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Sparse domination on non-homogeneous spaces
with an application to A, weights

Alexander Volberg and Pavel Zorin-Kranich

Abstract. We extend Lerner’s recent approach to sparse domination of
Calder6n—Zygmund operators to upper doubling (but not necessarily dou-
bling), geometrically doubling metric measure spaces. Our domination the-
orem, different from the one obtained recently by Conde-Alonso and Parcet,
yields a weighted estimate with the sharp power max(1,1/(p — 1)) of the A,
characteristic of the weight.

1. Introduction

We are interested in weighted estimates for an operator T with a kernel of
Calder6n—Zygmund type (see below) acting on functions on a metric space X with
a non-doubling measure . We always assume that the operator 7' is bounded on
L?(X, p); such operators are called (non-homogeneous) Calderén-Zygmund oper-
ators.

In the case X = R? with the Lebesgue measure, the estimate 1T L2 (w)—L2(w) S
[w]a, for Calderén—Zygmund operators, formerly called the “Ay conjecture”, took
some efforts of a large group of mathematicians to settle. For the Ahlfors—Beurling
transform and the Hilbert transform this has been done in [26] and [25], respec-
tively, using a Bellman function approach. This estimate for the Ahlfors—Beurling
transform had an important application to the theory of quasiregular maps [1].
After a number of intermediate results, of which we would like to mention the
beautiful papers by Cruz-Uribe, Martell, and Pérez [6] and by Lacey, Petermichl,
and Reguera [15], where the A5 conjecture has been proved for dyadic singular op-
erators, the Ay conjecture has been finally proved in full generality by Hytoénen [13].
Shortly thereafter, a proof based on the methods of [23] has been obtained in [11],
and an extension to doubling measure spaces has been obtained in [24]. This re-
quired the construction of “random dyadic lattices” of Christ cubes on doubling
metric measure spaces.

Mathematics Subject Classification (2010): 42B20.
Keywords: Calderén—-Zygmund operators, non-doubling measures, sparse operators.



1402 A. VOLBERG AND P. ZORIN-KRANICH

The above mentioned proofs are based on decompositions of Calderén-Zyg-
mund operators into dyadic singular operators (martingale shifts). Martingale
shifts with respect to doubling measures are “good” in the sense that their weighted
norms grow linearly in the As characteristic of the weight. In the non-homogeneous
situation we hit a very serious difficulty on this path, described in the articles by
Lépez-Sanchez, Martell, and Parcet [20] and Thiele, Treil, and Volberg [27]: for
non-doubling measures i there is a huge class of martingale shifts that are not good.
So, if one wants to proceed by this path, such “dangerous” martingale shifts should
be completely avoided in the decomposition of the Calder6n-Zygmund operator.

A class of good martingale shifts, called “L'(p)-normalized shifts”, has been
identified in [29]. In [27] it has been shown that any martingale transform is a good
shift; a short proof of this result has been found by Lacey [14]. In Theorem 2.11
of [20], an interesting characterization of weak type (1,1) for martingale shifts has
been given. Shifts that have weak type (1,1) are good, and the L!(u)-normalized
martingale shifts from [29] form a subclass of the good shifts found in [20].

A more recent approach to sharp weighted estimates for Calderén—Zygmund
operators consists in estimating (rather than representing) them by sparse opera-
tors

(11) Asf =S fhele, (fa = @ / fdu,

QeS

where S is a sparse family of cubes (that is, for every @ € S there exists a sub-
set E(Q) such that u(E(Q)) > $4(Q) and the sets E(Q) are pairwise disjoint).
The pervasive importance of sparse operators has been realized by Lerner, who
proved in [18] that sparse operators control Calderén—Zygmund operators “on av-
erage” in the sense that | Tf||x St supg||Asf| x holds for every Banach function
space X . Pointwise estimates for |T f| by convex combinations of sparse operators
have been later obtained in the works of Lerner and Nazarov [16], Conde-Alonso
and Rey [5], Lacey [14], and Lerner [19]. The “sparse operator approach” has
also been successfully applied to other classes of operators, not necessarily given
in integral form, see [2]. These results, combined with the short proof of weighted
estimates for sparse operators by Moen [21], provide the most concise proofs of
the As conjecture.

Lerner’s local mean oscillation approach [17] to quantitative weighted esti-
mates has been recently extended to non-doubling measures by Conde-Alonso and
Parcet [4]. Their result is that T'f is dominated by the composition of a certain
sparse operator with a certain maximal operator. This gives a weighted estimate for
the operator norm of 7', but for doubling measures y it grows as [w]%, on L*(w dpu),
and hence does not recover the sharp weighted bound in this classical setting.

In this article we extend Lerner’s version [19] of Lacey’s sparse domination al-
gorithm [14] to non-doubling measures. The stopping time construction in Lerner’s
article works well as long as the starting cube is doubling in the sense of (2.9).
However, the stopping cubes need not be doubling. We have tried to deal with
this difficulty using Tolsa’s Calderén—Zygmund decomposition with respect to a
non-homogeneous measure (that has been found for the purpose of proving that
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a non-homogeneous Calderén-Zygmund operator T is weakly bounded on L*(u),
a result previously proved without Calderén—Zygmund decomposition in [22]). But
Tolsa’s Calder6n—Zygmund decomposition uses cubes with bounded overlap, unlike
the classical one, which uses disjoint cubes. This seems to lead to an uncontrollable
growth of overlap when the decomposition is recursively iterated.

We avoid these problems by working with David—Mattila cells, that substitute
the dyadic grid and have convenient properties (stated in Lemma 2.2).

Theorem 1.2. Let (X,d,p) be an upper doubling, geometrically doubling metric
measure space and o > 200. Then for every L? bounded Calderén—Zygmund oper-
ator T on X, every bounded set X' C X, and every integrable function [ supported
on X' we can find sparse families F,, n = 0,1,..., of David-Mattila cells such
that the estimate

= faoB | fl dp
TH Sra Y 10070 Y0 A,
20 2 B Q)

holds pointwise p-almost everywhere on X'.

From this result one can easily deduce the following bound for the maximally
truncated operator T on the weighted space LP(w dp), see Section 4.

Corollary 1.3. Let (X,d, ) be an upper doubling, geometrically doubling metric
measure space and let T be a Calderén—Zygmund operator on X. Then for every
1 < p < oo we have

0 (200B(Q))w(@)o(Q)"=2 w(@) W' )+
0 I larorsir Se oo ulaB(@)uQP ,

where o = wY®=Y s the dual weight, p* = max(p,p’), and the supremum is
taken over David—Mattila cells.

For doubling measures p the right-hand side of (1.4) is comparable to the usual

sharp power [w]jyax(l’l/(pfl)) of the A, characteristic of the weight. On the other
hand, it is not clear whether for general measures our estimate is stronger than the
one in [4]. Also, it is up for debate what the most appropriate definition of the A,
constants for weights with respect to non-doubling measures should be. Although
David-Mattila cells seem to have the same geometric structure as Christ’s cubes
in spaces of homogeneous type, which have been characterized in [9], a definition

in terms of this rather large class of sets does not seem completely satisfactory.

2. Notation and preliminaries

2.1. Upper doubling measures and Calder6n—Zygmund operators

Definition 2.1 ([8]). A metric measure space (X, d, p1) is called upper doubling if
there exists a dominating function A : X x (0,00) — (0,00) and a constant C > 0
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such that for every x € X the function r — A(z,r) is nondecreasing and
w(B(w,r)) < Mz, r) < CxM(w,7/2)
holds for all z € X and r € (0, c0).

If X is a dominating function, then by Proposition 1.3 in [12],

Mz, 1) = Zlg)f()\(z,r—f— d(z, z))

is also a dominating function (with the same constant C) that is not larger than
the original dominating function A and has the additional property that

(2.2) Mz, 7) < Cy\(y,r) for all z,y € X with d(x,y) <.
We will assume from now on that A satisfies (2.2).

Definition 2.3. A metric space (X, d) is called geometrically doubling (with dou-
bling dimension n) if for every R > r > 0 and every ball B of radius R the
cardinality of an r-separated subset of B can be at most C'(R/r)".

Definition 2.4. A Calderén—Zygmund kernel on a geometrically doubling, upper
doubling metric measure space (X,d,m) is a map K: X x X \ A — C such that

Ck
(2.5) |K(z,y)| < Nz d@.1)

for some Cx >0 and all z,y € X, x # y, and

(26) 'K@W**“wa+W@JO—K@wm<w6§?3>xx&mw>

for all z,2’,y € X with d(z,2') < %d(m,y), where w: [0,00) — [0,00) is a Dini
modulus of continuity, that is, a monotonically increasing subadditive function
with w(z) =0 <= 2 =0 and |[w|pini 1= >_,;5ow(277) < 0.

A Calderon—Zygmund operator with kernel K is a linear operator T" such that,
for all bounded functions f with bounded support, the restriction of T'f to the
complement of the support of f is given by

7ﬂ@=/K@MNMW@,w¢wa

The e-truncation of T is defined by
L@ = [ K@) dut):
d(z,y)>e

note that this integral converges absolutely for every f € LP(X,u), 1 < p < oo,
and every z € X. The maximally truncated operator T* is defined by

T*f(x) := sup|T. f(x)|.
e>0
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It has been proved in [10] that L? boundedness of a Calderén—Zygmund oper-
ator T implies that both 7 and the maximally truncated operator T* have weak
type (1,1) (the results in that article are stated for power moduli of continuity
w(t) = ct™, 0 < 7 <1, but the proofs only use the Dini condition). An alterna-
tive proof appears in [3]. The former proof extends the proof for power bounded
measures in [22] and the latter the proof in [28].

2.2. David—Mattila cells

Now we will consider the dyadic lattice of “cubes” with small boundaries of David—
Mattila associated with p. This lattice has been constructed in [7], Theorem 3.2,
for non-doubling measures on R™, and the proof works without alterations for
general geometrically doubling metric spaces. Its properties are summarized in
the next lemma.

Lemma 2.7 (David-Mattila). Let (X, d) be a geometrically doubling metric space
with doubling dimension n and let p be a locally finite Borel measure on X. Con-
sider two constants Cy > 1 and Ag > 5000 Cy and denote W = supp u. Then
there exists a sequence of partitions of W into Borel subsets Q, QQ € Dy, with the
following properties:

e For each integer k > 0, W is the disjoint union of the “cubes” Q, Q € Dy,
and if k <1, Q € Dy, and R € Dy, then either QN R =@ or else Q C R.

e The general position of the cubes Q can be described as follows. For each
k>0 and each cube Q € Dy, there is a ball B(Q) = B(zg,r(Q)) such that

geW,  AyF<r(Q) < CoAG*,

WNB(Q) CQCWnN28B(Q) =W N B(zq,28Q)),

and
the balls 5B(Q), Q € Dy, are disjoint.

e The cubes Q € Dy, have small boundaries. That is, for each QQ € Dy, and each
integer | > 0, set

NEHQ) = {z e W\ Q : dist(,Q) < Aak—l}’
N™(Q) = {z € Q: dist(z, W\ Q) < Ag’“*l},

and
Ni(Q) = Nf™ Q) U N/™(Q).
Then
(2.8) p(Ni(Q)) < (C71Cy %" 1 Ag) ™ u(90B(Q)).

e Denote by D the family of cubes Q € Dy, for which

(2.9) H(100B(Q)) < Co u(B(Q)-
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For the cubes Q € Dy, \ D* we have that r(Q) = Ay and
(2.10) p(eB(Q)) < Cy 'u(100¢B(Q))
forall1 <c< (Y.

We use the notation D = |J, -, Dr. Observe that the families Dy are only
defined for £ > 0. So the diameters of the cubes from D are uniformly bounded
from above. For Q € Dj, we call the cube Q € Dy_; such that Q D Q the parent
of Q. We denote D% =, ., Di®.

3. Sparse domination

3.1. Grand maximal truncation

We put, for a cell Q € D and z € Q,
Fe@i= [ K@) du).
X\30B(Q)

We consider the (localized) grand maximal truncated operator

N, f(z) :=1g,(z)  sup  sup|F(y,P)|, Qo€D,
z€P, PED(Qo) yEP

that has been introduced in [19]. We claim that the operator Ng, has weak
type (1,1). Indeed, let 2,2’ € Q € Dy. Then

F(z,Q) - F(', Q)| < /X o )~ K]
w(567(Q)/(27r(Q)))
: ; /dist(y,Q)~21r(Q) Mz, 277r(Q)) |f(y)] dp(y)

S llwllpini Maf (),
here
) My f(x) :=su ;/ |fld
A T ANz, R) Jp(a,r) -

Moreover, for any r ~ r(Q) we have

31) 150 - FQ)l< 1 () 1 9)| disty) S CreMaf ().
30B(Q)AB(z,r)
Therefore we have the pointwise inequality

(32) [Ny f = T*f| < C(||wllpini + Cr)Mrf on Qo,

valid for functions supported on 30B(Qo), and this implies that Ng, has weak
type (1,1) with a constant independent of Q.
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3.2. Consecutive scales

For a David-Mattila cell @ and a large number « > 200, we denote

1
A(f,Q) = m /303(Q)|f|du
and
0(Q) = HaBQ)

Azg, ar(Q))

Notice that if Ay is chosen large enough and Q C @ are two nested cells, then

(3.3) 30B(Q) C 30B(Q),

even though the centers of these two balls are different.
For every cell @Q € D and every x € ), we have
Ck

Lo K@) < 5 [ (g1

. <% du < O(Q)A(f,O
(3.4) S T /BOB(Q)IfI o)

where Q € D denotes the parent of ), and in particular,

(3.5) N (fLyp0) (@) < COQVA(S, Q) + No(f1som@) (@).

This is useful because the numbers ©(Q) are bounded by 1 and decay expo-
nentially fast along nested sequences of non-doubling cubes.

Lemma 3.6 (cf. [7], Lemma 5.31). Let ly be the maximal number with 100 <

Co/a and suppose that Céo/z > C’;log? AO], where Cy is the doubling constant of
the dominating function. Let

Q=Q1D>Q1=Q2D
be a nested family of cubes such that Q1,Qs, ... are non-doubling. Then

(3.7) 0(Qr) S ¢ "7 6(Qu).
Proof. This follows from (2.10). O

3.3. The cube selection procedure

The main part of the proof of Theorem 1.2 is a recursive cube selection procedure.
Since we are using non-sharp truncations (i.e. the grand maximal function associ-
ated to a ball is applied to the restriction of the function f to a larger ball), Lacey’s
stopping time argument [14] only works well for doubling cubes, but yields stop-
ping cubes that are in general non-doubling. When we arrive at a non-doubling
stopping cube, we simply keep subdividing it into smaller cubes until we hit a
doubling cube. The contributions of the intermediate scales turn out to shrink
exponentially, and we obtain the following result.
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Lemma 3.8. Let Qg € DU be a doubling cube and f be an integrable function
supported on 30B(Qo). Then there exists a subset Q C Qo, collections of pairwise
disjoint cubes C,(Qo) C D, n=1,..., contained in Q, and a collection of pairwise
disjoint doubling cubes F(Qo) C D contained in Q with the following properties:

2. For every P € F and Q € C,, we have either P C Q or PNQ =),

3. Almost everywhere we have the estimate

Noo (L3050 f)1es < D> Ne(lsopp) f)lp

PeF(Qo) o
(3.9) + CA(f, QO)]'QO +C Z 1007 Z A(f, Q)]-Q'
n=1 QECH(Qo)
Proof. Note that the maximal function
(3.10) M, f(z) := sup A(f,Q)

zEQ

has weak type (1, 1) by the Vitali covering lemma. Let K > 0 be so large that the
weak type (1, 1) inequalities for Ng, and M), will imply that the bad set

Q:={xeQo:Ng,f(x) > KA(f,Qo)} U{x € Qo: M, f(x) > KA(f,Qo)}

has measure bounded by % 1(Qo) (this is the only step in which we use the doubling

property of Q). The set €2 is the disjoint union of the maximal cells contained

in it. Let us call this family of cells Co(Qo). They are not necessarily doubling.
By definition of Q2 we have

(3.11) 7 € Qo \ Ugecy (@)@ = N, f(x) < KA(f, Qo).

Now we want the estimate of Ng,f(z) for = in each @ € Co(Qo). By the
maximality of @) we know that

Sup|F(£B,Q)| < SUP|F(y7Q)| < KA(f7 QO)
T€EQ yeQ

for every Q with Q C Q C Q. Hence
NQof(x) < KA(f,Qo) + NQ(f 1303(@))($)a

where @ is the parent of Q in D. Applying (3.5) on the right-hand side, using
the maximality of @ to estimate A(f,Q) < KA(f,Qo), and using the fact that

O(Q) < 1, we obtain

N, f(z) < CA(f,Qo) + No(f 130m(q))(z)

with some larger value of C.
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The families C,, are now constructed inductively as follows. Put all doubling
cubes in Cy into F and let C; consist of the remaining non-doubling cubes. Suppose
that C,, n > 1, has already been constructed. Then we put every ) € D such that
Q € C, into F if it is doubling and into Cp41 if it is non-doubling.

In view of Lemma 5.28 in [7] the chain

QiDQ2D--DOQNDx, Qnely,

terminates after finitely many term for almost every z € Q. If Cj is sufficiently
large, then Lemma 3.6 yields ©(Q,) < 100~", and we obtain the claim (3.9)
summing the estimate (3.5) over the cubes Q1,...,Qn. O

3.4. Proof of Theorem 1.2

We begin by finding a ball B C X that contains X’ and satisfies the doubling
condition p(100B) < Cou(B). Rescaling the metric by a constant we may assume
that this ball has radius Cy. The construction in [7], Theorem 3.2, now yields a
system of David—Mattila cells such that X’ is contained in some cell Q.

Recursive application of Lemma 3.8 now yields an estimate of the required form
for Ng, f as follows. We initialize the collection of doubling cubes F§ = {Qo}.
Given a collection of doubling cubes F¥, an application of Lemma 3.8 to each cube
P € Fk yields collections of non-doubling cubes CZ’,n = 1,..., and a collection of
doubling cubes F¥. We define

1 . P 1. P
Fhit .—UPE}.&, Chyn=1,..., and Fg" :=Upcrr F .

It follows from part (1) of Lemma 3.8 that for every k > 0, every n > 0, and every
R € FF¥ we have

> w@< % u(R).
QeFNT:QCR

We denote F,, := UpFX, and these are precisely the sparse families we need in
Theorem 1.2.

In view of (3.2) it remains to estimate the maximal function M) by a sparse
operator. To this end note that every ball B(z, R) is contained in 30B(Q) for some
cell @ with 7(Q) Sa, R. It follows that

Myf@) S sup M, r(@) " LOB(Q)IfIdMS sup O(Q)A(f, Q).

zeQeD z€QED

Lemma 3.8 continues to hold with N replaced by the localized maximal operator

Ng f(z):== sup OQA(f,Q),
x€Q€ED(Qo)

with identical proof. This provides the required sparse domination for M.
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4. Consequences for weighted estimates

In view of Theorem 1.2, in order to prove Corollary 1.3 it suffices to obtain the
corresponding estimate for a sparse operator

Tf=> Af,Q)1q,

QeS

where S is a sparse collection of David-Mattila cells. We repeat the proofs in [21]
and [19]. By duality the norm of T" as an operator on LP(w) is equal to the best
constant in the inequality

| [TU)g0| < K1 soto i 190y

Let E(Q) C Q € S be disjoint subsets such that p(E(Q)) > u(Q). Then
| [rtrogwan] < > Ao, Q) / Jgul dn
2003 w(Q) 1 .
Y B 1)

(w(lQ / lgw] du

< ( 0(200B(Q)) w(Q) )

sup

Q u(aB(Q))O(E(Q))l/P w(E(Q))/?
P 1/p
' ( (a 2003 /303<Q)|f0|d“> o(E(Q)))

~( (oo / jguldn) wE@))"”

The last two terms are estimated by the M, g, maximal function of f (defined
n (3.10)) and the martingale maximal function MP 4u With measure wdp of g,
respectively.

In order to estimate the supremum over () in the first term by the right-hand
side of (1.4) note that

w'/?P gl /P =1,

so that
1(Q) < (EQ) < w(BQ)Pa(B(Q)V"

by Holder’s inequality. Taking this inequality to power p* — 1 and using it in the
denominator we obtain the claim.
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5. The A, conjecture for arbitrary non-homogeneous Calde-
ron—Zygmund operators in dimension 1

It is nice to notice that the A, characteristic in our main result (Corollary 1.3,
where the supremum is taken over David—-Mattila cells) becomes almost the usual A
characteristic if we consider Calderén—Zygmund operators with respect to an ar-
bitrary measure in R!.

To notice that let us observe first of all that we have never used the “small
boundary property” of David—Mattila cells from Section 2.2 in the proof. We will
now indicate how the construction in [7], Section 3, can be modified in the case of
a non-atomic measure p with compact support on the real line in such a way that

1. the resulting cells will be intervals and

2. the cells will satisfy all conditions of Section 2.2 except may be the small
boundary requirement.

The restriction to non-atomic measures does not lose generality in application
to As questions.

We consider the balls (in our case intervals, as we are on R') B(z) built on
pages 145146 of [7], Theorem 3.2. Then we find the discrete subset IV of points x
such that 5B(x) are disjoint and 25B(x) cover the support E = supp . Now we
swerve a little bit from the path of Theorem 3.2 in [7], and we construct balls
(intervals) BY as follows. We allow each 5B(z), x € I°, to extend beyond its end-
points to the left and to the right with the speed proportional to the size of B(z).
We stop the extension when the earliest of the following happen: 1) the extension
reaches an end-point of 25B(x), 2) it meets another extension. Notice that the
extensions beyond the left and the right end-point of a given 5B(z) can stop for
different reasons.

Notice that we did not use the notions of Bj(x), Ba(x), Bs(x) of Theorem 3.2
in [7], but rather immediately built disjoint By(z) = Bl(x),x € I = I°. As in
Lemma 3.33 of Theorem 3.2 in [7], we can claim that By(x),z € I are disjoint and
cover E.

Then we apply the preceding construction to each scale A; k. We get B¥(x),
x € Iy, which is again a disjoint covering of E. Next we wish to replace B’s by a
finer version, by taking unions of BJ*(y), m > k.

We need the supervising relation called & in [7], Theorem 3.2. For each k > 1
the point 3 € I* will be supervised by « € I*~1 if and only if y € Bff_l(x).

Notice that the supervising relationship is monotone, meaning that if x; < s,
x; € I*1 i =1,2,and y; € I¥ is a supervisee of x;, i = 1,2 correspondingly, then
Y1 < Y2.

Introduce (as in the paper of David and Mattila) for z € I* the set

4
Db .= Uyers+e, ht(y)=a B ().

By the above mentioned monotonicity, each Déf is an interval. And as in the
paper of David and Mattila, these are disjoint sets covering E. The rest of reasoning
goes verbatim as in Theorem 3.2 of [7].
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Therefore we have obtained the following As-linear estimate for Calderén—Zyg-
mund operators with respect to upper doubling measures on R.

Corollary 5.1. Let (R, d, u) be an upper doubling, geometrically doubling metric
measure space, where d is just Euclidean metric, and let T be a Calderéon—Zygmund
operator on RY, that is, a bounded operator in L?(u) whose kernel satisfies Defini-
tion 2.4. Then we have (with o = w™')

(52) HT||L2(w)—>L2(w) g min sup <w>301<0>1, sup (0)301<w>1 5
ICR? ICR?

where the supremum is taken over the collection of intervals I C R.
Moreover, the domination result also holds.

Theorem 5.3. Let (R, d, ;1) be an upper doubling, geometrically doubling metric
measure space, where d is just Euclidean metric, and o > 200. Then for every
L?(p) bounded Calderén—Zygmund operator T (see Definition 2.4) on R, every
bounded set X' C RY, and every integrable function f supported on X' we can find
sparse families Fp, n = 0,1,..., of usual intervals I and their subintervals B(I)
such that, I C 25B(I), and such that the estimate

= fgoB I |f| dp
THf Spa Y 1007 S PO g,
— 55 waB(I))

holds pointwise p-almost everywhere on X'.
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