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Boundedness of spectral multipliers for
Schrodinger operators on open sets

Tsukasa [wabuchi, Tokio Matsuyama and Koichi Taniguchi

Abstract. Let Hy be a self-adjoint extension of the Schrédinger operator
—A + V(z) with the Dirichlet boundary condition on an arbitrary open
set © of R?, where d > 1 and the negative part of potential V belongs
to the Kato class on €. The purpose of this paper is to prove LP-L9-
estimates and gradient estimates for an operator ¢(Hy ), where ¢ is an
arbitrary rapidly decreasing function on R, and ¢(Hy) is defined via the
spectral theorem.

1. Introduction and main results
Let Q be an open set of R, with d > 1. We consider the Schrédinger operator

d 82
~A+V(z) = _237 +V(2)

AN )

with the Dirichlet boundary condition. Here V(z) is a real-valued measurable
function on €. If the negative part of potential V' is assumed to be of Kato class
on €, then the operator —A + V(z) defined on C§° () is uniquely extended to a
semi-bounded self-adjoint operator Hy with domain

D(Hy) = {u € Hj(Q) | /Viu € L*(Q), Hyu e L*(Q)}

such that

<Hvu,v>L2(Q) = /QVU(:E) -Vou(z)dx + /Q V(z) u(z)v(z) do

for any w € D(Hy) and v € HJ(Q) with \/Viv € L*(Q) (see Proposition 2.1

in Section 2), where V. is the positive part of V| <Hvu,U>L2(Q) stands for the
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inner product of Hyu and v in L?(£2), and H{(£2) is the completion of C§°(£2)
with respect to H'(Q2)-norm. Let {Ex, (\)}rer be the spectral resolution of the
identity for Hy, where the resolution { Ex,, (\)}xer is uniquely determined for Hy
by the spectral theorem. Then for any Borel measurable function ¢ on R, an
operator p(Hy ) is defined by letting

o) = [ T o dEg, (V)

with domain
Do) = {1 € 2@ | [~ 10 dlBa (1. 1120, < o0}

In this paper we study functional calculus of p(0Hy ) for 6 > 0.
We suppose that the potential V' satisfies the following condition:

Assumption A. V is a real-valued measurable function on €2, and is decomposed
as V=V, —V_ such that Vo >0, Vi € L{ () and V_ € Kq4(Q), where K4(S2)
is the Kato class of potentials.

Following Simon (see Section A.2 in [22]), let us give the definition of K;(2)
as follows.

Definition. We say that V_ belongs to the class K4(Q) if

hmsup/ Ld)Qdy 0, d>3,
r=0ze Jan{jz—y|<r} lz =y

hrr(l)sup/ log(|lz —y| " V_(y)dy =0, d=2,
r2VzeQJon{|z—y|<r}

sup/ V_(y)dy < oo, d=1.
zeQJon{|z—y|<1}

The aim of this paper is to show LP-L%-estimates and gradient estimates for
spectral multipliers p(Hy ) on . The motivation of the problem in this paper
comes from the point of view of harmonic analysis and PDEs. For instance, the
spectral multiplier is a generalization of Fourier multiplier in the following sense:
When Q = R? and Hy = —A is the free Hamiltonian on R, the spectral multiplier
coincides with the Fourier multiplier, i.e.,

p(=8) =7 (| - 1) 7],

where .# and .Z ! denote the Fourier transform and inverse Fourier transform,
respectively. We also show uniform estimates for ¢ (0 Hy ) with respect to a param-
eter 0. These estimates play a fundamental role in studying Hardy spaces, BMO
spaces, Besov spaces and Triebel-Lizorkin spaces generated by the Schrédinger
operator (see [1], [5], [7], [10], [14], [17], [25]). The theory of spectral multipliers is
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also related to the study of convergence of the Riesz means or convergence of eigen-
function expansion of self-adjoint operators (see, e.g., Chapter IX in Stein [23]).

In this paper we denote by #(X,Y") the space of all bounded linear operators
from a Banach space X to another one Y. When X =Y, we denote by #(X) =
P(X,X). We use the notation D(T) for the domain of an operator T. We denote
by . (R) the space of rapidly decreasing functions on R.

We shall prove the following.

Theorem 1.1. Let ¢ € S (R). Suppose that the potential V satisfies assump-
tion A. Let 1 < p < q<oo. Then p(Hy) is extended to a bounded linear operator
from LP(QY) to LY(Q). Furthermore, the following assertions hold:

(i) There exists a constant C > 0 such that
(1.1) (O )| 3102y oy < C O~ W2 A/P=1/)
forany 0 <6 <1.

(ii) Assume further that V_ satisfies

V_(y) /2 .
su dy < , if d > 3,
(1.2) we?z/g ey Yty Y
V. =0, ifd=1,2.

Then the estimate (1.1) holds for any 6 > 0.

Theorem 1.2. Let ¢ € S(R). Suppose that the potential V satisfies assump-
tion A. Let 1 <p < 2. Then @(Hy ) is extended to a bounded linear operator from
LP(Q) to WHP(Q). Furthermore, the following assertions hold:

(i) There exists a constant C > 0 such that
(1.3) IVp(OHY )| 2o () < C O/
forany 0 <6 <1.

(ii) Assume further that V_ satisfies (1.2). Then the estimate (1.3) holds for any
6> 0.

In the rest of this section, let us give some remarks on Theorems 1.1 and 1.2.
In the setting of Euclidean spaces, there are many results on LP-estimates for
©(0Hy ) under the assumption that the potential is non-negative on R? (see, e.g.,
[10], [13], [25]). On the other hand, when the potentials are admitted to be
negative, there are several known results; Jensen and Nakamura dealt with the
Schrodinger operator with potential whose negative part is of Kato class (see [14]
and [15]), and then D’Ancona and Pierfelice also dealt with the same type of
potentials satisfying (1.2) (see [5]). Furthermore, Jensen and Nakamura proved
LP-Li-estimates for p(60Hy ) (see [14], [15]). As is already mentioned before, it
would be very important to derive LP-estimates for ¢(Hy) on open sets of RY.
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There are several studies on LP-estimates for more general operators ¢(L), where L
is a non-negative self-adjoint operator having the property that the integral ker-
nel of semigroup {e~L};~¢ has a Gaussian upper bound (see [6], [12], [17], [18]).
Among other things, there is a result on the estimates involving a parameter 6 > 0;
Duong, Ouhabaz and Sikora proved uniform LP-estimates for ¢(6L) with respect
to 8 > 0, where ¢ is in H*(R) (s > d/2) with compact support (see [6]). Here,
we note in Theorem 1.1 that ¢ can be taken as functions in the weighted Sobolev
spaces. For more detail, one can refer to some remarks in Section 8. As to Theo-
rem 1.2, the problem is closely related to LP-boundedness of operators Ve v and
VH;l/z. When V is non-negative, the results of [4], [18] imply the estimate (1.3)
for p < 2. On the other hand, the situation of the case p > 2 is more complicated
(see [2], [4], [8], [16], [18], [21]).

One of the main ingredients of this paper is to reveal that we are able to deal
with a potential satisfying (1.2) in the setting of open sets. In fact, to the best
of our knowledge, LP-estimates for p(0Hy ) are known for operators Hy with the
Gaussian upper bounds for e 'V (see [6]) and we prove upper bounds of this
type in Proposition 3.1 below. The advantage of this paper is to provide a unified
treatment of the proof of Theorems 1.1 and 1.2. For this purpose, we introduce
amalgam spaces on ) and apply the Gaussian upper bounds and commutator
estimates. This idea comes from Jensen and Nakamura ([14], [15]).

Let us introduce some notations used in this paper. We denote by yg the
characteristic function of a measurable set E. The convolution of measurable
functions f and g on R? is defined by letting

(o)) = [ fa=v) o)y

For a self-adjoint operator T on a Hilbert space, we denote by o(T') the spectrum
of T.

This paper is organized as follows. In Section 2 the self-adjointness of opera-
tor Hy is shown. In Section 3 we prepare the pointwise estimate for the kernel
of etV | Section 4 is devoted to proving the uniform estimates in scaled amalgam
spaces for the resolvent of Hy . In Section 5 some commutator estimates are de-
rived. In Section 6 LP-estimates for (6 Hy ) are proved. Based on these estimates,
the proof of Theorems 1.1 and 1.2 are given in Section 7.

2. Self-adjointness of Hy

In this section we show self-adjointness of Schrodinger operators with the Dirichlet
boundary condition under assumption A by using the theory of quadratic forms.
Our purpose in this section is to prove the following.

Proposition 2.1. Suppose that the potential V' satisfies assumption A. Then the
following assertions hold:
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(i) There exists a unique semi-bounded self-adjoint operator Hy on L*(Q) with
domain

(2.1) D(Hy) = {u € Hy(Q) | /Viu € L*(Q), Hyu e L*(Q)}

such that
(2.2) <Hvu,U>L2(Q) = /QVu(x) -Vo(z) dx + /Q V(x) u(z) v(z) dz

for any w € D(Hy) and v € H}(Q) with \/Viv € L?().
(ii) Assume further that V_ satisfies

V_(y) 4m?/? ,
su dy < , ifd > 3,
(2.3) p/ ey Y <tap—ny !
V. =0, ifd=1,2.

Then Hy is non-negative on L%(Q).
We recall a notion of quadratic forms on Hilbert spaces (see p. 276 in Reed and
Simon [19]).

Definition. Let % be a Hilbert space with the norm || - ||. A quadratic form is a
map

q:Q(q) x Q(q) = C,

where Q(q) is a dense linear subset of J# called the form domain, such that ¢(-,v)
is linear and ¢(u, -) is conjugate linear for u,v € Q(q). A quadratic form q is called

semi-bounded if
q(u,u) > =M ||u|]?

for some real number M, and in particular, ¢ is called non-negative if
q(u,u) >0

for any u € Q(q). We say that a semi-bounded quadratic form ¢ is closed if Q(q)
is complete with respect to the norm:

(2.4) lull+1 2= v/a(u,u) + (M + 1) [ul|.

The proof of Proposition 2.1 is done by using the following two lemmas.
Lemma 2.2. Let 57 be a Hilbert space with the inner product {-,-), and let
q:9(q) x Qg) = C

be a densely defined semi-bounded closed quadratic form. Then there exists a semi-
bounded self-adjoint operator T on € uniquely such that

D(T) = {u € Qq) | 3wy € A such that q(u,v) = (wy,v) for allv e Q(q)},
Tu=w,, uecDT).
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We note that D(T') can be simply written as
D(T)={uec 9q)|Tuec #}.

For the proof of Lemma 2.2, see Theorem VIII.15 in [19] (see also Section 1.2.3 in
Ouhabaz [18] and Theorem 5.37 in Weidmann [24]).

The following lemma states that the negative part of the potential is relatively
form-bounded with respect to the Dirichlet Laplacian.

Lemma 2.3. Suppose that the megative part V_ of the potential V' belongs to
Kq(2). Then the following assertions hold:

(i) For any e > 0, there exists a constant b > 0 such that
(2.5) /QV— () [u(@)]” dz < & | Vul[Zaiq) + bellullZa o)

for any u € Hi(Q).

(ii) Let d > 3. Assume further that V_ satisfies

V_(y)
2.6 V_ = su /761 < Q.
(2.6) | ||Kd(Q) meg Q|x—y|d_2 Y
Then
D(d/2 = DIV ey
en [ Vo) )P de < S

for any u € HY (D).

Proof. The proof is done by reducing the problem to the whole space case, and by
the similar argument of Lemma 3.1 from D’Ancona and Pierfelice [5] who treated
mainly three dimensional case.

First we show the assertion (i). Let u € C3°(£2), and let @ and V_ be the zero
extensions of u and V_ to RY, respectively. We prove that for any £ > 0, there
exists a constant b, > 0 such that

(2.8) g V_(@)|a(@)]® de < e [|Vil|72gay + bell@] 72 ga-
The inequality (2.8) is equivalent to

55)1/211‘2

V- (@) (@) 2 do < & (@ =D aqgo) + be [l 2any = | (Ho + =

R4 L2(R4)’

where Hy = —A is the self-adjoint operator with domain H?(R¢). Put

bs 1/2
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Then the inequality (2.8) takes the following form:

12 boy—1/2 2
72 (0 2) e

< e [lolZ2(ga-

This estimate can be obtained if we show that
(2.9) ITT*|| B(L2®ay) <€,

where we set b s
T .= 17_1/2(110 n f) .

Thus, our goal is to show that for any € > 0, there exists a constant b. > 0 such
that the estimate (2.9) holds.

Let £ > 0 be fixed arbitrarily, and let b > 0. Let Go(z — y; M) be the kernel of
(Ho + M)~! for M > 0. By the definition of Gy and the Schwarz inequality, we
estimate

- by -1~ 2
17T ey = |22 (Ho + 2) V220

L2(R4)

- /]Rd v (x)‘ /Rd, G (x v §>‘7—1/2(y)v(y) dyﬂz dz
</, V_(m)(/RdGo(x—y;g)f/_(y)dy)(/w Goa v g)|v(y)|2dy) o

= H (HO N S)AV*HLOO(R@ /Rd f/,(x)(/Rd Go(ﬂc - ; g) [o(y)I? dy) da.

Applying the Fubini-Tonelli theorem to the integral on the right, we estimate

L@ ([, 6w 2 pwras) as
N /]Rd (/]Rd Go <x — ¥ g)‘l () dw) l(y)I? dy

b1y 2
= H(HO * E) V_HLOO(Rd)HU”L?(Rd)'

Combining the above two estimates, we obtain

by 1~
*,0112 2
ITT |72 (ray < H (Ho + g) —HLOO(Rd)HU”L?(Rd)'

Using the fact that V € K4(R?) is equivalent to
. —1 o
A}H)noo||(H0+M) |V|||L<>o(Rd) =0

(see Proposition A.2.3 in [22]), we see that there exists a constant b. > 0 such that
b\ 1~

(2.10) |(Ho+=) V| <e
€ Lo (R4)

since V_ € K4(R?), which implies (2.9). Hence (2.8) is proved.
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Now the required inequality (2.5) follows from (2.8). In fact, we estimate, by
using (2.8),

[V-@ @ s = [ V@) iz
Q Rd
< e |Vall7gay + bell@l| 72 ray = € [IVullF2(q) + bellullF2(q)-

As a consequence, by density argument, the inequality (2.5) is proved.

Next we show the assertion (ii). The proof of (2.7) is almost identical to that
of (2.5) by regarding b, as 0. The only difference is the estimate (2.10). We use
the following pointwise estimate:

rd/2—1) 1
And/2 |gld-2 z#0

0 < Go(z;0) <
for d > 3. Instead of (2.10), we can apply the following estimate:

| Hy 'V_ || oo (ray = sup [ Golz —y;0) V_(y) dy

z€Rd JR
LLd/2-1) / Vo) - B2 = DIV llkae)
- 47Td/2 z€R JRA |:E - y|d72 47Td/2 ’

whence the argument in (2.5) works well in this case, and we get (2.7). The proof
of Lemma 2.3 is complete. O

We are now in a position to prove Proposition 2.1.

Proof of Proposition 2.1. Let ¢ be a quadratic form defined by letting

q(u,v) = /Q (Vu(z) - Vo(z) + V(z) u(z) v(z) ) dz, u,v € Q(q),

where

Q(q) = {u IS H&(Q) | VViu e L2(Q)}.
It is clear that ¢ is densely defined on L?(f2). Moreover, ¢ is semi-bounded. In
fact, it follows from the inequality (2.5) for e = 1 that

(2.11) q(u,u) > [|Vul|Z2(q) — /Q V_(2) [u()]* dz > =bi[[ull72(q)

for any u € Q(q). Hence, if we show that ¢ is closed, then Lemma 2.2 ensures the
unique existence of the semi-bounded self-adjoint operator Hy on L2(f2) satisfy-
ing (2.1) and (2.2).

We show that ¢ is closed. Put

70 () YRY 1

q1(u,v) = /Q (Vu(z) - Vu(z) = V_(z)u(z)v(z) ) dz, wu,v e Qi(q) := Hy(Q),

@WW=LW@MW@M%uw€%@:hmﬁ@Hﬁa%ﬁ@H
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Then we have
q(u,v) = q1(u,v) + g2(u,v), w,ve Qi(q) N Qa2(q).

Since the sum of two closed quadratic forms is also closed, it suffices to show that ¢;
and ¢o are closed. First we show that ¢ is closed. All we have to do is to show that
the norm || - || is equivalent to that of HJ(f2), where || - ||41 is defined in (2.4),
ie.,

luall = /a1 (. 0) + (b1 + Dl 3.
Since V_ > 0, we see that
lull3 < IVullZzgq) + (01 + DlullZ20) < (01 + Dlullz o

for any u € H}(Q), and by using the inequality (2.5), we have

lull®y = 1VulZ2 ) = /Q V_(@)|u(@)]* dz + (b + 1)]|ullZsq)
> (1= €)IVullZz(o) + (b1 = be + DlulZ20)

for any u € H}(Q), where we choose € € (0,1) and b such that by < b. < by + 1.
The above two inequalities imply that || - |1 is equivalent to || - || 41 (o). Hence ¢
is closed.

Next we show that ¢o is closed. Put go(u) = ga(u,u) for simplicity. Assume
that

uwe L*(Q), wu; € Aq), qolu; —ur) =0, |u;— ullr2) — 0 as j,k — oo,
and we prove that

(2.12) ue Qgz) and go(uj —u) =0 asj— oo.

Since {y/Viu;}32, is a Cauchy sequence in L*(Q2), there exists v € L?(2) such

that
VViuj — v in L*(Q).

Hence the sequence {+/Viu, }‘;‘;1 converges to v almost everywhere along a subse-
quence denoted by the same, namely,

VViuj(z) = v(z) aexeQasj— oo

On the other hand, since any convergent sequence in L?(£2) contains a subsequence
which converges almost everywhere in 2, it follows that

VViuj(z) = /Viu(z) ae.ze€Qasj— oco.
Summarizing the three convergences obtained now, we get
VViu=v € L*Q).
This proves (2.12). Thus ¢ is closed.
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Finally, we prove the assertion (ii). We estimate by using the inequality (2.7)
from Lemma 2.3 and assumption (2.3) of V_,

(v, u) oy > [Vl 2y — / V_(2) Ju()P da

L(d/2 = D)[[V-| k.
2 (1 B 4rd/2?

NIVulzg) = 0

for any u € D(Hy). Hence Hy is non-negative on L?(Q2). The proof of Proposi-
tion 2.1 is complete. O

3. LP-L9-estimates and pointwise estimates for e tHv

In this section we shall prove LP-Li-estimates for semigroup {e %V },., generated
by Hy, and pointwise estimates for the kernel of e *#v. Throughout this section

we use the following notation:
/2

= — f > 3.
Yd T2 =1) ord>3

Recalling the quantity

i_(y)
— = su / ——5 d
V-1l k.0 xep | Y| Y

(see (2.6)), we have the following.

Proposition 3.1. Let p and q be such that 1 < p < q < co. Suppose that the
potential V satisfies assumption A. Then e~V is extended to a bounded linear
operator from LP(QY) to L1(QY) for each t > 0. Furthermore, the following assertions
hold:

(i) There exist two constants w > —inf o(Hy) and Cy > 0 such that
(3.1) He_tHVfHL‘I(Q) < Clt_(d/2)(1/p_1/Q)ewtHfHLP(Q)
for anyt >0 and f € LP(Q).

(ii) There exist two constants w > —inf o(Hy) and Cy > 0 such that the kernel
K(t,z,y) of e ™1V fulfills with the following estimate:

z—y|?
(3.2) 0< K(t,z,y) < C’zt_d/Qe“te_‘ = a.e.x,y € Q
for any t > 0.

(iii) Assume further that V_ satisfies

(3.3)

IVollka) <274, ifd >3,
Vo =0, ifd=1,2.
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Then
(2mt)~(@/2)(1/p=1/q)

_ 2
B4) e fll ey < 3 (= IV-llkate/27a)
(47Tt)—(d/2)(1/p—1/q) £l e, ifd=1,2

flory, ifd>3,

for anyt >0 and f € LP(Q).
(iv) If V_ is restricted to (1.2), i.e.,

{nv_nmm <va, ifd>3,

V. =0, ifd=1,2,
then
@mt) ™12 e s
(3.5) 0< K(t,z,y) < { 1= IV=llxue)/7a -
(dret)~ /26~ T ifd=1,2,

a.e. v,y € Q, for any t > 0.
The following lemma is crucial in the proof of Proposition 3.1.

Lemma 3.2. Suppose that the potential V' satisfies assumption A. Letf/ and V_
be the zero extensions of V. and V_ to R, respectively. Let Hy and Hy  be the

self-adjoint extensions of —A+V and —A —V_ on L? (RY), respectively. Then for
any non-negative function f € L*(Q), the following estimates hold:

(3.6) (e_tHVf) (x) >0, ae z€,
(3.7) (e7V ) (z) < (e7! ) , ae x €,
(3.8) (eftHVf) (x) < ( ) , a.e x€Q,

for any t > 0, where f is the zero extension of f to R%.

The proof of Lemma 3.2 is rather long, and will be postponed.

Let us prove Proposition 3.1.

Proof of Proposition 3.1. The assertion (i) is an immediate consequence of the as-
sertion (ii) and Young’s inequality. Hence we concentrate on proving the asser-
tion (ii). We adopt a sequence {j.(z)}co of functions on R? defined by letting

(3.9) jo() = eidg(g) z € RY,

where

1
. Age 12 for |z] <1,
ja)y=q" =1
0, for x| > 1
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Ag = (/wdel—1an2 d:c>_1.

As is well known, the sequence {j.(x)}c>0 enjoys the following property:

with

(3.10) je(- —y) = 6, in .7 (RY) ase— 0,

where d,, is the Dirac delta function at y € Q. Let y € Q be fixed, and let K(t, z,v)

be the kernel of e~*v . Taking e > 0 sufficiently small so that supp j-(- —y) € Q,
and applying (3.6) and (3.7) from Lemma 3.2 to both f and f replaced by j.(-—v),
we get

0< / K(t,x,2)je(z —y)dz < / K(t,x,y)j-(z —y)dz ae.x €.
Q Rd
Noting (3.10) and taking the limit of the previous inequality as ¢ — 0, we get

0< K(t,r,y) < K(t,z,y) aez,ycQ

for any ¢ > 0. Finally, by using the pointwise estimates:

|z—y|?

(3.11) f{(t,x,y) <Ot~ M2 et e w a.e.x,y € Q)

for any ¢ > 0 (see Proposition B.6.7 in [22]), we obtain the estimate (3.2), as
desired. Thus the assertion (ii) is proved.

Finally, we prove the estimates (3.4) in (iii) and (3.5) in (iv). We recall, Propo-
sition 5.1 in [5], that if d > 3, then

(2mt) @/ /p-1/a)
(1= V-l iy ray /27a)

||e_tﬁ‘7|}|“Lq(Rd) < 2 ”fHLP(]Rd)

for any ¢t > 0, and

~ —d/2 oy —d/2 .
K(t,z,y) < (?wt) e ( = (2mt) T )
L= V-l g amey/va L= Vol ka9 /va

for a.e. x,y € Q and any ¢t > 0. When d = 1,2, we have

||e—tl:1\7|}|||Lq(Rd) < (47Tt)_(d/2)(1/p_1/Q)”fHLP(]Rd)a

lz—y|?

K(t,z,y) < (4mt)"¥2e~ "= a.e.x,y € Q

for any ¢t > 0. Then, applying the above estimates to the argument of the deriva-
tions of (3.1) and (3.2), we conclude (3.4) and (3.5). The proof of Proposition 3.1
is finished. O

In the rest of this section we shall prove Lemma 3.2. For this purpose, we need
further the following two lemmas. The first one is concerned with the existence
and uniqueness of solutions for evolution equations in abstract setting.
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Lemma 3.3. Let 7 be a Hilbert space with norm || -||. Assume that A is a non-
negative self-adjoint operator on . Let {T(t)}i1>0 be the semigroup generated
by A, and let [ € S and u(t) = T(t)f. Then u is a unique solution of the
following problem:

u € C([0,00); ) N C((0,00); D(A)) N CH((0,00); ),
u'(t) + Au(t) =0, t>0,
u(0) = f,

where D(A) means the Banach space with graph norm || - || + |4 - |.

Remark. It is known that for any non-negative self-adjoint operator on a Hilbert
space, its domain is a Banach space with respect to the graph norm of its operator
(see Corollary 2.2.9 in Cazenave and Haraux [3]).

For the proof of Lemma 3.3, see, e.g., Theorem 3.2.1 in [3].

The second one is about the differentiability properties for composite functions
of Lipschitz continuous functions and W P-functions.

Lemma 3.4. Consider the positive and negative parts of a real-valued function
u € WhP(Q) for 1 <p < oc:

Ut = Xqusoyu and  uT = —X{u<o}U-
Then u* € WP (Q) and
3;13_7.u+ = X{u>0}0z; U,  Oz;u” = —X{u<0}Or,u  (j=1,2,...,d),
where 0, = 0/0x;. Furthermore, if u € Wol’p(Q) for 1 < p < oo, then
(3.12) ut e WyP(),
where W, P(Q) is the completion of C3°(Q) with respect to WP (Q)-norm.

Proof. Since the first part of the lemma is well known, we omit the proof. For
the proof, see Lemma 7.6 in Gilbarg and Trudinger [11]. Hence we prove only the
latter part.

Since u € WP () with 1 < p < oo, there exists a sequence {@,}, in C§°(Q)
such that

(3.13) On —u in WHP(Q) as n — oo.
Let us take a non-negative function ¢» € C*>°(R) as

=—z, ifz<-1,
Y(@) < —z, if-1<2<0,
=0, if z >0,
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and put

1
(3.14) () = Ew(nx), n=12 ...
Then there exists a constant Cy > 0 such that
(3.15) [vr (z)] < Co, n=1,2,...

Let us consider two kinds of composite functions v, o ¢, and 1, o u. We show
that

(3.16) Vn0@n —Ppou—0 in WHP(Q),
(3.17) Ypou—u" —0 in WHP(Q)

as n — oo. In fact, noting (3.15), we deduce from the mean value theorem that

1
Hwn O Yn — WP © uHLP(Q) = H /0 w’; (89071 + (1 - 9)11,) (Son -

< Co llen — ullLe (-

(3.18)

As to the derivatives of ¥, o @, — 1, o u, we write

”a:cj (Yn 0 Pn — Py 0 U)HLT’(Q
= (|95, (#0)0; Pn — Wr, (w) Oy | Lo ()
(3.19) < N1¥7(0n) (O, 0n — O, u)ll o) + Il [ () — ¥ ()] Oy ull Lo ()
<Co Haﬂcj‘Pn - a:cjuHLP(Q + || [ n( n) — wn( )l 8ﬂcju||LP(Q )

where we used again (3.15) in the last step. Noting the pointwise convergence and
uniform boundedness with respect to n:

[V, (n)(@) — U, (u) ()] Op,u(z) = 0 ae. z€Qasn— oo,
[ (0n) (@) = ¥y, (w)(2)] O, u(z)| < 2Co |0, u(2)| € LP(Q),
we can apply Lebesgue’s dominated convergence theorem to obtain

(3.20) |1, (on) — ¥, (w)] 6x7uHLp(Q =0 asn— oo

Hence, summarizing (3.13) and (3.18)-(3.20), we obtain (3.16).
As to the latter convergence (3.17), since

(¢ 0 w)(2) —u (2)] < 2|u(z)| € LP(Q),
|02, (thn 0 0) (&) — Dy u™ ()] < (Co + 1) |0, u(x)| € LP(9),

and since
(Ypou)(z) —u=(z) =0, ae xz€Q,

Oz, (Y 0 u)(x) — Op,u™ () = [y, (w) — X{u<o}] O, u(z) = 0, ae ze€Q

as n — 00, Lebesgue’s dominated convergence theorem allows us to conclude (3.17).
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It follows from (3.16) and (3.17) that
Yn oy —u~ —0 in WHP(Q) as n — oc.

Since {1y, 0 ¢, } is a sequence in C§°(€2), we conclude (3.12) from the above con-
vergence. The proof of Lemma 3.4 is finished. O

Proof of Lemma 3.2. We start by proving (3.6). Let M be a real number satisfying
M > —info(Hy).
Then Hy + M is the non-negative self-adjoint operator on L?(2) with domain
D(Hy + M) = {u € H}(Q) | /Viu e L*(Q), Hyue L*(Q)}.

Put
u(t) = e tHvIEM) g >0
for a non-negative function f € L?(€2). Lemma 3.3 implies that u(t) satisfies
u € C([0,00); L*(2)) N C([0,00); D(Hy + M)) N C*((0, 00); L*(R2)),
Owu(t) + (Hy + M)u(t) =0, t>0,
u(0) = f.

If we show that

(3.21) Hu*(t)||2L2(Q) is monotonically decreasing with respect to ¢t > 0,

then we obtain
u (t,z) =0 ae.xe)

for each t > 0, since
u (0,z) = f"(x) =0 aexell
This means that
u(t,z) >0 a.e.x €

for each t > 0; thus we conclude (3.6). Now the assertion (3.21) is an immediate
consequence of the following:

d

\2
T Q(u ) dr <0.

(3.22)

Hence we pay attention to prove (3.22). Here and below, the time variable ¢t may
be omitted, since no confusion arises.

By the definition of u™, we have

ot (t,r) =0 for x € {u <0} and each ¢ > 0.
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We compute

i/ (u_)zdx:2/ u” Ogu~ dac:Q/ u_at(u"‘—u) dx
dt Jq Q {u<0}

(3.23)
= —2/ ufatudac:2/[(Hv+M)u] u” dx
{u<0} Q

where we use the equation
Ou+ (Hy + M)u=0

in the last step. Since u= € H}(Q) and /Viu~ € L*(Q) by Lemma 3.4 and
VViu € L*(Q), we have, by going back to (2.2) in the definition of Hy,

(3.24) / (Hy + M)ulu™ dz = / Vu - Vu~ dx + / Vuu™ dx + / Muu™ dz.
Q Q Q Q
Here we see from Lemma 3.4 that
Vu™ = _X{u<0}vua

and hence, the first term on the right of (3.24) is written as

/Vu-Vu*d:c:—/|Vu*|2dx.
Q Q

As to the second, by the estimate (2.5) for ¢ = 1 from Lemma 2.3, we have

[ e do == [ viePdo< [ Vol Pde < e + BlIVa o
Q Q Q
thus, by choosing M as
(3.25) M > by (Z —inf O'(Hv)),
we find that
/ [(Hy + M)u]u~ dz < (by — M)V~ |20 < 0.
Q
Hence, combining this inequality and (3.23), we conclude (3.22).
Next, we prove (3.7). Let us define two functions v()(t) and v(?)(t) as follows:
v(l)(t) = e_t(HV"’M)f and v(2)(t) = g tHVEM) £
for ¢ > 0. Then it follows from Lemma 3.3 that v and v® satisfy

v € ([0, 00); L*(RY)) N C((0, 00); D(Hyr + M)) N C((0, 00); L*(RT)),
(3.26) ¢ 9w M (t) + (Hy + M) (t) =0, t>0,
v0(0) = f
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and
v® € C([0,00); L*(2)) N C((0,00); D(Hy + M)) N C*((0,00); L*(2)),
(3.27) L 9w (t) + (Hy + M) P () =0, t>0,
v?(0) = f
for each t > 0, respectively. We define a new function v as
o(t) = v ()] — o@D ()

for t > 0, where v(M)(t)|q is the restriction of v (t) to Q. Let us consider the
negative part of v:

U = = X{v<0}V-
Then, thanks to (3.26) and (3.27), we have
v™ € C([0,00); L2(9)) N CH((0, 00); LA(Q)).

Moreover, we have v~ € H'({) by using Lemma 3.4, since v € H'(2), and we
immediately have \/V v~ € L?(Q), since y/V,v € L?(Q2). Once we prove that

(3.28) vT € HY(Q),
we get, by the previous argument,
d
(3.29) = W) de<o.
dt Jo

In fact, by the definition of v, we have

d
— (07)2 dx = —2/ v 0 dr + 2/ v~ 0w dx
dt QO {v<0} {v<0}

_ Q/Rd{(f[‘-/ + MDY da — 2 /Q{(HV + MDY~ da,

where 9~ is the zero extension of v~ to R?, and we used equations
oM + (Hy + M)yv™W =0 and 9@ + (Hy + M)v® =0
in the last step. Since v~ € HY(Q) and /V v~ € L*(Q) by (3.28), we have, by
definitions of Hy, and Hy,
/Rd [(Hy + MWDo~ do - /Q [(Hy + M)w® v~ dx

= / Vol . Vi~ dx + Voo~ do + MoMg~ dz
R4 Rd Rd

—/ vo® . Vo~ d:c—/ Vo@y~ d:c—/ Mv@y~ da

Q Q Q

Z/Vv-Vv_dx—i—/Vvv_dm—I—/Mvv_dmg(bl—M)Hv_Hig(Q) <0,
Q Q Q

since M is chosen as in (3.25). Hence we obtain (3.29), which implies the required
inequality (3.7).
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We have to prove (3.28). The proof is similar to that of Lemma 3.4. Since
v@)(t) € HE(Q) for each t > 0 by (3.27), there exists a sequence {i, (t)} in C§°(Q)
such that

on(t) = 0P () in HY(Q) as n — oo
for each t > 0. Put

vp(t) = oM (B)|g — pn(t), n=1,2,...
Let {4, } be the sequence as in (3.14). As in the proof of Lemma 3.4, we can show
that

Ypov, — v in H'(Q) as n — oo.
Since v;, have compact supports in supp ¢, by ) > 0 on €, it follows that the
functions v, o v, also have compact supports in Q. Let (¢, o v, ) be the zero
extension of v, o v, to R%, and j.(x) be the functions defined in (3.9). Taking ¢
along a sequence {&,} such that
en 0 and  suppje, * (Yn o v;)N@ Q for any n,
we have B
* (Y, 0 v)) |Q € C5°(Q) for any n.

Since B

* (P 0 v,)) |Q — v~ in HY(Q) as n — oo,
we conclude (3.28).

Finally, as to the inequality (3.8), letting f € L?(£2) be non-negative, we put

W (1) = T @ (1) = D () = wD(1) - w® (1)

for ¢ > 0. Noting that w (t) € D(Hy ) and w? (1) € D(f] ), it suffices to show
that

d

(3.30) -

(w_)2 dx <0.
We prove (3.30). Since we have w™ € H(Q) in a similar way to (3.28), we estimate
d
— | (w)*dx = —2/(8tw)w7 dz
= 2/ [(ﬁf/_ + M)w(l)] w dr — 2/ [(ﬁf/ + M)w@)] w™ dx
Q Q
= 2/ {Vw(l) SV~ — (Voo )w™ + Mw(l)w*}d:c
Q
- 2/ {Vw(z) -V~ + (Viw@)w™ — (Vow@)w™ + Mw®w™ }da
Q

:—2/ (|Vw*|2—V,|w7|2+M|w*|2)dac—2/(f@w@))w* dx
Q Q

< —2/(V+w(2))w* dz,
Q
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where we used the inequality (2.5) in the last step. Since w®(t) > 0 by (3.6)
and (3.7), we conclude the required inequality (3.30), which proves the inequal-
ity (3.8). The proof of Lemma 3.2 is complete. O

4. LP-L9-estimates for the resolvent of 6 Hy

In this section we shall prove the boundedness of resolvent of § Hy, in scaled amal-
gam spaces. The result in this section plays an important role in the proof of
Theorem 1.1.

Following Fournier and Stewart (see [9]), let us give the definition of scaled
amalgam spaces on {2 as follows.

Definition. Let 1 < p,q < oo and 6 > 0. The space [P(L?)y is defined by letting
P(LY)g = IP(L)g(Q) := {f € LL.(Q) | I fliw(Lay, < o0},

with norm

» 1/p
( Z ||f||L‘1(Cg(n))> for 1 <p < oo,
[fllir(rayy =4 ez
sup || fllLa(cy(n)) for p = oo,
nez?
where Cy(n) is the cube centered at 0'/2n € §1/2Z with side length /2

91/2
Cy(n) = {m = (21,22,...,2q) € Q | irlla.t.}.(dmj - 91/2nj| < T}

Here we adopt the Euclidean norm for n = (ny,ns,...,ng) € Z%

|n|:\/n%+n§+'~+n(21.

Let us give a remark on the properties of [P(L%)g-spaces. The spaces IP(L%)y
are complete with respect to the norm || - [|;»(1q),, and have the property that

P(LYg — LP(Q) N LYQ)
for any 6 > 0, provided 1 < p < ¢ < .
The goal in this section is to prove the following.
Proposition 4.1. Let 1 < p < g < oo, and [ be such that
del 1
4.1 8> = (— — —).
Suppose that the potential V' satisfies assumption A. Let z € C with

(4.2) Re(z) < min{—w, 0},
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where w is the constant as in Proposition 3.1. Then (Hy — 2)~P is extended to
a bounded linear operator from LP(SY) to IP(L9)y with & = 1. Furthermore, the
following assertions hold:

(i) There exists a constant C' depending on d,p,q, 3 and z such that
(4.3) |(6Hy — = < Co-@/20/p=1/a)

(4.4) |(6Hy — =

-8

) H%(LP(Q)7L(1(Q))
)7ﬁ||@(LT’(Q) 1P(L9)g) < Cei(d/z)(l/pfl/@
for any 0 < 6 < 1.

(ii) Assume further that V_ satisfies

V_(y) 27d/2 )
su dy < , ifd >3,
ow [ < gy

V.o =0, ifd=1,2.

Let z € C be such that
Re(z) < 0.

Then the estimate (4.3) holds for any 6 > 0. Moreover, if V_ satisfies

V_(y) /2 .
su dy < , ifd >3,
ow | o< gy

V. =0, ifd=1,2.

then the estimate (4.4) holds for any 6 > 0.

Proof. First we prove (4.3). Let 0 < 6 < 1. We use the following formula:

_ fﬁ:L - B—1 _zt —tHy
(4.5) (Hy — 2) F(B)/o " e*le dt

for any z € C with Re(z) < info(Hy) and f > 0. Thanks to (4.5) and LP-L9-
estimates (3.1) for e 7**#v in Proposition 3.1, we estimate

||(9HV - Z)_ﬂfHL’I(Q)

1 - —1_Re(z)t|| ,—tO0H
Sr(ﬁ)/o TR [T f] o
< C o=@/ /p=1/q) ( /Oo 481 g[Re(z)—min{~w,0}]t 4—(d/2)(1/p=1/q) dt) i
0

for any f € LP(Q2) provided 1 < p < g < oo, where C is the positive constant
independent of 6. Here, let us take z as in (4.2). Then the integral on the right is
absolutely convergent, since § satisfies the inequality (4.1). This proves (4.3).
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Let us turn to the proof of (4.4). If we prove that there exists a constant C' > 0
such that

(46) ™™ fllup 1,

< Cg—(d/Q)(l/p—l/Q){t—(d/2)(1/P—1/Q) + 1}6—min{—wﬁ}t”f”m(ﬂ)

for any t > 0 and f € LP(Q) provided 1 < p < ¢ < oo, then the estimate (4.4) is
obtained by combining (4.5) and (4.6). In fact, by using (4.5), we estimate
||(9HV - Z)_BleP(LQ)g
1

3]
< m/o tﬁfleRe(z)tHeftGHvlep(Lq)e dt

< 9~ (4/20/p=1/q)
0 .
= (/ tﬂ—1€{Re(z)—mm{—w,0}}t{t—(d/z)(l/p—l/q) +1} dt) £l 2o
0

Here the integral on the right is absolutely convergent, since z satisfies the inequal-
ity (4.2) and [ satisfies the inequality (4.1). This proves (4.4). Therefore, all we
have to do is to prove the estimate (4.6).

To this end, we recall the estimate (3.2) from Proposition 3.1. We define the
right member of (3.2) as Ko(t,z — y), i.e.,

2
[z

Ko(t,z) = Cyt= 42”50 >0, zeRL
Now, letting 1 < r < oo, we prove that
(47) ||K0(0t, ')Hll(LT)g < Cef(d/Z)(lfl/r){tf(d/2)(171/r) + 1}67 min{—w,0}t

for any t > 0, where C' > 0 is independent of §. We estimate L"(Cyp(n))-norms of
Ko (0t,-) for the case n = 0 and n # 0, separately.

The case n =0. When 1 < r < 0o, we estimate

; rlz|? 1/r
1 Ko(0, ) |lLr(co0)) < Co (0t)~2e mm{_‘”’o}et(/ e vt dx)
Rd
i rlz|? 1/r
= Cy (o)~ 26 mint 0}t / e 5 (602 de)
Rd

<, (et)f(d/2)(171/r)efmin{fw,O}t(/ e,%(jm)l/r
Rd'

d/(2r
_ (877)(1//((2 ))02 61)~(4/2)1=1/r) o= min{—w 0}t
r T

When r = oo, we estimate

N

— — min{—w _ =l
(4.9) [ Ko (0, )| o< (Cp(0y) = Ca (08) =Y/ 2em mint=w 0308 gyp e sor )
:EEC@(O)

<y (gt)—d/Qe— min{—w,O}t'
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The case n # 0. We estimate

> Ko (08, ) e (co ()

n#0
(4.10) < D K00t )= (coup [ Co(m) 7
. n#0
|2

=Cy (8t)7d/267 min{—w,0}0t Z sup e~ s ) . |Ce(n)|1/r
n£0 z€Cy(n)

Here, observing that

1/2
B2 < ol (< 26120l), @ € Cotn),

we can estimate the right member of (4.10) as

Cy (et)—d/2e— min{—w,0}¢ ( Z e ‘;;‘t
n#0

)(9(1/2)1/7")

and hence, we get

. nl2
Z 150 (0%, )| Lr(co(n)) < C2 (Gt)*d/ze* mm{w,()}t(z o i )(gd/2)1/r'
n#0 n0

Here, by an explicit calculation, we see that
n3+nd+.4n?

2 °° 2 Nd
E e ‘32‘t = E e 32t = 2d( E e_ﬁ)
=1

n#0 n#0
0 2 d
< Qd(/ e~ 37 da) = (8\/§)d /24412,
0
Summarizing the estimates obtained now, we conclude that

Z ||K0(9t, )|

Lr(Co(n))
n#0
< Oy (90—(1/2 e—min{—w,O}t . (8\/5)(171'(1/2 td/2 . (9(1/2)1/7"
(4.11) _ (8\/5)(1 7Td/2 sy 9—((1/2)(1—1/7")6— min{—w,0}¢

for any r € [1, 00].
Combining the estimates (4.8), (4.9) and (4.11), we get (4.7), as desired.
We are now in a position to prove the key estimate (4.6). Let f € LP(2) and f
be a zero extension of f to R?. Thanks to the estimate (3.2) from Proposition 3.1,
ie.,
0< K(t,z,y) < Ko(t,z —y) aex,yec
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for any ¢t > 0, we estimate

€ gy, = [ 5601

1P (L)

<| [ Kot wlrwid

<| [, Koot~ )l dy

1p(L1), 1P(L)g(RY)

Applying the Young inequality (A.1) (see Appendix A) to the right member, and
using the inequality (4.7), we deduce that

175 Pl gy, < 3 WK (O Vit wryoeeny 1 F e o e
< €O~ WDA=YD) [=(@/DA=1/1) 1} o= min{=w0}e F) oy

= g~ (d/2)1/p=1/q) {f(d/2)(1/p71/q) +1}e” min{fw,O}t||f||Lp(Q)7

provided that p,q,r satisfy 1 < p,q,r < oo and 1/p+ 1/r — 1 = 1/q. This
proves (4.6).

Finally, the proof of the assertion (ii) is done by the same argument as in (i),
if we apply (3.4) and (3.5) to the identity (4.5). So we may omit the details. The
proof of Proposition 4.1 is finished. O

5. Commutator estimates

In this section we shall prepare commutator estimates. These estimates will be also
an important tool in the proof of Theorem 1.1. Among other things, we introduce
operators Ad¥ (L) for some operator L as follows.

Definition. Let X and Y be topological vector spaces, and let A and B be contin-
uous linear operators from X and Y into themselves, respectively. For a continuous
linear operator L from X into Y, the operators Adk(L) from X intoY, £k =0,1,...,
are successively defined by

Ad°(L) =L, Ad*(L)=Ad*Y(BL-LA), k>1.

The result in this section is concerned with L2-boundedness for Adk(e*“RVﬁ),
where Ry g is the resolvent operator defined by letting

Rvg:=(0Hy + M), 6>0
for a fixed constant M with
M > max{—info(Hy),0}.
Hereafter, operators A and B are taken as
(5.1) A:B:mj—el/an for some j € {1,...,d}.

Then we shall prove here the following.
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Proposition 5.1. Suppose that the potential V satisfies assumption A. Let A
and B be the operators as in (5.1). Then for any non-negative integer k, the
following assertions hold:

(i) There exists a constant C > 0 depending on d,k and M such that

< CO*2(1 4 |tk

(5.2) [Ad (e )| 1oy <

foranyt e R and 0 < 6 < 1.

(ii) Assume further that V_ satisfies

V_(y) 4m/? ,
sup dy < , ifd >3,
/ ey Wty Y

V.o =0, ifd=1,2.

Then the estimate (5.2) holds for any t € R and 6 > 0.

First, we prepare L2-boundedness for Ry and 8$J,RV,9 to prove Proposi-
tion 5.1.

Lemma 5.2. Suppose that the potential V satisfies assumption A. Then the fol-
lowing assertions hold:

(i) There exists a constant C > 0 such that

(5-3) IBvollsaan < 37 + min{iifo(Hv),O}’
(5.4) IV Ryl s(12(0)) < CO~'/2
forany 0 <0 <1.
(ii) Assume further that V_ satisfies
V_ 4r/?
(5.5) o [ 5/) W< tap-1y 11
V_ =0, ifd=1,2.
Then
(5.6) IRvolla(rz) < M7,
and

F(d/2 - 1)||V*HK(1(Q))_1/20_1/2

—1/2
(5.7 |IVRvellzr2) <M /(1‘ 47rd/2

for any 6 > 0.
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Proof. First we prove the assertion (i). Since Hy is the self-adjoint operator on
L?(€2), we obtain (5.3), (5.4), (5.6) and (5.7) by the spectral resolution. In fact,
we have

0o 1
R 2 :/ —— _d|Eg, N f]?
|| V79f||L2(Q) info(Hy) (9)\ T M)2 H HV( )f||L2(Q)

1 . .
el Hf”%Q(Q)a if info(Hy) >0,
: 117
[M + inf o (Hy )2 " "2

for any f € L%(Q), since 0 < 6 < 1. This proves (5.3).
Next we consider the estimate for VRygf. Since Rygf € D(Hy) for any
f € L?(Q), we estimate

<

if info(Hy) <0

IVRv.oflZa) = / (VRv.of - VRvof +VIRvof* = V|Ryef[?) dx
Q
— (v Rvof Brvof) gy + [ (V- = Va)lRvaf do
Q

< (Hy Rvof, Rvof) o) + / V_|Ryofl2de = I +I1.
Q

Then we estimate the first term I as

= A
I :/ - d EHV A f 22
inf o(Hy) (O + M)? I NI )
- o\ ]
: o ' dll Brry (V) £ 1122
> /nlax{infa(HV),o} ON+M OXN+ DM || HV( )fHL Q)

[oe]

<M [ B e = M e
info(Hy)

As to the second term II, by using the inequality (2.5) for ¢ € (0,1) from

Lemma 2.3 and estimate (5.3), we have

1T <e|[VRvof|720) + bl Bv.ofl1 720
<e|VRvoflZ20) + Cbe 07 [ fll720)s

since 0 < # < 1. Combining the above three estimates, we conclude the esti-
mate (5.4).

We now turn to the proof of (ii). In this case we have info(Hy) > 0. Tt is
sufficient to prove only the estimate (5.7) for VRy ¢ f, since the proof of (5.6)
is similar to (5.3). If V_ satisfies assumption (5.5), then we have, by using the
inequality (2.7) from Lemma 2.3,

- L(d/2 = D)[V-| k.
— 47Td/2

Using this estimate instead of (5.8), the estimate (5.7) is proved for any 6 > 0 in
the same way as (5.4). The proof of Lemma 5.2 is complete. O

(5.8)

17

IVRvoflZ2(c)-
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We are now in a position to prove Proposition 5.1.

Proof of Proposition 5.1. Let us denote by 2(2) the totality of the test functions
on 2, and by 2'(Q?) its dual space. We regard X as 2(Q) and Y as 2'(Q2) in the

definition of operator Ad. Then we have, by Lemma B.2 in appendix B,

(5.9) Ad°(Rv,g) = Rv,p, Ad'(Rv,) = —20Rv,40,, Ry,

(5.10) Ad*(Ry,) = 0{ — 2kAd" " (Rv,0)0s, Rv,o + k(k — 1)Ad* > (Rv,9)Rv,0 }
for k > 2.

First we prove the assertion (i). Let 0 < 6 < 1. Since Ry, and 0., Ry, are

bounded on L2(Q) by (5.3) and (5.4) from Lemma 5.2, operators Ad*(Ry ) are
also bounded on L?(2) for each k > 0. Before going to prove the estimates (5.2),
we prepare the following estimates for Adk(Rv,e): let k& be a non-negative integer.
Then there exists a constant C > 0 such that

(5.11) |AQ" (Rv)|| (12 (0)) < CrbF/?

for any 0 < € < 1. We prove (5.11) by induction. For k = 0, 1, we have, by using
the identity (5.9) and estimates (5.3) and (5.4) from Lemma 5.2,

[AQ°(Rv.0) |l (z2(0) = I Rvoll@z2(e)) < Co,
[Ad" (Rv.0)l| (20 = 20 | Rv,00s, Rv.oll a2y < C0- 072 = Cy o'/

Let us suppose that (5.11) is true for k € {0,1,...,l}. Combining identities (5.10)
and estimates (5.3) and (5.7) from Lemma 5.2, we get (5.11) for k =1+ 1:

||Adl+1(RV79)H@(L2(Q))
= [|6{ = 20 + 1)Ad'(Rv.6)0x, Ry,p + 11 + )AA' (Rv.0) Rvio } || 5 1202
< 20(1+ 1) 0 {||Ad"(Rv.0) || s8(L2(2) |0, Rv-ll 222 (52))
+ |Ad" (Rvo)llmr2) | Rv.oll 2 o)) }
<Ciqp 0 {91/2 o724 g(l—l)/2} < Clit gU+1)/2.

Thus (5.11) is true for any & > 0.

We prove (5.2) also by induction. Clearly, (5.2) is true for kK = 0. As to the
case k = 1, by using the estimate (5.11) and the formula (B.7) from Lemma B.3
in appendix B:

t
Adl (e—ith,e) — —i/ e_iSRV’eAdl(Rvg) e—i(t—S)Re,v ds
0
for each t € R, we have
1/, —itR
HAd (6 V’e)||gg(L2(Q))

[t] , .
S/0 He_w}zv’e||@(L2(Q))||Ad1(RV79)H@(L2(Q))He_z(t_s)Rv’e||@(L2(Q)) ds

1t
< cl/ 012 ds < Cy 02 (1 + |t])
0
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for any ¢ € R. Hence, (5.2) is true for &k = 1. Let us suppose that (5.2) holds for
k € {0,1,...,£}. Then, by using the estimate (5.11) and the formula (B.8) from
Lemma B.3:

Adl+1 (efithyg)

t
=—i / > D(lhla,Is) Ad" (e R0V ) Ad2 T (Ryp) Ad' (e~ (7 ve ) ds,
O 1+l +lg=t

where constants I'(l1, l2,l3) are trinomial coefficients:

T(ly,12,13) = ﬁ,
we estimate
A )]y
< G /Ot llH;:lS:l ||Adl1(e_iSRV'G)H@(Lz(Q))||Adl2+1(RVv9)H@(L2(Q))
x [JAd" (e )| s g, ds

t

< Cm/ S P s 9U TN g2 (1 4t — s)) ds
O 1y flot+lg=t

S Cl+1 9(l+1)/2(1 + |t|)l+1

for any ¢t € R. Hence (5.2) is true for k = [+ 1. Thus (5.2) holds for any k£ > 0.
The assertion (ii) is proved in the same way as assertion (i) by using the es-

timate (5.7) from Lemma 5.2 instead of (5.4). The proof of Proposition 5.1 is

complete. O

6. LP-estimates for ¢ (60 Hy)

In this section we prove LP-boundedness of p(6Hy). The goal in this section is
the following:

Theorem 6.1. Let ¢ € S (R). Suppose that the potential V satisfies assump-
tion A. Let 1 < p < co. Then p(Hy) is extended to a bounded linear operator
on LP(Q). Furthermore, the following assertions hold:

(i) There exists a constant C > 0 such that

(6.1) le(OHY )| zLr @) < C

forany 0 <0 <1.
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(ii) Assume further that V_ satisfies

V_(y) /2 .
su dy < , ifd>3,
IEB/Q eyl < tap-y Y
V. =0, ifd=1,2.

Then the estimate (6.1) holds for any 6 > 0.

To begin with, let us introduce a family <7, of operators, which is useful to
prove the theorem.

Definition. Let o > 0 and 6 > 0. We say that L € o7, (= o, ) if L € B(L*(Q2))
and

(62) |||L|||a = Su%)d H' : _01/2n|aLXC(9(n)||@(L2(Q)) < 0.
nes®

First we prepare two lemmas.

Lemma 6.2. Let 0 > 0, and let L € o, for some a > d/2. Then there exists a
constant C' > 0 depending only on « and d such that

— d/2a 1—d/2a
63) 1L lnwn, < CIENsa@y + 0 NI D152 )l @,
for any f € I*(L?).

Proof. If we prove that

Z HXCe(m)LXCe(n)fHLz(Q)

mezd
_ d/2a 1-d/2
(6.4) < (1Ll mzag@y) + 0~ YHILNY (’IILH%(L/Z(E)))I\x@(n)fl\m(m

for any 6 > 0 and n € Z<¢, then, summing up (6.4) with respect to n € Z%, we
conclude the required estimate (6.3):

ILflle 2y, < Z Z ||XCe(m)LXCe(n)fHL2(Q)
n€EZI meZ

_ d/2a 1—-d/2
< C(ILlmzay) + 0~ LN > L1 G Fageny £ 22y,

for any 6 > 0 and f € [*(L?)y. Hence we have only to prove the estimate (6.4).

Let n € Z% be fixed. For any w > 0, we write

> Ixcom Lxcom 2@
meZd

_ Z |01/2m_01/2n|7a|91/2m_91/2n|a||X00(m)LXCG(n)fHL2(Q)

[m—n|>w

+ Z HXCe(m)LXCe(n)f||L2(Q)

|m—n|<w

=:I(n) + II(n).
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By using the Schwarz inequality we estimate I(n) as
1/2
Im)<0=( 37 m—n|7*)
[m—n|>w

1/2
< (D0 18M2m = 02 xoyom Exouin |y ) -

[m—n|>w

(6.5)

The first factor of (6.5) is estimated as

(6.6) Yo m—n[*= > m| 7 < C(d,a)w

|m—n|>w Im|>w

In fact, since & > d/2, the right member of (6.6) is estimated as

d d
Yo m<IT Y ImyPi <o) [T D @lmh

[m|>w 7= imy|>w/Vd 3=l m;|>w/Vd
d
C(d, o H/ —2/d 4o < C(d, H “R = O, a)w Pt
{0>w/\f} j=1

which implies (6.6). As to the second factor of (6.5), noting that

0'/2m — 6'/2n
Q <z — 91/2n|

2
for any x € Cyp(m), we estimate as

> 18"2m =620l xcy i Xy f [ 2o

[m—n|>w

_ Z |91/2m_91/2n|2a/ |LX09(n)f|2 de
Co(m)

[m—n|>w

< 22« Z / |m — 91/2n|O‘LXCG(n)f|2 dz.

[m—n|>w e(m)

Moreover, by the definition (6.2) of [|L||,, we estimate as

> /C 2= 0" Ly, | de < ||+ =0"*n|" Lxc, /||,

[m—n|>w o(m)

<L (1ot Fl 2

Hence, summarizing the above two estimates, we deduce that

(67) Z |91/2m 91/2n|2a||XCe m)LXCS(n fHL2 < 22()(”'[/”'& HXC@(n fHL2

[m—n|>w
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Thus we find from (6.5)-(6.7) that
(6.8) I(n) < C(d,a) 0= W™=V NL|, Xy f1l 12

Let us turn to the estimation of II(n). It is readily to see that

1/2 1/2
< (Y )7( X Ixambxam i)
|m—n|<w |m—n|<w
Since
Z 1<1+wd,
|m—n|<w

we deduce from the same argument as in I(n) that

1/2
I(n) <(1+ wd/2)( > ||Xce(m)LXCG(")in2(Q)>

|m—n|<w

(6.9) < (14w [|Lxcym fll 2y < (14wl mz20n) [xcom FIl 2 -

Combining the estimates (6.8) and (6.9), we get

Z IxCom)yLxcom) fllL2)
meZa

< O(d, ) {020~ VDL, + (1 + V)Ll o Hixcom /oo

Finally, taking
w= (|||L|||(y/||LH=%(L2(Q)))1/a . 071/2’

we obtain the required estimate (6.4). The proof of Lemma 6.2 is complete. O

Lemma 6.3. Let p € .7 (R). Suppose that the potential V' satisfies assumption A.
Let o« > 0. Then the following assertions hold:

(i) The operator p(0Hy ) belongs to <, for any 0 < 6 < 1. Furthermore, there
exist a constant C' > 0 such that

(6.10) (0|, < Co~/?

forany 0 <6 <1.

(ii) Assume further that V_ satisfies

V_(y) 4t/ ,
su dy < , ifd> 3,
IEB/Q ey 2 < tap-n Y

V.o =0, ifd=1,2.

Then the same conclusion as in the assertion (i) holds for any 6 > 0.
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Proof. To begin with, we prove the assertion (i). Let 0 < § < 1 and M be a real
number such that

(6.11) M > max{—info(Hy),0}.

We may assume that suppy C [—M, co) without loss of generality. Let us choose
1 € C§°(R) such that

() = x(p) o(u=" = M),

where x is a smooth function on R such that

1 for0<p<—"———+1

- T M+ info(H ’
(6.12) x(p) = N d+li o(Hv), 2
ormsmtand i Sty T

When we consider the operator 0 Hy for 0 < 6 < 1, it is possible to take, indepen-
dently of 6, the real number M satisfying (6.11). Then we write

W(Rye) = ((0Hy + M)™") = o(0Hy).

In order to prove the estimate (6.10), it suffices to show that

o0

(6.13) I (Rvo)ll,, < C 0o/ / (1+ [t [(t)] dt.

— 00

where @Z is the Fourier transform of ¢ on R and the integral on the right is absolutely
convergent, since ¥ € .7 (R). The proof is based on the formula:

(6.14) Y(Ryp) = (2m) /2 /OO etV ) (¢) dt.

— 00

Applying the formula (6.14), we obtain

1/2
IR0, = sp 1 =621 Rv0) o |oszcon
< (27'()71/2 Sggd/ H | : _81/2n|aeiitRV’eXCe(n)||gg(L2(Q)) |¢(t)| dt.

Let N be a positive integer. Thanks to Lemma B.1 for A = B = x; — 0'/?n; and
L = e *Bvie we find from the assertion (i) in Proposition 5.1 that

H | . —91/2n|N6_itRV’9

X |l aazz(c)

_01/2n|N7k

XCy(n) Hgg(L?(Q))

N
< D CINR)[Ad e )| oo Il
k=
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Now, it follows from the Calderén-Lions interpolation theorem (see Theorem IX.20
in Reed and Simon [20]) that

|| | . _01/2n|a eiitRV’eXCe(n)H%’(L?(Q)) < Cﬁa/Z(l + |t|)a

for any o > 0 and ¢ € R. Thus we conclude (6.13), which proves (6.10).

As to the assertion (ii), noting that info(Hy) > 0, we can prove the esti-
mate (6.10) for any ¢ > 0 in the same way as assertion (i) by using the asser-
tion (ii) in Proposition 5.1 instead of assertion (i) in Proposition 5.1. The proof of
Lemma 6.3 is finished. O

We are now in a position to prove Theorem 6.1.

Proof of Theorem 6.1. First we prove the assertion (i). Let 0 < 6 < 1. It suffices to
show L'-estimate for ¢(0Hy ). In fact, if L'-estimate is proved, then L>-estimate
is also obtained by duality argument, and hence, the Riesz—Thorin interpolation
theorem allows us to conclude LP-estimates (6.1) for 1 < p < oco.

Let us proceed the proof of L!-estimate. Going back to the definition of I*(L?)y,
we estimate

le@HV) fllri) = D IOHV) fllLi(com)
nezad

(6.15) <Y G )Ml @(OHY ) fllL2(comy) < 0V l(0HY) £l 12y,
nezad

where we used the inequality

|G (n)[1/2 < 99/4,
Here, given a positive real number 3, we choose ¢ € .7(R) as
(6.16) G(N) = (A + M)Pp(\) for A € o(Hy),
where M is a real number such that

M > max{w, 0},
where w is the constant in Proposition 3.1. Then we write

le(OHV) fll11(22), = ||€(0Hv)(0Hy + M)?(6Hy + M)~ f|| ,
= || @0y ) (OHy + M)~

(L?)e
*Fllirz2y, -
Applying ¢(0Hy ) to the operator A in Lemma 6.2, we get
H@(QHV)(QHV + M)_6f||ll(L2)9
617) < C(IBOHV)l|lawe ) + 0~ IGOHV)II*ISOHY) | 1 )

B(L2(Q))
X ||(0HV + M)iﬁlel(Lz)e )
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where @ > d/2. Thanks to (6.10) from Lemma 6.3 and (4.4) from Theorem 4.1,
the right-hand side of the above inequality is estimated as

C{L+ 07100/ 20} 0= | fl 1) = 2C 0~ || Loy
Summarizing the estimates obtained now, we find that
(6.18) l(OHV) fllir(z2y, < C O fllr @)
Therefore, combining the estimates (6.15) and (6.18), we conclude that
lp(0HV) fllL10) < C | fllzr @)

forany 0 < @ < 1 and f € LY(Q).

The assertion (ii) is proved in the same way as assertion (i) by using asser-
tions (ii) in Proposition 4.1 and Lemma 6.3 instead of assertions (i) in Proposi-
tion 4.1 and Lemma 6.3, respectively. The proof of Theorem 6.1 is complete. O

7. Proof of Theorems 1.1 and 1.2

This section is devoted to proving the main theorems.

Proof of Theorem 1.1. We prove only the assertion (i), since the assertion (ii) is
proved in the same way as assertion (i). Let 0 < § < 1. Let M be a real number
such that

M > max{w, 0},
where w is the constant in Proposition 3.1. Given a positive real number 3 satis-
fying
dsl 1
st
2\p ¢

we choose ¢ € . (R) as
GN) = A+ M)Pp(N)  for A € o(Hy).
By using Proposition 4.1 and Theorem 6.1, we estimate
l(0HV )| (Lo (9),29(0)) = l(0Hy ) (OHy + M)P(0Hy + M)~ || g10(9),29(0)
< |BO0HV) | @ran | (0Hv + M) P || m(Lr(0), a0
< C -2 0/p-1/a)
for any p, g satisfying 1 < p < ¢ < co. The proof of Theorem 1.1 is complete. O

In the rest of this section we prove Theorem 1.2; LP-estimates for V(0 Hy ).
We recall the definition (6.2) of norms [||L||, of an operator L:

LN, = sup 1+ =6"2n]*Lxy(m)| < o0

o sz

for each 6 > 0.
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Lemma 7.1. Let p € L (R). Suppose that the potential V' satisfies assumption A.
Let o > 0. Then the following assertions hold:

(i) The operator Vp(0Hy ) belongs to oy for any 0 < 6 < 1. Furthermore, there
exist a constant C' > 0 such that

(7.1) IVe(OHY) || z(12(0)) < CO/2,
(72) V(@ H)ll, < CotD/2
forany 0 <0 <1.

(ii) Assume further that V_ satisfies

V_(y) 4m/? ,
sup dy < , ifd >3,
/ ey Wty Y

V. =0, ifd=1,2.

Then the same conclusion as in the assertion (i) holds for any 6 > 0.

Proof. First we prove the assertion (i). Let 0 < # < 1. We prove the estimate (7.1).
Since p(0Hy)f € D(Hy) for any f € L*(Q), we estimate

IVe(0HY) fII72(0

= /Q (Ve(0HY)f - Vo(0Hv ) f + VIp(0Hy) I = VIp(0Hy)f|?) dz

(13) = (Hyp(OF) [, o (O0H) f) e + / (Vo — Vi)lo(6Hy ) 2 de

IN

(Hy @(OH) 00V ) oy + [ Volol0HV) 1 da

=1+11.
Then, applying Theorem 1.1 to Hyp(0Hy ) f and ¢(0Hy ) f, we estimate I as
(7.4) I <||Hvo(0Hy) [l z2() le(OHV) fllL2() < C O fll720)-
As to the second term I7, by using the inequality (2.5) from Lemma 2.3, we have
I <e||Vo(0Hv)fll72(0) + b l(0HV ) f1|72q)

for any £ > 0. Noting the trivial inequality #~1 > 1, and using (6.1) from Theo-
rem 6.1, we get

be ||80(9Hv)f||2L2(Q) <Cbe 9_1||f||2L2(Q)§
whence

(7.5) 11 < e|[Vo(0Hy) fll72(q) + Cbe 07| FlI 22 (-

Here we choose € as 0 < ¢ < 1. Then, combining the estimates (7.3)—(7.5), we
conclude the estimate (7.1).



SPECTRAL MULTIPLIERS FOR SCHRODINGER OPERATORS 1311

Next we prove the estimate (7.2). Let M be a real number such that
M > max{—info(Hy),0}.

We may assume that supp ¢ C [—M, oo) without loss of generality. Let us choose
1 € C§°(R) such that

(7.6) d(p) = x(w) u~te(p™t = M),

where y is a smooth function on R satisfying (6.12). Then we write
Vo(0Hv) = VRy,g(Ry).

Hence we have only to show that there exists a constant C' > 0 such that

(7.7) IV Ry,o9:(Rv)ll,, < C o@D/

for any 0 < 6 < 1.

It suffices to show the estimate (7.7) for positive integers o by using the Cal-
derén-Lions interpolation theorem. We prove (7.7) only for oo = 1, since the cases
a > 2 are proved by the induction with Lemmas B.2 and B.3. Let j € {1,2,...,d}
be fixed. By the formula (6.14), we have

|Ha$j RVﬂw(RVﬂ) H| 1

(78) - I =6"2n] 02, Ry 0% (Rv.0)Xcy(n) ||@(L2(Q))
. ne I
< SuZpd (277)71/2 / H| : _61/2n| a:cj Ry e7l‘tReXC9(n) ||@(L2(Q)) |";(t)| dt.
nes* — 00

If we show that
(7.9) 1+ =021 0z, Ry €™ Xy m) | 2y < C(L+ )

for any t € R and n € Z%, then we conclude from (7.8) that
16z, Bv.ov(Rvo)l, < C2m) ="/ / (1+ [t [ (t)] dt (= Co0-172)

forall j =1,2,...,d, which is the estimate (7.7) for « = 1. Hence we pay attention
to prove (7.9). Writing
(00— 04200 8, Ry e~ 100
= O, (21 — 0%/2n1) Ryg e~ "RV — 631 Ry g e itFvo
= 0y, Rvo(wp — 61/, e~ itRvie | 8¢jAd1(RV79)€_itRV’0 I
= Op, Rvg e "0 (0 — 0'%ny) + Oy, Ry pAd' (e HHv0)
+ 9, Ad" (Ryg)e Vo — 53 Ry g e "RV
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for all k =1,2,...,d, where we have chosen A and B in the operators Ad*(Rvp)
and Ad' (e~ o) as
A:B:$k—91/2nk,

and 9, is Kronecker’s delta, we estimate
|| (xk - 91/2nk)8gcj RV,G e—itRe XCy(n) H@(Lz(g))
< ||0; Rv,p e V0 (), — 01/ %ny,)

+ ||0z, Rv,eAd* (e~ Fv0)

XCe(n) Hgg(m(n))
XCo(n) ||%(L2(Q))
+ |0z, Ad" (Rv,)e ™" x 0y (n) ||@(L2(Q))+ 1858 Rv.o €™ 0 Xy (n) H,@(L?(Q))
= I+I1I+1IT+1V
for all k =1,2,...,d. Noting that there exists a constant C' > 0 such that
(7.10) G = 02 1) X0 F || 2y < CO2 I 20

for any @ > 0 and n € Z?, we use the estimate (5.4) on VRy, from Lemma 5.2 to
deduce that

I < (|05, Rvoll gy 2l Naczon (@ = 0"200) X0 | 512000
<COV2p 2 = (.

As to the second term I7, we estimate by using (5.2) for £ = 1 from Proposition 5.1
and (5.4) from Lemma 5.2:

1T < ||3IJ'RV’9||@(L2(Q))||Ad1(eiitRV’9)H%’(LQ(Q))HXCG(")H%’(LQ(Q))
<COV2 921+ |t) = O (1 + t]).
As to the third term I11, we use (B.3) from Lemma B.2:
Ad'(Ryg) = —20Ry 4 Oy, Ry g.
Then we estimate, by using (5.4) from Lemma 5.2,

11T =20 ||aajj RV,@amk RV,G eiitRV’QXCG(n) H%’(L%Q))

<20 ||8$jRV79||%(L2(Q)) ||8¢kRVv9Hgg(L2(Q)) He_itRV’QXCe(n) Hgg(L?(Q))
<CH-97Y2.9712=C.

As to the fourth term 'V, we readily see that

<C.

1V < HRVW”@(L?(Q))||eiitRVY€H%’(LQ(Q))HXCG(")H%’(LQ(Q)) =

Combining all the above estimates, we arrive at the following:

||(l‘k — 91/2nk)8¢jRV79 et <C(1+ |t|)

e XCo(n) H@(Lz(m)



SPECTRAL MULTIPLIERS FOR SCHRODINGER OPERATORS 1313

for all k =1,2,...,d, which imply the estimate (7.9). The assertion (ii) is proved
in the similar way to assertion (i). In fact, we have only to use the inequality (2.7)
instead of (2.5), and assertions (ii) instead of assertions (i) from Lemmas 5.2
and 6.3. Thus the proof of Lemma 7.1 is finished. O

Proof of Theorem 1.2. We prove only the assertion (i), since the assertion (ii) is
proved in the same way as assertion (i). Let 0 < 6 < 1. It suffices to show
L'-estimate for Vo(0Hy ), since L%-estimate has been already proved in (7.1)
and LP-estimates are proved by the Riesz—Thorin interpolation theorem.

Going back to the definition of I'(L?)y, we estimate

HVSO(QHV)fHLl(Q) = Z IVe(0HV) fll L1 (0o (n))
neZzd

(7.11) < Y 1Co(m) VIV (0HY) I L2(cony) < 07 IVO(OHY) flli (12,5
nezd

where we used
|C.9(TL)|1/2 < ed/4.

Let M be a real number such that
M > max{w,0},

where w is the constant in Proposition 3.1. Here, given a positive real number (3,
we choose ¢ € . (R) as

SN = A+ M)Pp(N\) for A € o(Hy).
Then we write
IVeOHV) flln 22y, = [[VEOHY)OHY + M) 1 1o, -
Applying V@o(0Hy ) to the operator A in Lemma 6.2, we get
|V@(0HY ) (0Hy + M)_ﬁlel(Lz)e
< C(IVROHV) w20y + 0 INGOHV) 12 [ VEOHY ) 572 0y))
x [|(0Hy + M)_Bszl(L?)g

for any a > d/2. Thanks to Lemma 7.1 and (4.4) from Theorem 4.1, the right-hand
side of the above inequality is estimated as

6{9_1/2 + 9—(1/4 . (9(04—1)/2)(1/204 . (9—1/2)1—(1/2@}9—(1/4”fHLl(Q)
< CO 2| £l ey,
provided 8 > d/4. Summarizing the estimates obtained now, we find that
(7.12) IVo(OHY ) fllin(12), < C97d/471/2||f||L1(Q)~
Therefore, combining the estimates (7.11) and (7.12), we conclude that
IVe(OHY) fllzr@) < COT2 [ fllLve
for any 0 < @ < 1 and f € L'(Q). The proof of Theorem 1.2 is complete. O
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8. Final remarks

In this section we shall give two remarks on the estimates for the operator ¢(Hy );
the first remark is to weaken the assumption that ¢ € .#(R) in Theorems 1.1
and 1.2, and the second omne is about the estimates for the operators H{p(0Hyv )
for an integer m.

First, the function ¢ in Theorems 1.1 and 1.2 can be taken from the weighted
Sobolev spaces. In fact, let m be an integer with m > (d + 1)/2, and S a real
number with 8 > d/4 + (d/2)(1/p — 1/q). If the measurable potential V satisfies
assumption A, then there exists a constant Cy > 0, independent of ¢, such that

(8.1) l(0HV )| (v (2),19(0)) < Coll(1+] - |2)(6+m)/2</9||Hm(R)

for any 0 < 6 < 1. Needless to say, once the estimate (8.1) is established for
0 < 6 <1, after some trivial changes, if we further assume (1.2) on V, then the
estimate (8.1) holds for any € > 0. We prove this estimate only for 0 < 6§ < 1.
To begin with, we show (8.1) for p = ¢q. Let us define ¢ as in (6.16):

AN = (A + M)Pp(\) for A € o(Hy),
where 8 > d/4. We note that

|20 HY )| 2L2)) < @llL=m®)

for any 0 < # < 1. Indeed, we have:

e}
IG(0HY) f1I72(6) =/f Py )|¢(9)‘)|2d”EHv()‘)f”%%Q) <1812 1£ 1220
inf o (Hyv

for any 0 < 6 < 1. Then, following the proof of Theorem 6.1, we estimate

82)  le@HV)zwr@) < CIPl L) + 97d/4|||¢(9HV)|||Z/2a||S5||1L;d({1§)a)

for any o« > d/2 and 0 < 6 < 1. To estimate the quantity ||¢(6Hy) let us

choose 1 such that

(8.3) U(p) = x (1) pp™" = M),
where y is a smooth function on R satisfying (6.12). Then we write
¢(0Hy) = p(Rv,p).

From the estimate (6.13) in the proof of Theorem 6.1, we get, by using Schwarz’
inequality and Plancherel’s identity,

([P

oo

eIl < Co [ @+ ld)elbo) ar

— 00

< OO+ e 1+ T D7 ey = €Oy,
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provided that the integer m satisfies

- +1>d+1
m .-
2 2

Hence, noting from the definition (8.3) of ¢ that

m dk ~ 3 2
im(R):Z/ ‘d—k{x(u)w(u 1—M)}‘ dyu
o JR QK

]

<cf /T(H) B+ M)~2ax +; /I:UW o anpe)]
<C || 1+ m/QSOHH'"(R) <C H(l +1- )(ﬂ+m)/290||Hm(R)’

we obtain

(3.4) IBOH I, < COV2(1+ |- BF 2]

Furthermore, by using Sobolev’s inequality, we have
(85) H‘)ZHL‘X’(]R) = ||( + M)ﬁ<p||Loo(R) < CH(l + | ' |)ﬁ@||H1(R)
Therefore, applying (8.4) and (8.5) to (8.2), we conclude that
2
leOHV) || ey < Coll (141 )™ 2g|

Hm (R)’
which implies (8.1) for p = gq.

In the case when p < ¢, we can also prove (8.1) by the same way as above, if ¢
in the above argument is replaced by (A + M)? ¢ for g > (d/2)(1/p — 1/q).

Secondly, in the proof of Theorem 1.1, if we choose ¢ € . (R) as
SN = AN+ M)Pp(N\) for A € o(Hy),

the argument is effective also for the operators H{}¢(Hy ). More precisely, we
have:

Theorem 8.1. Let ¢ € S(R). Suppose that the potential V satisfies assump-
tion A. Let m be a non-negative integer, and let 1 < p < q < oo. Then the
following assertions hold:

(i) There exists a constant C > 0 such that
—(d/2)(1/p—1/q)—
(8.6) [ o OHV) || g1 0y gy < €0 (d/2)(1/p—1/g)—m
forany 0 <0 <1.
(ii) Assume further that V_ satisfies

V_(y) md/2 .
sup dy < , ifd> 3,
< T
V_ =0, ifd=1,2.
Then the estimate (8.6) holds for any 6 > 0.
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We note that the estimates (8.6) are useful to discuss several properties of Besov
spaces generated by Hy . This topic will be done elsewhere.

A. The Young inequality

In this appendix we introduce the Young inequality for scaled amalgam spaces.
Lemma A.1. Letd > 1, and let 1 < p,p1,p2,q,q1,q2 < 00 be such that

1 1 1 1 1 1
— 4+ ——=1=- and — +——1=-—.
D1 D2 p q1 q2 q

If f € 1P (L1)g(RY) and g € 1P2(L%2)g(RY), then f* g € IP(L9)g(RY) and
(A1) ||f * QHlp(Lq)g(Rd,) <3¢ HleT’I(L’Il)g(Rd') ||ng1’2(L‘12)9(Rd)~

For the proof of Lemma A.1, see Fournier and Stewart [9] (see also [15]).

B. Recursive formula of operators

In this appendix we shall introduce some formulas on the operator Ad.

Lemma B.1 (Lemma 3.1 in [15]). Let X and Y be topological vector spaces,
and let A and B be continuous linear operators from X and Y into themselves,
respectively. If L is a continuous linear operator from X into Y, then there exists
a set of constants {C(n,m)| n>0,0<m< n} such that

(B.1) B"L = zn: C(n,m) Ad™(L) A"™™,

m=0

We shall derive two kind of recursive formulas of operator
(B.2) Rve= (0Hy + M), 6>0,
where M is a certain large constant. Hereafter we put

X=92(0Q), Y=92(2),

where we denote by 2(2) the totality of the test functions on 2, and by 2'(Q) its
dual space, and we take

A=DB=ux;—0Y%*n; forsomejec{1,...,d}.

Lemma B.2. Let V be a measurable function on ) such that Hy is a self-adjoint
operator on L?()) whose domain is given by

D(Hy) = {u € Hj(Q) | /Viu € L*(Q), Hyue L*(Q)}.
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Let M be an element of resolvent set of —0Hy, and let us denote by Ry the re-
solvent operator defined by (B.2). Then the sequence {Ad"(Ry )}, of operators
satisfies the following recursive formula:

(B.3) AdO(RVﬁ) = Ry, Ad? (Rvﬁ) = —20Rvyy 6;8_7. Ry,
and for k > 2,
(B4) Ad*(Rve) = 0{ — 2kAd" ' (Rv,0)0., Rv,o + k(k — 1)Ad" > (Ry,0)Rv,p }-

Proof. When k = 0, the first equation in (B.3) is trivial. Hence it is sufficient
to prove the case when k£ > 0. For the sake of simplicity, we perform a formal
argument without considering the domain of operators. The rigorous argument is
given in the final part.

Let us introduce the generalized binomial coefficients I'(k, m) as follows:

k!
I'(k,m) =1 (k—m)'m!’
0, k<mork<O.

k>m >0,

Once the following recursive formula is established:
k—1
(B5) Ad*(Rve) =— Y _ T(k,m)Ad™(Ry,e)Ad* ™ (0Hy)Rve, k=1,2,...,

m=0
identities (B.3) and (B.4) are an immediate consequence of (B.5), since
Ad'(0Hy) = 200,,, Ad*(0Hv)=-20, Ad*(0Hy)=0, k> 3.

Hence, all we have to do is to prove (B.5). We proceed the argument by induction.
For k = 1, it can be readily checked that

Adl(RV,g) = :CjRV’g - Rv’ng = RV,Q(QHV + M):CjRV’g - Rvﬁxj (QHV + M)Rv’e
= Rv,g (HHij — Xy QHv) Rv,g = —RV,QAdl (QHv)Rvﬁ
= —F(I,O)AdO(Rvﬁ)Adl (HHv)RVﬁ.

Hence (B.5) is true for k = 1. For [ = 1,2, ..., let us suppose that (B.5) holds for
k=1,...,1. Writing

(B.6) Adl+1(RV79) = IjAdl(RVﬁ) — Adl(RV,a)l‘j,

we see that the first term becomes
-1

2 Ad (Ryg) = xj{ -3 T(t.m) Adm(RVﬁ)Adl—m(eHv)}RV,@
m=0

-1

U(l,m){Ad" ! (Ry,g)Ad""™(0Hy) + Ad™(Ry,0)Ad'" " (0Hv)} Ry

(]

0
-1

T3
I

(1, m) Ad™ (RVﬁ)Adlim (HHv)l‘ijﬁ

(]

=0

3

|
=~
+
fonl
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Here I; is written as
l
I =— Z F(l,m — I)Adm(RV,a)Adl_erl(HHv)RV,.g

m= 1

— Z (I,m) Ad™ Rva)Adlim+1(9Hv)Rv79

l
==Y T(l,m—1)Ad"(Ry,s)Ad""" "™ (0Hy)Rv

m=0

l
— ) I(l,m) Ad™ (Rv,p)Ad"" ™" (0Hy )Ry, + Ad' (Rv,p)Ad" (0Hy )Ry
m=0
l

== > T(+1,m)Ad™(Ry,p)Ad""' "™ (6Hy)Ry,p + Ad'(Ry,9)Ad" (0Hy ) Rv,p,
m=0
where we used
F'l,m—-1)+T(,m)=T0+1,m)

in the last step. As to I, we write as

-1
I = —{ S i, m) Adm(RV,g)Adl—m(eﬂv)Rw}(eHV +M)z;Ryg

m=0

= Ad'(Ry)(0Hy + M)z;Ryvy.

Hence, summarizing the previous equations, we get

l
2;Ad' (Ry,) = — Y T(l+1,m) Ad™(Ry,¢)Ad"™ " (0Hy)

m=0
+ Ad'(Rv,g) {Ad" (0Hv) + (0Hv + M)x;} Ry.
Therefore, going back to (B.6), and noting
Ad'(0Hv) + (0Hy + M)x; = x;(0Hy + M),

we conclude that
l
Ad™ (Ry,g) = = > T(I+1,m) Ad™ (Ry,g) Ad"' " (0Hy)
=0

+ Adl Rva {Ad1 HHv) (HHV + M Ij} Rv,a — Adl(RV,.g) z;
l
L(l+1,m) Ad™(Ryg)Ad" T ™ (0 Hy)
0

+ Adl(RV,g) zj(0Hy + M)Rys — Ad (Rvg) z;

—

== > T(+1,m)Ad™(Ry,)Ad*' " (0Hy).
m=0

Hence (B.5) is true for k =1+ 1.
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The above proof is formal in the sense that the domain of operators is not taken
into account in the argument. In fact, even for f € C§°(Q2), each z; Ry ¢ f does not
necessarily belong to the domain of Hy , since we only know the fact that

Ryef € D(Hy) ={u € Hy(Q) |/Viu e L*(Q), Hyue L*(Q)}.

Therefore, we should perform the argument by using a duality pair g q)(:, ) 2()
of 2'(Q2) and Z(1) in a rigorous way. We may prove the lemma only for k = 1.
For, as to the case k > 1, the argument is done in a similar manner. Now we write

@) (Ad (Rv,o) . 9) o) = (Rvef 259) L2) — (25 fs Rv9) 120y = I — IT

for f,g € C§°(Q). Since Ry,gf, Rv,pg € Hg (), there exist two sequences { fr }n,
{gm}m in C§° () such that

fon— Rvef and ¢, — Ryeg in HY(Q) as n,m — .
Hence we obtain by z; fn, z;9m € C§° (),
I= nh_{go <fna$j9>L2(Q)
= nlgrolo (@ fn, (0Hy + M)RVﬁg)LQ(Q)
= lim {0(V(2;fn), VRv.69) 12 + (OV + M)z} fn, Rv.a9) 120 }
= lim {6(V(z;fn), Vim) 20y + ((OV + M) fr, gm)L2(0) }

n,m—oQ

= lim {9<fna :cgm>L2(Q)+9<$jvfnavgm>L2(Q)+<(9V+M)l‘jfnagm>L2(Q)}

n,m—o0

and
II = mlgnoo <l‘jf, gm>L2(Q)
= lim ((0Hy + M)Rvof,%9m) 2(q)
_ lim {g (VRyof, V(xjgm»Lz(Q) +((0V + M)z;Rvef, gm>L2(Q)}
= dim {0(V o, V(2i0m)) g2y + (OV + M)z; fu. gm) 2oy }

n,m—o0

<(9V + M)xjfnagm>L2(Q)}-

Then, combining the above equations, we deduce that
o) (A (Rv,) f,9) a0 = hm 9{ frs Ony Gm) 12() — (O, s ) L2000
= lim 9<—23zj Jns9m)r2) = (—200:, Rvo f, Rv,09) 12()

n,Mm—00
= <—2€Rv7eazj RV,@fv g>L2(Q)

for any f,g € C5°(92). Thus (B.3) is valid in a distributional sense. In a similar
way, (B.4) can be also shown in a distributional sense. The proof of Lemma B.2
is finished. O
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Lemma B.3. Assume that V satisfies the same assumption as in Lemma B.2. Let
A, B and L be as in Lemma B.2. Then the following formula holds for each t € R:

t
(B.7) Adl(e*“RVﬁ) = _i/ eiiSRV’gAdl(RV,Q) e~ t=s)Rvo g
0
Furthermore, the following formulas hold for k > 1:

(B.8) Ad*H (e fve)

t
= —i / > Tk, ko, ks)Ad™ (e o) Ad T (Ry g) Ad"e (e (72 ve) ds,
O ky+koths=k

where the constants T'(k1, ka, ks) (k1, ke, ks > 0) are trinomial coefficients:

k!
L(ky, ko, k3) = ————.
(ko bs) = E T
Proof. Tt is sufficient to prove the lemma without taking account of the domain of
operators as in the proof of Lemma B.2. We write

td
Adl(e_lth'e) — .,L‘je—’Lth,e _ e_lth’e.fL‘j — _/ d_(e—lsRv,e.,L‘j e—l(t—s)Rvye) ds
0 8

t
= —i/ e i fve (IjRVﬁ - Rv,ng) e~ it=s)Rv.o g¢
0
t
= —i/ e_iSRVv"Adl(Rvg) e Ht=9)Rve gg
0

This proves (B.7). The proof of (B.8) is performed by induction argument. So we
may omit the details. The proof of Lemma B.3 is complete. O
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