(2M).
Then, there exists a constant C, depending only on s, d and M, such that, for
0< T <T./n, we have

(6, a1, 001) = (p, 01, 00U L) || ra—2may < C(n+¢€),
and, for s >3+ d/2,
[(p, 1,601 ) — (f, a1, 00L) || gre—s(ray < C(n +€7) .

6.2. Uniform bounds in the weakly transverse scaling

Proof of Theorem 6.1. The complex vector field z is now

| K
(65) z = (21,(52J_) =0+1w = (fll,(SflJ_)+’i€ %(alﬁ,évLﬁ),
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and the assumption that the vector field u is curl free now reads
(6.6) ot =V ;.

The L?-type functional Ey becomes
fra a7 def 1 ~ 2 2 15 12 / ~2 _ A
Eylp,2] = 5 | plaal” +0%pl2 " +4'(p)p" dz, p=e+mp,
R

and the H®-type functional F, becomes

A A def ZEh /3 2
where we have denoted

B Y 2 / 7 (0102 + 620 |0%2.L * + ¢ (0)(°D)?) d
aENO,
|| =0

with p = o + np. Under the assumptions of Proposition 2.6 and setting V° def
(01,0V 1), we now have

c(lald. + 161 +eIV°alE.) < Eilp, o] < Olall: + 1Al +<*1V°hl%-)

where ¢ > 0 and C' > 0 depend only on r, s, d (and the functions g, K).
The system (ES. ;) yields

6.7)  Ord+n(d- V)a +in (Voa)w + é b(p) W +ie Vo (a(p)V° - 2) = 0,

and by applying the operator 0%, where |a| < s, we obtain

| —

(6.8) 0r0°z+n (4-V°)02+in (V22)0W+ = b(p)d*Ww+icd*V° (a(p)V°-2) = R,

m

where
R=(Ri,0R])
S0 V,0% 5+ = [(p), 0] W + i ((V°0°a)w — 0°(V72))
In view of (A.4), we have

IRy, 6R.1)[|2 < C(rys,d) € [(V2, V)| 1= \/ Ed[p, 2],
since, recalling that 62 <7 <1 and €2 <7 < 1 by (6.4),
nll[@-v°, 0% 2 2 <Cls,d)n (IV] o1 [|V2] oo + |V2] o1 | V] )
<C(s,d)n || Val|p~ \/ i[5, 2],
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and
nH V‘W) (V2w .
C(s,d)n (HVWIIH< V02| oo + V2] g (| VW | oo )

C(s,d)n||Val| L=/ Ei[p. 2]

and, using that we have ||[W||g:—1 < C(r,s,d)e ||pl|lg- < C(r,s,d)er/E4[p, 2] and
Wiz < C(r,s,d)e||Vpl| =,

1 .
= i), 071

e

T e N N .
Lo SOy d) = (IW eIVl e + W]l oo [ VAl ro-1)

<C(r,s,d)n||Vp| = \/ Ed[p,2].

Then, following the same lines as in the proof of Proposition 2.7, but working with
the variables (6.5) and the operator V° = (9;,6V ), we infer

d J— R s
d—TEh[ 2) <C(r,5,d)n (V5. Va)|L= (1 +en |Vl =) Ei[p, 2]

This completes the proof of Theorem 6.1. O

6.3. Proof of Theorem 6.2 (ii)

As already mentioned, the argument follows the lines of the proof of Theorem 1
in [22]. We briefly recall the ideas.

Construction of an approximate solution. We look for an approximate solu-
tion (p*PP, 1*PP) to (B, s,) under the form

(6.9) (p"PP, @PP) (T, 2) = (°, &°)(T, 0T, 2) + 0 (p', @' ) (T, T, 2)

where 0° and ! are curl free. We set # = nT. Recall that 62 < 7 and 2 < 7, and
we wish to construct an approximate solution so that the consistency error is o(n),
since we consider T' < n~!. Notice that we simplify the computations by assuming
an expansion in powers of £2, but an expansion in powers of ¢ is also possible
(see [22] in this case and also [11] if one considers only one wave propagating to
the right). Then we compute

Err, © 075 4 0., 057 + 0., (FPPAPP) + 6% V., - (0 + np™P)aPP)
= (0rp° + 00:,0°) + 1 (0rp" + 00.,41 + 0pp°

+ 0., (p°a)) + 0(8* /) V., -4) + R,

Err; & ora PP 4 g’ (0) 0, p7PP + €2 0fPP 9, 0P 4+ AP - v, aiPP
+529H( ) ~app 8lewmpp _ EQK(Q)a [82 +<€2A ] ~app
= (0} + ¢'(0)0-,17) + S
+e% (Ora + ¢'(0) 92,01 + 9p0] + 010, 4} + 9" (0)0:,p° — K(0) 92, 1°)
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and

Err, % 0707 + ¢'(0) V., p7P + 20570, 0P + ettt - v, aitr
+ %" (Q)F PPV =, )7 — 2K ()0, [02, + €2 A, ] 5777
= (0ra} + ¢'(0) 0.,07) + S
+e% (0ra) + ¢'(0)0:, 41 + 99 +0}0,, 0} + ¢"(0)0.,0° — K(0) 82,0°) ,
where the error terms R and S will be explicited later on. The point is that we are
not able to prove that @} remains of order one on the time intervals we consider.
Cancellation of the terms of formal order 7,° yields

Orp° + 00.,107 = Ora] + ¢'(0)9.,p° =0,

with general solution (p°, 0 ¢ 1QY)(T,0,2) = Z+(0,21 — T, 21 )(1,1) + 27 (0,21 +
T, z,)(1,—1) for some functions Z*.
Cancellation of the terms of formal order n provides

aTﬁl + Qazlﬁ% + 0., (ﬁoﬁ?) + aéﬁo + 0 (52/77)V—u : ﬁ(J)_ =0,
Oral + ¢'(0)0:,p" + 0pta] + 000,07 + ¢ (0)0.,p° — K(0)(e*/n) 02 p° = 0.

140

Therefore, using the expressions for p° and g ¢,

ar (ﬁl + %ﬁ}) ted,, (ﬁl + %ﬁ})
= _89)50 - gaeﬁ(l) =0 (ﬁoﬁ?) - 9(62/77)sz -ﬁ(j_ - _u(l)azlﬁ(l)

0 A~ A~ 0 o
= 9"(0)0°0:0° + (*/m)K ()02,
= (=20p2T =2l 270, ZT— ¢(6°/n) A, 0" 2T+ 2k(e% /1) 02 ZT) (0, 21—<T, 21

zZ1 Y2

+ (= 2(0—2¢/0) 27 0., 2™+ ¢(8? /) A, 0.1 27+ 26(% /)02 27) (0, z1+¢T, 21)
. (é + 2k(e2 /n))azl[zﬂe, 2 — T, 21 ) 2 (0,21 + T, 21)] .

Then, p' + pc~ 1] solves a transport equation with source terms. Notice that
the first source term is a function of z; — ¢T'; thus is a solution to the associated
homogeneous transport equation. Therefore, it has to vanish in order to remove
secular growth (by the characteristic method). Hence,

B2t +T 240, Z+ + %(52 /)AL, 07 2T — k(2 ) 02 2t =0,

which is precisely the right-going (KP-I) equation: we then choose ZT = (. In a
symmetric way, we shall take Z~ = (~. Recall that we assume A, (F(0 = 0) €
92 H*+t3(R?). Therefore, we have 9p¢* € L>([0,6.],0.,H*™) and A, (* €
L>([0,6,],0% H**3), as it follows from the arguments in [23] (see (3.9) and (3.10)
there). Indeed, 95¢* solves

00(D0CE) + T 0., (CH(30C5) + 502 /m) AL 051 (06CF) = 52 /) 02, (30C%) = 0
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and
0o (0 = 0) = —T0.,((CF)(0)/2) = (¢6%/(2m) Az 92,1 (C(0)) + (v /) D, (CF(0))
belongs to 0., H**3 by assumption. Hence,
F(06¢F)(0)
= exp (—i(r(?/m)&F + c(0% /m)[€L[?/(2€1))) F (96 (0))
0

—il'& /0 exp (—i(0 — 0)(r(e?/m)EF + (62 /m)|EL[?/(261))) F(C (96 ) (B) dB

where F denotes the Fourier transform. Then, 9p¢* € L>([0,6.],0,, H*T3) (and

the argument does not depend on the space dimension). Consequently, we may

rewrite the source term in the equation for p! + goc~lil as a zj-derivative:

oy (ﬁl + %ﬁ}) Y ed,, (ﬁl + %ﬁ})
= 0.,{ = (T = 2¢/0)[C712(0, 21 + €T, 2.) + 26(=2 /)04, C™ (0, 21 + €T, 21)
— (c/g + 2n(52/7))) CH (0,21 — T,z )¢ (0,21 + T, 21)
(02 n) A, 052 (8,21 + T, 21) |
The characteristics method then yields
(0 + Zal) (1,0,2) = ("7 + Zal™) (21 - 7,20

(T 2¢/0)[C (6, 21 — T 21)

i
— 5o (0= 26/ Q)[C (6,20 + T 1)
(6.10) + %(52 m)2C (6,21 + cT) — %(52 /m)o2.C™ (6,2 — T)
- (g5 + 2 m)oa [ O =Tz | +TT ¢ (0.,2) dy]
+ ﬁAZLOZJC_(H,Zl +T2)) — ﬁAzLa;Q (0,21 —T,z1).
2n ! 2n !

All the terms in the second, third, fourth and sixth lines in (6.10) belong to
L>([0, 6], H*3). For the term in the before last line, we do not use (as in [22])
Proposition 3.6 in [21] for an estimate by o(v/T), but write it under the form

(55 +2Em)

¢
(6.11) x 8., [¢1(0,21 — T, 21) (¢ (0,21 + ¢T,21) — ¢ (0,21 — <T,21)) ],

to see that is is bounded in H**3 by a constant uniformly for 0 < 6, 7T < 6,. This
allows us to derive the estimate

~ O ..
sup H (pl + ;lﬁ) (T, T, )H

, S
0<T<04/n Het
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In a similar way, we show that

0
L e
o<1y P ! (T,n )Hs+3
from which we deduce
(6.12) sup (51, @) (T, T, ) ges < C.

0<T<0. /0
As a consequence, the approximate solution (6.9) enjoys the estimate

(6.13) sup |[(p*PP, a*P)(T)||us < C.
0<T<0./n

The error terms R and S contain f-derivatives of p! and G} that we wish to con-
trol. Let us observe that we have 9p¢* € L°°([0, 6.], 0., H*+3) N L>=([0, 0.], H*+5),
but the direct differentiation of (6.10) with respect to # would require to have
doC* € L>([0,0,],02 H*2), or at least A,, 9p¢* € Lw([O,H*],8§1H5+2). This is
by no way possible if d = 2 or 3 since the term A, 91[((*)?] appearing in 9p¢*

Z1 Yz
is meaningless. Indeed, ((*)? € L' has a Fourier transform which is continuous

in R? and positive at £ = 0 (unless ¢* = 0), but &, /¢, |? is not integrable near the
origin for d = 2, 3. We thus proceed to the estimate for dy(p!, @}) by first rewriting
the term A., 072 (0,21 + T, z1) — A, 0-2¢C (0,21 — ¢TI, z1) in the right-hand
side of (6.10) under the form sz_CTA L0.1¢(0,y,21) dy. Consequently, by
differentiation of (6.10) with respect to 6, we obtain by using (6.11),

Do (ﬁl + Qﬁ})
= —{ —2¢/0)¢T0pCT (0,21 + ¢T,21) + (T = 2¢/0)¢™0pC™ (0,21 — T, 21)
+ ﬂ( /) 82,00¢ (0,21 + T, z1) — k(e /1) 02, 8¢~ (0,21 — ¢T,21) }
- (2% + %(52/77)) 02,00 [CH(0, 21 — T, 21 )021C (0, 21 + T, 2.
— (T (0,21 — T, 21)02" ¢ (0,21 — T, 21)]

+cT
+c(62/77)/ Azﬁ;f@e((@,wm,zl) dy ,
—cT

thus the estimates on (¥ we have at hand and Proposition 3.6 in [21] for the last
term yield

s (5 + 2al) (T, ) <erom =om ).

Since a similar estimate holds true for dp(p! — oc™11}), we deduce

(614) sup H@g(ﬁl,ﬁ%)(T,nT,)HHb :0(77_1)'
0<T<0./n
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On the other hand, the formula (6.10) provides, since 0

is curl free,
(Ve 0!+ 202,01 ) (1.6,2)

_ (sz ﬁl,ln QaZI ~1, 1n> (21 o CT, ZJ_)

1 z1+<T
to{ @200, [ PO
ZlftT
z1+cT
+ C((sz/n) aZl . ZL zl C (97 yv ZL) dy

+ 2n(e2/n) 331VZL [§7(9,21 +cT)— ¢ (0,21 — CT)]}

1 K, 5 N z1+¢T
~ (35 + 220, V2, [0 - Tz |

z1—cT

C_ (9, Y, Zl) dy:| )

and a similar equality holds for V,, p! — pc719,, 0! . Thus, taking the difference
of the two equations and integrating in z;, we obtain

(6.15) sup Hﬁﬁ_(T, NT)||gs < CH+o(T) = 0(7)_1),

0<T<0./n

using once again Proposition 3.6 in [21] for the terms involving f ZIHT

Let us now write more explicitly
R =0 0p" + 1?0z, (p10] + p%a}) + 60 V., - (et + p°4])
+ 0?0V, - (Y0 + ') + 970 V., - (plal).
It follows from (6.12), (6.14) and (6.15) that

(6.16) sup ||Err|lme < sup  [[R|ms = o(n).
0<T<LT: /n 0<T<0:/n

Similarly, from the explicit relations
S1 = 1?99t + 1% 9., (01 07) +06° 0 - V., ) +1°9"(0) 92, (6" 1°)
+ 7)39//( )p 821p —€ 7IK( )83 o' — 252 ( )821A2Lﬁ07 77262 ( )aZIAZLﬁl
+nPato,, al +n¥0%al v, 4l +9%%a) v, al +930%al v, al,

we infer

(6.17) sup [[Erry - = ofn),
0<T<T. /n

and from

S = 7)2 5‘9111 + 772 ﬁ%azq ﬁ(i + 7)2 ﬁ(1)8Z1 ﬁlL + 7)52 ﬁOL "V, ﬁ(i
+ 7729”( )V, (ﬁlﬁo) - E277K( ) vaagl ot — 25 K ( )V, AZLPAO
+nPat o, al +9%0%al v, 0l + 92624 - v, al
+n°g" () p' Vayp" — vy K()Vay A pt P07l - Ve il
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we deduce

(6.18) sup  ||eErry ||gs = o(n).
0<TLT, /&2

Comparison estimate. We shall follow the lines of the proof of Proposition 5.4.
From (6.1) and the uniform bounds (p, @) € By s(2M) for any 0 < T < T /n, we
infer that the difference

(5 0) = (p,0) — (p™PP, a™P)
satisfies the system
Orp+V° - ((o+np)a) +1V° - (pa) = —Errp,
(6.19) ¢ O+ g'(0)Vp+nta-Vou+ni- Vo +ng"(0)pV°p+ng”(0)pV°p
= 52K(Q)V‘5[8§1 +52AZL][3 — ErrﬁJFOLOO([O,min(T*,9*)/77],H5+3)(77 (77+€2)).

Similarly as in the proof of Proposition 5.4, we deduce that if 0 < T' < min(7%, 6..)/n,
there holds

iE“ (p,2) < C(s,rd, M)ynE*_ (5, 2)

T
+C(s,r,d, M)\/ E*_ (5, %) ||(Errp, Errg, eVOErr)|| o
+C(s,r,d, M)\JEL_ (p,2)n (n + %) .

Gathering the consistency errors (6.16), (6.17), (6.18) we have established, we
finally arrive by the Gronwall lemma at

E'_ (5, 2) < C(s,r,d, M)(n + €2 + o(1)),

as wished. O

6.4. Proof of Theorem 6.7

From (6.1) and the uniform bounds (p, ) € B; . 5(2M) for 0 < T < T../n, we infer
that

Orp+V° - ((o+np)a) =0

dra+nt-Via+g (o )V‘serng”(Q)pV‘S EK(o)V°[02, +6°A, ] p
=—(g'(e+mp) — g'(¢) —ng"(0)p)V°

+e2 V(K (o +np) ~ K (o))l z1+62 L+ SE Vs E)
= Opeo(o,mm) - (N +€%)  and  Opeeor /o, ms-2) (n(1 + €)).

The conclusion then follows from the same arguments as those used for proving
Theorem 6.2. Notice that here, the error Err, vanishes. )
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Appendix

The estimates listed in the following proposition are rather standard for integer
regularity index (see, e.g., [27], chapter 13, § 3) and for fractional regularity index,
we can found: (A.1) in [19] (Lemma X4 in the appendix there) or in [4] (Lemma B.1
in the appendix there); (A.3) in [4] (Lemma B.4) in the appendix there); (A.4)
in [19] (Lemma X1 in the appendix there) or in [4] (Lemma A.2 in the appendix
there).

Proposition A.1. a) For s >0, for all u,v € H*(R?),

(A.1) lwvllg= < C(d, s) (lullLo vl e + vl ullae) -
b) For s €N, for all u € H*(R?), v € W*>(R?),

(A.2) [uv][gs < C(d, 5) [[v]lwe |[ull m -

¢) For s >0, if F € WIslo°([—r,r]) vanishes at zero, for allv € H*(R?) taking
values in [—r, 7],

(A3) 1E @)= < Cdy 5,7) |E lwrer-soe (g (L4 J0llz) T o]l -

Here, [s] is the smallest integer m such that m > s.
d) For s >0, for all u,v € H*(RY), for a € N such that |a| < s,

(A4)  [0%(uv) —ud®v| L2 < C(d, ) ([ Vull gaslvll Lo + [ VullL [0l - ) -

This is also true when 0% is replaced by A* = (1 — A)%/2.

References

[1] BEN Yousser, W. AND CoOLIN, T.: Rigorous derivation of Korteweg—de Vries-type
systems from a general class of nonlinear hyperbolic systems. M2AN Math. Model.
Numer. Anal. 34 (2000), no. 4, 873-911.

[2] BEN YOUSSEF, W. AND LANNES, D.: The long wave limit for a general class of 2D
quasilinear hyperbolic problems. Comm. Partial Differential Equations 27 (2002),
no. 5-6, 979-1020.

[3] BENZONI-GAVAGE, S.: Planar traveling waves in capillary fluids. Differential Integral
Equations 26 (2013), no. 3-4, 439-485.

[4] BENZONI-GAVAGE, S., DANCHIN, R. AND DESCOMBES, S.: On the well-posedness
for the Euler-Korteweg model in several space dimensions. Indiana Univ. Math. J.
56 (2007), no. 4, 1499-1579.

[5] BENZONI-GAVAGE, S., DANCHIN, R. AND DESCOMBES, S.: Well-posedness of one-
dimensional Korteweg models. Electron. J. Differential Equations (2006), no. 59,
35 pp.

[6] BETHUEL, F. DANCHIN, R. AND SMETS, D.: On the linear wave regime of the
Gross—Pitaevskii equation. J. Anal. Math. 110 (2010), 297-338.



LONG WAVE ASYMPTOTICS FOR THE EULER-KORTEWEG SYSTEM 303

[7]

12]
13]
[14]
[15)

[16]

[17]

21]
22]
23]
24]

[25]

BETHUEL, F., GRAVEJAT, P., SAUT, J.-C. AND SMETS, D.: On the Korteweg—de
Vries long-wave approximation of the Gross—Pitaevskii equation I. Int. Math. Res.
Not. IMRN (2009), no. 14, 2700-2748.

BETHUEL, F., GRAVEJAT, P., SAuT, J.-C. AND SMETS, D.: On the Korteweg—de
Vries long-wave approximation of the Gross—Pitaevskii equation II. Comm. Partial
Differential Equations 35 (2010), no. 1, 113-164.

Bona, J. L., CHEN, M. AND SAuT, J.-C.: Boussinesq equations and other systems
for small-amplitude long waves in nonlinear dispersive media. I. Derivation and linear
theory. J. Nonlinear Sci. 12 (2002), no. 4, 283-318.

Bona, J. L., CoLiN, T. AND LANNES, D.: Long wave approximations for water
waves. Arch. Ration. Mech. Anal. 178 (2005), no. 3, 373-410.

CHIRON, D.: Error bounds for the (KdV)/(KP-I) and (gKdV)/(gKP-I) asymptotic
regime for nonlinear Schrodinger type equations. Ann. Inst. H. Poincaré Anal. Non
Linédaire 31 (2014), no. 6, 1175-1230.

CHIRON, D.: Travelling waves for the nonlinear Schrodinger equation with general
nonlinearity in dimension one. Nonlinearity 25 (2012) no. 3, 813-850.

CHIRON, D. AND MARIS, M.: Rarefaction pulses for the nonlinear Schrodinger equa-
tion in the transonic limit. Comm. Math. Phys. 326 (2014), no. 2, 329-392.

CHIRON, D. AND ROUSSET, F.: The KdV/KP-I limit of the nonlinear Schrédinger
equation. STAM J. Math. Anal. 42 (2010), no. 1, 64-96.

CoLIN, T. AND SOYEUR, A.: Some singular limits for evolutionary Ginzburg-Landau
equations. Asymptotic Anal. 13 (1996), no. 4, 361-372.

CONSTANTIN, A. AND LANNES, D.: The hydrodynamical relevance of the Camassa—
Holm and Degasperis—Procesi equations. Arch. Rational Mech. Anal. 192 (2008),
no. 1, 165-186.

CraAIG, W.: An existence theory for water waves and the Boussinesq and Korteweg—
de Vries scaling limits. Comm. Partial Differential Equations 10 (1985), no. 8, 787—
1003.

GERMAIN, P. AND ROUSSET, F.: Long wave asymptotics for Schréodinger maps.
Preprint, arXiv: 1604.05710, 2016.

Karto, T. AND PONCE, G.: Commutator estimates and the Euler and Navier—Stokes
equations. Comm. Pure Appl. Math. 41 (1988), no. 7, 891-907.

LANNES, D.: Consistency of the KP approximation. In Dynamical systems and
differential equations (Wilmington, NC, 2002), 517-525. Discrete Contin. Dyn. Syst.,
suppl., 2003.

LANNES, D.: Secular growth estimates for hyperbolic systems. J. Differential Equa-
tions 190 (2003) no. 2, 466-503.

LANNES, D. AND SAuT, J.-C.: Weakly transverse Boussinesq systems and the Ka-
domtsev—Petviashvili approximation. Nonlinearity 19 (2006), no. 12, 2853-2875.

PAUMOND, L.: A rigorous link between KP and a Benney-Luke equation. Differential
Integral Equations 16 (2003), no. 9, 1039-1064.

SauT, J.-C.: Remarks on the generalized Kadomtsev—Petviashvili equations. Indi-
ana Univ. Math. J. 42 (1993), no. 3, 1011-1026.

Saur, J.-C. AND XU, L.: The Cauchy problem on large time for surface waves
Boussinesq systems. J. Math. Pures Appl. (9) 97 (2012), no. 6, 635-662.



304 S. BENZONI-GAVAGE AND D. CHIRON

[26] SCHNEIDER, G. AND WAYNE, C.E.: The long-wave limit for the water wave prob-
lem. I. The case of zero surface tension. Comm. Pure Appl. Math. 53 (2000), no. 12,
1475-1535. Corrigendum: Comm. Pure Appl. Math. 65 (2012), no. 5, 587-591.

[27] TaYLOR, M.E.: Partial Differential Equations. III. Applied Mathematical Sci-
ences 117, Springer-Verlag, New York, 1997.

[28] UKAIL, S.: Local solutions of the Kadomtsev—Petviashvili equation. J. Fac. Sci. Univ.
Tokyo Sect. IA Math. 36 (1989), no. 2, 193-2009.

Received October 29, 2015.

SYLVIE BENZONI-GAVAGE: Université de Lyon, Université Claude Bernard Lyon 1,
CNRS UMR 5208, Institut Camille Jordan, 43 blvd du 11 novembre 1918, 69622
Villeurbanne-Cedex, France.

E-mail: benzoni@math.univ-lyonl.fr

DaAviD CHIRON: Université Cote d’Azur, CNRS, LJAD, 06108 Nice Cedex 02, France.

E-mail: chiron@unice.fr

This work has been supported by the ANR project BoND (Bond-ANR-13-BS01-0009-02).
The first author was also supported by the ANR-11-IDEX-0007-02/10-LABX-0070-MILYON-
Community of mathematics and fundamental computer science in Lyon (2011).


mailto:benzoni@math.univ-lyon1.fr
mailto:chiron@unice.fr

	Introduction
	Preliminary material
	Statement of uniforms bounds
	Basic tools for the proof of uniform bounds
	Proof of uniform bounds in the potential case
	Proof of uniform bounds in the general case

	Free wave regime
	One-way propagating waves
	Statement of errors bounds in various asymptotic regimes
	Proof of error bounds for right-going waves
	The (KdV) regime for travelling waves

	Approximation by counter propagating waves
	Statement of error bounds for counter propagating waves
	Detailed proof of error bounds for counter propagating waves

	The KP-I asymptotic regime
	Main results
	Uniform bounds in the weakly transverse scaling
	Proof of Theorem 6.2 (ii)
	Proof of Theorem 6.7


