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Hypersurfaces with prescribed curvatures
in the de Sitter space

Ángela Roldán

Abstract. In this paper, we establish a relationship between spacelike hypersurfaces
in the de Sitter space SnC11 and conformal metrics on the sphere Sn. As a con-
sequence of this relation and some deep results in conformal geometry, we classify
spacelike hypersurfaces in SnC11 satisfying certain global conditions and a very gen-
eral Weingarten relationW.k1; : : : ; kn/D 0 of elliptic type, where k1; : : : ; kn are its
principal curvatures. Also, we particularize to some important cases as the r th mean
curvatures.

1. Introduction

The study of hypersurfaces with constant mean curvature in Lorentzian spaces has a lot of
interest, from both the physical and the mathematical point of view.

From the physical point of view, that interest became clear when Lichnerowicz [36]
showed in 1944 that the Cauchy problem for the Einstein equations, with initial conditions
on a spacelike hypersurface with vanishing mean curvature, has a nice form, reducing
it to a linear differential system of first-order and to a non-linear second-order elliptic
differential equation (see also [7, 19, 39]).

From a mathematical point of view, spacelike hypersurfaces with constant mean cur-
vature appear as critical points of variational problems associated with certain geometric
functionals, such as the volume functional [13, 22] and the energy functional [20]. For
example, analogously to the Euclidean context, these hypersurfaces are critical points
of the classical isoperimetric problem in the Lorentzian context, which lies in finding
among all the compact hypersurfaces that enclose a given volume, those with the greatest
area [7,10,11]. Moreover, the spacelike hypersurfaces are also interesting because of their
nice Bernstein-type properties. Many authors obtained results about the solution to the
corresponding Bernstein problem for spacelike hypersurfaces in the Lorentz–Minkowski
space LnC1, see [1, 15, 18, 27, 30, 42, 47, 49].

A basic problem in the theory of submanifolds, in a Riemannian or Lorentzian ambi-
ent space, is to classify the totally umbilical hypersurfaces as the unique ones satisfying a
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certain relation among its curvatures, under some global hypothesis on the submanifold.
Though very different methods have been used for these classifications in the Rieman-
nian case, we can emphasize the celebrated Alexandrov reflection method, developed by
Alexandrov [5] in 1962 for proving that any compact embedded constant mean curvature
surface in R3 must be a round sphere. However, this method, as other classical tools in the
Riemannian case, cannot be used in the de Sitter space, which has needed the development
of new techniques.

Goddard [24] conjectured in 1977 that the only complete spacelike hypersurfaces
in SnC11 with constant mean curvature H should be the totally umbilical ones. Although
this conjecture is false in its original statement, it has motivated a lot of works try-
ing to find some positive answer under appropriate additional hypotheses. For instance,
Akutagawa [2] showed that Goddard’s conjecture is true when 0 � H 2 � 1 in the case
n D 2, and when 0 � H 2 < 4.n � 1=n2/ in the case n � 3. Later, Montiel [40] solved
Goddard’s problem in the compact case proving that the only compact spacelike hypersur-
faces in SnC11 with constant mean curvature are the totally umbilical round spheres (see
also [43] for an alternative proof of both facts in the two-dimensional case). Also, Mon-
tiel [41] and Aquino and de Lima [8] got uniqueness theorems about complete spacelike
hypersurfaces in SnC11 with constant mean curvature.

On the other hand, some other authors, such as Zheng [51, 52], Li [35] or Cheng and
Ishikawa [17], have also obtained interesting results related to the characterization of the
totally umbilical round spheres as the only compact spacelike hypersurfaces in SnC11 with
constant scalar curvature. When the spacelike hypersurface is complete, Camargo, Chaves
and Sousa [16] gave also results of this type.

The natural generalization of mean and scalar curvatures for a spacelike hypersurface
in de Sitter space are the r th mean curvaturesHr for r D 1; : : : ;n. Actually,H1 is the mean
curvature andH2 is, up to a constant, the scalar curvature of the hypersurface. Aledo, Alías
and Romero [3] developed some integral formulas for compact spacelike hypersurfaces
in SnC11 and applied them in order to characterize the totally umbilical round spheres as the
only compact spacelike hypersurfaces with constant higher order mean curvature which
are contained in the chronological future (or past) of an equator of SnC11 . Shu [46] studied
complete spacelike hypersurfaces in SnC11 with non-zero constant r th mean curvature and
two distinct principal curvatures, and gave some characterizations of Riemannian product
structures. We refer the reader to [6, 31, 38] and references therein for related matters.

For linear Weingarten spacelike hypersurfaces in SnC11 satisfying H2 D aH C b,
for some a; b 2 R, Hou and Yang [28] gave a classification according to the sectional
curvature or the length of the second fundamental form. Later, de Lima and Velásquez [37]
studied the geometry of these hypersurfaces and established new characterizations of the
hyperbolic cylinders of SnC11 , using as main analytical tool a suitable maximum principle
for complete noncompact Riemannian manifolds. In the compact case, they obtained a
rigidity result according to the length of its second fundamental form. Also, Gomes, de
Lima, dos Santos and Vélasquez in [25] proved that a complete linear Weingarten space-
like hypersurface in SnC11 satisfying H2 D aH C b, for some a; b 2 R, and having two
distinct principal curvatures must be isometric to a certain isoparametric hypersurface
in SnC11 , under suitable restrictions on the values of the mean curvature and of the norm
of the traceless part of its second fundamental form. Their approach was based on the use
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of a Simons type formula related to an appropriated Cheng–Yau modified operator jointly
with some generalized maximum principles.

Another classical problem is the following: given a Riemannian manifold .M; g0/, a
smooth functional f .x1; : : : ; xn/ and a constant c, does there exist a conformal metric gD
e2�g0 onM such that the eigenvalues �i of its Schouten tensor satisfy f .�1; : : : ; �n/D c
on M ?

Recall that on a Riemannian manifold .M; g/; n > 2, the Riemann curvature tensor
can be decomposed as

Riemg D Wg C Schg ˇ g;

where Wg is the Weyl tensor,ˇ is the Kulkarni–Nomizu product, and

(1.1) Schg WD
1

n � 2

�
Ricg �

S.g/

2.n � 1/
g
�

is the Schouten tensor, where Ricg and S.g/ stand for the Ricci and scalar curvatures of g,
respectively. As the Weyl tensor is conformally invariant, the Schouten tensor encodes all
the information on how curvature varies by a conformal change of metric. So, it is the
main object of study in conformal geometry.

Note that when f .x1; : : : ; xn/D x1C � � � C xn, we have the famous Yamabe problem,
which is to find a conformal metric g D e2�g0 such that the scalar curvature of .M; g/
is constant, where .M; g0/ is a compact Riemannian manifold without boundary and
� 2 C1.M/. This problem got the attention of the mathematical community and it was
studied by authors as Yamabe himself [50], Trudinger [48], Aubin [9] and Schoen [44],
who gave a complete answer to the problem.

Observe also that, when f .�/ D �k.�/1=k , � D .�1; : : : ; �n/, where �k.�/ is the kth
elementary symmetric polynomial of its arguments �1; : : : ; �n and �k.�/D constant, one
has the so-called �k-Yamabe problem. This is an active research topic and has interactions
with other fields, such as mathematical general relativity [12, 26].

Espinar, Gálvez and Mira [21] provided a geometric back-and-forth procedure which
relates the theory of hypersurfaces in the hyperbolic space HnC1 and the theory of con-
formal metrics on the sphere Sn. This yields a new way of applying methods from geo-
metric PDEs to investigate hypersurfaces in HnC1, and vice versa. They used this bridge
between both theories in order to give an explicit equivalence of the Christoffel problem
in HnC1 with the famous problem of prescribing scalar curvature on Sn for conformal
metrics, posed by Nirenberg and Kazdan–Warner.

In this paper, we establish a relationship between spacelike hypersurfaces in the de
Sitter space SnC11 and conformal metrics on the sphere Sn, inspired by the above corres-
pondence. As a consequence of this relation and some deep results in conformal geometry,
we will classify spacelike hypersurfaces in SnC11 satisfying certain global conditions and
a very general Weingarten relation W.k1; : : : ; kn/ D 0 of elliptic type, where k1; : : : ; kn
are its principal curvatures. Also, we will particularize to some important cases as the r th
mean curvatures.

This work is organized as follows. After some preliminaries, in Section 3 we will
establish the correspondence between spacelike hypersurfaces in the de Sitter space SnC11

and conformal metrics on the sphere Sn. Let �WM ! SnC11 be an oriented spacelike
hypersurface with unit normal �WM ! HnC1; we will associate to it a map in the light
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cone  WD � � �WM ! NnC1 and a map G WD Œ �WM ! Sn � NnC1=R�, that we
will call the de Sitter Gauss map, which will encode geometric information about our
initial hypersurface M . We will demonstrate that  is a Riemannian immersion or G
is a local diffeomorphism if and only if all the principal curvatures of M are differ-
ent from �1. We will define weakly convex hypersurfaces in SnC11 as those having all
principal curvatures ki .p/ > �1, for all p. So, its de Sitter Gauss map is a local diffeo-
morphism. In such a case, we can consider the locally conformally flat Riemannian metric
g1D 

�.h; i/D e2�G�.h; iSn/, which will be called the light cone metric of �. Moreover,
e�WM ! RC will be also called the support function of the hypersurface. We will show
that any oriented spacelike hypersurface M in SnC11 , such that its de Sitter Gauss map G
is a local diffeomorphism, can be explicitly recovered in terms of G and the light cone
metric g1, which can be considered as a conformal metric on Sn (Theorem 3.4).

In addition, we will relate the first and second fundamental forms of our hypersurface
with the conformal metric g1 and its Schouten tensor (Theorem 3.8). In particular, we
will establish an explicit relationship between the principal curvatures of the spacelike
hypersurface M and the eigenvalues of the Schouten tensor of g1 (Corollary 3.9).

With all this, we will obtain a fundamental correspondence to study geometric prob-
lems of spacelike hypersurfaces in SnC11 in terms of conformal metrics on the sphere
and vice versa, which will be exploited in Section 4, where we will determine conditions
to classify spacelike hypersurfaces in the de Sitter space satisfying a non trivial relation
between its principal curvatures W.k1; : : : ; kn/ D 0, that is, the so-called Weingarten
hypersurfaces. We will use the previous relation between hypersurfaces in SnC11 and con-
formal metrics on the sphere, and deep results of A. Li and Y.Y. Li in [33] for the compact
case (Theorem 4.1) and [34] for the non-compact case (Theorem 4.4). As examples,
we will particularize to some important cases such as the positive constant r th mean
curvatures, for the compact (Corollary 4.2) and the non-compact case (Corollary 4.5).

These results constitute a relevant advance in what refers to classification theorems for
Weingarten hypersurfaces, since the family of Weingarten functionals for which the result
holds is extremely large.

In order to use these results for the non-compact case, we need to prove that the de
Sitter Gauss map G of the hypersurface is a diffeomorphism. As it will be shown in Sec-
tion 5, in Theorem 5.5 and Theorem 5.8, this happens under different natural conditions
on the immersion.

2. Preliminaries

Let LnC2 be the .nC 2/-dimensional Lorentz–Minkowski space endowed with canonical
linear coordinates xD .x0; x1; : : : ; xnC1/ and the scalar product h; i given by the quadratic
form �dx20 C dx

2
1 C � � � C dx

2
nC1.

The .nC 1/-dimensional de Sitter space can be seen as the Lorentzian submanifold

SnC11 D ¹x 2 LnC2 W hx; xi D 1º:

Moreover, the light cone is given as the non-vanishing vectors in LnC2 with vanishing
norm, that is,

NnC1
D ¹x 2 LnC2 W hx; xi D 0; x ¤ 0º:
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We will study spacelike hypersurfaces in the de Sitter space, that is, immersions from
a connected n-dimensional manifoldM into SnC11 such that its induced metric is Rieman-
nian.

Observe that given a point p of the unit sphere Sn of the Euclidean space RnC1, the
curve p.t/ D cosh t .0; p/C sinh t .1; 0/ is a timelike geodesic of SnC11 . These curves p
give a foliation of SnC11 , and so if �WM ! SnC11 is a spacelike hypersurface these curves
must be transverse. In particular, M must be orientable.

Thus, for any spacelike hypersurface �WM ! SnC11 there exists a globally defined
normal � from M into the two sheeted hyperbolic space

HnC1
D ¹x 2 LnC2 W hx; xi D �1º:

Moreover, the projection �1W SnC11 ! Sn defined as �1.x0; q/ D q=

q
1C x20 is a

local diffeomorphism, where �1.x0;q/ is the unique point p 2Sn such that .x0;q/ belongs
to the image of p . Therefore, if M is compact then M is diffeomorphic to the sphere Sn

(see also [40]).

2.1. Totally umbilical spacelike hypersurfaces in SnC1
1

Let us fix a vector a 2 LnC2 with " WD ha; ai 2 ¹�1; 0; 1º, and consider

(2.1) H D
®
p 2 SnC11 W hp; ai D b

¯
;

for a real constant b such that b2 > ". Then, one has (see [40]):
1) If " D �1 (intersection of a spacelike hyperplane with SnC11 ), then H is a compact

totally umbilical spacelike hypersurface isometric to an n-dimensional sphere of radiusp
b2 C 1. A unit normal is given by �.p/ D 1p

1Cb2
.a � b p/ and its shape operator A is

Av WD �rv� D �Dv� D
b

p
1C b2

v

for every tangent vector v, where r and D denote the Levi-Civita connection of SnC11

and LnC2, respectively. In particular, H has constant principal curvatures for � equal to
b=
p
1C b2 2 .�1; 1/.

2) If " D 0 (intersection of a lightlike hyperplane with SnC11 ), then H is a totally
umbilical spacelike hypersurface isometric to the n-dimensional Euclidean space Rn. A
unit normal is given by �.p/ D 1

b
a � p and its shape operator satisfies Av D v for all

tangent vectors v. Thus, H has constant principal curvatures for � equal to 1.
3) If " D 1 (intersection of a timelike hyperplane with SnC11 ), then H is a totally

umbilical spacelike hypersurface isometric to an n-dimensional two sheeted hyperbolic
space of radius

p
b2 � 1. A unit normal is given by �.p/D 1p

b2�1
.a� bp/ and its corres-

ponding shape operator satisfies Av D bp
b2�1

v. So, H has constant principal curvatures

for � equal to b=
p
b2 � 1 2 RnŒ�1; 1�.

We remark that every totally umbilical spacelike hypersurface in SnC11 must be a piece
of one of the previous examples. Moreover, they have constant sectional curvature.
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2.2. Klein model of SnC1
1

Consider the strip or subset of the Euclidean unit sphere SnC1 given by

B D
°
p D .p0; : : : ; pnC1/ 2 RnC2 W jpje D 1;�

1
p
2
< p0 <

1
p
2

±
� SnC1;

where j � je denotes the usual Euclidean norm. The boundary of B is given by

@B D @BC [ @B�;

where

@BC D
°
p D .p0; : : : ; pnC1/ 2 RnC2 W jpje D 1; p0 D

1
p
2

±
� SnC1;

@B� D
°
p D .p0; : : : ; pnC1/ 2 RnC2 W jpje D 1; p0 D �

1
p
2

±
� SnC1:

The transformation T WSnC11 � LnC2 ! B � SnC1 � RnC2 defined as

T .p/ D
p

jpje

is a diffeomorphism. If we induce the metric of SnC11 in B , via T , we have that T is an
isometry. So, the Klein model of the de Sitter space SnC11 is the subsetB � SnC1 endowed
with this induced metric T �.h; i/.

If we consider a spacelike hypersurface �WM ! SnC11 , we can view it in the Lorentz–
Minkowski space LnC2 and in the Klein model of SnC11 as follows:

Figure 1. Lorentz–Minkowski space LnC2 and Klein model of SnC11 .

Since the geodesics of the de Sitter space SnC11 �LnC2 are the intersection of vectorial
planes of LnC2 with SnC11 , the geodesics of the Klein model are the intersection of these
planes with B . Therefore, the geodesics of the Klein model of SnC11 are nothing but the
intersection of B with the Euclidean geodesics of SnC1 with its usual metric.

There exist three types of geodesics of SnC11 � LnC2: spacelike, lightlike and timelike
geodesics. In the Klein model, the spacelike geodesics do not intersect the boundary of B
at infinity, while both the lightlike and timelike geodesics intersect @B at infinity at two
different points, one on @BC and the other on @B�.
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2.3. The de Sitter Gauss map

The projective quotient Sn1 D NnC1=.Rn¹0º/ is naturally identified with the unit sphere
using the projection � WNnC1 ! Sn � Sn1 given by

(2.2) �.q/ D
1

q0
q;

where q D .q0; q/ D .q0; q1; : : : ; qnC1/ 2 NnC1.
Thus, if �WM ! SnC11 is an oriented spacelike hypersurface with unit normal �, then

we can define an associated light cone map  D � � �WM !NnC1 fromM into the light
cone. Its quotient map G D Œ �WM ! Sn � Sn1 will be called its de Sitter Gauss map.

There is a simple geometric interpretation for G in the Klein model: if �WM ! SnC11

is an oriented spacelike hypersurface and we choose p 2 M with unit normal �.p/ at
�.p/, then we can take the unique geodesic .t/, t � 0, of SnC11 that starts at �.p/
with initial speed ��.p/. Now, if we consider the projection T to the Klein model,
which is an isometry, we have that T ı  is a geodesic of the Klein model (i.e., the
intersection of a geodesic of the sphere SnC1 with B) that starts at T .�.p// and such
that q D limt!1 T ..t// belongs to the boundary of B . So, the de Sitter Gauss map
G.p/D Œq�. Observe that, if � 2HnC1

� (i.e., �0 < 0) then q 2 @BC, and if � 2HnC1
C (i.e.,

�0 > 0) then q 2 @B�.

Figure 2. Geometric interpretation for the de Sitter Gauss map G in the Klein model. The picture
on the left corresponds to the case � 2 HnC1

� and the one on the right to the case � 2 HnC1
C

.

If we replace � by �� for the spacelike immersion �, we obtain a different de Sitter
Gauss mapGC D Œ� C �� WM ! Sn1, with different properties from the previous mapG.

We will prove in the next section that G (or GC) can be used in order to recover the
immersion � itself.

For a totally umbilical spacelike hypersurface H given by (2.1), its de Sitter Gauss
map G is a local diffeomorphism when " D ˙1, as it can be deduced from Lemma 3.1 in
Section 3. Analogously, GC is also a local diffeomorphism in this case.

When " D 0, the de Sitter Gauss map G of the hypersurface H , with associated unit
normal �.p/ D 1

b
a � p, is given by

(2.3) G.p/ D
1

2p0 �
1
b
a0

�
2p �

1

b
a
�
;
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where aD .a0; a/D .a0; a1; : : : ; anC1/ 2NnC1 and p D .p0;p/D .p0;p1; : : : ;pnC1/ 2
SnC11 . Thus, G is a global diffeomorphism onto Snn¹ 1

a0
aº. However, GC.p/ D 1

a0
a is

constant.

3. A representation formula for spacelike hypersurfaces

Let �WM ! SnC11 be an oriented spacelike hypersurface with unit normal �. The associ-
ated light cone map  D � � �WM ! NnC1 can be written as  D  0.1; G/, where G
is the de Sitter Gauss map of the immersion.

Then,

(3.1) hd ; d i D  20 hdG; dGiSn ;

where h�; �iSn denotes the usual Euclidean metric of Sn.
On the other hand, chosing an orthonormal basis of principal directions ¹e1; : : : ; enº

of � at a point p 2M with associated principal curvatures ¹k1; : : : ; knº, one has

(3.2) hd .ei /; d .ej /i D .1C ki /
2 ıij ;

where ıij denotes the Kronecker delta.
As a consequence, one obtains:

Lemma 3.1. Let �WM ! SnC11 be an oriented spacelike hypersurface. The following
conditions are equivalent at p 2M :

(1) The de Sitter Gauss map G is a local diffeomorphism at p.

(2) The associated light cone map  is a spacelike immersion into NnC1.

(3) All principal curvatures of � are different from �1.

Using this result, we introduce a general notion of convexity based on the regularity
of the de Sitter Gauss map.

Definition 3.2. A spacelike hypersurface �WM ! SnC11 is said to be weakly convex if
there exists a unit normal � such that all principal curvatures of � satisfy simultaneously
ki .p/ > �1 for all p 2M .

It is important to observe that the family of weakly convex spacelike hypersurfaces
contains every “convex” spacelike hypersurface in SnC11 . That is, each spacelike hyper-
surface with principal curvatures ki � 0 at every point is weakly convex.

Definition 3.3. Let �WM ! SnC11 be an oriented spacelike hypersurface with unit nor-
mal � and associated light cone map  D � � �WM ! NnC1. If its de Sitter Gauss
map G is a local diffeomorphism, from (3.1), we can consider the locally conformally flat
Riemannian metric

g1 D  
�.h; i/ D e2�G�.h; iSn/;

which will be called the light cone metric of �. Moreover, e� will be also called the support
function of the hypersurface.
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If the de Sitter Gauss map G of the hypersurface � is a local diffeomorphism, then
we can use G in order to parameterize the immersion locally. That is, we can assume that
locally �WU � Sn! SnC11 for a certain subset U of the sphere andG.x/D x. This allows
us to recover the immersion in terms of the de Sitter Gauss map and its support function.

Theorem 3.4. Let �W U � Sn ! SnC11 be an oriented spacelike hypersurface with de
Sitter Gauss map G.x/ D x, and support function e�WU ! .0;1/. Then

(3.3) � D ˙
�e�
2

�
1 � e�2�.1C krg0�k2g0/

�
.1; x/ � e��.0;�x Crg0�/

�
;

where g0 is the restriction to U of the canonical metric on Sn and rg0� is the gradient
of � with respect to g0. Here, the plus-minus sign˙ is plus if the first coordinate �0 of the
unit normal � is negative, and minus if �0 > 0.

Proof. First, let us prove that the immersion � can be recovered in terms of its associated
light cone map  and its light cone metric g1.

Claim 3.5. Let S.g1/ be the scalar curvature of the Riemannian metric g1, and let4g1
be its Laplacian. Then,

(3.4) � D �
1

n
4
g1 C

1

2

�
1 �

S.g1/

n.n � 1/

�
 :

Proof. Let ¹e1; : : : ; enº be an orthonormal basis of principal directions of � at a point
p 2 M with associated principal curvatures ¹k1; : : : ; knº. It is clear from (3.2) that if we
choose

bi D
1

1C ki
ei ;

then hd .bi /; d .bj /i D ıij , that is, ¹b1; : : : ; bnº is an orthonormal basis for the immer-
sion  .

Hence, if we consider  WM ! NnC1 � LnC2 as a spacelike codimension-2 subman-
ifold of LnC2, then ¹�; �º spans its normal space, and its second fundamental form II is
given by

II.bi ; bj / D �
� 1

1C ki
� C

ki

1C ki
�
�
ıij :

Thus, if we denote by K.bi ; bj / the sectional curvature of the plane spanned by the
unit vectors bi and bj , we have from the Gauss equation that

K.bi ; bj / D hII.bi ; bi /; II.bj ; bj /i � kII.bi ; bj /k2 D �1C
1

1C ki
C

1

1C kj
�

Hence, the scalar curvature S.g1/ of the Riemannian metric g1 is given by

(3.5) S.g1/ D �n.n � 1/C 2.n � 1/

nX
iD1

1

1C ki
�
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On the other hand, it is well known that 4g1 D n EH , where the mean curvature
vector field EH of the immersion  is given by

EH D
1

n

nX
iD1

II.bi ; bi / D �
1

n

nX
iD1

� 1

1C ki
� C

ki

1C ki
�
�

D �� C
1

n

� nX
iD1

ki

1C ki

�
 D �� C

1

n

�
n �

nX
iD1

1

1C ki

�
 :

Therefore,

� D �
1

n
4
g1 C

1

n

�
n �

nX
iD1

1

1C ki

�
 D �

1

n
4
g1 C

1

2

�
1 �

S.g1/

n.n � 1/

�
 ;

as we wanted to show.

Now, we compute4g1 in terms of the support function and the canonical metric g0
of the sphere Sn. More concretely:

Claim 3.6. The Laplacian of the associated light cone map  can be computed as

(3.6) 4
g1 D ˙e��

��
4
g0�C .n � 1/krg0�k2g0

�
.1; x/C n .0;�x Crg0�/

�
;

where the plus-minus sign˙ is plus if �0 < 0 and minus if �0 > 0.

Proof. Recall that D 0.1;G/D 0.1;x/, since we are assumingG.x/D x. Moreover,
 20 D e

2�, so we have  0 D ˙e�, where the sign˙ depends on the sign of  0. Note that
the immersion in the light cone NnC1 lies in NnC1

C D ¹x 2 LnC2 W hx; xi D 0; x0 > 0º
if and only if the unit normal � lies in HnC1

� D ¹x 2 LnC2 W hx; xi D �1; x0 < 0º.
Thereby,  D e�.1; x/ if � lies in HnC1

� , and  D �e�.1; x/ if � lies in HnC1
C D ¹x 2

LnC2 W hx; xi D �1; x0 > 0º. We now prove Claim 3.6 when �0 < 0; analogously, it can
be proved when �0 > 0.

Consider a fixed point x 2 U � Sn and an orthonormal basis ¹v1; : : : ; vnº of .Sn; g0/
in a neighborhood of x such that rg0vi vj D 0 at the point x. Denote by ¹e0; : : : ; enC1º the
canonical basis of LnC2 and let us write  D . 0; : : : ;  nC1/ in these coordinates. Let us
also write the point x 2 Sn � RnC1 � ¹v 2 LnC2 W v0 D 0º as x D

PnC1
kD1 xkek . Then

the Laplacian4g0 at x can be computed as

4
g0 D

�
4
g0.e�/;4g0.e�/x C e�4g0x C 2e�

nC1X
kD1

g0.r
g0xk ;r

g0�/ek

�
D .4g0.e�/;4g0.e�/x C e�4g0x C 2e�rg0�/

D e��4g0.e�/ C .0; e�4g0x C 2e�rg0�/:

Using that 4g0x D �nx and 4g0.e�/ D e�.4g0� C krg0�k2g0/, we can rewrite the
previous Laplacian as

(3.7) 4
g0 D .4g0�C krg0�k2g0/ C e

�.0;�nx C 2rg0�/:



Hypersurfaces with prescribed curvatures in the de Sitter space 279

Introduce the following notation: for any X 2 X.Sn/,

g0.r
g0 ;X/ WD

nC1X
kD0

g0.r
g0 k ; X/ek D

nC1X
kD0

X. k/ek D X. / 2 X. / � X.�/:

Then,

g0.r
g0 ;rg0�/ D .rg0�/. /

D

nX
iD1

vi .�/vi . / D

nX
iD1

vi .�/.e
�.vi .�//.1; x/C e

�.0; vi //

D e�
� nX
iD1

v2i .�/
�
.1; x/C e�

�
0;

nX
iD1

vi .�/vi

�
D kr

g0�k2g0 C e
�.0;rg0�/:(3.8)

Since g1 D e2�g0, we can use the usual relation between the Laplacians of conformal
metrics in order to deduce that

4
g1 D e�2�.4g0 C .n � 2/g0.r

g0�;rg0 //:

Thus, from the previous equation and using (3.7) and (3.8), we obtain

4
g1 D e�2�.4g0�C .n � 1/krg0�k2g0/ C ne

��.0;�x Crg0�/;

as wanted.

Using again that the light cone metric g1 and the usual metric of the sphere g0 are
conformal, their scalar curvatures satisfy the relation

(3.9) S.g1/ D e
�2�.S.g0/ � 2.n � 1/4

g0� � .n � 2/.n � 1/krg0�k2g0/;

where S.g0/ D n.n � 1/.
Bearing in mind that  D ˙e�.1; x/, where the sign ˙ is plus if �0 < 0 and minus if

� > 0, and substituting (3.6) and (3.9) into (3.4), one has

� D ˙
�e�
2

�
1 � e�2�.1C krg0�k2g0/

�
.1; x/ � e��.0;�x Crg0�/

�
:

This proves Theorem 3.4.

We have showed that a spacelike hypersurface in the de Sitter space SnC11 , with prin-
cipal curvatures different from �1, can be recovered in terms of its associated light cone
map. Moreover, the light cone map is clearly recovered in terms of its induced metric
which is conformal to the usual spherical metric. This gives us the possibility of posing a
problem on spacelike hypersurfaces in terms of conformal geometry and vice versa.

Recall that on a general Riemannian manifold .M; g/, n > 2, the Riemann curvature
tensor can be decomposed as

Riemg D Wg C Schg ˇ g;
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where Wg is the Weyl tensor,ˇ is the Kulkarni–Nomizu product, and

(3.10) Schg WD
1

n � 2

�
Ricg �

S.g/

2.n � 1/
g
�

is the Schouten tensor, where Ricg and S.g/ are the Ricci tensor and the scalar curvature
of g, respectively.

The Weyl tensor is conformally invariant, so the Schouten tensor encodes all the
information on how curvature varies by a conformal change of metric. This makes the
Schouten tensor the main object of study in conformal geometry.

For the sphere .Sn; g0/, n > 2, it is clear from (3.10) that the Schouten tensor is simply
given by Schg0 D

1
2
g0. Moreover, given two conformal Riemannian metrics Qg D e2ug, it

is well known that

Sch Qg D Schg � r2;guC du˝ du �
1

2
kr

guk2g g;

where rgu and r2;gu denote respectively the gradient and the Hessian of u with respect
to g. Hence, the Schouten tensor of the light cone metric, g1 D e2�g0, can be computed
as

(3.11) Schg1 D �r
2;g0�C d�˝ d� �

1

2
.�1C krg0�k2g0/g0:

The Schouten tensor (3.10) is not defined for 2-dimensional metrics. However, the
formula (3.11) makes sense also for n D 2, so we may naturally define the Schouten
tensor for conformal metrics on S2 in a unifying way:

Definition 3.7. Let g D e2�g0 denote a conformal metric on S2. Its Schouten tensor is
defined as the symmetric .0; 2/-type tensor given by

Schg D �r2;g0�C d�˝ d� �
1

2
.�1C krg0�k2g0/g0:

We can now relate geometric objects of our spacelike hypersurface in SnC11 and geo-
metric objects of its associated light cone metric.

Theorem 3.8. Let �W U � Sn ! SnC11 be an oriented spacelike hypersurface with de
Sitter Gauss map G.x/ D x, and support function e�WU ! .0;1/. Then the first funda-
mental form I and second fundamental form II of � at x0 2 U � Sn are given by

I.vi ; vj / D
e�2�

4

�
g1.vi ; vj /C 2Schg1.vi ; vj /

�2
;(3.12)

II D �I C
1

2
g1 C Schg1 :(3.13)

Here ¹v1; : : : ; vnº 2 Tx0S
n is an orthonormal basis with respect to g0 at x0.

Proof. Let simply denote ¹v1; : : : ; vnº an orthonormal frame with respect to g0 that agrees
with the previous orthonormal basis at x0 and such that .rg0vi vj /.x0/ D 0 for every i; j .
By Theorem 3.4 we can write (3.3) as

(3.14) ˙� D f .1; x/ � e�� �
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where

f WD
e�

2
.1 � e�2�.1C krg0�k2g0// and � WD .0;�x Crg0�/:

As .rg0vi vj /.x0/ D 0, we have vi .vj / D �ıijx at x0, and at this point,

(3.15) vi .�/D
�
0;�vi .x/Cvi

� nX
kD1

vk.�/vk

��
D .0;�vi � vi .�/xC

nX
kD1

vi .vk.�//vk/:

Now, using (3.14) and (3.15),
(3.16)

˙vi .�/ D vi .f /.1; x/C .f C e
��/.0; vi /C e

��.0;

nX
kD1

¹vi .�/vk.�/ � vi .vk.�//ºvk/:

Since h.1; x/; .1; x/i D 0 and h.1; x/; .0; vi /i D 0, (3.16) yields h.1; x/; vi .�/i D 0 and

hvi .�/; vj .�/i D .f C e
��/2 ıij C 2.f C e

��/ e��.vi .�/vj .�/ � vi .vj .�///

C e�2�
nX
kD1

.vi .�/vk.�/ � vi .vk.�/// .vj .�/vk.�/ � vj .vk.�///:

If we consider the n � n matrices A and B given by

A D
�
e��.vi .�/vj .�/ � vi .vj .�//

�
and B WD .f C e��/ Idn;

then one can easily check that hvi .�/; vj .�/i is the .i; j / entry of the matrix .AC B/2.
Moreover, A is the matrix expression of e��.d�˝ d� � r2;g0�/ with respect to the basis
¹v1; : : : ; vnº. Hence, AC B is just

e�

2
g0 C e

��
�
� r

2;g0�C d�˝ d� �
1

2
.�1C krg0�k2g0/g0

�
:

That is, from (3.11), AC B D e��.g1=2C Schg1/.
Therefore,

hvi .�/; vj .�/i D
e�2�

4
.g1.vi ; vj /C 2Schg1.vi ; vj //

2;

which proves (3.12).
On the other hand, observe that

˙vi . / D e
� vi .�/.1; x/C e

�.0; vi /:

Since, II WD �hd�; d�i D �hd�; d�i C hd�; d i, and from (3.16) and (3.11), hd�; d i
can be computed as

(3.17) hd�; d i D
g1

2
C Schg1 ;

and we obtain (3.13).
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Consider a conformal metric g D e2�g0 on an open set U � Sn. Given a point x 2 U ,
we can consider the eigenvectors ¹v1; : : : ; vnº 2 TxSn and the eigenvalues ¹�1; : : : ; �nº
of the Schouten tensor Schg with respect to g. Thus, g.vi ; vj / D ıij and Schg.vi ; vj / D
�iıij . Then we have:

Corollary 3.9. Let �WU � Sn ! SnC11 be a spacelike hypersurface with de Sitter Gauss
map G.x/ D x. Let us denote by ¹k1; : : : ; knº the principal curvatures of the immersion
at a point x 2 U . Then the eigenvalues of the Schouten tensor of its light cone metric g1
at x are given by

(3.18) �i D
1 � ki

2.1C ki /
; i D 1; : : : ; n:

Moreover, the eigendirections of Schg1 at x coincide with the principal directions of �
at x.

Proof. Let ¹ei ; : : : ; enº be an orthonormal basis of principal directions of � at x, and
define vi WD 1

1Cki
ei . Then g1.vi ; vj / D ıij and

hd�.vi /; d .vj /i D
1

1C ki
ıij :

Now, using (3.17),

hd�.vi /; d .vj /i D
1

2
ıij C Schg1.vi ; vj /:

Therefore, the eigendirections of Schg1 at x agree with the principal directions of � at x,
and

�i D Schg1.vi ; vi / D
1

1C ki
�
1

2
D

1 � ki

2.1C ki /
�

4. Uniqueness of spacelike hypersurfaces with prescribed curvatures

In this section we will study spacelike hypersurfaces in the de Sitter space satisfying a
very general Weingarten relation W.k1; : : : ; kn/ D 0 of elliptic type, and particularize to
some important cases such as the r th mean curvatures. For this, we will make use of the
previous relation with conformal metrics on the sphere.

As usual, we say that a spacelike hypersurface is a Weingarten hypersurface if its
principal curvatures k1; : : : ; kn satisfy a non trivial relation

W.k1; : : : ; kn/ D 0:

Here, W.x1; : : : ; xn/ is a C1 symmetric function in xi and xj for all i; j .
An important problem in hypersurface theory is to determine under which global

conditions we can classify all the solutions to the Weingarten functionalW . And, in partic-
ular, which Weingarten functionals have the totally umbilical hypersurfaces as the unique
global solutions.
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For nD 2 this can be done for compact Weingarten surfaces satisfying an elliptic rela-
tionW.k1;k2/D 0 as a consequence of Poincaré’s index theorem (see for instance [4, 23]).
In particular, it is known that every compact Weingarten surface in S31 satisfying an elliptic
relation W.k1; k2/ D 0 must be totally umbilical.

We will focus on general elliptic Weingaten hypersurfaces when n � 3. Different res-
ults are known in this case for the r th mean curvatures and for some linear Weingarten
functionals (see [3, 8, 17, 25, 35, 37, 38, 40, 41, 46, 51, 52] and references therein).

We recall that a Weingarten functionalW.x1; : : : ; xn/ is said to be elliptic on a domain
U � Rn if

@W

@xi
> 0; i D 1; : : : ; n;

at every point x 2 U .

Theorem 4.1. Let U be a symmetric domain of Rn, n � 3, letW be a symmetric, elliptic
functional on U , and let �WM ! SnC11 be a compact weakly convex spacelike hypersur-
face satisfying

W.k1; : : : ; kn/ D 0;

with .k1; : : : ; kn/ 2 U .
Assume that the domain U satisfies

(4.1)
if x D .x1; : : : ; xn/; y D .y1; : : : ; yn/ 2 U with xi < yi ;
then Œx1; y1� � � � � � Œxn; yn� � U:

Then, � must be a totally umbilical immersion.

Proof. Associated with � we consider its associated light cone immersion  D � � �,
which is in fact an immersion from Lemma 3.1. This lemma also asserts that the de Sitter
Gauss map G D Œ� � ��WM ! Sn is a local diffeomorphism, and since M is compact
and Sn is simply connected, we obtain that G is a global diffeomorphism. Hence, we will
identify M and Sn in order to use Corollary 3.9.

Next, we consider the symmetric function

f .y1; : : : ; yn/ D 1 �W
� 1 � 2y1
1C 2y1

; : : : ;
1 � 2yn

1C 2yn

�
;

which is well defined in the symmetric domain

V D
°
.y1; : : : ; yn/ 2 Rn W yi > �

1

2
and

� 1 � 2y1
1C 2y1

; : : : ;
1 � 2yn

1C 2yn

�
2 U

±
:

The light cone metric g1 of � is conformal to the standard metric of the sphere and
given by e2�h; iSn . Thus, from Corollary 3.9, if �1; : : : ; �n are the eigenvalues of its
Schouten tensor, then

f .�1; : : : ; �n/ D 1 �W
� 1 � 2�1
1C 2�1

; : : : ;
1 � 2�n

1C 2�n

�
D 1 �W.k1; : : : ; kn/ D 1;

where k1; : : : ; kn are the principal curvatures of �.
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Now, in order to prove that � is totally umbilical, we will associate to f a new func-
tional F defined for symmetric matrices which is in the conditions of Corollary 1.6 in [33].
If this is the case, this will show that �1 D � � � D �n, or equivalently, k1 D � � � D kn, as we
want to prove.

Thus, denote by �n�n the set of real symmetric matrices of order n, and let U be the
set of symmetric matrices whose eigenvalues belong to V . It is a standard fact that U is a
domain in �n�n, which is invariant under orthogonal conjugation, i.e.,

(4.2) O UO�1 D U

for all O 2 O.n/, where O.n/ denotes the set of orthogonal matrices.
We define F.A/D f .�1; : : : ;�n/ for anyA 2U, where �1; : : : ;�n are the eigenvalues

of the symmetric matrix A. Since f is symmetric, F has the same regularity as f and

(4.3) F.OAO�1/ D F.A/

for all A 2 U, O 2 O.n/.
Moreover,

@f

@yi
D
@W

@xi

4

.1C 2yi /2
> 0:

This implies that F is an elliptic functional (see [14]), i.e.,

(4.4)
� @F
@aij

.A/
�

is positive definite,

where A D .aij / 2 U:

On the other hand, from the definition of V , the fact that the function g.y/ D 1�2y
1C2y

is strictly decreasing for y > �1=2 and (4.1), it is clear that if x D .x1; : : : ; xn/; y D

.y1; : : : ; yn/ 2 V with xi < yi then Œx1; y1�� � � � � Œxn; yn�� V . Observe, in addition, that
ifA;B 2 �n�n, withB positive definite, and .x1; : : : ; xn/; .y1; : : : ; yn/ are the eigenvalues
of A and AC B respectively, then they can be obviously ordered such that xi < yi .

With all of this, we obtain that

(4.5) U \ ¹AC tB W t > 0º is convex; for all A 2 �n�n; B 2 �n�nC ;

where �n�nC denotes the set of positive definite symmetric matrices of order n. This can
be easily proved from the previous facts because if AC t1B;AC t2B 2 U, with t1 < t2,
then their eigenvalues can be ordered as .x1; : : : ; xn/; .y1; : : : ; yn/ with xi < yi . Thus, the
eigenvalues of any matrixAC tB , with t1 < t < t2, belong to Œx1;y1�� � � � � Œxn;yn�� V ,
and so AC tB 2 U.

Therefore, conditions (4.2), (4.3), (4.4) and (4.5) allow us to apply Corollary 1.6
in [33] to the Schouten tensor Schg1 of the light cone metric, and to obtain that

e� D a jJ' j
1=n;

where a is a positive constant and J' is the Jacobian of a conformal diffeomorphism
'WSn ! Sn.

In particular, �1 D � � � D �n at any point, or equivalently, k1 D � � � D kn as we wanted
to show.
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We apply this result to the r th mean curvatures of a compact spacelike hypersurface
in SnC11 . Recall that the r th mean curvature Hr of a spacelike hypersurface is defined as�n

r

�
Hr D

X
i1<���<ir

ki1 � � � kir ; for 1 � r � n.

Associated with Hr , we denote by �r the connected component of°
.x1; : : : ; xn/ 2 Rn W

X
i1<���<ir

xi1 � � � xir > 0
±

containing the positive cone ¹.x1; : : : ; xn/ 2Rn W x1; : : : ; xn > 0º. It is known that �r is a
convex cone with vertex at the origin and Wr .x1; : : : ; xn/ D

P
i1<���<ir

xi1 � � � xir satisfies

(4.6)
@Wr

@xi
> 0 in �r ; 1 � i � n;

for all r D 1; : : : ; n (see for instance [14]).

Corollary 4.2. Let �WM ! SnC11 , n � 3, be a compact weakly convex spacelike hyper-
surface satisfying Hr D c0 for a positive constant c0, and assume there exists p 2 M
such that .k1.p/; : : : ; kn.p// 2 �r . Then � must be totally umbilical.

Proof. This is simply a consequence of Theorem 4.1, choosing U D �r and

W D
�n
r

��1
Wr � c0:

Observe that (4.6) guarantees the ellipticity of W , and (4.1) is satisfied because �r is a
convex cone.

Remark 4.3. Given an oriented compact spacelike hypersurface �WM ! SnC11 with unit
normal �, it is well known that there exists a point p 2 M such that ki .p/ > �1 for all
i D 1; : : : ; n. This can be checked since the compact spacelike hypersurface given by
x0 D k, for k 2 R, is a totally umbilical spacelike hypersurface with constant principal
curvatures ki 2 .�1; 1/. Thus, the point p 2 M can be chosen as the highest or lowest
point for the function x0 for �, by comparison with the totally umbilical surfaces x0 D k.

We would like to observe that the hypothesis onM of being weakly convex is directly
satisfied in many occasions. For instance, the Weingarten functional

(4.7) W.k1; : : : ; kn/ D .k1 C 1/ � � � .kn C 1/ � c0;

for c0 ¤ 0, is clearly elliptic in the domain U D .�1;1/ � � � � � .�1;1/. Thus, if
�WM ! SnC11 satisfies W.k1; : : : ; kn/ D 0 then, from Remark 4.3, there exists a point
p 2M with .k1.p/; : : : ;kn.p//2U , and so .k1.q/; : : : ;kn.q//2U for all q 2M because
Wj@U D �c0 ¤ 0. Therefore, from Theorem 4.1, the unique compact spacelike hypersur-
faces satisfying (4.7) must be totally umbilical.

This is true not only for the previous functional (4.7) but for many functionals of the
form

W.k1; : : : ; kn/ D f
� 1

k1 C 1
; : : : ;

1

kn C 1

�
;

where f .x1; : : : ; xn/ is a symmetric functional.
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Finally, we will show a uniqueness result for non compact Weingarten hypersurfaces,
but, as expected, some additional hypothesis on the immersion are necessary.

Theorem 4.4. Let U be a symmetric domain of Rn, n � 3, letW be a symmetric, elliptic
functional on U , and let �WM ! SnC11 be a weakly convex spacelike hypersurface satis-
fying

W.k1; : : : ; kn/ D 0;

with .k1; : : : ; kn/ 2 U .
Assume that the de Sitter Gauss map GWM ! Sn is a diffeomorphism into Snn¹p0º,

for some p0 2 Sn, and that the principal curvatures satisfy

(4.8)
X
i

1

ki C 1
�
n

2
�

If the domain U satisfies (4.1), then � must be a totally umbilical immersion.

Proof. We can proceed as in the proof of Theorem 4.1 in order to show that (4.2), (4.3),
(4.4) and (4.5) are satisfied.

Moreover, we can identifyM with Rn � Snn¹p0º sinceG is a diffeomorphism. Thus,
as the light cone metric g1 is conformal to the usual metric g0 on the sphere and, using
the stereographic projection, g0 is conformal to the canonical flat metric ge of Rn, we can
write g1 D u4=.n�2/ge , for a certain positive function u.

On the other hand, from (3.18), we obtain that (4.8) is equivalent to the conditionP
i �i � 0, where �i are the eigenvalues of the Schouten tensor of g1. Then, since

�
2

n � 2
u�

nC2
n�2�u D

X
i

�i ;

(see, for instance, [33]) we have that u is superharmonic, and we can use Theorem 1.3
in [34] for the case p D .n C 2/=.n � 2/ in order to determine u, or equivalently, to
determine the cone light metric g1. Again, this implies that �1D � � �D�n, or equivalently,
k1 D � � � D kn, i.e., � is totally umbilical.

We remark that there are different natural geometric conditions on the immersion �
which imply that the de Sitter Gauss map G is a diffeomorphism into Sn minus a point,
as we will see in the next section.

The additional hypothesis in Theorem 4.4 are necessary to ensure that the immersion is
totally umbilical, since there are non totally umbilical complete Weingarten hypersurfaces
for many different functionals (see, for instance, [25, 37, 38, 46]).

Finally, as a consequence of Theorem 4.4, we obtain the following corollary for the r th
mean curvatures, whose proof follows as in Corollary 4.2.

Corollary 4.5. Let �WM ! SnC11 , n � 3, be a weakly convex spacelike hypersurface sat-
isfyingHr D c0 for a positive constant c0, with p 2M such that .k1.p/; : : : ; kn.p// 2 �r .

Assume that the de Sitter Gauss map GWM ! Sn is a diffeomorphism into Snn¹p0º,
for some p0 2 Sn, and that the principal curvatures satisfy (4.8). Then � must be totally
umbilical.
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5. Injectivity of the de Sitter Gauss map

We will assume throughout this section that the dimension n � 3. We know that the
de Sitter Gauss map GWM ! Sn of a compact weakly convex spacelike hypersurface
�WM ! SnC11 is always injective; however, the de Sitter Gauss map of a non-compact
weakly convex spacelike hypersurface, in general, may not be injective.

On the other hand, the de Sitter Gauss map G of a weakly convex spacelike hypersur-
faceM in the de Sitter space SnC11 is naturally a development map fromM equipped with
the light cone metric g1 into the sphere Sn. Therefore, due to Kulkarni and Pinkall [32],
we obtain:

Lemma 5.1. Let �WM ! SnC11 be a weakly convex spacelike hypersurface such that
its associated light cone metric g1 is complete on M . Then the de Sitter Gauss map
GWM ! Sn is a covering onto its image in the sphere. Thus, if G.M/ � Sn is simply
connected, then G is injective.

In order to study the image of the de Sitter Gauss map in Sn, we give the following
definitions for a non-compact hypersurface in SnC11 .

Definition 5.2. Let �WM ! SnC11 be a properly immersed spacelike hypersurface and let
T WSnC11 � LnC2 ! B � SnC1 � RnC2 be the projection of the de Sitter space SnC11 to
the Klein model B . We define the boundary at infinity @1�.M/ of � as the collection of
points q 2 @B such that there is a sequence qi D T .�.pi //, for pi 2 M , that converges
to q in B .

Definition 5.3. Let �WM ! SnC11 be a properly immersed spacelike hypersurface. We
say that the de Sitter Gauss map G is regular at infinity if, for each q 2 @1�.M/ � @B

and each sequence pi 2M such that T .�.pi //! q,

lim
i!1

G.pi / D �.q/:

Here, � is the projection of the light cone NnC1 to the sphere Sn, given by (2.2).

An immediate consequence of such regularity is the following.

Lemma 5.4. Let �WM ! SnC11 be a properly immersed, weakly convex, spacelike hyper-
surface such that its de Sitter Gauss map GWM ! Sn is regular at infinity. Then

@G.M/ � �.@1�.M//:

Proof. Consider q 62 �.@1�.M//. We would like to show that q 62 @G.M/. Suppose that
q 2 @G.M/. Since � is weakly convex, we have that G is a local diffeomorphism (in
particular,G.M/ is open). So, q 62 G.M/. Moreover, there is a sequence qi 2 G.M/ such
that qi ! q in Sn. Let pi 2M be such that G.pi / D qi . Since B is compact, at least for
a subsequence, we know that T .�.pi //! x 2 B .

As � is proper, if x 2 B , then x D T .�.p// for some p 2M . Now, since G is a local
diffeomorphism (in particular, it is continuous), we get q D G.p/, which contradicts that
q 62 G.M/.

On the other hand, if x 2 @B , by the definition of boundary at infinity, then x 2
@1�.M/. From the regularity at infinity of the de Sitter Gauss map, one concludes that
G.pi /! �.x/, which contradicts that q 62 �.@1�.M//.
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Now, we are able to establish the following injectivity theorem.

Theorem 5.5. Let �WM!SnC11 be a properly immersed, weakly convex, spacelike hyper-
surface such that its associated light cone metric g1 is complete and its de Sitter Gauss
map G is regular at infinity. Suppose that the Hausdorff dimension of �.@1�.M// � Sn

is less than n � 2. Then the de Sitter Gauss map is injective and

@G.M/ D �.@1�.M//:

Proof. By Lemma 5.4, we have that

@G.M/ � �.@1�.M//

and, by hypothesis, the Hausdorff dimension of @G.M/ is less than n � 2.
From Hurewicz and Wallman [29], Chapter VII.4, the Hausdorff dimension of a metric

space is greater than or equal to its topological dimension. So, we obtain that the topolo-
gical dimension of @G.M/ is less than n � 2.

Also, from Hurewicz and Wallman [29], Theorem IV.4, if a subset D of Sn has topo-
logical dimension less than or equal to n � 2, then the complement in Sn of D, denoted
by Sn nD, is connected. Hence, we can apply this result to the subset @G.M/ � Sn and
get that Sn n @G.M/ is connected, i.e., Sn n @G.M/ D G.M/. Now, since n � 3, we can
deform any loop in G.M/ into a point in Sn without leaving G.M/, and conclude that
G.M/ is simply connected in Sn. So, by Lemma 5.1, one obtains that the de Sitter Gauss
map is injective. Hence, if q 2 �.@1�.M// � Sn, then q … G.M/, and consequently,
q 2 @G.M/, i.e.,

�.@1�.M// � @G.M/:

In order to clarify the above theorem, we will see two simple and illustrative types of
spacelike hypersurfaces in the de Sitter space.

Example 5.6. Let H be the complete totally umbilical spacelike hypersurface in SnC11

given by

(5.1) H D ¹p 2 SnC11 W hp; ai D bº;

where a D .a0; a/ D .a0; a1; a2; : : : ; anC1/ 2 NnC1, p D .p0; p1; p2; : : : ; pnC1/ and
b 2 Rn¹0º. Up to isometries, we can take a D .1; 1; 0; : : : ; 0/.

First, it follows from (2.3) that G is a global diffeomorphism onto Snn¹ 1
a0
aº. So,

@G.H / D
1

a0
a D .1; 0; : : : ; 0/:

Secondly, let us calculate �.@1�.H //. By (5.1), we have that

�.p2; : : : ; pnC1/ D
� 1
2b
.b2 C 1 � p22 � � � � � p

2
nC1/ � b;

1

2b
.b2 C 1 � p22 � � � � � p

2
nC1/; p2; : : : ; pnC1

�
:



Hypersurfaces with prescribed curvatures in the de Sitter space 289

If T WSnC11 � LnC2 ! B � SnC1 � RnC2 is the projection of the de Sitter space SnC11

to the Klein model B and c WD p22 C � � � C p
2
nC1, we obtain

T .�.p2; : : : ; pnC1// D
�.p2; : : : ; pnC1/

j�.p2; : : : ; pnC1/je

D

�
1
2b
.b2 C 1 � c/ � b; 1

2b
.b2 C 1 � c/; p2; : : : ; pnC1

�q
. 1
2b
.b2 C 1 � c/ � b/2 C . 1

2b
.b2 C 1 � c//2 C c

�

Now, if �0 !˙1, then p2i !1, for some i D 2; : : : ; nC 1, and c !1. Hence,

T .�.p2; : : : ; pnC1//!

 
�1
2b
1p
2jbj

;

�1
2b
1p
2jbj

; 0; : : : ; 0

!
D �

1
p
2

sign.b/a;

i.e., @1�.H / D � 1p
2

sign.b/a 2 @B , and

�.@1�.H // D .1; 0; : : : ; 0/:

Thus, we get
@G.H / D �.@1�.H //:

Example 5.7. Let C be the analogous of the “hyperbolic cylinder” in SnC11 , given by

(5.2) C D ¹p 2 SnC11 W �p20 C p
2
1 D � sinh2.r/; p0 > 0º;

where r 2 RC and p D .p0; p1; p2; : : : ; pnC1/. Then, it is easy to see that

�.p/ D
1

sinh.r/ cosh.r/
.p0; p1; 0; : : : ; 0/C tanh.r/p

is a unit normal field for C . So, we can verify that its associated Weingarten endomorph-
ism A has two eigenvalues, coth.r/ and tanh.r/, with multiplicities 1 and n � 1, respect-
ively. Note that, since r 2 RC, all the eigenvalues are greater than �1. So, C is weakly
convex.

First, we will calculate @G.C/. The de Sitter Gauss map G of the hypersurface C ,
associated with �, is given by

G.p/ D � ..1 � coth.r//q1; .1 � tanh.r//q2/ ;

where q1 WD .p0; p1/ and q2 WD .p2; : : : ; pnC1/. Given �.g1; g2/ 2 Sn with g1 D .1; x1/
and g2 D .x2; : : : ; xnC1/, we want to determine p D .q1; q2/ 2 C such that G.p/ D
�.g1; g2/, i.e, p D .q1; q2/ 2 C satisfying

(5.3) .1 � coth.r//q1 D �g1

and

(5.4) .1 � tanh.r//q2 D �g2;
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for � 2 R�. Since p D .q1; q2/ 2 C , we have that hq2; q2ie D 1C sinh2.r/. So, by (5.4),

.1 � tanh.r//2.1C sinh2.r// D �2hg2; g2i;

or equivalently,

� D ˙

s
.1 � tanh.r//2.1C sinh2.r//

hg2; g2i
�

Now, since p0 > 0 and (5.3), one obtains that

� D �

s
.1 � tanh.r//2.1C sinh2.r//

hg2; g2i
�

Hence, the equations (5.3) and (5.4) have a unique solution provided that g2¤ 0. Note that
¹�..g1;g2// 2 Sn W g2D 0º D ¹�.1;x1; 0; : : : ; 0/ 2 Snº D ¹.˙1;0; : : : ; 0/º. Consequently,
G is a global diffeomorphism into Snn¹.˙1; 0; : : : ; 0/º, and so,

@G.C/ D ¹.˙1; 0; : : : ; 0/º:

Secondly, let us determine �.@1�.C//. By (5.2), we have that

�.p1;p2; : : : ;pn/D
�q
p21Csinh2.r/;p1;p2; : : : ;pn;˙

q
1Csinh2.r/�p22 � � � � � p

2
n

�
:

If T WSnC11 � LnC2 ! B � SnC1 � RnC2 is the projection of the de Sitter space SnC11

to the Klein model B ,

T .�.p1; p2; : : : ; pn//

D

�q
p21 C sinh2.r/; p1; p2; : : : ; pn;˙

q
1C sinh2.r/ � p22 � � � � � p2n

�q
2p21 C 2 sinh2.r/C 1

�

Now, if �0 !1, then p1 !˙1. Hence,

T .�.p1; p2; : : : ; pn//!
� 1
p
2
;˙

1
p
2
; 0; : : : ; 0

�
;

i.e., @1�.C/ D . 1p
2
;˙ 1p

2
; 0; : : : ; 0/ 2 @B , and

�.@1�.C// D .˙1; 0; : : : ; 0/:

Thus, we get
@G.C/ D �.@1�.C//

and finish with Example 5.7.

Finally, as a consequence of the celebrated injectivity result of Schoen and Yau [45],
we will also get the injectivity of the de Sitter Gauss map imposing some curvature con-
dition on the hypersurface.
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Theorem 5.8. Let �WM ! SnC11 be a weakly convex spacelike hypersurface such that its
associated light cone metric g1 is complete and its principal curvatures satisfy

(5.5)
X
i

1

1C ki
�
n

2
�

Then the de Sitter Gauss map is injective.

Proof. First, by (3.5) and the hypothesis (5.5), we have that

S.g1/ D 2.n � 1/

nX
iD1

1

1C ki
� n.n � 1/ � 0;

where S.g1/ denotes the scalar curvature of g1. Second, the fact that � is weakly convex
implies that G is a local diffeomorphism and that g1 D e2�G�gSn . So, GWM ! Sn is a
conformal map.

Schoen and Yau [45], Theorem 3.5, proved that if .M; g/ is a complete Riemannian
manifold with nonnegative scalar curvature and ˆWM ! Sn is a conformal map, then ˆ
is injective.

Thus, we can apply this result to .M;g1/ andG, and conclude that the de Sitter Gauss
map G is injective.

Remark 5.9. Observe that if �WM ! SnC11 is a complete spacelike hypersurface such
that all the principal curvatures ki � k0 > �1, for some number k0 at all points in M ,
then, by (3.2), the light cone metric g1 is complete.
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ded at the Universidade Federal Fluminense.

References

[1] Aiyama, R.: On the Gauss map of complete space-like hypersurfaces of constant mean
curvature in Minkowski space. Tsukuba J. Math. 16 (1992), no. 2, 353–361.

[2] Akutagawa, K.: On spacelike hypersurfaces with constant mean curvature. Math. Z. 196
(1987), no. 1, 13–19.

[3] Aledo, J. A., Alías, L. J. and Romero, A.: Integral formulas for compact space-like hypersur-
faces in de Sitter space: applications to the case of constant higher order mean curvature.
J. Geom. Phys. 31 (1999), no. 2-3, 195–208.

[4] Aledo, J. A., Espinar, J. M. and Gálvez, J. A.: The Codazzi equation for surfaces. Adv. Math.
224 (2010), no. 6, 2511–2530.

[5] Aleksandrov, A. D.: Uniqueness theorems for surfaces in the large. V. Amer. Math. Soc.
Transl. (2) 21 (1962), 412–416.

[6] Alías, L. J. and Koh, S. E.: Remarks on compact spacelike hypersurfaces in de Sitter space
with constant higher order mean curvature. J. Geom. Phys. 39 (2001), no. 1, 45–49.



Á. Roldán 292

[7] Alías, L. J., Romero, A., and Sánchez, M.: Spacelike hypersurfaces of constant mean curvature
in spacetimes with symmetries. In Proceedings of the 7th Autumn Conference on differential
geometry and its applications (Valencia, 1998), 1–14. Publ. R. Soc. Mat. Esp. 1, R. Soc. Mat.
Esp., Madrid, 2000.

[8] Aquino, C. and de Lima, H. F.: On the umbilicity of complete constant mean curvature space-
like hypersurfaces. Math. Ann. 360 (2014), no. 3-4, 555–569.

[9] Aubin, T.: Equations différentielles non linéaires et problème de Yamabe concernant la cour-
bure scalaire. J. Math. Pures Appl. (9) 55 (1976), no. 3, 269–296.

[10] Barbosa, J. L. and Oliker, V.: Spacelike hypersurfaces with constant mean curvature in Lorentz
space. Mat. Contemp. 4 (1993), 27–44.

[11] Barbosa, J. L. and Oliker, V.: Stable spacelike hypersurfaces with constant mean curvature
in Lorentz space. In Geometry and global analysis (Sendai, 1993), 161–164. Tohoku Univ.,
Sendai, 1993.

[12] Bray, H. L.: The Penrose inequality in general relativity and volume comparison theorems
involving scalar curvature. PhD Dissertation, Stanford University, 1997.

[13] Brill, D. and Flaherty, F.: Isolated maximal surfaces in spacetime. Commun. Math. Phys. 50
(1976), no. 2, 157–165.

[14] Caffarelli, L., Nirenberg, L. and Spruck, J.: The Dirichlet problem for nonlinear second-order
elliptic equations. III. Functions of the eigenvalues of the Hessian. Acta Math. 155 (1985),
no. 3-4, 261–301.

[15] Calabi, E.: Examples of Bernstein problems for some nonlinear equations. In Global ana-
lysis (Proc. Sympos. Pure Math., Vol. XV, Berkeley, Calif., 1968), 223–230. Amer. Math. Soc.,
Providence, RI, 1970.

[16] Camargo, F. E. C., Chaves, R. M. B. and Sousa Jr., L. A. M.: Rigidity theorems for complete
spacelike hypersurfaces with constant scalar curvature in de Sitter space. Differential Geom.
Appl. 26 (2008), no. 6, 592–599.

[17] Cheng, Q. M. and Ishikawa, S.: Spacelike hypersurfaces with constant scalar curvature.
Manuscripta Math. 95 (1998), no. 4, 499–505.

[18] Cheng, S. Y. and Yau, S. T.: Maximal space-like hypersurfaces in the Lorentz–Minkowski
spaces. Ann. of Math. (2) 104 (1976), no. 3, 407–419.

[19] Choquet-Bruhat, Y. and York, J.: The Cauchy problem. In General relativity and gravitation,
vol 1, 99–172. Plenum Press, New York-London, 1980.

[20] Eells, J. and Lemaire, L.: A report on harmonic maps. Bull. London Math. Soc. 10 (1978),
no. 1, 1–68.

[21] Espinar, J. M., Gálvez, J. A. and Mira, P.: Hypersurfaces in HnC1 and conformally invariant
equations: the generalized Christoffel and Nirenberg problems. J. Eur. Math. Soc. (JEMS) 11
(2009), no. 4, 903–939.

[22] Frankel, T.: Applications of Duschek’s formula to cosmology and minimal surfaces. Bull.
Amer. Math. Soc. 81 (1975), 579–585.

[23] Gálvez, J. A. and Mira, P.: Uniqueness of immersed spheres in three-manifolds. J. Differential
Geom. 116 (2020), no. 3, 459–480.

[24] Goddard, A. J.: Some remarks on the existence of spacelike hypersurfaces of constant mean
curvature. Math. Proc. Cambridge Phil. Soc. 82 (1977), no. 3, 489–495.



Hypersurfaces with prescribed curvatures in the de Sitter space 293

[25] Gomes, J. N., de Lima, H. F., dos Santos, F. R. and Velásquez, M. A.: On the complete linear
Weingarten spacelike hypersurfaces with two distinct principal curvatures in Lorentzian space
forms. J. Math. Anal. Appl. 418 (2014), no. 1, 248–263.

[26] Gursky, M. J. and Viaclovsky, J. A.: Volume comparison and the �k-Yamabe problem. Adv.
Math. 187 (2004), no. 2, 447–487.

[27] Hano, J. and Nomizu, K.: Surfaces of revolution with constant mean curvature in Lorentz–
Minkowski space. Tôhoku Math. J. (2) 36 (1984), no. 3, 427–437.

[28] Hou, Z. H. and Yang, D.: Linear Weingarten spacelike hypersurfaces in de Sitter space. Bull.
Belg. Math. Soc. Simon Stevin 17 (2010), no. 5, 769–780.

[29] Hurewicz, W. and Wallman, H.: Dimension theory. Princeton Mathematical Series 4, Princeton
University Press, Princeton, NJ, 1941.

[30] Ishihara, T. and Hara, F.: Surfaces of revolution in the Lorentzian 3-space. J. Math. Tokushima
Univ. 22 (1988), 1–13.

[31] Koh, S. E. and Yoo, M. S.: A characterization of totally umbilical hypersurfaces in de Sitter
space. J. Geom. Phys. 51 (2004), no. 1, 34–39.

[32] Kulkarni, R. and Pinkall, U.: Uniformization of geometric structures with applications to con-
formal geometry. In Differential geometry (Peñiscola, 1985), 190–209. Lecture Notes in Math.
1209, Springer, Berlin, 1986.

[33] Li, A. and Li, Y. Y.: On some conformally invariant fully nonlinear equations. Comm. Pure
Appl. Math. 56 (2003), no. 10, 1416–1464.

[34] Li, A. and Li, Y. Y.: On some conformally invariant fully nonlinear equations. II. Liouville,
Harnack and Yamabe. Acta Math. 195 (2005), 117–154.

[35] Li, H.: Global rigidity theorems of hypersurfaces. Ark. Mat. 35 (1997), no. 2, 327–351.

[36] Lichnerowicz, A.: L’integration des équations de la gravitation relativiste et le problème des n
corps. J. Math. Pures Appl. (9) 23 (1944), 37–63.

[37] De Lima, H. F. and Velásquez, M. A.: On the geometry of linear Weingarten spacelike hyper-
surfaces in the de Sitter space. Bull. Braz. Math. Soc. (N.S.) 44 (2013), no. 1, 49–65.

[38] Liu, J. and Gao, Y.: The Riemannian product structures of spacelike hypersurfaces with con-
stant k-th mean curvature in the de Sitter spaces. J. Math. Anal. Appl. 378 (2011), no. 1,
109–116.

[39] Marsden, J. E. and Tipler, F. J.: Maximal hypersurfaces and foliations of constant mean
curvature in general relativity. Phys. Rep. 66 (1980), no. 3, 109–139.

[40] Montiel, S.: An integral inequality for compact spacelike hypersurfaces in de Sitter space and
applications to the case of constant mean curvature. Indiana Univ. Math. J. 37 (1988), no. 4,
909–917.

[41] Montiel, S.: Complete non-compact spacelike hypersurfaces of constant mean curvature in de
Sitter spaces. J. Math. Soc. Japan 55 (2003), no. 4, 915–938.

[42] Palmer, B.: The Gauss map of a spacelike constant mean curvature hypersurface of Minkowski
space. Comment. Math. Helv. 65 (1990), no. 1, 52–57.

[43] Ramanathan, J.: Complete spacelike hypersurfaces of constant mean curvature in de Sitter
space. Indiana Univ. Math. J. 36 (1987), no. 2, 349–359.

[44] Schoen, R.: Conformal deformation of a Riemannian metric to constant scalar curvature.
J. Differential Geom. 20 (1984), no. 2, 479–495.



Á. Roldán 294

[45] Schoen, R. and Yau, S. T.: Lectures on differential geometry. Conference Proceedings and
Lecture Notes in Geometry and Topology 1, International Press, Cambridge, MA, 1994.

[46] Shu, S.: Hypersurfaces with constant k-th mean curvature in a Lorentzian space form. Arch.
Math. (Brno) 46 (2010), no. 2, 87–97.

[47] Treibergs, A. E.: Entire spacelike hypersurfaces of constant mean curvature in Minkowski
space. Invent. Math. 66 (1982), no. 1, 39–56.

[48] Trudinger, N.: Remarks concerning the conformal deformation of Riemannian structures on
compact manifolds. Ann. Scuola Norm. Sup. Cl. Pisa (3) 22 (1968), 265–274.

[49] Xin, Y. L.: On the Gauss image of a spacelike hypersurface with constant mean curvature in
Minkowski space. Comment. Math. Helv. 66 (1991), no. 4, 590–598.

[50] Yamabe, H.: On a deformation of Riemannian structures on compact manifolds. Osaka
Math. J. 12 (1960), 21–37.

[51] Zheng, Y.: On space-like hypersurfaces in the de Sitter space. Ann. Global Anal. Geom. 13
(1995), no. 4, 317–321.

[52] Zheng, Y.: Space-like hypersurfaces with constant scalar curvature in the de Sitter spaces.
Differential Geom. Appl. 6 (1996), no. 1, 51–54.

Received April 2, 2020; revised February 24, 2021. Published online August 18, 2021.

Ángela Roldán
Departamento de Matemáticas, Área de Didáctica de la Matemática, Facultad de Ciencias de la
Educación, Universidad de Córdoba, Avda. San Alberto Magno s/n, 14071 Córdoba, Spain;
i12rocua@gmail.com

mailto:i12rocua@gmail.com

	1. Introduction
	2. Preliminaries
	2.1. Totally umbilical spacelike hypersurfaces in S_1^n+1
	2.2. Klein model of S_1^n+1
	2.3. The de Sitter Gauss map

	3. A representation formula for spacelike hypersurfaces
	4. Uniqueness of spacelike hypersurfaces with prescribed curvatures
	5. Injectivity of the de Sitter Gauss map
	References

