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Stochastic flows for Lévy processes
with Holder drifts

Zhen-Qing Chen, Renming Song and Xicheng Zhang

Abstract. In this paper, we study the following stochastic differential
equation (SDE) in R%:

dX, = dZ +b(t, X:)dt, Xo =z,

where Z is a Lévy process. We show that for a large class of Lévy pro-
cesses Z and Holder continuous drifts b, the SDE above has a unique strong
solution for every starting point z € R. Moreover, these strong solutions
form a C'-stochastic flow. As a consequence, we show that, when Z is an
a-stable-type Lévy process with a € (0,2) and b is a bounded (S-Hélder
continuous function with 8 € (1 — «/2,1), the SDE above has a unique
strong solution. When a € (0, 1), this in particular partially solves an open
problem from Priola. Moreover, we obtain a Bismut type derivative for-
mula for VE, f(X;) when Z is a subordinate Brownian motion. To study
the SDE above, we first study the following nonlocal parabolic equation
with Hoélder continuous b and f:

ou+ Lu+b-Vu+ f=0, wu(l,)=0,

where . is the generator of the Lévy process Z.

1. Introduction
Consider the following stochastic differential equation (SDE) in R%:
(11) dXt = dZt + b(t,Xt) dt, Xo =,

where b(t, ): [0,1] x R? — R? is a bounded Borel function and Z is a Lévy process
in R?. When Z is a Brownian motion, one can use the Girsanov transform to show
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that SDE (1.1) has a unique weak solution for a large class of b(t, ), for example,
for bounded measurable Borel b(¢, ). However, when Z is a discontinuous Lévy
process without Gaussian component, the problem becomes much harder for one
can not use the Girsanov transform to solve (1.1). When d = 1, Kurenok [14]
showed that (1.1) has a weak solution for a class of one-dimensional Lévy processes
and bounded time-dependent drift b, based on Krylov type estimates for Lévy
processes with time-dependent drift. When d = 1, Z is an isotropic a-stable process
in R? with @ € (1,2) and the drift b = b(z) is LP-integrable for p > d/(a — 1),
Portenko [17] used a perturbation approach to construct a weak solution to the
SDE (1.1); it is extended to d > 2 in [16]. Recently, Chen and Wang [5], using
heat kernel estimates and the martingale problem approach, showed that (1.1) has
a unique weak solution when Z is an isotropic a-stable process with o > 1 and
b = b(z) is in some Kato class that includes LP(R?) with p > d/(a—1) and bounded
Borel functions. In this paper, we will concentrate on the existence and uniqueness
of strong solutions of (1.1) for non-Lipschitz continuous drift b. We refer the reader
to [10] for the definitions of and the relations between weak solution, uniqueness
of weak solution, strong solution, pathwise uniqueness. In non-technical terms, a
weak solution to (1.1) means that we can find a pair (X, Z) on some probability
space so that Z has the same distribution as the pre-given Lévy process and (1.1)
holds. A strong solution to (1.1) means that given a Lévy process Z, there is a
solution X to (1.1) on the same probability space on which Z is defined and is
adapted to the filtration generated by Z.

When d = 1, Z is a Brownian motion and b is a bounded Borel function on R,
Zvonkin [30] used a transformation (one-to-one map) to remove the drift from (1.1)
and show (1.1) has a unique strong solution for every starting point . When b(¢, x)
depends on z only, this transformation is just a scale function for X. Zvonkin’s
approach was extended to the multi-dimensional case by Veretennikov [24]. Since
then, many people have made contributions to the pathwise uniqueness problem
for SDEs driven by Brownian motion (see [12], [9], [8], [26] and references therein).
However, when Z is a pure jump Lévy process, strong existence and pathwise
uniqueness of SDE (1.1) become quite involved for drift b which is not Lipschitz
continuous. When d = 1, b(t,x) = b(z) and Z is a symmetric a-stable process
in R with @ € (0,1), Tanaka, Tsuchiya and Watanabe [23] proved that path-
wise uniqueness fails for (1.1) even for bounded b € Cbﬁ (R). On the other hand,
when d = 1 and Z is a symmetric a-stable process in R with « € [1,2), it is
shown in [23] that pathwise uniqueness holds for (1.1) for any bounded continuous
b(t,x) = b(x). For d > 2, using Zvonkin’s transform, Priola [18] obtained path-
wise uniqueness for SDE (1.1) when Z is a non-degenerate symmetric (but pos-
sibly non-isotropic) a-stable process in R? with o € [1,2) and time-independent
b(t,x) =b(x) € C’f(Rd) with 8 € (1 —a/2,1). Note that in this case, the infinites-
imal generator corresponding to the solution X of (1.1) is £(®) 4+b-V. Here .£(®)
is the infinitesimal generator of the Lévy process Z, which is a nonlocal operator of
order a. When a > 1, 2@ is the dominant term, which is called the subcritical
case. When « € (0, 1), the gradient V is of higher order than the nonlocal opera-
tor .Z(@ so the corresponding SDE (1.1) is called supercritical. The critical case
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corresponds to o« = 1. Priola’s result was extended to drifts b in some fractional
Sobolev spaces in the subcritical case in Zhang [28] and to more general Lévy pro-
cesses in the subcritical and critical cases in Priola [19]. However, when d > 2,
a € (0,1) and Z is a symmetric non-isotropic a-stable process in R?, even for time-
independent Holder continuous drift b = b(z), pathwise uniqueness for SDE (1.1)
was an open question until now; see Remark 5.5 in [19]. When Z is an isotropic
a-stable process, SDE (1.1) is connected with the following nonlocal PDE:

atu—i—Aa/Qu—l—b'Vu—f—f:O,

where A®/? := —(—=A)®/? is the usual fractional Laplacian. In order to solve
SDE (1.1) driven by an isotropic stable process Z, one needs to understand the
above PDE better. In this direction, Silvestre [21] obtained the following a priori
interior estimate:

(1.2) [ull oo fo,15:00+8(81)) < C (llullLoe(po,21xB2) + 1 fll Lo (f0,21:05(B2)) ) »

where, for any r > 0, B, stands for the open ball of radius r centered at the
origin, provided b € L>([0,2]; C?(B)) and a + 3 > 1. This estimate, as pointed
out in Remark 5.5 of [19], can be combined with the argument of [18] to show
that the SDE (1.1) has a pathwise unique strong solution when Z is an isotropic
a-stable process with a € (0,1) and b € Cbﬁ(Rd) with 8 € (1 — a/2,1). However,
the approach of [21] to establish (1.2) strongly depends on realizing the fractional
Laplacian in R? as the boundary trace of an elliptic operator in the upper half
space of R*!. Extending this approach to other nonlocal operators, such as a-
stable-type operators, would be very hard if not impossible.

The goal of this paper is to establish strong existence and pathwise uniqueness
for SDE (1.1) with, possibly time-dependent, Holder continuous drift b for a large
class of Lévy processes that have no Gaussian component, including stable-type
Lévy processes. Our approach also uses Zvonkin’s transform. One of the main
contributions of this paper is a new approach of establishing estimates analogous
to (1.2) for a large class of Lévy processes and for time-dependent drift b(t, z); see
Theorem 2.3. Probabilistic consideration played a key role in our approach. With
this new approach, we not only extend the main result of [19] in the subcritical
case to more general Lévy processes and time-dependent drifts, but also establish
strong existence and pathwise uniqueness result in the supercritical case for a large
class of Lévy processes where the drift b can be time-dependent. We emphasize
that the Lévy process Z in this paper can be non-symmetric and may also have
drift. Throughout this paper, we assume the Lévy process Z has no Gaussian
component. If Z has a non-degenerate Gaussian component, then the Gaussian
part will play the dominant role and one can obtain results similar to the case of
Brownian motion. The case where Z has a degenerate Gaussian component will
be different and we will not deal with this case in the present paper.

One of the main results of this paper (see Corollary 1.4 (i) below) in partic-
ular partially solves an open problem raised in Remark 5.5 of [19], where Z is a
symmetric a-stable process with a € (0, 1); see (i) and (iii) of Corollary 1.4 below.
Our approach is mainly probabilistic.
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In this paper, we use “:=” as a way of definition. For a,b € R, aAb := min{a, b},
aVb:=max{a,b}, and a* :=a V0. Let .%,,, be the infinitesimal generator of the
Lévy process Z, that is,

Lnf@) = [ (Flo+2) = f@) = Va2 V(@) de) + - V1 (2),

where v is the Lévy measure of Z and 7 is a vector in R%. For any € R? and any
Lévy measure v, i.e., a measure on R?\ {0} with [(1 A |z]?)r(dz) < oo, we will
use {T,”";t > 0} to denote the transition semigroup of the Lévy process Z with
infinitesimal generator .Z, ,, i.e.,

(1.3) TV f(z) = Ef (x + Z1).

For any r € (0, 1), the operator .%, ,, can be rewritten as

Lonflx)= / (f(ac—l—z) — f(z) — Liz1<ry2 - Vf(:c)) v(dz) +n, - Vf(x)

Rd

with

r ZU—/ zv(dz).
r<|z|<1

Let N(dt,dz) be the Poisson random measure associated with Z, i.e.,

N((0,] xT) == Y 1p(Zs— Z,—), t>0, I € BR\ {0}).

0<s<t

Let N(dt,dz) := N(dt,dz)—dtr(dz) be the compensated Poisson random measure.
By the Lévy-Itd6 decomposition, we can write for each r > 0,

t t
Zt:/ / zN(ds,dz)—f—/ / z N(ds,dz) + n, t.
0 J|z|<r 0 J)z|>r

Before we present the main results, we give the main idea of this paper and a rough
description of Zvonkin’s transform. Consider the following backward parabolic
system:

(14) 815'(145 + ($V7n — )\)'th + bt . VUt + bt = O7 Uy = 0,

where A > 0 is a parameter to be chosen later. Suppose one could prove that
the above system has a unique solution and further show that ||Vu|leo < ¢(1V
A)7O|b]| 00,5, Where || - [|oo.5 is the Holder norm of order j3, see the beginning of
Section 2 for a definition. Then one takes a fixed large A so that ||[Vulle < 1/2.
Define

Dy (z) = x + ue(x).

Since [|[Vut|loo < 1/2,  — Py(x) is a flow of diffeomorphisms for which we have
good control. Direct computations show that

0,0, + / B2 (@) = VR )(d) + () T =
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with
ay(z) = Aug(z) + 1 — / [ue(z + 2) — ue(2)] v(d2).
|z[>r

So, if X is a solution of (1.1), then using Itd’s formula (see, e.g., [10]),
t
Y = 0 (Xy) = Pp(a) +/ / (Ps(Xs— 4+ 2) — Ds(Xs5-))N(ds,dz)
0 Jlz|<r

+/0t/z>r(¢>s(Xs_+z)—(IJS(XS_))N(ds,dz)+/OtaS(Xs)dS.

Since X5 = ®;1(Y), we get

Vimao)+ [ [ (@@ (Vi) + ) Yo )N (ds,d)

(15) . /O /z<r t
. Z) T Xs— $,dz as(®1(Ys)) ds.

+/0 /|z|>r(q>5(¢8 (Y87) * ) Y. )N(d d )+/0 ((I)s (Y ))d

In the last equation, b no longer appears and the regularity of the coefficients
depends only on the regularity of ® which is the same as that of the solution u
of (1.4). Suppose that we have solved (1.4) and established enough regularity
on the solution u. We can then show (1.5) has a strong solution Y. Clearly,
X; = ®;(Y;) will be a strong solution of (1.1). Uniqueness of solutions for (1.1)
follows from the uniqueness for (1.5). We call the transform Y; = ®;(X;), which
transforms (1.1) to (1.5), Zvonkin’s transform.

Now solving (1.1) reduces to studying (1.4). We seek minimal conditions on
the Lévy process and the drift b(¢,2) to guarantee a sufficiently regular solution
of (1.4). We will assume that b is Holder continuous of suitable order 5 € (0, 1) and
that the semigroup of Z has some regularization effect which will be spelled out
precisely below. The regularization effect of the semigroup has to be strong enough
to compensate for the lack of regularity of b. The interplay of the regularization
effect of the semigroup and the Holder continuity of b is the key to the argument
of this paper, which will be realized by freezing the coefficient b at point zo € R?
along the characterizing equation

Yt = _b(yt)v Yo = Zo,

and using the pointwise estimate (1.7) below (for more details, see the proof of
Lemma 2.6 (i) below).

We now describe the setup and the main results of this paper. Suppose that v
can be decomposed as

(1.6) v=vy+uv+ua,

where v, 15 are two Lévy measures, and v is a finite signed measure supported
on the set {z € R%: |z| > 1} so that

vy + 11 is still a Lévy measure.
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The reason for this seemingly opaque decomposition is that it not only allows
us to easily verify the condition of our main theorems, but also give us more
freedom to include a larger class of processes in our framework as our main as-
sumption will be only on 1, through the transition semigroup {Tt”’o;t > 0}. In
many circumstances, we do not know if this assumption holds directly on T*°
or not. This is the case, for example, when Z is a truncated a-stable-like Lévy
process where v(dz) = c(z)|z|_(d+o‘)1{‘z‘<1}dz with 0 < ¢1 < ¢(2) € 2 < 0.
However we can take 1(dz) = —c[z|7 (41, 51dz, 11 = e1]z|7@+%dz and
va(dz) = (c(z) — cl)|z|*(d+°‘)1{|z|<1}dz so that (1.6) holds. Since v is the Lévy
measure for the rotationally symmetric a-stable process, which has nice scaling
property, one can easily verify that its transition semigroup {Tt”’og t > 0} satisfies
the condition of our main theorems. See Example 4.2 below for another exam-
ple of such a decomposition where we treat general a-stable type Lévy measures
v(dz) = k(2)dz with c1]2|797% < k(2) < e2|2|797 for |z| < 1. The idea behind
the decomposition of (1.6) is that the Lévy process ZW corresponding to vy + vy
should share many properties with the Lévy process having Lévy measure v, as it
can be obtained from it by adding or removing jumps of size larger than 1, while
the original Lévy process Z has the same distribution as the sum of Z(!) and a
Lévy process Z(?) having Lévy measure v, that is independent of Z(), so many
properties obtained for Z(!) can be transferred to Z. See the paragraph before
the statement of Lemma 2.6 below for further motivation behind the decomposi-
tion (1.6) and its utility.

We now make the following assumption about Ttyl’o. There exist a € (0,2),
a,d € (0,1] and Ky > 0 so that the following gradient estimates for the semigroup
{T/%t > 0} hold:

(HSIQK%) If a € (0,1], then for any x € R%, 3 € [0, @] and bounded Borel function f
satisfying
[f(z+y) — f)| < Alyl® forall y € R,

with some A > 0, it holds that

(1.7) VT f(z)| < Ko AP~/ for all t € (0,1).
(H‘thO) If « € (1,2), then for any bounded Borel function f, it holds that

(1.8) IV flloe < Kol flloot™ /% forall t € (0,1).

Remark 1.1. (i) Estimates (1.7) and (1.8) allow us to borrow the Holder regularity
of the drift to compensate the time singularity.

(ii) Condition (1.8) in the subcritical case is the same as Hypothesis 1 of Pri-
ola [19] for Lévy process with Lévy measure v = vq. In the subcritical case, under
condition (1.8) for v = vy and condition (1.9) below for some v > «a/2 (which
is Hypothesis 2 in [19]), Priola [19] derived Holder estimate for solutions of (1.4)
which enabled him to show that SDE (1.1) has a unique strong solution.
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(iii) The pointwise estimate (1.7) is crucial for the well-posedness of SDEs with
Holder drifts in the supercritical case. The reason for the complicated formulation
of (Hi‘lé}éso ) is that it allows us to cover a larger class of processes. The parame-
ters @ and ¢ are mainly designed to treat the case when Z is a cylindrical stable
processes with possibly different stable indices for which previous approaches fail
to work; see Example 4.3 below. In many other cases, for example, in Examples 4.1
and 4.2 below, @ and § can all be chosen to be 1.

The first main result of this paper is the following.

Theorem 1.2. (i) (Supercritical and critical case) Suppose that (H,Ojl@[é)) holds
for some o € (0,1], &, € (0,1] and Ko > 0. Assume that there is v > 0 with
v+ (1—a)/d <& such that

(1.9) / |2*7v(dz) < oo,
|z<1
and there is some 5 € (v + (1 — «)/d,1] so that

b(t,z) — b(t
(1.10) sup ||b(¢,*)]loc + sup  sup M < 00
te[0,1] te[0,1] z#ycRe |z — y|
Then for every x € R?, there is a unique strong solution {X(x);t € [0,1]} to the
SDE (1.1). Moreover, {X(x),t € [0,1],z € R} forms a C'-stochastic diffeomor-

phism flow, and for each v € R?, t — VX,(x) is continuous, and

(1.11) sup E[ sup |VXt(:c)|p] <Cp<oo foreveryp>1,
z€R? -te[0,1]

where C, only depends on p,d,a, 3,v,v, Ko, &, 6 and the Holder norm of b.

(ii) (Subcritical case) Suppose that (H‘thO) holds for some o € (1,2) and
Ko >0, and there is some v € (0,1) so that (1.9) holds. Assume that (1.10) holds
for some B € ((y+1—a)T,1]. Then for every x € RY, there is a unique strong
solution {X;(z);t € [0,1]} to SDE (1.1). Moreover, {X;(z),t € [0,1],z € R}
forms a C'-stochastic diffeomorphism flow, and for each x € R%, t — VX;(z) is
continuous, and (1.11) holds with constant Cp, only depending on p,d, o, 8,7, v, K
and the Holder norm of b.

Remark 1.3. (i) By a suitable localization argument (cf. [28]), for the local
uniqueness of SDE (1.1), the global condition (1.10) can be replaced with a lo-
cal condition. Moreover, although ¢ — X;(z) is not continuous, since we are
considering an additive noise, the conclusion that ¢ — VX, () is continuous is not
surprising.

(ii) For the subcritical case, we only assume (1.9) to hold for some v € (0,1)
rather than for v > «/2 as assumed in [19]. So even in the subcritical case,
Theorem 1.2 (ii) yields new result; see Remark 1.5.
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Various examples of Lévy processes satisfying the conditions (HZ@K(SO) with a €

(0,1], (HSI,KO) with o € (1,2), and (1.9) (and hence the conclusion of Theorem 1.2
holds for these Lévy processes) are given in Section 4. To illustrate the scope and
applicability of Theorem 1.2, here we only give the following corollary, which is a
direct consequence of these examples.

Corollary 1.4. (i) (Stable-type Lévy process) Let Z be a Lévy process in R% whose
Lévy measure v has a density k(z). Assume that for some 0 < aq < g < 2,

e )27 Ck(z) Cea 2|72 for 0< |2/ < 1

Assume that ay < 2aq, and b(t,x) is bounded and B-Hdélder continuous in x uni-
formly in t € [0, 1], for some 5 € (1 +a3/2 —a1,1]. Then SDE (1.1) has a unique
strong solution for every x € R and (1.11) holds.

(ii) (Subordinate Brownian motion) Let Z be a subordinate Brownian motion
in R® with characteristic function ®(z). Suppose that there are 0 < a; < ag < 2
such that

Cy|z|* < P(2) < Ca|z|** for |z] > 1.

Assume that as < 2aq, and b(t,x) is bounded and B-Hélder continuous in x uni-
formly in t € [0,1], for some B € (1+ a2/2 —ay,1]. Then SDE (1.1) has a unique
strong solution for every x € R and (1.11) holds.

(iii) (Cylindrical stable process) Let Z = (Z',...,Z%), where Z7, 1 < j <k,
are independent d;-dimensional rotationally symmetric o;-stable processes, respec-
tiely, with a; € (0,2) andd; >1. Let o := miny <k @5 and Qmax 1= Max1<j<k ;-
Suppose that

(1.12) either a>1 or a€ (0,1 and amax < 20%/(2 - a),

and that b(t,z) is bounded and B-Hélder continuous in x uniformly in t € [0,1],
for some

(1.13) B € (ﬁo, 1] with Bo := Oémax/Q + (amax/al{agl} + 1{a>1})(1 — a).

Then SDE (1.1) has a unique strong solution for every x € R, where d := Zle dj,
and (1.11) holds.

Note that condition (1.12) implies that o < 2a2/(2 — «). The latter is equiv-
alent to o > 2/3. If in Corollary 1.4 (iii), o = « for every 1 < j < k, then
conditions (1.12) and (1.13) become

a>2/3 and fe€(l—a/2,1], respectively.

An interesting open question is whether the constraint o > 2/3 can be dropped.*

INote added in proof: this question has been answered affirmatively by Z.-Q. Chen, X. Zhang
and G. Zhao in a recent work [7].
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Remark 1.5. Corollary 1.4 (iii) in particular covers some cases of a-stable pro-
cesses with a € (1,2) for which the results from Priola [19] are not applicable.
Let v be the Lévy measure of the cylindrical stable process Z in Corollary 1.4 (iii).
We will in fact show in Example 4.3 that, when o = min;¢j<r o € (1,2), condi-
tion (H,Oj x,) holds for some Ky > 0 but condition (Hff*KO) fails for any o™ > a.
So Hypothesis 1 of [19] holds with this « for the cylindrical stable process Z.
On the other hand, condition (1.9) holds if and only if 2y > @max. Hence in
the case a € (1,2), Hypothesis 2 of [19] fails when «;’s are not identical (i.e.,
when amax > @), and so the main results of [19] are not applicable to these Lévy
processes.

The second main result of this paper is the following derivative formula of

Ef(X¢(z)).

Theorem 1.6. Under the assumptions of Theorem 1.2, if Zy = Wg, is a sub-
ordinate Brownian motion as described in Example 4.1 below, then we have the
following derivative formula:

(1.14) VEf(Xt(m)):E{f(XS;t(x))/o vxs(x)dwss}, f e CLRY).

In particular, for any p > 1, there is a constant C, > 0 such that for any f €
CHR?) and (t,x) € (0,1) x R,

(1.15) IVEf(Xe())] < Cpt ™V (BIf (Xe(2))P) 7.

This paper is organized as follows. In Section 2, we solve a nonlocal advection
equation which is slightly more general than (1.4) and obtain estimates on the
gradient of the solutions. In particular, we derive a priori uniform C'*7 estimate
on the solution of the nonlocal advection equation. This is crucial for applying
Zvonkin’s transform. Even when Z is a rotationally symmetric stable process, our
approach to the a priori estimate is simpler and more elementary than that of [21].
In Section 3, we shall prove our main results by using Zvonkin’s transform. In
Section 3, we give three examples to illustrate the main results of this paper, from
which Corollary 1.4 follows. In the Appendix, we prove a continuous dependence
result about the SDEs with jumps with respect to the coefficients and the initial
values.

2. Differentiability of solutions of nonlocal advection equa-
tions

In this paper we use the following conventions. The letter C' with or without
subscripts will denote a positive constant, whose value is not important and may
change from one appearance to another. We write f(z) < g(x) to mean that there
exists a constant Cy > 0 such that f(z) < Cog(x); and f(z) < g(z) to mean that
there exist C1,Cy > 0 such that Cig(x) < f(z) < Cag(x).
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For a function u(t, z) defined on [0, 1] x R, sometimes we use u;(x) for u(t, ).
Denote by C°(R?) the space of smooth functions with compact support on R<.
For 8 € (0,1] and a function f on R%

[f],@ := sup |f(l‘) - f(y)|

sup = 1l = o+ U,

and for a function f: [0,1] x R? — R,

[floos := sup [fslg, [ flloc,s:= sup || fslls-
86[071] 36[071]

Recall the following characterization for a Holder continuous function f. Let Py f
be the Poisson integral of f defined by

Ruf(@)i= [ f@)pla—u)dy, >0,

where pg(x) is the density of a Cauchy process Zy given by
po(z) == cq (6% + |z[>)~T/2 < g(0 + |z[) 74,

It is well known (cf. [22], Proposition 7 on p. 142) that || f||s < oo if and only if f
is bounded and
106 Pafloe < COP~L for every 6 >0

and

(2.1) 1f1lg = (1 lloc + sup |67 0 Po f | o-
6>0

The following commutator estimate result plays an important role in our proof
of the Holder regularity of the gradient in the case of o € (0, 1].

Lemma 2.1. For any 8,7 € (0,1) with v < 8, there is a positive constant C =
C(B,7v,d) such that for any Borel functions f,g on RY,

06 Pa(f9) — 0 Pagls— < C[f)s lgllc 07", 00,
provided that [f]g and ||g||ec are finite. In particular, if g =1, then
[00Psflg—~ < C[flg07"", 6>0.
Proof. 1t suffices to prove that

|00 Po(fg)(x) — fOePog(x) — Do Py (fg)(z") + fOsPog(x')|
(2.2) < Clflpllglloc O |z —2/|P7.

By definition, we have

23) 0P f9)w) — FOnPag(o) = [ (F) = F(e) 9(0) Qomala — ) .
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Notice the following easy estimates:

(2.4) |0ppo(x)| < (0+ |z))~""",  |VOepe(x)] = (0 + |2|)~42
and
(2.5) / (0 + |2]) " F de < 05, keN.

R

If | — 2’| > 0/2, then (2.2) follows from

(2.3)
186Ps(Fg) — 00 Poglloc < [f]5 l19llos / 11?1960 () dy
]Rd

24D B —d—1
= (7ol [ o0+l

(2.5)
< Mgl = [flp llglloc 67 a = 2'1P77.

Next, we assume
(20) |z —a'| <0/2.
Notice that
9o Po(fg)(x) — fOpPog(x) — (99 Po(fg)(z") — fOpPog(a'))
_ /R ()~ £()) o) (@ool — y) — Gopo(a’ — ) dy

+ / (F(') — F(2)) 9(y) Dopo(a’ —y)dy =: I + L.

For I, we have

1
1< s Nl [ o= Pla=21( [ 1900m0la =+ (e’ = 0)lar) dy

(2.4) 1

= Ao lallcte =) [ o= ol ([ 641yt ol =) 2ar) ay
R4 0

(2.6) ’ 8 —d—2

= sl b= /| [ 1 =90+ | = y) =2y

(2.5) 2.6

(2.6)
= [flallgle |z = 210772 <" [flgllgllos l2 — 2" 177707,

For I, we similarly have
1l = Jo =/ (fls gl | 0+ 1)~y = 1) Lo o =707,

Combining the above estimates, we obtain (2.2). O
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We also need the following lemma for treating the case of o € (1, 2).

Lemma 2.2. If (HSI,KO) holds for some o € (1,2) and Ko > 0, then for any
B, € [0,1], there is a constant K1 > 0 such that

VT flly < Ky t P07 £l for all t € (0, 1).
Proof. Note that | VT flleo < [Vf]lso. By (1.8) and Proposition 1.2.6 of [15]
(with X7 = CP(RY), Y1 = C}(R?) and X, = Yy = L®(R?)), we get
IVT flloo = tE7072 £
On the other hand, by (HSI,KO) we have

V2T floe = IV TS0V TR flloe % (2/2) IV F o = (6/2)C 2/ 1|5

Hence,
VIO fly <2V O fIL IVT O 15 <t e . o
For A > 0, consider the following linear backward nonlocal parabolic system:
(2.7) Oy + (Lo — Nuy + b - Vuy + fr =0,  up =0,

where .%, ,, is the infinitesimal generator of the Lévy process Z, and b, f: [0, 1] x
R? — R are bounded Borel functions.

The following theorem is the main result of this section and it is crucial in our
proof of Theorem 1.2 in the next section.

Theorem 2.3. (i) (Supercritical and critical case) Suppose a € (0, 1] and (Hloflalé))
holds for some &, € (0,1] and Ko > 0 with 1 — o < da. If

(2.8) [blloc,6 <00, [ flloc,s < 00

for some 5 € ((1 —«)/d,al, then for any v € (0,5 — (1 — a)/0), there exists a
continuous function u: [0,1] x R® — R? such that for allt € [0,1] and ¢ € C(R?),

1 1 1
(29)  (ung) = / (e, (L — M) ds + / (b - Vg, o)ds + / (forp) ds
with
(2.10) sup Ju()lloo < sup [15:C)lloos
te(0,1]

te[0,1]
and for some 6y > 0 and all X > 0,
(2.11) [Vt]loo,y < CLVA) %[ floo,p-
Here C = C(d, o, 8, Ko, &, 8, ||b]| 00,8, 7 [0 | (RY)), (u, ) := [updz and £, is the
adjoint operator of £, .

(ii) (Suberitical case) Suppose a € (1,2) and (Hg ) holds for some Ko > 0.
If (2.8) holds for some B € [0,1], then for any v € (0,(5 + o — 1) A1), there
ezists a continuous function u: [0,1] x RY — R such that for all t € [0,1] and
p € CZ(RT), (2.9)~(2.11) hold with C = C(d, o, B, Ko, ||blloc,5, 7 [10] (RY)).
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Remark 2.4. At this stage one can not show the uniqueness of weak solutions
for (2.7) with regularities (2.10) and (2.11) since u may be not in the domain
of £, ,. In Corollary 2.10 below, under an additional assumption (2.28), we
will show the existence of classical solutions, which automatically yields the well-
posedness in the class of classical solutions.

We will first prove several lemmas before we present the proof of the theorem
above.

Lemma 2.5. If b, f € L>=([0,1]; C;°(R%RY)), then there exists a unique solu-
tion u(z) in the space C([0,1]; C°(R4GRY)) to equation (2.7) with the following
probabilistic representation:

1
(2.12) w(z) = / A B, (X, 4(x)) ds,
t
where Xy s(x) = Xy 5 is the unique solution to the following SDE:
(213) Xt,s :x'i‘/ br(Xt,T)dT-FZS—Zt, s >t.
t

Moreover, we have the following a priori estimate:

(2.14) sup [|utlloo < sup || filloo-
te[0,1] te[0,1]

Proof. The existence and uniqueness of u¢(x) and the representation (2.12) follow
from Theorem 4.4 in [27]. The estimate (2.14) immediately follows from (2.12). O

Recalling decomposition (1.6), we can write
(2'15) ZVJI :$V0,0+$V170+$V2,777

where %, o is given by

L of () = / (F(x + 2) — F(2)) vo(d2).

|z|>1

Let ZM and Z®@ be two independent Lévy processes with generators £, 4,0
and .Z,, . Clearly,

(2.16) z, @

z + 22

The following is a key lemma on the gradient estimate for solutions u of (2.7)
in the supercritical case. One can relatively easily obtain such a gradient estimate
if the semigroup Tt'/’0 has the property (1.7). But as we mentioned earlier, for
many interesting cases of Lévy processes, such as truncated stable processes and
general stable-type Lévy processes in Corollary 1.4 (i), we do not know if (1.7) holds
directly for them (that is, with » = 1) or not. Our idea is as follows. Decompose
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the Lévy measure v as in (1.6). Since .Z,y+.,,0 is a lower order perturbation
of %,,0 by a finite measure 19 on {z € R? : |z| > 1}, under condition (1.7),

one can obtain the desired gradient estimate for Lévy process Z(1). Since Z, @
Zt(l) + Zt(Q), intuitively, the solution X; to the original SDE (1.1) should have the
same distribution as Y; + Zt(Q), where conditional on Z|Y; is a weak solution of

t
Y, = Xo+ 2z +/ b(t,Y, + z3) dt.
0

With this intuition in mind, using the probabilistic representation of u and by
conditioning on Z(?)| we can reduce the solution u of (2.7) for .%,, to a solution

of (2.7) for L1y With b(t, 2) := b(t, = + Zt@)) in place of b(t,z) and then get
the desired gradient estimate. See the proof of part (ii) of the following lemma.

Lemma 2.6. Suppose that (H,Ojl@}g)) holds for some Ky >0 and o € (0,1], &,0 €
(0,1] with 1 —a < dav, and that b, f € L>=([0,1]; C2°(R%RY)). Let u be the solution
of (2.7). Then for any p1, P2 € ((1 —a)/0,a], there is a constant C' > 0 depending
only on Ko, a, 6, 31, B2, [bleo.s and |vo|(RY) such that for all A > 0,

(2.17) sup ||Vug|leo < C(1V /\)(1_“_562)/(’ [floo,B2-
te[0,1]

Proof. (1) We first assume that 7 = 0 and that v, = 0 in decomposition (1.6). Fix
xo € R? and let 1, satisfy the following ODE:

Ut = by(wo +y¢) with yo = 0.

Define

(2.18) () == w(x + 2o +ye), [fi(x):= filz +xo+y1)

and R
be(z) :=be(x + xo + ye) — be(xo + yt).

Clearly, by (2.7) and (2.15), @ satisfies

Oyt + (Lo 0 — Nty + by - Viig + Loy 0lis + fr =0, @y = 0.

I
o
w

We have by the representation (2.12) (with b = 0 and f, replaced by g
Vis + %, 0Us + fs there)

1
ag(x) = / eAMt=s) 0 (bs - Viig + Ly 0ls + [5) () ds.
t

Fix 1,82 € ((1 — @)/d,a]. Note that by the definition of b,

165 (y) - Vais(y)] < [Vas()loo bs()]p, [yl™ for all y € R,
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and that by 2, 0 f(z) = f{\z\>1}(f($ +2) — f(z))ro(dz),

VT (Lo 0iis) ()] < V(Lo 0is) oo < 2[00l (RY) (| Vit () oo
We have by (1.7) that for ¢ € [0, 1],

Vi (0)] < /t A (Ko[bs ()]s, (s — )0/ 42010 |(RY)) [ Vs ()| oo ds

1
* KO/ XMt=) (5 — 1)BB=D/o [F ()] ds,
t

By (2.18) and the arbitrariness of x¢, one in fact has
(2.19)
1
Ve (lloo < C/ (s = )P D/ Tuy()|oods + C [floopa (1 V X)E7O70P,
t

By Gronwall’s inequality, we obtain (2.17).

(ii) Next we consider the general case. Fix to € [0,1) and a cadlag function
¢:10,1] — R?, and define

bf(l’) = br(m_eto +€T)7 ff(m) = fr(x_gto +£T)
Let Y/ () := Y, be the solution to the following SDE:
Yi=z+ / (V) dr+ 20 - zY, s>t
¢

Since Z(") and Z®?) are independent, by (2.16) and the uniqueness in law of the
solution to SDE (2.13), we have

Xy () LVED (2) = 20 4 22,

to,

and so by (2.12),

1
(o) = 5( [ DB )] ds )
Now we define .

@) = [ NIV @)] ds
Then by Lemma 2.5, uf(z) is a solution to the following equation:

O’ + (L0 —Nu' +b°-Vut + =0, ul=0.

In view of
[be]ooﬁl = [b]oo,ﬁlv [fé]oo,ﬁz = [f]oo,ﬁ27
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by what has been proved in (i), we have for any cadlag function ¢,
IVulfloo < Co (L A) 70708/ ] g,

which in turn gives (2.17) by noting that Vu,(z) = E[Vuf (z)|,—ze | and tg is
arbitrary. O

Lemma 2.7. Suppose that (HSIQK%) holds for some Ky >0 and o € (0,1], &,0 €
(0,1] with 1 —a < 6@, and that b, f € L>([0,1]; Cg° (R4 RY)). Let u be the solution
of (2.7). Then for any B € ((1 —a)/d,a] and v € (0,8 — (1 —a)/0), there exists a
constant C > 0 depending only on d, o, &, 6, Ko, 3,7, [ble.s and |vo|(R?) such that
for all A >0,

(2:20) [Vtloosy < C(1V AT flog .
Proof. Fix v € (0,8 — (1 —«)/6). For § > 0, define
w! () := g Pouy ()

and
gf(m) = g Py (b - Vug) () — be(x) - VOp Pour(x) + O Py fr(x),

then
atwf + (L, — )\)wf + by ~wa + gf =0, w‘f = 0.

Since 8 —v > (1 — ) /4, by (2.17) with 5, = 8 and B2 = 5 — 7, we have

sup [ V] ()[lo < C(1V NI [g0) 5
te(0,1]

and by Lemma 2.1,
9 1 1 (2.17) .
[9°]00.8—7 = [bloc,s SEP]HVWIIOOW F[floos 0™ 2 [floop 0
tefo,1

Hence,

sup [|0p Py Vue||oo < C(1 Vv N)Ema70B=vD/a[£] 5071 for every § > 0,
te[0,1]

which yields (2.20) by (2.1) and (2.17). O

Lemma 2.8. Suppose that (Hﬁ‘hKO) holds for some a € (1,2) and Koy > 0, and
that b, f € L°°(]0,1]; C° (R4 RY)). Let u be the solution of (2.7). Then for any
Be€0,1] and vy € [0,(B+a—1) A1), there exists a constant C' > 0 depending only
on d,a, Ko, 7,3, ||blleo.s and |vo|(RY) such that for all A > 0,

(2.21) IValloony < C(LV NI £ .
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Proof. As in the proof of Lemma 2.6, we first assume that n = 0 and that vo =0
in decomposition (1.6). By the representation (2.12) (with b = 0 there), we have

1
ug(r) = / A= T (b Vg 4+ Ly ous + f5) (z) ds.
¢

Without loss of generality, we assume v € [§, (8 + « — 1) A1). By Lemma 2.2, we
have

Vel

1 1
ﬁ/ A (5= 1) ([lby- Vs l|p + 115l 5) ds +/ ANV L, sl ds
t t

1 1
< / A=) (5 — 1) PTI=0/ ([b, 5]Vs | g + (| fsl5) ds + / M|V, ds
f t

1 1
< [ =0 D ds s [N =) s
t t

which yields (2.21) by Gronwall’s inequality. For the general case, we can follow
the same argument as in (ii) of Lemma 2.6 to derive (2.21). O
We also need the following simple lemma.

Lemma 2.9. Let % be a family of uniformly bounded continuous functions. If

lim sup [[f(- +y) — f(-)]lc =0,
ly|=0 fe

then
lim sup [ 77°°f = f]loc = 0.
t—0 few

Proof. Notice that for any € > 0,

770 F (@) = F(@)] <20 flowP(1Ze] > €) + E(f (2 + Z0) = f(@)] - Ljz,1<2).

The desired limit follows by the assumption and the uniform boundedness assump-
tion and the fact lim;_,o P(|Z:] =€) = 0. O

Now we are ready to give:

Proof of Theorem 2.3. Suppose that b and f satisfy (2.8). Let ¢ be a non-negative
smooth function with compact support in R? satisfying fRd o(x)de = 1. Forn € N,

define g, () := n%p(nz) and
(2.22) by = 0n % by, [ = 0n * [
Clearly, b", f* € L>([0,1]; Cz°(R%,R9)) and

[6"loo.8 < blloo,8 1/ loo.8 < [1.flloo,p-



1772 Z.-Q. CHEN, R. SONG AND X. ZHANG

Let u} be the solution to the following equation:
(2.23) owuy + (Lo — Nup + 07 - Vuy + f* =0, uy =0.
By (2.17), (2.20) and (2.21), there is a 6y > 0 such that for all A > 0,

(2.24) sup [ Ve |oo.y < C (1VA) " || £l

and by (2.14),

(2.25) sup [[uf'[lc < sup [[f{'floc < sup || feloo-
te[0,1] tef0,1 t€[0,1]

Moreover, by the representation (2.12) (with b = 0 there), we can write
1
up@) = [ NI T () Y+ f7)(a) ds.
t

Using this representation, (2.24), (2.25) and Lemma 2.9, one can easily show that

lim  sup||lu} —u} =0.
=1 |50 np” t illoo

Hence, by the Ascoli-Arzela lemma, there is a subsequence (still denoted by u")
and a function u with

IVullooy < CAVA) ]| flloo,p, S [t oo < Sup]llftl\oo
t 1

, telo,

such that

(2.26) lim sup sup |uj(z) —ui(z)| =0, forall R>0.
"0 tel0,1] |2|<R

( )n the :t ] ]’ 'C' ] E ]] . . ] . . ]'t (Cf. I 3 T m3 )
iIl [11]). l “/ eore 2 l

by (2.24) and (2.26), we further have

(2.27) lim sup sup |Vuy(z) — Vu(z)] =0 for every R > 0.
"0 tef0,1] |2 <R

Thus by (2.23), (2.26) and (2.27), it is easy to see that u satisfies (2.9). O

Corollary 2.10. Under the assumption of Theorem 2.3, if we further assume that
for some o € (0,8—(1—a)/0) in the case of o € (0,1] and v € (0, (B+a—1)A1)
in the case of a € (1,2),

(2.28) / |20 v(d2) < oo,
|zI<1
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then the solution u of equation (2.7) satisfying (2.10) and (2.11) for some v > 7o
is a classical solution; that is, £, yus(z) and Vus(x) exist pointwise and are con-
tinuous in x, and for all t € [0,1] and x € R,

(220)  wi(z) = /t (Lo — Mg () ds + /t ba(x) - Vug(x) ds + /t fu(x) ds.

Proof. Since ||Vt oo,y < 00 for some v € (70, 5—(1—c)/0) in the case of a € (0,1]
and v € (70, (8+ a —1) A1) in the case of « € (1,2), the function z — Vug(x) is
continuous. Now using (2.28), it is easy to check that

x = L, qus(x) is continuous.

Hence, by (2.9), equation (2.29) is satisfied for all ¢ € [0,1] and = € R<. O

3. Stochastic flow and Bismut formula

Throughout this section, we assume that either (H(jlof‘K‘s0 ) holds for some a € (0, 1],

a,d € (0,1 and Ky > 0 or (HSI’KO) holds for some « € (1,2) and Ky > 0. Suppose
also that (1.9) and (1.10) hold for some

v € (0,1) withy+(1—«)/d <@and 5 € (y+ (1 —a)/d, @] in the case of o € (0, 1]

and
v € (0,1) and B € ((y+1—a),1] in the case of a € (1,2).

Notice that (1.9) implies (2.28) with 79 = . Hence, for A > 0, by Corollary 2.10,
the following nonlocal equation has a classical solution wu:

3tut -+ ($V7n — )\)ut =+ bt . Vut -+ bt = 0, ul(x) = O

Similarly, let b be defined by (2.22) and let u™ be the solution to the following
equation:

(3.1) oy + (L — Nug + 07 - Vuy +b =0, uf(z) =0.

Using the same argument leading to (2.26) and (2.27), we see that there is a
subsequence, still denoted by u™, such that

(3.2) lim sup sup |Viul(x) — VIuy(x)| =0 for every R>0and j =0,1.
"0 tel01] [zI<R

For simplicity, we use the following convention:

u®:=u, b*:=b, Ny :=NU{oco}.
By (2.11), one can choose A sufficiently large, independent of n € N, such that
|Vug(z) = Vup (@)] _

X

(3:3) [[Vui (-)lloo+ su

wta! |z — 2|

1
3 for every ne€Ny and t€(0,1].
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From now on we will fix such a A. Define
(34) O (x) =2 +uy(x), n € Ng.

Since for each ¢ € [0, 1],

Sle =yl < 197() ~ B ()| < 5 [~ yl,
x +— P} (x) is a diffecomorphism with
(3.5) 1/2 < |[VO)(x)] <3/2 and |V(®}) (2)] <2,
where (®7)~! denotes the inverse function of z — ®7(z).

Lemma 3.1. Under the assumptions above, there is a constant C = C(d,~y) > 0
such that for all t € [0,1] and n € N,

(3.6) VL, +IV(er) I, < C.

Moreover, for each t € [0,1], R >0 and j = 0,1, we have

(3.7) lim sup sup |V/®}(z) — V/&F(z)| =0
"0 tef0,1] |3|<R

and

(3.8) lim sup sup |Vj(<I>f)*1(:c) - Vj(fbfo)*l(xﬂ =0.

n=0 4ef0,1] |z|<R
Proof. (i) For notational simplicity, we drop the superscript “n”. Clearly,

sup [|[V®.()|ly < d+ 1.
te[0,1]

In view of
(VO,) ™! (z) = (V&) (2) = (VO,) 7! (2) (VD4 (2') = Vy(x)) (V&) (2'),
we have by (3.3) and (3.5),
(V)71 < (V) T2V, = (V)T 2 [Vus]y <2 for all s € [0,1].
Hence by (3.5) again, for all s € [0, 1],
IVl = (V) TH@Tlly < H(VRs) oo + VT LIVEL) 7], < 24277

(ii) Properties (3.7) and (3.8) follow from the definitions of ®; and ®; !, (3.2)
and (3.3). O

For any given n € N, define

(3.9) ey, 2) = ¢ ((21) 7 (y) +2) — v
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Lemma 3.2. Under the assumption stated at the beginning of this section, for
Y1,72 = 0 with v1 + 72 = v € (0,1), there is a positive constant Cy = C1(d,vy1,72)
such that for allm € Ny, t € [0,1] and y, z € RY,

(3.10) IVg" (-, 2)llooy S CL(LA[2]7)  and |g¢(y, 2)| < 3|z]/2.
Moreover, for each t € [0,1], y,2 € R? and j = 0,1, we have

(3.11) lim Vg7 (y,z) = VI,9°(y, 2).

n— oo

[19ee )]

Proof. For notational simplicity, we drop the superscript “n” in this proof. Since
Vygs(y, 2) = Vo, (27 (y) +2) - VO, ' (y) — 1,

where I denotes the identity d x d matrix, we have

(3.6)
IVgs(, 2)lloo < 2V [, (1A [2M)IVE; o < CAAIZ)
and

[Vgs(2)]y < [VO(RT'() + 2)[y VO oo + VOS] [VET,
< (VO [Ve; 57 4 Ve vay ), < ¢
Thus, by definition, for v 4+ 2 = 7, we have
[Vgs(, 2)ln < 2195 (-, 2)lloo) 27 [Vgs ()37 < CAA[2]2),

which in turn gives the first estimate in (3.10). The second inequality in (3.10)
follows from (3.5) and the definition of g™. Property (3.11) follows from (3.7), (3.8),
and the definition of ¢g™. O

Taking 71 = 0 in Lemma 3.2 yields that there is a Cy = Cy(d,y) > 0 so that
(312) V9", 2)lee < ColLAL2P) and |g2(y,2)| < 3l21/2
Choose 1 € (0,1) so that
(3.13) Corg +370/2 < 1.

Such a choice of 7y will be used below to establish the C'-stochastic diffeomorphic
property of the unique solution Y™ of SDE (3.18) below. For any given n € Ny,
define

(3.14)
ag (y) = Mg ((27) 7 (y)) + nro—/ (ug (@)~ (W) +2) —uf (D7) ())) v(d2).

[z|=70

We have:
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Lemma 3.3. Under the assumptions stated at the beginning of this section, there
is a positive constant Co = Cs (d, \,y,70,v(|2| = 10)) such that for all n € Ny,
t€[0,1] and y € RY,

(3.15) [Va™|loo,y < C2 and |aZ(y)| < C2(1 + [[bl|oo)-

Moreover, for each t € [0,1], y € R and j = 0,1, we have

(3.16) lim Viaj(y) = V§a° (y).

[19oe))

Proof. For notational simplicity, we drop the superscript “n”. Since
V(us(271)) = (Vus)(@71) - VO,
we have by (3.6) that for all s € [0,1],

IV (us(@5 Dy < [Vus (@D IVET oo + [IVets oo VRS
< Vsl [V oo (1 + 125H12) + Vs | [VES |y < C

where the constant C' only depends on d and . Similarly, we have
IV (us (@51 (:) + 2))ll, < C.

Hence,

HV/Z (s (71() + 2) = wa (@71 () v(@2)||_ < C-wiz] > 7o),

Y

Therefore [|[Val|so,y < C2 by (3.14). The second inequality in (3.15) follows from
the definition of as(y) and the fact that «” is uniformly bounded due to (2.10).
Property (3.16) follows from (3.2), (3.3), (3.7), (3.8), and the definition of ™. O

Now recalling the definitions of random measures N and N associated with Z
in the introduction, we can present the following Zvonkin’s transformation by It6’s
formula.

Lemma 3.4. Suppose that the assumptions stated at the beginning of this section
hold. Let ®7(x) be defined as in (3.4). Forn € N, X' satisfies

¢
(3.17) X' == +/ b XM ds + Zy, t€]0,1]

0
if and only if Y;" = ®}(X]") solves the following SDE for t € [0, 1]:

¢ ¢
Y = ®p(x) +/ a™(Y")ds +/ / g (Y, 2)N(ds,d2)
0 0 J|z[<ro
t
(3.18) e[ g N ),
0 Jlz|=ro

where a” and g™ are defined by (3.14) and (3.9).
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Proof. Forn € N, since x +— ®%(z) and x — (®7')~!(x) are smooth, the assertion of
this lemma follows from It6’s formula as calculated in the introduction (see (1.5)).
For n = oo, since we only have ||[V®>| ., < oo, one needs suitable mollifying
technique. This is standard and can be found in [18] and [28]. We omit the
details. O

Lemma 3.5. Suppose that the assumptions stated at the beginning of this section
hold. For n € Nu, let Y*(z) be the solution of (3.18) with initial value ®F(z).
We have

(3.19) lim E{ sup |Y"(z) — Y2 (z)| A 1} ~0.
n—oo tE[O,l]

Moreover, for any p > 1, we have

(3.20) sup sup E[ sup |VYt"(m)|p} < 00,
nENs zeR? te[0,1]

and for each x € RY,

(3.21) lim E[ sup |VY)(z) — vytOO(x)ﬂ =0.

n—=o0  Liglo,1]

Proof. (3.19) follows from Lemmas 3.2, 3.3 and Proposition 5.1 below. In this
proof, we shall drop the superscript “oc”. Notice that

¢ ¢
VY =Vo[(z) + / Va2 (Y)VY]'ds + / / Vyge (Y2, 2)VY" N(ds,dz)
0 0 J|z|<ro

t
(3.22) +// Vygi (Y, 2)VYE N(ds,dz).
0 J|z[=ro

By the Burkholder-Davis-Gundy inequality (Theorem 2.11 in [13]), and (3.10)
and (3.15), we have for p > 2,

t
B[ sup (VY] <[VaG@)P + [ Bva(v)eyrds
s€0,t] 0

- t ) p/2
VB[ [ [ 90V ds)
-J0 Jz|<ro

t P
+E / / Vg2 (V2 2) VY| v(dz) ds]
0 J|z|=ro
t

+IE/ |Vyg?(Y8",z)VYS"|pl/(dz)ds]
LJo JRra

51+(1+(/|

z|<ro

N
o)) [ By as

which gives (3.20) by Gronwall’s inequality.
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Next, set Uj* := VY;" — VY;. By equations (3.22), (3.10), (3.15) and Theo-
rem 2.11 in [13], we have

t
E[ sup |U§’|p} jhn—i—/ E|U|Pds,
s€(0,t] 0

where

1
hn = [V () = Vao(o)? + | (BITa (V) - Vau (V) Pr) 2ds
0

1/2

* (E[/01/|Z|<TO IVygs (Y, 2) = Vygs(Ys, 2)|? ”(d”dsr)

1/2

+ (E[/01/|z>7“0 IVygg (Y, 2) — Vygs(Ys, 2)] V(dz)ds} 2p)

1/2

+ (E[/Ol/w IVyge (Y 2) — Vygs(Ys, 2)[Pv(dz) ds} 2)

By Gronwall’s inequality, (3.10), (3.11), (3.15), (3.16) and (3.19), it is easy to see
that

lim E[ sup |Ut"|p] =< lim A, = 0.

n—0 tE[O,l] n—0

The proof is complete. O
We are now in a position to give a:

Proof of Theorem 1.2. Let a = a® and g = ¢g°° be defined by (3.14) and (3.9),
respectively. By Lemmas 3.2 and 3.3, we have

las(y) —as(y')| < Cily — /|

and

1.9

[ lwn) - o A Puia) < Gly—yP [ ) '€ cly -y
|z[<ro |z[<ro
Hence, by Theorem IV.9.1 in [10], (3.18) has a unique strong solution. (1.11)
follows from X;(z) = ®;'(Y;(®o(z))) and (3.20). Moreover, let Yi(y) be the
solution of SDE (3.18) with starting point y. By (3.12) and the choice of 7o
in (3.13), {Yi(y),t € [0,1],y € R?} defines a C'-stochastic diffeomorphism flow
(cf. [18], p.442-445), so does {X(z),t € [0,1],2 € R?}. Next we show that
t — VXi(z) is continuous. Let X'(z) satisfy (3.17). Clearly, t — VX[ (x) is
continuous for each n € N. On the other hand, by Lemma 3.5 and (3.8), we also
have

(3.23) lim E| sup [VX7(z) - VXt(x)|p} = 0.

n—=0o0  Lielo,1]

From this, we immediately obtain the desired continuity. O
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Proof of Theorem 1.6. First of all, we show that the right-hand side of (1.14) is
no bigger than the right-hand side of (1.15). By Holder’s inequality, it suffices to
show that for any p > 1,

p

= } <ot v/,

I(t) == E[Sf

t
/ VXs(x)dWs,
0

By [29, (2.11)], one has

I(t) < E[Sitp ( /O t |vxs<x>|2dss>p/2} <E|

(1.11)
=<

sup |VXs(z)P
55/2 s€1[0,1]

(4.3)
E[s;7])"? 2 vl

Let b™ be defined as in (2.22) and X™ be the unique solution to SDE (3.17). For
[ € CL(RY), by Theorem 1.1 in [29] or Theorem 1.1 in [25], we have

VEf(X!(z)) = E[f(X;i"t(”f)) /Ot VX" (z) dWSS}, neN.

Thus, in order to prove (1.14), it suffices to show the following two relations:

lim VEf(X}'(x)) = lim E[(V/)(X] () VXP (1)

n—oo

(3.24) = E[(V/)(Xe(2))VX(2)| = VEF(X())
and

(3.25) lim E[f(Xgint(x)) /Ot VXg(x)dWss} :E[M /Ot VX, (z)dWs, |.

n—o0 St
Notice that by (3.19) and (3.8),

(3.26) ILm E[| X[ (x) — X¢(z)| A1] = 0.
The relations (3.24) and (3.25) follow by (3.23), (3.26) and the dominated conver-
gence theorem. O

4. Examples

Now we give some examples for which the assumptions of Theorem 1.2 are satisfied.

Example 4.1 (Subordinate Brownian motions). Let Z; := Wg,, where W is a
Brownian motion in R? with infinitesimal generator A/2 and S is a subordinator
(i.e., an increasing real-valued Lévy process starting from 0), which is independent
of Wy. The process Z defined above is called a subordinate Brownian motion, for
some basic properties of subordinate Brownian motion one refers to, for example,
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Chapter 5 in [2]. Let ¢(\) be the Laplace exponent of S, i.e., Ee™*% = e~ ¢\ If
for some « € (0,2),

(4.1) d(\) = CAY2 A >1,

then (H‘If}l{;) holds for some Ky > 0. Indeed, using the independence of S and W,
one can easily check that for any bounded Borel function f on R?,

Wst]

VIO f(2) = E[f(x + Ws,) 5

Thus, if, for some € (0,1), A, := sup,ega | f(z +y) — f(@)]/|yl® < oo, then

VI s = [E[ (£ + We) - 5(0) |

(4.2) < AxE[ -
t

| <CnE[s; ] < Ko A, 1B
where the last step is due to the fact that, for any p € (0,1),

ES,* = L ]E/oo N Le Mgy = /oo AP~ et g\

L'(p) 0 L(p) Jo
4.1 1 1 & o
(43) < m <— —|—/ APl e—Ct)\ /2 d)\) < Ct—Qp/a’ te (07 1]
p) \p 1

The constant C' can be chosen to be independent of p € (0,1) so that the con-
stant Ky in (4.2) is independent of 5 € (0,1). Moreover, it follows from (15) in [3]

that .

<
v(dz) < 2]

Thus if there exists & € (0,2) such that
(4.4) d(\) < CAY2 for A >1,

then (1.9) is satisfied for any v € (&/2,1]. This implies that we need to take
B e (a/2+1—a,l] in Theorem 1.2.

There are many examples of subordinate Brownian motions satisfying (4.1)
and (4.4). One important example is the symmetric relativistic a-stable process
in R%. (For some basic information on symmetric relativistic a-stable processes,
see, for instance, Chapter 5 in [2] or [4].) In this case, ¢(\) = (A +m?/*)*/2 —m
for some m > 0, (4.1) holds and (4.4) is satisfied with & = «. This implies that in
this case we can take any 8 € (1 — «/2,1] in Theorem 1.2.

Example 4.2 (Stable-type Lévy processes). Let Z be a Lévy process in R? whose
Lévy measure v(dz) = k(z) dz. Assume that for some 0 < a1 < ag < 2,

(4.5) e 2] < k(z) < ealz| 72 for 2] < 1.
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We say that a Lévy process satisfying the above condition is of stable-type. In this
case, we can make the following decomposition for v:

V=1vg+Uv+12
with vo(dz) := —e1]z| 79711, )>13d2 and
v(dz) = cl|z|’d*°‘1dz, vo(dz) = (n(z)—cl|z|7d*°‘1)1{|z|<1}dz+ﬂ(z)1{‘z‘>1}dz.

By Example 4.1, (Hloflll(l) holds for some Ky > 0. Condition (1.9) holds for any
v € (ag/2,1]. ThlS implies that in this case we need to take 3 € (a2/2+1—aq,1]
in Theorem 1.2. One particular example is the case when oy = as = « and the
relation in (4.5) is satisfied for all = € R?. The corresponding Lévy process is
called an a-stable-like Lévy process. Another particular example is the case when
k(z) =0 for |z| > 1 and a3 = ay = a. The corresponding Lévy process is called a
truncated a-stable-like Lévy process. Observe that the relativistic a-stable process
satisfies condition (4.5) with a3 = ag = a. The third particular example is the case
where k(z) is comparable to the Lévy kernel of the relativistic a-stable process.
The corresponding Lévy process can be called relativistic a-stable-like.

Example 4.3 (Cylindrical stable processes). In this example we consider a cylin-
drical stable process Z = (Z%,...,Z%) in RY, where Z7, 1 < j < k, are indepen-
dent d;-dimensional rotationally symmetric aj-stable processes with a; € (0,2)
and Z?Zl d; = d. We can realize Z as follows:

— - 1 k
Zy=Wsg, = (WS}""’W55)>
where W7, 1 < j < k, are independent d;-dimensional standard Brownian motions

with infinitesimal generator A/2 in R% and S7, 1 < j < k, are independent o /2-
stable subordinators with «; € (0,2) for 1 < j < k, that are also independent of

Brownian motions {W1, ..., W*}. Define
a:= min a; and opmax = Max o;.
T 1<k 1<j<k

We claim that if @ € (0, 1], then (H(V’féo&) holds with some Ky > 0 and § :=
@/ Qmax; and if « € (1,2), then (H g ) holds for some Ko > 0.

Indeed, for 1 < i <k, let V; = (8% ire s 8w7 a, ), where j; :=do+ -+ d;—1
with do := 0. As in Example 4.1, we also have the followmg derivative formula for
any bounded Borel function f on R%:

VT f () = E[(S) Wi f(x +Ws,)].
Suppose a € (0,1]. For g € [0,a] and x € R, if

p e s H @9 = )
y€ERd |y|6

< o0,
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then we have by (4.3) that for ¢ € (0,1],
VPO f@)] = [E[(S) W (Fa + Ws,) — 7@)]| < A E[(SD) W,
L)+ E[(s) W] YW 1)

J#i )
<CA, (tw—l)/m o 3 gl EUWQ{ |ﬁ]>

J#i

< Ko A, (t(B_l)/“ + tﬁ/““““‘_l/o‘) (since 8 < )
< Ko A tl0P/omea=D/o = [ A, 0P 110

Ws, |

< A (E[(sH) W,

that is, (Hsloéoé) holds. If o € (1,2), then we have by (4.3) that for ¢ € (0,1],

VT f (@)] < I flloo BIWE; 1/(S))]
= Hf”oo E[(Sti)_lm] < ”f”oot_l/% < Ko ||f||oot_1/a.

Thus in this case, (Hj ;) holds. The claim is now verified.

It is not difficult to see by using the property of the rotationally symmetric
aj-stable process Wéj that the parameter « in the now verified property (Hz‘fgo&)
and (H ) is best possible. For example, it can be shown that when a € (1,2),
property (HSKO) fails for any o* > a.

Note that (1.9) holds for any v > amax/2. For Theorem 1.2 to be valid, the
following constraint needs to be satisfied:

120> tmax/2 + amax(1 —a)/a if a <1, and amax < 2a if a> 1.

Clearly, when o > 1, the condition amya.x < 2a is automatically satisfied. Conse-
quently, in this case for Theorem 1.2 to be applicable, we need «;’s to satisfy

(4.6) either a>1 or a€ (0,1] and amax < 20%/(2 — a),

and take

B S (ﬁo: 1] with ﬁO = Oémax/2 + (amax/al{agl} + 1{a>1})(1 - Oé).

Condition (4.6) implies that o > 2/3. An open question is whether con-
straint (4.6) can be dropped. It boils down to the question whether (Hff}(O1
holds for any cylindrical stable process.

This example can be extended in two directions. First, as in Example 4.1, we
can consider more general subordinators {S!,..., S*}. Second, as in Example 4.2,
we can consider more general Lévy process, whose Lévy measure is bounded by
the Lévy measure of the cylindrical a-stable process Wg (or, more generally, the
cylindrical subordinate Brownian motion) from below.

Proof of Corollary 1.4. Tt follows from Examples 4.1, 4.2 and 4.3. O
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5. Appendix

In this appendix, we prove the continuous dependence of solutions to SDEs with
jumps with respect to the initial values and coefficients, which is used in the proof
of Lemma 3.5.

Proposition 5.1. Fiz r > 0. Let a”,g",n € Ny be two families of uniformly
Lipschitz continuous functions in the sense that for some C' > 0, and all n € Ny
and t € [0,1], 2,9,z € R?,

(5.1) lay (z) —af (y)| < Cloz —yl, |gi'(x,2) — g¢'(y, 2)| < Clz —ylh(2),

where f l<r |h(2)|?v(dz) < co. Suppose that for each t € [0,1] and x,z € R?,

(5.2) lim o () = a*(x), lim gf(z,2) = 6z 2)
n—0o0 n—roo
and
|ai’ (z)] lgi' (2, 2)|
(5.3) Sup sup sup (— + 7> < 00.
1+ |J)| 0<|z|<r |Z|

n€Ns t€[0,1] z€R?

Forn € Ny, let Y/* be the solution to the following SDE:

t t
Y =6, 4 / aP(YT) ds + / / g (Y! 2) N(ds,dz)
0 0 J|z|<r
t
s [ o Nsaz)
0 Jlz|>r

If &, converges to & in probability as n — oo, then

(5.4) lim E( sup |Y;" — Y2 A 1) —0,

n=—00 t€[0,1]
which implies that Y converges to Y,°° in probability.
We begin with the following lemma.

Lemma 5.2. There is a nonnegative smooth function f on R? with the following
properties:

fl@) =z iflel <1, flx)=2 if|a[>2

(5.5) i
and |V f|+|V2f] < Cilqz <2}

for some constant Cy > 0, and that for any constant Cy > 0, there exists a constant
C3 > 0 such that for all § >0, r € [0,1] and |y| < Co((J] +0) A1),

(5.6) [yl IV f(z+ry)l < Cs(f(x) +6), [yl [V2f(z+ry)| < Cs(f(2) +6%).
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Proof. Let ¢ be an increasing smooth function on (0,00) with ¢(r) = r for r < 1
and ¢(r) = 2 for r > 4. Let f(x) := ¢(]x|?). It is easy to check that f has the
desired properties. O

We also need the following key lemma.

Lemma 5.3. Let 71 and 1 be two stopping times with 0 < 71 < 19 < 1. In the
setup of Proposition 5.1, let Y™ solve the following SDE on |1, ]

t t
ve=vie [aomass [ g s,
T1 T1d|z|<r
If Y converges to Y.°° in probability, then

lim E| sup |Y;”—Yt°°|/\1} =0.

n—0o0 |:t€[7'1,‘r2]
Proof. In this proof we will drop the superscript “oc” and write
U =Y =Y, AL =al(Y]) —as(Ys), TP(2):=g0(Y,2) —gs(Yeo, 2).

S

Let f be as in Lemma 5.2. By Itd’s formula, we have
fU)
t t R
SICORY RERFCORIEY i VGRS HEE SLID

’ / /zgr[f(U:— +T7(2) = F(UIL) =T (2) - VA(UIL) w(dz) ds.

For R > 0, define a stopping time
Tri=inf{t > 1 : |Ys| > R} A 7a.

For any T € [0, 1], by the Burkholder-Davis—-Gundy inequality ([13], Theorem 2.11),
we have

E( sw  |fUP)

te [7’1 7T/\TR]

TNATR
<EfUR)P+E [ (AL VAU as

TNATR
-I—IE/T1 /Z< |f(UM +T7(2)) — f(U™)]?v(dz)ds

T

TATR ,
E U:l_ FZL z)) — U;n_ — FZL 2)-V U:l_ v(dz ds
i / /zgr[fV FT(2)) — F(U) = T (2) - V£ (U™ )]w(dz)

= E[fUM) + 1]+ I3 + 1.
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For I}, by (5.1) and (5.5), we have

TATR

TATR
BB [ ) - a)PdsE [ 5P ds

1 T1

For I} and I}, we note that by (5.1) and (5.3), we have
TS ()] < C (U] + 195 (Vs 2) = g5 (Yoo 2)) A D), [2] <y

Thus by (5.6), we have

i< | T/ @R ( [ 190 ) as

TATR

TATR
<E / / 107 (Y, 2) — ga(Ye, 2)P () ds + E / F(U) s
T |z|<r T

1

and

= 1E/TTMR(/Z<T|rg(z)|2(/ol/01 V2 (U +rr'rg(zmdrdr')y(dz))2ds

TATR 2 TATR
<E[ ([ la0n) - auaPuan) dsas [ pwPds
T |z|<r

T1
Combining the above calculations, we obtain

TATR

B s [fODF] kB [P ds
te[r1,TATR] T
where

TATR
= B[S HE [ ) — a0 ay

T1

TATR
+E / / 107 (Vs 2) — ga(Ya, 2) P(d2) ds
T1 |z|<r

TATR 2
B[ ([l - s Pulas) as
T1 |z|<r

By Gronwall’s inequality, (5.2), (5.3) and the dominated convergence theorem, we
have for each R > 0,

imE| sup |f(U7)] < lim C'hy = 0.

n—0 tE[Tl,TR]

In particular,
lim B[ sup ¥ = V[P A1] =0,

n=0 Lic[r,7r]

which together with limpg_, oo P(Tr < 72) = 0 gives the desired limit. O
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Now we give:
Proof of Proposition 5.1. Let 71 := 0 and for m € N, define recursively
Tmt1 = 1nf{t > 7, 1 | Zs — Zs_| >} AL

Since Z only has finite many jumps greater than r before time 1, we have
limy, 00 T = 1. Clearly, for t € [1,, Timy1), Y satisfies

T

t t
ve=vp e [aemass [ g s Nsd),
m Tm |z <r

where

(5.7) YP =Ygl (YR

Tm Tm — Tm—’

L — Ly ).

Since &, — £ in probability as n — oo, by Lemma 5.3 and induction, we have
for each m € N,

lim ]E[ sup |V — V< /\1} =0.

n—00 tE[Tm Tm41)

Condition (5.1) and (5.7) with m + 1 in place of m there imply that the above
property extends to the right endpoint 7,1 of the random interval; that is,

lim E

n—oo |:

sup |Yt"—Yt°°|/\1} =0.

tE[TmTm41]

This gives the desired result as for any my € N,

mo
E| sup [¥'~¥F|AL <Y E| swp ¥ =Y AL] 4P < 1),
t€[0,1] me1 = E[Tm,Tm+1]
and limy,, 00 P(Tme+1 < 1) = 0. O
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