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On smooth Fano fourfolds of Picard number two

Jirgen Hausen, Antonio Laface and Christian Mauz

Abstract. We classify the smooth Fano 4-folds of Picard number two that have a
general hypersurface Cox ring.

1. Introduction

By a Fano variety, we mean a normal projective complex variety with an ample anticanon-
ical divisor. Our aim is to contribute to the explicit classification of smooth Fano varieties.
In dimension two, these are the well known smooth del Pezzo surfaces. The smooth
Fano threefolds have been classified by Iskovskih [26, 27] and Mori—-Mukai [34, 35].
From dimension four on the classification problem is widely open in general, but there
are trendsetting partial results, such as Batyrev’s classification of the smooth toric Fano
fourfoulds [3].

In the present article, we focus on the case of Picard number at most two. In this
situation, all smooth Fano varieties coming with a torus action of complexity at most one
are known [19] and in [21] one finds a natural extension to complexity two. As in [19,21],
our approach goes via the Cox ring. Recall that for any normal projective variety X with
finitely generated divisor class group Cl(X), the Cox ring is defined as

R(X) = €D T(X.0x(D)).

CI(X)

In case of a smooth Fano variety X, the Cox ring is known to be a finitely generated
C-algebra [6]. We restrict our attention to simply structured Cox rings: we say that a
variety X with divisor class group CI(X) = K has a hypersurface Cox ring if we have a
K-graded presentation

R(X) = Ry =C[T1,...,T;] /{g),

where g is homogeneous of degree i € K and 77, ..., T, define a minimal system of
K-homogeneous generators. In this situation, we call R(X) spread if each monomial of
degree p is a convex combination of monomials of g. Moreover, we call R(X) gen-
eral (smooth, Fano) if g admits an open neighbourhood U in the vector space of all
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-homogeneous polynomials such that every & € U yields a hypersurface Cox ring Ry, of
a normal (smooth, Fano) variety X} with divisor class group K; see also Definition 4.5.

Among the del Pezzo surfaces, there are no smooth ones with a hypersurface Cox ring,
but in the singular case, we encounter many examples [14]. The first examples of smooth
Fano varieties with a hypersurface Cox ring show up in dimension three; see Theorems 4.1
and 4.5 in [15], where, based on the classifications mentioned before, the Cox rings of the
smooth Fano threefolds of Picard numbers one and two have been computed. For the
smooth Fano fourfolds of Picard number one having a hypersurface Cox ring, we refer to
numbers 2, 4, 5 and 8 in Kiichle’s list (Proposition 2.2.1 in [31]) in case of Fano index
one, and in case of higher Fano index, to the numbers 14, 15, 18, 19, 20 and 22 in the list
of Przyjalkowski and Shramov [36], p. 12.

We approach our main result, concerning Fano fourfolds of Picard number two. The
notation is as follows. For any hypersurface Cox ring R(X) = R, graded by CI(X) = K,
we write w; = deg(7T;) € K for the generator degrees and u = deg(g) € K for the degree
of the relation. Moreover, in this setting, the anticanonical class of X is given by

—-K=w+--+w—pueCl(X) =K.

If R, is the Cox ring of a Fano variety X, then X can be reconstructed as the GIT quo-
tient of the set of (—K)-semistable points of Spec Rg by the quasitorus Spec C[K]. In
this setting, we refer to the Cox ring generator degrees wi, ..., w, € K and the rela-
tion degree u € K as the specifying data of the Fano variety X. In the case of a smooth
Fano fourfould X of Picard number two, CI(X) equals Z? and thus Spec C[K] is a two-
dimensional torus. Hence the hypersurface Cox ring R, is of dimension six and has seven
generators.

Theorem 1.1. The following table lists the specifying data wq, ..., w7 and u in CI(X) =
72, the anticanonical class —K and X* for all smooth Fano fourfolds of Picard number
two with a spread hypersurface Cox ring.

No.  [wi.....w7]  deg(g) —-K X* No.  [wi.....w7]  deg(g) —-K K*
1 (1,1 (3,2) 432 13 [1 11100 o] (1,2) (3,2) 352
2 2.1 (2,2) 256 14 leooriiil (23 (2,1) 65
3 1111000 G, (1,2) 80 _
e feesatt] (1,2) (.1) 270 5o [esitt ] ay en s
2 g ;; 8’3 1;2 16 [1 11110 o] 2,1) (3,2) 352
' ’ 17 0000111 3.2) (2,1) 81
7 (1,1) (2,2) 416 18 G (1) 38
8 [1 11100 —1] (1,2) (2,1) 163 19 1111000 (2‘ 1) (2’1) 192
9 000011 1 2,1 (1,2) 224 1000111 ’ )
" @2 (1) 5 20 (1L,1) (3,1) 432
11 [1 11100 —z] (1,1) (1,2) 464 21 [—i (1) (l) (1) } (1) (1)] G @n 113
12 000011 1 (1,2) (1,1) 98
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No. [wi,...,w7] deg(g) —K K* No. [wy ,w7] deg(g) —-K XK*
2oL Gy ey e [ e oay s
1111100
2 41200 @ an o Liiise] e @5 a3
1111100
5 [132100 6o .y 1 9 [0 Ge @3 s
1 11000
6 a0 ey ay e P L] ey @3 1w
1112000
27 [(l) 2999 ﬂ (2,4 (1,2) 64 51 [0 11311 1] 4,6) (1,2) 22
s 31000 e an s 2 011310 @e @y 6
1 b b
53 2,0 4,1) 431
2 [‘ ”""0} 2.2) (2,2 192 54 [*}H‘]"l’}?] E4,0; 22,1; 62
30 0 01111 (3’3) (1’1) 18
1111120
w[esiee] @y an o [1ossiid] 6o @n a7
1111130
2 iz @ws anp o S [asesit] @wo @y 3a
1111310
B[] we ay w0 Y [1esiitd] 6o @n a
34 2.2) (3.4) 378 s [besset?l] 6o a2 16
s ity e @y w —
36 @ao ) 20 9 [o55it] 60 @2 e
v it @ ey % o0 [seaalt] €0 G2 80
s [N 6o a2 10 o [1se3t] @wo @2 s
1 12300
o[ o en s e [l @0 6.2 1o
40 1111000 2,2) (2,4) 352 1111100
a Pt Gy e @ [aseati] 60 @2 m
1111110
42 [1 11000i| (2,4 (2,5) 304 64 o000l GO (3,2) 240
43 0222111 (3,6) (1,3) 54 [1111100]
65 000O0O0OT1T1 (2’0) (372) 432
s L] @s a3 es
112000 66 [sasabii] @0 @2 480
s [113300Y] @s a3 36
1111120
1123000 67 [0000011] (2,0) (5,2) 624
a6 [1132008] eo a3 33

Any two smooth Fano fourfolds of Picard number two with specifying data from distinct
items of the table are not isomorphic to each other. Moreover, each of the items 1 to 67 even
defines a general smooth Fano hypersurface Cox ring and thus provides the specifying

data for a whole family of smooth Fano fourfolds.

Let us compare the result with existing classifications. Wisniewski classified in [39]
the smooth Fano fourfolds of Picard number and Fano index at least two, where the Fano
index is the largest integer ¢ such that —K = ¢ H holds with an ample divisor H.
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Remark 1.2. In eight cases, the families listed in Theorem 1.1 consist of varieties of
Fano index two and in all other cases, the varieties are of Fano index one. The conversion
between Theorem 1.1 and Wisniewski’s results as presented in Table 12.7 of [37] is as
follows:

Theorem 1.1 |27 [29]40]59]61]63]66

Table 127in[37] [ 5 [ 12 |4 [10 1 |2 [3 [13

Theorem 1.1 has no overlap with Batyrev’s classification [3] of smooth toric Fano

fourfolds. Indeed, toric varieties have polynomial rings as Cox rings which are by defini-
tion no hypersurface Cox rings. However, there is some interaction with the case of torus
actions of complexity one.

Remark 1.3. Eleven of the families of Theorem 1.1 admit small degenerations to smooth
Fano fourfolds with an effective action of a three-dimensional torus. Here are these fam-
ilies and the corresponding varieties from Theorem 1.2 in [19].

Theorem 1.1 | Theorem 1.2 in [19]
1 4A:-m=1,¢=0
4 4C:m =1
7 2
13 Sm=1
20 4A:m=1,c=-1
34 1
48 10: m =2
53 Tm=1
65 122m=2a=b=c=0
66 11:m=2,a, =1
67 1I:m=2,ap =2

Moreover, observe that for the families 1, 20, 48, 53, 65, 66 and 67 of Theorem 1.1, the
degeneration process gives a Fano smooth intrinsic quadric; compare [18], Theorem 1.3.

Remark 1.4. Coates, Kasprzyk and Prince classified in [10] the smooth Fano fourfolds
that arise as complete intersections of ample divisors in smooth toric Fano varieties of
dimension at most eight. Comparing anticanonical self-intersection numbers as well as the
first six coefficients of the Hilbert series yields that at least the 17 families 14, 15, 24, 25,
28, 30, 32, 33, 38, 44, 45, 46,47, 51, 52, 57 and 58 of Theorem 1.1 do not show up in [10].

In Sections 6 to 8, we investigate the geometry of the Fano varieties from Theorem 1.1.
We take a look at the elementary contractions, see Proposition 6.2, we determine the
Hodge numbers, see Propositions 7.1 and 7.2, and in many cases the infinitesimal deform-
ations, see Corollary 8.2.

2. Factorial gradings

Here we provide the first part of the algebraic and combinatorial tools used in our classi-
fication. We recall the basic concepts on factorially graded algebras and, as a new result,
prove Proposition 2.4, locating the relation degrees of a factorially graded complete inter-
section algebra. Moreover, we recall and discuss the GIT-fan of the quasitorus action
associated with a graded affine algebra.
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For the moment, K is any field. Let R be a K-graded algebra, which, in this article,
means that K is a finitely generated abelian group and R is a K-algebra coming with a
direct sum decomposition into K-vector subspaces

R:@Rw

wekK

such that Ry, Ry € Ry 4+ holds for all w, w’ € R. An element f € R is homogeneous
if f € Ry holds for some w € K; in that case, w is the degree of f, written w = deg(f).
We say that R is K-integral if it has no homogeneous zero divisors.

Consider the rational vector space Kg := K ®z Q associated with K. The effective
cone of R is the convex cone generated by all degrees admitting a non-zero homogeneous
element:

Eff(R) := cone(w € K; Ry, # 0) C Kg.

The K-grading of R is called pointed if Ry = K holds and the effective cone Eff(R)
contains no line. Note that Eff(R) is polyhedral, if the K-algebra R is finitely generated.

Lemma 2.1. Let R be a K-graded algebra. Assume that R is K -integral and every homo-
geneous unit of R is of degree zero.

(1) If Ro = K holds, then the K-grading is pointed, and for every non-zero torsion
element w € K, we have Ry, = 0.

(i) The K-grading is pointed if and only if there is a homomorphism k: K — 7. defin-
ing a pointed Z-grading with effective cone Qxg.

Proof. We prove (i). It suffices to show that there is no non-zero w € K with Ry, # 0 and
R_y, #0.Consider f € Ry, and f" € R_y,, both being non-zero. Then ff” is a non-zero
element of Ry and hence constant. Thus, f and f’ are both units. By assumption, we have
w = 0.

We prove (ii). If the K-grading is pointed, then we find a hyperplane U € Kg inter-
secting Eff(X) precisely in the origin. Let Ky € K be the subgroup consisting of all
elements w € K with w ® 1 € U. Then K/Ky = Z holds and we may assume that the
projection x: K — Z sends the effective cone to the positive ray. Using (i), we see that for
the induced Z-grading all homogeneous elements of degree zero are constant. The reverse
implication is clear according to (i). ]

Let R be a K-integral algebra. A homogeneous non-zero non-unit f € R is K-irre-
ducible, if admits no decomposition f = f’f” with homogeneous non-zero non-units
f’, f” € R. A homogeneous non-zero non-unit f € R is K-prime, if for any two homo-
geneous f’, f” € R we have that f | f'f” implies f | f' or f | f”. Every K-prime
element is K-irreducible. The algebra R is called K-factorial, or the K-grading just
factorial, if R is K-integral and every homogeneous non-zero non-unit is a product of
K-primes. In a K-factorial algebra, the K-prime elements are exactly the K-irreducible
ones.

Anideal a C R is homogeneous if it is generated by homogeneous elements. Moreover,
an ideal a C R is K-prime if for any two homogeneous f, ' € R we have that ff’ € a
implies f € a or f/ € a. A homogeneous ideal a C R is K-prime if and only if R/a is
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K-integral. We say that homogeneous elements gy, ..., gs € R minimally generate the
K-homogeneous ideal a C R if they generate a and no proper subcollection of g, ..., gs
does so.

Lemma 2.2. Let R be a K-graded algebra such that the grading is pointed, factorial
and every homogeneous unit is of degree zero. If g1, ...,8s € R minimally generate a
K -prime ideal of R, then each g; is a K-prime element of R.

Proof. Assume that g; is not K-prime. Then g; is not K-irreducible and we can write
g1 = g g7, with homogeneous non-zero non-units g7, gy € R. As theideal (g1,...,gs) C

R is K-prime, it contains one of g} and g7, say g}. That means that
g1 =higi+ -+ hsgs

holds with homogeneous elements i; € R. Take a coarsening K — Z of the K-grading
as provided by Lemma 2.1 (ii). Then the above representation of g/ yields

degz(g7) = degy (h1) + degz(g1) = -+ = degz (hs) + degz(gs)-

Consequently, degz (g]) > degz(g1) or iy = 0. Since the Z-grading of R is pointed, we
have degy (g}) < degz(g]) + degz(g}) = degz(g1). Thus, 2; = 0 holds. This implies
g1 = g8y € (g2,....8s). A contradiction. [

Given a finitely generated abelian group K and wy, ..., w, € K, there is a unique
K-grading on the polynomial algebra K[T7, ..., T,] satisfying deg(7;) = w; for i =
1,...,r. We call such grading a linear grading of K[T1, ..., T,].

Lemma 2.3. Consider a linear K-grading on K[T1, ..., T;] and a K-homogeneous g €
K[Ti, ..., T;]). Moreover, let 1 < iy,...,iqg < r be pairwise distinct. Assume that T;,
is not a monomial of g and that g, T,, ..., minimally generate a K-prime ideal in
K[T1, ..., T:]. Then we have a presentation

iq

deg(g) = Y ajdeg(Ty). j #i1.....iq. a; € Lxo.

Proof. Suppose that deg(g) allows no representation as a positive combination over the
deg(T;) with j & {i1,...,i4}. Then each monomial of g must have a factor T;; for some
j=1,...,q. Write

g=a1Ti + T, +--+gTi, =&:1Ti, +h,

with polynomials g; € K[T1, ..., T;] such that g; depends on none of Tj,, ..., T;,. By
assumption, g; T3, is non-zero and we have a K-integral factor ring

K[T177Tr]/(g’7;2’77;q) = K[Y}a ,] 7&12’7”]/<81Tz|>

Consequently, g17;, is a K-prime polynomial. This implies g; = ¢ € K* and thus we
arrive at g = ¢T;, + h; a contradiction to the assumption that 7;, is not a monomial
of g. [ ]
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If R is a finitely generated K-graded algebra, then R admits homogeneous generat-
ors fi,..., fr. Turning the polynomial ring K[77, ..., T,] into a K-graded algebra via
deg(T;) := deg( f;), we obtain an epimorphism of K-graded algebras:

o K[Ty,....T,] = R, T; — f;.

Together with a choice of K-homogeneous generators g1, . .., g5 for the ideal ker(rr), we
arrive at K -graded presentation of R by homogeneous generators and relations:

R:K[Tlv--~7Tr]/<glv"'vgs)'

We call such presentation irredundant if ker(sr) contains no elements of the form 7; — h;
with h; € K[T}, ..., T,] not depending on T;.

Proposition 2.4. Let R be a finitely generated K -graded algebra such that the grading is
pointed, factorial and every homogeneous unit is of degree zero. Let

R=KI[T\.....T-)/{g1. ... gs)

be an irredundant K -graded presentation with dim(R) = r — s such that Ty, . . ., T, define
K-prime elements in R. Then, for everyl = 1,...,s, we have

deg(gr) € () cone(deg(Tr): k # i, k # j)  Ko.

1<i<j=<r

Proof. 1t suffices to show that for any two 1 <i < j < r, we can represent each deg(g;)
as a positive combination over the deg(7y ), where k # i, j.Forl =1,...,s, set

81,j = g[(Tl,...,Tj_l,O,Tj_H,...,Tr) (S K[Tl,...,Tr].

Since 7} defines a K-prime element in R, the ideal (7;) € R is K-prime and (7) lifts to
a K-prime ideal

I =(g1,....8.Tj) =(g1,j.--..8s.;. Tj) CK[T1,..., T;].

ThenK([T7,...,T,]/; isisomorphic to R/(T}). The latter algebra is of dimension r —s — 1
due to our assumptions. Thus, g1,;, ..., gs,;, T; minimally generate /;. By Lemma 2.2,
each g; ; is K-prime and hence defines a K-integral factor algebra

K{Tm: m # j1/(g1,j) = K[Th.....T,]1 /(2. Tj).

We conclude that g;, 7; minimally generate a K-prime ideal in K[77, ..., T;]. Thus, we
may apply Lemma 2.3 and obtain the assertion. ]

We turn to the geometric point of view. So, K is now algebraically closed of char-
acteristic zero and R an affine K-graded algebra, where affine means that R is finitely
generated over K and has no nilpotent elements. Then we have the affine variety X with R
as its algebra of global functions and the quasitorus H with K as its character group:

X =Spec R, H = SpecK[K].
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The K-grading of R defines an action of H on X, which is uniquely determined by the
property that each f € R,, satisfies f(h-x) = y“(h) f(x) forall x € X and h € H,
where y" is the character corresponding to w € K. We take a look at the geometric
invariant theory of the H -action on X; see [2,4]. The orbit cone wy < Kq associated
with x € X and the GIT-cone Ay, < K associated with w € Eff(R) are defined as

wyx = cone(w € K; f(x) #0forsome f € Ry), Ay = ﬂ Wy -
xeX, wewy

Orbit cones as well as GIT-cones are convex polyhedral cones and there are only finitely
many of them. The basic observation is that the GIT-cones form a fan A(R) in Kq, the
GIT-fan, having the effective cone Eff(R) as its support.

Remark 2.5. Let K be a finitely generated abelian group and R a K-integral affine
algebra. Fix a K-graded presentation

R=K[T],...,Tr]/<g1,...,gs).

This yields an H -equivariant closed embedding X = V (g1, ..., gs) € K’ of affine vari-
eties. Moreover, we have a homomorphism

0:7Z" — K, v vydeg(Ty)+ -+ v, deg(Ty).

An X -face is a face yo < y of the orthant y := £, admitting a point x € X such that
one has
Xi #0 < e €y

for t_he coordinates x1, . S Xr of x and the canonical basis vectors e, ..., e, € Z". Write
G(X) for the set of all X-faces of y € Q”. Then we have

{O(0): Y0 € B(X)} = {wx; x € X}

That means that the projected X -faces are exactly the orbit cones. The X -faces define a
decomposition into locally closed subsets,

X= U X00). X(n)=lxeXix#0&ecp)cX.
Y0€@(X)

Definition 2.6. Let / = {i;, ..., iy} be a subset of {1,...,r}. Then the face y; of the

orthant y = QX associated with [ is defined as

VI = Yiy,...ix = cone(e;,, ..., e;).
Moreover, for a polynomial g € K[T1, ..., T;], the polynomial g; associated with [ is
defined as

0, igl.

Remark 2.7. In the setting of Remark 2.5, let I = {iy,...,ix} be asubset of {1,...,r}.
(i) yr is an X -face if and only if (g1.1,---.8s,1) contains no monomial.

- - - T;, iel,
gr = g(Ty,...,T,), Ti:={ '
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(ii) If deg(g;) & cone(w;;i € 1) holds for j =1,...,s, then y7 is an X -face.
(iii) If (w;; i € I) is linearly independent in K, then y; is an X -face if and only if
none of g1, ..., gs has a monomial Tllll Tli" with /1, ...,y € Z>o.

Proposition 2.8. Let K be a finitely generated abelian group and R an affine algebra
with a pointed K-grading. Consider a K-graded presentation

R=KI[Ty,....T,)/{g1,---,8s)

such that Ty, . . ., Ty define non-constant elements in R. Assume that there are a GIT-cone
A € A(R) of dimension at least two and an index i with deg(T;) € A°.

(1) There exists a j such that g; has a monomial Tili withl; € Zsy.
(ii) There exists a j such that deg(g;) = I; deg(T;) holds with I; € Zxy.
(iii) If s = 1 holds, then, deg(Ty ) generates a ray of A(R) whenever k # i.

Proof. Because of deg(7T;) € A°, the ray t generated by deg(7;) is not an orbit cone. Thus,
Qsoe; is not an X -face. This means that some g 7 has a monomial Tl.li , which in particular
proves (i) and (ii). To obtain (iii), first observe that deg(7%) € K¢ is non-zero and thus lies
in the relative interior of some GIT-cone ¢ € A(R) of positive dimension. Suppose that
o is not a ray. Then (i) yields that besides Tili also T,i" is a monomial of the relation g;.
We conclude that y; ;. is an X-face. Thus, deg(7;) and deg(7%) lie on a ray of A(R). A
contradiction. -

3. Mori dream spaces

Mori dream spaces, introduced in [25], behave optimally with respect to the minimal
model programme and are characterized as the normal projective varieties with finitely
generated Cox ring. Well-known example classes are the projective toric or spherical vari-
eties and, most important for the present article, the smooth Fano varieties. In this section,
we provide a brief summary of the combinatorial approach [2,5,20] to Mori dream spaces,
adapted to our needs. Moreover, as a new observation, we present Proposition 3.6, locating
the relation degrees of a Cox ring inside the effective cone of a quasismooth Mori dream
space.

Let K be an algebraically closed field of characteristic zero, R be a K-graded affine
K -algebra and consider the action of H = SpecK[K] on variety X = Spec R. Mori dream
spaces are obtained as quotients of the H -action. We briefly recall the general framework.
Each cone A € A(R) of the GIT-fan defines an H -invariant open set of semistable points
and a good quotient:

XM ={xeX;ACw} X, X¥Q) - X*V)/H,

where w, € Kq denotes the orbit cone of x € X. Each of the quotient varieties X** (1) H
is projective over Spec Ry and whenever A’ C A holds for two GIT-cones, then we have
X55(1) € X*$(A’) and thus an induced projective morphism X*$(1)/H — X*S(\")//H
of the quotient spaces.
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The K -grading of R is almost free if the (open) set Xo € X of points x € X with trivial
isotropy group H, C H has complement of codimension at least two in X. Moreover,
the moving cone of R is the convex cone Mov(R) C Kq obtained as the union over all
A € A(R), where X*5(1) has a complement of codimension at least two in X .

Remark 3.1. Let R be a K-graded affine algebra such that the grading is factorial and
any homogeneous unit is constant. Then R admits a system fi, ..., f, of pairwise non-
associated K-prime generators. Moreover, if f1,..., f; is such a system of generators
for R, then the following holds.

(1) The K-grading is almost free if and only if any » — 1 of deg( f1), ..., deg(f)
generate K as a group.

(ii) If the K-grading is almost free, then the orbit cones w,, where x € X, and the
moving cone are given by

wy = cone(deg(f;); fi(x) #0), Mov(R) = ﬂ cone(deg(f;); j #i).

i=1

We say that a K-graded affine K-algebra R is an abstract Cox ring if it is integral, nor-
mal, has only constant homogeneous units, the K-grading is almost free, pointed, factorial
and the moving cone Mov(R) is of full dimension in Kq.

Construction 3.2. Let R be an abstract Cox ring and consider the action of the quasitorus
H = Spec K[K] on the affine variety X = Spec R. For every GIT-cone A € A(R) with
A° € Mov(R)°, we set .
X)) = X*(W)/JH.
The following proposition tells us in particular that Construction 3.2 delivers Mori

dream spaces; see Theorem 3.2.14, Proposition 3.3.2.9 and Remark 3.3.4.2 in [2].

Proposition 3.3. Let X = X (L) arise from Construction 3.2. Then X is normal, projective
and of dimension dim(R) — dim(Kq). The divisor class group and the Cox ring of X are
given as

C(X) =K. RX)= @ IrX.0x(D)) =P Ry =R.
CI(X) K

Moreover, the cones of effective, movable, semiample and ample divisor classes of X are
given in Clg(X) = Kq as
Eff(X) = Eff(R), Mov(X) = Mov(R),
SAmple(X) = A, Ample(X) = A°.
By Corollary 3.2.1.11 in [2], all Mori dream space arise from Construction 3.2. For

the subsequent work, we have to get more concrete, meaning that we will work in terms
of generators and relations.

Construction 3.4. Let R be an abstract Cox ring and X = X (1) be as in Construction 3.2.
Fix a K-graded presentation

R=K[T1,....T;]/{g1,---, &s)
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such that the variables 77, . . ., T, define pairwise non-associated K-primes in R. Consider
the orthant y = QZ, and the projection

0:7" — K, e +— w;:=deg(T;).

An X-face is an X-face yo < y with A° € Q(y0)°. Let rlv(X) be the set of all X -faces
and 7: X*$(1) — X the quotient map. Then we have a decomposition

x= {J X

yo€Erlv(X)

into pairwise disjoint locally closed sets X (yo) := (X (yo)), which we also call the pieces
of X.

Recall that X is Q-factorial if for every Weil divisor on X some non-zero multiple
is locally principal. Moreover, X is locally factorial if every stalk O, where x € X is a
(closed) point, is a unique factorization domain. Finally, X is quasismooth if the open set
X*5(1) C X of semistable points is a smooth variety.

Proposition 3.5. Consider the situation of Construction 3.4.

(1) The variety X is Q-factorial, if and only if dim(1) = dim(Kq) holds for A =
SAmple(X).

(1) The variety X is locally factorial if and only if for every X-face yy <X vy, the
group K is generated by Q(yo N Z7").

(iii) The variety X is quasismooth if and only if every X (yo) consists of smooth points
of X for every X -face yo < .

(iv) The variety X is smooth if and only if X is locally factorial and quasismooth.
We refer to Corollaries 1.6.2.6, 3.3.1.8, and 3.3.1.9 in [2] for the above statements.

Next we describe the impact of quasismoothness has an impact the position of the relation
degrees.

Proposition 3.6. In the situation of Construction 3.4, assume dim(R) = r — s and let X
be quasismooth. Then, for every j = 1,...,s, we have

deggne () (emnzHuJw +0onzn).

yo€rlv(X) i=1
Proof. Consider any X -face y;, where I C {1,...,r}, and choose a point x € X (y1).
Then x; # 0 holds if and only if i € /. For any monomial 7"V, we have
aTY v
ﬁ(x) #0 = veyrUyr+e = deg(T") = Q) € Q(yr) U Q(yr) + wg.

Now, since X is quasismooth, we have gradgj (x) #O0forall j =1,...,s. Thus, every g;
must have a monomial 7%/ with non-vanishing gradient at x. ]

Finally, in case of a complete intersection Cox ring, we have an explicit description of
the anticanonical class; see Proposition 3.3.3.2 in [2].
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Proposition 3.7. In the situation of Construction 3.4, assume that dim(R) = r — s holds.
Then the anticanonical class of X is given in K = CI(X) as

—Kx = deg(T1) +--- + deg(T;) — deg(g1) — -+~ — deg(gs).

4. General hypersurface Cox rings

First, we make our concept of a general hypersurface Cox ring precise. Then we present
the toolbox to be used in the proof of Theorem 1.1 for verifying that given specifying
data, that means a collection of the generator degrees and a relation degree, allow indeed
a smooth general hypersurface Cox ring. We will have to deal with the following setting.

Construction 4.1. Consider a linear, pointed, almost free K-grading on the polynomial
ring S := K[T1, ..., T;] and the quasitorus action H x Z — Z, where

H := SpecK[K], Z :=SpecS =K".

As earlier, we write Q: Z" — K, e; — w; := deg(T;) for the degree map. Assume that
Mov(S) € Kq is of full dimension and fix T € A(S) with t° € Mov(S)°. Set

Z:=27%(), Z:=Z/H.
Then Z is a projective toric variety with divisor class group CI(Z) = K and Cox ring
R(Z) = S. Moreover, fix 0 # u € K, and for g € S, set
Ry :=S/(g), Xg=V(@Q)CZ, Xg:=X,NZ, Xg:=X./HCZ.

Then the factor algebra R, inherits a K-grading from S and the quotient X, € Z is a
closed subvariety. Moreover, we have

Xy € Zg € Z,
where Z, C Z is the minimal ambient toric variety of X, that means the (unique) min-
imal open toric subvariety containing X, .

Remark 4.2. In the situation of Construction 4.1, there is a (unique) GIT-cone A € A(Ry)
such that we have . B B
Xg=X"(), Xg=X"()/H.

Thus, if R is an abstract Cox ring and 77, ..., T, define pairwise non-associated K-
primes in Rg, then Xy is as in Construction 3.4. In particular

Cl(X) = K, R(Xg)=Rg

hold for the divisor class group and the Cox ring of Xg. Moreover, in Kg we have the
following
7° = Ample(Z) C Ample(Z,) = Ample(Xg) = A°.

We are ready to formulate the precise definitions for our notions around hypersurface
Cox rings.
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Definition 4.3. Consider the situation of Construction 4.1.

(i) We call R, a hypersurface Cox ring if Ty, ..., T, define a minimal system of
K-homogeneous generators for R .

(ii) We say that R, is spread if every monomial TV € K[T1, ..., T,] of degree u =
deg(g) € K is a convex combination of monomials of g.

Here, we tacitly identify a monomial 7% = 7} --- T," with its exponent vector v =
(v1,...,vr) € Q" when we speak about convex combinations of monomials.

Remark 4.4. In the setting of Construction 4.1, assume that R, is a hypersurface Cox
ring.
(i) Since T1, ..., T, define a minimal system of K-homogeneous generators, R is
not a polynomial ring.
(i1) As the K-grading is pointed, the 7; define pairwise non-associated K-prime ele-
ments in R, .

(iii) Rg is spread if and only if the Newton polytope of g equals the convex hull over
all monomials of degree . = deg(g) € K.

Definition 4.5. Consider the situation of Construction 4.1 and denote by S, € § =
KTy, ..., T,] the homogeneous component of degree u € K.

(1) A general hypersurface Cox ring is a family R, where g € U with a non-empty
open U C S, such that each R, is a hypersurface Cox ring.

(ii)) We say that a general hypersurface Cox ring R, is spread if each R,, where
g € U, is spread.

(iii) We say that a general hypersurface Cox ring Rg is smooth (Fano) if for some
7 € A(S) all the resulting X, where g € U, are smooth (Fano).

We turn to the toolbox for verifying that given specifying data wy, ..., w, € K and
€ K as in Construction 4.1 lead to a smooth Fano general hypersurface Cox ring R, in
the above sense.

Remark 4.6. In the notation of Construction 4.1, a general hypersurface Cox ring R, is
Fano if and only if the generator and relation degrees satisfy

—K=w; 4+ +w —pu € Mov(Rg)°.

In this case, the unique cone v € A(S) with —K € t° defines Fano varieties X, for all
g € U; see Proposition 3.7 and Remark 4.2.

In the notation of Construction 4.1, we denote by U,, € S, the non-empty open set of
polynomials f € S of degree u € K such that each monomial of S, is a convex combin-
ation of monomials of f.

Remark 4.7. If Ry, where g € U, is a general hypersurface Cox ring, then Rg, where
g € UNU,, is a spread general hypersurface Cox ring. In particular, we can always
assume a general hypersurface Cox ring to be spread.

Remark 4.8. In the situation of Construction 4.1, consider the rings R, for g € U,,. Then
the following statements are equivalent.
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(i) The variables 77, ..., T, form a minimal system of generators for all R,, where
geU,.

(ii) The variables Ty, ..., T, form a minimal system of generators for one Rg with
geU,.

(iii) We have u # w; fori =1,...,r.

(iv) The polynomial g € Uy, is not of the form g = T; + h with i € S}, not depending
on T;.

Lemma 4.9. Consider a linear, pointed K-grading on S := K[T1, ..., T;]. Then, for any
0 # p € K, the irreducible polynomials g € S, form an open subset of S,.

Proof. Lemma 2.1 (ii) provides us with a coarsening homomorphism «: K — 7Z that
turns § into a pointed Z-graded algebra. Then S, is a vector subspace of the (finite dimen-
sional) vector space Sy, of k (u)-homogeneous polynomials and we may assume K = Z
for the proof. Since the K-grading of S is pointed, we have S* = Sy \ {0}. Thus, a poly-
nomial g € S, is reducible if and only if it is a product of homogeneous polynomials of
non-zero K-degree.

Now, letu,v € Z withu + v = p and S,, # {0} # S,. Then the set of -homogeneous
polynomials g admitting a factorization g = fh with f € Sy, h € Sy, is exactly the affine
cone over the image of the projectivized multiplication map,

P(Su) x P(Sy) = P(Sw), ([f].[hD) = [fh]

and thus is a closed subset of S;,. As there are only finitely many such presentations
u + v = p, the reducible g € S, form a closed subset of S,,. ]

Proposition 4.10. Consider the setting of Construction 4.1. For 1 <i < r denote by
Ui €S, the set of all g € S;, such that g is prime in S and T; is prime in Rg. Then
U; € S, is open. Moreover, U; is non-empty if and only if there is a p-homogeneous
prime polynomial not depending on T;.

Proof. By Lemma 4.9, the g € S,, being prime in S form an open subset U < S,. For
any g € U, the variable 7; defines a prime in Ry if and only if the polynomial g; :=
g(T,....T;—1,0,Ti41,...,T,) is prime in K[7}; j # i]. Thus, using again Lemma 4.9,
we see that the g € U with T; € R, prime form the desired open subset U; € U. The
supplement is clear. ]

Checking the normality and K-factoriality of R, amounts, in our situation, to proving
factoriality. We will use Dolgachev’s criterion, see Theorem 1.2 in [16] and [17], which
tells us that a polynomial g = Y a,T" in K[T1, ..., T,] defines a unique factorization
domain if the Newton polytope A € Q" of g satisfies the following conditions:

(i) dim(A) > 4,
(ii) each coordinate hyperplane of Q" intersects A non-trivially,

(iii) the dual cone of cone(A — u; u € Ay) is regular for each one-dimensional face
Ao XA,

(iv) for each face Ag < A the zero locus of 3, @y T" is smooth along the torus
’]I‘r — (K*)r
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We will call for short a convex polytope A € QZ with properties (i)-(ii) from above
a Dolgachev polytope.

Proposition 4.11. In the situation of Construction 4.1, suppose that one of the following
conditions is fulfilled:

(1) K is of rank at most r — 4 and torsion free, there isa g € S;, suchthatTy,...,T;
define primes in Rg, we have y € t° and L is base point free on Z.

(ii) The set conv(v € ZLy; Q(v) = ) is a Dolgachev polytope.

Then there is a non-empty open subset of polynomials g € S,, such that the ring R is
factorial.

Proof. Assume that (i) is satisfied. If © = deg(7;) holds for some i, then, as the grading
is pointed, we have a non-empty open set of polynomials g = T; + & in S, with & not
depending on T;. The corresponding R are all factorial. Now assume p # deg(7;) for
all i. By Proposition 4.10, the set U S, of all prime g € S}, such that Ty, ..., T, define
primes in R, is open and, by assumption, U C S, is non-empty. Remark 4.8 yields that
Ty, ..., T, form a minimal system of generators for R,. We conclude that for all f € U,
the complement of X g 1n X ¢ 1s of codimension at least two. Since u is base point free
and ample on Z, we can apply Corollary 2.3 in [1], telling us that after suitably shrinking,
U is still non-empty and R is the Cox ring of X, for all g € U. In particular, Ry is
K-factorial. Since K is torsion free, Ry is a unique factorization domain.

Assume that (ii) holds. As A := conv(v € ZZ; Q(v) = p) is a Dolgachev polytope,
we infer from Theorem 2 in §2 of [29] that there is a non-empty open subset of polyno-
mials g € S, with Newton polytope A satisfying the above conditions (i) to (iv). Thus,
Dolgachev’s criterion shows that R, is a factorial ring. ]

Proposition 4.12. In the setting of Construction 4.1, assume that Z, and X ¢ both are
smooth. Then X is smooth.

Proof. Consider the quotient map p: Z — Z. Since Zg is smooth, H acts freely on
p~1(Zg). Thus, X, inherits smoothness from Xz = p~1(X,). n

Lemma 4.13. Consider a linear, pointed K -grading on S :=K[Ty,...,T;]. Let A € A(S)
and set W := (K")**(L). Then, for any n € K, the polynomials g € S|, such that grad(g)
has no zeroes in W form an open subset of S,,.

Proof. Consider the morphism ¢: S, x W — K" sending (g, z) to grad,(g) and the
projection pr;: S, x W — S, onto the first factor. Then our task is to show that S, \
pr;(¢~1(0)) is open in S,,. We make use of the action of H = Spec K[K] on W given by
the K-grading and the commutative diagram

Sy xW

S, xW/JH

pry pry
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where the horizontal arrow is the good quotient for H, acting trivially on S, and on W
as indicated above. Since (p_l (0) € Sy, x W is invariant under the H -action, the image
of ¢71(0) in S, x W//H is closed. Since W//H is projective, the image pr; (¢~1(0)) is
closed in Sy,. m

Proposition 4.14. Consider the situation of Construction 4.1. Then the polynomials g €S,
such that g € S is prime and Xg is smooth form an open subset U C §,,. Moreover, U is
non-empty if and only if there are g1, g2 € S;, such that g\ € S is prime and grad(g>) has
no zeroes in Z.

Proof. By Lemma 4.9, the set V; of all prime polynomials of S, is open. Moreover, by

Lemma 4.13, the set of all polynomials of S, such that grad(g) has no zeroes in Z is
open. The assertion follows from U = V; N V,. [

Corollary 4.15. Let X be a variety with a general hypersurface Cox ring R. If X is
smooth, then R is a smooth general hypersurface Cox ring.

Proposition 4.16. Consider the situation of Construction 4.1. If u € CI(Z) is base point
free, then there is a non-empty open subset of g € Sy, such that Xg N Z™# is smooth.

Proof. Observe that P(S,,) is the complete linear system associated with the divisor class
e Cl(Z). If u is a base point free class on Z, we can apply Bertini’s first theorem
(Theorem 4.1 in [30]) stating that there is a non-empty open subset U C S, such that for
each g € U the singular locus of X, is precisely X, N Z*". In particular, X, N Z™8 is
smooth for all g € U. ]

Remark 4.17. In the situation of Construction 4.1, let N(g) be the Newton polytope
of g. For I € {1,...,r}, let yy <y and g; € K[T1, ..., T;] be as in Definition 2.6
and assume Z(yy) # 0. Then Proposition 3.1.1.12 in [2] yields the equivalence of the
following statements.

(i) Wehave Xg N Z(yr) # 9.

(i) We have X, N Z(yr) # @.

(iii)) The polynomial g7 is not a monomial.

(iv) The number of vertices of N(g) contained y; differs from one.
In particular, for the non-empty open subset U,, € S, of polynomials f € S of degree

1 = deg(g) € K such that each monomial of S, is a convex combination of monomials
of f,weobtain Z;, = Z forall g, g’ € U,,.

Definition 4.18. In the setting of Remark 4.17, we call Z,, := Z,, where g € U,,, the
J-minimal ambient toric variety.

Corollary 4.19. In the setting of in Construction 4.1, assume rank(K) = 2 and that
Z,, € Z is smooth. If p € T holds, then [ is base point free. Moreover, then there is a
non-empty open subset of polynomials g € S,, such that Xg4 is smooth.
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Proof. According to Proposition 3.3.2.8 in [2], the class u € CI(Z) is base point free on Z
if and only if the following holds:

e [ Qnizh.

yo€Erlv(Z)

To check the latter, let o € 1lv(Z). As Kg is two-dimensional, we find 1 <i, j <r with
ei,ej € yoand A° C cone(w;, w;)°. If w;, w; generate K as a group, then K is torsion-
free, w;, w; form a Hilbert basis for cone(w;, w;) and thus p is a positive combination of
w;, wj. Otherwise, the toric orbit Z(y;, ;) is not smooth, hence not contained in Z,,. The
latter means V(g) N Z (vi,j) = 9, which in turn shows that g has a monomial of the form

Til’ Tj’ where /; + [; > 0. Thus, u is a positive combination of w; and w;.
Knowing that p is base point free, we obtain the supplement as a direct consequence

of smoothness of Z,;, and Proposition 4.16. m

5. Proof of Theorem 1.1

We work in the combinatorial framework for Mori dream spaces provided in the preceding
sections. The ground field is now K = C, due to the references we use; see Remark 5.4.
The major part of proving Theorem 1.1, is to figure out the candidates for specifying
data of smooth general hypersurface Cox rings of Fano fourfolds of Picard number two.
Having found the candidates, the remaining task is to verify them, that means to show that
the given specifying data indeed define a smooth general hypersurface Cox ring of a Fano
fourfold. The precise setting for the elaboration is the following.

Setting 5.1. Consider a K-graded algebra R and X = X(4), where A € A(R) with A° C
Mov(R)°, as in Construction 3.2. Assume that dim(Kg) = 2 holds and that we have an
irredundant K-graded presentation

R=R;, =CI[T,....T;] /{g)

such that the 7; define pairwise nonassociated K-primes in R. Write w; := deg(7;), u :=
deg(g) for the degrees in K, also when regarded in Kq. Suitably numbering wy, ..., w,,
we ensure counter-clockwise ordering, that means that we always have

i <j = det(w;,w;)>0.

Note that each ray of A(R) is of the form g; = cone(wj; ), but not vice versa. We assume X
to be Q-factorial. According to Proposition 3.5 (i), this means dim(4) = 2. Then the effect-
ive cone of X is uniquely decomposed into three convex sets,

Eff(X) = A~ UA°UAT,

where A~ and AT are convex polyhedral cones not intersecting A° = Ample(X) and A~ N
AT consists of the origin. By Remark 3.1 (ii) and Proposition 3.3, each of A~ and At
contains at least two of the degrees wy, ..., w,.
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Note that A~ as well as AT might be one-dimensional. As a GIT-cone in Kg = @2, the
closure A = SAmple(X) of A° = Ample(X) is the intersection of two projected X -faces
and thus we find at least one of the w; on each of its bounding rays.

Remark 5.2. Setting 5.1 is respected by orientation preserving automorphisms of K. If
we apply an orientation reversing automorphism of K, then we regain Setting 5.1 by
reversing the numeration of wy, ..., w,. Moreover, we may interchange the numeration
of T; and T; if w; and w; share a common ray without affecting Setting 5.1. We call these
operations admissible coordinate changes.

Remark 5.3. In Setting 5.1, consider the rays g; := cone(w;) C Q?,wherei =1,...,r,
and the degree . = deg(g) of the relation. Set

I''=p01U...Ug,, T°:=TNEff(R)".

Then a suitable admissible coordinate change turns the setting into one of the following:

Yugl (ITa) 91 = gg (IIb) gé (Ic) ,91 75 02 (I11) p € o1
Or—1 = Or Q -1 = Or—1 Or

where the figures exemplarily sketch the case r = 5, the black dots indicate the generator
degrees, and the white dot stands for the relation degree.

Our proof of Theorem 1.1 will be split into Parts I, I1a, IIb, IIc and III according to the
constellations of Remark 5.3. We exemplarily present Parts I, Ila and III. The remaining
parts use analogous arguments and will be made available in [33]. The reason why we
restrict Theorem 1.1 to the ground field K = C is that we use the following references on
complex Fano varieties.

Remark 5.4. Let X be a smooth complex Fano variety. Then the divisor class group
CI(X) of X is torsion free; see for instance Proposition 2.1.2 in [37]. Moreover, if dim(X)
= 4 holds, then Remark 3.6 in [8] tells us that any QQ-factorial projective variety being
isomorphic in codimension one to X is smooth as well. In terms of Construction 3.2, the
latter means that all varieties X () are smooth, where n € A(R) is full-dimensional with
n° € Mov(R)°.

We treat Case 5.3 I that means that the degree of the defining relation is not propor-
tional to any of the Cox ring generator degrees. Here are first constraints on the possible
specifying data in this situation.
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Proposition 5.5. In Setting 5.1, assume thatr =7, K = 7.2 holds, every two-dimensional
A € A(R) with A° € Mov(R)° defines a locally factorial X(A) and pu does not lie on
any of the rays 01, ..., 07. Then, after a suitable admissible coordinate change, we have
1 € cone(wy, ws)° and one of the following holds:

(i) w; = wy and ws = weg, (iv) wy = w3 and we = w7,
(i) w; = wy and wg = wy, v) w3z = wyg and ws = we,
(iii)) wy = w3 and ws = wg, (vi) w3z = wyg and weg = wr.

Lemma 5.6. Consider a locally factorial X = X(A) arising from Construction 3.4 with
only one relation, i.e., s = 1. Let i, j with A C cone(w;, w;). Then either w;, w; gener-

ate K as a group, or g1 has precisely one monomial of the form Tl.li T]l’ , where I; +1; > 0.

Proof. If y; j is an X -face, then Proposition 3.5 (ii) tells us that w; and w; generate K as
a group. Now consider the case that y;,; not an X -face. Then we must have A° € Q(y;,;)°
or y; ; is not an X -face. Proposition 3.5 (i) excludes the first possibility. Thus, the second

one holds, which in turn means that g; has precisely one monomial of the form Tili lej ,
where [; +1; > 0. u
Lemma 5.7. Let X = X(A) be as in Setting 5.1 andlet 1 <i < j <k <r.If X is locally

factorial, then w;, w;j, wy generate K as a group provided that one of the following holds:
(i) wi,wj €A™, wg € AT and g has no monomial of the form Tl",
(i) w; € A7, wj, wg € AT and g has no monomial of the form TiIi.

Proof. Assume that (i) holds. If K is generated by w;, wg or by w;, wg, then we are
done. Consider the case that none of the pairs w;, wr and w;, wg generates K. Applying
Lemma 5.6 to each of the pairs shows that g has precisely one monomial of the form

Tili Tkl" with [; + [ > 0 and precisely one monomial of the form T]l’ Tklk with ; +[; > 0.
By assumption, we must have /;, [; > 0. We conclude that y; ; x is an X-face. Since X is
locally factorial, Proposition 3.5 (ii) yields that w;, w;j, wg generate K. If (ii) holds, then
a suitable admissible coordinate change leads to (i). [

Lemma 5.8. Assume u,wy, w, generate the abelian group Z2. If w; = a; w holds with a
primitive w € 7.2 and a; € 7, then (u,w) is a basis for Z* and u is primitive.

Lemma 5.9. Let wy, ..., ws € Z? be such that det(wy, w3), det(w;, ws), det(ws, w3)
and det(wz, wyq) all equal one. Then wy = wy or w3 = wy holds.

Proof of Proposition 5.5. The assumption u & o; yields 0; € A(R) fori =1,...,7, see
Remark 2.7 (ii). Proposition 2.4 gives i € cone(ws, ws). The latter cone is the union of
cone(ws, wq) and cone(wy, ws); both are GIT-cones, one of them is two-dimensional
and hosts w in its relative interior. A suitable admissible coordinate change yields u €
cone(wgy, ws)°.

First we show that if w; € g; holds for some 1 <i < j <4, then two of ws, we, w7
coincide. Consider the case ws, wg € 5. By assumption, X(A) is locally factorial for
A = cone(ws, ws). Thus, we can apply Lemma 5.7 to w;, w;, ws and also to w;, w;, We
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and obtain that each of the triples generates K as a group. Lemma 5.8 yields that ws
and wg are primitive and hence, lying on a common ray, coincide. Now, assume wg ¢ Q5.
Then we consider X = X(A) for A = cone(ws, wg). Using Lemma 5.7 as before, we
see that w;, w;j, we as well as w;, w;, w7 generate K as a group. For the primitive gen-
erator w of o; = gj, we infer det(w, we) = 1 and det(w, w7) = 1 from Lemma 5.8.
Moreover, ys6 and ys 7 are X-faces due to Remark 2.7 (ii). Thus, Proposition 3.5 (ii)
yields det(ws, wg) = 1 and det(ws, w7) = 1. Lemma 5.9 yields we = w5.

We conclude the proof by showing that at least two of wy, ..., w4 coincide. Con-
sider the case wy € @3. Then, by the first step, there are 5 < i < j < 7 with w; = w;.
Taking X(A) for A = cone(ws, ws) and applying Lemma 5.7 to wo, w;, w; as well as to
w3, w;, wj, we obtain that each of these triples generates K. Because of w; = w;, we dir-
ectly see that w, and w3, each being part of a Z-basis, are primitive and hence coincide.
We are left with the case that A’ = cone(w,, w3) is of dimension two. By assumption, the
variety X’ defined by A’ is locally factorial. Moreover, Remark 2.7 (ii) provides us with the
X'-faces y1.3, V2.3, 1,4 and 2 4. By Proposition 3.5 (ii), all corresponding determinants
det(wg, wy,) equal one. Lemma 5.9 shows that at least two of wq, . .., w4 coincide. [

We are ready to enter Part I of the proof of Theorem 1.1. The task is to work out
further the degree constellations left by Proposition 5.5. This leads to major multistage
case distinctions. We demonstrate how to get through for two of the constellations of
Proposition 5.5, chosen in a manner that basically all the necessary arguments of Part I of
the proof show up. For the full elaboration of all cases we refer to [33].

Proof of Theorem 1.1, Part 1. In this part, we treat the case that © = deg(g) does not lie
on any of the rays o; = cone(w;). In particular, by Remark 2.7 (ii), all rays o1, ..., 07
belong to the GIT-fan A(R). By Remark 5.4, every two-dimensional n € A(R) with n° C
Mov(R)° produces a smooth variety X (7). Thus, we can apply Proposition 5.5, which
leaves us with . € cone(wq, ws)° and the six possible constellations for wq, .. ., w7 given
there. Again by Remark 5.4, the divisor class group of X is torsion free, that means that
we have K = Z2.

Constellation 5.5 (i). We have w; = w; and ws = we. Lemma 5.7 applied to wy, wa, ws
shows that w, ws form a basis of Z2. Thus, a suitable admissible coordinate change gives
w; = (1,0) and weg = (0, 1). Applying Lemma 5.7 also to wy, wp, w7 and w;, ws, We,
where i = 1,...,4, yields the first coordinate of wy, ..., w4 and the second coordinate
of w7 equal one. Thus, the degree matrix has the form

B 11 1 100 —a
Q_[wl"“’w7]_[0 0 by by 1 1 1

We determine the possible values of b3 and by4. If b3 > 0 holds, then n = cone(w,, w3)
is two-dimensional and satisfies n° € Mov(R)°. Because of y € cone(wy, ws)°, none of

]a b3ab47a7 GZZO'

the monomials of g is of the form Tll1 T]l’ with j = 3,4. Lemma 5.6 applied to X(n) gives
b; = det(wy, w;) = 1for j = 3,4.If b3 = 0 and b4 > 0 hold, we argue similarly with
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n = cone(ws,, wq) and obtain by = 1. Altogether, we arrive at the three cases:

55(G-a)ybs=bs=0, 55(@brbs=0bs=1  55(-c):bs=hbs=1.

Case 5.5 (i-a). Here, the semiample cone A of X = X(A) must be the positive orthant.
Thus, X being Fano just means that both coordinates of the anticanonical class — Ky €
K = 772 are strictly positive. According to Proposition 3.7, we have

—Kx =4 —a7;—p1, 3— ).

We conclude 1 < up <2and 1 < u; < 4 — a7, which implies in particular 0 < a7 < 2.
Thus, the weights wy, ..., w7 and the degree © must be as in Theorem 1.1, Numbers 1
to 12. We exemplarily verify the candidate Number 12; the others are settled analogously.
We have to deal with the specifying data

I 1 11
Q_[wl»'-‘»w7]_|:0 0 O O

We run Construction 4.1 with T € A such that — K = (1, 1) € t°, and show that the result is
a smooth general hypersurface Cox ring R, . First, one directly checks that the convex hull
over the v € Z” with Q(v) = u is Dolgachev polytope. Thus, Proposition 4.11 (i) delivers
anon-empty open set U C S, such that R, is factorial for all g € U. Since p 7# w; holds
for all 7, Remark 4.8 ensures that 71, ..., 77 are a minimal system of generators for R,
whenever g € U. For i # 5,6, the degree w; of T; is indecomposable in the monoid
Eff(Rg) N K. We conclude that T; is irreducible and thus prime in Rz, whenever g € U.
To see primality of 75 and T, we use Proposition 4.10, where we can take T Ti2 - T25 T72
for i = 6,5 as the required p-homogeneous polynomial in both cases. The ambient toric
variety Z is smooth due to Proposition 3.5 (iv). Thus, also Z,, is smooth. Because of
€ t°, Corollary 4.19 applies and, suitably shrinking U, we achieve that X is smooth
forallg e U.

Case 5.5 (i-b). Here, either A = cone(ws, w4) or A = cone(wy, ws) holds. In any case, the
anticanonical class is given as

—Kx = (@4 —a7;—p1, 4— po).

First assume that A = cone(ws, w4) holds. Then, X being Fano, we have —JKx € A°. The
latter is equivalent to the inequalities

4—puy > 0, pp—pr—ay > 0.

Using u € cone(wy, ws)°, we conclude 1 < u; < p <3 and 0 < ay < 1. Thus, we end
up with

a; =0and u=(1,2),(1,3),(2,3), ay;=1and u=(1,3).
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Note that in all cases, y1,2,3,4 is an X -face according to Remark 2.7 (ii). Since X is quas-
ismooth, Proposition 3.6 yields

w€ Q234 Uws+ 0y123,4)-

This excludes a; = 0 and u = (1, 3). The remaining three cases are Numbers 13 to 15
of Theorem 1.1. All these candidates can be verified. Indeed, take T = cone(ws, wy4) for
all three cases and observe —J € cone(ws, wy4)°. As in Case 5.5 (i-a), we find a non-
empty open subset U of polynomials g € S, such that R, admits unique factorization,
see that 71, ..., T7 define pairwise non-associated primes in R, and observe that Z and
thus also Z,, are smooth. For smoothness of X, it suffices to show that X ¢ 18 smooth;
see Proposmon 4.12. By Proposition 4.14, it suffices to find some g € S, such that grad(g)
has no zeroes in Z, then shrinking U suitably yields that X is smooth for all g € U. We
just chose a random g of degree p and verified this using [22]. For instance, for a; = 0
and p = (1, 2), that means Number 13, the following g does the job:

8T1TZ + TT1TsTs + TT1 TsT7 + 6T\ T¢ + 4T T6T7 + Th T + TT> T2 + 1T>TsTs
+ 310 TsT7 + 8ToTE + 5TaTe Ty + 8ToT3 + 5T3TZ + 4T3 TsTs + 9T3T5T;
+ 2T3T¢ + 9T3T6T7 + T3T7 + 8TuTs + 3T4Ts + 6T4T5.
Now, assume that A = cone(wgy, ws) holds. The condition that X = X(A) is Fano means

—Kx € A°, which translates into the inequalities 0 < 4 — a7 — 1 < 4 — u,. Moreover,
€ A° implies 1 < p, and we conclude

I <p1 <p2<pr+a; <3

This is only possible for a; = 2 and & = (1, 2). Then we have ws = (1, 1) and w7 =
(=2, 1). In particular, g admits no monomial of the form T‘f“ T7l7. Lemma 5.6 tells us that
w4 and w7 generate K = Z2 as a group. A contradiction.

Case 5.5 (i-c). Remark 5.4 and Lemma 5.7 applied to X(n) with n = cone(wg, ws) and
w3, Wy, w7 yield det(wy4, w7) = 1. From this we infer a7 = 0. Thus, either A = cone(w,, w3)
or A = cone(wy, ws) holds. In any case, the anticanonical class is

—Kx = (4— 1, 5— p2).

Assume A = cone(w,, w3). Then the Fano condition —Kx € A° implies pq + 1 < .
Remark 2.7 (ii) says that y; 2 3,4 is an X -face. As before, Proposition 3.6 gives

n € Q(y12,34) Uwrs+ O(y1,2,34).

We conclude @7 + 1 > w,. A contradiction. Now, assume A = cone(wg, ws). Then — Ky
€ A°yields u; > p,. But we have u € cone(wg, ws)®, hence (41 < Wy. A contradiction.

Constellation 5.5 (ii). We have w; = w, and wg = w7. Lemma 5.7 applied to wy, we, w7
shows that wy, w7 generate Z2. Hence, a suitable admissible coordinate change yields
w; = wy = (1,0) and wg = w; = (0, 1). Now, applying Lemma 5.7 to w3, we, w7 and
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w4, We, W7, We obtain that the first coordinates of w3 and w4 both equal one. Thus, the
degree matrix has the form

B 11 1 1 as 0 0
Q—[wl,...,UJ7]—|:O 0 b3 b4 1 1 1], a5,b3,b4eZZ().

By assumption w4 and ws do not lie on a common ray. Consequently, b4 = 0 or as = 0
holds. If a5 = 0 holds, then we are in Constellation 5.5 (i) just treated. So, assume a5 > 0.
Then b3 = by = 0 holds. Taking X (#) for n = cone(ws, we) and applying Lemma 5.6 to
ws, We yields as = 1. We arrive at the degree matrix

1111100
Q‘[wl"“’wﬂ‘[o 000 1 1 1]'

Observe that either A = cone(wg, ws) or A = cone(ws, we) holds. In any case, the anti-
canonical class of X = X(A) is given as

—Kx = (5—p1, 3— pa).

First, assume A = cone(w4, ws). Then X being Fano means 0 <3 — up <5 — pq. We con-
clude py <2and pq < p2 + 1. Moreover, p € cone(ws, ws)® gives 0 < up < ;. Thus,
we have w1 = up + 1 and arrive at the possibilities u = (2, 1), (3, 2), which are Num-
bers 16 and 17 in Theorem 1.1. Showing that these constellations indeed define smooth
Fano varieties runs exactly as in Case 5.5 (i-a). Now, let A = cone(ws, we). Then X being
Fano gives 0 <5 — 1 <3 — up. We conclude p = (4, 1). Remark 2.7 (ii) provides us with
the X -face ys ¢,7. Proposition 3.6 says that  should lie in Q(ys,6,7) orin wy + Q(ys,6,7)-
A contradiction. ]

We treat Case 5.3 Ila, that means that the degree of the relation lies in the interior of
the effective cone, is proportional to some Cox ring generator degree and 0; = 03, as well
as or—1 = o hold.

Lemma 5.10. In Setting 5.1, assume that Mov(R) = Eff(R) and u € Eff(R)° hold. Let Q
denote the set of two-dimensional A € A(R) with A° C Mov(R)°.

1) If X(A) is locally factorial for some A € 2, then Eff(R) is a regular cone and
every w; on the boundary of Eff(R) is primitive.

(i) If X(A) is locally factorial for each A € R, then, for any w; € Eff(R)°, we have
w; = w1 + wy or g has a monomial of the form Y"l-li.

Proof. We show (i). Let w; € o,. Due to u € Eff(R)°, the relation g has no monomial
of the form Til". Thus, Lemmas 5.7 and 5.8 applied to the triple w;, w,, w; show that w;
is primitive. Analogously, we see that any w; € o; is primitive. In particular, we have
w1 = wy. Thus, applying Lemma 5.7 to wy, wy, w,, we obtain that Eff(R) is a regular
cone.

We turn to (ii). By (i), we may assume w; = wy = (1,0) and w,—; = w, = (0, 1).
Consider w; € Eff(R)° such that Tl.li is not a monomial of g. Then we find GIT-cones A1 <
cone(wi,w;) and A, C cone(w;, w,) defining locally factorial varieties X (A1) and X (A,)
respectively. Lemma 5.7, applied to w;, w, w; together with X (1) and to w;, wy—1, Wy
together with X (A,) shows w; = (1,1) = wy + w,. |
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Lemma 5.11. In Setting 5.1, assume that X = X(A) is locally factorial and Rg is a
spread hypersurface Cox ring.

(1) If w; lies on the ray through |, then g has a monomial of the form Til", where
I > 2.

(ii) If wi, wj, wherei # j, lie on the ray through i, then 0; = 0; € A(Ry) holds.

Proof. We show (i). Suppose that g has no monomial of the form Til" where [; > 2. As R,
is a hypersurface Cox ring, also 7; is not a monomial of g. Then, on one of the extremal
rays of Eff(R), we find a w; such that y; ; is a X-face; see Remark 2.7 (i). Proposi-
tion 3.5 (ii) yields that w;, w; generate Z? as a group. In particular, w; is primitive. Hence
1 = kw; holds for some k € Z>;. As R, is spread, Tik must be a monomial of g. In
addition, we obtain k > 2. A contradiction.

We prove (ii). Assertion (i) just proven and Remark 2.7 (i) tell us that y; ; is an X -face.
Thus, being aray, Q(y;,;) = 0; = o; belongs to the GIT-fan A(Ry). L]

Proof of Theorem 1.1, Part Ila. We deal with the specifying data of a smooth general
hypersurface Cox ring R as in Remark 5.3 Ila defining a smooth Fano fourfould X =
X(A). By Proposition 2.4, the relation degree u lies on g3, 04 or o5. We claim that we
cannot have o3 = g4 = 5. Otherwise Lemma 5.11 shows n = cone(w;, w3) € A(R).
Since X (1) is smooth by Remark 5.4, we may apply Lemma 5.7 to the triple wy, w3, wy.
According to Lemma 5.8, we obtain det(w,v) = 1, where v denotes the primitive gener-
ator of the ray 03. Analogous arguments yield det(v, w7) = 1. Using both determinantal
equations, we conclude that v and w; + wy are collinear. In particular, w; 4+ w7 generates
03 = 04 = 05. Lemma 5.10 (i) tells us w; = w;, and wg = w7. As aresult, Proposition 3.7
gives —Kx € 03. Moreover, Lemma 5.11 (ii) tells us 03 € A(Rg) and thus A = g3, which
contradicts Q-factoriality, see Proposition 3.5 (i). A suitable admissible coordinate change
yields p ¢ o5 and we are left with the following three constellations:

(i) 03 = 04, | € 03 (i) 03 # 04, I € 03 (iii) 03 # Q4. |4 € 04

By Lemma 5.10 (i), we can assume w; = w, = (1,0) and we = w7 = (0, 1). We show
ws = (0, 1). Otherwise, by Lemma 5.10 (ii), we must have ws = (1, 1). Consider A’ =
cone(ws, we). Then w ¢ A’ holds. Remark 2.7 (ii) tells us that ys5 6 is an X’-face and
hence A’ is a GIT-cone. The associated variety X’ is smooth according to Remark 5.4.
Thus, Proposition 3.6 yields u € w; + A’ for some 1 <i < 7. By the geometry of the
possible degree constellations, only i = 1, 2 come into consideration. We conclude u =
(e +1,e+ f) with e, f € Zx¢. Positive orientation of (i, ws) gives f = 0. Hence, u
is primitive. By Lemma 5.11 (i), this contradicts R, being a spread hypersurface ring.

Constellation (i). Let v = (vq, v2) be the primitive generator of o3 = 4. Thanks to
Lemma 5.11 (ii), we have 03 € A(Rg) and thus also A’ = cone(ws, w7) is a GIT-cone.
The associated variety X’ is smooth by Remark 5.4. Applying Lemmas 5.7 and 5.8 to
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the triple w3, w4, w7 yields vy = 1 and that the first coordinates of w3, w4 are coprime.
Arguing similarly with wy, w3, wa gives v, = 1. So, the degree matrix has the form

11 b 00 0
Q:[wl,...,w7]=|:o 0 Z A 1] a.b €Ly, ged(a.b) = 1.

We may assume a < b. By Lemma 5.11 (i), the relation g has monomials of the form T3l3

and T41“. Since ged(a, b) = 1 holds, we conclude pu; = puy = dab with d € Z>;. In
particular i, > ab holds. By Proposition 3.7, the anticanonical class is given as

—Kx=Q+a+b—p1,3+a+b— ).

From X being Fano we deduce —Kx € Eff(R)°, that means that each coordinate of —Kx
is positive. Thus, we obtain

24+a+b>dab > ab.

This impliesa = 1 ora = 2,b = 3. In the case a = 1, using the inequality again leads to
34+ (1 —d)b > 0 and we end up with possibilities

b=1,d=2,3, b=2,d=2,

leading to the specifying data of Numbers 22 to 24 of Theorem 1.1. The constellation
a = 2,b = 3 immediately implies d = 1, which gives the specifying data of Number 25
of Theorem 1.1.

It remains to show that these specifying data yield Fano smooth general hypersurface
Cox rings. We work in the setting of Construction 4.1 and treat exemplarily Number 25.
From Remark 4.8 we infer that for all g € U, the algebra Rz has Ty, ..., T7 as a minimal
system of generators R,. Moreover, Proposition 4.10 provides us with a non-empty open
subset U € §,, such that 71, ..., T7 define primes in R, forall g € U, provided we deliver
for each i a pu-homogeneous prime polynomial not depending on 7;. Here they are:

T; —T7 fori =1,2,5,6,7, TPTS —TRTST; fori = 3,4.

In Construction 4.1, consider A = cone(ws) € A(Rg). Then A° € Mov(S)® holds and we
have u € A°. One directly verifies that u is basepoint free for Z. Thus, Proposition 4.11 (i)
shows that after shrinking U suitably, R, admits unique factorization in R, forall g € U.
Since X, should be a Fano variety, —K = (1,2) has to be ample and thus we have to take
A = cone(wy, ws). Then Z,, is smooth and p € A holds. Thus, Proposition 4.19 shows
that after possibly shrinking U again, X is smooth forall g € U.

Constellation (ii). Here we obtain wy = (0, 1) by the same arguments used for showing
ws = (0, 1). Write w3 = (a3, b3) and let k be the unique positive integer with . = kws.
Then k > 2 as R, is spread and T, ..., 77 form a minimal system of generators. By
Proposition 3.7, the anticanonical class of X = X(A) is given as

—Kx = 2+ (1 —k)as, 4+ (1 —k)b3).

Moreover, we have 93 & A(Rg) due to Lemma 5.11 (i) and Remark 2.7 (i), the defining
GIT-cone A of X is the positive orthant. Thus the Fano condition —Kx € A° simply means
that both coordinates of —Jy are positive. This leads to a3 = 1, k = 2 and b3 < 3. These
are Numbers 26 to 28 of Theorem 1.1.
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The verification of these candidates as specifying data of a general smooth Fano hyper-
surface Cox ring is done by the same arguments as in Case 5.5 (i-a) from Part I, except
that for Numbers 27 and 28 one has to verify smoothness of Z,, explicitly.

Constellation (iii). We obtain w3 = (1, 0) by analogous arguments as used for showing
ws = (0, 1) before. The degree w4 = (a4, b4) has to be determined. A suitable admissible
coordinate change yields a4 > b4. By Proposition 3.7, the anticanonical class of X = X(1)
is given as

—Kx =B+ (1 —k)as, 3+ (1 —k)bs),

where k € Zx is defined via . = kws. As in the preceding constellation, we see that A
is the positive orthant. Thus, X (1) being Fano just means that both coordinates of —JKx
are positive. We end up with the specifying data from Numbers 29 to 32 of Theorem 1.1.

In order to verify these candidates, one proceeds by the same arguments as used in
Case 5.5 (i-a) from Part I, except that smoothness of Z,, has to be checked explicitly. m

We treat Case 5.3 III, that means that the degree p of the relation lies in the bounding
ray o; of the effective cone.

Lemma 5.12. Let X = X(A) be as in Setting 5.1, and let 1 <i < j < r be such that g
neither depends on T; nor on T;. If X is quasismooth, then w;, w; lie either both in A~
orbothin A ™.

Proof. Otherwise, we may assume w; € A~ and w; € A*. Then y; ; is an X-face and
X (yi,7) is a singular point of X. According to Proposition 3.5 (iv), this contradicts quas-
ismoothness of X. =

Proof of Theorem 1.1, Part IIl. We may assume that the ray p; is generated by the vec-

tor (1, 0). Let m be the number with wy, ..., w, € 01 and Wy 41, ..., w7 & 01. Observe
that due to i € o1, the relation g only depends on T, ..., Ty,.
The first step is to show that only for m = 5, the specifying data wy, ..., w7 and p in

K = 72 allow a hypersurface Cox ring. Since it € g1, Proposition 2.4 yields m > 3. As
Mov(X) is of dimension two, we must have m < 5; see Setting 5.1. Lemma 5.12 shows
Wmgls---> Wy € At Applying Lemma 5.7 to triples wy, w,, w; fori > m + 1, we obtain

n=(u,0, w =1(a;0),i=1,....m, w;=(a,1),i=m+1,...,7,

where, for any two 1 <i < j <m, the numbers a; and a; are coprime and we may assume
a7 = 0. Moreover, we must have a,,+1 = --- = a¢, because otherwise we obtain a GIT
cone A # n € A(R) with n° € Mov(R)° and the associated variety X (n) is not quasismooth
by Lemma 5.12, contradicting Remark 5.4. Proposition 3.7 and the fact that X is Fano
give us

(a1 +--+asg—pu1, 7—m) = =Ky € A° = cone((1,0), (am+1,1))°.

Since ay, ..., an are pairwise coprime, the component (1 of the degree of the relation g
is greater or equal to aq - - - a,. Using moreover a,,+1 = -+ = dg, we derive from the
above Fano condition

ar-am =1 <ay+-+am—Aam+i,
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where we may assume a; < --- < a,,. We exclude m = 3: here, g = g(T1, T2, T3), the
above inequality forces a; = a; = 1, hence g(77, T»,0) is classically homogeneous and 73
is not prime in R, a contradiction. Let us discuss m = 4. The above inequality and pairwise
coprimeness of the a; leave us with

61126122613:1, a1=a2=1,a3:2,a4=3.

In the case a3 = 1, we must have p; = kas4 with some k € Zs,, because otherwise,
the relation would be redundant or, seen similarly as above, one of T, T>, T3 would not
be prime in R. The inequality gives (k — 1)agq < 3 — a;41. We arrive at the following
possibilities:

am+1=a4=1,k=2, am+1:O,a1=1,k=2,3, am+1=0,a1=k=2.

The first constellation implies that R is not factorial and hence is excluded. In the each of
remaining ones, X is a product of P, and a surface Y which must be smooth as X is so.
Moreover, for the Picard numbers, we have

p(X) = p(P2) + p(Y).

Thus, p(Y) = 1. Finally, being a Mori fiber, Y is a del Pezzo surface. We arrive at Y = P,
and hence X is toric. A contradiction to X having a hypersurface Cox ring. We conclude
that m = 5 is the only possibility. In this case, A = cone(w;, we) holds and our degree
matrix is of the form

a ... as ae O
Q:[wlv"-7w7]:[ Ol 05 16 1}7 15015"'5@5,05a6.

As mentioned before, g neither depends on T nor on 77. Consequently, we can write R
as a polynomial ring over a K-graded subalgebra R’ C R as follows:

R=R'Ts.T7], R :=CI[T1,....Ts5]/(g).

Moreover, R’ is Z-graded via deg(T;) := a;. We claim that the Z-graded algebra R’ is a
smooth Fano hypersurface Cox ring. if the K-graded algebra R is so. First observe that R’
inherits the properties of an abstract Cox ring from R. Moreover, with X’ = V(g) € C?,
we have X = X’ x C2. Now, the action of the one-dimensional torus H’ = Spec C[Z]
on X’ admits a unique projective quotient in the sense of Construction 3.2, namely

X' =X'JH, X =X \{0}.

Propositions 3.3 and 3.7 show that X’ is a Fano variety. Observe that each X’-face of
Yo <y’ of the orthant y’ € Q° defines and X -face yo = y}, + cone(es, €7). In particular,
using Proposition 3.5 (ii) and (iv), we see that X’ is smooth if X is so. Moreover, R’ is a
smooth hypersurface Cox ring if R is so. The smooth Fano threefolds with hypersurface
Cox ring are listed in Theorem 4.1 of [15], which gives us the possible values of ay,...,as
and from the Fano condition on X, we infer ag + (1 < aj + -+ + as. So, we end up with
the specifying data as in Theorem 1.1 Numbers 58 to 67. To show that these data indeed
produce smooth Fano general hypersurface Cox rings, one proceeds by using our toolbox
in a similar way as in the previously presented parts of the proof. ]
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6. Birational geometry

We begin with a look at the birational geometry of the Fano fourfolds from Theorem 1.1.
Let us briefly recall the necessary background. Consider any Q-factorial Mori dream space
X = X(A) arising from an abstract Cox ring R = @k Ry, as in Construction 3.2. Assume
that Ko = Clg(X) is of dimension two. Then the GIT-fan A (R) looks as follows:

where, as in Setting 5.1, we order the generator degrees wy, ..., w, € K of R counter-
clockwise. The moving cone Mov(X) is spanned by w, and w,—;. If w, € A holds, then
with T = cone(w;) we have

)ZSS ()’) g XSS (‘L'),

which induces a morphism 77: X — Y from X = X**(1)//H onto Y = X*%(t)//H . Recall

that 7 is an elementary contraction in the sense of [8]. In particular, we have the following

two possibilities:

o If wy & cone(w;) holds, then 7r: X — Y is birational and contracts the prime divisor
Dy C X corresponding to the ray through w;. In this case, we write X ~ Y for the
morphism 7 and denote by C C Y the center of the contraction.

e m:X — Y isaproper fibration with dim(Y) < dim(X). In this case, we write X — Y
for the morphism 7 and denote by F € X the general fiber.

Similarly, if w,—, € Mov(X) holds, we use the same notation. In general, A need not
to have common rays with Mov(X). However, given a ray ¢ € Mov(X), we find a small
quasimodification X --> X', where X’ stems from a chamber A’ € A(R) sharing the ray
o with Mov(X). We then write X’ ~ Y or X’ — Y etc. accordingly.

Remark 6.1. If X is as in Theorem 1.1, then X admits at least one elementary contraction
and at most one small quasimodification X --> X’. If there is one, then X’ is smooth due
to Remark 5.4.

Now assume in addition that X has a hypersurface Cox ring and consider the toric
embedding X = X; C Z from Construction 4.1. Given an elementary contraction of
m: Xg — Y, a suitable choice of the cone 7 in Construction 4.1 leads to a commutative
diagram

X ¢ Z
]
Y << w

where wz: Z — W is an elementary contraction of the ambient toric variety Z. In partic-
ular, we have in this setting that for every point y € Y, the fiber 771 (y) C X is contained
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in the fiber ngl (y) € Z. This gives in particular a description for the general fiber F C X
as a subvariety of the general fiber F'z C Z.
Let us fix the necessary notation to formulate the result. By Y gkt gkn W€ denote

R

a (not necessarily general) hypersurface of degree d in the weighted projective space
]P’ak1 dn where, as usual, af" means that ¢; € Z>; is repeated k; times. For a hypersur-

1 »@n

face of degree d in the classical projective space P, we just write Y;.,. In our situation,
this notation applies to the target spaces ¥ C W in case of a birational elementary con-
traction and to the general fiber F' C Fz in case of a fibration.

Proposition 6.2. The subsequent table lists the possible elementary contractions for X
as in Theorem 1.1, where X is not a cartesian product,; the notation Y * in the context of
a birational contraction indicates that the target space is singular.

No. Contraction 1  Contraction 2 No.  Contraction 1 Contraction 2
1 X — P X —> P 14 X — P X — P,
F =Y F =Y F=Ys3 F =13
5 X—)P3 X—)Pz 15 X-)]P)z X/’\'Y4;15,2
F = Y1;2 F = Y2;3 F = Y3;2 cC=mPm
3 X — P3 X —> P 16 X — P3 X - P
F = Y1;2 F = Y3;3 F = Y1;2 F = Y2;4
4 X — P3 X —> P 17 X — P3 X - P
F = Y2;2 F = Y1;3 F = Y2;2 F = Y3;4
5 X — P3 X - P 18 X ~Yas X — P
F = Y2;2 F = Y2;3 C = Pz F = Y3;3
6 X — P3 X - P 19 X ~ Y35 X — P
F = Y2;2 F = Y3;3 C = Pz F = Y2;3
7 X — P X ~ Y25 0 X ~ Y5 X—>P
F =T C =P C =P F="3
8 X — ]P)3 X ~ Y3;5 21 X ~ Y4;15’2 X — Pl
F =Y C =P C =P F=Y34
9 X — P3 XNY?:S » X/—>]P)1 X —> Py
F =Y cC=Pr F=Y4 F=Y3
10 X —>P3 X"’Y4>‘Z5 23 X - P X —> Py
F=Y2;2 C="r F=Y3;4 F=Y3;3
1 X - P X~ Y3"214’22 4 X - P X —>P,
F == Yl;2 C = P] F = Y4;14’2 F = Y4;13’2
1 X > P3 X~YS s 25 X' =P X—>P
F =Yy Cc=P F=Yg1303 F=Yg1253
" X->P X - P, 2% X —->P X —P3

F = Y2;3 F = Y1;3 F = Y2;4 F = Y2;2
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No Contraction 1 Contraction 2 No Contraction 1 Contraction 2
*
27 X —> P X — P3 45 X ~ Y8;13,22,4 X —> P
F=Ysq4, F =Y C=Y412 F=Y413,
28 X—>P X—P; 16 X ~Ye1423 X - P,
F= Y6;14,3 F =Y C=Ye612,3 F = Y6;12,2,3
X P X P ~Y*
29 F :Y 2 F ——>Y 2 47 X Y12;13,2,4,6 X—>P
2i3 — 28 C=Ys123 F=Yg1253
SO jY]P’2 X jY]P’2 i X ~ Py X - Py
= I3;3 = 133 c=pr F = Y2;4
X —> ]P’z X —> ]P’z * /
X~Y X P
3 F =Y F=Yy, 49 6;12,23,3 -
" P " P C = Y6;23,4 F = Y3;4
- P - P "
32 po Yo, F=Ygs, 50 X~ Yiis, X =P
¥y ¥ P C =P F =Y3
33 ~6142,3 B X ~Y* X >P
C = {pt} F=Y3, 51 6:15,3 2
o Cc=P F=Yy 5,
34 X ~ Y25 X —> P " —
C=PxP F=Y4 55 X~ Yeians X =P
C=P F=Y,
35 X ~ Y35 X —>P 1 4;14,2
C=Ys3 F =Y3y4 53 X ~ Py X ~ 04
36 X~Y4;5 X—)Pl C=PixP C:{pt}
C =Ys3 F =Y 54 X ~ Y4;15’2 X ~Yy
57 X~ Yy, X P C=VYas C = {pt}
C = Y4;13,2 F = Y4;14,2 55 X ~ P4 X ~ Y3)|;15,2
i X ~Yerss X > P C =T33 C ={py
C == Y6;13,3 F == Y6;14,3 56 X ~ P4 X ~ Y3;15,3
= Ya. = {pt
30 X ~Yere23 X > P C=Yas C = {py
C=Yei12p03 F=Yei353 57 X~Ye1423 X ~ Y6153
20 X ~ Y25 X > P, C=Y433 C = {pt}
C = IFJl F = Y2;3 60 X — Y6;13,2,3 X ~ Y6t14,2,3
X ~ Y35 X > P, F=P C = {pt}
4 ooy F=7Y x
= 13,2 = 13;3 62 X — Y4;14’2 X ~ Y4;15’2
o X~ Yo X > P, F=P C = {pt}
C =P F=Y2;3 64 X_)Y3;4 X'VY;;S
5 X~ Yoo X > P, F=P C ={pt}
C=TYs F=7Y33 66 X = Yoy X ~YSs
C=Yarn F=Yaio 67 X = Yoy X~ X35,

F="P C = {pt}




On smooth Fano fourfolds of Picard number two 83

The remaining families of Theorem 1.1 consist of cartesian products Y x Py where the
first factor Y is a smooth threedimensional Fano hypersurface of Picard number one as
displayed in the following table.

No. 58 59 61 63 65

Y Yeua3 Ye3p3 Yanep Yaa You

The proof of this proposition is basically a case by case analysis of the contraction
maps in coordinates. We restrict ourselves to perform this in the subsequent remark for
one case, where we even go a bit deeper into the matter and specify also the singular fibers
of the fibration.

Remark 6.3. We take a closer look at the varieties X from No. 9 of Theorem 1.1. In this
case the specifying data, that means the degree matrix Q and the degree u of the relation
g, are given by

111100 —1
Q‘[o 0001 1 1] po=2.1.

Due to —K = (1, 2), we have A = cone(w;, ws). Observe that Mov(R) and A share the
rays 01 and ps. Thus X admits two elementary contractions 71: X — Y; and mp: X — 1>
associated to g1 resp. os. To study m; and 7, we make use of the toric embedding X =
X¢ C Z from Construction 4.1.

First, we discuss 1. Since w, € g1 holds, the morphism 7 is a fibration. Moreover,
1 is the restriction of the corresponding ambient toric elementary contraction rq,z of Z,
which in turn is explicitly given as follows:

(21500,27)>(2150524)

X < K7 K4
| | |
| | |
Y Y \
X ¢ Z Lz P,

Suitably sorting the terms of g yields a presentation g = 175 + ¢2T¢ + fT7 where
q1,q2 € K[T1, ..., T4] both are quadrics and f e K[T1, ..., T4] is a cubic, each of
which is general. Note that V(g) € K” projects onto K* thus ¥; = P5. For any point
y =[y1....,y4] € P3 the fiber 7, L (») of the ambient toric variety is given by the equa-
tions

2Ty = y1T2 = y3T2 — y2T3 = yaT3 — y3Ts = 0.

Besides we have y; # 0 for some i . Taking this into account one directly checks Ty IZ (y) =~
P,. Being homogeneous g is compatible with this isomorphism, thereby we obtain

7' () = Vi) To + yiga(0)T1 + f(3)T2) € Ps.

We conclude that the general fiber 771 1(y) is isomorphic to IP; . In addition, V(q1.q2. f) C
P53 consists of precisely 12 points py, ..., p12, each of which has fiber 711_1 (pi) = P,.
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We turn to 5. From w7 ¢ o5 follows that 7, is a birational morphism contracting
the prime divisor V(7T7) € X. The according elementary contraction 75,z of the ambient
toric variety Z is the blow-up of P5 along C = Vp, (T, ..., T3) = P;. The situation is as
in the subsequent diagram:

7 (2150027)>(2127,...,2427,25,26)

X < K K®
| | |
| | |
\ \ \
X ¢ 7 i Ps

The target variety Y» € Ps5 of 7, is V(g’) € Ps where g’ = g(Ty, ..., Te, 1). From this
we infer C C Y», so C is the center of w5 as well. In particular 75 is the blow-up of Y>»
along C. Moreover, the polynomial g’ is an irreducible cubic living in (T, ..., T3)2.
Consequently, Y5 is singular at every point of C.

7. Hodge numbers
Here we determine the Hodge numbers of the Fano fourfolds from Theorem 1.1. First, we
note the following simple observation.

Proposition 7.1. Let X be a smooth projective Fano fourfold of Picard rank 2. Then the
Hodge diamond of X is the following:

1
0 0
0 2 0
0 h1,2 h2’1 0
0 h1,3 h2,2 h3 1 0
0 h3 2 h2,3 0
0 2 0
0 0
1

Proof. Ampleness of —Kx and the Kawamata—Viehweg vanishing theorem give h?-%(X)
= 0 for any p > 0. Moreover, plugging H(X, @) = 0 fori = 1,2 into the cohomology
sequence associated with the exponential sequence yields H?(X, C) = C2. The Hodge
decomposition together with h1:0(X) = h%1(X) = 0 shows A1 (X) = 2. L]

By symmetry, we are left with computing the Hodge numbers 42!, h3! and h2-2. Here
comes our result.

Proposition 7.2. The subsequent table lists the Hodge numbers h*>', h3' and h*> for X
as in Theorem 1.1.
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No. h2’1 h3,1 /’12’2 No. h2’1 h3,l h2’2 No. ]12,1 h3,1 h2’2
1 0 0 3 23 0 13 103 45 1 50 288
2 0 0 10 24 0 35 218 46 1 24 163
3 0 0 29 25 0 114 591 47 1 159 793
4 0 0 3 26 0 0 10 48 0 0 3
5 0 3 40 27 0 20 138 49 1 2 31
6 0 30 185 28 0 112 570 50 0 3 40
7 0 0 4 29 0 1 22 51 0 65 356
8 0 1 23 30 0 45 255 52 0 20 139
9 0 0 14 31 0 10 94 53 0 0 3
10 0 18 126 32 0 100 508 54 0 6 72
11 0 0 5 33 0 24 162 55 0 0 8
12 0 12 95 34 0 4 56 0 1 21
13 0 0 4 35 0 1 28 57 0 25 181
14 0 6 65 36 0 22 162 58 52 0 2
15 0 5 55 37 0 5 60 59 21 0 2
16 0 0 6 38 0 71 402 60 21 0 2
17 0 9 77 39 0 24 170 61 10 0 2
18 0 21 143 40 0 0 4 62 10 0 2
19 0 1 22 41 1 1 23 63 5 0 2
20 0 0 3 42 0 0 10 64 5 0 2
21 0 5 53 43 1 19 131 65 0 0 2
22 0 0 10 44 1 5 54 66 0 0 2

67 0 0 2

Proof. We consider the toric embedding X = X, C Z, as provided by Construction 4.1.
The five-dimensional toric ambient variety Z, is smooth and the decomposition

x= J X

yo€Erlv(X)

from Construction 3.4 is obtained by cutting down the toric orbit decomposition of Zg.
Now the idea is to compute the Hodge numbers in question via the Hodge—Deligne poly-
nomial, being defined for any variety Y as

e(Y):=) eP(Y)xPx? € Z[x. 5],
p.a
with e?>4(Y) as in [13], p. 280. We also write ¢?-? instead of ¢?-4(Y'). Recall that e?9 =

e?? holds. Moreover, in case that Y is smooth and projective, the e?*¢ are related to the
Hodge numbers as follows:

EP,Q(Y) — (_1)p+q hPJ](y).

The Hodge-Deligne polynomial is additive on disjoint unions, multiplicative on cartesian
products. We list the necessary steps for computing it in low dimensions. On ¥ = C*,
it evaluates to xx — 1. For a hypersurface Y C (C*)” with no torus factors, one has the
Lefschetz type formula

ePI(Y) = ePTHATL(C*)"), forp+q>n—1,
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see [13], p. 290. Moreover, according to [13], p. 291, with the Newton polytope A of the
defining equation of Y, one has the following identity:

S eray) = (—1>P+"—1(p " 1) =D g (A),

q=0

where, denoting by /*(B) the number of interior points of a polytope B, the function ¢;
is defined as

Po(A) =0, gi(A) = Z(—l)"*/’(’?“

.)l*(jA),
1—]

Jj=1

This leads to an explicit formula for all el”o(Y ). Moreover, for dim(Y) < 3, all the num-
bers e”9 are directly calculated using the above formulas. For dim(Y) = 4, the values
of el 4 e12 4 ¢13 and %! + €22 and e3! can be directly computed using the above
formulas. By the symmetry e?>¢ = ¢?-? these sums involve just four numbers which thus
can be expressed in terms of one of them, say e'*2, plus known quantities. To determine
the value of e!-? one passes to a smooth compactification Y’ of ¥ for which

el,2(y/) — _hl,Z(Y/) — _h3,2(Y/) — eS,Z(y/)

holds by Serre’s duality and then observes that e can be computed for all the strata via
the Lefschetz formula. Now, we apply these principles to the strata Y = X (yp) that have
no torus factor and compute the desired e?-?. If Y = X(yy) has a torus factor, then we use
multiplicativity of the Hodge—Deligne polynomial and again the above principles. ]

Finally, we extend the discussion of the varieties X from Number 9 of Theorem 1.1
started in Remark 6.3 by some topological aspects.

Remark 7.3. Let X be as in Theorem 1.1, No. 9. Recall that we have a fibration X —
P53 with general fiber F = Py and precisely 12 special fibers Fi, ..., Fiz, lying over
P1,---, P12 € P3, each of the F; being isomorphic to P,. We claim
Fi2=l fori =1,...12, F;-F;=0 forl <i<j <12

The second part is clear because of F; and F; do not intersect for i < j. In order to
establish the first part, we show F 12 = 1, where we may assume p; = [1,0,0, 0]. Consider
the zero sets L1, L, € X of two general polynomials in the variables T3, T3, T4. By
definition L; N L, = F and L ~ L», that is the two surfaces are rationally equivalent.
Thus L; ~ F + §; for some surface S;. Observe that we have

F-Li=0, S;-L;=0

because L; is rationally equivalent to a complete intersection of two general polynomials
in T4, ..., T4, which has empty intersection with L;. We deduce

F2=—F-Sl=S1~Sl=Sl'S2,
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using S1 ~ S, in the last step. For computing the last intersection number, we may assume
L= V(Tz, T3, g) and L, = V(Tz, T4,g). Then S1 = V(Tz, T3,]’l1) with

hi = T;  (q1(T1,0,0, Ta)Ts + q2(T1,0,0, Ty) Ts + f(T1,0,0,T4)T7),

where the division by T4 can be performed because by hypothesis ¢1, g2 and f do not
contain a pure power of T7. Similarly S, = V(T3, Ty, h,), where

hy = T;'(q1(T1,0, T5,0)Ts + q2(T1,0, T5,0)Ts + f(T1,0,T3,0)T7).
It follows that

S1N Sy =V(To, T3, Ta, a1 T1 Ts + a2 T1Ts + a3 TET7, B1 i Ts + B2 TiTe + B3TET7)
=V(12, T3, T4, 001 Ts + a2 Ts + a3T1T7, B1T5 + B2T6 + B3T1T7).

Now one directly checks that S; N S5 is a point and the intersection is transverse. Thus,
we arrive at S - Sp = 1, proving the F 12 = 1. Now, fix two general linear forms ¢4, £, €
C[Ty, ..., T4] and set

E = V(TG,T7,g)§X, L := V(Zl,ﬁz,g)gX.

We claim that the classes of E, L, Fy, ..., Fi5 in H2’2(X) N H*X, Q) are linearly
independent. First observe that Fy, ..., Fi, are linearly independent: passing to the self-
intersection, Zi a; F; ~ 0 turns into Zi ai2 = 0 and thus, being rational numbers, all a;
vanish. Now, by definition of L one has L? = L - F; = 0 for any i, in particular the class
of L cannot be in the linear span of the classes of the 12 fibers. The statement then follows
from E - L = 2, which in turn holds due to

ENL=V{{1.£2.T6.T7,8) = Vt1,£2,T6, T7,q1T5) = VL1, 42, Te, T7, q1).

Combining linear independence of E, L, Fy,..., Fi € H*?(X)NH*(X,Q) with h2:2(X)
= 14 as provided by Proposition 7.2, we retrieve that the varieties X from Number 9 of
Theorem 1.1 satisfy the Hodge conjecture; which, in this case, is known to hold also
by [11] and [38], proof of Lemma 15.2.

8. Deformations and automorphisms

We take a look at the deformations of the varieties from Theorem 1.1. For any variety X,
we denote by T its tangent sheaf. If X is Fano, then it is unobstructed and thus its versal
deformation space is of dimension i!(X, 7x). The following observation makes precise
how the problem of determining 4! (X, 7x) is connected with determining the automorph-
isms in our setting.

Proposition 8.1. Let X be a smooth Fano variety X with a general hypersurface Cox ring
R(X)=C|[T,...,T;] /{g) and associated minimal toric embedding X C Z. Assume that
n =deg(g) € CI(Z) is base point free and no w; = deg(T;) € CI(Z) lies in u + Zsow; +
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o+ + Zsowy. Then we have

(X, Tx) = dim(R(Z),) — 1 + rank(CI(Z)) — Z dim(R(Z)w,) + h°(X, Tx)

i=1

= —1 4+ dim(R(Z),,) — dim(Aut(Z)) + dim(Aut(X)).

Proof. First look at 0 — Jx — 1*Tz — Ny — 0, the normal sheaf sequence for the
inclusion 1: X € Z. By assumption, u — Ky is ample and thus we obtain

(X, Tx) —h°(X,Tx) = —=h°(X,1*Tz) + h°(X, Nx) + h1 (X, 1*T7),

according to the Kawamata—Viehweg vanishing theorem. The task is to evaluate the right
hand side. First, note that we have

hO(X, Ny) = dim(R(X),,) = dim(R(Z),) — 1.

For the remaining two terms, we use the Euler sequence of Z restricted to X which in our
setting is given by

0—=0x ® CI(Z) _— @;:1 (9X(Di) _— l*TZ —0,

where D; € X denotes the prime divisor defined by the Cox ring generator 7;. Since X
is Fano, ' (X, Oyx) vanishes for all i > 0. As a first consequence, we obtain

hO(X,1*Tz) =Y dim(R(X)y,;) — rank(CI(Z)) = ) dim(R(Z)w;) — rank(CI(Z)).
i=1 i=1

using R(X)w, = H°(X, D;) and R(X)w, = R(Z)w,, where the latter holds by assump-
tion. Moreover, we can conclude

W' (X.1*Tz) = > h'(X.Dy).
i=1

We evaluate the right hand side. Since X has a general hypersurface Cox ring, Z is smooth
(Proposition 3.3.1.12 in [2]) and u is base point free, we can infer smoothness of

D =V(gnV(T) cZ

from Bertini’s theorem. Now choose ¢ > 0 such that e D; — Ky is nef and big. Then, using
once more the Kawamata—Viehweg vanishing theorem, we obtain

h'(X,D;) = h' (X, Xx + (¢D; — Xx) + (1 —&)D;) = 0.

Consequently, 7' (X, 1*77) vanishes. This gives the first equality of the assertion. The
second one follow from Theorem 4.2 in [12] and Lemma 3.4 in [32]. [
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Observe that Proposition 8.1 applies in particular to all smooth Fano non-degenerate
toric hypersurfaces in the sense of Khovanskii ([29] and Definition 4.1 in [24]), where
Lemma 3.3 (v) of the latter guarantees base point freeness of y € CI(Z). Concerning the
varieties from Theorem 1.1, we can say the following.

Corollary 8.2. For each of the Fano varieties X listed in Theorem 1.1, except possibly
numbers 13, 14, 15, 33 and 67, we have

R (X, Tx) = —1 + dim(R(Z),) — dim(Aut(Z)) + dim(Aut(X)).

Proof. Using Proposition 3.3.2.8 in [2], one directly checks that & € CI(X) and hence
also u € CI(Z) are base point free in all cases except the Numbers 13, 14, 15 and 33.
Number 67 violates the assumption on the generator degrees. ]

The only serious task left open by Proposition 8.1 for explicitly computing 2! (X, Tx)
is to determine the dimension of Aut(X). As general tools, we mention Theorem 4.4
in [23], the algorithms presented thereafter and their implementation provided by [28].
The subsequent example discussions indicate how one might proceed in concrete cases.

Example 8.3. The variety X from No. 65 is a product of the smooth projective quadric
Q4 C P4 and a projective line. So, X is known to be infinitesimally rigid. Via Proposi-
tion 8.1, this is seen as follows:

K (X, Tx) = —1 + dim(R(Z),)) — dim(Aut(Z)) + dim(Aut(X))
=—14+15-27+13=0.

All ingredients are classical: first, by Corollary 1.2 in [7] the unit component of the auto-
morphism group of a product is the product of the unit components of the respective
automorphism groups. Second, the group Aut(Q,) = O(n) is of dimension n(n — 1)/2.

Example 8.4. For the varieties X from No. 1, the algorithm [28] is feasible and tells us
that Aut(X) is of dimension 12. In particular, we see that also these varieties are infinites-
imally rigid:

hl(X, Tx) = -1+ dim(R(Z),) — dim(Aut(Z)) + dim(Aut(X))
=—-1+12-23+12=0.
In suitable linear coordinates respecting the grading, g = 7175 + T2T¢ + 7575 holds

and the automorphisms on X are induced by the five-dimensional diagonally acting torus
respecting g and the group GL(3) acting on R(X )y, & R(X)w, via

A(T1, T2, T3, Ta; Ts, T, T7) := (A - (T1, Ta, T3), Ta; (A™Y)' - (T, Ts, T7)).

The two previous examples fit into the class of intrinsic quadrics, that means varieties
having a hypersurface Cox ring with a quadric as defining relation. The ideas just observed
lead to the following general observation.

Corollary 8.5. Let X be a variety satisfying all the assumptions of Proposition 8.1 and
assume that Autg (Z) acts almost transitively on R(Z) .
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(i) The variety X is infinitesimally rigid and the dimension of its automorphism group
is given by

dim(Aut(X)) = dim(Auty (Z)) — (dim(R(Z)y) — 1) — rank(C1(2)).

(i) If X is an intrinsic quadric, then Autg (Z) acts almost transitively on R(Z) wand
thus the statements from (i) hold for X.

Proof. We take X C Z as in Construction 4.1. According to Theorem 4.4 (iv) in [23],
the unit component Aut(X)? equals the stabilizer Aut(Z )?( of X C Z under the action of
Aut(Z)° on Z. Thus, using Theorem 4.2.4.1 in [2], we obtain

dim(Aut(X)) = dim(Aut(Z)y) = dim(Autg (2)%) — dim(H)
= dim(Auty (2)°) — (dim(R(Z),) — 1) — rank(C1(Z)),

where R(Z),, is the space of defining equations and “—1” pops up as we are looking for
only the zero sets of these equations. Thus, Proposition 8.1 gives the first statement. For the
second one, note that Autg (Z) acts almost transitively on R(Z),, due to Proposition 2.1
in [18]. |

Let us take up once more the geometric discussion of the varieties from No. 9 of
Theorem 1.1 started in Remarks 6.3 and 7.3. Using geometric properties observed so far,
we see Aut(X) is trivial.

Remark 8.6. Let X be as in Theorem 1.1, No. 9. We claim that Aut(X) is finite in this
case. As a consequence, we obtain

hY(X. Tx) = dim(R(Z),) — 1 + rank(CI(Z)) — Y dim(R(Z)w,)
i=1

=40-142-29=12.

Look at the fibration 1: X — Y; = P53 from Remark 6.3. By Proposition I.1 in [7], there
is an induced action of the unit component Aut(X)? on Y; turning m; into an equivariant
map. This means in particular that the induced action permutes the image points of the 12
singular fibers of 7r;. By the generality assumption, these 12 points do not lie in a common
hyperplane and thus induced action of Aut(X)? on Y7 must be trivial. Recall that any point
of the fiber 71 over [y] = [y1,..., y4] has Cox coordinates

[, x,z] = [y1,..., ya, X1, X2, 2],  where q1(y)x1 +g2(y)x2 + f(y)z =0,

with general quadrics ¢1, ¢» and a general cubic f in the first four variables. Let us see
in these terms what it means that the 7;-fibers are invariant under Aut(X)°. Consider
the action of the characteristic quasitorus H = Spec C[CI(Z)] on Z = C” given by the
CI(Z)-grading of C[Ty, ..., T]. The group Autg (Z) of H-equivariant automorphisms is
concretely given as

G = GL(4) x GL(2) x K*.

According to Theorem 4.4 in [23], we obtain Aut(X )9 as a factor group of the unit com-
ponent of the subgroup Autg (X) of Auty (Z) stabilizing X € Z. We take a closer look
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at the action of an element y = diag(A;, A», a3) of Autg(X) on X C X. Given gen-
eral y € C* and x € C?, we find z € C such that [y, x, z] is a point of X.In particular,
y - [y, x, z] belongs to the fiber of 7r; over [y]. The latter implies A; - y = ny with n € K*
and for the matrix A, = (a;;) it gives

0 =gq1(y)(a11x1 + a2x2) + q2(y)(a21x1 + axnxz) + az f(y)z
=q1(y)((a11 —az)x; +azpxz) + q2(y)(azix1 + (az — a3z)xz).

Recall that this holds for any general choice of y and x. As a consequence, we arrive
at aj;] — a3 = 0 = ay,, because otherwise qlqz_l € C(Ty, T») holds in C(X) which is
impossible due to the general choice of g1 and ¢,. By the same argument, we see a, —
a3 = 0 = ap;. Thus, y acts trivially on each fiber of 77 and we conclude that Aut(X) is
of dimension zero.

Proposition 8.1 suggests that the infinitesimal deformations of X can be obtained by
varying the coefficients of the defining equation in the Cox ring. As a possible approach
to turn this impression into a precise statement, we mention the comparison theorem of
Christophersen and Kleppe (Theorem 6.2 in [9]), which relates in particular deformations
of a variety to deformations of its Cox ring.
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