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The variance conjecture on hyperplane
projections of the EZ balls

David Alonso-Gutiérrez and Jesus Bastero

Abstract. We show that for any 1 < p < oo, the family of random
vectors uniformly distributed on hyperplane projections of the unit ball
of £ verify the variance conjecture

Var | X|* < C max E(X,&)°E[X]?
565"‘_1

where C' depends on p but not on the dimension n or the hyperplane.
We will also show a general result relating the variance conjecture for
a random vector uniformly distributed on an isotropic convex body and
the variance conjecture for a random vector uniformly distributed on any
Steiner symmetrization of it. As a consequence we will have that the class
of random vectors uniformly distributed on any Steiner symmetrization of
an {,-ball verify the variance conjecture.

1. Introduction and notations

A probability measure g on R™ is said to be log-concave if it has a density with
respect to the Lebesgue measure

du(z) = eV @ d,

where V: R" — (—o00,00] is a convex function. For instance, the uniform proba-
bility measure on a convex body and the Gaussian measure are examples of log-
concave probabilities on R™. A log-concave random vector X is a random vector
in R™ distributed according to a log-concave probability measure. A log-concave
random vector X is called isotropic if the following two conditions hold:

e The barycenter is at the origin, i.e., EX = 0,
e The covariance matrix is the identity I,,, i.e. E(X,e;)(X,e;) = d; ,
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where {e;}; denotes the canonical basis in R", ¢, ; is the Kronecker delta, (-, )
is the usual scalar product in R™, and E denotes the expectation. We will also
denote by Var the variance. It is well known that for any log-concave random
vector X there exists an affine map 7', with non-zero determinant, such that 7T'X
is isotropic. If X is centered then T is non-degenerate linear map T' € GL(n).

Given a centered log-concave random vector X, we will denote by A% the largest
eigenvalue of its covariance matrix My,

2\ = Mx|lep—ep = 5&%§1E<X7 £)?,

where S™~1 denotes the Euclidean unit sphere in R™.

The variance conjecture was considered by Bobkov and Koldobsky in the con-
text of the central limit problem for isotropic convex bodies (see [9]) and it states
the following.

Conjecture 1.1. There exists an absolute constant C' such that for every isotropic
log-concave random vector X

Var |[X|? < CE|X|* = Cn.

It was conjectured before by Antilla, Ball, and Perissinaki (see [4]) that for an
isotropic log-concave random vector X, | X| is highly concentrated in a “thin shell”
more than the trivial bound Var|X| < E|X|? suggests.

The variance conjecture is a particular case of a stronger conjecture, due to
Kannan, Lovédsz, and Simonovits (see [16]), concerning the spectral gap of log-
concave probability measures. This conjecture can be stated in the following way
due to the work of Cheeger, Maz’ya and Ledoux, among others.

Conjecture 1.2. There exists an absolute constant C' such that for any centered
log-concave random vector X and for any locally Lipschitz function g: R™ — R
such that the random variable g(X) has finite variance:

Var g(X) < C A E|Vg(X)[*.

Notice that Conjecture 1.1 is the particular case of Conjecture 1.2 when g(X) =
| X|? and X is isotropic. One can also consider the particular case in which g(X) =
|X|? but X is not necessarily isotropic. This gives the following general variance
conjecture.

Conjecture 1.3. There exists an absolute constant C such that for every centered
log-concave random vector X

Var |[X|? < C X E|X %

This general variance conjecture was considered before in [1], where it was
shown that uniform probability measures on hyperplane projections of B}* and B[,
(the unit balls of ¢} and ¢%) verify it. In the particular case that we con-
sider X isotropic this conjecture becomes Conjecture 1.1. However, it is not clear
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whether these conjectures are equivalent since the general case is not deduced from
the isotropic case because we are considering only the function g(X) = | X |2, Some
estimates for the constant in Conjecture 1.3, when considering linear deformations
of isotropic random vectors verifying Conjecture 1.1, were given in [1] and [2].

Not many examples are known to verify these conjectures. Conjecture 1.2 is
known to be true for a Gaussian random vector and random vectors uniformly
distributed on the £7-balls, some revolution bodies, the simplex, and, with an ex-
tra logn factor, on unconditional bodies and log-concave probabilities with many
symmetries (see [5], [7], [8], [15], [17], [19] and [22]). The best general known re-
sult in Conjecture 1.2 adds a factor n?/3(logn)? and is due to Guédon-Milman,
who proved the best known estimate in Conjecture 1.1 with an extra factor n?/3
(see [13]), and Eldan, who proved that the variance conjecture implies the Kannan—
Lovész—Simonovits conjecture, up to a logarithmic factor (see [12]). Besides, Con-
jecture 1.3 (and thus, 1.1) is true for random vectors uniformly distributed on
unconditional bodies [17] and, as mentioned before, hyperplane projections of B}
and B (see [1]), and increments of log-concave martingales (see [11]). For more
information on these conjectures and their relation with some other problems in
asymptotic convex geometry we also refer the reader to the monographs [10] and [2].

In this paper we approach the study of the general variance conjecture for the
class of random vectors uniformly distributed on projections of By, the unit balls
of £, 1 < p < oo, onto (n — 1)-dimensional subspaces H = 6+, extending the
results obtained for p = 1, 00 in [1]. Namely, we will prove the following.

Theorem 1.1. There exists an absolute constant C' such that for any hyperplane
H =0+, with 0 € S, if X is a random vector uniformly distributed on Py (B})
we have that, if p < n,

Var | X|? < Clog(1 +p) \% E|X|?,

and if p > n,
Var | X2 < C ML E X2

Furthermore, if 1 < p < n the set of vectors § € S~ ! such that
Var |[X|? < C )X E|X|?
has Haar probability measure greater than 1 — 1/2™.

Notice that the value of the constant in the theorem depends on p if p < n and
does not depend on p if p > n. The reason for this discontinuity in the value of the
constant is just technical. Our proof gives a constant C'log(1 + p) for every value
of p € [1,00] and, using a different method we were able to give a better estimate,
independent of p, that holds for values of p greater than n.

We would like to remark that we are considering a random vectors uniformly
distributed on projections of B and not the projections of random vectors uni-
formly distributed on B;}. When considering the projections of the random vectors
the situation is much simpler. Even though it is probably straightforward for spe-
cialists, for the sake of completeness we will give in Section 5 a general result
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showing that an isotropic log-concave random vector verifies the variance conjec-
ture if and only if any of its hyperplane projections does.

A convex body K is called isotropic if it has volume 1, |K| = 1, and for any
vector € S"~! we have E(X,0) = 0 and E(X,0)? = L%, where X is a random
vector uniformly distributed on K and L does not depend on 6 and is called the
isotropic constant of K. Thus, K is isotropic if and only if the random vector uni-
formly distributed on Ll}lK is isotropic. Given a convex body K and a hyperplane
H = 0+, with § € S, the Steiner symmetrization of K with respect to H is the
convex body defined as

So(K)={z+1t0 : 2 € Ppu K, [t| < LK (z+(0)]},

where (#) denotes the one-dimensional subspace spanned by 6. We will also study
the relation between the variance conjecture for a random vector uniformly dis-
tributed on an isotropic convex body and a random vector uniformly distributed on
the Steiner symmetrization of it with respect to any hyperplane. We will show the
following general result, which shows that a random vector uniformly distributed
on an isotropic body verifies the variance conjecture if and only if a random vector
uniformly distributed on any of its Steiner symmetrizations does. As a conse-
quence, if a random vector uniformly distributed on an isotropic convex body K
verifies the variance conjecture, then the class of random vectors uniformly dis-
tributed on any of its Steiner symmetrizations also verify the variance conjecture.

Theorem 1.2. Let K be an isotropic convex body and 6 € S"~1. Let us denote
by X a random wvector uniformly distributed on K and by Yy a random wvector
untformly distributed on Sg(K), the Steiner symmetrization of K with respect to
H = 0. Then the following are equivalent:

a) There exists a constant Cy such that

Var |[X|? < Ci A\X E|X 2

b) There erists a constant Cy such that, for some § € S~ 1,

Var|Yy|* < C2 Ay, E|Yy|*.

c¢) There exists a constant Cs such that, for every 6 € S~ 1,
2 2 2
Var |[Yy|* < C3 Ay, E|Ypl",
where
Cy <C3<2(C1+C) and Cy <Cy+C,
with C an absolute constant.

The paper is organized as follows: we will prove Theorem 1.1 in Section 4.
In Section 2 we will present some known results that we will use, and in Sec-
tion 3 we will prove some technical lemmas we will need to prove Theorem 1.1.
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Finally, in Section 5 we will show the general results concerning the variance con-
jecture for projections of isotropic log-concave random vectors and for random
vectors uniformly distributed on the Steiner symmetrizations of an isotropic con-
vex body. We will always use the letters ¢, C, C’ to denote absolute constants, and
will use a ~ b to denote the existence of two positive absolute constants ¢ and C
such that ca < b < Ca.

2. Preliminaries

In this section we present the tools we use to prove the aforementioned results. We
will use the techniques developed in [6]. We will denote by o} the uniform area
measure (Hausdorff measure) on 9B}, the boundary of B}, and by uj the cone
probability measure on 9By}, defined by

Hta e R™a e A,0 <t <1}

p

P

AC OB

A relation between these two measures was proved in [20]. For the sake of com-
pleteness we include a short proof of it in the following lemma.

Lemma 2.1. Let o and py, be the uniform area measure and the cone probability
measure on OB} . Then

do} ()
dpyy ()

=n|By[ V([ llp) ()]
Jor almost every point x € 0B,).

Proof. Let g: 0B} — R be an integrable function with respect to p;,. Denoting by
otoBy the uniform area measure on taB;} and using the co-area formula, we have
that

/Z?ng(y)duﬁ(y) = ﬁ Bng(ﬁ) o
9(z/|||p)
|B |/ /Bn /|p( )|d0taB;}(m)dt

" 1/ do? (y) dt
|Bn|/ o5 Hp p] v @)

g(y) n
/aB; wIBy1 V0 - 1w 7
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Consequently, by using Cauchy’s formula, if H = 6+, X is a random vector
uniformly distributed on K = Py B}} and f: K — R is a Borel integrable function

1.0,
T o] 2P

BA) = o [ f@)dr = g . 1)
Jopy TPV 11p)(w), O)dps;
T T VT )W), 0) i
ng;: F(Pr(y)) |20 il sen(y:)6; | ds (y)
T Jomy IS Il sen(ua)0i] diig (9)
We will use the following probabilistic description of the measure y; (see, for

instance, [21], [6] and [20]): let gi,...,9, be independent copies of a random
variable g with density with respect to the Lebesgue measure

e_lt‘p
oT(1+ 1/p)

for every t € R, and denote by

—(X1ar)"”
=1

Then

e The random vector G/S := (¢1/S, ..., gn/5) and the random variable S are
independent.

* (/S is distributed on B according to the cone measure p.

Hence

Ef (PH( ""795 ‘Zz 1 ‘?S:P 1 Sgn(gz)ez
‘Zz 1 ‘fgp 1 Sgn(gz) i

By the independence of G/S and S, we have

Ef (Pu (%, %)) |20, lg:"~ " sgn(g)8i _Ef (Pr (%)) o
E[>2i |g:[P~" sgn(g:)0;] Ko 7

Ef(X) =

Ef(X) =

where 1) is defined as

(2.1) do =| D loil* " sen(g)o
=1

We will sometimes use the notation ¥ instead of 1y when there is no possibility of
confusion.

The following theorem, which will be used to obtain some estimates for the
expected value of 1, was proved in [3].
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Theorem 2.1. Let 1 < g < 00, Xq,...,X,, be independent identically distributed
integrable random variables. For every s > 0, define

M(s)= —L- (/ ! |X1|quP+/ |X1|dIP’> dt.
q—1Jo Mixi<ay X1 |1/t

Then, for every x € R™,

n 1/q
e1(q = DY)z s g]E(ZmXAq) < ¢ ||z||ars
=1

where ¢ and co are positive absolute constants, and ||z||ys denotes the Luzemburg
norm given by the Orlicz function M, which is defined by

lzllar = inf{p >0 iM(%) < 1}.
i=1

We will also make use of the following theorem, which was proved in [18].

Theorem 2.2. Let 1 < ¢ < oo and a € R"*"™. Then

2

Aver (Y lanol) "~ T3tk (23 @if)
i=1 =

k=1 k=n-+1

where a; ; € R™ s the decreasing rearrangement of a, and m runs over all the
permutations of {1,...,n}.

In the same paper the authors showed that when ¢ = 2 this estimate can be
estimated by using an Orlicz function.

3. Some probabilistic estimates

In this section we will prove several technical lemmas we will need in order to prove
Theorem 1.1. The following lemma is well known.

Lemma 3.1. Let a > 0 and let g1,...,9, be independent copies of a random
variable g, with density with respect to the Lebesgue measure %, and S =
1
(> 1gil?) P Then
r 1 r
ggpe D@D/ b D ta)/p)
I'(1/p) I'(n/p)

Proof. The value of E|g|® can be computed directly. Let us compute ES*:

—llll3

n a/p e
ES® = ) = A Y
(;'“ ) /]R Iy Graimr
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Changing to polar coordinates

n|Bn| oo »
ES® = —pn/ el e dr
@I +1/p)" Jo
and this expression implies the result. O

This lemma implies the following.

Lemma 3.2. Let X1,..., X, be independent copies of X = g% — G2, where § is an
independent copy of g, defined as before. Then, for any 2 < a < eP we have

(E’ iz:;Xi

Proof. By the triangle inequality,

a)l/a < ovam

(EIX|")* < 2 (Blg*) /" =2 (—r((;a/z;)/p))l/a.

Using Stirling’s formula,
(E[X|)Y* < ca?P < ¢y,

since o < eP. Now, since the random variables X; are symmetric, taking ¢1,...,¢&,
independent Bernoulli random variables, which are also independent of the random
variables X;, we have

[e3

—EE.

n n
i=1 i=1

and, by Khintchine’s inequality (see [14] for the best value of the constant in
Khintchine’s inequality),

n

«
ZEiXi <
i=1

E.

v (S 1x2) " < @vara Y x
i=1 i=1

Hence

ay 1/a
) < (01 Cyv/an. O

n
(B> x:
i=1
Let us recall that, for every § € S"~1, 1)y was defined as

Yo = ’Z |g:["~ " sgn(g;) 0;
1=1

We will also call .

oo = (X lar262) "

i=1



THE VARIANCE CONJECTURE ON HYPERPLANE PROJECTIONS OF THE £, BALLS 887

Notice that since the random variables g; are symmetric with respect to the origin,
for any choice of signs ¢; = £1 we have

Evo = E’ > lgilP " sen(gi) 0
i=1

n
- E’ Z leigilP~" sgn(eigs) 0:
i=1

Thus, taking e1, ..., ¢, independent Bernoulli random variables, by Khintchine’s
inequality we have

= E,E.

n n
Evpg = EEEQ’ > leigilP~ " sgn(eig:) s > eilgiP " sen(gi) 0
=1 =1

n 1/2
NE(Z|9¢|2p_29z‘2) = Egy.
i=1

The following lemma gives estimates for the value of E1y, independent of the
direction 6, in terms of the [|f||1, or in terms of the value of Et)g,, where 6y is the
diagonal direction.

Lemma 3.3. Let 6y = (1/+/n,...,1/y/n). Then:

a) There exist absolute constants Cy,Co such that for any 1 < p < oo and
6ecsnt,

QSE¢9<&
p

= \/]—)'
Furthermore, for any 1 <p < oo and § € S*1,

QSE%S%.
p p

b) There exist two absolute constants C1,Cy such that for any 1 < p < oo,

C C
Bl |6 < B < 2 0]

¢) There exists an absolute constant C' such that
Evpg < C'Ethg,.

Furthermore, there exists an absolute constant ¢ such that

1
oc{0 €S Egg > cEihg, } >1— T

Proof. Let us first prove a). By Jensen’s inequality we have

n
1 11 1
Eyg ~ Epy > E g-p_lenggp_lz = = ~ =,
;' ! 4 I(1/p) pT(1+1/p) »p



888 D. ALONSO-GUTIERREZ AND J. BASTERO

On the other hand, by Holder’s inequality,

Bu ~ Boo < (B3 lo-202) " = (Blglr)""* = (RN
_ (1 I'((2p — 1)/1?))1/2 oL
p T(1+1/p) VP

In the same way, taking independent Bernoulli random variables and using
Khintchine’s inequality,

I(2p—-1)/p) _1T((2p—-1)/p) 1

~ —

2 2 2p—2
B ~ oy =Eol™ " = =5y ot

Let us now prove b). Notice that if p = 1, by Khintchine’s inequality, Et¢y ~ 1
for every € S”~! and then the result follows. Assume that p > 1. On the one
hand, by Lemma 3.1,

Edo <E( Y lo:l 1164 ) < ;2 161
=1

On the other hand,
Egpg ~ B¢y = E|(|gi["~0:)7=y |-

Thus, applying Theorem 2.1 with X; = |g;|P~! and ¢ = 2, we have that
Btpg ~ [10]] as,

with

—1/(p—1) P P

S t —x o0 —x
M(s) =2 ( e / p*167d>dt
() / / o I'(1+1/p v —1/(p—1)x I'(l+1/p v
0 0 t
2 S

*

t— P 0o
= — trP=D/P =" g 4 / e "dr)dt,
pl'(1+1/p) /0 </o t-v* )

where p* = p/(p — 1) is the dual exponent of p. Let Bjys be the unit ball of || - ||as.

Taking into account that the norm || - |57 is 1-symmetric we have that
n
By € —— BT
(L Dl
Thus, for any # € S"~1,
(160l a1
0| ar > 0

and so .
Exp > —= By, |01
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Finally, we prove c). Since, for any permutation 7 of {1,...,n},
n 1/2 n 1/2
Evo ~Boo =E( Y lodl 2 67) =B lon*2020))
k=1 k=1
we have that this expectation equals
n 1/2
B Aver (3 loc 202
k=1
which, by Theorem 2.2 applied to a; ; = |g;|P~16;, is equivalent to
2
1 & RS o\ 1/2
E(gZﬂgilp 19j)k+(g > (lgal* 29?%) )
k=1 k=n-+1
Now, since by Holder’s inequality
1< 1 <& 1/2
- p—1 il 2p—2 p2
=S (gl 00i < (5 YU 607)
k=1 k=1
we have that
2
1 — 1 « _ L\ 172
(320 Uo7 0+ (D dal™20i) )
k=1 k=n+1
2
1 <& 3 N\ 12 1 & B N\ 12
< (5 0al2emi) "+ (1 D0 (aiP202i) )
k=1 k=n+1
Va (L3 ) < vag,.

i,j=1

and taking expectation and using Khintchine’s inequality again we obtain

Evpg < o Etdg, .

Besides, by Markov’s inequality, for any A > 0,

| BT / 1 1 1
= do(0) > —oc{0 e S" " : ||8]1 < A}.
Byl ~ oo T = a0 161} < 43

Thus, since (|BY|/|By|)Y/™ < C/y/n, taking A = 5=+/n, we obtain that

o{oesm ol < if} <1

- 2C AL
and, by part b) in this lemma, there exists an absolute constant ¢ such that
1
0{9 S Sn_l : E¢9 Z cEweo} 2 1- 2_n’

which finishes the proof. O
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In both parts b) and ¢) in Lemma 3.3 we have related Etyy with Etbg,. In the

following lemma we are going to estimate the value of Ety,.

Lemma 3.4. Let 6y = (1/y/n,...,1/y/n). Then, if 1 <p <n,

1
Etbg, ~ —
Ve NGz

and, if p=n" with v > 1,

E vn o1
o, ~ ? - p171/(2w)'

Proof. By Lemma 3.3,
Expg, < \/_

Let us prove Ety, > ¢/,/p. We have seen that, by Khintchine’s inequality,

1 —1\n
Etbg, ~ 7 I1(gilP )i 2.

Thus, applying Theorem 2.1 with X; = |g;|P~! and ¢ = 2, we have that

1
E ~ —I(1,...,1
wao \/ﬁH( ’ ) )HM’
with
~1/(p—1) o IS "
) =2 / 2p27dx+/ :c”flid:odt
/ I'(1+1/p) =1/ (1) L'(1+1/p)

*

t— P 00
—_— trl/p*efrdr—i—/ e "dr)dt
pF(l +1/p) / </ - )

_ 1_1/]7 e —1/p —r
pI‘1+1/p/ / e "drdt,

where the last identity follows from integration by parts and p* = p/(p — 1) is the
dual exponent of p.
On the one hand, since

2 S tip* .
M(s)zi/ / trt/P e  dr dt
L(1+1/p) Jss2

1/p*efrdrdt
1+ pT(1+1/p) //2/

m ( (2—1/p) — /s_p* PP e d7">,
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we have that 1fp—c\/%andp< — = n with a > 1,
M(%) Z EaT(+1/p) 1+1/p ( (2 ) / i efrdr>
Z EaT(+1/p) 1+1/p (F(Q ) / i 64‘”)
(1
(

r

2 ) / re"dr)

2 ) a+1))

> =
= nl(1+1/p) 1+1/p

nT(1+1/p) 1—|—1/p (

Taking « a constant big enough and then ¢ a constant small enough, we have that
if p < Cn for some absolute constant C' < 1,

TEE

and so
n
1,1 ||MZC\F
) p
Consequently,
c
Etpg, >
S

On the other hand, since

tP
M(s) = 1_1/p// rYPe T dr dt
pT(1+1/p) 0

> 1_1/p// N gt
pT(1+1/p)

2(1-1/p) / 141/(p—1 ="
= =" t Pl (] — ¢t dt
pT(1+1/p) Jo ( )
2(1-1/p) /8 1+1/(p—1 s
—_ t P (1 —¢" dt
— I +1/p) Jo ( )
2 (1 —1/p)s>+t/(e=1) i _s,p*)
= — e .

p2+1/(p—1)T(1+1/p)

we have that if Cn < p <n, p = ay/n/p with a < 1, there is an absolute constant ¢
such that

1 cp2r—2 * cp2r—2 * c
M) 2 T ey I s
ottt ms 2tiipltms an’

since p ~ n. If we take av a constant small enough,

M(a\/lﬁ/p) = % '
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and so
n
1,...,1 M >()4\/j.
€ )l p
Consequently,
c
Evpg, > —
0 \/2—7
also if Cn < p <n.
By Lemma 3.3,
c Ccor/1
Bun, < 2 1] = 22
p p

Consequently, if p = n? with v > 1,

CQ\/E - C2
Bioy < == = Jmiem

On the other hand, since p > n, if n > 2,

M(s) = 20=1p) / / VP e drdt

pr pT(1+1/p)
2(1-1/p) / / Ut 2 /S —t 7"
> Pe drdt=——F—— [ ¢ dt
pF1+1/p pT(1+1/p) Jo
p* 28 * —p*
> = et At > — 27 (1 -2 /P )e 2
p (1 +1/p) /sQfl/p* pI'(1+1/p) ( )

ST
pl'(1+1/p)

and then

) P N V2(V2 - 1)s o257
pT(1+1/p)

M(l) > \/5(\/5_ 1) 67251’*'

5 ps
Thus, if p = nY and we take s = an'~7, with a < 1,

M( 1 ) . V2(v2 - 1) B

anl=7

n
S V2V2-1) pait L V2(V2ZD) e L
n n n

if we take a < %log (\/5(\/5 — 1)) Consequently,

cy/n c -

p puen”

Eqpg, > cnt/?77 =

Hence, we obtain the following.
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Corollary 3.1. If1 < p <n. Then,

a{eesn—lewN%}zp%.

If p > n, then for every 6 € S"1,
1
Etpg ~ —|0]]1.
p
Proof. The first estimate is a consequence of part ¢) in Lemma 3.3 and Lemma 3.4.

The second estimate is a consequence of part b) in Lemma 3.3 and Lemma 3.4. O

Remark. Actually, it can be proved that for any n € N and any fixed § € S"~!,
hmp—mopEwG = ”0”1

Lemma 3.5. Let I C {1,...,n} be any set of indices and 6 € S"~*. Then,

_ 1/2
E |Zz€] |gi|p sgn(g | E (Zie] |gi|2p 29@‘2) <C
E[X2, lgilP~ sgn(g ) 4= E(X0, |gif2r-262)"*

where C is an absolute constant.

Proof. By the triangle inequality, we have that

Q'Zlgil”’lsgn(gz “sgn(gi) 0i + Y 1g:fP " sen(g:) 0
el

iele
+‘Zlglplsgngz =D lgil” " sen(gs) s
i€l iele

Since the random variables g; are symmetric, the expected value of the second
term equals the expected value of the first term and then

[P~ sgn(gi) ;| = 2B,

QE‘ Z |gi[P~" sgn(gi) 6
iel

which proves the first inequality. The second inequality is a consequence of the
first one and Khintchine’s inequality. O

4. The variance conjecture on hyperplane projections of B;’

In this section we prove Theorem 1.1.

Proof. First of all, notice that, by Proposition 4 in [1], for any £ € S" 1 N H we
have that if X is a random vector uniformly distributed on Pg(B)),

E(By|7V X, 6)? ~ L, ~ 1.
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Thus,
1

E(X,6)? ~|By " ~ oy

and so

M E (X2 ~ntmt/p,
Now, using the probabilistic representation of X mentioned in Section 2, we have
Var| X[ = E|X|* — (E]X[*)*
g7 (5)|'0 - o (ElPu (5)] o)
=w$ﬁ@§2—<§ﬂffw—@@v0ﬂ§M%4%§ﬂfwf

éﬁﬂ%ﬁH(iﬂ%%Y

+ﬁE<G >”’+2( ‘S‘w < >2¢
;(Ew si¥ (Elw 52“}))
+;(Ew e @E%W%@

1

* By <G >w+(E¢ ‘S‘¢E< >2w'

We are going to bound from above each one of the four summands in the last
expression. The upper bound of the first, third, and fourth term will be of the
order that would give an absolute constant in the variance conjecture. The estimate
we obtain for the second term will be the one that will cause the constant to depend
on pif p <n.

Upper bound for the last term

By the independence of G//S and S we have that for any § € S*1,

LE<9 9>2w - 0> |Z’L 1 lgSIP 11 Sgn(gl)01|
Eflp S) E| Z,L 1 ‘%L;,‘)p 11 Sgn gz 9 |
ESP—E(CSi, 9i6:)* [0 [gil”~ " sen(gs) 04
~ RSP E 37, lgilP~ sgn(g;) 6;|
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Taking 1, ...,&, independent Bernoulli random variables also independent with
respect to the g;’s we have that

ESP~! E(Zz 191 i) |Zz 1|91|p 1Sgn(91)91|

ESr+1 EX L g~ 1sgn(gz)9|
ESPY EE (Y €i9i0i)? [ D0y |gilP ! sen(gi)eids |
ESp+1 Eg >0 lgiP~* sgn(gs) 04|
1/9 B 2.1/2
ESP~ E, (Ec(Y7, €igifi)?) / (E. |Z:'L=1 |giP~ " sgn(gi)eibs|” ) !
= ESr 1 Ey 32121 9P~ sgn(g:) 0
By Khintchine’s inequality, Lemma 3.1, Lemma 3.3 and Lemma 3.5,
_ 1/2
LE<9 9>2¢ - EsP—1 Eg(Z? 19292)(2?:1 |gj|2p 26?‘)
B ESH B[S0, g7 senlg,)0)]
n _ 1/2
ESP—1 Zz 1 07 ]Eggf(zj:l |9j|2p 2912')
T ESPTT T R, ijl 917" sen(g;); ]
B B 1/2
ESP—1 o0y 07 Beg? (19:P 6] + (22,4 1951777267) )
= ESr+1 Eq| 32721 9517~ sgn(g;)0;]
_ 1/2
ESP~1 3, 07 (EglgilP 105 + Egg7 Eg (30,4 19;1777265) )
~ Eorit Eqg| 3271 1917~ sen(g;)6]
ESP—1 - 2 ESP~!
= Egrni Z‘g (Cilf] + ) < CESP+1
By Lemma 3.1 we have % ~ # Thus
1 /G \2 C
_ — < .
Le(Safss
Also, as before,
ESPL 1 &
— ’— e - Z gt
E) |S| 7T ESPH Ey 4
C n B 1/2
< m Z (E|gi|p+1|9i| ‘HEggiQ Eg(z |gj|2p ’ HJQ) )
=1 J#i
C

(16l +n) < Cnt=2/7,

n2/p

and so
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Upper bound for the first and third term

Similarly, by the independence of G/S and S, Holder’s inequality, Khintchine’s
inequality, Lemma 3.1 and Lemma 3.5, we have

(S 0) = B (Zgzsgn g)eits) \Zw 7 sen(g;)e |
< % ( (Zgzsgn 9059) ) (Ee Z|9j|”_1sgn(9j)€j9j‘ )1/2
=1

~ E]Eff;];w ( 292) ‘Z|9J|2p 292(

ESP™ ! - 42 2p—2 pn2
- ESPHMEZQ b i eﬂ"
ESP™ ! - 2 2p—2 pn2
ESPHMEQE% E |93~ 9‘

g1 & .,
: Egpfsm Z92Egz (Igzlp Y6;| + (ZWJIQP 292) )

J#i
Esp-1 & P
- MZW(EI%I”W|+E93E(§|gj|2p 262)""%)
< Eg:é Ciaz <Cn~tP

since, by Lemma 3.1, £ W ~ n~%?_ This bounds the third term. Besides, this
estimate implies the following bound on the first term:

n

Z(ﬁﬂ‘:g—i (Elw 5 )) Z—ng<cn1 4/,

i=1

Upper bound for the second term

It remains to bound the second term

1 gzg 1 g 9
; (Ew S4j V- (Eq)? EﬁwEs_J?w)'

For any i # j we have
1 gzgjw ng Zw_IESP 1Eglgjw_(ESp 1)2Eg YEgFY
Ey S (E 1/)) ESpt3 By Spil (Ey)?

(ESP—1)2 (ESP+1)2
~ ([ESPT)(EY) (ESP—lESp+3 Eg?giv By — Egiy Eg; )
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By Hoélder’s inequality, (ESPT1)? < ESP~YESPT3. Then, we have

(ESP)?
(ESPH1)2(Ey)?

1 gl 97
Ew 54

2 2
i i
Y- = ERYELy < (Eg?g}w v — Eg?w EgH4)

(Ew)

Note that if {gl ', are independent copies of g, independent of {g;}" ,, and
|ZZ=1 |g:|P~1 sgn(g;)0; | we have that

Eg?g; ¢ B — Bgi By = Bgwgg; (95 — 35)0 O = Beegdi (@7 — 970 .
Thus,

Eg;g; ¢ Bty — Egszgjw——Eg@ag( g g - gy

and so,

glgj 1 ¢ g
) ¥y WEWE?“"
(ESP~ 1) 5

(ESP~ 1) - - -
= YESFIR(E EW(; ) (2 3 ) :
Now, for any a > 1, this is bounded by

(N _ 2202 1/, 2\1/a n N
(B s G () )

N

(By>)/> 1/a :
By Lemma 3.3, CDEC <Chp and, taking @ ~ logp we have by Lemma 3.2
that
n N 1/(2a)
(E(Z(g? —573)) ) ~nlogp
i=1
and so
1 gz 1 1-4/
wE 1/)) < Cn'Plog(1 + p
> (&5 mor® e

Besides, by Corollary 3.1, if 1 < p < n, (E¢?)V/*/(Ey)?/® < C for a set of
directions of measure greater than 1 — 1/2"™. Taking o = 2 when 6 belongs to this
set, we obtain

1 gz 1 g 9 1-4/
i B < P,
; (]Ew g4 (E)2 ]ESWESW) s Cn

This finishes the proof in the case p < n.
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In the case that p > n we go back to bound the last term in (4.1) and take
into account that, since the random variables g; are independent and identically
distributed,

B i3 - 7)) = Ev (Y062 - B + Y O(EaE - )

i=1 i=

=

< VaRgU[( Y07 ) + (2@ ~E) |
i=1 i=1
—2VEEGEN( 3 (7 ~ ) < 2VIBUVEY |l 1651 ( (62 ~ Ea?)’
i=1 j=1 i=1
— 20l Ev Bl (362 ~ Ea)) = 2VEI0\ B Elgy P D (o — Bg?)?
i=1 i=1

_ CnlflLEy.
p

Since, by part b) in Lemma 3.3,

1
Ew% ”9H1>

c
Ewé)Z%

we have that

n—4/p & o2 NG Y
WH&WP(Z@?_Q?)) SCPETZ)GO n'=4/P

i=1

and, since p > n, by Lemma 3.4 Ety, ~ /n/p, and we obtain the result. O

5. Hyperplane projections of isotropic random vectors and
Steiner symmetrization

In this section we will show how the variance conjecture for an isotropic log-concave
random vector relates to the variance conjecture for its hyperplane projections or
for its Steiner symmetrizations (when the vector is uniformly distributed on an
isotropic body).

Proposition 5.1. Let p be a log-concave probability on R™ and X a random vector
distributed according to p. Then for any linear subspace F,

|/ Var| X |2 — \/Var|Pg X 2| < \/Var|Pg. X 2.

Proof. For any linear subspace E,

[ X[? = [Pp(X)]* + | Pp (X)[*.
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Thus,

Var| X |* = Var|Pp X |*+Var|Pg. X|*+ 2 (E| Pp X |*| Pg+ X |*~E|Pp X |* E| P X |?)
= Var|Pp X |* + Var| Py X|?
+2 (E|PeX (X - [PeX|*) - E|PeX[PE(|X|* - |PeX|?))
= Var|Pp X |* + Var|Pg. X|? + 2E|Pe X |*(|X|* — E|X|?) — 2Var| Pp X |?
= Var|Pg1 X|? — Var| P X |* + 2 E(|PpX|? — E|Pe X |2)(| X > - E|X|?)
< Var|Pg1 X |> — Var|Pp X|? + 21/ Var| Pp X |2/ Var| X 2.

Consequently,

Var|X|? — 2y/Var| Pp X |2y/Var|X |2 — Var|Pg. X |> + Var| P X|? < 0.
Since the roots of the polyomial
p(z) = 2% — 2¢/Var| P X |2z — Var|Pg. X |* + Var|Pp X |2

are

\/Var|Pp X |2 4+ /Var|Pg. X |2,
we obtain the result. O

As a consequence, we have the following.

Theorem 5.1. Let X be an isotropic log-concave random vector. Then the fol-
lowing are equivalent:

a) There exists a constant Cy such that

Var |X|2 < Cyn.

b) There exists a constant Co such that
Var |PpX|? < Cao(n —1)

for some hyperplane E.

c) There ezists a constant Cs such that
Var |PpX|? < Cs(n —1)

for every hyperplane E,

where

Cy < Oy < 4(01 n %) and Cy < 2(02+ %)

with C' an absolute constant.
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Proof. Let E = 6 be a hyperplane and X an isotropic log-concave random vec-
tor. Since X is isotropic, also PgX is isotropic. Thus, if X verifies the variance
conjecture with constant C then, for every hyperplane £ = 6=,

V/Var|PpX |2 < \/Var| X2 4+ /Var(X,0)2 < /Cin + VE(X, )4
<V2./Cin+E(X,0)*
By Borell’s inequality,
C
V/ Var|Pp X |2 < V2/Cin+C" =V24/Cy + po V.
Thus, there exists an absolute constant C' such that
c c
2< “In< “Nin—
Var| P X|* < 2(01 + n) n < 4(01 + n) (n—1).

In the same way, if there exists a hyperplane E = 61 such that Var |PpX|? <
Cy(n —1) , then

V/Var|X|2 < y/Var|Pg X2 + \/Var(X, )2
<V/Cs(n—1) + VE(X,0)* < V2/Ca(n — 1) + E(X, 0)4

and, by Borell’s inequality,

C
VVar| X2 < vV2/Con+C =v24/Cy + —~ V.
Thus, there exists an absolute constant C' such that
C
Var| X|? < 2(02 + —) n. 0
n

Now we will prove Theorem 1.2. It will be a consequence of the following.

Proposition 5.2. Let K be an isotropic convex body, 0 € S™ 1 and Sy(K) its
Steiner symmetrization with respect to the hyperplane H = 6+. LetY be a random
vector uniformly distributed on Sp(K) and X a random vector uniformly distributed
on K. Then there exists an absolute constant C' such that

|Valr|Y|2 - Var|X|2| <CnlL¥.

Proof. Without loss of generality we can assume that 8 = e,,. We have that

n

Var|Y|? = Z (E<Y, i)t — (E(Y, €i>2)2)

+) 0 (E(Y,e)*(Y,e5)? — E(Y, e;)? E(Ye;)%) .
i#]
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Notice that if 7 # n,

WK%V=LWM@&VWMMD@+®MWM

=/ (s e 1K 1 (5 + (en))] dy = E(X, e
Pu(K)

If i = n for every y € Py (K), we have that KN (y+(e,)) is a segment [a(y), b(y)]en
with length 2I(y), and then

1(y) b(y)
E(Y, e,)* = / / ttdtdy < / / ttdt dy = E(X,en)?*.
Py (K) J~(y) Py (K) Ja(y)

In the same way, if i # n,
E<K ei>2 = E<Xa ei>27
and if i = n,
E(Y,e,)? <E(X,e,)2
Besides, if i,j # n,
E<Yv ei>2<Y’ ej>2 = E<X7 €i>2<X7 ej>2>
and if i # n,
I(y) b(y)
e Ve = [ e [ ewdys [ e [ dedy
Py (K) —l(y) Py (K) a(y)
= E<X» ei>2<X, en>2'
Thus,
Var|Y|? = Var| X |* + E(Y, en)* — E(X, e)* + (B(X, €n)*)? — (E(Y, €;)?)”

n—1

+2) E(Y e (Y, en)? — E(X, e)*(X, €n)?
=1
n—1

+2 Z E<X7 6i>2(E<X» en>2 - E<Y’ en>2)'

i=1
Consequently,
VarlY [ < Var| X|? + (E(X, en)*)? — (E(Y, e;)*)?
n—1

+2 Z E<X» ei>2(E<X7 6n>2 - E<Yv 6n>2)'
i=1

Now, if K is isotropic,
Var|Y|? < Var| X |? + L% — (E(Y, e:)?)? + 2(n — 1) L% (L% — E(Y, e,)?)
< Var|X|* 4+ (2n — 1) L%.
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On the other hand, by Holder’s inequality and Borell’s lemma,

n—1
Var|Y]* > Var| X|* — B(X, e,)* —2) " E(X,e;)*(X, en)”

=1
n—1

> Var| X|* — E(X, en)* =2 E((X,e;)") 2 E((X, en)*)"/?
i=1

> Var| X |2 — C(E(X, e,)? CZIE (X,e)?E(X, e,)?.

Thus, if K is isotropic,
Var|Y'|? > Var| X |> — Cn L. O

As a consequence, we have Theorem 1.2:

Proof of Theorem 1.2. Let K be an isotropic convex body and let Yy be a random
vector on Sp(K). Then
X, = Lk
and
EYsl2 = (n — 1)L% + E(Ys,0)2.
Thus
(n —1)L3% < E|Yy|*> < nL3%

and so, by the previous proposition, if X verifies the variance conjecture with
constant C; then for any § € S,

Var |[Yy|* < Var |X|* + CnLj < (C1 + C)nLy < 2(Cy + C)N\Y, E[Y [,

and if, for some # € S™"~1, Y, verifies the variance conjecture with constant Cs,
then

Var | X|? < Var|Yp|? + Cn Ly < (Co +C)nLy = (Co + C)NXEIX[2. O
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