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Composition operators on the Schwartz space

Antonio Galbis and Enrique Jorda

Abstract. We study composition operators on the Schwartz space of
rapidly decreasing functions. We prove that such a composition operator is
never a compact operator and we obtain necessary or sufficient conditions
for the range of the composition operator to be closed. These conditions
are expressed in terms of multipliers for the Schwartz class and the closed
range property of the corresponding operator considered in the space of
smooth functions.

Dedicated to our friend Pepe Bonet on the occasion of his 60th birthday

1. Introduction

Composition operators, as well as multiplication operators, are widely studied in
the last years mainly in spaces of holomorphic functions. One can check [5], [16],
and the references given therein. Much less seems to be known about the functional
analytic properties of the composition operator when it is defined in real spaces of
smooth functions. To be more precise, let us denote by C>°(R?) the Fréchet space
of all smooth functions endowed with its natural topology of uniform convergence of
the derivatives on the compact sets of R?. When ¢: R” — R™ is an analytic func-
tion, properties of the composition operator Cy,: C>®(R™) — C>*(R"), f+— fo,
are well known since long ([2], [1], [3], [7], [10], [17]). However, when the symbol ¢
is only assumed to be smooth, the operator is not well understood. In particu-
lar, to characterize when the operator has closed range becomes a tough problem.
Yet, there are some recent important advances in this direction concerning the one
variable case. Kenessey and Wengenroth characterized in [9] the injective sym-
bols ¢: R — R such that C,: C*(RY) — C>°(R) has closed range. Przestacki
gave a sufficient condition on the symbol ¢: R — R in order to ensure that the
operator C,,: C*(R) — C*°(R) has closed range. This condition is also neces-
sary under some mild assumptions on ¢ ([12], [13], [14]). A characterization of
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those classes of ultradifferentiable functions which are closed under composition
was obtained in [6].

Besides the space of smooth functions and the space of real analytic functions,
one of the most important spaces in mathematical analysis is the Schwartz space
S(R?) of rapidly decreasing functions. The multipliers in S(R?) are the functions
F: R? — R? such that the multiplication operator Mp: S(R?) — S(RY), f s FFf,
is well defined and continuous. The set of all multipliers is denoted by Oy (R%) and
consists of those smooth functions whose derivatives of arbitrary order have poly-
nomial growth at infinity. Bonet, Frerick and the second author have characterized
in [4] the multipliers ¢ € Op(:= O (R)) such that M, : S(R) = S(R), f— fo,
has closed range.

In this paper we study composition operators defined in the Schwartz space
S(R) of one variable rapidly decreasing functions. We characterize the smooth
functions ¢: R — R for which the composition operator Ci,: S(R) — S(R), f —
f o, is well defined and continuous and, if so, we study some of its properties. In
particular, we prove that C, can never be a compact operator and obtain necessary
or sufficient conditions for the range of the composition operator to be closed
in S(R). These conditions are expressed in terms of the multiplication operator
studied in [4] and the closed range of the corresponding operator considered in the
space of smooth functions, involving then the conditions considered by Przestacki
n [12], [13], [14]. We remark that the characterization of the symbols is valid for
the several variables case.

Recall that S(R) consists of those smooth functions f: R — R with the property
that

T (f) :==sup sup (1+22)"|f9(z)| < o0
zeR1<5<n
for each n € N. S(R) is a Fréchet space when endowed with the topology generated
by the sequence of seminorms (7,),, - Usually the Schwartz space refers to the
space of complex valued functions satisfying this conditions, which is of fundamen-
tal importance in harmonic analysis. If we denote this space by S¢(R), then we
have S¢(R) = S(R) @ iS(R). Since our objective is to study the behaviour of the
composition operator, we can restrict to the real space and the conclusions remain
valid for the corresponding composition operator defined in Sc(R).

2. Characterization of the symbols for S(R)

Definition 2.1. A function ¢ € C*°(R) is called a symbol for S(R) if fop € S(R)
whenever f € S(R).

If ¢ is a symbol, then the composition operator C,,: S(R) = S(R), f — f o,
is continuous by the closed graph theorem. Our first aim is to characterize the
symbols for S(R) and we begin with a simple necessary condition which, in partic-
ular, implies that every symbol ¢ for S(R) is a semiproper map, that is, for every
compact set K C R there exists a compact set L C R such that ¢(R) N K C ¢(L).
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Lemma 2.2. If ¢ is a symbol for S(R) then
lim [p(z)] = oo
|z|— o0

Consequently, either p(R) =R, or ¢(R) = [a, +00) for some a, or p(R) = (—o0, b]
for some b.

Proof. We proceed by contradiction. Assume that there exists a sequence (z;);
with lim;_, |z;| = oo and ¢ € R such that lim;_, . ¢(z;) = ¢. Let f be a com-
pactly supported smooth function such that f(¢) = 1. Then f € S(R); however,
fop ¢ S(R) since

lim [z, (f 0 ) (z;)] = oo. 0
J*}

For the proof of the next result we recall Faa di Bruno formula (see, e.g., 1.3.1
in [8]):

o761 = e Ot (F12) . (202"

where the sum is extended over all (kq, ..., k) € N such that k; +2ko+ - - -+ nky,
=nand k:=ki+---+ k.

Theorem 2.3. A function ¢ € C*°(R) is a symbol for S(R) if and only if the
following conditions are satisfied:
(i) For all j € Ny there exist C,p > 0 such that, for every x € R,

pD ()] < O (1 + p(2)*)P.
(ii) There exists k > 0 such that |p(x)| > |z|*/* for all |z| > k.

Proof. Let us first assume that ¢ is a symbol for S(R) and prove that condition (i)
is satisfied. If this is not the case, there exist n € N and a sequence (z;); C R such
that A
2| +1 < [aja] and [ (25)] = §(1+ p(a;)?)
for every j € Np.
By Lemma 2.2 we can assume, taking a subsequence if necessary,

lo(xi)| +1 <|p(rjy1)l, j € No.

Let us consider p € D[-1/2,1/2] with p(0) = p’(0) = 1 and pU)(0) = 0 for
2 < 7 < n, and define

[eS) miyj
E s j = ZTj).
= 1+y y] SD( J)

The terms of the sum defining f are disjointly supported. Moreover,

oo

1 1
supp f | J [yj — Uit 5]
j=1
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If © € I == [yx — 1/2,yx + 1/2], then

yy PO @ — k)
1w = S

Hence, for each j,m € N there is C' > 0 not depending on k such that

(1+2%)m

1422 £ (@) < 1o oo
C(L+yR)k

<C(14yp)mF,

from where it follows
lim (1+2%)™[f9(z)| =0,

|| =00

ie, f € S(R). Now, an easy consequence of the Faa di Bruno formula gives

(n (n
(F 0 )™ ()] = |02 o ()

= 2
1—|—y,C 1+g0mk

and then f o & S(R), contradicting that ¢ is a symbol for S(R).

Assume that ¢ is a symbol for S(R) but (i) does not hold. Let (x;); be a
sequence in R such that |z;| > j and |p(z;)]? < |zj|. We take p as above. By
Lemma 2.2 we can assume, without loss of generality,

lo(z;)|+1 < |p(zjt1)l, j € No.

Now we define

o)=Y ) ).

We have f € S(R) since there exists C' independent on k such that (1 + 2?) <
C (1+y3) for each x € I}, = [yx — 1/2,y + 1/2]. However,

liminf |2;] - |(f © @) (2;)] = liminf |2;]/|o(a;)]” > 1,
Jj—o0 j—o0

and hence f o ¢ is not in S(R), a contradiction since ¢ is a symbol for S(R).

Let us now assume that ¢ satisfies conditions (i) and (ii) and prove that ¢ is
a symbol for S(R). Condition (ii) in the statement implies the boundedness of the
function h(z) := (1+22)/(1 + ¢(z)?)k. Thus, for a fixed n € N, we can get C > 0
and p > 0 satisfying (i) for 1 < j < n and also |h(z)|* < C for all z € R. This
implies that

(2.1) (142" < C(1+p(x)*)™"
and
(2.2) oW (z)| < C(1+ p(x)?)

for every 1 < j <n and x € R.
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From condition (2.2) and Faa di Bruno formula, we get constants M > 0 and
t € N such that, for each 1 < j <n and f € S(R),

(2:3) (Foe) (@) <M Y (1+e@)) @)

1<e<;

We assume without loss of generality ¢ > n. Hence, using the inequalities
in (2.1) and (2.3), we obtain that

sup sup (1+2%)" |(f o) (2)l
zeR1<<n

is less than or equal to

MCsup Y (14 (@) | (fOp(@)| <M Crpse(f) < 00,
xengéSn

and we conclude fop € S(R). O

Remark 2.4. 1) Lemma 2.2 and Theorem 2.3 remain valid for symbols in S(R™).
This is a consequence of the fact that there is p € D(R™) with 9%p(0) = 1 for
la| = 1, p{®)(0) = 0 for |a| > 1, as follows from the Borel theorem together with
the existence of compactly supported C'* functions.

2) Constants and test functions are examples of functions in Op; which are not
symbols for S(R). Conversely, the function e*” is a symbol for § (R) which is not
in OM

From the conditions in Theorem 2.3 we get the following examples.

Example 2.5. (a) Non constant polynomials are symbols for S(R). Also, if P(x)
is a polynomial with lim,|_, ;. P(x) = 400, then

p(x) = exp (P(x))

is a symbol for S(R).

(b) The symbols for S(R) are stable under products. Moreover, if ¢, 1) are
symbols and |i)(x)] < ¢|p(x)] for some 0 < ¢ < 1 then also ¢ + 1 is a symbol.

3. Compactness of composition operators

We recall that a continuous operator T': E — F between two locally convex spaces
is said to be compact if there is some 0-neighbourhood U in E with the property
that T(U) is a relatively compact subset of F.

We now prove that a composition operator acting on S(R) is never compact.
This contrasts with the behavior of composition operators in Banach spaces of ana-
lytic functions. In fact, compactness of composition operators has been extensively
studied on various spaces of analytic functions.
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The key for the lack of compactness in our setting is the following well-known
lemma, the proof of which is included for the convenience of the reader. For a
bounded function f: R — R we denote

[flloc = sup{[f(2)| : 2 € R}.

Lemma 3.1. For f € Dla,b] and n € N let ||f|ln == > 1_o | f ¥ |lso. The norms
|| |n and || - ||n+1 are not equivalent. Moreover the system of norms (|| « ||n)nen
defines the topology on Dla,b].

Proof. We argue by contradiction and assume that || - ||, and || - [|,+1 are equiv-
alent norms. Then, from ||f® || = [|(f)*~V||o and proceeding inductively we
conclude that || - || is equivalent to || - ||x+1 for & > n. This is a contradiction since
Dla, b] is not normable. O

Proposition 3.2. Let ¢ € C>®(R) be given and assume ¢([a,b]) = [c,d] and
|’ (z)| > 6 > 0 for all x € [a,b]. Then Cy,: Dic,d] = C®(R), f+ foy, is not
compact.

Proof. Let n € N be fixed. The Faa Di Bruno formula implies that there exist
polynomials Q1, Qo, ..., Qn,_1 of n variables such that

(Foe)™ @ = " (p(@) (¢ ()"

+ i Fr (p(2) @ (¢ (), " (@), ., ™ ().

This implies the existence of A, > 0 such that, for all z € [a, b],

n—1

(3.) (£o0)™ @12 15 (@) = 2 3 17l
k=0
= 1" (@) 10" = Anllflln-1.

For each 0-neighbourhood U in D], d], there exist € > 0 and p € N such that
{feDle,d: [[fllp-1<e} U

According to Lemma 3.1, there exists a sequence (f;); C D[c,d] such that
[fillp—1 = € and
PN F oo > Ape + 3

Now we take z; € [a,b] such that ||f;p)|\OO = |f;p)(g0(:nj))|. We get from (3.1)

sup {|(f500) (@) z € la.b]} = [(f;00) (@)=

for every j € N, from where it follows that C,,(U) is unbounded. O
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Theorem 3.3. Let X be a locally convex space such that D(R) — X — C*(R)
with continuous inclusions and let ¢ € C*°(R) be a non constant function with the
property that f oy € X for each f € X. Then C,: X — X is not compact. In
particular, Cy: S(R) — S(R) is not compact for any symbol ¢ for S(R).

Proof. Since ¢ is non constant, there exist [a,b] € R and 6 > 0 such that
|’ (x)] > ¢ for each = € [a,b]. The hypothesis imply the continuity of the in-
clusion iy: De,d] — X for [e,d] = ¢([a,b]). Proposition 3.2 implies that the
composition operator

CA'w :Dle,d] = C®(R), f — fo,

is not compact. The conclusion follows since C}, decomposes as i2 0 Cy, 041, with 4o
being the continuous inclusion from X into C*°(R). O

4. Closed range composition operators

Our aim is to obtain necessary or sufficient conditions for the range of the com-
position operator to be closed in S(R). We will relate the closed range property
of a composition operator Cy,: S(R) — S(R) with the closed range property of
Cyp: C°(R) — C>®(R) (characterized by [13]) and the closed range property of
multiplication operators on S(R), which has been characterized in [4]. Concrete
examples of composition operators on S(R) lacking the closed range property are
provided.

Lemma 4.1. Let ¢ be a symbol for S(R). If C,: S(R) = S(R) has closed range
then Cy,: C®(R) — C*°(R) has also closed range.

Proof. Let (fn)n be a sequence in C*°(R) such that (f, o ¢), is convergent to g
in C*°(R). Our aim is to find f € C*°(R) such that ¢ = f o ¢. For each
k € N we consider xx € D[—2k,2k] with the property that x|_px = 1. Since
lim 4|0 [(2)] = oo there exist My € N such that ¢! ([—2k, 2k]) C [—My, My].
Then (ho ) - (xx © @) € D[—Mjy, My] for each h € C*°(R) and k € N. Hence we
have

lim (fp - xx) 0@ = lim (fno@)- (xkow)=g-(xkow)

n—oo

in D[— My, My], which is a topological subspace of both C*°(R) and S(R). Hence
there exists hy € S(R) such that

g-(xkow)=hroop.

We observe that, for every natural numbers & < ¢, the condition |p(z)| < k implies
i (9(2)) = b ((2)), since

9(x)(xx 0 ) (@) = g(x)(Xq 0 p)(z) = g(z).

Consequently we can define f(p(z)) := hy(p(z)) whenever |p(z)| < k. It easily
follows that f is C* in the interior of ¢(R) and f(p(z)) = g(z) for all z € R.
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In the case p(R) = R, we are done. In the case ¢(R) = [a,+00), f admits right
derivatives of every order at a, and, by Whitney extension theorem [18], we can
extend f to a function in C*°(R). A similar argument gives the conclusion in the
case that p(R) = (—o0,b]. O

In order to obtain examples of composition operators on S(R) lacking the closed
range property, we first consider symbols satisfying the additional condition that
there exist (g;); C N and positive constants (C;); such that

(x) eV @) <G (1 +2%) (1+ o()))

for all z € R. Examples of symbols with property (x):
(a) Each symbol ¢ € Oyy.

2

(b) Every smooth function ¢ such that o(z) = sign(z)el*! or ¢(z) = sign(z)e”
for large values of |z|.

Proposition 4.2. Let ¢ be a surjective symbol for S(R) with property (x) such
that C,: S(R) — S(R) has closed range. Then f € C*(R) and fop € S(R) imply
feSMR).

Proof. Let x € D[—1,1] be a test function such that 0 < y < 1 and x(x) =1 for
x € [—1/2,1/2], and consider i (z) := x(z/k) and f := f - xx € S(R). We claim
that B := {fr o ¢ : k € N} is a bounded set in S(R). Once the claim is proved, we
can proceed as follows. Since S(R) is a Montel space we can assume, passing to
a subsequence if necessary, that the sequence (fi o ) , converges to a function g
in S(R). Since C, has closed range, then g = h o ¢ for some h € S(R). The
surjectivity of ¢ and the identity fo @ = ho e imply f =h € S(R).

Finally, we check that B is a bounded set in S(R), that is,

(4.1) supsup(1 + 2%)? - |(fr 0 ¢) 9 (2)|
keN zeR

is finite for every p and ¢. We observe that

(frow)(x) = (fop)(x) - xr(p(z)),

and, by Leibniz’s formula, (4.1) is less than or equal to a constant times

(4.2) sup sup sup(l+ %) -|(f o )" (@)] - |(xx 0 )" (2)].
keN 0<n</ z€R

According to Faa di Bruno formula,

n

(x& © <p)(n) (z) = ZCm,nXI(le+m+mn)(90(m)) H (go(j)(x))mj,

Jj=1
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where m = (mq, ..., m,,) satisfies my +2mso+- - -+nm, = n. From the property (x)
of ¢, it follows that there are constants A,,, B, > 0 such that

(00 @) (@)] < An Y. e [[ 16 @)™
m Jj=1

< B3 e L (595 (L (@) )™).
7j=1

m

Since |p(z)| < k whenever (xx o ¢)™(2) # 0, we conclude that |(xk © @)™ (z)] is
dominated by some polynomial that depends on n but is independent on k. Since
fope S(R), then (4.2) is finite and the claim is proved. O

Corollary 4.3. Let o be a smooth function such that ¢(x) = sign(z)el®! for large
values of |x|. Then the range of

Cy: S(R) = S(R)
18 not closed.

Proof. Take f € C*°(R) such that f(z) =0 for < 0, while f(x) = 1/z for > 1.
Then fop € S(R) while f ¢ S(R). O

The function ¢ can be chosen in Corollary 4.3 in such a way that the range of
Cyp: C*(R) — C*°(R) is closed. This shows that the converse of Lemma 4.1 is
not true.

A multiplier of the space S(R) is a smooth function F' satisfying
F-SR) C S(R).

It is known that F' € C°°(R) is a multiplier of S(R) if, and only if, for each k¥ € N
there exist C' > 0 and j € N such that

[F®) ()] < C (1 +2?).

The space of multipliers of S(R) is denoted by Oy;. It is obvious that F' € Oy is
equivalent to F’ € Oyy. For F' € Op; we denote by Mp the multiplication operator

Mp:S(R) = S(R), f— F-f.

We now present some sufficient conditions, in terms of multipliers, for the closed
range property of composition operators.

Proposition 4.4. Let ¢ € Oy be a symbol for S(R) such that M, : S(R) — S(R)
has closed range. Then Cy,: S(R) — S(R) has also closed range.

Proof. Let (fn)n C S(R) be a sequence such that (f,, o), converges to g in S(R).
According to Lemma 1.1 in [4], ¢’ does not have flat points in its zero set and then
we can apply [12] to conclude that Cy,: C*°(R) — C*°(R) has closed range. Con-
sequently there is f € C*°(R) such that g = f o p. We aim to prove that f€S(R).
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Since ¢ is a symbol with polynomial growth we have that for each T" > 0 there
exist N > 0 and C' > 0 such that

(4.3) sup(1 + ¢(2)*) 7| f(p(2))] < Csup(1+2°)" |g(x)| < cc.
rz€R Tz€R

In the case p(R) =R, (4.3) is equivalent to

(4.4) sup(1 + 22)T|f(2)] < oo.
z€R
In the case ¢(R) = [a,00) we can assume without loss of generality that the

restriction of f to (—oo,a — 1) is identically null and we also obtain (4.4). Since
(fno@)n converges to g in S(R), then (M (f), 0¢))n converges to g’ = (f/ o) ¢’
in S(R). Consequently,

g € My (S(R)) = My (S(R)).
Since the set of zeros of ¢’ is discrete, we can conclude that

flop e S(R).

Moreover, M, : S(R) — S(R) is an isomorphism into its range, from where it
follows that

lim flop=fop inS(R).

n—oo
Now we can proceed inductively to prove that f*) o p € S(R) for every k € N.
Finally, as in (4.3) and (4.4) we get
sup(1 + 22)T|f®(z)] < oo
z€R

for every T € N and k € Ny. The proof is done. In the case p(R) = (—o0, a], the
proof is similar. O

In [4], the multipliers of S(R) which have closed range are characterized as
the functions F' € Oj; such that there exist N,T,¢ > 0 such that, if we set
Lir:=[z—1/(1+2*)T,2+1/(1 + 2?)T], then we have for each z € R,

(a) The cardinality of the set Z(F) N I, r, the zeros counted with their multi-
plicity, is smaller than N.

®) A+z)T|F(z)| > chzl |z —x;], (z;)¥_, being the zeros of F' in I, 7 counting
multiplicities. If there are no zeros in I, 7 then in the right side one writes
only c.

If I C R is a closed unbounded interval, the space S(I) can be defined in a
natural way. For example, if T = [a, +00),

S(I) = {f e C°(I) : sup sup (14 2%)"|f9(z)| < oo for each n € N}.
zel 1<j<n

We are considering of course the existence of right derivatives in a. Then S(I) is
a (FN)-space.
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Remark 4.5. The proof of the main theorem of [4] (with the obvious modifica-
tions) permits to characterize the functions F': I — R such that Mp: S(I) — S(I)
is well defined and has closed range as those functions satisfying
1. |FO(z)| < C A+ 22)T, (T = T(j)) for every j € Ny and = € I (multiplier
condition), and

2. Conditions (a) and (b) above are satisfied for each z € I, for I, = [x —
1/Q+23)Tz+1/1+2*)T]N 1

We see below that, in the case that ¢ € Oy is not surjective, we only need to
require that C,,: C*°(R) — C*°(R) has closed range and ¢’ satisfies conditions (a)
and (b) in some unbounded interval I.

Theorem 4.6. Let ¢ be a non surjective symbol for S(R) and assume that the
following conditions are satisfied:

1. Cy: C®(R) = C*°(R) has closed range.
2. There exists a closed unbounded interval I such that the multiplication oper-
ator My : S(I) — S(I) is well defined and has closed range.
Then C,: S(R) — S(R) has also closed range.

Proof. Let us assume that ¢(R) = [a,00) and ¢’ is a closed range multiplier for
S((—o00,b]). Let (fn)n C S(R) be a sequence such that (f,, o), converges in S(R).
Since Cy,: C*°(R) — C*°(R) has closed range, there exists f € C°°(R) such that
(4.5) lim f,op=fopeSR).
n—oo

Our aim is to show that f € S(R). By cutting off after multiplying by a
convenient test function, we can assume that the support of f is contained in
[a — 1,00). Calculating the derivative in (4.5) we get

(4.6) Jim (fl00) @' = (o) ¢ € SR).

Thus the convergence of (4.6) is also in S((—oc, b]). From the hypothesis on ¢’
we get that ¢ is a multiplier on S((—o0,b]), and then it has polynomial increase
as © — —oo. Hence also ¢ has polynomial increase as © — —oo. Since moreover
My : S((—o0,b]) = S ((—00,b]) has closed range, we have that ¢’ has no flat points
in its zero set in (—oo, b] and M, is an isomorphism into its image, hence

lim f; 0= fopeS((~o0,b)).

n—oo

Inductively we get

(4.7) lim £ op=f"ope S(—o0,b)).

n—oo

We use now the polynomial increase of ¢ in (—oo, b] to get that, for each k € N,
there exist N € N and C' > 0 such that

lim (14 (2)*)* [P (p(@)| < € lim (142N |(fP o p)(@)] =0
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for each 1 < j < k. Finally, as in Proposition 4.4, from ¢(R)=Ia, c0), lim,—, o ©(z)
= +o0 and f identically null in (—oco0,a — 1] we get
lim (142%)"|fD(z)] =0
|z|—+o00

for every 1 < j < k. In the case that ¢’ is a closed range multiplier for S([b, >0)),
the argument is similar. O

From the proof, the following version for surjective symbols follows.

Theorem 4.7. Let ¢ be a surjective symbol for S(R) such that C,: C°(R) —
C>(R) has closed range. Assume there exist closed unbounded intervals I, Iy such
that R\ (I U I) is bounded and the multiplication operator M : S(I;) — S(I;)
is well defined and it has closed range, j = 1,2. Then Cy,: S(R) — S(R) has also
closed range.

The examples below illustrate that for non surjective symbols we need only one
good branch to have closed range. However, for surjective symbols we need control
on both branches.

Example 4.8. (a) Consider the function

—e 42, z<0,
801(30) = x x>1

and let ¢ be a C* extension of p; to R, which always exists by Whitney’s
theorem [18]. Then ¢ is a surjective symbol and Cy, : S(R) — S(R) does not have
closed range by Proposition 4.2 (see the proof of Corollary 4.3). Since ; satisfies
that for each z € R there exists y € @ *(z) N (R\ (0,1)), and then &,'(y) =
¢'(y) # 0, we conclude from the main theorem in [12] that Cy, : C*°(R) — C*(R)
has closed range.

(b) Let o > 1 be such that xzpe~ " = 1/(2¢), and consider the function

re ", x < xg,

pa(x) = { (2z9 — x) + %, T > 2x.

Let us observe that ¢z (R \ (z0,22¢)) C (—o0,e™!] and

1
pa2(w0) = p2(270) = %"

If ¥ is a smooth extension of o which is real analytic on (xg,2zg), extension
that always exists due to a Whitney extension’s theorem [18], then (5 does not
have any flat critical points. A similar approach to that of the previous example
gives that Cy,: C°(R) — C*°(R) has closed range. Now we apply Theorem 4.6
to conclude that also Cy,: S(R) = S(R) has closed range.

Finally we obtain some kind of a converse of Proposition 4.4 and Theorem 4.6.
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Theorem 4.9. Let ¢ be a surjective symbol for S(R) such that C,: S(R) — S(R)
has closed range. We assume that there exists k such that ¢'(z) # 0 if |z| > k.
Then there exists a closed unbounded interval I such that the continuous linear
mapping Cy: S(e(I)) — S(I) is surjective. Moreover,

My :S(I)— S(I)
s well defined and it has closed range of codimension less or equal 1.

Proof. Since f(x) — f(—x) is an isometry we assume without loss of generality
that

Q:EI—POO p(x) =400 and xgriloo p(x) = —o0.

From the hypothesis we can take a > 0 such that ¢/'(z) > 0 for all z € [a,0)
and ¢! (pla, 00)) = [a,00). We consider I = [a, 00) and denote ¢(I) = [b,00). Let
e > 0 be such that ¢/ > 0in [a —e,a + €], and let § > 0 and n > 0 be such that
¢(la —e,a]) = [b—0,b] and ¢([a,a +€]) = [b,b+n].

We check first that Cy,: S(¢(I)) — S(I) has closed range. Notice that the
mapping is well defined since ¢ is a symbol for S(R). Assume there is (f,)n
in S(p(I)) such that (f, o ¢), converges to g in S(I). We aim to obtain f €
S(¢(I)) such that g = fop. By Seeley-Mityagin’s theorem [11], [15], there exists a
continuous linear extension operator F: C*°(I) — C°°(R). Let p be a test function
such that 0 < p < 1 and with the properties that there is 0 < ¢t < £/2 with p =1
in (a —t,a+t), and its support is contained in (a —&/2,a+¢/2). For f € C*(I),
we define T'(f)(z) = E(f)(z) if ¢ > a and T'(f)(x) = E(f)(z)p(x) if < a. Now
T:C>®(I) = C*(R) is a continuous linear extension operator and

(4.8) supp (T(C™(I))) € (a —&/2,00).

In the above formula we mean that the supports of the functions in T'(C*°(I)))
are closed intervals contained in (a—&/2, 00). Since ¢~ is smooth in [b—4, b+1n)], we
can use Whitney’s extension theorem to consider an extension v of (¢|js—z,a+e])
which is smooth in (—oo,b+ 7). Since y(b — ) = a — ¢, there is s > 0 such that
v(z) <a—e/2ifx € (b—6—2s,b—3+2s). If we consider a € D(b——2s,b—3+25s)
such that 0 <a<landa=1in (b—9J —s,b— 0+ s), we can define

) = (90|[a—5,a 8])_1(x)7 z€[b—04,b+mn),
h(z) : { (av)(m),+ x € (—o0,b—9).

We have that h: (—o0,b+n) — R is a smooth extension of (¢|js—z,ate]) ™"
which satisfies

(4.9) h(—00,b—0) C (—00,a —€/2)
and also
(4.10) h(z)=0forz <b—0 — 2s.

Now we define the following function:

p iy ) T(faop)oh(z), z€(—00,b),
Inl) = { ful(z), x € [b,00).
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Notice that differentiability of f, implies that fn is smooth on a neighbourhood
of b. We mean, near b we have f,(x) = T(fn 0 @) o h(z) if z < b and also
fn(x)A = fu(z) = fnowpo (90|[a—5,a+5])71(x) = T(fnop)oh(x)if z € [b,b+n),
i.e., fn near b is the composition between two smooth functions. By (4.8) and (4.9)
we can write

A 0, x € (—o0,b—19),
fn(m) = T(fn o 410) o (@'[afe,a])_l(m)a S [b - 67 b],
fn(m)a S [b,OO)

Since f, € S(p(I)), we get f, € S(R). Moreover we have
K 0, x € ¢ 1 (—00,b— ),

(fnow)(@)=q T(faop)(z), z€p ib—201,

(fno@)(@), x€¢ (b oo)=(a,o00).

From the assumptions of the theorem it follows that K = o1 ([b — §,b]) is a
compact set. From the fact that 7" is an extension operator it follows that T'(f,, 0¢)
converges to T'(g) in C°°(R). In particular, T'( f,op) and all its derivatives converge
uniformly to T'(g) on the compact set K. Together with the convergence of (f,0p),
to g in S(I), we get that f, o ¢ converges to T'(g) in S(R). Hence there exists
fe S(R) such that T'(g) = fo . If we denote by f the restriction of f to o(I),
we have that f € S(p(I)) and g = fo .

Each f € S(I) which is compactly supported satisfies that fop™" is compactly
supported in ¢(I) and C*. Since Cy: S(¢(I)) — S(I) has closed range and the
range contains all compactly supported functions in S(I), we conclude that it is
surjective. We proceed to show that under these conditions ¢’ is a multiplier for
S(I) and Myr: S(I) — S(I) has closed range.

Claim. (f o )¢’ € S(I) for each f € S(p(1)).

Proof of the claim. Since ¢ is a symbol for S(R), for each n € N there exists N € N
such that |0 (z)] < (1+ |@(x)])N for 1 < j < n, and there exists k € N such that
|z| < |¢(x)|® if |x| > k. Applying the Faa di Bruno formula and Leibniz’s rule we
can then obtain that, for each n, k € N, there exist C, M > 0 such that

1

n

sup(1 +2%)" [((f o 9)¢") " (2)] < C sup Z (1 + )M F9D (),

z€l tep(l) iZ

the right term being bounded since f € S(¢(I)). The claim is proved. Surjectivity
of C,: S(p(I)) — S(I) permits to conclude that

Mtp’ S(I) — S(I)

is well defined, and then continuous by the closed graph theorem.
Let T: C*(I) — C*(R) be the continuos linear extension operator used
in the first part of the proof. The construction implies T(S(I)) € S(R), and
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then T': S(I)— S(R) is continuous by the closed graph theorem. Define ve S(I) as

Mﬂ—/wﬂﬁwﬁ

— 00

Let fo = (1/v/me* € S(R) with [*_ fo(t)dt = 1. For f € S(I) define

gmjf@m®AMM%A—w»

— 00

We have by L’Hopital’s rule that g € S(R) and

T(f) =g+ Mo, A=v(f).
From this we get that for each f € S(p(I)) there exists g € S(R) such that

T(fop)=g + Ao, A=v(foyp).

If we restrict to I we get

(4.11) (fop)=g + Ao, A=v(foyp).

Surjectivity of Ci,: S(¢(I)) = S(I) permits to get h € S(¢(I)) such that g(z) =
(h o) (z) for each x € I. This means that if f € S(p(I)) and f o ¢ € Ker(v),
then

foo=(Nop)p € My (S(I)).
Since S(I) = {fop : f € S(p(I)}, we conclude that M, (S(I)) contains the
closed hyperplane Ker(v), and then it is closed. O

Theorem 4.10. Let ¢ be a surjective symbol for S(R) such that C,: S(R) — S(R)
has closed range. Assume that there exists k such that ¢'(x) # 0 if |z| > k. Then
@ € Oy and there exist ¢ > 0, T > 0 such that

' ()] 2 e (1+2*)7"
for |z| large enough.
Proof. The proof of Theorem 4.9 shows that under the hypothesis there are in fact
two intervals, Iy C [0,00) and I» C [—00,0), such that M, : S(I;) — S(I;) is a

well defined closed range operator. Hence we get the conclusion from Remark 4.5
and the equivalence ¢ € Oy if and only if ¢’ € Oyy. O
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