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Commensurability in Artin groups of spherical type

María Cumplido and Luis Paris

Abstract. We give an almost complete classification of Artin groups of spherical
type up to commensurability. Let A and A0 be two Artin groups of spherical type,
and let A1; : : : ; Ap (respectively, A01; : : : ; A

0
q) be the irreducible components of A

(respectively, A0). We show that A and A0 are commensurable if and only if p D q
and, up to permutation of the indices, Ai and A0i are commensurable for every i . We
prove that, if two Artin groups of spherical type are commensurable, then they have
the same rank. For a fixed n, we give a complete classification of the irreducible Artin
groups of rank n that are commensurable with the group of type An. Note that there
are six remaining comparisons of pairs of groups to get the complete classification of
Artin groups of spherical type up to commensurability, two of which have been done
by Ignat Soroko after the first version of the present paper.

1. Introduction

We start by recalling the definitions of Coxeter groups and Artin groups. Let S be a finite
set. A Coxeter matrix over S is a square matrixM D .ms;t /s;t2S indexed by the elements
of S , having coefficients in N [ ¹1º, and satisfyingms;s D 1 for every s 2 S , andms;t D
mt;s � 2 for every s; t 2 S , s ¤ t . This matrix is represented by a labeled graph � , called
Coxeter graph and defined by the following data. The set of vertices of � is S . Two
vertices s; t 2 S , s ¤ t , are connected by an edge if ms;t � 3, and this edge is labeled
with ms;t if ms;t � 4.

If s; t 2 S andm is an integer� 2, we denote by….s; t;m/ the word sts � � � of lengthm.
In other words, ….s; t; m/ D .st/m=2 if m is even and ….s; t; m/ D .st/.m�1/=2s if m is
odd. Let � be the Coxeter graph associated to such a Coxeter matrix. The Artin group
associated to � is the group A D AŒ�� defined by the following presentation:

AŒ�� D hS j ….s; t;ms;t / D ….t; s;ms;t /; for s; t 2 S; s ¤ t; ms;t ¤1i :

The Coxeter groupW DW Œ�� of � is the quotient of AŒ�� by the relations s2 D 1, s 2 S .
We say that � is of spherical type if W Œ�� is finite.

Let �1; : : : ; �p be the connected components of � and, for i 2 ¹1; : : : ; pº, let Si be
the set of vertices of �i , Ai the subgroup of A generated by Si , and Wi the subgroup
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Figure 1. Coxeter graphs of spherical type.

of W generated by Si . We can easily check that Ai is the Artin group of �i and Wi is the
Coxeter group of �i for every i , and that A D A1 � � � � �Ap and W D W1 � � � � �Wp . In
particular, � has spherical type if and only if �i has spherical type for every i 2 ¹1; : : : ;pº.
The classification of Coxeter graphs of spherical type has been known for a long time and
it is given in the following theorem.

Theorem 1.1 ([14]). A Coxeter graph � is connected and has spherical type if and only if
it is isomorphic to one of the graphsAn .n� 1/,Bn .n� 2/,Dn .n� 4/,En .n2 ¹6;7;8º/,
F4, H3, H4 and I2.p/ .p � 5/ represented in Figure 1.

Actually, this classification is also the classification of Artin groups of spherical type
up to isomorphism because, by Theorem 1.1 in [31], two Artin groups of spherical type
are isomorphic if and only if their associated Coxeter graphs are isomorphic. It is then
natural to ask if such a result remains valid when changing the word “isomorphic” by
“commensurable”. The answer has been known for a long time: it is no because the Artin
groups associated to An and Bn are commensurable (see Lemma 6.1) and they are not iso-
morphic by Theorem 1.1 in [31]. However, the classification of Artin groups of spherical
type up to commensurability was a very open question before this article. For instance,
no example of two non-commensurable Artin groups of spherical type having the same
rank was known before. This article almost gives the entire classification of Artin groups
of spherical type up to commensurability, meaning that there are only 6 comparisons of
groups that we do not treat. Two of them have been solved by Ignat Soroko [39] after the
first version of the present paper.

We recall that two groups G1 and G2 are commensurable if there are two finite index
subgroups H1 of G1 and H2 of G2 such that H1 is isomorphic to H2. The study of com-
mensurability is useful when studying virtual properties of groups. There is also a strong
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relationship between commensurable groups and quasi-isometric groups. In particular, for
a finitely generated group G endowed with any word metric, the inclusion map of a finite
index subgroup inG is a quasi-isometry. This implies that, if two finitely generated groups
are commensurable, then they are also quasi-isometric. The converse implication is true
only under certain conditions.

The commensurator (also called abstract commensurator) of a groupG will be denoted
by Com.G/. We recall its definition. Let eCom.G/ be the set of triples .U; V; f / where U
and V are finite index subgroups of G, and f W U ! V is an isomorphism. Let � be
the equivalence relation on eCom.G/ such that .U; V; f / � .U 0; V 0; f 0/ if there is a
finite index subgroup W of U \ U 0 such that f .˛/ D f 0.˛/ for every ˛ 2 W . Hence
we define Com.G/ as eCom.G/= �, and the group operation is induced by the composi-
tion. We can easily show that, if A and B are two commensurable groups, then Com.A/
and Com.B/ are isomorphic. Commensurators are in general difficult to compute. Fortu-
nately, the commensurator of the Artin group associated to An (the braid group) is well
understood [12, 26] and it is indeed used to prove the results in this paper.

So far, the results regarding commensurability for Artin groups in general are quite
limited. In [13], the author studies commensurability for Artin groups of large type (each
ms;t � 3 for s ¤ t ) associated to triangle-free connected Coxeter graphs having at least
three vertices. In the last years, the research on this topic has been focused on right-angled
Artin groups (RAAGs). A RAAG is an Artin group whose only relations in its presentation
are commutations. It is often represented by a commutation graph, ‡ , which is defined
by the following data. The set of vertices of ‡ is the set of standard generators of the
group. Two vertices are connected by an edge if and only if the corresponding generators
commute. Apart from the classifications made for free and free-abelian groups, commen-
surability studies are made for RAAGs with commutation graphs‡ in the following cases:

• ‡ is connected, triangle-free and square-free without vertices of degree one [22];
• ‡ is star-rigid with no induced 4-cycles and the outer automorphism of the Artin group

is finite [17];
• ‡ is a tree of diameter � 4 [3, 10];
• ‡ is a path graph [11]. In this work they also compared these commensurability classes

to the ones of RAAGs defined by trees of diameter 4.

Remark. The results of this paper, notably part (3) of Theorem 2.4, are being used in
a paper in preparation of Ursula Hamenstädt [18] to refute a conjecture made by Kont-
sevich and Zorich [23]. We fix a tuple of non-negative integers d D .p1; p2; : : : ; pk/ and
consider the vector space of holomorphic one-forms of a Riemann surface with genus g
bigger or equal to 2. We denote by Md the moduli space of these one-forms having zeros
x1; x2; : : : ; xk with multiplicity p1; p2; : : : ; pk , respectively. The conjecture says that
each connected component of Md has homotopy type K.G; 1/, where G is a group com-
mensurable to some mapping class group. Hamenstädt uses the results in [28] to show
that there are components in genus 3 that are classifying spaces for the quotients of
the Artin groups AŒE6� and AŒE7� by their centers. She proves that the only mapping
class group which could be commensurable to AŒE6�=Z.AŒE6�/ is the quotient of the
braid group on 7 strands by its center, that is, AŒA6�=Z.AŒA6�/. By Proposition 3.1, the
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non-commensurability ofAŒE6�=Z.AŒE6�/ andAŒA6�=Z.AŒA6�/ is equivalent to the non-
commensurability of AŒE6� and AŒA6�. These components provide a counterexample to
the conjecture.

2. Statements

Recall that our aim is to partially classify the Artin groups of spherical type up to commen-
surability. Our starting point is the following result, which can be easily proven. It allows
to reduce the question to the case where both Coxeter graphs have the same number of
vertices.

Proposition 2.1. Let � and� be two Coxeter graphs of spherical type. If AŒ�� and AŒ��
are commensurable, then � and � have the same number of vertices.

Proof. Suppose that AŒ�� and AŒ�� are commensurable. Let n be the number of vertices
of � and letm be the number of vertices of�. We know that the cohomological dimension
of AŒ�� is n and the cohomological dimension of AŒ�� is m (see Proposition 3.1 in [31]).
As every finite index subgroup of AŒ�� has the same cohomological dimension as AŒ��
and every finite index subgroup of AŒ�� has the same cohomological dimension as AŒ��,
we have n D m.

In Section 5 we will prove the following result, which allows to reduce our problem
to the study of two connected Coxeter graphs having the same number of vertices.

Theorem 2.2. Let � and � be two Coxeter graphs of spherical type. Let �1; : : : ; �p be
the connected components of � and let �1; : : : ; �q be the connected components of �.
Then AŒ�� and AŒ�� are commensurable if and only if p D q and AŒ�i � and AŒ�i � are
commensurable for every i 2 ¹1; : : : ; pº, up to permutation of the indices.

Let G be a group. A subgroup H of G is a direct factor of G is there is a subgroup K
ofG such thatG DH �K. We say thatG is indecomposable ifG does not have any non-
trivial proper direct factor. We say that G is strongly indecomposable if G is infinite and
every finite index subgroup H of G is indecomposable. A strong Remak decomposition
of G is a finite index subgroup H of G with a direct product decomposition H D H1 �
� � � �Hp such that Hi is strongly indecomposable for every i 2 ¹1; : : : ; pº. Two strong
Remak decompositions of G, H D H1 � � � � �Hp and H 0 D H 01 � � � � �H

0
q , are said to

be equivalent if p D q and Hi and H 0i are commensurable for every i 2 ¹1; : : : ; pº, up to
permutation of the indices.

The center of a groupG will be denoted byZ.G/. If � is a connected Coxeter graph of
spherical type then, thanks to [8] and [16], the center ofAŒ�� is a cyclic infinite group. The
quotient AŒ��=Z.AŒ��/ will be denoted by AŒ�� and it will play an important role in our
study. Moreover, we denote by � WAŒ��! W Œ�� the canonical projection and by CAŒ��
the kernel of � . As before, we let CAŒ�� D CAŒ��=Z.CAŒ��/. In Section 3, we will
prove that Z.CAŒ��/ ' Z and CAŒ�� ' CAŒ�� � Z.CAŒ��/ (see Proposition 3.1). If �
is reduced to a single vertex, then CAŒ�� D Z.CAŒ��/ ' Z and CAŒ�� D ¹1º. Otherwise
CAŒ�� ¤ ¹1º.
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The proof of Theorem 2.2 is based on the following result, which will be proven in
Section 4.

Theorem 2.3.
(1) Let � be a connected Coxeter graph of spherical type which is not reduced to a

single vertex. Then CAŒ�� is strongly indecomposable.

(2) Let � be a Coxeter graph of spherical type and let �1; : : : ; �p be its connected
components. We suppose that each �1; : : : ; �k has at least two vertices and each
of �kC1; : : : ; �p is reduced to a single vertex. Then

CAŒ�� D CAŒ�1� � � � � � CAŒ�k � �Z.CAŒ�1�/ � � � � �Z.CAŒ�p�/

is a strong Remak decomposition of AŒ��, and it is unique up to equivalence.

A similar result for Coxeter groups is obtained in [35]. In order to finish the classific-
ation, we just need to compare the Artin groups associated to connected Coxeter graphs
of spherical type with the same number of vertices. In Section 6 we prove the following
result, which compares every group of this type with the corresponding Artin group of
type An.

Theorem 2.4.
(1) Let n � 2. Then AŒAn� and AŒBn� are commensurable.

(2) Let n � 4. Then AŒAn� and AŒDn� are not commensurable.

(3) Let n 2 ¹6; 7; 8º. Then AŒAn� and AŒEn� are not commensurable.

(4) AŒA4� and AŒF4� are not commensurable.

(5) Let n 2 ¹3; 4º. Then AŒAn� and AŒHn� are not commensurable.

(6) Let p � 5. Then AŒA2� and AŒI2.p/� are commensurable.

The strategy of the proof of this theorem is the following. We use direct proofs to show
part (1) and part (6). Using the fact that the abstract commensurator of AŒAn� is known
to be a mapping class group of a punctured sphere (see [12]), we show that, if AŒ�� is
commensurable with AŒAn�, then there is a homomorphism 'W AŒ�� ! SnC2 � ¹˙1º

whose kernel has no generalized torsion. Then, in parts (2) to (5), in order to prove that
AŒ�� and AŒAn� are not commensurable, we check in each case that the kernel of every
homomorphism 'WAŒ��! SnC2 � ¹˙1º has generalized torsion.

The description ofAŒD4� as the pure mapping class group of the three times punctured
torus [24] has been recently used by Soroko [39] to apply the same techniques presented
in this article to show that AŒD4� is not commensurable with AŒF4� and AŒH4�. For the
remaining cases, we have no hint on how to describe the abstract commensurator of one of
the two groups, and this is needed in our argument. So, the following cases remain open:

• For n D 6; 7; 8, we do not know if AŒDn� and AŒEn� are commensurable.
• For n D 4, we do not know if AŒF4� and AŒH4� are commensurable.
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3. A technical and useful result

This section is devoted to some technical results (see Proposition 3.1) that will be the key
to prove the main theorems of the forthcoming sections. These results are also interesting
by themselves.

Let � be a Coxeter graph of spherical type. The Artin monoid associated to � is the
monoid AŒ��C having the same presentation as AŒ��, that is,

AŒ��C D hS j ….s; t;ms;t / D ….t; s;ms;t / for s; t 2 S; s ¤ t; ms;t ¤1iC :

By [8] (see also [34]), AŒ��C naturally injects in AŒ��. We define a partial order �L
on AŒ�� by ˛ �L ˇ if ˛�1ˇ 2 AŒ��C. Also by [8], the ordered set .AŒ��;�L/ is a lattice.
We denote by ^L and _L the lattice operations in .AŒ��;�L/. In this case, the Garside
element of AŒ�� is defined as � D _LS . Again by [8] and [16] we know that, if � is
connected, then the center ofAŒ�� is infinite and cyclic, and it is generated by an element ı
of the form ıD�� , where � 2 ¹1;2º. This element ı will be called the standard generator
of Z.AŒ��/. We can also express ı as follows. Let S D ¹s1; : : : ; snº. Then, by [8], ı D
.s1s2 � � � sn/

h=2 if � D 1 and ı D .s1s2 � � � sn/h if � D 2, where h is the Coxeter number
of � , that is, the order of s1s2 � � � sn in the associated Coxeter group. These equalities do
not depend on the choice when numbering the elements of S .

Let � be a connected Coxeter graph of spherical type. Let zWAŒ��! Z be the homo-
morphism such that z.s/ D 1 for every s 2 S . Hence, considering the later expression
of ı, we have that z.ı/ > 0. The quotient AŒ��=Z.AŒ��/ is denoted by AŒ��. Moreover,
recall that � WAŒ�� ! W Œ�� is the canonical projection, CAŒ�� is the kernel of � , and
CAŒ�� D CAŒ��=Z.CAŒ��/.

Proposition 3.1. Let � and � be two connected Coxeter graphs of spherical type.

(1) If U is a finite index subgroup of AŒ��, thenZ.U /DZ.AŒ��/\U . In particular,
Z.U / is an infinite cyclic group.

(2) We have CAŒ�� ' CAŒ�� �Z.CAŒ��/ ' CAŒ�� � Z.

(3) AŒ�� and AŒ�� are commensurable if and only if AŒ�� and AŒ�� are commensur-
able.

(4) The group AŒ�� injects in its commensurator Com.AŒ��/.

Proof. (1) Let U be a finite index subgroup of AŒ��. The inclusionZ.AŒ��/\U �Z.U /
is obvious. We need to show Z.U / � Z.AŒ��/ \ U . Let ˛ 2 Z.U / and s 2 S . As U is
a finite index subgroup, there is k � 1 such that sk 2 U . Then ˛sk˛�1 D sk and, by
Corollary 5.3 in [32], ˛s˛�1 D s. This proves that ˛ belongs to Z.AŒ��/. To see that
Z.U / is infinite cyclic, notice that Z.U / is a finite index subgroup of Z.AŒ��/, which is
infinite cyclic because � is connected.

(2) Let V D˚s2SRes be a real vector space with a basis in one-to-one correspondence
with S . By [5],W D W Œ�� has a faithful linear representation �WW ! GL.V / and �.W /
is generated by reflections. We denote by H the set of reflection hyperplanes of W . We
let VC D C ˝ V and HC D C ˝H for every H 2 H . Let also

M D VC n

� [
H2H

HC

�
:
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Notice that M is a connected manifold of dimension 2 jS j. By [7], �1.M/ D CAŒ��.
Let hWVC n ¹0º!PVC be the Hopf fibration. LetM D h.M/ and denote by hH WM!

M the restriction of h to M . Recall that the fiber of hH is C�. As H is non-empty, we
know that hH is topologically a trivial fibration (see Proposition 5.1 in [30]). In other
words, M is homeomorphic to M � C�, hence CAŒ�� D �1.M/ ' �1.M/ � Z. From
this decomposition it follows that Z.CAŒ��/ ' Z.�1.M// � Z. But, thanks to part (1),
Z.CAŒ��/ is isomorphic to Z, which does not have any non-trivial direct product decom-
position, hence Z.�1.M// D 1, �1.M/ ' CAŒ��=Z.CAŒ��/ D CAŒ��, and CAŒ�� '
CAŒ�� � Z D CAŒ�� �Z.CAŒ��/.

(3) Suppose that AŒ�� and AŒ�� are commensurable. There is a finite index sub-
group U of AŒ�� and a finite index subgroup V of AŒ�� such that U is isomorphic
to V . Let � WAŒ�� ! AŒ�� and � 0WAŒ�� ! AŒ�� be the corresponding canonical pro-
jections. Then �.U / D U=.Z.AŒ��/ \ U/ is a finite index subgroup of AŒ��, � 0.V / D
V=.Z.AŒ��/ \ V / is a finite index subgroup of AŒ��, and, by part (1), we have �.U / D
U=Z.U / and � 0.V / D V=Z.V /. Hence �.U / is isomorphic to � 0.V /. Therefore, AŒ��
and AŒ�� are commensurable.

Suppose thatAŒ�� andAŒ�� are commensurable. By part (1), we know thatZ.CAŒ��/
D CAŒ�� \Z.AŒ��/, and then �.CAŒ��/ D CAŒ�� and CAŒ�� is a finite index subgroup
of AŒ��. Likewise, CAŒ�� is a finite index subgroup of AŒ��, then CAŒ�� and CAŒ��
are commensurable. This means that there are finite index subgroups NU of CAŒ�� and NV
of CAŒ�� such that NU and NV are isomorphic. By part (2), CAŒ��D CAŒ���Z and CAŒ��
D CAŒ�� � Z. Let U D NU � Z � CAŒ�� and V D NV � Z � CAŒ��. Hence U is a finite
index subgroup of CAŒ��, V is a finite index subgroup of CAŒ��, and U and V are
isomorphic. Thus, CAŒ�� and CAŒ�� are commensurable, so AŒ�� and AŒ�� are com-
mensurable.

(4) If G is a group and ˛ 2 G, we denote by c˛WG ! G, ˇ 7! ˛ˇ˛�1, the conjug-
ation by ˛. Then we have a homomorphism �G WG ! Com.G/ sending ˛ to the class
of .G; G; c˛/. Let � D �AŒ��WAŒ��! Com.AŒ��/, and let ˛ 2 AŒ�� be such that �.˛/ 2

Ker.�/, where � W AŒ�� ! AŒ�� is the corresponding canonical projection. There is a
finite index subgroup U of AŒ�� such that �.˛/ �.ˇ/ �.˛�1/ D �.ˇ/ for every ˇ 2
��1. NU/. Let s 2 S . As NU has finite index in AŒ��, there is k � 1 such that �.sk/ 2 NU .
We have �.˛/ �.sk/ �.˛�1/ D �.sk/, so �.˛sk˛�1s�k/ D 1 and then ˛sk˛�1s�k 2
Ker.�/ D Z.AŒ��/ D hıi. Hence there is ` 2 Z such that ˛sk˛�1s�k D ı`. Recall that
zWAŒ��! Z is the homomorphism sending every element of S to 1 and z.ı/ > 0. Then
0 D z.˛sk˛�1s�k/ D z.ı`/ D ` z.ı/ and z.ı/ > 0, having that ` D 0 and ˛sk˛�1 D sk .
By Corollary 5.3 in [31], it follows that ˛s˛�1D s. This shows that ˛ belongs toZ.AŒ��/,
so �.˛/ D 1 and � is injective.

The proof of the following corollary is completely and explicitly included in the proof
of the proposition above.

Corollary 3.2. Let � be a connected Coxeter graph of spherical type. Then Z.CAŒ��/ is
an infinite cyclic group. On the other hand, CAŒ�� can be viewed as a subgroup of AŒ��,
it has finite index in AŒ��, and its center is trivial.
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4. Strong Remak decomposition

In this section, we denote by � a Coxeter graph of spherical type associated to a Coxeter
matrix M D .ms;t /s;t2S . Recall that our aim is to show Theorem 2.3.

Let G be a group and E be a subset of G. Recall that the normalizer of E in G is
NG.E/ D ¹˛ 2 G j ˛E˛

�1 D Eº and the centralizer of E in G is defined as ZG.E/ D
¹˛ 2 G j ˛e˛�1 D e for every e 2 Eº. If E D ¹eº, we just write ZG.e/ D ZG.¹eº/ to
refer to the centralizer of e. We also recall that the center of G is denoted by Z.G/.

Lemma 4.1. Suppose that � is connected and different from a single vertex. Let U be a
finite index subgroup of CAŒ��. Then Z.U / D ZCAŒ��.U / D ¹1º.

Proof. We just need to show that ZCAŒ��.U / D ¹1º, because Z.U / � ZCAŒ��.U /. This
follows directly from the fourth statement of Proposition 3.1. Indeed, asU has finite index,
any ˛ element in Z.U / is sent to the class .G;G; 1/ via the homomorphism � of the afore-
mentioned proposition. Hence ˛ sits in the kernel of �, which is trivial.

Lemma 4.2. LetG be a group, letG1;G2 be two subgroups of G such thatGDG1 �G2,
and let H be a subgroup of G. Then

ZG.H/ D .ZG.H/ \G1/ � .ZG.H/ \G2/:

Proof. The inclusion .ZG.H/ \ G1/ � .ZG.H/ \ G2/ � ZG.H/ is obvious. Then we
just need to show that ZG.H/ � .ZG.H/ \ G1/ � .ZG.H/ \ G2/. Let ˛ 2 ZG.H/
and 
 2 H . We write ˛ D .˛1; ˛2/ and 
 D .
1; 
2/ with ˛1; 
1 2 G1 and ˛2; 
2 2
G2. We have 1 D ˛
˛�1
�1 D .˛1
1˛�11 
�11 ; ˛2
2˛

�1
2 
�12 /, hence ˛1
1˛�11 
�11 D 1.

Moreover, ˛1
2˛�11 
�12 D 1, because ˛1 2 G1 and 
2 2 G2, so ˛1
˛�11 
�1 D 1. Thus,
˛1 2 .ZG.H/ \G1/. Analogously, we can prove that ˛2 2 .ZG.H/ \G2/.

Proof of Theorem 2.3. We suppose that � is connected and different from a single vertex.
Let U be a finite index subgroup of CAŒ��. Let U1; U2 be two subgroups of U such that
U D U1 � U2 and let QU D U � Z.CAŒ��/, which is included in CAŒ�� � Z.CAŒ��/ D
CAŒ��. Let QU1 D U1 and QU2 D U2 � Z.CAŒ��/, having QU D QU1 � QU2: As CAŒ�� has
finite index in AŒ��, QU has finite index in AŒ�� and, by applying Theorem 5B of [29],
we know that either QU1 � Z.AŒ��/ or QU2 � Z.AŒ��/. Also by Proposition 3.1, we have
that Z.AŒ��/\ QU D Z. QU/ � Z.AŒ��/\ CAŒ�� D Z.CAŒ��/. Then QU1 � Z.CAŒ��/ or
QU2 � Z.CAŒ��/, so U1 D ¹1º or U2 D ¹1º. This shows the first part of the theorem. We

still have to prove the second part.
Let �1; : : : ; �p be the connected components of � . We suppose that every �1; : : : ; �k

has at least two vertices and that each of �kC1; : : : ; �p is reduced to a single vertex.
We have that CAŒ�� D CAŒ�1� � � � � � CAŒ�p�. By Proposition 3.1, CAŒ�i � D CAŒ�i � �
Z.CAŒ�i �/ for every i 2 ¹1; : : : ;kº and CAŒ�i �DZ.CAŒ�i �/ for every i 2 ¹kC 1; : : : ;pº,
hence

(4.1) CAŒ�� D CAŒ�1� � � � � � CAŒ�k � �Z.CAŒ�1�/ � � � � �Z.CAŒ�p�/ :

Then, CAŒ�i � is strongly indecomposable for every i 2 ¹1; : : : ; kº. Moreover, Z.CAŒ�i �/
is strongly indecomposable, because we have thatZ.CAŒ�i �/'Z, for every i2¹1; : : : ;pº.
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Therefore, (4.1) is a strong Remak decomposition of AŒ��. Now, we take a strong Remak
decomposition of AŒ�� of the form H D H1 � � � � �Hm and turn to prove that it is equi-
valent to (4.1).

Claim 1. We can assume that H � CAŒ��.

Proof of Claim 1. Let H 0i D Hi \ CAŒ�� for every i 2 ¹1; : : : ; mº and H 0 D H 01 � � � � �
H 0m. Since CAŒ�� is a finite index subgroup of AŒ��, H 0i has finite index in Hi for every
i 2 ¹1; : : : ; mº. This means that H 0 has finite index in H and therefore H 0 has finite
index in AŒ��. As Hi is strongly indecomposable and H 0i has finite index in Hi , H 0i
is strongly indecomposable, for every i 2 ¹1; : : : ; mº. Then H 0 D H 01 � � � � � H

0
m is a

strong Remak decomposition of AŒ��. By construction, this decomposition is equivalent
to H D H1 � � � � �Hm and H 0 is included in CAŒ��. This finishes the proof of Claim 1.

Let QB DZ.CAŒ�1�/� � � � �Z.CAŒ�p�/'Zp andB DH \ QB . SetKi DH \CAŒ�i �
for every i 2 ¹1; : : : ; kº. As H has finite index in CAŒ��, Ki has finite index in CAŒ�i �
for every i 2 ¹1; : : : ; kº and B has finite index in QB .

Claim 2. We have that Z.H/ D B .

Proof of Claim 2. Let ˛ 2 Z.H/ � CAŒ��. Then, by Lemma 4.2, ˛ can be expressed as
˛D ˛1 � � �˛kˇ, where ˛i 2CAŒ�i �\ZCAŒ��.H/ for every i 2 ¹1; : : : ;kº and ˇ 2 QB . Since
Ki � H , ˛i commutes with every element in Ki , so ˛i 2 ZCAŒ�i �

.Ki /. By Lemma 4.1,
ZCAŒ�i �

.Ki / D ¹1º, hence ˛i D 1. Therefore, ˛ D ˇ 2 QB \ H D B . This proves that
Z.H/ � B . To see B � Z.H/, just notice that B D Z.CAŒ��/ \H � Z.H/, because
H � CAŒ�� by Claim 1. This finishes the proof of Claim 2.

Let OKi D K1 � � � � �Ki�1 �KiC1 � � � � �Kk �B and Li D .CAŒ�i � � QB/\H , for
every i 2 ¹1; : : : ; kº.

Claim 3. Let i 2 ¹1; : : : ; kº. ThenZH . OKi /DLi andLi D .Li \H1/� � � � � .Li \Hm/.

Proof of Claim 3. By Lemma 4.2, we have that

ZCAŒ��. OKi / D .ZCAŒ��. OKi / \ CAŒ�1�/ � � � � � .ZCAŒ��. OKi / \ CAŒ�k �/

� .ZCAŒ��. OKi / \ QB/:

Let j 2 ¹1; : : : ; kº be such that j ¤ i . Then, by Lemma 4.1, .ZCAŒ��. OKi / \ CAŒ�j �/ �
ZCAŒ�j �

.Kj / D ¹1º. Moreover, .ZCAŒ��. OKi /\ CAŒ�i �/D CAŒ�i � and .ZCAŒ��. OKi / \ QB/

D QB . ThereforeZCAŒ��. OKi /DCAŒ�i �� QB andZH . OKi /DZCAŒ��. OKi /\H DLi . Finally,
by Lemma 4.2, Li D ZH . OKi / D .Li \H1/ � � � � � .Li \Hm/. This finishes the proof
of Claim 3.

Claim 4. Let i 2 ¹1; : : : ; kº. Then Z.Li / D B and Li=B is strongly indecomposable.
Also, there is �.i/ 2 ¹1; : : : ;mº such thatLi=B D .Li \H�.i//=Z.H�.i// andLi \Hj D
Z.Hj / if j ¤ �.i/.

Proof of Claim 4. SinceB �Z.CAŒ��/ andB �Li �H , we haveB �Z.Li /. Now, take
˛ 2Z.Li /. As Li is a subgroup of CAŒ�i �� QB , by Lemma 4.2 we can write ˛ in the form
˛ D ˛iˇ, where ˛i 2 CAŒ�i � \ ZCAŒ��.Li / and ˇ 2 QB . Since Ki � Li , ˛i commutes
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with every element inKi , so ˛i 2ZCAŒ�i �
.Ki /. By Lemma 4.1,ZCAŒ�i �

.Ki /D ¹1º, hence
˛i D 1. Therefore, ˛ D ˇ 2 QB \H D B and then Z.Li / � B .

Let � W CAŒ�i � � QB ! CAŒ�i � be the projection homomorphism and let � 0 be the
restriction of � toLi . Then Ker.� 0/DKer.�/\Li D QB \Li �Z.Li /DB . On the other
hand,B � QB \Li , hence Ker.� 0/DB . Using the first isomorphism theorem, we have that
Li=B ' �.Li /. As Li has finite index in CAŒ�i � � QB , �.Li / has finite index in CAŒ�i �,
which is strongly indecomposable. This implies that Li=B is strongly indecomposable.

By Claim 3, we have that Li D .Li \ H1/ � � � � � .Li \ Hm/. If we quotient this
equality by B D Z.H/ D Z.H1/ � � � � �Z.Hm/, we get Li=B D .Li \H1/=Z.H1/ �
� � � � .Li \ Hm/=Z.Hm/. We already know that Li=B is strongly indecomposable, so
there is �.i/2¹1; : : : ;mº such thatLi=BD .Li \H�.i//=Z.H�.i// and .Li\Hj /=Z.Hj /
D ¹1º if j ¤ �.i/. This implies that Li \Hj � Z.Hj / if j ¤ �.i/. Finally, notice that
Z.Hi / � B � Li . This proves Claim 4.

For j 2 ¹1; : : : ; mº, we denote by fj WH ! Hj the projection of H on Hj . Let K D
K1 � � � � � Kk � B . For i 2 ¹1; : : : ; kº we denote by gi WK ! Ki the projection of K
onKi , and we denote by hWK!B the projection ofK onB . Notice that, sinceKi �B is a
subgroup ofLi ,Ki is a subgroup ofLi=B . Then,Ki injects intoLi and intoLi=B , which
by Claim 4 is isomorphic to .Li \H�.i//=Z.H�.i//. This means that the composition

Ki ,! Li
f�.i/
���! Li \H�.i/

has to be injective. In other words, the restriction f�.i/jKi W Ki ! H�.i/ is injective. Also
by Claim 4, if j ¤ �.i/,

Ki ,! Li
fj
�! Li \Hj D Z.Hj /

Hence, we have fj .Ki / � Z.Hj /.
Let  i WKi ! B be the map defined by  i .˛/D

Q
j¤�.i/ fj .˛/

�1. As B is an abelian
group, i is a well-defined homomorphism. Let WK!B be the map defined by .˛/DQk
iD1. i ı gi /.˛/. Then, again,  is a well-defined homomorphism because B is abelian.

Also, notice that  .ˇ/ D 1 for every ˇ 2 B . If 'WK ! K is the map defined by '.˛/ D
˛ .˛/, it is clear that ' is a homomorphism. In addition, as  .ˇ/ D 1 for every ˇ 2 B ,
' is invertible and '�1 is defined by '�1.˛/ D ˛  .˛/�1.

Claim 5. For every i 2 ¹1; : : : ; kº we have '.Ki / � H�.i/.

Proof of Claim 5. Let i 2 ¹1; : : : ; kº and ˛ 2 Ki . For ` 2 ¹1; : : : ; kº, ` ¤ i , we have that
g`.˛/D 1, then . ` ı g`/.˛/D 1 and  .˛/D i .˛/. Moreover, ˛D

Qm
jD1 fj .˛/, having

'.˛/ D f�.i/.˛/ 2 H�.i/. This finishes the proof of Claim 5.

Up to applying ', we can assume that Ki � H�.i/ for every i 2 ¹1; : : : ; kº.

Claim 6.
(1) For every i 2 ¹1; : : : ; kº we have f�.i/.K/ D Ki and f�.i/. OKi / D ¹1º. Moreover,

Ki is a finite index subgroup of H�.i/.
(2) For every i; j 2 ¹1; : : : ; kº, i ¤ j , we have �.i/ ¤ �.j /.
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Proof of Claim 6. As K has finite index in H , f�.i/.K/ has finite index in H�.i/. Notice
also that f�.i/.Ki /DKi becauseKi �H�.i/. We have thatK DKi � OKi , so f�.i/.K/D
f�.i/.Ki / f�.i/. OKi /DKi f�.i/. OKi / and ŒKi ; f�.i/. OKi /�D ¹1º. Moreover, by Lemma 4.1,
Ki \ f�.i/. OKi / � Z.Ki /D ¹1º. Hence, f�.i/.K/'Ki � f�.i/. OKi /. AsH�.i/ is strongly
indecomposable, we have that f�.i/. OKi /D ¹1º and f�.i/.K/DKi . On the other hand, let
j 2 ¹1; : : : ; kº be such that j ¤ i . As Kj is a subgroup of OKi , we have that f�.i/.Kj / D
¹1º ¤ Kj , and then �.i/ ¤ �.j /. This finishes the proof of Claim 6.

By the results from above, m � k and we can suppose that �.i/ D i for every i 2
¹1; : : : ; kº, up to renumbering the Hi ’s. Recall that we have that B D Z.H/ D Z.H1/ �
� � � �Z.Hm/ andZ.Hi /D fi .B/ for every i 2 ¹1; : : : ;mº. If i 2 ¹1; : : : ; kº, thenB � OKi ,
so by Claim 6, ¹1º D fi .B/ D Z.Hi /. Hence, B D Z.HkC1/ � � � � � Z.Hm/. We also
have thatK DK1 � � � � �Kk �B is a subgroup ofK1 � � � � �Kk �HkC1 � � � � �Hm, and
thatK is a finite index subgroup ofH DH1 � � � � �Hk �HkC1 � � � � �Hm. ThereforeB
has finite index in HkC1 � � � � �Hm.

For j 2 ¹k C 1; : : : ; mº, we let Bj D B \ Hj . As B is a finite index subgroup of
HkC1 � � � � �Hm, Bj has finite index in Hj . In addition, as Hj is strongly indecompos-
able, Bj is indecomposable. The group Bj is a subgroup of B ' Zp and it is indecom-
posable, so Bj ' Z. Let B 0 D BkC1 � � � � � Bm. Then B 0 is a finite index subgroup of
HkC1 � � � � �Hm and B 0 has finite index in B . As B 0 ' Zm�k and B ' Zp , it follows
that m � k D p.

For i 2 ¹1; : : : ; kº, Ki is a finite index subgroup of both Hi and CAŒ�i �, so Hi
and CAŒ�i � are commensurable. Moreover, for every i 2 ¹k C 1; : : : ; mº, we have that
Z.CA.�i�k//'Z'Bi , andBi is a finite index subgroup ofHi . ThereforeZ.CAŒ�i�k �/
and Hi are commensurable.

5. Reduction to the connected case

Theorem 2.2 is a consequence of Theorem 2.3 and the following proposition.

Proposition 5.1. Let G and G0 be two infinite groups. We suppose that G .respective-
ly, G0/ has a unique strong Remak decomposition up to equivalence,H D H1 � � � � �Hp
.respectively, H 0 D H 01 � � � � � H

0
q/. Then G is commensurable with G0 if and only if

p D q and, up to permutation of the factors, Hi is commensurable with H 0i for every
i 2 ¹1; : : : ; pº.

Proof. Suppose that G and G0 are commensurable. There is a finite index subgroup K
of G and a finite index subgroup K 0 of G0 such that K ' K 0. Let 'WK ! K 0 be an
isomorphism between K and K 0. For every i 2 ¹1; : : : ; pº we take Ki D K \ Hi and
U D K1 � � � � � Kp . As K has finite index in G, Ki has finite index in Hi . It follows
that U is a finite index subgroup of H (and of G) and U D K1 � � � � � Kp is a strong
Remak decomposition of G. The group U is a finite index subgroup of K, so '.U / D
'.K1/ � � � � � '.Kp/ is a finite index subgroup of '.K/ D K 0 and then also a finite index
subgroup ofG0. The subgroups '.Ki / (i 2 ¹1; : : : ;pº/ are strongly indecomposable, hence
'.U / D '.K1/ � � � � � '.Kp/ is a strong Remak decomposition of G0. As G0 has only
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one decomposition of that form (up to equivalence), we have that p D q and '.Ki / is
commensurable withH 0i for every i 2 ¹1; : : : ;pº, up to permutation of the factors. Also, as
Ki ' '.Ki / is a finite index subgroup ofHi , it follows thatHi andH 0i are commensurable
for every i 2 ¹1; : : : ; pº.

Suppose that p D q and that Hi is commensurable with H 0i for every i 2 ¹1; : : : ; pº.
There is a finite index subgroup Ki of Hi and a finite index subgroup K 0i of H 0i such that
Ki 'K

0
i . Take U DK1 � � � � �Kp and U 0 DK 01 � � � � �K

0
p . AsKi has finite index inHi

for every i , the subgroup U has finite index in H and also has finite index in G. Analog-
ously, U 0 has finite index in G0. It is obvious that U and U 0 are isomorphic. Therefore, G
and G0 are commensurable.

Proof of Theorem 2.2. Let �;� be two Coxeter graphs of spherical type. Let �1; : : : ; �p
be the connected components of � and�1; : : : ;�q be the connected components of�. If
p D q and AŒ�i � and AŒ�i � are commensurable for every i 2 ¹1; : : : ; pº, then it is clear
that AŒ�� and AŒ�� are commensurable. Then suppose that AŒ�� and AŒ�� are commen-
surable. We need to show that p D q and that AŒ�i � and AŒ�i � are commensurable for
every i 2 ¹1; : : : ; pº up to permutation of the indices.

Suppose that every �1; : : : ; �k has at least two vertices and that each of �kC1; : : : ; �p
is reduced to a single vertex. Analogously, suppose that every �1; : : : ; �` has at least
two vertices and that each of�`C1; : : : ;�q is reduced to a single vertex. By Theorem 2.3,
CAŒ��D CAŒ�1�� � � � �CAŒ�k ��Z.CAŒ�1�/� � � � �Z.CAŒ�p�/ and CAŒ��D CAŒ�1�
� � � � � CAŒ�`� � Z.CAŒ�1�/ � � � � � Z.CAŒ�q�/ are strong Remak decompositions of
AŒ�� and AŒ��, respectively, and they are unique up to equivalence. Let i 2 ¹1; : : : ; kº
and j 2 ¹1; : : : ; qº. Let U be a finite index subgroup of CAŒ�i � and let V be a finite index
subgroup ofZ.CAŒ�j �/. By Lemma 4.1, we have thatZ.U /D¹1º. Moreover, V is a finite
index subgroup of Z.CAŒ�j �/ ' Z, hence V ' Z. Then, U and V are not isomorphic.
This shows CAŒ�i � and Z.CAŒ�j �/ are not commensurable.

By applying Proposition 5.1, we know that k D `, p D q and that CAŒ�i � and CAŒ�i �
are commensurable for every i 2 ¹1; : : : ; kº, up to permutation of the indices. Let i 2
¹1; : : : ; kº. As CAŒ�i � and CAŒ�i � are commensurable, by Corollary 3.2,AŒ�i � andAŒ�i �
are commensurable. Then, by Proposition 3.1, AŒ�i � and AŒ�i � are commensurable. Let
i 2 ¹k C 1; : : : ; pº. Thus, AŒ�i �' Z' AŒ�i �, having that AŒ�i � and AŒ�i � are commen-
surable.

Remark 5.2. An alternative proof of Theorem 2.2, based on Theorem B of [21], has
been communicated to us by one of the referees. The idea is as follows. Consider the
decomposition (4.1) given in the proof of Theorem 2.3. We can show using [9], [38] and
Proposition 4.2 in [21] that each CAŒ�i � is of coarse type I. It follows by Theorem B in [21]
that the decomposition (4.1) is unique up to quasi-isometry. To pass from quasi-isometry
to commensurability we have to apply again Theorem B in [21] in the following manner.
Let � and � be two Coxeter graphs of spherical type. We assume that CAŒ�� and CAŒ��
are commensurable and we consider the same decompositions of CAŒ�� and CAŒ�� as in
the above proof. Then, there exist finite index subgroups U of CAŒ�� and V of CAŒ�� and
an isomorphism f WU ! V . We extend f to a quasi-isometry f WCAŒ��! CAŒ��. By
applying Theorem B in [21], we obtain that p D q, k D ` and, for each i 2 ¹i; : : : ; kº there
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exists j 2 ¹1; : : : ; kº such that the composition CAŒ�i �! CAŒ��! CAŒ��! CAŒ�j � is
a quasi-isometry, where the first map is the inclusion, the second map is f , and the third
map is the projection. This map restricted to U \ CAŒ�i � is an injective homomorphism
whose image must be of finite index in CAŒ�j �.

6. Comparison with the Artin group of type An

Let n 2N, n� 2, and let � be a connected Coxeter graph of spherical type with n vertices.
Recall that the aim of this section is to determine whether AŒ�� and AŒAn� are commen-
surable or not. We start with the cases where AŒ�� and AŒAn� are commensurable.

Lemma 6.1. Let n � 2. Then AŒAn� and AŒBn� are commensurable.

Proof. Let � WAŒAn�!W ŒAn� be the quotient homomorphism and letH be the subgroup
ofW ŒAn� generated by ¹s2; : : : ; snº. By [25], ��1.H/ is isomorphic to AŒBn�. It has finite
index in AŒAn� because W ŒAn� is finite, hence AŒAn� and AŒBn� are commensurable.

Lemma 6.2. Let p � 5. Then AŒA2� and AŒI2.p/� are commensurable.

Proof. Let � D I2.p/. Then AŒ�� D hs; t j ….s; t; p/ D ….t; s; p/i. We consider the
construction of the proof of Proposition 3.1 (2). Let V D Res ˚Ret . By [5], W D W Œ��
has a faithful linear representation �WW ! GL.V /, and �.W / is generated by reflections.
In our case, W is the dihedral group of order 2p and �WW ! GL.V / is the standard
representation ofW . Let H be the set of reflection lines ofW . Take VC D C˝ V ,HC D

C ˝H for every H 2 H , and M D VC n .[H2HHC/. Let hW VC n ¹0º ! PVC be the
Hopf fibration and M D h.M/. Thanks to the proof of Proposition 3.1 (2), we know that
�1.M/ D CAŒ��.

In this case, PVC is the complex projective line andM is the complement of jH j D p
points in PVC , hence CAŒ��D�1.M/ is isomorphic to the free group Fp�1 of rank p � 1.
Analogously, CAŒA2� is isomorphic to F2. As Fp�1 is isomorphic to a finite index sub-
group of F2, it follows that CAŒ�� and CAŒA2� are commensurable. By Corollary 3.2, we
have that AŒA2� and AŒ�� are commensurable. Therefore, by Proposition 3.1, AŒA2� and
AŒ�� are commensurable.

Let † D †g;b be the orientable surface of genus g with b boundary components.
Let Pn be a collection of n different points in the interior of †. Recall that the mapping
class group of the pair .†;Pn/, denoted by M.†;Pn/, is the group of isotopy classes of
homeomorphisms hW†!† that preserve the orientation, fix the boundary of† pointwise
and preserve Pn setwise. The extended mapping class group of the pair .†;Pn/, denoted
by M�.†;Pn/, is the group of isotopy classes of homeomorphisms hW†! † that fix
the boundary of † pointwise and preserve Pn setwise. Notice that, if the surface † has
non-empty boundary, the homeomorphisms fixing this boundary pointwise cannot change
the orientation of † and we have M�.†;Pn/ D M.†;Pn/. Otherwise, M.†;Pn/ has
index 2 in M�.†;Pn/.

Denote by Sn the permutation group of ¹1; : : : ; nº. The action of M�.†;Pn/ on Pn
induces a homomorphism � 0WM�.†;Pn/!Sn, whose kernel is denoted by PM�.†;Pn/.
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On the other hand, we can define another homomorphism !WM�.†;Pn/!¹˙1º sending
an element h 2M�.†;Pn/ to 1 if it preserves the orientation and to �1 otherwise. Notice
that the kernel of ! is M.†;Pn/. These two homomorphisms lead to the construction
of the homomorphism O� WM�.†;Pn/! Sn � ¹˙1º defined by h 7! .� 0.h/; !.h//. The
kernel of O� is called the pure mapping class group of the pair .†;Pn/ and it is denoted
by PM.†;Pn/.

These mapping class groups and the problem that we are studying are related by the
following theorem.

Theorem 6.3 ([12]). Let † D †0;0 and let PnC2 be a family of nC 2 points in †. Then
Com.AŒAn�/ 'M�.†;PnC2/.

Lemma 6.4. Let†D†0;0 and let PnC2 be a family of nC 2 points in†. Then Ker. O�/D
PM.†;PnC2/ ' CAŒAn�.

Proof. Let BnC1 be the braid group on nC 1 strands. By [1], M.†0;1;PnC1/DBnC1 D

AŒAn� and PM.†0;1;PnC1/ D CAŒAn�. Let ı be the standard generator of Z.AŒAn�/. It
is well known that ı 2 CAŒAn� and Z.AŒAn�/D Z.CAŒAn�/D hıi. Notice that ı, seen as
an element of PM.†0;1;PnC1/, is the Dehn twist about the boundary component of†0;1.
Then CAŒAn� D PM.†0;1;PnC1/=hıi D PM.†0;0;PnC2/; see, for example [36].

Let G be a group. We say that an element ˛ 2 G is a generalized torsion element if
there are p � 1 and ˇ1; : : : ; p̌ 2 G such that .ˇ1˛ˇ�11 /.ˇ2˛ˇ

�1
2 / � � � . p̌˛ˇ

�1
p / D 1. We

say that G has generalized torsion if it contains a non-trivial generalized torsion element.
For most of our cases, the criterion we will use to show that AŒ�� and AŒAn� are not
commensurable is given by the following two results.

Lemma 6.5. Let � be a connected Coxeter graph of spherical type with n vertices. Let
ˆWAŒ��!M�.†0;0;PnC2/ be a homomorphism and set ' D O� ıˆ W AŒ��! SnC2 �

¹˙1º. If Ker.'/ has generalized torsion, then ˆ is not injective.

Proof. Assume that ˆ is injective and that Ker.'/ has generalized torsion. As CAŒAn� D
Ker. O�/, the homomorphismˆ induces an injective homomorphismˆ0WKer.'/!CAŒAn�.
Recall that a group is called biorderable if it admits a total ordering invariant under left-
multiplication and right-multiplication. We know by [37] that CAŒAn� is biorderable. By
Proposition 3.1, CAŒAn� is a subgroup of CAŒAn�, hence CAŒAn� is also biorderable, hav-
ing that Ker.'/ is biorderable. However, a non-trivial biorderable group has no generalized
torsion [37]. This is a contradiction.

Corollary 6.6. Let � be a connected Coxeter graph of spherical type with n vertices.
If the kernel of every homomorphism 'WAŒ��! SnC2 � ¹˙1º has generalized torsion,
then AŒ�� and AŒAn� are not commensurable.

Proof. Assume thatAŒ�� andAŒAn� are commensurable. By Proposition 3.1,AŒ�� injects
in Com.AŒ��/. Again by Proposition 3.1,AŒ�� andAŒAn� are commensurable, so we have
Com.AŒ��/ ' Com.AŒAn�/. Moreover, by Theorem 6.3, we know that Com.AŒAn�/ D
M�.†0;0;PnC2/. Then, there is an injective homomorphismˆWAŒ��!M�.†0;0;PnC2/.
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Let ' D O� ıˆ W AŒ��! SnC2 � ¹˙1º. Therefore, by Lemma 6.5, Ker.'/ does not have
generalized torsion, having a contradiction.

From here, in order to finish our proof, for each considered Coxeter graph � and each
homomorphism 'WAŒ��! SnC2 � ¹˙1º, we show an element in Ker.'/ having gener-
alized torsion. To find such elements we apply the following strategy, well known to some
experts. Let G be a group. An element ˇ 2 G is quasi-central if there exists n � 1 such
that ˇn lies in the center of G. Assume that ˇ is a quasi-central element and that ˛ is
an element of G which does not commute with ˇ. Then ˛ˇ˛�1ˇ�1 is a generalized tor-
sion non-trivial element of G. The quasi-central elements of the Artin groups of spherical
type are well-understood, and we look for quasi-central elements in standard parabolic
subgroups that belong to the kernel of ' to find our generalized torsion elements.

We will use the following notations and definitions. For a group G and ˛ 2 G we
denote by c˛WG ! G, ˇ 7! ˛ˇ˛�1, the conjugation by ˛. We say that two homomorph-
isms '1; '2WG ! H are conjugate if there is ˛ 2 H such that '2 D c˛ ı '1. Moreover,
a homomorphism 'WG ! H is said to be cyclic if the image of ' is a cyclic subgroup
of H .

Lemma 6.7. The groups AŒD4� and AŒA4� are not commensurable.

Proof. Let 'WAŒD4�!S6 � ¹˙1º be a homomorphism written in the form ' D '1 � '2,
where '1W AŒD4� ! S6 and '2W AŒD4� ! ¹˙1º are two homomorphisms. By Corol-
lary 6.6, we just need to show that Ker.'/ has generalized torsion. Denote by s1; s2; s3; s4
the standard generators ofAŒD4� numbered as in Figure 1. We also denote by � WAŒD4�!
AŒD4� the quotient homomorphism and Nsi D �.si / for every i 2 ¹1; 2; 3; 4º. Notice that '2
is always cyclic since its image is contained in ¹˙1º, which is a cyclic group. Then,
the relations sj s3sj D s3sj s3, for j 2 ¹1; 2; 4º, imply that there is � 2 ¹˙1º such that
'2.Nsi / D � for every i 2 ¹1; 2; 3; 4º.

Firstly, suppose that '1 is cyclic. Let ˛ D Ns1 Ns�12 and ˇ D Ns3 Ns2 Ns1 Ns3 Ns�41 . Then ˛; ˇ 2
Ker.'/, ˛ ¤ 1, and ˛ˇ˛ˇ�1 D 1, having that Ker.'/ has generalized torsion. Now, sup-
pose that '1 is not cyclic. A direct computation using the software SageMath (see code
in [15]) shows that there are 14400 non-cyclic homomorphisms fromAŒD4� to S6 divided
into 40 conjugacy classes. By using the same software, we check that in every case we
have either '1.Ns1/D '1.Ns2/ or '1.Ns1/D '1.Ns4/ or '1.Ns2/D '1.Ns4/. Then we can assume
without loss of generality that '1.Ns1/D '1.Ns2/. In this case we have 8640 homomorphisms
satisfying our conditions that are divided into 24 conjugacy classes. Let ˇ D Ns1 Ns3 Ns2 Ns1 Ns3 Ns1
and ˛ D Ns1 Ns�12 . Note that they both belong to Ker.'2/. We check that '1.ˇ/ D 1 in
every case. Moreover, as '1.Ns1/D '1.Ns2/, we also have that '1.˛/D 1. Therefore, ˛;ˇ 2
Ker.'/, ˛ ¤ 1 and ˛ˇ˛ˇ�1 D 1 and Ker.'/ has generalized torsion.

Lemma 6.8. Let n � 5. Then AŒDn� and AŒAn� are not commensurable.

Proof. We denote by s1; : : : ; sn the standard generators ofAŒDn� numbered as in Figure 1.
We also let ti D .i; i C 1/ 2 SnC2 for every i 2¹1; : : : ; nC 1º. Let �WAŒDn�! SnC2 be
the homomorphism defined by �.s1/D �.s2/D t1 and �.si /D ti�1 for every i 2 ¹3; : : : ;nº.
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Moreover, for n D 6, let �WAŒD6�! S8 be the homomorphism defined by

�.s1/ D �.s2/ D .1; 2/.3; 4/.5; 6/; �.s3/ D .2; 3/.1; 5/.4; 6/; �.s4/ D .1; 3/.2; 4/.5; 6/;

�.s5/ D .1; 2/.3; 5/.4; 6/; �.s6/ D .2; 3/.1; 4/.5; 6/:

Claim. Let  WAŒDn�! SnC2 be a homomorphism. Then, we have one of the following
situations, up to conjugation:

(1)  is cyclic,
(2)  D �,
(3) n D 6 and  D �.

Proof of the Claim. Let s01; : : : ; s
0
n�1 be the standard generators ofAŒAn�1�. Let �0WAŒAn�1�

! SnC2 be the homomorphism defined by �0.s0i / D ti for every i 2 ¹1; : : : ; n � 1º. For
n D 6, let �0WAŒA5�! S8 be the homomorphism defined by

�0.s01/ D .1; 2/.3; 4/.5; 6/ ; �
0.s02/ D .2; 3/.1; 5/.4; 6/ ; �

0.s03/ D .1; 3/.2; 4/.5; 6/ ;

�0.s04/ D .1; 2/.3; 5/.4; 6/ ; �
0.s05/ D .2; 3/.1; 4/.5; 6/ :

Let � W AŒAn�1� ! AŒDn� be the homomorphism sending s0i to siC1 for every i 2
¹1; : : : ; n � 1º, and let  0 D  ı � WAŒAn�1� ! SnC2. By Theorem 1 in [2] and The-
orems A and E in [27], we have one of the following possibilities, up to conjugation:

(1)  0 is cyclic,
(2)  0 D �0,
(3) n D 6 and  0 D �0.

First assume that 0 is cyclic. Then there isw 2SnC2 such that 0.s0i /D .siC1/Dw
for every i2¹1; : : : ;n� 1º. Let 
 D s1s3s2s1s3s1. We have 
s2
�1D s1 and 
s3
�1 D s3,
hence w D  .s3/ D  .
s3
�1/ D  .
s2
�1/ D  .s1/. Thus,  is cyclic.

Now suppose that 0D �0. We have .siC1/D 0.s0i /D ti for every i 2¹1; : : : ; n � 1º.
Let uD .s1/. As u commutes with .si /D ti�1 for every i � 4, it follows that u.k/ D k
for every k 2 ¹3; 4; : : : ; nº. Moreover, as u commutes with t1 D  .s2/, we have that
u 2 E D ¹1; t1; tnC1; t1tnC1º. The only element u of E satisfying ut2uD t2ut2 is uD t1,
hence u D t1 and  D �.

Assume that n D 6 and  0 D �0. Let

u1 D .1; 2/.3; 4/.5; 6/ ; u2 D .2; 3/.1; 5/.4; 6/ ; u3 D .1; 3/.2; 4/.5; 6/ ;

u4 D .1; 2/.3; 5/.4; 6/ ; u5 D .2; 3/.1; 4/.5; 6/ :

A direct computation with the software SageMath (see code in [15]) shows that the only
element v 2 S8 satisfying vu1 D u1v, vu2v D u2vu2, vu3 D u3v, vu4 D u4v, vu5 D
u5v is v D u1, hence  D �. This finishes the proof of the claim.

Let� be the Garside element of AŒDn�. Let ı be the standard generator of Z.AŒDn�/.
By Lemma 5.1 in [33], � D .sn � � � s3s2s1s3 � � � sn/ � � � .s3s2s1s3/.s2s1/. Moreover, ı D
� if n is even, and ı D �2 si n is odd. Notice that �.�/ D 1, so �.ı/ D 1. It follows
that � induces a homomorphism N�WAŒDn�! SnC2. Similarly, if n D 6, �.�/ D 1 and
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�.ı/ D 1, then � induces a homomorphism N�WAŒD6�! S8. Let '1WAŒDn�! SnC2 be
a homomorphism. Then, by the results from above and the claim, we have one of the
following three possibilities, up to conjugation:

(1) '1 is cyclic,
(2) '1 D N�,
(3) n D 6 and '1 D N�.

Let 'WAŒDn�! SnC2 � ¹˙1º be a homomorphism written in the form ' D '1 � '2,
where '1WAŒDn�! SnC2 and '2WAŒDn�!¹˙1º are homomorphisms. By Corollary 6.6,
we just need to show that Ker.'/ has generalized torsion. Denote by � WAŒDn�! AŒDn�

the quotient homomorphism and Nsi D �.si / for every i 2 ¹1; : : : ; nº. Here again, '2 is
always cyclic since its image is contained in ¹˙1º.

Suppose that '1 is cyclic. Let ˛ D Ns1 Ns�12 and ˇ D Ns3 Ns2 Ns1 Ns3 Ns�41 . In this case ˛; ˇ 2
Ker.'/, ˛ ¤ 1 and ˛ˇ˛ˇ�1 D 1, and then Ker.'/ has generalized torsion. Assume either
' D N� or n D 6 and ' D N�. Let ˛ D Ns1 Ns�12 and ˇ D Ns1 Ns3 Ns2 Ns1 Ns3 Ns1. In both cases ˛; ˇ 2
Ker.'/, ˛ ¤ 1 and ˛ˇ˛ˇ�1 D 1, hence Ker.'/ has generalized torsion.

Lemma 6.9. Let n 2 ¹6; 7; 8º. Then AŒEn� and AŒAn� are not commensurable.

Proof. We denote by s1; : : : ; sn the standard generators ofAŒEn� numbered as in Figure 1.
We also let ti D .i; i C 1/ 2 SnC2 for every i 2 ¹1; : : : ; nC 1º.

Claim. Every homomorphism  WAŒEn�! SnC2 is cyclic.

Proof of the Claim. Denote by s01; : : : ; s
0
n�1 the standard generators of AŒAn�1�. Let

�0W AŒAn�1� ! SnC2 be the homomorphism defined, for every i 2 ¹1; : : : ; n � 1º, by
�0.s0i / D ti . For n D 6, let �0WAŒA5�! S8 be the homomorphism defined by

�0.s01/ D .1; 2/.3; 4/.5; 6/ ; �
0.s02/ D .2; 3/.1; 5/.4; 6/ ; �

0.s03/ D .1; 3/.2; 4/.5; 6/ ;

�0.s04/ D .1; 2/.3; 5/.4; 6/ ; �
0.s05/ D .2; 3/.1; 4/.5; 6/ :

Let � WAŒAn�1�! AŒEn� be the homomorphism sending s0i to si for i D 1; : : : ; n� 1, and
let  0 D  ı � WAŒAn�1�! SnC2. By Theorem 1 in [2] and Theorems A and E of [27],
we have one of the following possibilities, up to conjugation:

(1)  0 is cyclic,
(2)  0 D �0,
(3) n D 6 and  0 D �0.

First suppose that  0 is cyclic. Then there is w 2SnC2 such that  0.s0i /D  .si / D w
for every i2¹1; : : : ;n�1º. Let 
 D s2s3sns2s3s2. We have 
s2
�1D sn and 
s3
�1 D s3,
hence w D  .s3/ D  .
s3
�1/ D  .
s2
�1/ D  .sn/. Then  is cyclic.

Now assume that 0D�0. In this case we have .si /D 0.s0i /D ti for iD1; : : : ; n � 1.
Let u D  .sn/. As u commutes with  .si / D ti for every i 2 ¹1; 2; 4; : : : ; n � 1º, it fol-
lows that u.k/ D k for every k 2 ¹1; 2; 3; 4; 5; : : : ; nº, so u 2 E D ¹1; tnC1º. But there is
no element u of E satisfying ut3u D t3ut3, so we cannot have  0 D �0.
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Finally, assume n D 6 and  0 D �0. Let

u1 D .1; 2/.3; 4/.5; 6/ ; u2 D .2; 3/.1; 5/.4; 6/ ; u3 D .1; 3/.2; 4/.5; 6/ ;

u4 D .1; 2/.3; 5/.4; 6/ ; u5 D .2; 3/.1; 4/.5; 6/ :

A direct computation with the software SageMath (see code in [15]) shows that there is
no element v 2 S8 satisfying vu1 D u1v, vu2 D u2v, vu3v D u3vu3, vu4 D u4v and
vu5 D u5v, hence we cannot have nD 6 and  0 D �0. This finishes the proof of the claim.

Denote by � WAŒEn�!AŒEn� the quotient homomorphism and let Nsi D�.si / for every
i 2 ¹1; : : : ; nº. Let 'WAŒEn�! SnC2 � ¹˙1º be a homomorphism written in the form
' D '1 � '2, where '1WAŒEn�!SnC2 and '2WAŒEn�! ¹˙1º are homomorphisms. By
the claim, '1 ı � WAŒEn�! SnC2 is cyclic, hence '1 is also cyclic. On the other hand, '2
is cyclic since the image of '2 is contained in ¹˙1º. Let ˛ D Ns2 Ns�1n and ˇ D Ns3 Nsn Ns2 Ns3 Ns�42 .
We have that ˛; ˇ 2 Ker.'/, ˛ ¤ 1 and ˛ˇ˛ˇ�1 D 1, and then Ker.'/ has generalized
torsion. By Corollary 6.6, it follows that AŒAn� and AŒEn� are not commensurable.

Lemma 6.10. The groups AŒF4� and AŒA4� are not commensurable.

Proof. Let 'WAŒF4�!S6 � ¹˙1º be a homomorphism written in the form ' D '1 � '2,
where '1WAŒF4�!S6 and '2WAŒF4�!¹˙1º are two homomorphisms. By Corollary 6.6,
we just need to show that Ker.'/ has generalized torsion. We denote by s1; s2; s3; s4 the
standard generators of AŒF4� numbered as in Figure 1. We also denote by � WAŒF4�!
AŒF4� the quotient homomorphism and Nsi D �.si / for every i 2 ¹1; 2; 3; 4º. Notice that
the relation s1s2s1 D s2s1s2 implies '2.Ns1/ D '2.Ns2/. Analogously, '2.Ns3/ D '2.Ns4/.

If g is an element of a group, we denote by ord.g/ the order of g. Let i 2 ¹1; 2; 3; 4º.
As '1.Nsi / 2 S6, we have that ord.'1.Nsi // 2 ¹1; 2; 3; 4; 5; 6º. It follows that ord.'.Nsi // 2
¹1; 2; 3; 4; 5; 6; 10º. Suppose that '.Ns1/D '.Ns2/ and ord.'.Ns1// 2 ¹1; 2; 4º. Let ˛ D Ns1 Ns�12
and ˇ D .Ns1 Ns2/

4. In this case ˛; ˇ 2 Ker.'/, ˛ ¤ 1 and ˛.ˇ˛ˇ�1/.ˇ2˛ˇ�2/ D 1, and
then Ker.'/ has generalized torsion. Now assume that '.Ns1/D '.Ns2/ and ord.'.Ns1//D 3.
If we let ˛ D Ns1 Ns�12 , ˇ D Ns1 Ns2 Ns1, then ˛; ˇ 2 Ker.'/, ˛ ¤ 1, ˛.ˇ˛ˇ�1/ D 1, and Ker.'/
has generalized torsion. Now suppose that '.Ns1/D '.Ns2/ and ord.'.Ns1// 2 ¹5; 10º. We let
˛ D Ns1 Ns

�1
2 and ˇ D .Ns1 Ns2/10. Then ˛; ˇ 2 Ker.'/, ˛.ˇ˛ˇ�1/.ˇ2˛ˇ�2/ D 1, and Ker.'/

has generalized torsion.
By the reasoning above we can assume that, if '.Ns1/ D '.Ns2/, then ord.'.Ns1// D 6.

We can also suppose that, if '.Ns3/ D '.Ns4/, then ord.'.Ns3// D 6.
Suppose that '.Ns1/ D '.Ns2/ and '.Ns3/ D '.Ns4/. Then we also have ord.'.Ns1// D

ord.'.Ns3//D 6. If '1.Ns1/D '1.Ns2/ and '1.Ns3/D '1.Ns4/ are both of order 3, then '2.Ns1/D
'2.Ns2/D '2.Ns3/D '2.Ns4/D�1. In this case, we let ˛ D Ns1 Ns�12 and ˇ D Ns1 Ns2 Ns1 Ns34 , having
˛; ˇ 2 Ker.'/, ˛ ¤ 1 and ˛.ˇ˛ˇ�1/ D 1. Hence Ker.'/ has generalized torsion. We can
then assume that '1.Ns1/ or '1.Ns3/ is of order 6, say that '1.Ns1/ has order 6. Then '1.Ns1/
is conjugate to .1; 2; 3; 4; 5; 6/ or to .1; 2; 3/.4; 5/ in S6. In both cases it follows that the
centralizer of '1.Ns1/ in S6 is a cyclic group of order 6 generated by '1.Ns1/. As '1.Ns3/
belongs to this centralizer and it has order 3 or 6, there is k 2 ¹1; 2;�1;�2º such that
'1.Ns3/ D '1.Ns4/ D '1.Ns1/

k . We let ˛ D Ns3 Ns�14 and ˇ D Ns3 Ns4 Ns�2k1 . Then, ˛; ˇ 2 Ker.'/,
˛ ¤ 1, and ˛.ˇ˛ˇ�1/.ˇ2˛ˇ�2/ D 1, having generalized torsion in Ker.'/.



Commensurability in Artin groups of spherical type 521

By [8], the standard generator of the center ofAŒF4� coincides with its Garside element
and equals .s1s2s3s4/h=2, where h is the Coxeter number of F4. As h D 12 (see page 80
of [19]), we have ı D � D .s1s2s3s4/6. Let Ǫ0 D .s1s2s3s4/3. Recall that zWAŒF4�! Z
is the homomorphism sending si to 1 for every i 2 ¹1; 2; 3; 4º. As z.ı/ D 24, we have
z.Z.AŒF4�// D 24Z, so Ǫ0 62 Z.AŒF4�/ because z. Ǫ0/ D 12. On the other hand, Ǫ20 D ı,
so Ǫ20 2 Z.AŒF4�/. Let ˛0 D �. Ǫ0/. Then ˛0 ¤ 1 and ˛20 D 1. In the remaining cases, we
will show that ˛0 2 Ker.'/, which will immediately imply that Ker.'/ has (generalized)
torsion.

Suppose that '.Ns1/¤ '.Ns2/ and '.Ns3/D '.Ns4/ (hence ord.'.Ns3//D 6). Let E1 be the
set of triples .u1; u2; u3/ of elements of S6 such that u1u2u1 D u2u1u2, u1u3 D u3u1,
u2u3 D u3u2, u1 ¤ u2 and ord.u3/ 2 ¹3; 6º. Another direct computation with SageMath
(see code in [15]) shows that E1 has 1440 elements divided into 6 conjugacy classes.
Again with SageMath, we compute a set E01 of representatives of the conjugacy classes
in E1 and we get

E01 D
®�
.1; 2/; .2; 3/; .4; 5; 6/

�
;
�
.1; 2; 3; 4; 5; 6/; .1; 6; 3; 2; 5; 4/; .1; 3; 5/.2; 4; 6/

�
;�

.1; 2; 3; 4; 5; 6/; .1; 6; 3; 2; 5; 4/; .1; 5; 3/.2; 6; 4/
�
;�

.1; 4/.2; 5/.3; 6/; .1; 2/.3; 4/.5; 6/; .1; 3; 5/.2; 4; 6/
�
;�

.2; 3/.4; 5; 6/; .1; 2/.4; 5; 6/; .4; 5; 6/
�
;
�
.2; 3/.4; 5; 6/; .1; 2/.4; 5; 6/; .4; 6; 5/

�¯
:

We check with a direct computation that .u1u2u23/
3 D 1 for every .u1; u2; u3/ 2 E01 . Up

to conjugation, we can suppose that .'1.Ns1/; '1.Ns2/; '1.Ns3// D .u1; u2; u3/ 2 E01 . Then,
as .u1u2u23/

3 D 1, we have '1.˛0/D 1. It is obvious that '2.˛0/D 1. So, '.˛0/D 1 and
Ker.'/ has (generalized) torsion.

Suppose that '.Ns1/ ¤ '.Ns2/ and '.Ns3/ ¤ '.Ns4/. Let E2 be the set of quadruples
.u1; u2; u3; u4/ of elements of S6 such that u1u2u1 D u2u1u2, u1u3 D u3u1, u1u4 D
u4u1, u2u3u2u3 D u3u2u3u2, u2u4 D u4u2, u3u4u3 D u4u3u4, u1 ¤ u2 and u3 ¤ u4.
A direct computation with SageMath (see code in [15]) shows that E2 has 1440 elements
divided into 2 conjugacy classes. Again with SageMath, we compute a set E02 of repres-
entatives of the conjugacy classes in E2 and we get

E02 D
®�
.1; 2/; .2; 3/; .5; 6/; .4; 5/

�
;�

.1; 4/.2; 5/.3; 6/; .1; 2/.3; 4/.5; 6/; .1; 4/.2; 3/.5; 6/; .1; 6/.2; 5/.3; 4/
�¯
:

We check by a direct computation that .u1u2u3u4/3 D 1 for every .u1; u2; u3; u4/ 2 E02 .
Up to conjugation, we can suppose that .'1.Ns1/; '1.Ns2/; '1.Ns3/; '1.Ns4//D .u1; u2; u3; u4/
2 E02 . Then, as .u1u2u3u4/3 D 1, we have '1.˛0/ D 1. It is clear that '2.˛0/ D 1. Then
'.˛0/ D 1 and Ker.'/ has (generalized) torsion.

Lemma 6.11. The groups AŒH4� and AŒA4� are not commensurable.

Proof. We denote by s1; s2; s3; s4 the standard generators of AŒH4� numbered as in Fig-
ure 1. We also consider the quotient homomorphism � WAŒH4�! AŒH4� and Nsi D �.si /
for every i 2 ¹1; 2; 3; 4º. Let 'WAŒH4�! S6 � ¹˙1º be a homomorphism written in the
form ' D '1 � '2 where '1WAŒH4�! S6 and '2 W AŒH4�! ¹˙1º are two homomorph-
isms. Notice that the relations s3s4s3 D s4s3s4, s2s3s2 D s3s2s3, s1s2s1s2s1 D s2s1s2s1s2
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imply '2.Ns1/ D '2.Ns2/ D '2.Ns3/ D '2.Ns4/. Then '2 is always cyclic. For '1, a direct
computation with SageMath (see code in [15]) shows that there are 720 homomorphisms
from AŒH4� to S6, all of them cyclic. We let ˛ D Ns�13 Ns4 and ˇ D Ns3 Ns4 Ns3 Ns�31 . They both
belong to Ker.'/ and they satisfy ˛ˇ˛ˇ�1 D 1. Therefore, Ker.'/ has generalized torsion
and, by Corollary 6.6, AŒA4� and AŒH4� are not commensurable.

Our last issue is to compare AŒH3� and AŒA3�. In this case we cannot apply Corol-
lary 6.6, as we have done with the previous cases. Indeed, we can find homomorphisms
sending AŒH3� to S5 whose kernel does not have generalized torsion:

Lemma 6.12. Let s1; s2; s3 be the standard generators of AŒH3� numbered as in Figure 1,
let � WAŒH3� ! AŒH3� be the quotient homomorphism, and, for each i 2 ¹1; 2; 3º, let
Nsi D �.si /. Let �WAŒH3�! S5 be the homomorphism defined by

�.Ns1/ D .2; 4/.3; 5/ ; �.Ns2/ D .1; 2/.4; 5/ ; �.Ns3/ D .2; 3/.4; 5/ :

Then Ker.�/ does not have generalized torsion.

Proof. By [8],Z.AŒH3�/ is an infinite cyclic group generated by ı D .s1s2s3/5. Let u1 D
.2; 4/.3; 5/, u2 D .1; 2/.4; 5/ and u3 D .2; 3/.4; 5/. A direct computation shows that we
have the relations u1u2u1u2u1 D u2u1u2u1u2, u1u3 D u3u1, u2u3u2 D u3u2u3 and
.u1u2u3/

5 D 1, hence � is well-defined. We are going to prove that Ker.�/D CAŒH3�. As
CAŒH3� embeds into CAŒH3� by Proposition 3.1 and CAŒH3� has no generalized torsion
by Theorem 3 in [29], it will follow that Ker.�/ has no generalized torsion.

Let H be the subgroup of S5 generated by ¹u1; u2; u3º. A direct computation with
SageMath (see code in [15]) shows that jH j D 60. As u21 D u

2
2 D u

2
3 D 1 and CAŒH3�

is the normal subgroup of AŒH3� generated by ¹Ns21 ; Ns
2
2 ; Ns

2
3º, we have CAŒH3� � Ker.�/.

Then, to show that Ker.�/ D CAŒH3�, we just need to prove that jAŒH3�=CAŒH3�j D 60.
It is well known that jAŒH3�=CAŒH3�j D jW ŒH3�j D 120 (See Page 46 of [19]). The pro-
jection � WAŒH3� ! AŒH3� induces a surjective homomorphism N� WAŒH3�=CAŒH3� !
AŒH3�=CAŒH3� whose kernel is the cyclic group generated by the class Œı� of ı. We
have that ı D � is the Garside element of AŒH3�, so ı 62 CAŒH3�. However, ı2 D �2 2
CAŒH3�, hence Ker. N�/ is a cyclic group hŒı�i of order 2, having jAŒH3�=CAŒH3�j D
jAŒH3�=CAŒH3�j=2 D 60.

Let † be a closed surface and Pn be a collection of n different points in †. With such
a pair .†;Pn/ we can associate a simplicial complex called the curve complex of .†;Pn/,
denoted by C.†;Pn/. The vertices of C.†;Pn/ are the isotopy classes of simple closed
curves on † n Pn that are non-degenerate. Non-degenerate means that the curve does not
bound a disk embedded in † containing 0 or 1 point of Pn. Every n-simplex is formed
by nC 1 classes having representatives that are pairwise disjoint. We say that a mapping
class f 2M�.†;Pn/ is pseudo-Anosov if f n.˛/ ¤ ˛ for every ˛ 2 C.†;Pn/ and every
n 2 Z n ¹0º. We say that f is periodic if it has finite order. The following lemma finishes
the proof of Theorem 2.4.

Lemma 6.13. The groups AŒH3� and AŒA3� are not commensurable.
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Proof. Recall that, by Proposition 3.1, we need to prove that AŒH3� and AŒA3� are not
commensurable, and, to do this, it is enough to prove that Com.AŒH3�/ and Com.AŒA3�/
are not isomorphic. Also by Proposition 3.1, AŒH3� injects in Com.AŒH3�/ and recall
that Com.AŒA3�/ and M�.†0;0; P5/ are isomorphic by Theorem 6.3. Then, to prove
our lemma it suffices to prove that there is no injective homomorphism from AŒH3� to
M�.†0;0;P5/.

Let ˆWAŒH3�! M�.†0;0;P5/ be a homomorphism. Recall O� and � 0 defined right
before Theorem 6.3 and consider ' D O� ıˆWAŒH3�!S5 � ¹˙1º being of the form ' D

'1 � '2, where '1 D � 0 ıˆ W AŒH3�! S5 and '2 D ! ıˆ W AŒH3�! ¹˙1º. We denote
by s1; s2; s3 the standard generators of AŒH3� numbered as in Figure 1. Moreover, we let
� WAŒH3�! AŒH3� be the quotient homomorphism and Nsi D �.si / for every i 2 ¹1; 2; 3º.

Notice that the relations s2s3s2 D s3s2s3 and s1s2s1s2s1 D s2s1s2s1s2 imply '2.Ns2/D
'2.Ns3/ and '2.Ns1/D '2.Ns2/. Notice also that the standard generator of the center ofAŒH3�
is ı D .s1s2s3/5, hence .Ns1 Ns2 Ns3/5 D 1. Let � D '2.Ns1/ D '2.Ns2/ D '2.Ns3/ 2 ¹˙1º. Then
1 D '2.1/ D '2..Ns1 Ns2 Ns3/

5/ D �15, having that � D 1.
Suppose that '1 is cyclic, that is, there isw 2S5 such that '1.Ns1/D '1.Ns2/D '1.Ns3/D

w. We denote by ord.w/ the order of w. As w 2 S5, we have ord.w/ 2 ¹1; 2; 3; 4; 5; 6º.
On the other hand, as .Ns1 Ns2 Ns3/5 D 1, we have w15 D 1, hence ord.w/ divides 15. Thus,
ord.w/ 2 ¹1;3; 5º. Now, we let ˛D Ns2 Ns�13 and ˇD .Ns2 Ns3 Ns2/5. Then, ˛;ˇ 2Ker.'/, ˛¤ 1,
˛ˇ˛ˇ�1 D 1, and Ker.'/ has generalized torsion. By Lemma 6.5, ˆ is not injective.

Suppose that '1 is not cyclic. Consider the two homomorphisms �1; �2 W AŒH3�!S5

defined by

�1.Ns1/ D .1; 2; 3; 4; 5/ ; �1.Ns2/ D .1; 4; 2; 3; 5/ ; �1.Ns3/ D .1; 5; 4; 3; 2/ ;

�2.Ns1/ D .2; 4/.3; 5/ ; �2.Ns2/ D .1; 2/.4; 5/ ; �2.Ns3/ D .2; 3/.4; 5/ :

A direct computation with SageMath (see code in [15]) shows that every non-cyclic
homomorphism from AŒH3� to S5 is conjugate to either �1 or �2. We can then suppose
that '1 2 ¹�1; �2º.

If '1 D �1, by Proposition 9.4 in [6] and Lemma 5.9 in [4] it follows that ˆ.Ns1/
is periodic or pseudo-Anosov. If ˆ.Ns1/ is periodic, then there is an integer k � 1 such
that ˆ.Ns1/k D id, hence Nsk1 is a non-trivial element of Ker.ˆ/ and ˆ is not injective.
Suppose that ˆ.Ns1/ is pseudo-Anosov. As ˆ..Ns1 Ns2/5/ is in the centralizer of ˆ.Ns1/ in
M�.†0;0;P5/ and the centralizer of a pseudo-Anosov element is virtually cyclic (see
Lemma 8.13 in [20]), there are integers k; ` 2 Z, ` ¤ 0, such that ˆ.Ns1/k D ˆ..Ns1 Ns2/5/`.
Let ˛ D .Ns1 Ns2/5` Ns�k1 . Then ˛ is a non-trivial element of Ker.ˆ/ and ˆ is not injective.

Suppose that '1 D �2. Then '1.Ns1 Ns2/ D .1; 4; 3; 5; 2/, and again by Proposition 9.4
in [6] and Lemma 5.9 in [4], ˆ.Ns1 Ns2/ is periodic or pseudo-Anosov. If ˆ.Ns1 Ns2/ is peri-
odic, there is an integer k � 1 such that ˆ.Ns1 Ns2/k D id and ˛ D .Ns1 Ns2/k is a non-trivial
element belonging to the kernel of ˆ. This means that ˆ is not injective. If ˆ.Ns1 Ns2/
is pseudo-Anosov, then ˆ..Ns1 Ns2/5/ D ˆ.Ns1 Ns2/

5 is also pseudo-Anosov and ˆ.Ns1/ is in
the centralizer of ˆ..Ns1 Ns2/5/ in M�.†0;0;P5/, which is virtually cyclic. Hence there are
integers k; ` 2 Z, ` ¤ 0, such that ˆ.Ns1/` D ˆ..Ns1 Ns2/5/k . Let ˛ D .Ns1 Ns2/5k Ns�`1 . There-
fore, ˛ is a non-trivial element of Ker.ˆ/ and ˆ is not injective.
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