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Norm convolution inequalities in Lebesgue spaces

Erlan Nursultanov, Sergey Tikhonov and Nazerke Tleukhanova

Abstract. We obtain upper and similar lower estimates of the (L, Lq)
norm for the convolution operator. The upper estimate improves on
known convolution inequalities. The technique to obtain lower estimates
is applied to study boundedness problems for oscillatory integrals.

1. Introduction

Let 1 < p < o0, L, = Ly(R), and let the convolution operator be given by

(L) AN = (KN = [ K=l K€ L
The Young convolution inequality
1 1 1
AL, ~z, < IKlL,, 1+-=-4+-, 1<p<g<oo,
qa p T

plays a very important role both in Harmonic Analysis and PDE (see, e.g., Chap-
ter 4, §2, 4 in [2], [5], [12]). Hardy and Littlewood (see, e.g., [28]) extended this
result to include the kernels K () = |=|~'/", which correspond to the fractional in-
tegration theorem. Hormander [10] has weakened the condition K € L, by giving
a strictly larger class which includes the Hardy—Littlewood kernels.

Young’s estimates were generalized by O’Neil [23], who showed that for 1 <
p<g<ocandl/r=1-1/p+1/q,

(1.2) AL, >, < CIK|L,.. = csulg YT (t),
t>

where K*(t) = inf {0 : p{w € Q@ : |f(z)| > o} <t} is the decreasing rearrange-
ment of K. Note that inequality (1.2) unlike (1.1) gives the Hardy—Littlewood—
Sobolev fractional integration theorem.
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There are several generalizations of both Young and O’Neil’s inequalities for
various function spaces (weighted L, spaces, classical and weighted Lorentz spaces,
weighted Besov and Hardy spaces, Wiener spaces, Orlicz spaces; see, e.g., [3], [6],
[9], [13], [16], [17], [18], [21], [24], [32] and references therein). We also remark that
the sharp Young convolution inequality was obtained in [1] and [4].

Another extension of Young’s convolution inequality was shown using the Wiener
amalgam space W(Lr,w[—l, 1], lrm(Z)) (see, e.g., [8]): for 1 < p < ¢ < o0 and
1/r=1-1/p+1/q one has

(1.3) AL, L, < CIKW (L wl-1.1], 1o (2))
(1.4) lAlL,~z, < CIK|w(, @), Lrool-1.1))
where

HK||W(L,,.,OO[—1,1],l,,.,oo(z)) i= sup nl/r( sup tl/TK*(ta'))na

neN 0<t<2
- *
||KHW(1,,.,OO(Z),Lr,oo[fl,l]) ‘= sup tl/r(gup nt/r K*(.’n)) (1),
0<t<2 neN

and

K(z,m):=K(m+zx), mecZ x¢cl[-1,1].
Inequality (1.4) was proved by Stepanov [31]. To make the paper self-contained,
we provide the proof of inequality (1.3) in Section 3.

The goal of this paper is to improve both O’Neil and Stepanov-type upper
estimates of [|A||L,z,, i.e., inequalities (1.2), (1.3), and (1.4), and to obtain the
lower estimate of the same form as the upper estimate. As a corollary, we get a
characterization of [|Al|z,r, for some regular kernels. Moreover, the technique
that we use to obtain lower estimates is applied to study boundedness problems
for oscillatory integrals.

To formulate our main results, we will need the following definitions. Let d > 0
and let

- M be the set of intervals of length < d;

- M3 be the set of measurable sets e C [—d, d] such that diam (e) = sup,, ,¢. |z—
yl < d;

- Wi be the set of all finite arithmetic progressions of integer numbers;
- Wa be the set of finite sets w C Z such that min; je,, |7 — | > 2.
Now we define the sets £4, Uy, and U, as follows:

gd:{E: U(e+kd): e e M, wEW1},

kew
Uy = {E: U (ek—i—kd) e € My, we W, |6k| = |6j|, k,j€ w},
kew
Vo= {E=J@+uw@ad: ceM, w@)eWs, @) =lw), vy € e},

reEe
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where |e| is a measure of the set e € M; and |w| is a number of elements of w € W.
Note that £4 C Uy NVy. If E € L4, then |E| = |e||w|, where e € M; and w € W.
Similarly, this property holds for E € $; and E € U,.

Theorem 1.1. Let 1 < p < q < oco. If for some d > 0 we have either

1
or
1.6 L K dr < D
(1.6) gggdm E| (z)]dz < D,

then the operator Af = K * f is bounded from Ly(R) to Ly(R), and
(L.7) |AllL,~z, < C(p.q) D,
where C(p,q) depends on p and q.

Next, we investigate the lower bounds of ||K * f|r, —z,-

Remark 1.2. Let 1 < p < g < oo. If the operator Af = K x f is bounded from
L,(R) to Ly(R), then

1
(1.8) sup
\B|>0,5em |E — E|Y/P|E|~Y/4

| [ K@) da] < AL,

E

where 9T = M, UM _|

(1.9) M ={ECR:E-E+ycC{z:K(z) >0} forany yec E},

and

(1.10) M_={ECR:E-E+ycC{z:K(z) <0} forany yec FE}.
Note that if (xg — d, 20 + ) C {x : K(z) > 0}, then any E C (z — g,l‘o + %)

belongs to M. Setting M(B) = {E : |E — E| < B|E|}, estimate (1.8) in particular
implies that for non-negative kernels K we have

1
1.11 sup 7/ K(x)dx < BYP||A Ly—L,-
(L1 pen(p) |EIVP711 [ @) 14z,

Moreover, for certain regular kernels K the upper and lower bounds in (1.5)
and (1.8) coincide, that is, we get the equivalent relation for ||A|z,—r,. More
precisely, we say that a locally integrable function K(z) is weak monotone if there
exists a constant C' > 0 such that for any =z € R\ {0},

(1.12) 1K (2)] < % ’/OxK(t)dt‘.
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Note that if an even nonnegative function K (-) is monotone decreasing on R or,
more generally, quasi-monotone’, then K (-) is weak monotone. On the other hand,
there are weak monotone functions which are not quasi-monotone, for example,

|COS|IC|ﬁ|

||

K(z) = ., a<l<a+8.

Corollary 1.3. Let 1 < p < g < oo and K(z) > 0 be a weak monotone function.
Hence, a necessary and sufficient condition for the operator Af = K x f to be
bounded from L,(R) to Ly(R) is

sup |z|/P VK (2) < oo.
|z[>0

Moreover,

Ci(p,q) sup |z['/P V91K (2) < ||Allz, -1, < C2(p,q) sup |27 V9K (2).
|z[>0 |z|>0

We note that the upper and lower bounds in Theorem 1.1 and Corollary 1.3 do
not distinguish the operators with kernels K and |K|. Therefore, it is important
to obtain a lower bound for non-regular operators, where the operator (Af)(z) =
foo K(x y)f( )dz is non-regular for (L,, L,) if it is bounded from L,(R) to Ly(R)

and A iz f_ |K (z,y)|f(x)dz is not bounded. The next result provides lower
bounds for such operators.

Theorem 1.4. Let 1 < p < q < oo, d > 0, and the operator Af = K x f be
bounded from L,(R) to Ly(R). If for any B > 0 we have

1
|BI<B
then
(1.14) SUP B[ /EK@C) dx‘ <Ca) | AllL, -z,

For bounded kernels K, condition (1.13) holds for any d > 0, and we have:
Corollary 1.5. Let 1 <p < g < oo and |K(x)] < C. Then

19 e

/EK(x) dx( <O ) AL, L,

where £ = J; 50 £

LA function K (-) on Ry is quasi-monotone if there exists 7 > 0 such that f(z)/z" is monotone
decreasing.
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In particular, the convolution operator with the kernel K (z) = K,,(x), where K,
is a non-trivial trigonometric polynomial of degree at most n, or K (x) = |sin z?|
is not bounded from L,(R) to Ly(R) for 1 < p < ¢ < oo since the left-hand side
of (1.15) is not finite (see Section 6).

Remark 1.6. The statement of Theorem 1.4 does not hold in the case p = ¢. For
example, take

1 1 }

K(w) =Y (senm)xp, (@), Dn=|n—soin+ |,
2 " 2]’ 2]

then Af = f* K is bounded from L, to L,, 1 < p < oo (see [30]), but supgcg,
| [z K(2) dz| = oo since for By = U;_, ([0,1] + k) € £1,0 <t <1/2, s € N, we get

/EK(m)dl“Z K(z dx—Z/Kx—i—k Z /Kx—i-k

k=1/2t

sup
Eegy

S
> % — 00 as s — 0.
k=1/2t

By C,C; we will denote positive constants that may be different on different
occasions. We write F' < G if F' < C1G and G < CoF for some positive con-
stants C7 and Cy independent of essential quantities involved in the expressions F'
and G. By xg(z) we define the characteristic function of the set E. Let |E| be
the Lebesgue measure of E.

The paper is organized as follows. In Section 2 we obtain a required version of
the Riesz lemma for rearrangements (see, e.g., [28]). Sections 3 and 4 are devoted
to the estimates of ||A[[z,—r, from above (Theorem 1.1) and below (Remark 1.2,
Corollary 1.3, Theorem 1.4), respectively. In Section 5, we show that the right-
hand side estimate in (1.7) implies (1.2), (1.3), and (1.4) but the reverse does not
hold in general. We conclude with Section 6, where we obtain several (L, L,)-
boundedness results for a convolution with oscillating kernels. In particular, we
obtain sharp necessary conditions on a and b for the operator Af = K x f with
K(z) = eI /|z|* to be bounded from L, to L,.

Finally, we remark that some results from this paper were announced in the
note [22].

2. Rearrangement inequalities

First, we denote the decreasing rearrangement of f on Z by f*. We also denote
[ (n) == L3570 f*(k). The convolution of functions f and K on Z is defined by

= ZK(k—n)f(n)

nez

The following results are inspired by [23], [21].
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Lemma 2.1. Let functions f,g, and K be defined on Z". Then

(2.1) Y gk)(K * f 227"9 r) K (r).

kEZL

Proof. From

£ (n) = sup %Z 1£(5)

le|=n
eCZ s€e

(see Chapter 2, §3, in [2]) and the Hardy-Littlewood inequality ([2], p. 44), we
write

D gk [)(k) <D g* (K« ) (r)

3

keZ r=1

r=1 |F|_rmEZ sce

<307 Zf (%Z|K(s—~)|>**(m)
r=1 el=r s€e
oo

<> g supzf (2 g Z -0
r=1 €| |(U| tew sce
oo
Zg* Z (sup sup— ZZU{ )
r=1 m=1 IWI 6| | | tew s€e

We consider

®(r,m) = sup sup |e|| |ZZ|K

le|= \u.)\ m
eCZ tew s€e
If » < m, then

O(r,m) < ISIIJPZ sup %ﬁz]l(( s—t)| = K*™(m)

=m
cz tew

r [w]
A s€e w

and if m < r, then

®(r,m) < sup el |W|ZsupZ|K s—1)] = K*(r).

\A:\ng lel=r'cce

Hence, we get
O(r,m) < K™ (max{r,m}).
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Therefore,

;g(k)(f(* k) < 29*(?) i:lf*(m)K**(max{r,m})
:gg*mw*(r)m;f(m) g m;lf ) K**(om)
Zirg*(r)K**(r)f**(r)Jrilf*( VK >ig*<r>
< érg**(r) K™ () £() ]

The continuous analogue of the previous lemma is the following result.

Lemma 2.2. Let f and g be measurable functions on [0,d] and K be measurable
n [—d,d]. Then

d
/ / f(@)K(y—2z)dxdy < / tg™ (t) f* (sup B |/|K |dx)
: i I
Proof. Similarly to the proof of Lemma 2.1, we have

/Odg(y) (K f) (y)dy < / / [t su:p S |w|// )| dedy

eC[O d] wC[0,d]

/ /f O(s,t)dtds.

Further, for s < t, we get

O(s,t) < sup — [ sup /|K x)| dedy = sup /|K(J;)|d:v,
eC[Od e \w\ t | | |w|=t | |
lel= wC[0,d] we Mo

and for s > ¢,

B(s0) < sup o [ ||y
|e
Finally, as in the proof of Lemma 2.1, we have

d d
/Og(y)(K*f)(y)dy<2/0 (1) £ (1) sup||/|K Dldr. O

le|=t
e€ Mo



818 E. NURSULTANOV, S. TIKHONOV AND N. TLEUKHANOVA

3. Proofs of upper bounds

Proof of inequality (1.3). By Minkowski’s inequality, we get

1K fllz,®) = Z/ Z/fﬂH—m —2) 4+ (k—m))da|”

)1/q
kEZ meZ
<(X

/ /fx+m ((y —:c)+k_m)dx>qdy>1/Q>q>1/q’
kez meZ

Using O’Neil’s inequality (1.2) and then its discrete analogue, we have
a\1/q
1K 5 fllzge <€ (30 (2 16 +m)l,oullEC+E=m)l, 1))
k€EZ meZ

1/p
C (Y UrC+ml o) IHEC+ml, o

kEZ
=Cflle, @ |IKC+n)L, -1,

I, o0 (Z)

lr,oo(Z)"

O

Proof of Theorem 1.1. Suppose (1.5) holds. Let d > 0 for k € Z and z € [0,d], we
denote

fla k)= f(x + kd), Gz, k):=g(x+kd), and K(z,k):=K(z+ kd).

We are going to estimate the following quantity:

/ / flz —x)dz dy.
Let us write it as follows:

J= Z/ (y + kd) Z/fx—i—md K((y —z) + (k — m)d) dz dy

keZ meZ
(3.1) —Z/ J(y, k Z/ f(z,m)K(y —z,k —m)dz dy.
keZ meZ

To estimate this, we first use Lemma 2.2:

22 Z/ £ FO (8, m) g (¢, k) sup el

le|=t
kEZ mEZ e€ Mo

/ (Z (**)ltk Zf** tmeseup||/|ka: m)|dm)

kEZ mEeEZ

/ka mdm‘dt
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where

1

¢
—/f*l(u,m)du, m € Z,
0

~(**)1t _
Fe () = &

1 t
GO (k) = Z/ G (k) du, keZ,
0

and f*1(t,m),§* (t,k) are decreasing rearrangements of f(z,m),j(z, k) with re-
spect to  and with fixed m and k, correspondingly.

Applying now Lemma 2.1, we get

d o0
J<4/ tZsf**(t,s)g**(t,s)(sup |w| sup | |/|K T, m |dm>
0 s=1

|wl=s IPI t
wCZ

d oo
—: 4/ > s f(ts) 5 (t,5) Falt, s; K) dt,
0 s=1

where

S

S O(fUt, ), and gT(ts) =
=1

»

(" (),

1
s

®w | =

Il
_

Then writing

(ts) g™ (t, )" (¢, 5) Falt, 5 K)
< ((t)/7 79 (8, 9)) (57 (1)) ( sup (89)'/7 Fult 55 K) )

o<t<d
sEL

and using Holder’s inequality with parameters ¢ and ¢’ and the fact that L, , —
L, g for ¢ < qi, we get

/ Ztsf** (t,s) G (t, s) Fa(t, s; K)dt < 4 sup (ts)' =P VD Ey(t, s; K)

o<t<d
SEL
~ /q /p
Z/ (5 (t.)" dr Z/ Feies)yar) "
seN seN

Note that Hardy’s inequalities of the type

< @Il

lp

[ [ 4], < 1o, ma [0 5
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imply

5[ Uearacwr [ Sy

seN seN
Z/ (For(t, )" dt < ( QPZ/ Fri(t,s)) dt
SEL SEZ
2”2/ )P dt = (o) 111

SEZL

This yields the following inequality:

| [ot) [ #@)ty = o) dody| < € sup (190 Eyte, s )|, Lo, -
R R

o<t<d
SEL
Thus,
(3.2) |AllL,~r, < C sup (ts) =P VD Ey(t, s; K),
0<t<d
SEL
where
sup (ts)' =PV Fy(t, 5 K)
0<t<d
SEZ
-y & (@, m)|d
= sup sup ————— sup x,m)|dz.
0<t<d |w|=s (ts)t/p=1/a oo lel=t, diam ()<d Je ’
SEZ eC[—d,d]

Thus, if condition (1.5) holds, we get

AllL < C(p,q) sup su su /f{:c,m dx.
4l 55 < Clp.) s st s oy 2o o | 1K m)

FEI\/IQ
Similarly, in the case when condition (1.6) holds we have
42,1, < Clpa) stp, s sup [ sup 37 |

0<t<d le|=t |w|=s
sEL €My weW, MEW

This can be proved as above but in this case we first apply Lemma 2.1 and then
Lemma 2.2.

To finish the proof of Theorem 1.1, it is sufficient to show the following.
Lemma 3.1. Letd >0,0<~v <1, t>0, and s € N.

(A) Let w C Z and |w| = s. Then

1
Z sup/|Kmm|dx 4 sup |E|7/ | K (x)] dx,
B

Ry lel=t Eesly

where K (z,m) = K (z + md).
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(B) Let e € My and |e| =t. Then

K( 4 K(z
BE /sup Z| (x,m)| dx < sup |E|7/| )| da.

‘w‘ S mecw

Proof. For any m € w and t € (0,d] we find e,, € My, ie., e, C [—d,d],
diam (e,;,) < d such that |e,,| =t and

sup [ |K(z,m)|dz < 2/ |K (2, m)| dz

le|=t Je em
- / K (2 + md)| dm:2/ K (2)] da.
em em+md
We have
3 | (2, m)| d 2)|d
su z,m)|dx < .
(ts)"{ \e\:t,difmegd e e.m+md
eC[—d,d]

Since any set w C Z can be represented as a union of w; and ws from Ws, i.e.,
such that ming mew, |k —m| > 2, we get

1
i )’y sup /|K (x,m)|dx < / x)| dz
S me \e\ t d1ame<d mel mews 6m+md
2
<7 )W( K (2)] de + K ()] dr )
5 Umewl (em+md) Ume2 (em+md)

1
<4sup—/Kac dx,
o, 1Ep Jp )

where in the last inequality we used that | U
similarly for ws.
The proof of the inequality from the part (B) is similar. First,

— (em + md) | = |w1||em| < ts and

1
/ Z|Kmm|dx\ K(x,m)| dzx
@5)7 ot smew
wCZ
for some w(z) € Z such that |w(x)| = s. Then
2
sup |K (z,m)|dz < / |K ()| dx
(ts) /e ol mze;u (ts)Y JU, o, (rtwn (2)d)

2 / 1
+ — K(x d:c<4sup—/Kx dx.
(ts) UweE(w+w2(a:)d)| (@) rev, | B[ E| (@)
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4. Proof of lower bounds

Proof of Remark 1.2. Let E € M and fo(x) = xp—g(x). Then we get

l/q
E—-F Y

Since for any y € E we have F — E + y D E, using the fact that K keeps its sign

for any =z € F, we get
‘ / dm ’ / K(x dx
E+E—y

qdy) 1/q.

o0 q
| K * follz, = (/ ‘ i EK(y—m)dm

Therefore,
15 < folle, > 1E11] [ Kia)dal
E
and
A |E|1/q K(x d O
4t > i | [ K@l

Proof of Corollary 1.3. From the definition of weak monotone function, we get

1
_ Kt)dt<C K d
SUp T 1 /E (t) SU T |E|1/p 72 / / )dy)

1 t
<Cowp g | |, K04 g0 G |, e

1 t
<C —_ K(x)d

1 s dt
o0 si/r=1/a | [i=1/p1/a

1 t
<Cswp—- | | K d(
sup e |, Kok

and

Cy sup [t[V/P VIR () < sup e \ / K(s)ds| < Cy sup [t|'/P 9K (1),
[t]>0 t£0 |t| /p /a [t]>0

Therefore, if supj;|. |t|*/P"+1/9K () < oo, Theorem 1.1 implies that the operator A
is bounded from L, to L,.

On the other hand, by (1.11) with B = 2, we get

1
A > 9 1/p 7/ K(s) ds.
H HLP_>L11 EZI‘)J’KPQ) |E'|1/p 1/q (8) o

Since M(2) contains all intervals [0,t), we estimate

1 t /
lAllz,~z, = 2= P qup 7 ’/ K(s) ds’ > C sup |t|1/p +1/‘IK(t). O
0 tH/P=1a | [y [t]>0
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Proof of Theorem 1.4. Suppose that B > 0 and

/K dﬂc’<oo

Then we consider Ey € £4,|Fo| < B, such that

/ K(x) d:c‘ > e
Eo 2

Since the convolution is translation invariant, we assume that Ej is of form

o= EELd |E|1/7_/

|E|<B

|E0|1/r’

Ey = 6 ([0,0] + ird),

i=0

where b < d, m,r € N.

Let us take 0 < § < 1/2 to be specified later. We define the following sets F1 45
and Ej:

(1+8)m] [5m]
Eips= J ([0,(140)b] +ird) and E;= | ([0,6b] + ird).
=0 1=0

Then taking fo = Xg,.;, the boundedness of the operator A implies

1K * follz, < |All,—z, [follp, = 1AL, L, [Brs”
(4.1) <2 AllL,—r, (1+8)%7 | Eo|V/7.

On the other hand,

1K * follL, = (/Oo( | K- )dx‘qdy>1/q

1+5 b(1+6) q 1/q
(Z/ ‘ / K((ir — j)d + (z — y)) dx )
[6m] 51, (A+8)m  (145)b q 1/q
( / / K((i — jyrd+ (z —y)) dﬂc’ dy)
[Sm] 5b (1+6)m T r(148)b—y q 1/q
( / ‘ / K(ird + x) d:c‘ dy) :

=—j -y
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Dividing the inner sum into five terms, we estimate

om] (1+8)b—y
| K * follz, = ( / “Z/K ird+x d:c‘ —' / K(ird—i—:c)d:c‘

[(A+)m]=i  (1+8)b—y 0
Z / K(ird—i—m)dm‘—’Z/ K(ird—i—m)dm‘
i=0/~v

i=m-+1 -y

_ ’ Zm: /b(1+5)by K(ird + x) dx” qdy) e

=0

4 /g
:</E§ H EOK(ac)dm‘—;‘/EiK(:c)d:cH dy) /,

where
—1 [(A+0)m]—j
Ei=J (0 +0p—yl +ird, Ex= |J (v (1+6)b—y]+ird),
== i=m+1
By = | J([~v,0] +ird), Ey=|J([b, 1+ )b —y] +ird).
i=0 i=0

Note that F; € £4 and |E;| < 20|Ey| < B,i=1,2,3,4.
Now we set § = (2(16""))~! < 1/2. Then

1
|E0|1/T / K(x dx'/— BT K(m)dm‘
and therefore ,
[ o] < | [ worad
r)dr| < ——— z)dz|.
|E0|1/T Eo

Taking into account |E;| < 20|Ey|, we get

et (f [ [, o] (123 (150" ) ')

> |E5|1/‘1‘ K(z) dx) (1—8(20)/7).
Eyp

|Eo|6%/2 and 1 — 8(25)1/“ =1/2,

Since |Es| >
15 follz, > 501 Bl Vo] K () da.

Using (4.1), we have

C(p,q) 1
K(z)d ‘ > :
/0 (w)de 2 resy |E|VT

|EI<B

1
A = CP, q) 17
|| ||Lp*>Lq (p q) |E0|1/T

Since B > 0 can be chosen arbitrarily, we conclude the proof of Theorem 1.4

/EK(:c)d:c‘.

|
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We draw attention to the fact that attempts have already been made at prov-
ing the lower estimate for the convolution operator in [19], although they require
stronger hypotheses than those used here. Moreover, for kernels which are so-called
weakly oscillating, some necessary conditions so that the convolution maps L,
into L, were proved in [14].

5. Comparison new upper bounds with O’Neil and Stepanov-
type inequalities

Let us first show that estimate (1.7) in Theorem 1.1 implies (1.2), (1.3), and (1.4).

Indeed, it is known ([2], Chapter 2, §3) that

1
(5.1) supt!/"K*(t) =< suptt/"K**(t) =< sup ﬁ/ |K (x)] dz,
t>0 t>0 |E|>0 |E| /r E

and therefore

K(z)|d K(z)|d }
max ;’gg |E|1/r’/| )| de, SUP |E|1/w/| )| da

(5.2) < O(r) sup t/"K*(t),
t>0

where 1/r=1—(1/p—1/q) <1,7" =r/(r —1).
Let d = 1. Assume that E € Uy, that is, F = Uiew(€i+i)- Let |w| = s, |e;| = t.
Then

1 1 1 '
—|E|1/T, /E|K(IB)|dx = G Z/+ K (2)| dz = W;}/ K (2 + )| do
1 t

1 - t - .
< o - §j sup £H7K7(€, ) / §7Hrde < (r)?sup st/ ( sup tTR (L))
§ 0

= 0<E<T neN 0<t<1

Let E € Uyg,d =1, that is, E = |, (z+w(x)). Let |e] =t and |w(x)| = 5. Then,
similarly as above,

|E|1/T,/| 2)) do = 1/T,/ Z (o +i)|do

i€w(x)

— 1/r,/z K(z,i)|de < stl/T,/ZK x,1)

icw(x)

1 s . .
< — supkl/TK* (x,k) iV dr < sup Y7 (sup kYT K* (-, k).
(st)l/r /keN ; )" 0<§<1E (keN ( ))5
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Thus, (1.7) refines estimates (1.2), (1.3), and (1.4) since

1
UpBo := min sup / K (z)|dx, sup —,/ K(x dm}
BEely |E|1/T K (@) Eew, |E[VT E| (@)

(5.3) < C(r)min {||K|

Lot 1B W (Lol 1,10, 1 e @) | B W 1o (@), Lo [-1.1]) }-

We now give examples capturing the difference between these estimates. To con-
struct an example of K showing that there is no constant in the inequality reverse
o (5.3), it is sufficient to take the sum for K’s from Examples 5.1 and 5.2 below.

Example 5.1. Let 1 <p<g<ooand1l/r=1—(1/p—1/q). Define the function
K(z) on R as follows:

oK/ forx € [—k,—k+27F], keEN;
K(z)=1<1, forxzelk,k+1/k), keN;

0, otherwise.

This function satisfies

(5.4) ;ggl W /EK(m) dm‘ < 00,

but

(5.5) Ly =

and

(5.6) 1B (L e [=1,1, 1o (2)) = supnl/r( sup tYTK*(t, )):b = 00.
neN 0<t<2

Indeed, let us show (5.4). Let K (z) = K(2)X|0,00) (%), K (7) = K(2)X(-0,0)(T),
then K (z) + K_(z) = K(z) and therefore,

1 / / 1
sup ——— | K < sup K (x)dx + sup ,/K, z)dx
Ecilh |E|1/T E ( ) Eeily |E|1/T + Ecilh |E|1/T E ( )
Let e € 4. Then E = Ugeyer, + k, where |ex| =t < 1 and w C Z, |w| = s. We
have

1 1
[ J, = T / e
1
st)l K+ l‘+k
1/t 1/k
- /K+x+k )da + Z/ Ki(z+k) dm)

k=1/t
1/t s

- l/r (Zt+ Z l) < ﬁ(lﬁ-ln(st)) <27,

k=1  k=1/t
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Further,

1
7 K0t = e 3 [ Kol

<@3%7( 3 /‘K (& — k]) dz + }: /Qk m—%DM)

kcw
|k|<logy(1/t) \k|>1052(1/t)
1 /
_ S o S gl
(St)l/r/< 4 2 t+ 2 )
€ kew
|k|<logy(1/t) [k|>loga (1/t)
C( ) 1
< £ Ty < Or).

Combining these estimates, we get

Sup —=7
Ecily |E|1/T

(/K@Mdng.
E
To show (5.5), we note that K7 () = 1. Hence,

sup tY"K*(t) > sup tl/rKi(t) = 00.
>0 >0

To show (5.6), we note

KW (Lo =110, 1o (2)) = WKW (L 0 [0,1], 1.0 (2))

= sup nl/r( sup tl/r(f(_ (t,n))z = sup nl/r( sup tl/r2"/r) =supn'/" = 0.
neN 0<t<1 neN o<t<2-n neN

O

Example 5.2. Let 1l <p<g<ooandl/r=1—(1/p—1/q), and m € N. Define
the function K, (x) on R as follows:

Ko {2<m—k)/r, forwe [BL E) 4n, 28 <n<2F 1<k <2m;
xTr) =

0, otherwise.
This function satisfies

6.7 NKmllw,. @), Lrw[-1,1]) = SUP tl/r(sup nl/rf(,,*@(yn)): = g(m+1)/r
0<t<2 neN

but
(5.8) KL, <4
and therefore, UpBo < C(r).
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Let z € [0,1) and k € N such that z € [(k—1)/2™,k/2™). Then

~ - 2m=k)/r = for 1 < n < 2F,
(Km(w, ))" 0 for 28 < n

and therefore, B
sup nl/r (Km(l‘, ))Z — 2(m7k:)/r 2k:/r — 2m/r’
neN
which yields (5.7).
Let us assume that 0 < ¢ < 2™/" and that the integer k satisfies 20m—k)/" <
t < 20m=F+1/7 Then

|m Kn(z) 2t| < |z : Kp(z) > Z(m_k)/w
k—1 A A k=1 ok—j
< Z |J) . 2(m7k+]+1)/r > Km(.f) > 2(m7k+])/r| — Z 2_m < 2krfm+1 < 47T
j=0 7=0
Hence,

and by (5.2), we get UpBo < C(r).

Let us now give a direct proof of the fact that UpBo < C(r). Let E € ;.
Then E = Uzeez +w(z), ] =t < 1 and |w(z)| = s. Let also k, : 28 < s < 2k +1,
Then for x € [w k'*"’")

om y om

Ly =supt|z: Kn(z) > t|1/r <4
>0

m—(ks+n)
27 s n>1
1/T/ EZ)K T +1i) {2W+ks+nsl/r'7 n<0
e 2z,
X 2m/r+n/r'7 n < 0.
Then
1
W/EK (z) do = S1/17 tl/r/z Ko (2 +1)d
icw(x)
= 7 WZ/“ > Kn(z+i)de
27n ,2'm ZEU}(JC)
:tl/T/Z/kl 1/r, Z Ky (z+1i)d
2HH2T i€w(x)
om 1
b Y / L e S Kalatide
k=ks+1 27n ,2-m iew(gj)
B 2.2’”“( S {k—l i) me‘z—ws—k)/r’ n 22 H—k_l i) me‘2—<k—ks>/’“)
1/r m > 9om m 7 gm .
g/ Neilom 72 hobgr D22
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Since H%, 2%) N e| < min{27", ¢}, we have

1
|E1/

, 2m/r info—m
/ Kop(z)do < 2((1—27Y") "L (1—27 /7)) mtlf/{ o),
E

i.e., UpBo < Esgg W I |K (2)| dz < C(r) follows. O
1

6. Convolution with oscillating kernels

In this section we discuss the L, to L, mapping properties of oscillatory integrals
with the kernels K(z) = k(x)e*?®). The (L,, L,) mapping problem for K, that
is to determine all pairs of (p, ¢) for which || K * f|; < C||f|lp, has a long history
(see [7], [10], [11], [15], [25], [26], [29] and references therein) and comes about in
studying convergence for Fourier series, in solving boundary value problems for
PDE’s (see [12], [27], [29]). The particular case of
K 6i|ﬂc|“
(SC) - |l‘|b

is of special importance and has been studied in several papers. The L,-boundedness
of the operator Af = K x f was studied for the first time in [24]. The L,-

boundedness of K x f was completely characterized by P. Sj6lin [25], [26] and inde-

pendently by W. Jurkat and G. Sampson [15]: if 0 <a# 1 and 1 —a/2 < b <1,

the operator K * f is bounded in Ly, if and only if

a

a=ivp <SPS

Po ‘=

Moreover (see [25]), if b < 1 — a/2, then boundedness of K x f is false for any

1 < p € 0. Note that the condition 1 — a/2 < b guarantees that py < p(). For

certain values of a the result was also proved independently by C. Fefferman, [26].

The boundedness of K * f from L, to Ly, 1 < p < q < oo, was studied by

V. Drobot, A. Noparstek, and G. Sampson in [24]. They derived the following
result: if 0 <a #1,b< A, and §A+b— A >0, where A\ =1 — (1/p—1/q), and

(6.1) <q<

a a
AMa—1)+b A=0b
then K « f is bounded from L, to L,. If ¢ > a/(A —b), then K« f is not bounded
from L, to L,. One particular goal of this section is to show that the left-hand
bound of ¢ in (6.1) is also sharp; see Corollary 6.5 below.

For the case of a = 1 the boundedness of K * f on L, was studied in detail
n [26]. We give the following simple corollary of Remark 1.2 that corresponds to
the (L, L,) mapping problem of K with a = 1.
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Corollary 6.1. Let 1 < p,q < oo, let T be a continuous periodic function such
that T(0) # 0, and let

Then the operator A = K x f is bounded from Ly(R) to Ly(R) if and only if p < ¢
and b=1-(1/p—1/q).

Proof. Sufficiency follows from
K ()] < I Tpo 2]

Let p < g. To show necessity, suppose that 7'(0) > 0 and d is the period of T'. There
exist £ > 0 and 0 < a < d/2 such that T'(x) > £ for € (—a,«). Considering
Eo = Uj—o((—6,8)+kd), where § < /4, we have Eg— Eo = J;__,((—26,28)+kd)
and By — Eo +y C Uz ((—a, ) +kd), y € Ep, and then the function K keeps its
sign on Ey — Ep +y, y € Ey. Therefore, Ey — Eg +y € 9 = My UN_; see(1.9)
and (1.10). Applying Remark 1.2 gives

1
A > | [ K@) |
|Allz,—z, > S0 BB =B /E (z) dz

L / K(z) dm‘

>
|Eo|Y/P|Ey — Eo|~1/4
> (26(s + 1)) V7 (45(25 + 1) WZ/

o+kd

S+kd |=’C|b

(6.2) C(b,€) (3)"/7 /7 (51 b+Z W)

C(b,¢) (81/(1 1/p §1=b+1/q— 1/p +d b giti/a=1/p 81—b+1/q_1/p).

Since 0 < § < «/2, and since s € N can be chosen arbitrarily, we arrive at

b=1-(/p-1/q).
If p = ¢, then (6.2) implies

- 26
lAlz,~L, > (bf)zm/ C(b,¢,d)dIns — 0o as s — 00

for fixed ¢, i.e., A = K * f is not bounded in L,.
Finally, in the case of p > ¢ we get
|AllL,~r, = C(b, §)51/q_1/p+1_bsl/q_1/p — 00 as s — 00

for fixed §. O

Our next two theorems provide several necessary conditions for K * f to be
bounded from L, to L,.
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Theorem 6.2. Assume that 1 < p < ¢ < oo and the operator Af = K x f is
bounded from L,(R) to Ly(R). Then

1
sup

sup e | [ K@)ds] < C) Al

1
pem (EYYa|E[/p—1/a

where N =N UM_|

/ K (@) da| < C(0,0) | AlL, -1,
E

imiz{E:E: U[—fy,fy]—i—xk, xp €ER, v <d/3,
kew

|z —xj] = 2d, k,j €w CZ such that E' = U[—3’y,3'y]—|—mk C Di},
kew

(E) is the cardinality of w, and
Dy ={x:K(x) >0}, D_={z:K(x)<0}.

Proof. Suppose that Ey € M. Then Ey = (J, ., [—7, 7] +2zr C Ej such that either
El C Dy or Ej C D_. By Corollary 4.1 in [20] we get

Aty > ClAley ot = 80 s o | [ K= wydoay)

\E\>0

> // K(y— o) drdy
|Eol /4 |[=2,29)] /7 1 o Jim21.29) |

Z/ / K(x) dxdy‘.
kew ” [FralFar J[=27,29]+y

Since [—y,7] +ar C [-27,20]+y C [=37,37]+ax C Dz for any y € [=v, 7]+ zk,
the last expression can be estimated from below by
2-1/

p
2)do| = —7 ’/ K (w)dudy|.
|E0|1/(1 47 )/ ‘Z/[ v |w|Y/P'|Eg|V/P=1al J g () dz dy

Noting that (E) = |w| we conclude the proof of the first statement of the theorem.
To show the second inequality, we take F = [—27,2v] and W = Ej. O

[ Eo| V4 (47)1/7

v 7]+wk

As application of Theorem 6.2, we consider convolutions with oscillating ker-
nels.

Theorem 6.3. Let 1 <p<g<oo, A\=1-(1/p—1/q), and f = min(1/p,1/¢).
Let w and v be positive monotone functions on (0,00) such that v € C(0,00)
and u' is strictly monotone.
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The operator Af = K * f, where
cos(2mu~t(|z]))
v(lz) 7
is not bounded from L,(R) to Lq,(R) if either:
(i) |v/(x)| is decreasing and

K(z) =

N—2
)P [
(6:3) N ; on)®)
or
(i) |u'(x)| is increasing and
N
i O L
A4 1 = 0.
(64) Wi T X Gewm
k=N-+2

Proof. Note that cos(2ru~!(z)) = v/2/2 for x € A = [min{u(—1/4+ k), u(1/4 +
k)},max{u(—1/4+ k),u(1/4+ k)}], k € N. Define

lu(£1/4+ N) —u(N)|
3

Therefore, § is such that (—38,36) + u(N) C Ay and cos(2mu~!(x)) > v/2/2 for
x € [—6,0] + u(k).

First, let us assume that |u’(x)| is decreasing. If « is such that 0 < |y| < 1/2,
the mean value theorem yields

lu(y + k) = u(k)] = [ (6x + K)| 7],
where |6)| < |v| < 1/2. This gives, for k£ < N,
u(y + k) = u(k)] = [0 + k)l < l[w'(On + N)| = Ju(y + N) —u(N)].
Hence, for 1 <k < N,

§ = O8(N) = min{  Ju(£1/8 + N) —u(N)|}.

(6.5) 5 < min { u(£1/4 +3k) — B 18+ k) — u(k)l}.

Therefore,
N N

Ey = U ([=0,6] +u(k)) C EYy = U ([-38,30] + u(k)) C Dy :={z: K(z) > 0},
k=1 k=1

and, moreover, cos(2ru~'(z)) > v2/2 for + € Ey. This implies Ex € 9. By
Theorem 6.2, we obtain

CllAlL,-L,

1 1
> : K(z)d ’ K(z)d ’
e (E)1/P |E|1/p—1/q‘/E () dz +§2§n (E1/a|E|t/r—1/4 /E () du

1 1
> (<EN>1/P'|EN|1/P71/¢1 + <EN>1/q|EN|1/p1/q)'/EN K($)d$’
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Further, using (6.5) and monotonicity of v and v, we get

/[_ 1

Lclﬂv 226min{

5,0)+u(k) V(T) (vou)(£1/4+ k)

which gives

1
|Ey|/r—1/a

K(z)dx 2 /
/EN ) 2 |EN|1/” l/qz (—5,8]+u(k)

833

L

dm
v(x

>CLZm { 1 }
T NVt (vou)(xl/4+ k) )"
Using the definition of §, we have
N
(En) =N, |En|=2N¢d> 3 u'(1/44 N)|.
Hence,
1 W'(1/4+ N)P 1
- - S22\ /AT
|En|l/P—1/a /NK(:C) dz > C N1/p—1/q — mm{(vou)(il/él—i—k)}
NP
2O N 2 o)
and
1 1\ /(N + 1P =
CllAllL,~L, = (Nl/P' +N1/q) = 1/q kZQ (wou)
1 =1
_ A
_(Nl/q, +N1/p>|u (N +1)| kzzz T

Letting N tend to infinity we arrive at the statement of the theorem in the case of

decreasing |u/|.
If |u/(x)| is increasing, then |u(y + k) — u(k)]

In this case we define

> Ju(y+ N) —u(N

)| for k < N.

M
Ey:=Enun = |J(-0.0]+u(k)), M>N.
k=N
Since En € M, Theorem 6.2 gives
M
1 1 1
A > (N —1)* —_—
CllAllz,~r, ((M N)l/P (M — N ) (u( ) k:Z]m (vou)(k)
W 1)
>
(6.6) - ( Z (vou)
k=N+2
Taking M = 2N gives condition (6.4).
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Remark 6.4. Taking N = 2 in (6.6), one can sec that condition (6.4) in the
part (ii) can be replaced by the following condition:

(6.7) M—>+oo M5 Z (vou)

In the next result we apply Theorem 6.3 to study the (L,, L,) mapping problem
for K(x) = ell” /|z|b.

Corollary 6.5. Let 1 <p<g<ooand N\=1—(1/p—1/q). Let also

silal®
K(z) = W’
where a # 0, a # 1, and b # \. If
max(q,p’) > ﬁ > 0,

then the operator Af = K+ f is not bounded from Ly to Lq.

Remark 6.6. (i) Note that this result for certain values of ¢, a, and b was shown
in [24].

(ii) The positive result for the (L,, L;) mapping problem with p < ¢ reads as
follows (see [24]). Let 1 <p <g<oo. Ifa>0,a#1,b< ) and 2 < 1%, then
the operator Af = Kx f is bounded from L, to L, provided that max(q,p’) < x%.

(iii) The case when p = ¢ can be written similarly to the result of Corollary 6.5
(note that in this case A = 1): Assume that p =gand a > 0,a # 1. If b < A
and 2 < a/(A —b), then the operator Af = IC* f is bounded in L, if and only if
max(p,p’) < a/(A—b). Moreover, if 2 > a/(X — b), then the operator Af = K * f
is not bounded in L, for any 1 < p < oo. This is an equivalent statement of the
result from [25].

(iv) We note that Corollary 6.5 also holds, with the same proof, for the kernel

silal®
1+ [z))*’

see for example [15] for the boundedness properties of Ko * f in L,,.

Ko(z) = a>0, a#l;

Proof of Corollary 6.5. We use Theorem 6.3 with u(t) = t'/%, v(t) = t*, t > 0.
Note that the conditions a # 0,a # 1 imply that w is strictly monotone.

If either @ > 1 or a < 0, then |u'(t)| = t*/%"1/|a|, t > 0, is decreasing. For
N € N we have

|UI(N)|)\ Nz_:Q 1 _ (Nl/a 1)/\ N 1
NB- = (vou)(k) NB - e g/
1 1 A(1/a—1)+1—b/a
> max (Nl/P’ Nl/q/>N

— max (N/\/afb/afl/q N)\/afb/afl/p') — 400

as N — +oo provided that either p’ > 1% or ¢ > 1%5.
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Suppose now that 0 < a < 1. Then |u/(t)| = t'/%~!/a is increasing and

(w (N) EN: 1L (WY S
(

- b/a
NP vou)(k) N# = Kb/

1 1
- A (1/a—=1)X 1-b/a
=N max(Nl/p,Nl/q,>N

— max (N)\/afb/afl/q , N)\/afb/afl/p') — 400

as N — o0, provided that max(p’,q) > %. O

We finish this section by highlighting the following applications of Corollary 6.1.
First, we note that Corollary 6.1 implies that the operator A = K * f, where K is
a continuous non-trivial periodic function, is not bounded from L,(R) to Ly(R).
This also follows from Corollary 1.5 since

1
Sup—‘/K(:c)d:c‘:oo, 0<y<l, K=#O.
La |E|’Y E

Another application of Corollary 6.1 is the following.
Example 6.7. Let 0 <y < 1. We have

(6.8) sup / |sin2?| dz =

|E[
In particular, the operator K * f with K(z) = |sina?| is not bounded from L,
to Lg.

Indeed, since |sinz?| > (sinz?)? = (1 — cos 22%)/2, we have

1 / ., 1 d 1 )
sup —— [ |sinz®|dx > sup / —sup —— | cos2x”dx.
e, |E"JE B e, B JE

It is clear that

1 d
sup—/ ; sup o |E|1 7 = 0.
E L4

Therefore, it is enough to show that

| [ cosata] <
sup —— cosz? dz| < .
Eeey B 1 /g

Let £ € £4, that is, E = (J,,, ([0,b] + kd), where w is a finite arithmetic
progression, r € N, and 0 < b < d. Let w = {kr}zozm, > 0. Then

ko+m  .b4krd
/ cosz? dx = E / cos 2% dx
E hy o rd
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and

b+krd ) 1 (b+krd)? COS I
cosx”dr = = dx
krd 2 Jkray? VT

B l(sin(b—l— krd)?  sin(krd)? n 1 /(Hk”l)2 sin d >
=5 ( b

b+krd  krd 2 Jihrayy 732

Assume that mb > 1. We obtain

1 , 1 ko+[1/b] btkrd ) ko+m b+-krd
— COS T dm‘ = ‘ / cosx” dx + / COS T dx
|E[Y ‘/E (bm)™ ,g,;o krd ok %;/b 41 Jkrd
0
. 1 (2+ kim ‘Sin(b—f—krd)2 sin(krd)? n e /(b"’k’"d) dx )
< - 372
by \" 7 S L)) bt hd krd TR
ko+m ko+m
2 1 b
<——|1 — _>
(bm)"/( DD =R DD (krd)?
k=ko+[1/b]+1 k=ko+[1/b]+1
2 Ui 1 b? 4 2 Inmb
< 1 P ) 3 X C d» I
(bm)"/( T At vaE) S my tay S 94
k=[1/b]+1
since mb > 1.
Let now mb < 1, i.e., |[E| < 1. Then
|El 1-
cos T dac < =|E|"77" < 1.
[F2[E ‘/ |EP
Thus,
1 2
sup—‘/cos:c dm.éCd,'y. O
WP TER | )

It is interesting to note that
1
Sup P TER ‘/51nx2dx‘<oo, 0<y<1,

cf. (6.8). Also, note that K * f, where K (z) = sin 22, is bounded in Lo since
2 2

F(sin2?)(y) :2/ sin 22 cos zy dx = \/E<cosy— —siny—>,
. 2 4 4
which is bounded.
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