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Topological entropy of irregular sets

Luis Barreira, Jinjun Li and Claudia Valls

Abstract. For expansive continuous maps with the specification property,
we compute the topological entropy of the irregular set for the Birkhoff
averages of a continuous function. This is the set of points for which
the Birkhoff averages do not converge. The entropy is expressed in terms
of a conditional variational principle. We also consider the general case
of irregular sets obtained from ratios of Birkhoff averages of continuous
functions. Moreover, we obtain a conditional variational principle for the
topological entropy of the family of subsets of the irregular set formed
by the points such that the set of accumulation points of the ratio of
Birkhoff averages is a given interval. As nontrivial applications, we obtain
conditional variational principles for the topological entropy of the level
sets of local entropies, pointwise dimensions and Lyapunov exponents both
on repellers and hyperbolic sets.

1. Introduction

This work is a contribution to the theory of multifractal analysis, an important sub-
field of the dimension theory of dynamical systems. Roughly speaking, multifractal
analysis studies the complexity of the level sets of the invariant local quantities
obtained from a dynamical system, such as the Birkhoff averages, the Lyapunov
exponents, the pointwise dimensions and the local entropies. Since these func-
tions are usually only measurable, it is appropriate to use quantities such as the
topological entropy or the Hausdorff dimension to measure the complexity of their
level sets. The concept of multifractal analysis was suggested in [11]. The first
rigorous approach was obtained by Collet, Lebowitz and Porzio in [6] for a class of
measures that are invariant under one-dimensional Markov maps. In [14], Lopes
considered the measure of maximal entropy for a hyperbolic Julia set and in [18],
Rand studied invariant Gibbs measures on a class of repellers. We refer the reader
to the books [1], [2] and [15] for further references and for detailed expositions of
various parts of the theory of multifractal analysis.
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Our main aim is to compute the topological entropy of the irregular set for the
ratios of Birkhoff averages of a continuous function, that is, the set of points for
which the ratios of Birkhoff averages do not converge, in terms of a conditional
variational principle. More precisely, let f: X — X be an expansive continu-
ous map of a compact metric space. We always assume in the paper that f has
the specification property (see Section 2 for the definition). Given a continuous
function ¢: X — R, we consider its Birkhoff averages

By Birkhoff’s ergodic theorem, if f preserves a finite measure g on X, that is,
u(f~rA) = u(A) for any measurable set A C X, then the limit

(L1) (@) = lim ()

exists for p-almost every x € X. Thus, at least from the point of view of ergodic
theory, the irregular set

(1.2) X, = {x € X : liminf ¢, () < limsup <pn(:c)}

n—0oo n—00

can be discarded, since it has zero measure with respect to any finite invariant
measure. Remarkably, the set X, may be very large from other points of view. In
particular, it was shown by Barreira and Schmeling in [3] that if X is a conformal
repeller for a topologically mixing C'*¢ map f and ¢ is a Holder continuous
function that is not cohomologous to a constant, then

(1.3) h(f|1X,) =h(f|X) and dimpgX,=dimgX,

where h(f|Z) is the topological entropy of f on the set Z and dimpyZ is the
Hausdorff dimension of Z (the first identity in (1.3) also holds for nonconformal
repellers). We recall that a function ¢ is said to be cohomologous to a constant if
it can be written in the form

p=xof—-x+c

for some bounded function x and some constant c. In other words, the set X, is
as large as the whole space X from the points of view of the topological entropy
and of the Hausdorff dimension. Corresponding results were also obtained in [3]
for locally maximal hyperbolic sets of C1*¢ diffeomorphisms and for topological
Markov chains.

The first identity in (1.3) was first established by Pesin and Pitskel in [16] for
the full shift on two symbols. In a related direction, Shereshevsky [19] showed that
for a generic C? surface diffeomorphism with a locally maximal hyperbolic set X
and an equilibrium measure p of a Holder continuous C%-generic function, the set
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of points for which the pointwise dimension does not exist has positive Hausdorff
dimension, that is,

1 B 1 B
r=0 logr r—0 logr

The identities in (1.3) also hold for topologically mixing topological Markov chains,
although in this case the two are equivalent since up to a multiplicative constant
the topological entropy and the Hausdorff dimension coincide. For topological
Markov chains, the result for the topological entropy was extended by Fan, Feng
and Wu in [8] to arbitrary continuous functions. Moreover, for conformal repellers
for C1*¢ maps, the second identity in (1.3) was extended by Feng, Lau and Wu
in [10] to arbitrary continuous functions. More recently, for maps with the specifi-
cation property and continuous functions, it was shown by Chen, Tassilo and Shu
in [5] that the irregular set X, has full topological entropy and it was shown by
Thompson in [22] that it has full topological pressure.

To our best knowledge, with the exception of the argument in [16], which
does not seem possible to generalize even to the full shift on tree symbols, all
other arguments showing that a certain irregular set has full topological entropy
or full Hausdorff dimension are based on the theory of multifractal analysis. We
explain briefly the idea. As we mentioned earlier, multifractal analysis studies
the complexity of the level sets of the invariant local quantities obtained from a
dynamical system. For example, consider the function

F(a) = h(fl{z € X : () = a}),

with ¢ as in (1.1). It is called the multifractal spectrum for the Birkhoff averages
of . It turns out that if the dynamics f|X has a certain degree of hyperbolicity,
then for a generic continuous function ¢ the function F' is analytic. Moreover, the
level sets

Ko={zeX :¢()=a}

have associated special measures p, (equilibrium or Gibbs measures) that are
supported on them and that have metric entropy h,,, (f) = h(f|K4). One can use
these measures, or at least weak versions of them (such as weak Gibbs measures),
to show that set of points z € X approximating successively two different level
sets K, and Kg, for which clearly ¢ (x) is not defined, has positive topological
entropy. In other words, the irregular set formed by all points whose Birkhoff
averages oscillate between o and (8, with a # 3, has positive topological entropy.
One can then exhaust the irregular set X, with these subsets and conclude from
the properties of the multifractal spectrum that X, has full topological entropy.
We refer the reader to the books [1] and [2] for full details.
More generally, in addition to the irregular sets X, in (1.2):

(1) We consider irregular sets obtained from ratios of Birkhoff averages of con-
tinuous functions. This includes the sets X, as a particular case and yields non-
trivial applications to the level sets of local entropies, pointwise dimensions and
Lyapunov exponents both for repellers and for hyperbolic sets.
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(2) We obtain a conditional variational principle for the topological entropy of
a family of subsets of the irregular set formed by those points for which the set of
accumulation points of the ratio of Birkhoff averages of two continuous functions
is a given interval.

We refer the reader to Sections 2 and 3 for full details. Instead, here we
describe briefly some technical aspects, including the specific relation of our work
to multifractal analysis, as well as the relation to former work in the literature.

The proofs are rather involved and once more are based on the theory of multi-
fractal analysis. We note that a multifractal analysis for continuous maps with the
specification property and Birkhoff averages of continuous functions, expressed in
terms of a conditional variational principle, was claimed by Takens and Verbitskiy
in [20]. However, a gap in the proof (related to choosing simultaneously various
quantities sufficiently small) was pointed out by Pfister and Sullivan in [17], who
also established a stronger result, using a different method. More recently, Thomp-
son [21] obtained a conditional variational principle for the topological pressure of
the level sets of the Birkhoff averages of a continuous function, thus including the
result claimed by Takens and Verbitskiy as a particular case. His approach is closer
in spirit to that in [20] although now using quantities and arguments that are more
natural from the internal point of view of the thermodynamic formalism.

Instead, we go back to the original argument in [20] and find how to circumvent
the problem for expansive maps and prove something weaker that is still sufficient
for our purposes. More precisely, we do not require in our work the full force of
multifractal analysis. We emphasize that by no means our main aim is to correct
the problem in the proof of [20] while using analogous methods to prove their
claim in the smaller class of expansive maps. Indeed, as described above, we are
primarily interested in a large class of subsets of the irregular set, none of which
(even the irregular set itself) were considered in [20].

Our approach has a major advantage: we are able to obtain a conditional
variational principle for the topological entropy of a large family of subsets of the
irregular set, as described above, and this is in fact the main contribution of our
work. A particular case of this result (for Birkhoff averages and not for ratios
of Birkhoff averages) was claimed earlier by Li and Wu in [13] without assuming
expansiveness, although they use arguments and results from [20]. Our work shows
that the result claimed in [13] is true at least for expansive maps (on the other
hand, we think that their arguments cannot be used even assuming expansiveness).

2. Preliminaries

Let X = (X,d) be a compact metric space and let f: X — X be an expansive
continuous map. We recall that a map f is said to be ezpansive if there exists
¢ > 0 such that if

d(f (@), () < ¢ for all n >0,

then = y. Given continuous functions ¢,1: X — R with 1) > 0, we consider the
level sets
X(a)={z€ X : lim S(z,n) =a},

n—oo
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where
zz;ol D(fiz))

Moreover, given a set I C R, we define

(2.1) Xr={zeX:Al)=1I}

S(z,n) =

where A(x) is the set of accumulation points of the sequence n — S(z,n). For
example, if T = {a}, then X; = X(a).
Now we write
L={aeR:X(a)#0}.
Denoting by M the set of all f-invariant probability measures on X, for each o € £
we define I od
pap
H(a) :sup{h (f):peM and E— :a},
g Jx v dp
where h,(f) is the metric entropy of f with respect to f.
The map f is said to have the specification property if for each € > 0 there

exists m = m(e) € N such that given intervals I; = [a;,b;] with a;,b; € N, for
j=1,...,k, such that

(2.2) dist(1;, I;) > m(e), i # 7,

and given points x1, ...,z € X there exists x € X such that

d(fre (), fP(x;)) < e

forp=0,...,b; —a; and j =1,...,k. We note that any probability measure that
is 1nvar1ant under a map with the speciﬁcation property has a generic point (see,

for example, [7]) and hence,
_ [ xede
_{fxd)dﬂ HEMy

Since M is compact and connected, and the map p +— fX wdu/ fX 1 dp is contin-
uous, when f has the specification property the set L is a closed interval.

Finally, we recall the notion of topological entropy on an arbitrary set. For
each n € N we define a distance d,, on X by

dp(z,y) = max {d(f*(z), f*(y)) : k=0,...,n— 1},

where d is the original distance, and we denote by B, (x,¢) the d,,-ball of radius
centered at x. A countable collection T' = { By, (2;,¢)}ics is said to cover a set

Z Cc X it Z CU;c; Bni(xi,€). Given s > 0, we define

m(Z,s,e) = lim mfZexp —sn;),

N—>oo
e

where the infimum is taken over all collections I' covering Z such that n; > N for
1 € J. The topological entropy h(f|Z) of f on Z is defined by

hflZ) = 1ir%inf {s>0:m(Z,s,e)=0}.
e—
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3. Main result and applications

The following is our main result. It expresses the topological entropy of the irreg-
ular set X7 in terms of the function H(«).

Theorem 3.1. Let f: X — X be an expansive continuous map with the speci-
fication property on a compact metric space and let p,v: X — R be continuous
functions with inf ¢ > 0.

1. If I is not a closed subinterval of L, then X1 = ().
2. If I is a closed subinterval of L, then

h(f|X1) = éréfIH(a)

The proof of Theorem 3.1 is given in Section 4. Here we present several appli-
cations to repellers and hyperbolic sets.

We start with the case of repellers. Let f: M — M be a C' map on a smooth
manifold and let J C M be a compact f-invariant set such that f|.J is topologically
mixing. We say that f is ezpanding on J and that J is a repeller for f if there
exist ¢ > 0 and 7 > 1 such that

o f™ 0l = c7™ |Jv]|

forx € J, v € T,M and n € N. We shall always assume that there exists an
open neighborhood U of J such that J = ()~ f~"U. Given continuous functions
w,: J — R with ¢ > 0, we consider the sets X; in (2.1) for X = J.

Since f|J is expansive and has the specification property, the following result
is an immediate consequence of Theorem 3.1.

Theorem 3.2. If J is a repeller and ¢,v: J — R are continuous functions with
inf¢) > 0, then
h(f1%1) = inf H(a)
ac

for any closed interval I C L.

Now let p be an equilibrium measure of a continuous function ¢ on the re-
peller. This means that p attains the supremum in the variational principle for
the topological pressure

Ple) = sup (hlf)+ [ oav).

veM
Without loss of generality, one can always assume that P(¢) = 0 (simply replace ¢

by ¢ — P(p)). If 4 is a Gibbs measure (this happens for example if f|.J is topo-
logically mixing and ¢ is Holder continuous), then

n—1

() i= Tim —Llog u(Bu (<)) = — lim 3" (7 ()
=0

n—oo n
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for p-almost every x € X, where

Bu(w,e) = () £ B () o)
k=0

for any sufficiently small fixed € > 0. The number h,(x) (when defined) is called
the local entropy of i at the point 2 (with respect to f). The following result is
an immediate consequence of Theorem 3.2.

Theorem 3.3. If J is a repeller and p is a Gibbs measure of a continuous func-
tion @, then for any closed interval

[a,b]C{—/X<pd1/:l/€M},

we have

h(flY) = inf sup{h,,(f):ue./\/l and —/

dv =ary,
a€la,b] X<P v Oé}

where Y is the set of all points x € X such that

1 1
liminf ——log p(Bn(x,€)) =a and limsup ——log u(By,(x,€)) = b.
n n

n—00 n—oo

Now we consider the Lyapunov exponents. Let J be a conformal repeller of f
(this means that d, f is a multiple of an isometry for every x € J). We define the
Lyapunov exponent of f at a point x € J by

1
Az) = limsup — log ||d, "]
n—oo N

It follows from Birkhoff’s ergodic theorem that for any f-invariant finite measure
on J, the number \(z) is in fact a limit for p-almost every x € J. Again, the
following result is an immediate consequence of Theorem 3.2.

Theorem 3.4. If J is a conformal repeller, then for any closed interval

[a,b] C {/ log||df | dv : v € M},
X
we have

h(f|Z)= inf sup{hy(f):ue/\/l and /Xlog”dedV:a},

a€la,

where Z is the set of all points x € X such that
1 1
liminf — log ||d. f"|| =a and limsup —log||d.f"| = b.
n—oo M n—oo T

Finally, we consider the pointwise dimensions. Let J be a conformal repeller
and let u be a Gibbs measure of a continuous function ¢: J — R. The limit
n—1 i
o logn(Bar) L Y e @)

r—0 logr nroo Z?:_()l log ||dfi(ﬂﬂ)f|‘

dy(x) =
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is called the pointwise dimension of p at the point x, whenever it exists. A conse-
quence of Theorem 3.2 is the following.

Theorem 3.5. If J is a conformal repeller and p is a Gibbs measure of a contin-
uwous function p, then for any closed interval

[y @dv .
[a,b]C{—m.l/eM},

we have
h(fIW) = inf sup{h,,(f) veMand — M _ a},
o€[at] [ log|ldf|| dv
where W is the set of all points x € X such that

lim inf M = and lim sup M = ).

r—0 logr r—0 log r

We also describe briefly corresponding results for locally maximal hyperbolic
sets. Let f: M — M be a C' diffeomorphism of a smooth manifold M and let
A C M be a compact f-invariant set such that f|A is topologically mixing. We say
that f is a hyperbolic set for f if there exist 7 € (0,1), ¢ > 0 and a decomposition

T,M = E°(x) ® E*(x)
for each x € A, such that

do fE(x) = E°(f(2)), dofE"(x) = E"(f(2)),
ldsf"0|| < c7™||v|| whenever v e E*(x),

and
ldsf 0| < c7™||v|| whenever v e E“(x)

for every x € A and n € N. We say that A is locally mazimal if there exists an
open set U D A such that

A=) ().

ne”Z

Given continuous functions ¢, 9 : A — R with ¢» > 0, we consider again the sets X
in (2.1) for X = A. The following result is an immediate consequence of Theo-
rem 3.1.

Theorem 3.6. If A is a locally maximal hyperbolic set and ¢,v: A — R are
continuous functions with inf ) > 0, then

h(fIX1) = inf H(a)

for any closed interval I C L.

One can also formulate analogous results for the irregular sets obtained from
local entropies, pointwise dimensions and Lyapunov exponents.
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4. Proof of Theorem 3.1

We separate the proof into several steps.

Step 1. Preliminaries. We first introduce a quantity that can be described as
a variation of the lower capacity topological pressure (see [15]). We also relate it
to the function H(«).

Given a € L, 0 > 0 and n € N| let

P(a,6,n) = {meX ’ng —azw ’<n6}

We define

(4.1) A(a) = lim lim hmmfllogN(a o,m, ),

e—0 5—0 n—oo N

where N(«,d,n,¢) is the least number of d,-balls of radius € that are needed to
cover the set P(a,d,n). Moreover, we recall that a set E C X is said to be (n,¢)-
separated if d,(x,y) > € for any z,y € F with  # y. Let M(«,d,n,e) be the
cardinality of a maximal (n,e)-separated set in P(«,d,n). A simple argument
shows that

N(a,d,n,e) < M(c,0,n,¢) < N(a,d,n,e/2)

for n € N and ¢,6 > 0. Therefore,

(4.2) A(a) = lim lim liminf —logM(a d,m, ).

e—=0 =0 n—oo n

Moreover, proceeding in a similar manner, for example, to that in the proof of
Theorem 3.4 in [4] one can show that

Ala) = lim lim hmsup log N(«, d,n,¢)
e—0 §—0 n—soo N
(4.3)
= lim lim li 1 M(a,d .
= lim lim limsup — log (o, 0,m,¢)
We note that for an expansive map f the limits in (4.1), (4.2) and (4.3) when
€ — 0 are not needed provided that ¢ is smaller than the constant ¢ in the notion
of expansivity.

Lemma 4.1. A(o) > H(a) for a € L.

Proof. We need the following result of Katok in [12] that gives a characterization of
the metric entropy. Let v be an ergodic f-invariant probability measure on X and
given g,0 > 0, let N”(d,e,n) be the least number of d,-balls of radius € covering
each set of measure at least 1 — 9.

Lemma 4.2. For each § € (0 1), we have

hy(f) = lim lim sup — logNV((S g,n) = hm hmlnf—logN (0,e,n).

e—=0 neo —0 n—oo N
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Since f is expansive, for ¢ < ¢ (with ¢ as in the notion of expansivity), we have

1
hy(f) = lim —log N"(d,e,n).

n—,oo N

Given o € £ and n > 0, there exist ¢ € (0,(/2) and sequences J; \, 0 and
ar N\ 0 with ax < 1/2 such that

1
lim sup — log M (o, ¢ 0, m,€) < Ala) + 1

n—oo T
and
var(y, a, €) := sup {|g0(m) —p)]:|z—y| < ake} < Ok
for k € N, where

~6(1+a)
(4.4) c= T
Now take p € M such that
Jx pdp
4.5 S =«

By a result of Young in [23], there exist measures v, € M such that:

1. v, = Zz(jl) Ak,iVk,i, for some numbers A, ; > 0 with Zz(jl) Ak, = 1, where
v, is an ergodic measure for k € Nand i =1,..., j(k);

2. hy, (f) 2 hyu(f) —m
3. |fXg0d,u—fX<pd1/k| < §; and |fxwdu—fxwd1/k| < 0.

Since the measures vy, ; are ergodic, there exists a sequence ¢, * 400 such that
the set A; ; formed by the points € X such that

< ndg

gso(fp(x» —n [ pdu,

for n > (), has measure vy ;(Ag;) >1—nforkeNandi=1,...,5(k).
Now we take a sequence ny " 4+o0o0 and § > 0 such that for each k£ € N:
1) [/\k,i ng] > for i =1,...,j(k), and

n—1
<nd, and ' Z P(fP(z)) — n/XT/)de,i
p=0

J(k) m(ay, e) max{l, [|pl|}

4.6
( ) mini )\k,i ng — 1

< O,

where [] is the integer part and ||¢|| = sup |¢|, with m as in (2.2);
2) for n > ng(1 — o),

(4.7) %log M(a, cop,n,e) < Aa) + 21
and, for i =1,...,j(k),
(4.8) N=4(8,2¢, [k, na]) 2 exp (e ] (Pus . () = 1))
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Let Sk C Ag; be a maximal ([Ag; nx], 2¢)-separated set. By (4.8), its cardi-
nality is at least exp([Ax,; n&](hy, . (f) —n)). On the other hand, for each
2= (T, Thjk)) € Skt X X Skt
by the specification property there exists y = y(z) € X such that
Aing.: ne] (Tris f*7(y)) < ak e,

where
a; = (i — 1)([A,i ni] +m(ax€)),
forkeNandi=1,...,75(k). Let

J(k)
Ri={y(z) 12 € Spax xSk} and np= Z[)\;” nk] + (7 (k) — )m(ay €).
i=1
By (4.6), we have
(k)
(49) Z)\;”nk—l —nk—](k)an—nkék
and
J(k)
A < Ak + (k) m(age) < i+ nidy.
i=1
Hence,
(4.10) 10, < 2 <144,
n
for k£ € N. Given distinct vectors
(Tr1s - Thjk))s (Ths -+ Thji(h)) € Skt X -+ X Skt

say with xj s # Ty s, we have

dﬁ,k (ya y) > d[/\kgn;‘] (fas (y)a fa5 (y))
2 d[/\k,snk] (mk,Sa fk,s) - d[/\kysnk] (xk,sa fas (y)) - d[)\;«ysnk] (fk,sa fas (g))

> 2 —ape —axe > €,

since ay, < 1/2. Therefore, Ry, is an (7, £)-separated set.
Finally, we show that

(4.11) —a| <cd

’szolw IP(y))
et (fe(y))

for k € N and y € Ry, with ¢ as in (4.4). In order to prove (4.11), it is sufficient
to show that

T —1

> (P ) _ﬁk/XQDdM’ < 67 Ok

p=0

(4.12)
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and

(4.13)

P o N
,;0 B () nk/xwdu‘ < 676

for y € Ry, with k sufficiently large. We only prove inequality (4.12) since the proof
of (4.13) is identical. Then

S, )
O Do ) 0 Nt R L P e S L O)]
|0 (W)
IS0 o) — |+ i v~ S U)o
| ()]

:Cék.

6 1y O + 6y O v
ﬁkinfw

First we observe that

-1+ m(ak E) < )\k,i()\k,jnk -1+ m(ake)) — )\k,j)\k,i Nk

0< <
N ki Tk
Mii(Akgne] + mlane))
= = Ak,j
Ak noge]
< )\k7i)\k7jnk + )\kdm(ak E) — )\k,j)\k,i ni + )\k,j < m(ak E) +1
- ming A\, ; ng — 1 T oming Aping — 1

fori,j5 € {1,2,...,4(k)}, and it follows from (4.6) that

ki ()0 D] + (k) m(axe)) 6
[Ak,i k] el

(when [|¢|| = 0 there is nothing to prove). Therefore,
. O
0 < Api i + A mlag €) — [Aki nk] < [Aki ni Tl

for k€ Nand i€ {1,2,...,5(k)}. Since

Aw,i ] (k) m(axe) ¢l

Arim(are) <m(ape) <
(@) < mlawe) < =0 Ry

Ok
< [Ak,i k) el

it also follows from (4.6) that

. . 0
|)\k,i N — [/\k,i nkH <2 [/\k,i nk] m < 2nyg ﬁ



TOPOLOGICAL ENTROPY OF IRREGULAR SETS 865

Now we prove (4.12). Observe that

N —1
> o) —ﬁk/ wdu'
p=0 X
nE—1
<| D () —ﬁk/  dv| + . O
p=0 X
J(k) | [Ak,i me]—1
<DL D ety - )\k,iﬁk/ P dvy,i| + fu 0k + j(k) m(ak €) (|||
i=1 p=0 X
J(k) | Ak, ne]—1
<X ) - e [ pdu
i—1 =0 X
+ g O + 27, O + J(K) m(ax €) |||
J(k) | [k, ne]—1 ki ne]—1
Y| X - Y )
=1 p=0 p=0
J(k) | [Ak,ime]—1

>
i=1

+ 0 Ok + 27, 0k + G (k) m(ar €) |¢l|
J(k)

< ([Mwi ] var(o, ar €) + [ nalor) + 20 5k + (k) m(ax €) |||
=1

S (k) — Pial /X vy

p=0

(k) m(ax €) Hs0||>

< g (V&f(gp, ay €) + 20k + 20k + J =
k
< Mg (5k + 205 + 20k + 6k) = 6Ny 0.

This establishes (4.12) which together with (4.13) yields inequality (4.11).
It follows from (4.11) that Ry C P(«,cdg, ) for each k. Therefore, the
cardinality of a maximal (7, €)-separated set in P(a, ¢ 0k, y) is at least
F#FOk1X - X #Sk (k)

> exp ([Meanw] (o, (F) =) + - 4 Py ] (i, (F) =)
(k)

> exp (Z()‘k,i n = 1) (b, (f) — 77))
__](k) J(k)
= exp (nk Z )‘kﬂ (hl’k,q‘, (f) - 77) - Z (hl’k7 (f) - 77))
> exp (ng(hu, (f) =n) = 5 (K)(R(f) —n))
> exp (g (hu,, (f) = 1) = bk (h(f) = 1))
> exp (nk(hu(f) — 2n) — nidk(h(f) — 7))
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(in view of (4.6), we have j(k) < nydx). Finally, it follows from (4.7), (4.9)
and (4.10) that

1
A(a) 4 21 > limsup — log M (v, ¢ 0k, g, €)

k— o0 k

1
> limsup — log M («, ¢ 0k, N, €) > hy,(f) — 2.
k—oo TNk
Since 7 is arbitrary this implies that A(a) > H(«a) (see (4.5)) and the proof of the
lemma is complete. O

Step 2. Construction of a set of Moran type. Following [9] and [20] we
describe a construction of a set of Moran type. This construction will be used
later on to approximate the set Xy in (2.1).

Take € > 0. For each k € N let my, = m(27%¢), where m is the integer in the
notion of specification. Moreover, let W) be a sequence of finite sets in X and
let ng, Ni be sequences of positive integers. We assume that

dnk(mvy) > 8¢ for T,y € ka, x #:y'
Given z1,...,xn, € Wk, by the specification property one can take some point

y=y(x1,...,2N,) € X such that

o (25, £ (9) < 7

where a; = (j — 1)(ng + my). Now let D; = Wi and

j:17""Nk’

Dy = {y(l‘l,...,$Nk) 1 T1,...,TN, € Wk}
for k > 2. We define recursively sets Lj and integers ¢;, as follows. Let

Li=Di =Wy, li=m

and
k+1

(4.14) lgy1 = Ning + Z Ni(ni + mz)
=2

Given x € L and y € Dy 41, by the specification property one can take some point
z = z(x,y) such that

€

de, (v, 2) ok+1’

<o and dy, (5 S0 () <
where

thr1 = (Nky1 — 1) mpy1 + Nigr nggr
Finally, let

Liy1={z2(x,y) : ¢ € L,y € Diy1}.
The set of Moran type is defined by

(4.15) F= ﬁ U Be(w,e/281).

k=1zcLy
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The following result gives a lower bound for the topological entropy on F.

Lemma 4.3 (see [9] and [20]). For each n € N, let k and 0 < p < Np41 be the
unique nonnegative integers such that

C +p(mps1 +npy1) <n <Ly + (p+ 1) (Mmgt1 + Ngeg1)-
Then

1
h(f|F) > liminf —(Nylog My + - - - + Nj log My, + plog My1),
n—,oo n

where My = #Wj.

Step 3. Construction of a specific set F. Let I € £ be a closed interval and
write

(4.16) B = inf A(«).

acl

We construct a specific set F' C X such that

(4.17) FcXy
and
(4.18) h(fIF) > B.
Given k € N, take ay1,...,ar,q, €I with ¢ increasing such that

qk
1 1 1
419) I C B( —) i1 — il < = for all i, . <
( ) g e, L |Oék, +1 — O, | % or all 7 |ak:,q;‘, (},k+171| A

Since f is expansive, for € € (0,() we have
1
lim lim inf — log M =Ala).
lim liminf ~ log (v, 0,m, 8¢) (@)

Given v > 0, we consider sequences {0y ; }ren,i=1,....q, a0d {nkitreni=1,...q, Satis-
fying
(51,1 >(51,2 > .. >617q1 >6271 >(52,2 > .. >627q2 > ..

and
ni1E<nig < < Nig <N21<N22 << Nog, <-°

such that ng; > 2"+ and
(4.20) Miy.; == M (0, O,is Tk sir 82) > exp(ng,i (Alak,i) —v/2))
for ke Nandi=1,...,q;. Moreover, let

Wii = {2} 1 j=1,..., My}

be a maximal (ny ;, 8¢)-separated set in P(ayg,i, Ok, Nk, )-
Finally, let { Nk ;}ren,i=1,....q, be a sequence of positive integers such that:
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1) Nip=1and Ny; > 2"t m for 2 < ¢ < g —1;

2) Nj,; > 2Mwinrtme for k> 2.1 <4 < g — 1, and Ny 4, > 2™+11T70+1 for
k>1;

3) fork>1,1<i<gq;—1,

Nk,i+1 > 2N1,1n1,1+N1,2(n1,2+m1)+"'+Nk,i(nk,i+mk)7

and, for k > 1,

Nk-i-l 1> 2N1,17L1,1+N1,2(n1,2+m1)+"'+Nk,qk (nk,qk"!‘mk).

We consider from now on the set F' in (4.15) obtained from the sequences

(n1,m2,m3,...) = (1,1, M1,2, - -+, Mgy, M2,1, 12,2, - - -),
(W, Wa,Ws,...) = (Wi, Wiga,...,Wiq, Wai1,Wao,...),
(N1,N9,N3,...) = (N11,Ni2,..., N1 g, No1,Noo,...).
We first establish inequality (4.18). Let £ ; be the integer obtained as in (4.14)
but now indexed as the numbers ny ;, that is,

q1

O, = Nianig + E Nii(ni; +ma)
i—2
k—1 qi

i
+ Z ZNivj(nivj +m;) + ZNkvj(nkJ + mg).

i=2 j=1 j=1

For each n > /1 1, there exist either k, iy and p with i € {1,...,¢x — 1}, 0<p <
Nk, i, +1 — 1 such that

(4.21) Crig + (i1 + 1) <n < Legy + (4 1) (nkip+1 + M)
or k and p with 0 <p < Nj41,1 — 1 such that
(4.22) U P11+ mpt1) <0< Ly g + (P + 1) (k41,1 + Mipet1)

We consider only the first case (the proof is analogous in the second case).
By (4.16), (4.20) and the choice of the integers Ny, ; together with (4.21) and (4.22),
we obtain

1
E(Nl’l log My1 + -+ 4 Ny, log My, i, + plog My i, +1)

< Niinig + Nianio 4 - 4 Ny, Mk, + DNkig+1 (
- n

B—/2)

> Do TP0ist £m0) gy (1 _ M) (B —7)
n n
Nk +1 + Mg
> 1 R ek —
> ( N )(/3 )

for any sufficiently large k. Since + is arbitrary, inequality (4.18) follows now
readily from Lemma 4.3.
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Now we turn to the proof of (4.17). We must show that, for each x € F,

(4.23) I C A(z),
and
(4.24) A(z) C I.

Step 4. Proof of inclusion (4.23). Given a € I, take iy, € {2,...,qx — 1}
such that o € B(ay,i,, 1/k). Again, for simplicity of the notation, without loss of
generality we assume that iy, & {1,qr}. Let

ly,i—1 Ly, —1
L P _ P .
Rpi= max | 3 o(f7(2) = > v(f7(2)awi).
’ p=0 p=0
Lemma 4.4. We have
Ri,i,
lim =0.
k—o0 ék ik
Proof. Given y € Dy, ;,, there exist xk e :E]f\,i’“ € Wy, such that
kic  ra; £
dnktk (xj b ) faJ (y)) < Q_k’

where a; = (j — 1)(nk,,, +mg) for j =1,..., Ni,, . Therefore,

N i, —1 "k,ik_l
(4.25) TS AT < i,
p=0 p=0
where

br = max { var <<p, %),var <w, ;—k> }

Now we consider the decomposition

N i,
[07tk7ik 1] = U [ajaaj + ki — 1]
(4.26) g lek%_l
U [aj + Ny, A + Nkyiy, + Mg — 1]7
j=1
where

trix = (Nkjip — 1)mi + Niig ki -
On each interval [a;, a; + ng,;, — 1] we have the estimate in (4.25). On the other
hand, on each interval in the second union in (4.26), since |y, | < n for some
constant 17 > 0 depending only on ¢ and v, we have
— mkfl
Z (fortmenctoy)) = 37 (P (y) o,

p=0

< mi(llell + 191 - lan,i ) < mwn’y
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870
where
= llell + [1¥ll 0.
Therefore,
tk'ik 1 tky,;kfl
)= Y B,
p=0 p=0
Niiy,  ajtng,i, —1 aj+ng,i, —1
< SToe(fPw) - Y. v W)k,
j=1 p=a; p=aj
w1 ajtng g, +me—1 aj+n,i, +me—1
+ R 0 (7)) ) SR (¢ 2 () LYA
j=1 P=0a;+nk, i\ P=a;j+nk, i)
(427) Nijig,  Meyig, —1 No,if, —1
a; k,ik
< > - Y )
7j=1 p=0 p=0
Niiy,  Mieyip, —1 N,y — 1
+ > e ay™) Z D71 (y)) i | + (N, —1)mpn’
7j=1 p=0
< Niyir ,ir, b + (Niyiy, — )mw
Niiy,  Mheyig, —1 Neif —
+ > el Z (f77 (y)) ki |-
Jj=1 p=0 p=0
Since m?’i" € Wiin C P(ak,iy, Ok, iy Nkif, ), We have
Ny, — 1 N,iy —1
Z @(fp(x?lk Z V(7o kzk))ak in | < Mk, Ok i
p=0 p=0
and thus,
Nijiy, | Mhyij, —1 N,ip, —1
Eyin ;
> e(fPalt) D(fPF (y)) ki
7j=1 p=0 p=0
Nijig, | Meyig, —1 No,if, — 1
< Yo el V(P (™)),
(4.28) 2| L a
7j=1 p=0 p=0
Niiy,  Mieyip, —1 Nge,ipy —1
ki a;
USRI SITEEHD) Rt
7j=1 p=0 p=0

< Niip ki, Ok i, + N i ki, Ok
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Finally, it follows from (4.27) and (4.28) that

thyifp—1 thyif, —
P(y)) ok, i,
| 2w z PP

< Nk”nk” (bk + 0kip + bkn) + (Nii, — 1) my 1.

On the other hand, by the definition of Ly ;,, for each z € Ly ;, there exist
2z € Ly, —1 and y € Dy 4, such that

€ ; M £
(430)  day (@) < g andduy, (g, [T () < o
Therefore,
Z}cﬂjkfl Zk Vi —1

< Si(k) + Sa(k) + Ss(k),

(p(fp Z fp ))ak ik

p=0
where
Lyi—1—1 Ly —1—1
Sik)=| > eff)) - D v(fP(2)ak,|,
p=0 p=0
Liyip—1+mp—1 Lyip—1tmp—1
Sa(k) = e - D PRk,
p=Li,if—1 p=Li,if—1
Opiy 1 Ciy —1
S3(k) = S - D w(fP(2)ak, |
P=lr, i) —1+my P=Lk, i), —1+my
Clearly,

Sl(k) S gk,ik,ﬂ]/ and Sg(k) S mkn’.
Moreover, it follows from (4.29) and (4.30) that

- Cpip—1
S3(k) < Z o(fP(2)) — Z V(fP(2)) ki,
=Ly, iy, —1+mk p=Li iy —1+mk
triy, —1 tey, —1
<| X dreme )= S )
p=0 p=0
thip, —1 by, —
DI Z V(P () okin
p—O
by, — t;mk 1
Z PO = D v @)
p=0

< tk,ikbk + Niip iy, (O + Orsiy, + k) + (Niiy — Dyman)’ + tii, bin.
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Therefore,

Ry < (Crip—1 + Niiyme)n'
+ Nii Wiy (O + Oy, + bkn) + ey, (b + brm).

By the choice of the integers IVy, ;, we have (j ;, > 2%k.ix-1 and hence,
—= —0 when k — oo.

This completes the proof of the lemma.

d

We proceed with the proof of inclusion (4.23). Since x € F', there exists z €

L. i +1 such that
€
(4.31) diy i 4 (@, 2) < ok

Moreover, since z € Ly, +1, there exist T € Ly ;, and y € Dy, ;, 41 such that

€ Cam €
dﬁk,ik (jaz) < o5 and dtk,ik+1(yafek’lk+ k( )) <%

ok ok
Therefore,
— ; . €
(4'32) de’“v"’k (:C, x) < 2k—1 and dt;«,ik-ﬂ (yv fek’lk—i_mk (:C)) < 2k—1"
It follows from (4.32) and Lemma 4.4 that
Z}cﬂjkfl L i T
doop Z V(P (@))ar,i,
p=0
ek,lk—l ek,lk—l ek,ik—l ek,ik—l
<| Serw - Y etr@)|+| Y elr@) - 3 v,
p=0 p=0 p=0 p=0
ek,ik—l ék,ik—l
< i bk—1 + Z Z V(P (T)) i,
p=0 p=0
iy — iy —
Z ¢fp Z ¢fp |O‘k7ik|

(4.33) <l bk71 + R, + ek,ik br—1n.
Finally, it follows from Lemma 4.4 and (4.33) that

‘ Ses el (@)
zf"k Y(fr(x))

— 0

= Qkyiy,
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when k& — oo. Therefore,

Ly, i 1

Yoomd e(fP(x))
STl (fr(x)

St el

Ze’“ Sy

§ 'sz:av P(f7(a
= Orip—1

Zp:O w fp €

when k — oo, which implies that o € A(z) and inclusion (4.23) holds.

Step 5. Proof of inclusion (4.24). Take x € F and n > {1 1. There exist k,
i and j with i € {1,...,qr} (again, without loss of generality we assume that
i # q) and 0 < j < N, 41 — 1 such that

(4.34) Cri, + J (ki1 +me) <n <Ly + (5 + 1) (ki1 + mi)-
Lemma 4.5. |S(z,n) — ak,| — 0 when k — oo.

Proof. As in (4.31), since x € F, there exists z € Ly, +1 such that

€
d‘ek,ik+1 ($, Z) < 2_k

Moreover, since z € Ly, ;, +1, there exist T € Ly ;, and y € Dy, ;, +1 such that

3 B
de7k (fvz) < 7 and dtk,ik-#l(y»fek’lk—i_mk( )) <5z

2k 2’“
Therefore,
_ O i ) £
dzkv"’k (:C,x) < Qk——l and dt;«,ik-ﬂ (y»f i T (:C)) < ok—1"

When j > 0 in (4.34), there exist ! . .,xf’i"ﬂ € Wi i.+1 such that

K an €
dnk z,\+1(xk A+1>f ( )) < 2_1“)
where a, = (ng,i,+1 +mi)(r —1), 7 =1,...,74, and hence,
32 m QA €
(4.35) AN Ch  flbatmitor () < oz

Now we write

0,n—1] = [0, g, — 1]
J
U U Uhi + (r = 1) (mg 4+ ngiy 1), Criy, + 7(mp + i 1) — 1]

U [Cr.in + 3 (mp 4+ ngi41),n — 1.
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On the interval [0, ¢y, — 1] we have the estimate in (4.33). On each interval
[br, by + (Mg + ng i +1) — 1], where

by =Ll i, + (r— 1) (Mg + Mg iy 1)

we have
brt(mpg+ng,ip+1)—1 br(met+ng,i,+1)—1
S wP@) - S )k
p=b, p=br
br+mp—1 br+mp—1
<l D ey - Yo w(P@)aw,
p=b, p=by
Ngip+1—1 Ngip+1—1
D @) = Y (T (@) an,
p=0 p=0
Npif+1—1 Nkyip+1—1
<o 4|3 e =S (e (), |
p=0 p=0

Since kTt € Wy i 11 C P(Qiy+1, Ok ig+1> Mk iy +1), it follows from (4.35) that

Ngip+1—1 Meyif+1—1
S @) = S (T @)ay,
p=0 p=0
Npip+1—1 Ny +1—1
| X @) X e
p=0 p=0
Ngip+1—1 N ip+1—1
HD T e = Y (P )k
p=0 p=0
Ngip+1—1 Ngip+1—1
HOX wrey <Y ()| o
p=0 p=0

Npyif+1—1

+ Z w(fp(xa]f7ik+1))|ak7ik - ak,ik+1|
p=0

< Mg +1 (bk—Q + Ok ip+1 + br—2n’ + @)

Therefore,
br+(mi+nk,iy+1)—1 brt(mi ki +1)—1
> o(f7(x)) — > D(fP (),
(436) p=b, p=b,

< min + i1 (bk72 + ki1 + br—2n + ”Z—H>



TOPOLOGICAL ENTROPY OF IRREGULAR SETS 875

Finally, on the interval [€y ;. + j(mi + Nk ip4+1),n — 1] we have

n—1 n—1

> p(f7(z)) = > D(fP(2)) ki

P=Li iy, +I (M +1k, iy +1) p=Li, iy, +3 (MK +nk, i) +1)

(4.37)
< (0= Lriy, = J(mr + ki) < (i 11 + M)’

By (4.33), (4.36) and (4.37), we obtain

\ Z_: e(fP(z)) — Z_j O(fP () ok,
p=0 p=0

< iy (bg—1 + bg—1m) + Riip + (Mg i1 + (J + D)mi)n
||¢H>

/

+ Nk +1 (bk 2 + Ok ip+1 + bp—on +
and hence,

S (@)
Sy w(fr(x))

R Nki+1+ (7 +1)m
<bk; 1+bk: 1n+ kg + kyip+1 (] ) k?n/
gk"tk Nkyik

)

Cl/,k; Zk

¢
+bg—2 + 0 ip+1 + bp—2n+ — ” H

By Lemma 4.4 and the choice of the integers Ny ;, the right-hand side tends to
zero when k — oo. This completes the proof of the lemma. O

Now we use Lemma 4.5 to prove inclusion (4.24). Fix z € F. For n € N,
by (4.19) and Lemma 4.5, we have

S e(f7(x))
S w(fr(x))

when n — oo. Since I is closed, this implies that A(z) C I.

dist(A(x),I) < — ag,i, | + dist(ag,,, I) = 0

Step 6. Conclusion of the proof. It follows from (4.17) and (4.18) that
(4.38) h(f|X1) > inf A(a).
acl
In particular, taking I = {«} with a € L, we obtain
(439) Aa) < B(fIX(a)).
On the other hand, Thompson showed in [21] that
(4.40) B(fIX (@) < H(a).
It follows from (4.39) and (4.40) together with Lemma 4.1 that
(4.41) B(fIX (@) = H(a) = Aa)
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for a € L. In particular, by (4.38), we obtain
(4.42) h(f|X;) > inf H(a).

acl

Now we establish an auxiliary result.
Lemma 4.6. h(f|X,) < A(«a) for each o € L.

Proof. For each § > 0 we have

c ﬁ U P(e, 6. k) ﬁ Gy,
p=1k>p p=1
where
Gy = P(a,0.k).
k>p
Let

hf\Z,e

) =
We will show that h(f|Gp,¢)
g > 0. Therefore, h(f| X4, ) <

inf {s > 0:m(Z,s,e) =0}.

< A(a) for every p € N and all sufficiently small
A(a) and

B(f1Xo) = lim h(f17,¢) < Aa).

For each k € N the set Py, := P(«, d, k) can be covered by a number N(a, d, k, €)
of di-balls of radius €. Hence, for each s > 0, we have

(4.43) m(Pg, s,e) < N(w, 0, k,e) exp(—ks).

Now let s > A(a) and v = (s — A(a))/2 > 0. By (4.3), for all sufficiently small
e >0 and § > 0 (possibly depending on ), we have

N(e,6,k,€) < exp(k(A(a) +7))
for k € N. Hence, it follows from (4.43) that
m(Pka 876) S eXp(—k"'y)

Therefore, m(Py, s,e) = 0, which implies that h(f|Py,e) < s. Taking the union
over k we obtain h(f|Gp, ) < s and letting s — A(«) yields the desired result. O

Finally, for « € £ we define
Xo={ze X :aec A}

Since X C X, for every o € I, it follows immediately from (4.41) and Lemma 4.6
that
h(f1Xr) < iIéfIH(a)'

Together with (4.42) this yields statement 2 of the theorem.
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For statement 1, note that if a,, is a bounded sequence such that a,, 11 —a, — 0

when n — oo, then its set of accumulation points A is a bounded closed interval.
In particular, since

|S(z,n+1) = S(z,n)|

n—l n—1
= m (@) Yo (@) = e @) Y el (@)
=0 i=0
2[leoll - [l

= Dtop

when n — oo, we obtain statement 1. This completes the proof.
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