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Carleson measure estimates and e-approximation
for bounded harmonic functions,
without Ahlfors regularity assumptions

John B. Garnett

Abstract. Let Q be a domain in R4+, where d > 1. It is known that if 2 satisfies a
corkscrew condition and d€2 is d-Ahlfors regular, then the following are equivalent:

(a) a square function Carleson measure estimate holds for bounded harmonic func-
tions on £2;

(b) an g-approximation property holds for all such functions and all 0 < ¢ < 1;

(c) K2 is uniformly rectifiable.

Here we explore (a) and (b) when d<2 is not required to be Ahlfors regular. We first
observe that (a) and (b) hold for any domain €2 for which there exists a domain QcQ
such that 92 is uniformly rectifiable and 9Q C 9$2. We then assume € satisfies
a corkscrew condition and d€2 satisfies a capacity density condition. Under these
assumptions, we prove conversely that if (a) or (b) holds for €2 then such a domain
§ O Q exists. And we give two further characterizations of domains where (a) or (b)
holds. The first is that harmonic measure for €2 satisfies a Carleson packing condition
with respect to diameters similar to a condition comparing harmonic measures to # d
already known to be equivalent to uniform rectifiability. The second characterization
is reminiscent of the Carleson measure description of H® interpolating sequences
in the unit disc.

1. Introduction

Let @ c R4+! be an open set. For simplicity we always assume €2 is a domain, i.e.,
connected, although the interested reader can easily extend all our results to the case of
disconnected open sets. We say bounded harmonic functions on 2 satisty a Carleson
measure estimate if there is a constant C > 0 such that

1 .
(L.1) = |Vu(y)| dist(y, 8Q) dy < CllullFoo(q
r B(x,r)NQ
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whenever x € 022, 0 < r < diam(£2), and u is a bounded harmonic function on 2. Itis a
famous result of C. Fefferman [14] that (1.1) holds for the upper half-space Ri“ , where
it characterizes Poisson integrals of BMO functions.

If u is a bounded harmonic function on 2 and if 0 < ¢ < 1, we say that u is e-approx-
imable if there exist g € Wléc’l (R2) and C > 0 such that

1.2) lu —gllLe@) <&
and, forall x € 92 and all r > 0,

1
(1.3) 7 [Vg(y)ldy =< C.

B(x,r)NQ

It is clear by normal families that (1.2) and (1.3) then hold for every bounded harmonic
function on 2 with constant C = C, depending only on ¢ and 2. It is also clear that
after local mollifications, (1.2) and (1.3) will hold with g € C*°(2); see [15], page 347,
or the argument concluding Section 2 below. The notion of e-approximation was intro-
duced by Varopoulos in [34] and [35] in his work on corona problems and H 1. BMO
duality. Chapter VIII of [15] gave a proof for all ¢ > 0 on the upper half plane, and
Dahlberg [8] extended the proof to Lipschitz domains using his work connecting square
functions to maximal functions. Later, Kenig, Koch, Pipher and Toro [30] applied &-
approximation to more general elliptic boundary value problems and proved that on any
Lipschitz domain elliptic harmonic measure is A, equivalent to boundary surface meas-
ure. Further connections between e-approximation, Carleson measure estimates, square
functions, maximal functions, and A, conditions for elliptic measures have been obtained
on Lipschitz domains by several authors, including [13,19,28,29,33], and then on domains
with Ahlfors regular boundaries by [3,20-23], and most recently by [2,4,5, 18,24, 25].

The papers [23] and [17] connect e-approximation and Carleson measures to rec-
tifiability in domains with Ahlfors regular boundaries. To explain them we give three
definitions. The open set 2 C R” satisfies a corkscrew condition if there exists a constant
a € (0, 1/2) such that whenever x € 02 and 0 < r < diam(S2), there exists a ball B(p,ar)
so that

(1.4) B(p,ar) C Q N B(x,r).

If Q2 is a connected open set with the corkscrew condition, we say €2 is a corkscrew
domain. For n > d > 1, aset E C R” is called d-Ahlfors regular (or simply Ahlfors
regular if d is clear from the context) if there exists a constant ¢ > 0 such that for all
x € Eand 0 < r < diam(FE),

(1.5) ¢ < #4YB(x,r)NE)<cr?

where #¢ denotes the d -dimensional Hausdorff measure. When 1 < d < 7 is an integer,
the set £ C R” is uniformly d-rectifiable if it is d-Ahlfors regular and there exist con-
stants ¢ and M > 0 such that for all x € E and all 0 < r < diam(FE) there is a Lipschitz
mapping g from the ball B(0, ) C R¢ to R” such that Lip(g) < M and

(1.6) H(E N B(x,r) N g(Bg(0,r)) > cr.
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Uniform rectifiability is a quantitative version of rectifiability. It was introduced in the
pioneering works [11] and [12] of David and Semmes, who proved that for any 2 C R”
the (n — 1)-uniform rectifiability of 92 is a geometric condition under which all sin-
gular integrals with sufficiently smooth odd kernels are bounded in L2(9%2). Later [31]
and [32] proved conversely that the L2 boundedness of the Cauchy integral or the Riesz
transforms on an Ahlfors regular boundary 92 implies 92 is (n — 1) uniformly rectifi-
able. The papers [23] and [17] prove that if Q C R4+1 g > 1, is a corkscrew domain and
02 is d -Ahlfors regular, then the following are equivalent:

(a) All bounded harmonic functions on 2 satisfy the Carleson measure estimate (1.1).
(b) Every bounded harmonic function on €2 is e-approximable for all 0 < ¢ < 1.
(¢) 0% is uniformly d-rectifiable.
In fact, [23] proved (c) implies (a) and (b) and [17] proved the converse statements.
Here our goal is to understand the conditions (a) and (b) when 92 is not necessar-
ily Ahlfors regular. To state our results we need two more definitions. We will usually

assume 2 satisfies a capacity density condition: there is B > 0 such that for all x € 0Q2
and r < diam(€2),

Br ifd+1=2,

(1.7) Cap(B(x,r)\ Q) = { Bri=l ifd +1>3,

where Cap is the Newtonian capacity when d + 1 > 3 and the logarithmic capacity when
d + 1 =2.1f Q satisfies (1.7), every point of dS2 is regular for the Dirichlet problem, so
that for each p € Q there exists a unique Borel probability w, = w(p, .. 2) on 2 such
that

(1.8) u(p) = /3 (v do(p.x.2)

if u is continuous on  and harmonic on . Moreover, if u(x) is continuous on 092, (1.8)
defines a function harmonic on €2 which continuously extends u from 92 to 2. Since Q
is connected, it follows from Harnack’s inequality that for all p,g € 2 there is a constant
Cpq = Cp4(2) such that w, < C, 4 w,. The measure ), is called the harmonic measure
for p.
Theorem 1.1. Let Q@ C R4t d > 1, be a domain.

A) If there exists a domain Q such that

(1.9) QCcQ and 99 C 09,

and 3 is uniformly rectifiable, then (a) and (b) hold for <.

B) Conversely, if $2 satisfies (1.4), (1.7) and either (a) or (b), then there exists a
domain Q, with 02 uniformly rectifiable, such that (1.9) holds.

The proof of Part A of Theorem 1.1 is an easy application via Whitney cubes of the
theorem of [23] and does not require (1.4) or (1.7) to hold on 2. It will be given in
Section 2. The proof of the converse Part B involves a variation on a corona decomposition
in [17]. It occupies most of this paper.
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Theorem 1.2. If Q2 is a domain satisfying (1.4) and (1.7), there is &g > 0, depending only
on the constants in (1.4) and (1.7), such that:
A) If (a) or (b) holds for 2, then for every 0 < ¢ < gq there is C(g) such that if
p;i € RN B(x,R), x € 0Q, and E; C 9Q satisfy

(1.10) w(p;,Ei,Q) >1—¢, and
(1.11) E;NEr=0 ifk#}j,
then

(1.12) > dist(p;. 02)¢ < C(e)R.

B) Conversely, if for some 0 < & < gg, (1.10) and (1.11) imply (1.12) whenever such
{pj} and {E;} exist, then (a) and (b) hold for Q.

The proof of Part A of Theorem 1.2 is in Section 4. It uses a construction from the
beginning of [17] and some elementary properties of harmonic measure. The proof of the
converse Part B is deeper. It runs parallel to the proof of Part B of Theorem 1.1.

To illustrate Theorem 1.1 and Theorem 1.2, we consider Cantor sets. Let0 < A < 1/2
andin R set K = (Mn>o0 Kan, Where K o = [0,1]x]0, 1], Kj y4+1 C Ka 5, and Kj 41
is the union of 4" 1 pairwise disjoint closed squares of side A”*!, each containing one
corner of a component square of K . Then (1.4) and (1.7) hold for 2, = R2\ K. The-
orem 1.1 implies (a) or (b) holds for 2 if and only if A < 1/4, but this can be seen without
the harder proof of Theorem 1.1. If A > 1/4, #! and harmonic measure for C \ K are
mutually singular ([6], [16]) and then the easier half of the proof of Theorem 1.2 in Sec-
tion 4 shows (a) and (b) fail. The case A < 1/4 is easier yet because then, if u is harmonic
on 2,

dy
Vuldy < lullL= [ Y < CRullzee).
/B(x,R)\K,l @ B(x,R\K; dist(y, K3) @

When A < 1/4, the domain €2, can be obtained by removing from 2, a continuum
of diameter cA” near the center of each K, ,, and the converse proof of Theorem 1.1
amounts to constructing similar continua in the general case. There it is helpful to recall
that for A < 1/4 the harmonic measures for 2 and Q; are mutually singular.

The Part B converses of Theorem 1.1 and Theorem 1.2 are both corollaries of The-
orem 1.4, which asserts that under (1.4) and (1.7), (a) and (b) are both equivalent to the
existence of a particular corona decomposition on 92 made by comparing harmonic meas-
ures to diameters. To state Theorem 1.4 we must first explain its setting, which will be
discussed more fully in Section 6. The corona decomposition in Theorem 1.4 is similar to
the decomposition in [17], which in the Ahlfors regular case is proved in Proposition 3.1
and Proposition 5.1 of [17] to be equivalent to the uniform rectifiability of d2 and thus
also equivalent to (a) or (b). However, the decomposition in [17] used a family of subsets
of 92, often called Christ-David cubes, which were originally defined only when 9% is
Ahlfors regular. To make our decomposition satisfy its needed “small boundary condi-
tion” (1.18), we first define in Proposition 1.3 a new family of “cubes” in d€2. These new
cubes are built by repeating the original construction of David [9] assuming €2 satisfies
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the condition of Theorem 1.2 but not assuming 92 is Ahlfors regular, and the main differ-
ence between the corona decomposition in Theorem 1.4 and that in [17] is this definition
of cubes. We note that [27] and [26] have made similar cube constructions in the general
case of doubling metric spaces.

Proposition 1.3. Assume 2 is a bounded corkscrew domain satisfying (1.7) and the con-
clusion of Theorem 1.2 that (1.10) and (1.11) imply (1.12). Then there exist a positive

integer N and a family
s=1Js

Jj=0
of Borel subsets of 02 which has properties (1.13), (1.14), (1.15), (1.16), (1.17) and the
“small boundary property” (1.18):

(1.13) diam S ~ 27N ifS € §;;
(1.14) I =Us, S forall j;
(1.15) SNS' =0 ifS,S'e€S; and S' # S;

(1.16)  iffor j <k, Sj €Sjand Sy € Sk, then Sy C S; or Sx NS; = 0.

There exists a constant co > 0 such that for all S € § there exists xg € S with

(1.17) B(xs,col(S))Nao C S.

For 0 <t <1landS;j € §j, define

A(Sj) =1{y e Sj:dist(y,d0Q\ S;) < 27¥} U {y € IQ\ S; : dist(y, S;) < 727N},
let

g2~V = {K = ﬂ (kit2™™ < x; < (ki + D127V} ks € z}
1<i<d+1

denote the set of closed dyadic cubes in R+ of side 2~N7 | scaled down by t, and define
Ne(S;) = #{K € §(x27%) : K N A(S)) # 0}.

Then there exists a constant Cgp, so that

(1.18) N(S;) < Cgp 1/ Cp)—d

forall T and all S € §;.

Assuming Proposition 1.3, we make the following construction: by (1.17), (1.13),
and (1.4), to each S € § there corresponds a “corkscrew ball” B(p, acol(S)) C Q with
dist(p, S) < co€(S). Moreover, by (1.7) and Lemmas 3.1 and 3.2 from Section 3 below,
for any 0 < & < 1/2 there exist constants

(1.19) 27Ny <3 < 4de3 < ¢
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depending on &, the constants in (1.4) and (1.7) and the constants c;, ¢, from Section 3
but not on N, such that for every S € § there exists a ball By = B(ps, c3£(S)) satisfying

(1.20) Bs = B(ps,c34(S)) C 4Bs = B(ps,4c3€(S)) C QN B(xs, %"Z(S))
and

(1.21) ilzl£ {o(p. S N B(xs,col(S)), 2 N B(xs,col(S)))} =1 —e.
PE2bg

We can also take N so large thatif S N S' = @,
(1.22) Bs N Bsg =0,
and if £(S") > £(S),
(1.23) 2Bs' N B(xs,col(S)) = 0.

If £(S) # £(S’) and N is sufficiently large, (1.22) follows from (1.13), (1.16) and (1.19).
If £(S) = £(S’), (1.15) and (3.4) imply (1.22) since ¢ < 1/2.If £(S’) > £(S), then (1.23)
holds by (1.19).

For S € § and A > 1, define AS = {x : dist(x,S) < (A — 1)£(S)}. Let0 <§ < 1and
A Z 1 be fixed constants. For So € § and S € § with § C Sy, we say S € HD(Sy) (for
“high density”) if S is a maximal cube for which

£(S)\4
()

and we say S € LD(Sp) (for “low density”) if S is maximal for

(1.24) inf w(p,28) > A4
PGBSO

£(S)\¢
(1.25) pzlg;o w(p,S) < 8<€(S0)) .

By (3.2) and Harnack’s inequality,

(1.26) sup w(p,S) <cs inf w(q,2S)
DEBg, q€Bs,

for some constant c¢5, and we can assume A > ¢56 so that HD(Sy) N LD(Sy) = @.
For each Sy € §, let

(1.27) G1(So) = {S € LD(Sp) UHD(Sp) : S is maximal}.

We call G1(So) the first generation of descendants of Sy, and we define later genera-
tions inductively:

(1.28) GiS) = |J G
Se€Gr—1(So)

Proposition 1.3 will be proved in Section 5 after Part A of Theorem 1.2 has been
proved in Section 4. Therefore it is not inconsistent to assume the conclusions of Propos-
ition 1.3 when assuming (a) or (b) in Part A of Theorem 1.4.
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Theorem 1.4. If Q2 is a domain satisfying (1.4) and (1.7), there is &1 > 0, depending only
on the constants in (1.4) and (1.7), such that:

A) Assume (a) or (b) holds for Q2 and let S be a family of subsets of 92 satisfying Pro-
position 1.3. Then there exists Ay > 0 such that whenever 0 <e<ey, 0<§<g/3,
and A>max(Ag, c50), there exists a constant C =C(g, 8, d, A) such that for
any Sy €S,

o0
(1.29) DD S = CeSo).

k=1 G (So)

B) Conversely, assume there exists a family § of subsets of 02 satisfying Proposi-
tion 1.3 and (1.20)—(1.22), assume (1.24)—(1.27) hold for some ¢, § and A with
0<e<e,0<6<e/3 and A > 568, and further assume

(1) S satisfies (1.29), and

(ii) there exists C > O such thatif Bisaball, {S;} CS,|JS; C Band S; N S =
@ for j # k, then Y €(S;)? < C diam(B)?.
Then (a) and (b) hold for 2.

Part A of Theorem 1.1 is proved in Section 2, without assuming (1.4) or (1.7). In
Section 3 we give three lemmas from [1] and [17] which lead to the proof in Section 4 of
Part A of Theorem 1.2. The proofs of Theorem 1.4, Theorem 1.1 Part B, and Theorem 1.2
Part B are convoluted. In Section 5 the conclusion of Theorem 1.2 Part A is used to
define the cube family § and prove Proposition 1.3. In Section 6 properties of § and
the construction from [17] yield a proof of Part A of Theorem 1.4 (and thereby extend
Proposition 3.1 of [17] to domains satisfying (1.4) and (1.7)). Then, in Section 7, Part A
of Theorem 1.4 and an iterated balayage argument are used to construct a subdomain
Q C Q such that 9Q € 92 and < is Ahlfors regular, and in Section 8 a similar balayage
argument shows the crucial generation sum (1.29) for €2 controls the corresponding sum
for 2. Proposition 5.1 of [17] and Lemma 6.2 then imply aQ is uniformly rectifiable, and
therefore prove Part B of Theorem 1.1. Finally, the proof of Theorem 1.4 Part B follows
from Theorem 1.1 Part A and the proof of Theorem 1.1 Part B, and a word-for-word repeat
of that argument yields the proof of Theorem 1.2 Part B. An outline of the logic is:

Q exists
U

(a) and (b)
4

(a) or (b)
U

Theorem 1.2 Part A
4
Proposition 1.3 and Theorem 1.4 Part A

4

Q exists.
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A reading of the proofs will show that e-approximation of all harmonic functions with
supg |u| < 1 for some fixed small ¢ is equivalent to the other conclusions of all three
theorems.

The argument in this paper entails many constants. Constants C or C; are large and
may vary from use to use, but the constants cg, ¢y, ... are small and sometimes interde-
pendent. They are written so that ¢; can depend on ¢ only if k < j.

2. Proof of Theorem 1.1 Part A

We recall the Whitney decomposition of €2 into cubes 2 = | J,, Q. Each Q e W ="W(Q)
is a closed dyadic cube,

@1 0= (] k27" =x =k + D27},
1<j=<d+1

with n and k; integers. If O, O, € W, then

(2.2) 01C Q2 02CQ1, or Q1NQS=0,

where Q° denotes the interior of Q. There are constants 1 < cg < ¢7 < 3 such that for all
QeWw,

(2.3) QNI =@ but ¢;0 NI #J,

where £( Q) is the sidelength of Q and ¢ Q is the concentric closed cube having sidelength

ct(Q).

Assume € and satisfy condition (1.9) from Theorem 1.1, let ¥ be an harmonic
function on €2 with supg |#| < 1, and let O € W(2). We fix a constant 1 < ¢g < ¢¢ and
consider two cases.

Casel: cs0O N Q= 0.
In this case there is C; = C1(d, c¢7, cg) such that dist(y, dR2) < Cydist(y, 0R2) for all
y € Q, so that

24 / [Vu(y)|? dist(y, 0Q) dy < Cl/ [Vu(y)|? dist(y, Q) dy.
Qo o

CaseII: ¢sQ N 92 # 0.
In this case Harnack’s inequality gives supg |Vu(y)| < C2/4(Q), for C2 = C2(d, ¢7),
so that

2.5) / V()2 dist(y. 92) dy < C2(1 + e5)@+D/2 ()¢ = C5 £(0)°.
Y

Now consider a ball B = B(x,r), with x € dQ2, r < diam €2, and let

Wp ={0Q e W(R): 0N B # 0},
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and for J =T or I, let Wp_; be the set of Case J cubes in Wg. Also note that by (2.3),
(2.6) |JesQ € B(x.Car)

Wp
for a constant C4 depending only c¢g and c¢7. Then we have

[ vumpaso.ody <3 [ 1vumPdsoamidy = Y+ Y
B Wg Q

Wp1  Wpn

To estimate ZWB , we use (2.4), (2.6), the uniform rectifiability of 9, and the the-
orem of [23] to get ’

2.7) > = CI/ |Vu(y)[? dist(y, 98Q) dy < C(Cqr)?.
Wa.1 B(x,Cyr)

For estimating ZWB ;- the only available inequality is

Y =G Y we)

Wg. 1 Wg. 1
from (2.5). But in Case 1I,
(2.8) £(Q)? < Cs H9(c60 N 3Q)

because 92 is Ahlfors regular and by (2.2) and (2.3) no point lies in more than N =
N(cg,c7,d) cubes c @, Q € W. Therefore (2.5), (2.6), and the Ahlfors regularity of 92

imply

(2.9) D> <Cs > H0) < CsNIH(B(x,Car) N Q) < Cs N(Car).
Wa. 1 Wa 1

Thus by (2.7), (2.5) and (2.9), (a) holds for all bounded harmonic u.
To prove (b), let u be an harmonic function on €2, let ¢ > 0 and consider the Case 1
and Case II cubes in W(£2). Write

v=\Jo v="1U o
Case I Case II

and
T'=QnadV=naUl.

By [23], there exists g € W11(Q) satisfying (1.2) and (1.3) for u on €. Define
G =gyu +uyvur. Then |[u — G||L=q) < &. Testing G against Vo, ¢ € C*(Q),
with Green’s theorem shows that as distributions on 2,

VG = yyVg + yvVu + v,
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where v is an R4 1-valued measure that accounts for the jump between g and u across I’
and has total variation |v| < eyrH?. Let x € 9Q and r > 0. Then by the Case I and
Case II argument in the proof of (a),

/ VGldy < Cr,
B(x,r)N(UUYV)
and because < is Ahlfors regular, (2.8) implies

W[(B(x,r) N ) < Cer?.

Hence (1.3) holds for the vector measure VG.

To replace G by a W];C’I function, let n > 0 be small, write

Un0) =0y (),

where ¥ € C®°(R?*1!) is a non-negative radial function, compactly supported in B(0, 1),
with [pa1 ydy =1, let yj, j = 1, be a C5° partition of unity on €2 such that y; has
support {27771 < dist(y, dR) < 27/*1}, and define

G() =2 G *Yriy(y).
J

Then G € C®(Q) C W' (Q) and (1.2) and (1.3) hold for G and u.

3. Three lemmas
Recall we assume (1.7), so that the harmonic measure w(p, E) = w(p, E, ) exists for
p € Q and Borel E C 9€2. The first lemma is Lemma 3 from [1].

Lemma 3.1. Q2 satisfies (1.7) with constant B if and only if there exists n = n(B8) < 1 such
that for all x € Q2 and all r > 0,

3.1 sup  w(p,dB(x,2r)NQ,Q N B(x,2r)) <n.
B(x,r)NQ

The second lemma is a well-known consequence of Lemma 3.1 and induction.

Lemma 3.2. Assume Q satisfies (1.4) and (1.7) and let 0 < ¢ < 1/2. There are con-
stants c1 and ¢, depending only on & and the constants a and B in (1.4) and (1.7), such
that whenever x € 02 and r < diam 2, there exists a ball B = B(p, ¢1r) such that

3.2) 4B = B(p.4cir) C QN B(x,r),
(3.3) dist(p, 02) < car,
and

3.4 inf w(g,0R2 N B(x,r),2N B(x,r))>1—e¢.
qe2B
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Proof. By the maximum principle and induction, (3.1) implies that for all s > 0,

(3.5) sup  w(p,dB(x,2Vs)\ 2,92 N B(x,2V5)) < V.
B(x,s)NQ

For ¢ > 0 take N with n¥ < g andset C; = 1 + 2V . Forany p € Q take x € 92 such
that |x — p| = dist(p, 9Q2). Applying (3.5) with s = |x — p| and the maximum principle,
we get

3.6) w(p, 02N B(p,C15),2) >1—e¢.
By (1.4), 2 N B(x, 1+’—Cl) contains a ball B = B(p, %). Therefore (3.2) holds with
o
= ———
T+
and (3.3) holds with
1
2T 1ra’
If g € 2B = B(p, %), then by (3.2) dist(g, 02) < |g — x| < 1+’—Cl Therefore
B(q, Cidist(g, 02)) C B(x,r), so that (3.6) implies (3.4). n

The next lemma is similar to Lemma 3.3 of [17].

Lemma 3.3. Assume 2 satisfies (1.4) and (1.7). Then there exist ¢g > 0 and constants cg
and cyo depending only on d and the constants o and B of (1.4) and (1.7) such that if
0<e<eggand

(1) S C 0Qisa Borelset, x € S,0 <r < diam(Q), and B(x,r) NI C S,
(ii) the ball Bs = B(ps, c1r) satisfies (3.2), (3.3) and (3.4) from Lemma 3.2,
(iii)) Es C S N B(x,r) is a compact set such that

3.7 inf w(q, Es, Q) >1—¢,
2Bgs

then there exists a non-negative harmonic function us on 2 and a Borel function fs such
that

0<fs < xEs
and forall p € Q,
(3.8) us(p) = [ fs)dolp.y. ).
N
(3.9) infus(p) > co,
Bg

and there exists a unit vector és € Rt such that

(3.10) inf|Vug(p) - és| > 2.
Bg c1r
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The right side of (3.10) is so written to display the radius c;r of Bg.
Proof. Take gs € S N 32 with |¢gs — ps| < 2dist(ps, dR2). By (3.2) and (3.3) we have
(3.11) derr < |ps —qs| < 2car.

Case I. d > 2. By (1.7) and the definition of capacity there exists a positive meas-
ure s supported on B(gs,cir) \ Q with [dug > B(c1r)?~" such that the potential

Us(p) = / lp—y|"dps(y)

is harmonic on R4*1 \ suppus D €, and satisfies
(3.12) 0<Us(p) =1

for all p € R4*1. By Egoroff’s theorem, there is a compact set Fs C B (g, c17) \ Q such
that us(Fs) = B(cr)?~" and

[ lp=sldus) =0 -0
B(p,n)
uniformly on Fs. Redefine Ug to be
(3.13) Us(p) =fF lp—yI" dus(y).
N

Then Uy is continuous on R¢*1, harmonic on RZ+! \ Fg D €, and satisfies (3.12).
By (3.11) and (3.13),

. c1r d—1 —d
3.14 inf Us(p) > ( ) — g7 = ¢l
( ) 2By S(P) /3 |PS —6]S| T 3crr ,3 9

Leteég = (lqs ps‘) Then by (3.11) we have

, 4
(3.15) inf { & - @=r) e p, peBS} A
lg — pl a1«
Hence by (3.11), (3.13), (3.15) and the formula
(3.16) VUsp) = (=) [ =P duso).

we have, on By,

- 4 (d - l)ﬁclrd ! cio
3.17 VUs(p) - > & =0
( ) VUs(p)-esl o (2c1r +2cr)? crr

S

201972 ¢ \d+a

in which
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depends only on d, o and B. Since Uy is continuous on £,

Us(p) = /a 85O0 do(p.y. )

with continuous gs = Us|0Q2. Set fs = yEg gs and define us by (3.8). Finally, take

Loc
g0 < m1n<29 10),

3
assume 0 < ¢ < &g, and assume also that Lemma 3.2 holds for ¢y, ¢;, o and &. Then since
| fs| < 1,(3.7) yields sup, g, |Us —us| < . Hence (3.14) implies (3.9) for cg = c4/2, and
by (3.7) and Harnack’s inequality, supg, |V(Us —us)| < Cz_sr so that (3.7) implies (3.10)
for c19 = ¢}/3.
Case II: d = 1. Decreasing c¢; and c, if necessary, we have, again by Egoroff’s

theorem, compact sets F§E C B(x,r) \  such that Cap(FSi) > Bcyr/2 = e~V and prob-
ability measures p 4+ supported on F' S“—L so that the logarithmic potentials

Ui(p)=/ log dp+(y)

lp =yl

are continuous on R? and harmonic on R? \ F§ and satisfy U+ < y on R? \ F5 and for
small g,y —n < Ut <y on F§ £ . Because capa01ty is bounded by diameter, we can, by
choices of ¢ and c,, position F Si so that

F; C B(ps,2car)

but
Fy CR?\ B(ps,4car).

Then on R? \ (Fg U Fg) the function U+ — U~ is harmonic and bounded, because the
logarithmic singularities at oo cancel, and by the choices of FZ,
4C2
sup |[UT U<—1o( ) =tog(2).
up | | =y —log( ) =loe

F+UF- pes
1 1 2
inf(UT—U") > log<—) — log(—> = log(cz—-i_cl>,
2Bg 2cor —2cqr dcor + 2c1r cy) —C1

and for some unit vector ég,

/

inSf|V(U+ U)- eS|>T

Then (3.8), (3.9) and (3.10) hold for

fs = (ZIOg(%))_lOog(%) +UT - U’) XEs- |
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4. Proof of Theorem 1.2 Part A

We follow the proof of Lemma 3.7 of [17]. Replacing € by ¢/4 and R by CR, C > 1,
and setting r; = dist(p;,d2) and B; = B(p;,r;). we can by Lemma 3.2 and Harnack’s
inequality assume E; C B(x, R), 4B; = B(pj,4r;) C Q N B(x, R) and

€

“.1) %Iga)(p,Ej,Q)> 1—2

Then the conclusion of Theorem 1.2 Part A is immediate from:

Lemma 4.1. Assume (1.4), (1.7) and either (a) or (b) holds for Q2. Then if 0 < & < &,
there is C(¢) such that iffor j = 1,2, ... there exist balls B; = B(p;,r;) C 2 N B(x, R),
X € 082, and sets E; C 0Q2 with (4.1) and

4.2) E;NE,=0, j#k,
then
(4.3) > < Ce)RY.

Proof. By Lemma 3.3 there exists a Borel function 0 < f; < yg, such that the harmonic
function

@4) we) = [ f0)dotp..2)
satisfies
4.5) §%f u;j(p) > cia,

and there exists a unit vector &; € R?*1 such that

. > C12
4.6 fiVu; cei| > —-
(4.6) lgj| u;(p) e]| =

Set u = ) uj. Then by (4.1) we have Sup, B, |u —uj| < &/2, so that by Harnack’s
inequality, supp; |V(u —uj;)| < 2¢/r;. Therefore

[Vul > c11 —3¢/r;

on B; and

4.7 [ |Vu(x)|2 dist(x, 0R) dx > c1» rJ‘-j.
BjﬁQ

Assuming (a) holds on 2 with constant C and summing, we obtain

1
> (dist(p;. Q)¢ < — |Vu(x)|? dist(x, Q) dx < CR?,

; C12 JBNIQ

which yields (4.3) when (a) holds.
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Now assume (b) holds for Q2 and ¢ < ¢11/3.If g € Wléc’l(Q) satisfies (1.2) for u and
€ < c11/3, then, using (4.6) and (4.7) for u;, we obtain

[ 9gtoldx = eur
B

Thus from (a) or (b) we conclude that (4.3) holds. [

We note two corollaries of Lemma 4.1.

Corollary 4.2. Let Q@ C R4+ be a corkscrew domain for which (1.7) holds. If (a) or (b)
holds for 2, then there is a constant C > 0 such that for all x € 02 and all r > 0,

(4.8) H4(B(x,r)NoQ) < Cre.

Proof. Cover any compact K C B(x, R) N 92 by a minimal set F of N, distinct closed
dyadic cubes of side 27", Partition F into 3¢ 1 disjoint families F” so that dist(Q;, Q») >
27" if Q1 # Q, € F, and fix any such family F. By (1.4) and (1.7) and Lemma 3.2 there
exists 14 so that for every Q; € F there exists a ball B; = B(p;,c142™") C QN 20;
with infBj w(p, Q; NIQ, Q) > 1 —¢, where ¢ fixed and small. Then by Lemma 4.1,

(1427 #F < C(e)r?,

which yields
de(K) < 3d+1c1_4dC(8)rd. [
Merged with the results of [23] and [17], Corollary 4.2 yields:

Corollary 4.3. If Q@ C R4+ is a corkscrew domain for which there exists a constant ¢ > 0
such that for all x € 02 and all 0 < R < diam(9S2),

(4.9) H4(B(x,r)NIQ) > cr,

then (a) or (b) holds for Q if and only if dS2 is uniformly rectifiable.

5. Modified Christ-David cubes

To prove Proposition 1.3, we follow the construction in [9] very closely, although the
arguments from [7], [10], [26] or [27] would also work. To start we use (a) or (b) to get a
grip on the small boundary condition (1.18).

Lemma 5.1. Let 0 < 1 < 1 and let N be a positive integer. Assume 2 is a bounded
corkscrew domain with (1.7) and assume the conclusion of Theorem 1.2 Part A holds
for Q. Then for any x € 0Q2 and any j € N, there exists an open ball Bj(x) = Bj(x,r)
having center x and radius

re @M, (1 +n27N)
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such that if
Aj(x) = Bj(x) N 3L,
Ej(x) ={y € Aj(x) : dist(y, 02 \ A, (x)) < n?27"}
U{y € dQ\ Aj(x) : dist(y, A (x)) < 7?27V}

and mj(x) is the minimum number of closed balls B(p,n?>2~N7) needed to cover E;(x),
then

(5.1) m;(x) < Can'™24,

in which the constant Cy depends only on d and the constant in (1.12).

Proof. Partition the closed ring ¥ = B(x, (1 + 1)2=N/)\ B(x,27"/) into a family R of
at most 1 + [1/7] closed rings having width 727"/ and center x. Fix 27" ~ n?2=N/,
let € be the set of closed dyadic cubes Q of side 27" such that Q N 92 N X # @ and let
M = #E&. Choose a maximal subset £g C & of pairwise disjoint closed cubes. Then &y
has cardinality #€o > ¢143797'M and the enlarged cubes 20, Q € &, are pairwise
disjoint. For each Q € & there exist by (1.7) a compact set Eg C %Q N d2 and a ball
B(pg.an? 277 c %Q N 2 satisfying the conclusions of Lemma 3.2 and Lemma 3.3.
Now we can follow the proof of Corollary 4.2 to conclude that #€¢ (22~ V)4 < c2~Nid,
Hence M < Cn~2¢ and there exists a pair of adjacent closed subrings in R whose union
meets at most c15 Cn'~2¢ dyadic cubes from &. That implies (5.1). n

Proof of Proposition 1.3. For j > 0, let V; be a maximal subset of d<2 such that when
x,x' eV, |x—x'| = 2N and for x € V; let Bj(x) be the ball given by Lemma 5.1,
and set Aj(x) = 92 N B;(x). Put a total order, written x < y, on the finite set V; and
define

Arx) =20\ A m.

y<x

Then for each j, (1.10), (1.11), and (1.12) hold for the family {A;‘ (x)} and because the
balls B(x, (1 —n)27N), x € V;, are disjoint we have

(5.2 B(x.(1-n)2M) C Af(x)
for every x € V;. Because 02 C R4*1 | there is constant M independent of j such that
(5.3) #y eVj:y <xand B;(y) N Bj(x) # 0} < Ma.

Therefore by (5.1) the minimum number m]* of closed balls B(p,n%22~N/) needed to
cover

= i 2—Nj
E}(x) ={y € Aj(x) : dist(y,dQ) < n*27""}
U{y ed\ A;‘(x) - dist(y, A}“(x)) < 227Ny
has the upper bound
5.4 m;‘(x) < Cdenl—zd‘
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Because the families {A]* }i>0 may not satisty the nesting condition (1.13) or the small
boundary condition (1.15), we further refine each set A, still following [9]. If x € V},
J =1, there exists by (1.11) and (1.12) a unique ¢(x) € Vj_; such that x € A}‘_l(go(x)).
For any j and x € V}, define D; o(x) = A;‘(x), and forn € N,

Djn(x) = J{A}, () 19" (y) = x}

Then for any j and n,

(5.5) {Djn(x) 1 x € v} = 0Q.
and by induction,
(5.6) Djn(x) = J{Djns () : 0 (y) = x}.

for0 <k <n.
Write distg (A, B) for the Hausdorff distance between subsets A, B of R4*1, Since
diam(A;.‘) < (1412, we have

distge (Dj,1(x), AT (x)) < (1 +1n) 2~NG+D,
so that by (5.6) and induction,
5.7 distge (Djn(x). Djms1(x)) < (1 4 )2~ NG+,

Hence for each j and x € V;, the sequence of {D; ,(x)} of compact sets converges in
Hausdorff metric to a compact set R; (x). It is clear from (5.5) that for any fixed j,

(5.8) (R (x) : x € Vj} = 0Q

because if y € 0Q then y € Dj , (x™) for some x € V() and because V(;) is finite
there is x € V(j) with y € Dj ,(x) for infinitely many n.

Since we took closures, (1.12) may not hold for the sets {R; (x)}, and like in [9] we
must alter them one final time. By induction we can choose the ordering on the finite
set V;, j > 1,sothatx < y if ¢(x) < ¢(y). Then define, for all j and x € V(j),

(5.9) S =R®\ |J RO,
V(j)ay<x

Then it is clear from (5.8) that (1.12) and (1.13) hold for the family § = U]-{Sj}, and
since by (5.7),

(5.10) diam(S; (x)) < diam(R;(x)) < Y " 2(1 + 2~k <41+ p 27N,
k=j

To obtain the lower bound in (1.10) and also (1.13), (1.14) and (1.15), we need 2~
to be small compared to 1. Assume

1
(5.11) 27N~ p? < 5
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Then by (5.2) and (5.7) we have for x € V;,

dist(x, 82\ Dja) = (1— ) 27¥ = 3" 2(1 4 p) 27Nk
k>j
‘ 27N 27N
“Nj(1_pn_
> 2 (1 0 2(1+n)1_2_N)2 3

This implies (1.14), and with (5.10) it also implies (1.10).

To show (1.13), suppose u € Aj(x) N Aj11(y). Then by (5.7), u = lim x,,, where
Xpn € Vi, Xn41 € A (xp) and x; = x, and u = lim y,,, where y, € Vp, Ynt1 € A (Vn)
and yj+1 =y.Hence u € ()5 ; Ru(xn) N[5 ;41 Rn(yn) so that by the definition (5.9),
Yn=xyforalln > j +1and S;41(y) C Sj(x).

To verify the small boundary condition (1.18) we can by (5.2) assume 7 = 2—Nk,
k> 1.Letx € V; and write S = S; (x). Then by (5.7) and (5.10), N () is comparable to

#Y € Vipk 1 ST () N Ac(S) # 9},

and by (5.4) and (5.11) this number is bounded by (CgMgn'=24)k ~ (CyMy)* t1/2,
which, for C > 2 and t small, is bounded by C r1/C-d, [

6. A corona decomposition and the proof of Theorem 1.4 Part A

Assume Q C R4+ 4 > 1, is a domain satisfying (1.4), (1.7), and either (a) or (b),
and let § be a family of subsets of 92 satisfying the conclusions of Proposition 1.3.
We shall prove there exist constants €1, Ag and C such that (1.24) holds with constant C
whenever 0 <§ <g/3 <ey/3and A > Ay, So € §, and G (Sp) are its generations defined
for § and A. Recall that by Proposition 1.3 the family § has the properties (1.17), (1.18),
and (1.19).

Lemma 6.1. Let S €S andlet{S;} CS be a family of cubes S; C S satisfying S NSy = @
when j # k. If S; € HD(S) for all j, then

C,

1 A\d ~1 d
(6.1) DLt = = sy,
while if S; € LD(S) for all j, then
(6.2) sup Y w(p, Sj) < G256,

Bs S;

where Cy and Cy depend only on d, § and the constant in (1.12).

Proof. Assertion (6.2) follows from (1.20), (1.21), (1.22), (1.25) and Lemma 4.1, with
constant C, depending only on § and the constants in Proposition 1.3 and (1.12).

Since the definition of HD entails w(ps, 2S;, ) and not w(ps, S, 2), the proof
of (6.1) requires more work. Note that if 25; N 2S; # @ and £(Sx) < £(S;) then, by (1.10),

Sk C B(xs;, CL(S))),
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in which the constant C depends only on the upper bound in (1.10) and thus only on «,
and d. Hence by Theorem 1.2 Part A,

> {eS? 28k N 2S5 # 0, U(Sk) < USH} < Cie(S)?,

and by a Vitali argument there exists {S}} C {S;} with 257 N 2S; = 0 and

Yyt < Y us) < LY wps. 25 268 < syt

Turning to the proof of Theorem 1.4 Part A, we now assume A > 2C;. To prove (1.29),
we separate high and low density cubes. For S € §, let GH;(S) be the family of high
density cubes S’ € G1(S) and by induction

(6.3) GH(S)= | GHu(S).
S'€GHy_(S)

Thus if Sy € GH(S), then
(6.4) Sk CSg—1 C---CS1 TS =4S,

in which for j > 0,
Sj+1 € HD(S)),

so that all ancestors of Sy except possibly So are HD subcubes of their predecessors. Write

GH(S) = | ) GHi(S).

k>1
Then by (6.1),
> C
6.5) Yousy =313 sy < ﬁm)d.
GH(S) k=1GH(S) !

Similarly, let GL{(S) be the family of low density cubes S; € G1(S) and by induction,

(6.6) GL«(S)= |J GLi«(&).
S'eGLk_1(S)

Thus if S € GL(S), then
6.7) Sk CSg1 C---CS1CTS =S

and S;4; € LD(S;) for j > 0. Write

GL(S) = | GLk(S).
k>1
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Lemma 6.2. Assume ¢ in (1.2) is small and § < ¢. Then there exists a constant Cy such
that for any Sy € S,

o0
(6.8) 2 UHT =) Y ST = CUSo)?
GL(So) k=1GL;(So)
Proof. The proof is like the proof of (6.1). For any S € GL(S) define
Es=s\ |J &
S'€GL1(S)

Then Eg, N Es, = @ for S1 # S, and that infz w(p, Es, ) > 1 —¢, so that Lemma 4.1
and (1.13) imply (6.8). [ ]

Now the proof of (1.29) follows by interlacing (6.5) and (6.8). Write

LiS)= Y «sH?. HiS)= ) us)H,

GL(S) GH(S)

and by induction,

Lipa(S) = Y Li(S), Hiua(S)= Y Hi(S).

GH(S) GL(S)
Then - -~
D0 U =) (Li(So) + Hi(So))
k=1 G¢(So) k=1
and by (6.5) and (6.8),
C1Li(S)

Li41(S) < CoHp(S) and Hiyq(S) < .
A-C

so that writing L¢(S) = Ho(S) = 1 and taking A — 1 > C; + C;C; yields
(o)

AC, + C; + C,C
D I ot
k=1 Gy (So) T2

That proves (1.29) and Theorem 1.4 Part A.

7. A domain

Assume €2 is a corkscrew domain satisfying (1.7) and § is a family of subsets of dQ2
having properties (1.13)—(1.18) of Proposition 1.3, and their consequences (1.20), (1.21)
and (1.22). Fix constants €,8, N, A and C with 0 < § < ¢/3 and A so large that (1.27)
holds for any Sy € § when the generations G (Sy) are define by (1.22) and (1.25). Also
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assume § satisfies the conclusion of Lemma 4.1 or, equivalently, hypothesis (ii) of The-
orem 1.4 Part B. Under those assumptions we construct a domain Q C Q with 4Q c 9Q
and a d-Ahlfors regular measure o supported on 3Q and boundedly mutually absolutely
continuous with x5 # d
Forany S € §, let
I's C 2Bg \ Bg

be a finite union of separated closed spherical caps such that
(7.1) H(Ts) = c16L(S)7.

Since Bg has diameter 2¢1£(S) we can (and do) require I's to be uniformly rectifiable
with constants depending only on ¢y, . . ., c1¢ but not on S. Note that (taking c,¢ carefully)
we have

(7.2) w(ps,Ts, Q%) ~ 1/2
for any domain * such that
(2\ Ts) N B(xs,col(S)) C Q" C Q,
and by (3.4),
(7.3) w(ps,SUTs, Q%) >1—¢

for all such Q*. Define Q¢ = Q and assume diam(d2) ~ 1 so that 92 = Sy € §. Fix
A > 1 so that

(7.4) A —1 < dist(S, 4Bs)

and define

= usp\? ,
HD(Sy) = {Sl €38,51 C So:w(psy.AS, Qo) = A(l(&,)) , S1 max1mal},

~ d
(D(So) = {sl €8.51 C So: w(psy. S1. ) < s(ﬁgg) .S maximal},
G1 = G1(So) = {S’" € HD(Sp) U LD(Sp). S’ maximal},

Ki =80\ U S,
G1(So)
Tree(So) = {S € S:S ¢ § for all '€ G(So)}.
=0\ (J Ts
G1(So)

11() = 6(So)? xx,@(psy. Qo). Vi = DG (So) xrs #H,

and
o1 = M1+ V1.

Then o7 is a finite measure on 0€27.
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For § € § define
S'=sU | J{rs:8' €G58}
and declare £(S') = £(S).
Lemma 7.1. There are constants c17 and c1g such that if S € Tree(Sy),
(7.5) crl($) <o1(Sh) = c1s ().
Proof. For the upper bound we have

£(S)4
£(Sp)?’

pi(S') < A

since S € Tree(Sy), and
V(8" < € sy

by Lemma 4.1.
For the lower bound note that

o1(S) = £(S0)? ®(psy. S.Q20) — £(S0)? Y o(ps,. S Qo)+ > HU(Tg).
G1(So)aS'CS G1(So)a8'CS
in which
6(S0)? w(ps,. S. Q) = 84(5),
while by the definition of G;(Sy),

(S > ops,. S =C22Ma Y wsH
G1(Sg)>S'CS G1(Sg)>S’CS

Thus if

7.6) )R L m—y

~ - C122Nd+1A
G1(So)>S’'CS

the lower bound holds with ¢;7 = §/2. On the other hand, if (7.6) fails, then 11(S') > 0
and

1 C16
U](S )zm(g |

Now continue by induction. For n > 1 assume we have defined én = 5,, (So), 24,
and S” for all S € §. Then for each S € G, (So) define

£(S1)
£(S)
£(S1)
£(S)

~ d
HD(S) = {Sl €8.51CS:a(ps. A(ST). Q) > A( ) .S maximal},

~ d
(D(S) = {s1 €8.51 CS:o(ps.(SM). Q) < 8( ) .S maximal},
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G1(S) = {S’ € HD(S) ULD(S), S’ maximal},
Tree(S) = {S' €8 :8' C S, S' ¢ S forall S; € G1(S)}.
Gnr1(S0) = | Gi(5),

Gy (So)

Kn+1 = U (S\ U 51),
Gn(So) G1(5)

Qi =2\ |J Ts,

Gn+1(S0)
a1 () = Y S x5k, @(Ps, D),

SeG,

Vpt1 = Z ars H2,
Gn+1(So)

and define
On+1 = Mn+1 + Vnt1.

Then 0,41 is a finite measure on 9$2,41.
For S € § define

st =85" (J{Is : S € Guy1. S’ C S}
and declare £(S"*!) = £(S). Note that by the proof of Lemma 7.1,
(1.7) 19 8(S)? < 01 (S™TY) < €20 £(5)?

for all § € Tree(S’), S’ € Gn(So).
Define Q2 = N, which, as we will see, is a connected open set, and

W= fn. V=Y vp O=ptv,

n>1 n>1

se=Js"

and, for S € §,

Lemma 7.2. Let S € én. Then

LS\ _ C
(7:8) Z (E(S) ) =
HD(S)
and
(7.9) Y o(ps.S1.Q) < CS +e,
(D(S)
where

inf inf w(p,T,Q)>1—e.
Fol ot (. T.2) ¢
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Proof. The proof of (7.8) is the same as the proofs of (6.1) and (6.8) because by Part A of
Theorem 1.2 (or hypothesis (ii) of Part B of Theorem 1.4), the Vitali argument from that
proof can still be applied.

To prove (7.9),let S € G, and for 1 < k < (n — 1), let T (S) be that unique 7' € Gy
such that S C Ty.Let S; € LD(S). Then S; C 9Q C 9, and

n
o(ps. $1.Q) = 0(ps. S1. Q) + Y Y o(p, S1,Q) do(ps, p, ).
k=1TeG\sn " T

By definition and Theorem 1.2 Part A,

14
> o(ps. 1.9 Z(Z((i’l))) =3,

S1€LD(S) LD(S)

while

DD / o(p. $1.Q) do(ps. dp. )

— £ r
S1€D(S) k=1 TeG\{51} "

—[ ¥ w52 dops.dp.2)
s s en(s)

Y Y [X ersiedeps.dpan

~ K .
k=1TeG,, TnS=0""T S1€D(S)

n—1
+Z/ Z w(p,S1, Q) dw(ps,dp, L)

k=1"T1x LB(S)
=I1+114 1

By (7.2) and Harnack’s inequality, we have

2
155 E o(ps, S1,2),
LD(S)

and we can move term I to the left side of (7.9).
For 11, note that

surs)n | g Ir =0
1<k<n {TeG;,TNS=0}

so that by (7.3) we have II < ¢.
For III, recall that dist(pr,, S) > c2 2N(=k) (S). Therefore

B(xs.cot(SHNn | J Tp =0.
1<k<n—1

so that by (1.23), IlI < Ce.
That established (7.9) and Lemma 7.2. ]
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If C§ + ¢ is small, Lemma 7.2 and the proof of Lemma 6.2 yield
£(S1)
(7.10) ZZ(E(S)) <G

forany S € S. 5 B
By (7.1) and (7.10), 2 = |J 2, is a connected open set and

afz:aszufj U .

n=1ge@G,

By (7.7), o is a finite measure on 92 such that for all S € S,
21 6(5)? = 0(S%®) < e £(S)%,
and by Lemma 7.1 and the definition of v, 41,
o(E) = #*(E)

for all Borel E C | I's. In view of properties (1.13) and (1.17) of §, these imply that o
is a d-Ahlfors regular measure with closed support d€2 and hence that d$2 is d-Ahlfors

regular. Moreover, the family
=Us>u U .
Ses$ SeU,Gy

where g is the dyadic decomposition of I's in spherical coordinates, is a family of
Christ-David cubes for 92, and by construction < satisfies the corkscrew condition (1.4).

8. Proof of Theorem 1.1 Part B

To prove Theorem 1.1 Part B, we assume €2 is a corkscrew domain satisfying (1.4) and
either (a) or (b) and we let Q2 be the domain constructed from €2 in Section 7. Recall
that 92 is d-Ahlfors regular. We will prove aQ is uniformly rectifiable by repeating the
proof of Lemma 6.2 and applying Proposition 5.1 of [17]. Define G (S§°) = {S§°} and
by induction, for S* € G, define

S\ o .
K(S)) ST max1mal},
LS\ .
Z(S)) ST max1mal},

HD(S®) = {Sf" € 8% : 5% C S®, w(ps, AS®, &) > A(

LD(S%®) = {9 € §%° 1 §%° ¢ 5%, w(ps. 52, &) < 5(

G1(5%) = {S{° € HD(S*°) U LD(S*), S7° maximal},
Tree(S%) = {S® € § 1 S® € §°, §° ¢ S for all 5 € GF(5)),
and

Gri= |J G1(S™).
S>®eGy
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Lemma 8.1. Let S*° € G,;. Then

Uy _ G
@.1) SIOOEHZD:(SOO)( e(S)> =
and
(8.2) > o(ps.$1.Q) < C8+e,
S&eLD(§%)
where

f inf o(p.T.Q) > 1—
Juf nf «(. T.9) &

Proof. The proof of (8.1) is the same as the proof of (6.8). To prove (8.2), we follow the
proof of (6.2) and (7.9). Let S7° € LD(S°°). Then

0(ps. $1.9) < w(ps. ST H + Y Y / w(p. $1.92) do(ps, p. ).
k>1G \{S1}

By definition and Theorem 1.2 Part A,

~ Z Soo d
83 > ossEB s Y (k) <o
SPeLD(5%) LD(5%)
and
o0
D [ o(p. S1.Q) do(ps. dp. &)
®elD(s%) k=1 TeGr\{s1} 17
/F o(p. S1.Q) do(ps. dp. &)

S §®eLD(S™)

T Z > /FT " o(p, S1,Q) do(ps, p, Q)

k=1 TeG;,TNS=0 €LD(S°)

+Z/ a)(p,S1,Q)dw(PSva§)

Iz, S°°eLD(S°°)
+ Y 3 / o(p, $1,92) do(ps, p, D)
S]EGT(S) TGUk Gk(Sl)
=T 4+0+00+1V.

Here I, II' and III' can be handled the same way as I, II, and III were, while IV' < Ce¢
by (8.3). [
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Thus if C§ + ¢ is small, Lemma 7.2 and Lemma 6.2 yield
£(S1)
84 Z Z( «S) ) =G
k
for any §°° € §°° and any S7° € Tree(S*°),

d ~ d
(8.5) 5(?(5;))) < w(ps, AS®, Q) < A(i((?))) .

By (8.5) and Proposition 5.1 of [17], this proves 92 is uniformly rectifiable, and that
establishes Part B of Theorem 1.1.

9. Proof of Theorem 1.4 Part B and Theorem 1.2 Part B

To prove Part B of Theorem 1.4 note that under its hypotheses the arguments in Section 7
and Section 8 show that the constructed domain €2 has uniformly rectifiable boundary.
Therefore by Part A of Theorem 1.1, (a) and (b) hold for €2.

To prove Part B of Theorem 1.2 note that its hypotheses imply Proposition 1.3 and
hence condition (ii) of Part B of Theorem 1.4. Then the argument in Section 6 yields (1.29),
so that Part B of Theorem 1.4 implies Part B of Theorem 1.2.
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