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On a capacitary strong type inequality and related
capacitary estimates

Keng Hao Ooi and Nguyen Cong Phuc

Abstract. We establish a Maz’ya type capacitary inequality which resolves a spe-
cial case of a conjecture by David R. Adams. As a consequence, we obtain several
equivalent norms for Choquet integrals associated to Bessel or Riesz capacities. This
enables us to obtain bounds for the Hardy-Littlewood maximal function in a sub-
linear setting.

1. Introduction

Let o be a real number and let s > 1. We define the space of Bessel potentials H** =
H**(R"), n > 1, as the completion of C°(R") with respect to the norm

lull s = 1 F A + 1622 F @)] L5 ).

where ¥ is the Fourier transform in R”. In the case o > 0, it follows (see, e.g., [8]) that a
function u belongs to H** if and only if

U=Ggyx* f

for some f € L*(R"), and moreover |[u| ges = || f||Ls®n). Here, G, is the Bessel kernel
of order « defined by G (x) := F 1 [(1 + |£]>)~%/2](x).

Recall that the Bessel capacity associated to the Bessel potential space H*** is defined
for any set E C R” by

Cap, ((E) := inf{||f||SLs(Rn) :f>0,Gyx f>=1onE}.

A function f:R"” — [—o0, +0o¢] is said to be defined quasieverywhere (q.e.) if it is
defined at every point of R” except for only a set of zero capacity Cap, ;. The notion of
Choquet integral associated to Bessel capacities will be important in this work. For a g.e.
defined function w: R"” — [0, oo], the Choquet integrals of w is defined by

/ wdCap, ; 1= / Cap, ;({x € R" : w(x) > t}) dt.
n 0
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One of the fundamental results of potential theory is the following Maz’ya’s capa-
citary inequality, originally obtained by Maz’ya, and subsequently extended by Adams,
Dahlberg, and Hansson:

/ (Go * ) dCap, §A/ fidx,
R” R”

which holds for any nonnegative Lebesgue measurable function f. See, e.g., [3], [9]
and [7], and in particular, see Section 2.3.1 and the historical comments in Section 2.3.13
of [7]. This kind of capacitary inequalities and their many applications are discussed in
Chapters 2, 3 and 11 of [7].

In [2], Adams conjectured (in the context of Riesz capacities and Riesz potentials) that
another capacitary strong type inequality

(L1) / (Ga ) dCap,, < A / F5(Ga % £)1° dx
Rn Rn

holds for any nonnegative Lebesgue measurable function f (see equation (3.11) in [2]).
(The integral [p, f*(Ga * f )1=5dx is understood as oo whenever f = oo on a set of pos-
itive Lebesgue measure. In the case f = 0, it is understood as 0). Moreover, he essentially
showed for the corresponding Riesz capacities and potentials that this is true provided « is
an integer in (0, n) (see page 23 in [2]). However, we observed that his argument does not
appear to work for Bessel capacities and Bessel potentials as in (1.1) even with integers
o € (0,n).
One of the main purposes of this note is to verify (1.1) for any real & > 0.

Theorem 1.1. Let o > 0 and s > 1 be such that as < n. There exists a constant A > 0
such that (1.1) holds for any nonnegative Lebesgue measurable function f .

Our proof of (1.1) is also applicable to the setting of Riesz capacities and potentials,
and thereby extends the above mentioned results of [2] to all real & € (0, n).

Our approach to (1.1) is based mainly in our recent work [11] in which predual spaces
to a Sobolev multiplier type space were considered. For ¢ > 0,5 > 1, and p > 1, let
My = M, (R") be the Banach space of functions f € L{ (R") such that the trace
inequality

(12 ([ Gaxmrifirax)"" < apmisls
. Rn o — Ls (]Rn)
holds for all nonnegative 7 € L*(R"). A norm of a function f € M,"" can be defined as

Jx If(X)I”dx)‘/”

(13) 1 f g = sup(
My K Capa,s(K)

where the supremum is taken over all compact sets K C R” with non-zero capacity. Note
that the right-hand side of (1.3) is known to be equivalent to the least possible constant A
in (1.2) (see [3,9]).

In [11], we showed that a predual of M, is its Kéthe dual space (M,"*) defined by

(My*) = {measurable functions f : sup/ | fg|dx < +oo},
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where the supremum is taken over all functions g in the unit ball of M,"*. The norm of
f € (M) is defined as the above supremum. Thus we have

] /*_ 9
[(M)T" = M,

with equality of norms. Various characterizations of (M,"")’ can be found in [11]. For our
purpose here the case p = s’ = s/(s — 1) is of special interest. In particular, as mentioned
in Remark 2.10 in [11], it follows from [6, 10] that the space M is an intrinsic space
associated to the nonlinear integral equation

u=Gyx W)+ f ae.

Another important observation in [11] is the following equivalence:

(1.4) /]R lu| dCapgy s > Ya,s(u),

which holds for all g.e. defined functions u in R”. Here the functional y4 ¢(-) is defined
for each g.e. defined function u by

Ya.s (1) :=inf{/fsdx:0§ f e L*(R") and Gg * f > |u|'/$ q.e.}.

Note that yo s(f1t) = |t|ya,s(u) for all # € R and moreover yg (U1 + U2) < Ya,s(U1) +
Ya,s(U2) (see [11]). On the other hand, the Choquet integral [g, |- |d Cap,  is known
to be subadditive only for s = 2 and 0 < « < 1. In particular, the set of all g.e. defined
functions u in R” such that [, |u|dCap, ; < +o0 is a normable space. An argument as
in the proof of Proposition 2.3 in [11] can be used to show that this space is complete.

As a consequence of (1.4) and the proof of Theorem 1.1, in this paper we obtain two
other characterizations for the Choquet integral. For a q.e. defined function u in R”, we
denote by A4 s(u) and Bgo,5, @ > 0, s > 1, the following quantities:

R () = inf ([ /gy 10 < f € (ME*) and Gy % f > [u] e}

and

Bus () = inf{/Rn F5(Ga % )Y dx: f >0, Gy > |ul q.e.}.

Theorem 1.2. Let o > 0 and s > 1 be such that as < n. For any q.e. defined function u
in R™ it holds that

(1.5) /]R” |u| dCapa,s >~ Ag,s(U) 2 Ba,s ().

In particular, we have

Capa,s(E) = AOt,S()(E) = ,Ba,s(XE)

for any set E C R™.
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To discuss a consequence of Theorem 1.2, we now recall that the (center) local Hardy—
Littlewood maximal function is defined for each f € L! (R") by

loc

M f(x) = sup

_ (y)| dy.
o2 B )] S N

for every x € R”.

Theorem 1.3. Let o > 0 and s > 1 be such that as < n. For any ¢ > (n — a)/n and any
measurable and q.e. defined function f, we have

[yt dCap,, < Aasg) [ 1717 dCapg,,

An interesting aspect of Theorem 1.3 is that the power ¢ is allowed to be strictly
less than 1. Moreover, here we do not assume any continuity assumption on f. See [1],
Theorem 7.5 in [4], and [12] for some related results.

Finally, we remark that Theorems 1.1, 1.2, and 1.3 also hold in the homogeneous
setting provided o € (0,n), s > 1, and Bessel potentials and capacities are replaced by
the corresponding Riesz potentials and capacities. Moreover, in the homogeneous setting
the local Hardy—Littlewood maximal function M!°® can be replaced by the larger standard
Hardy-Littlewood maximal function.

Recall that the Riesz kernel I, @ € (0, n), is defined as the inverse Fourier transform
of |£]|* (in the distributional sense), and explicitly we have I,(x) = y(n, a)|x|*™", where
y(n,a) = 1"(%)/[71"/2 2*T'(«/2)]. The Riesz potential of a nonnegative measure i is
defined by the convolution /4 * . For o € (0,n) and s > 1, the Riesz capacity cap, ; is
defined for each set E C R” by

capy, (E) := inf{|| f | 3s@ny : f/ = 0. 1o % f = 1 on E}.

This capacity is the capacity associated to the homogeneous Sobolev space H** (see
Section 9 in [11]).

Notation. The characteristic function of a set £ C R” is denoted by y - For two quant-
ities A and B, we write A >~ B to mean that there exist positive constants ¢y and ¢, such
that c1A < B < ¢, A.

2. Proof of Theorem 1.1

Proof of Theorem 1.1. Let L'(C) denote the space of quasicontinuous function f in R”
such that

If ey = [ 11dCaps < +oc.

Recall a function f is said to be quasicontinuous (with respect to Cap,, ;) if for any € > 0
there exists an open set O such that Cap,, (O) < € and f is continuous in O :=R" \ O.
It is known that the dual of L' (C) can be identify with the space IN%S = IMN** (R") which
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consists of locally finite signed measures p in R” such that the norm || p ||gpe.s < 400 (see
Theorem 2.4 in [11]). Here we define

It o= sup 150

K Capa,s(K)

where the supremum is taken over all compact sets K C R” such that Cap,, ((K) # 0.
In view of (1.4), L'(C) is normable and thus it follows from the Hahn—Banach the-

orem that for any u € L!(C) we have

@ ey = sup{| [ udi] : Illanes < 1}.

Let f be a nonnegative measurable and bounded function with compact support.
Applying (2.1) with u = G4 * f, we have

/ Gy x fdCap,; <A  sup /Ga*fd|u|=A sup /(Ga*|u|)fdx

llellgness <1 leellgpes <1

<Al fllmesy  sup  Ga * |plllpges < ANS N aresy s
(M5) p p
e llgnes <1

where the last inequality follows from Theorem 1.2 in [10]. By density (see Remark 3.3
in [11]), we see that the inequality

e2) | Gux £ dCapy, < A1 ey

holds for any nonnegative function f € (MJ")'.

In proving (1.1) we may assume that fR,, (G * f)'™° dx < 400 and hence f is
finite a.e. by our convention. In this case we must have that f € (M S"f Y. Indeed, for any
g €MJ” suchthat || g| mes < 1,by Remark 2.10in [11] and [6], there exists a nonnegative

function u € LS _(R") such that

loc

u=Ggy* W)+ % a.e.

for a constant M > 0 independent of g and u. Thus, as in [5] (see also [6]), we have
(2.3) / flegldx = M/ Fu— Gy * W) dx = M/ (fu—u"Gy * f)dx
R”2 R” R?

f
Gy * f

< MsS(s— 1)1 / FS(Gg * ) S dx,
R~

=M RnGa*f(u —usl)dx

where we used the Young inequality ab — a® /s’ < b /s, a,b > 0, in the last inequality.
Thus taking the supremum over g € M such that ||g|| mes < 1in(2.3), we find

2.4) ooy <4 [ £5(Ga 1™ dx < v,

Finally, combining (2.2) with (2.4) we obtain (1.1) as desired. ]
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Remark 2.1. We remark that (1.1) and (2.2) are indeed equivalent. On one hand, the proof
above shows that (2.2) implies (1.1). On the other hand, (1.1) implies that

| G £ dCapay = Al f Ly

for any nonnegative measurable function f. Here we define

7l i=int{ [ By dx ih = |l ac)

(Il fllxy is understood as oo if there is no measurable function / such that 4 > | f] a.e.
and f]R" h* (G * h)'=5 dx < +00.) As we observe in Remark 2.10 in [11], the two-sided
bound ”f”(Ms"i’s)’ =~ || fll gy follows from [6, 10]. Thus (1.1) implies (2.2).

3. Proof of Theorem 1.2

In order to prove Theorem 1.2, we first prove the following “integration by parts" lemma.

Lemma 3.1. Let @ > 0 and s > 1 be such that as < n. Suppose that |4 is a nonnegative
measure such that the diameter of supp(u) is less than 1. Then there is a constant A =
A(n,a,s) > 0 such that, for f = (Gg * p)* ~1, we have

(Go % [) < AGa % [f(Gg  [)°]
pointwise everywhere in R".

Remark 3.2. For Riesz potentials, this lemma has been established for all f > 0in [14]
(see also [6, 13]). In our setting, which deals with Bessel potentials, it is necessary to
require w to have compact support.

Proof of Lemma 3.1. Without loss of generality, we may assume that supp(u) C By/2(0).
With f = (Gg * 1)1, we write f = f; + f», where

fl = fXB3(0) and fZ = fXB3(0)C (Wlth B3(0)C =R" \ B3(O))
Then
(3.1) (Go * f)° < A[(Ga * f1)° + (Ga * f2)°].

We shall use the following pointwise two-sided estimates for G, (see, e.g., Sec-
tion 1.2.4 in [3]):

(3.2) Go(x) = |x]*7", Vx| <15, (00 <a <n).
and

(3.3) Go(x) >~ Gu(x+y), Vx|=3,]y| <1, (x>0).
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We mention that (3.3) follows from the asymptotic behavior G, near infinity that can
be found, e.g., in equation (1.2.24) in [3].
We now write

Gur fiop = [ Gute=mro] |

s—1
Golx —2) f(2) dz] dy.
|z]<3
Thus if |x| > 10, then |x —z| > 7 > |y — z|, which yields that
Go(x —2) < Go(y — 2).
Therefore, we get

[Ga * fi(0)]° < Ga * [f(Ga * f)*~'](x)

in the case |x| > 10.
On the other hand, if |x| < 10, then for |y| < 3 by (3.2) we have

Go(x —y) = |x —y[*™".
Thus applying Lemma 2.1 in [13] we obtain
[Ga * fi(0)]* = AGa * [f1(Ga * /1)’ 7'1(x) = AGa * [f(Ga % [)*7'](x)

in the case |x| < 10.
Combining these two estimates we get that

(3.4) [Go * fi(x)) < AGq *[f(Ga * £)* '(x), VxeR™
To estimate [Gy * f2(x)]* we first observe the following bound:
(3.5) fo(x) < AGy % f(x), VxeR"™

Inequality (3.5) is trivial when |x| < 3. On the other hand, for |x| > 3, we have by (3.3),

(e = [

lyl<1/2

Gl — y)du(y) < A / Ga(X)du(y) = A |l1]| Ga().

lyl<1/2
Note that for |y — x| < 1/2 and |x| > 3, by (3.3) we have

FOoyt = / Galy — 2)du(z) = co Ga() ..
|z]<1/2
and so, for |x| > 3,

G * f(x) = / Galx — ) f(7) dy

[y—x|<1/2

> / G — )(co Ga(x) [l dy
ly—x|<1/2

> ¢ (Il Ga(x)' ™" = 1 o ().
Thus (3.5) is verified. Now by Holder’s inequality and (3.5) we have

(3.6) [Ga * fo]' < AGa * (f5) < A1Ga % [f(Ga x [)7'].
At this point, combining (3.1), (3.4), and (3.6), we obtain the lemma. ]
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We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5. Let u be a q.e. defined function in R”. Suppose that f is a non-
negative measurable function such that G4 * f > |u| quasi-everywhere. Then by (2.2)
and (2.4) it follows that

/]R |u| dcapa’s S /]R Ga * deapa’S E Al ”f”(M;x,,s), S AZA fS(GO[ * f)l—s d.x.

Now taking the infimum over such f we arrive at

[ a0, % i) % st

Thus to complete the proof, it is left to show that

37 Bus () < /R lul dCapy .

To this end, we first show (3.7) for u = y .., where E is any set such that Cap,, (E)>0
and the diameter of E is less than 1. By Theorems 2.5.6 and 2.6.3 in [3] one can find a
nonnegative measure ;& = % with supp(i) C E (called capacitary measure for E) such
that the function VE = Gy * ((Go * 1)* 1) satisfies the following properties:

/'LE (E) = Capot,s(E) = /

VEauf = / (Go * uF)* dx,
R~ R~

and
vE >1 quasieverywhere on E.
Let f = (Gq * 1)* ~!. By Lemma 3.1, we have
X SVEY =(Gax [) <AGyx[f(Gax [)’7'] qe.
Thus,

Buste) <A [ ¥ (Gux O G [ (G 71"
<A [ Gax G 07 d
R7

=A| fldx= A/ (G % p)* dx = ACap, ((E),
R” R”

as desired.

We now let {B/};>0 be a covering of R” by open balls with unit diameter. This
covering is chosen in such a way that it has a finite multiplicity depending only on n. We
shall use the following quasi-additivity of Cap,, :

(3.8) Y Cap, ((E N B’) < MCap, ((E)
Jj=0

for any set £ C R”. For compact sets E, a proof of (3.8) can be found in Proposition 3.1.5
in [9]. The same proof also works for any set E provided one uses Corollary 2.6.8 in [3].
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In proving (3.7), we may assume [, |u|dCap, ; < +00. Let Ex = {271 < |u| <2k},
andlet £ = Ex N B/ fork € Z and j > 0. We have

(3.9) aos @) = Pas (2 Iulx g, ) < Bs (32 Do el )-

keZ keZ j=0
Fork € Z and j > 0, let

ik = (Ga x pFi8)" "1 and - Fy = fjx(Ga * fi) "
By the above argument, we have
Gy * (2ijk) >c |u|XEj,k q.e.
and
[ @ B G @4 Fra)!™ dx = A2 Capy (B,
By (2.4), this gives
(3.10) 125 Fyll agasy < A2* Capy 5 (Eji)-

Set F' = sup; 2ij,k~ Then we have (Go * F)!™5 < (Gg4 * (ZkF,-,k))l_s for any
k € Z and j > 0. Moreover,

Gy*x F>c Z|u|XEk > ZZ|M|XEj,k q.e.

keZ keZ j=0

due to the finite multiplicity of {B”};>0. Also, it follows from (3.8) and (3.10) that

| Fll ey < C1 ) D 25 Capy 5 (Ejk) < C2 ) 2" Capg o (Ex)
keZ j=0 keZ

< A/ |u| dCap, ; < +o00.
]Rn

In particular, F is finite a.e. and thus there is a set N such that [N | = 0 and

R" = Ugez,j»010 < F <21 Fj iy U(F = 0} UN.
Thus we find

'3“’5<ZZ|”|XE,-,,() < A/Rn FS(Gg % F)!™ dx

keZ j=0
<A / FS(Gg % F)!™ dx

keZ j>0

<AL Y [ R G O R dx

keZ j>0
<4 32 Cap,, (Ejp) < c/ |u| dCap .
keZ j>0 R7

Inequality (3.7) now follows from (3.9) and the last bound. This completes the proof
of the theorem. ]
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Remark 3.3. For Riesz potentials /o * f and Riesz capacities cap,, ,, where o € (0, 1)
and s > 1, the corresponding bound (3.7) can be obtained using (1.4) and the pointwise
bound

3.11) (o % f) < ALy % [f(o * f)*71],

which holds for all nonnegative measurable functions f (see [13, 14]). Indeed, for any
f = 0suchthat I, % f > [u|'/5 q.e., by (3.11) we have Al * [f(I¢ * f)*71] > |u| qe.,
and thus again by (3.11),

Pas(u) < A / S Uax S Dy x [fUa x /)T dx <A | f*dx.
R” R”
Minimizing over such f and recalling (1.4), we get the corresponding bound (3.7) as
desired.
4. Proof of Theorem 1.3

Proof of Theorem 1.3. By Theorem 1.2, we have
/ | £19dCapy, , ~ inf{/ B (G % )15 dx  h > 0,(Gg + 1)1 > | £| q.e.}.
R” R”

On the other hand, for any 4 > 0 and (G4 * h)'/9 > | f| q.e., by Theorem 3.1 in [11]
we have
M f < MY[(Go % 1)!/9] < A(Ga % h)'/?

pointwise everywhere, provided ¢ > (n — «)/n. Thus
/ | f 19 dCap, s > ¢ inf{/ ¢ (Gaxg) ™ dx:g>0,(Gq * g)l/q > MlOCf q.e.}
R” R”
~ [ (M) dCap,.,.
R” ’
This completes the proof of the theorem. |
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