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On Galois group of factorized covers of curves

Angel Carocca and Martha Romero Rojas

Abstract. Let ) Y x % Plbea sequence of covers of compact Riemann
surfaces. In this work we study and completely characterize the Galois
group & (¢ o)) of o1 under the following properties: ¢ is a simple cover
of degree m and ¢ is a Galois unramified cover of degree n with abelian
Galois group of type (n1,n2,...,ns).

We prove that & (o)) 22 (Zp, XZny X+ - -XZn, )™ ' xS,,. Furthermore,
we give a natural geometric generator system of &(p o 1)) obtained by
studying the action on the compact Riemann surface Z associated to the
Galois closure of ¢ o).

1. Introduction

Let X be a compact Riemann surface and ¢: X — P! a cover of degree m. The
Galois closure of ¢ is a Galois cover $: Z — P! of smallest possible degree such

that there exists a sequence of compact Riemann surfaces Z Y x & P! owith
po1 = ¢ (up to equivalence the Galois closure is unique). Let C(X) be the
field of meromorphic functions on X'. The Galois group () of the cover ¢ is the
Galois group associated to the Galois closure of the field extension C(X)/C(P!). An
elementary property of &(y) is that it has a natural representation as a transitive
subgroup of the symmetric group S,,.

The problem of determining the structure of the group ®(p) in general was
originally considered by O. Zariski [18].

Since then, many authors have worked on it imposing conditions on the cover.
For instance, the cover ¢ is called simple if the fiber =1 (p) over every branch
point p € P! consists of exactly m — 1 different points. In this case it is well known
that the Galois group &(y) is isomorphic to the symmetric group S,,, and &(p) is
generated geometrically by transpositions, see [6], [11] and [14]. Related problems
have been considered by other authors, [1], [3], [10], [11] and [14].
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Now, consider ) Y x & pla sequence of covers of compact Riemann surfaces,
and denote by &(¢ o) the Galois group of the factorized cover @ op: Y — PL.
Many authors have studied the problem of determining the geometric structure
of (¢ 01)) based on special properties of the covers ¢ and 1, see for instance [2],
[8], [9], [11], [12], [15] and [17]. Probably the most studied case of a factorized
cover p o) is when ¢: )Y — X is an unramified cover of degree two; the results
obtained in this situation involve a systematic study of the Weyl groups WB,,
and W D,,, see for instance [12] and [17].

Another interesting case of factorized covers g o) was studied by Biggers—Fried
in [4]. Using results on meromorphic functions, they proved that if ¢ is a simple
cover of degree m, and 1: Y — X is an unramified Galois cover of degree n with
cyclic Galois group, then

B(porh) = (Zn)mil X Sy,

In this paper we extend the Biggers—Fried result by considering factorized covers
p o1 with ¢ a simple cover of degree m, and 1: )Y — X an unramified Galois
cover with abelian Galois group of type (ni,na,...,ns). In this case, using group
theoretical arguments, we prove that

B(p o) = (Zpy X Ly X -+ X Ln, )™ 1 xSy

Furthermore, we give a natural geometric system of generators of &(p o) as a
transitive subgroup of S,,,.

2. Preliminaries

In order to fix the notation, we start by recalling some basic properties on group
action on compact Riemann surfaces. Let X be a compact Riemann surface of
genus g(X) and G a finite group acting on X. The quotient space X/G := Xg
is a smooth surface and the quotient projection X — X is a branched cover.
This cover may be partially characterized by a vector of numbers (v;mq,...,m,),
where 7 is the genus of X, the integer 0 < r < 2g(X’) + 2 is the number of branch
points of the cover, and the integers m; are the orders of the cyclic subgroups G/
of G which fix points on X. We call (v;mq,...,m,) the branching data of G on X.
These numbers satisfy the Riemann-Hurwitz equation

(2.1) %zQ(y—l)—kZ(l—%).
=1 !

A (2v+r)-tuple (a1,...,ay,b1,...,by,c1,...,¢) of elements of G is called a gen-
erating vector of type (y;ma,...,m;) if
G = <a1,...,av,bl,...,bw,cl,...,cr

v r
(2.2) /H[ai,bi] ch =1, |¢j|=mjforj=1,...,r, R>,
i=1

Jj=1
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where R is a set of appropriate relations on {a1,...,a,b1,...,by,¢1,...,¢-} and
[ai, bz] = aibiai_lbi_l.

Riemann’s existence theorem then tells us that (see [5]):

Theorem 2.1. The group G acts on a surface X of genus g(X) with branching
data (y;ma,...,m,) if and only if G has a generating vector of type (v;ma, ..., m;)
satisfying the Riemann—Hurwitz formula (2.1).

Given an action of G on X, the elements of a generating vector for this action
will be called geometric generators for G.

For a subgroup H < G, the structure of the intermediate cover X — Xy is
given by the signature of the action of H, as follows.

Proposition 2.2. Let G be a finite group acting on a compact Riemann sur-
face X with branching data (y;ma,...,m;). For each j = 1,...,r, consider the
stabilizer G of the corresponding fized points on X.

Then for each subgroup H < G we have

(23) s An)=1G:HG-1)+1+4 551G H| - E\G/G,),

j=1
where | H\G/Gj | is the number of double cosets H\G/G;.
Proof. See [16]. O

3. Some properties of factorized covers

In this section we collect some properties of the Galois group of certain factorized
covers. Let
p: X = P!
be a simple cover of degree m; that is, the fiber ¢~!(p) over every branch point
p € P! consists of exactly m — 1 different points. We recall that in this case the
Galois group of ¢ is isomorphic to the symmetric group S,, and is geometrically
generated by transpositions, see for instance [6], [11] or [14].
Now consider a Galois cover of degree n

VY o X

We denote by go/o\w the Galois cover of the factorized cover ¢ ot and by & =
& (¢ o 1)) the corresponding Galois group of ¢ o 1. We begin with some general
properties.

Proposition 3.1. Let Z be the Riemann surface associated to go/o\w. Then there
are subgroups N and H of & satisfying the following properties:
(1) Zv =Y, Zy = X and Zs = PL.
(2) No = {1}, where No = Cores(N). In particular, if N QG, then N = {1}
and Z =2 ).
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(3) H is a mazimal subgroup of &.
(4) 8/K = 8,,, where S, is the symmetric group of degree m and K = Hg.
(5) N<H.

Proof. (1) and (2) follow from the definition of Galois cover.
(3) and (4) follow since ¢: X — P! is a simple cover.
(5) follows since ¢: Y — X is a Galois cover. O

Remark 3.2. The monodromy representation of the cover p o ¢: Y — P! is
the natural group homomorphism p: II; (P \ B,q) — S,,, with transitive image
in S,,,,. It is well known that this representation is equivalent to the permutational
representation given by the action of & on the right cosets of IV in &. To obtain

this representation, we consider {1=u1,za,..., 2} a right transversal of H in &
and {1=hy,ho,..., hy} a right transversal of N in H. Then the set {h;x; /i =
1,...,m, j=1,...,n} is a right transversal of N in &.

Let @ = Ay UAyU---UA,,, where A; = {Nhyz;, Nhox;,..., Nhyxz;} for
i =1,...,m. Then & acts transitively on Q, & = &/Ng — S,,, and & acts
transitively on the set {Aq,Aq, ..., A,,} with kernel K = Hg. We will use the
same letters &, H and N to denote their corresponding images in S,,,,; we will
also identify the set A; with the set {i,m +i,2m+4,...,(n—1)m+i} = A,.

Thus for each 1 < i < m we have the following results:

o N, = x;lN:ci stabilizes each point in A;. Here Ny = N.

o H, = m;lei stabilizes the set A;. Here H; = H.

o K = Hg stabilizes each set A;.

e If N # {1}, then H = Ng(NNV), the normalizer of N in G. Since N =
Smn—1 N & we have that |[Fix(N)| = |[Ng(N) : N| = |H : N| = n. Thus N
stabilizes n points. In particular, N = ﬂ?=1 Stb(j) N &, where Stb(j) is the
stabilizer in S,,,—1 of the point j € A;.

e For m > 3, we have K = Hg = ﬂ;’:ll H9% and K # ﬂ;”:_f HY for any
subset {H9', H92 ..., H9"—1} with m — 1 distinct conjugates of H in .

The following diagram illustrates the relationship between covers and sub-

groups:

z ker(p) 1
o Y Zy Zk LN LK) N=S,,-1N®6 K=Hg
"lw/ ‘ / l7/
(m—1)
X = Zpg ot (H) H
m
Y 7 / o m
Pl =z '\ B, q) 6 < Smn

where Z is the Riemann surface associated to go/o\w.



ON GALOIS GROUP OF FACTORIZED COVERS OF CURVES 1857

Proposition 3.3. Let {g1,92,...,9-} be a set of geometric generators of & given
by the action on Z and G; = (g;). Then the following properties hold:

(1) The cover ¢: Y — X is unramified if and only

|H : N||H\®/G;| = |[N\&/G;| foralll <i<r.

(2) If the cover v: Y — X is unramified, then K N G; = {1}, for all 1 <i <.

Proof. (1) Suppose that ¢ is unramified. By the Riemann—Hurwitz formula (2.1),
we have

g(V) = [H : N|(g(x¥) —1) + L.
On the other hand, using the formula (2.3) (Proposition 2.2), we have

g(V)=—|6:N|+1+ %Z(Nﬁ : N| = |N\6/G;]), and

g(X)=—|6:Hl+1+ %Z(Nﬁ : H| — |H\®/G,|).

Hence

D IN\G/Gil = [H : NI Y _|H\&/Gil.

Since |[N\®/G;| < |H : N||H\®/G,|, we conclude that, for every 1 < i < r,
|H : N||H\&/G;| = [N\&/Gi.
Now, suppose |[N\&/G;| = |H : N||H\®/G,| for each i = 1,...,r. Since

8(0) = ~[6: N + 1+ 3 3 (6 : N| - [N\&/Gil),

we obtain g()) = |H : N|(g(X) — 1) + 1. Hence by the Riemann-Hurwitz formula
we conclude that the cover ¢: Y — X is unramified.

(2) Assume that ¢ is unramified. Then |H : N||H\®/G;| = [N\&/G,]|.

Let C®(g) be the conjugacy class of g in & and C a complete set of repre-

sentatives of the conjugacy classes of &. Applying a well-known formula for the
cardinality of double cosets ([13], p.55), we have

|H| |8 ZI(CQS(Q)QHI C®(9)NGil _ |@5| ZI (C®(g)NN]| ICﬁ(g)ﬂGil.
INTHIIG:] 2= |C®(9)] N|Gi| |C®(g)]
Hence

Z (1C®(9) NGil) (IC®(9) N H| ~|C®(9) N N]) _

(6]
P [C®(g)
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Since N < H for all g € &, we have that C®(g)N N C C®(g) N H and

(1C®(g) N Gil) (IC®(g) N H| - |C®(g) N N])

e (g)] =0

Therefore, for all g € C' we have
[C®(9)NGi| =0 or |[C®(g)NH|=]|C®(g)NN].

Let 1 #k € K = Hg. If we assume |C® (k) N N| = |C® (k)N H| then C®(k) =
C® (k)N H = C®(k)N N. Hence C®(k) C Ny = {1}, a contradiction.

Therefore, for all 1 # k € K we have that |C® (k)N G;| =0 and K NG, = {1}.

O

Proposition 3.4. Suppose 1: Y — X is an unramified cover. Then the following
properties hold.

(1) The action of & on Z induces a geometric presentation of & given by
T

6 = <91792»'~'»gr / Tle=1 g=1, i=12..r 72>
i=1

where R is a set of appropriate relations on {g1,92,...,gr}-

(2) For K = Hg, the corresponding action of /K on Zk induces a geometric
presentation of /K given by

®/K:<91K792K7..~,97~K/ ng:]-v g?:l’ 'L':]_72"”77,.7 7?’/>,£‘97n7

i=1
where R’ is a set of appropriate relations on the set of cosets {Kgi, ..., Kg,}.

(3) The corresponding image in Sy, for each g; has a cycle structure given as a
product of n disjoint transpositions.

(4) The corresponding image in Sy, for each g;K is a transposition.
(5) H <& if and only if m = 2.

Proof. Since p: X — P! is a simple cover and : Y — X is an unramified cover we
have that the fiber under the factorized covering ¢ o) of each branch point b € P!
is given by (¢ o)~ 1(b) = {p1,p2,... s Pn(m—1) - Then the cycle structure of p o
at b is an n(m—1)-tuple (27, 1"™~2") where the ramification index of o1} at each
of the points pi,pa,...,pn is 2 and at each of the points ppi1,Pnt2,- - Pmn—2n
is 1. This implies that the corresponding image in S,,, for each geometric gener-
ator of &, given by the action of & on Z, has cycle structure as a product of n
disjoint transpositions and that the corresponding image in S,,, of each ¢;K is a
transposition. In this way we conclude (1), (2), (3) and (4).

(5) Assume H < G. By Proposition 3.3, we have (g1) £ H. Hence (g1)H = &,
since H is a maximal subgroup of &. Hence m = 2. O
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Remark 3.5. According to Proposition 3.4, if ¢: J — X is an unramified cover,
then the corresponding image in S,,,,, for each geometric generator g; of &, given by
the action of & on Z, has cycle structure as a product of n disjoint transpositions.
By Proposition 3.3, we have

e if m > 3, then each G; = (g;) is contained in the intersection of m—2 different
conjugates of N in & and G; is not contained in K = Hg;

e if m =2, then each G; = (g;) is not contained in H.

Proposition 3.6. Suppose 1: Y — X is an unramified cover. Then the following
are equivalent:

(1) N ={1},
(2) H <& (or, equivalently, m = 2).

Proof. By Proposition 3.4, & has a geometric presentation of the form
S ={g1,g2,--,9 | 92 =1, forall i=1,...,7, R),

and we can assume that g1 ¢ H.

Assume N = {1}. Then ¢; does not fix points of the set Q@ = A;UAU---UA,,
and interchanges A; with Ay. Since g; has cycle structure as a product of n disjoint
transpositions and g; ¢ H, we obtain that m = 2 and H < &.

Suppose H < & (or equivalently m = 2). By Proposition 3.3 we have (g1) £ H.
Hence (g1)H = &. For each 2 < i < r we can write g; = h;g1 with h; € H accord-
ing to Remark 3.5. Since g? = 1 we have g1h;g1 = hi ' and & = (g1,92,...,9r) =
(ha,hs, ..., hy){(g1). Therefore H = (ho, hs,..., h,) and g1 normalizes each sub-
group of H. So, N = {1}, since N < H and Ng = {1}. O

4. On the structure of Galois Group of factorized covers

In this section we will determine the structure of the Galois group of certain
factorized covers. We recall the notation: ¢: X — P! is a simple cover of de-

—

gree m, the cover ¢b: Y — X is Galois of degree n and @ o1 is the Galois cover
of the factorized cover ¢ o). The group & is the corresponding Galois group of
@ o). Also Z is the compact Riemann surface associated to m and the sub-
groups N and H of & correspond to Zy = )Y and Zy = X, respectively. We
are using the same letters &, H and N to denote their images in S,,,, given
by the permutational representation of & on the set of the right cosets of N
in &. Here we identify the set A; = {Nhyz;, Nhox;, ..., Nhyz;} with the set
{i;m+i,2m+1i,...,(n —1)m+i} = A;, and we will use the same letters g; to
denote the corresponding image in S,,,;, for each geometric generator g;.
Collecting some results of the previous section, we have the following.

Remark 4.1. As proved in the previous section, if ¢: ) — X’ is unramified and
m = 2, then N = {1} and H < &. Also, for any geometric generator g € & we
have ® = H(g) and ghg = h™! for all h € H, since g*> = 1.
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Therefore, for the remainder of this section we consider m > 3. Now, we are
able to prove the following.

Proposition 4.2. If ¢: Y — X is unramified, then & contains a subgroup L
which is isomorphic to S,, and L has at least m different conjugates in &.

Proof. Let N1, Na, ..., Ny, be the set of the m different conjugates of N in &. As
follows from Remark 3.5, we can choose elements g1 € (Ns NNy N--- N Np,) \ K,
g2 € (N10N4ﬂ~'~ﬂNm)\K,..., Im—1 € (Nl ﬂNQﬂ"'ﬂNm_gﬂNm_Q)\K.
The corresponding image of g; in S,,,,, may be written as follows:

gi=0 i+1)(m+i m+i+1)---(n—m+i (n—1L)m+i+1).

In this way we have

e g2=1,foralli=1,....,m— 1.

e (gigiv1)?=1,foralli=1,...,m—2.

* 9ig; = 9j9i, when |i — j| > 2.
Hence L = (91,92, -, 9m-1/ 9 = (9igi+1)° = [9i,95] = 1, |i = j| > 2) =S, ac-
cording to the Coxeter presentation for the symmetric group S,,,, see [7].

Since for each 1 < i < m we have g; ¢ H; U H;;1 and since & acts transitively

on the set {A1,As,...,A,,}, we obtain that L has at least m different conjugates
in &. O

In [4] Biggers and Fried studied factorized covers ¢ o9 where p: X — P! is a
simple cover of degree m and ¢: ) — X" is an unramified Galois cover of degree n
with cyclic Galois group. They also characterized, for this case, the Galois group
of ¢ o1, by studying the corresponding fields of meromorphic functions.

We will now extend the Biggers—Fried result to the case when ¢: Y — X is
an unramified Galois cover of degree n with abelian Galois group. An interesting
point is that we will give group-theoretical proofs for our results.

We start with the following auxiliary lemma.

Lemma 4.3. Let G be a finite group, and let H < G with |G : H| = k and abelian
core K = Hg. If L < G is such that L = Sy, and LY £ H for all g € G, then
G=KxL.

Proof. By the action of G on the set of the right cosets of H in G, we have that
G/K <Sip. U KNL={1}, then KL/ K 2L =S, and k! = |[KL/K| < |G/K| <
|Sk| = k!. Hence G/K = KL/L = Sj, and G = K x L.

Let U = K N L and suppose that U # {1}. Then U is a non-trivial abelian
normal subgroup of L = Sy, and hence 2 < k < 4.

o If k =2, then Sy 2 L « H and U = {1}, a contradiction.

e If £ = 3, then |U| = 3 and |KL/K| = |L/U| = 2. Furthermore, since
|G : H| =3 and |KL/K| = 2, we have that G/K = S3. Hence H/K and KL/K
are 2-Sylow subgroups of G/K. Thus H/K = (KL/K)? = KLI9/K for some
g € G. 1t follows that H = KLY and LY < H, a contradiction.
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o If k = 4, then |U| = 4 and |KL/K| = |L/U| = 6. Since |G : H| = 4 and
|[KL/K| =6, we conclude that G/K = S4. Hence H/K and K L/K are normalizers
of 3-Sylow subgroups of G/K. Therefore H/K = (KL/K)9 = KL9/K for some
g € G. In this way H = KLY and LY < H, the final contradiction. O

Proposition 4.4. If ¢: Y — X is unramified with abelian Galois group, then the
following properties hold:
(1) K = Hg is abelian.

(2) ® = K x L, with L 28,,. Also, LNH = S,,_1, LNH < N and N =
(LNH)(NNK).

(3) H=NK.
(4) NNnK #{1}.
(5) K=(NNK)NNK) for each g ¢ H.

Proof. (1) Let {x1, 2, ..., Zm} be aright transversal of H in &. The result follows
by considering the group monomorphism

O: K — (H/N)® x (H/N)*? x -+« x (H/N)*™

defined by ®(k) = (N k, N*2k, .. N*nk).

(2) By Proposition 4.2, & contains a subgroup L isomorphic to S,,, which is
generated by the elements

gi=0G i+1)(m+i m+i+tl)---(n—Dm+i (n—1m+i+1),

with 1 <i < m.

By Remark 3.2, H stabilizes the set Ay = {1,m+1,2m+1,...,(n—1)m+1}.
Hence for all g € & there exists some i such that g ¢ H. Therefore LY £ H, and
® = K x L, according to Lemma 4.3.

We have LNH = (g2,93, .-, gm-1) < LNNX=S,,_1,sincem = |6 : H| = |L:
LNH|.Now N=(NNK)(LNH),since H=K(HNL).

(3) Since & = K x L we have 6/K = S,,, and H/K = S,,,_1. Let V <4 & such
that V/K = A,,, the alternating group.

If NK # H,then N < NK < HNV <V, since N < H. By Proposition 3.4
and Remark 3.5, the group & has a geometric presentation given by

T
6 = <917927~~»9r / Hgi =1, 91-2:1, i=1,2,...,r and R>,
i=1
where each generator g; is an element of some conjugate of N. Then

G ={(91,92,.-.,9r) < (N9 /g€ &)<V,

a contradiction. Hence NK = H.
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(4) If NNK = {1}, then the commutator subgroup [N, K] = {1}, since N <H
and K < H. Therefore, K commutes with N and similarly with all conjugates of V.
Hence K commutes with L and L<&, a contradiction, according to Proposition 4.2.

(5) Let g ¢ H. Since H/N is abelian, N(NYNK)<H.So (NNK)(NNK)<H.
Similarly, (NN K)(NYNK)<HY. Hence (NNK)(NINK)<(H, H) = &, since H
is a maximal subgroup of &.

By item (2), & = KL with L=~ S,, and N = (NNK)(HNL) < (NNK)(NIN
K)L. Let x € & and write z = yz with € K and z € L. Then N* = N¥* =
N* < ((NNK)(N'NK)L)* < (NNK)(NYNK)L. Hence (NNK)(NINK)L = &,
according to Remark 3.5. Therefore

K=Kn(NNK)NNK)L=(NNK)(N'NK)(LNK)=(NNK)(N'NK). O

Proposition 4.5. If ¢: Y — X is an unramified Galois cover with abelian Galois
group, then K = (H/N)™~1.

Proof. Assume H/N = Zy, X Zp, X --- X Ly, and consider M; < H such that
M;/N = 7y, and M; N M; = N forall 1 <j, i <sand j #i.
Let g ¢ H and Ny = NY. For each 1 < j < s, we have

MNnK=(MNK)NK=(MNK)N(NNK)(N2NK)=(NNK)(M;NN,NK)
and
M;=NEKNM;)=NNNK)(M;NN.NK)=N(M; NNoaNK)=N(z;),

with T € Mj N No N K.
Using the permutational representation described in Remark 3.2, we may iden-
tify the elements (renumbering if necessary)

z1=01, m+1,2m+1,...,(nn —1)m+1)
(mm+1, (ni+1)m+1, (n+2)m+1,...,(2n — )m+1)
@Cnim+1, 2ni+1)m+1, Cng+2)m+1,....,3n1 —1)m+1)---
(g = VDmm+1, (o — D+ D)m+1, ((qn — D)ng +2)m + 1,
coy(@my —1)ym+1)Ci3+ - Cim

and for 2 < j < s,

=1, t;m+1, 2t;m+1,...,(n; — 1)t;m+1)
(m+1, (t;+1)m+1, 2t;+1)m+1,....((n; —1)t; + )m+1)
@Cm+1, t;+2)m+1, 2t;+2)m+1,...,((n; —1)t; +2)m+1)---
((gj—1)m+1, (¢ +t; —1)m+1, (2t; +¢; — 1)m+1,
o ((ng—=Dtj4+q; —1)m+1)Cjz -+ Cjm,

where ¢; = |H : Mj|, t; = |MiMs---M;_; : N| and Cj; is a permutation of A; for
each 3 <i<m.
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Foreach1 <i<m,2<j<sand 1l <r <m—1, consider the elements

Pyi=1, m+i, 2m+i,...,(n1 —1)m+1)
(nm 41, (n1+1)m+14, (ng+2)m+1i,...,((2n1 — 1)m + 1)
2nim+1i, Cni+1)m+14, Cny+2)m+14,...,(Bny —)m—+4)---
((qn = Dmm +4, (@ =D +)m +1i, (@0 = Dna +2)m + 1,
oo (gann — Dym +14)
Py = (1, tym +1i, 2t;m +i,...,(n; — 1)t;m + 1)
(m+i, (t;+1)m+4, 2t;+Dm+14,...,((n; — Dt; + )m +14)
@Cm+i, (t;+2)m+14, 2t;+2)m+14,...,((n; — )t +2)m+1)---
((gj —1)m+1, (¢ +t; —1)m+1, (2t; +q; — 1)m +1,
o ((ny = Dt + g — )m + i)

and

gr:(r,r+1)(m+r,m+r+1)(2m+r,2m+r+1)
coo(ln=1m+r,(n—1)m+r+1).

According to Proposition 4.4 we have & = KL with L = (g1, 92, -, gm—1)-
But a;; = mjglmj_lgl = lePjE1 € K, and also for T = (g1 g2+ gm-1)"!

we have Gj2 = Tale_l = jQPJEl, aj3 = TQanT_Q = jgpjll, ceey Qim =
Tm_lajm_lT_(m_l) = ijPJEI. Hence, 10520453 Ajm = 1, and the normal
subgroup Q; = {(aj1,a;2,a;3,...,0;m—1) has order n?ﬁ‘*l. Applying the same ar-
guments for all 1 < j < s, we obtain a normal subgroup Q = Q1Qs--- Qs < K of
order (ning---ng)™m 1t =nm-1L

Let {N1, Na,..., Ny, } be the set of the m different conjugates of N in &. For
the group homomorphism

¢: K - K/(NiNK)x K/(NyNK) % - x K/(Npu N K)
defined by ¢(k) = (k(N1 N K), k(N2 N K),...,k(N, N K)), we have
ker(¢) =N1NKN---NN,, NK=N1N---NN,, = {1},

and thus K 2 Im(¢).
Suppose that

(an(N1NK),(NaNK),...,(NymNK))
=¢(k) = (k(NyNK),...,k(Ny, NK)) € Im(p).

Then £k € No N ---N N,, and hence k = (4 is a permutation of the set Ay
and a1 (N; N K) = Py PR (N1 N K) = C1(N; N K). Therefore C; = Py; and
P € Non K. In this way we obtain P; = <P11,P12,P13,...,P1m> < K and
P1 = Q1(Pr11).
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Consider, renumbering if necessary, {a11,a21,...,a,1} such that P; < K for
1 <j<wand {ayt11,.-.,as} such that (a;n(N1NK),(NaNK),...,(NypyNK)) ¢
Im(¢) for u+ 1 < i < s. Hence
K =P1(P11)Po(Po1) - Pu(Pu1)Qus1 - -~ Ds
=P P P Q1Q2 - Qs = P11 Py - P Q.

Since le_’"glerl = Pj1 "Pp'g1 € <Pj1Pj2_1,91>> we have <91>05 = <91>KL

<gl>P“P21”'P“QL < QL, a contradiction. Therefore, for all j,i we have (aj; (N1 N

K),(NaNK),...,(NuNK)) ¢ Im(¢). Therefore K = Qand K = (H/N)™™'. O
We summarize the above results in the following:

Theorem 4.6. Let & be the Galois group of a factorized cover poi) with p: X — P!
a simple cover of degree m and : Y — X an unramified Galois cover of degree n,
with abelian Galois group of type (ni,na,...,ns). Then

B = (Zny X Ly X -+ X Ly, )™ 1 % 8.

Corollary 4.7. Let Z be the Riemann surface associated to the Galois cover of
p o . Then a geometric system of generators for the action of & on Z, as a
transitive subgroup of Spmn, is given by

{glagla~-~agm—lagm—lagmagmagm+1agm+1a-~-a9m+s—1agm+s—1aglagla~-~a91a91}
2(g(X)—s)
where, for 1 <i<m—1and2<j<s,
gi=0, i+1)(m+i, m+i+1)(2m+i, 2m+i+1)B3Bm+1i, 3m+i+1)---
((ning--msg —2)m+1, (nna---ng—2)m+i+1)
((ning--mg—)m~+1, (nng---ng—L)m+i+ 1),
gm =7 g1,
Gmij1 = g1aj,
with
zr=0m+1,....(nn —1m+Lnm+1L,(ni+1)m+1,....,2n —1)m+1)---
((na--ns—2)nim+1,((n2---ns —2)ny + 1)m+ 1,
oy ((ng-ng —ng —1)m+ 1)
((ng -+ ns — Dnim+1,((na---ns — V)ny + L)m=+1, -+ (nyng - - -ng — 1)m+1),
and
zj= (1, t;m+1, 2t;m+ 1,0, (nj — t;m+1)
(m+1, t+1)m+1, 2t;+)m+1,...,((n; —1)t; +1)m+1)
@Cm+1, t+2)m+1, 2t;+2)m+1,...,((n; —1)t; +2)m+1)---
((gj —Vm+1, (g +t; —m+1, (2t; + ¢ —)m +1,
o ((n =Dty +¢; —1)m+1).
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Proof. Following the proof of Proposition 4.5, we have that the given set is a
generator system and obviously satisfies the Riemann—Hurwitz equation (2.1) with
branching data (0;2,2,...,2,2). Also, we have

—_———

2(g(X)+m—1)

g(2) = ! (g(;{) tm=3)

Considering N = (g2, ..., Gm—1,9ms Gm+1s - > gm+s—1) and H = Ng(N), we ob-
tain |& : H| =m, |H : N| =n and H/N is abelian of type (n1,n2,...,ns).
Foreachl1 <i<m+s—11let G; =< g; > . Since

[H : NI|H\&/Gi| = [N\&/Gil,

we have that Zy — Zp is an unramified Galois cover, according to Proposition 3.3.
Also, since
|[H\&/G;|=m—1 and |N\&/G;| =n(m—1)

we have g(Zx) = g(X) and g(Zy) = |H : N|(g(X) — 1) = n(g(X) — 1). 0
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