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Commensurability in Artin groups of spherical type

Maria Cumplido and Luis Paris

Abstract. We give an almost complete classification of Artin groups of spherical
type up to commensurability. Let A and A’ be two Artin groups of spherical type,
and let Ay, ..., Ap (respectively, A/l, e AZI) be the irreducible components of A
(respectively, A”). We show that A and A’ are commensurable if and only if p = ¢
and, up to permutation of the indices, A; and A; are commensurable for every i. We
prove that, if two Artin groups of spherical type are commensurable, then they have
the same rank. For a fixed n, we give a complete classification of the irreducible Artin
groups of rank n that are commensurable with the group of type A,. Note that there
are six remaining comparisons of pairs of groups to get the complete classification of
Artin groups of spherical type up to commensurability, two of which have been done
by Ignat Soroko after the first version of the present paper.

1. Introduction

We start by recalling the definitions of Coxeter groups and Artin groups. Let S be a finite
set. A Coxeter matrix over S is a square matrix M = (m,;)s,res indexed by the elements
of S, having coefficients in N U {oo}, and satisfying m, s = 1 forevery s € S, and m;, =
mys > 2 forevery s,t € S, s # t. This matrix is represented by a labeled graph I, called
Coxeter graph and defined by the following data. The set of vertices of I" is S. Two
vertices s,¢ € S, s # t, are connected by an edge if m,, > 3, and this edge is labeled
with mg s if ms; > 4.

If s,# € S and m is an integer > 2, we denote by I1(s,#,m) the word sts - - - of length m.
In other words, TI(s, 7, m) = (st)™/2 if m is even and TI(s, 7, m) = (st)™ D/25 if m is
odd. Let I" be the Coxeter graph associated to such a Coxeter matrix. The Artin group
associated to T is the group A = A[I'] defined by the following presentation:

AL = (S | (s, t,ms,) = (¢, 8,mys,), fors,t €S, s #t, mgy # 00).

The Coxeter group W = W [T'] of T is the quotient of A[I'] by the relations s = 1,5 € S.
We say that T is of spherical type if W[I'] is finite.

Let I'1, ..., ', be the connected components of I' and, for i € {1,..., p}, let S; be
the set of vertices of I';, A; the subgroup of A generated by S;, and W; the subgroup
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Figure 1. Coxeter graphs of spherical type.

of W generated by S;. We can easily check that A; is the Artin group of I'; and W; is the
Coxeter group of I'; forevery i, and that A = Ay X --- X Apand W = W X --- x Wj,. In
particular, I" has spherical type if and only if I'; has spherical type forevery i € {1,..., p}.
The classification of Coxeter graphs of spherical type has been known for a long time and
it is given in the following theorem.

Theorem 1.1 ([14]). A Coxeter graph I is connected and has spherical type if and only if
it is isomorphic to one of the graphs A, (n > 1), B, (n>2), D, (n >4), E, (n €{6,7,8}),
Fy4, H3, Hy and I5(p) (p = 5) represented in Figure 1.

Actually, this classification is also the classification of Artin groups of spherical type
up to isomorphism because, by Theorem 1.1 in [31], two Artin groups of spherical type
are isomorphic if and only if their associated Coxeter graphs are isomorphic. It is then
natural to ask if such a result remains valid when changing the word “isomorphic” by
“commensurable”. The answer has been known for a long time: it is no because the Artin
groups associated to A, and B, are commensurable (see Lemma 6.1) and they are not iso-
morphic by Theorem 1.1 in [31]. However, the classification of Artin groups of spherical
type up to commensurability was a very open question before this article. For instance,
no example of two non-commensurable Artin groups of spherical type having the same
rank was known before. This article almost gives the entire classification of Artin groups
of spherical type up to commensurability, meaning that there are only 6 comparisons of
groups that we do not treat. Two of them have been solved by Ignat Soroko [39] after the
first version of the present paper.

We recall that two groups G and G, are commensurable if there are two finite index
subgroups H; of G and H; of G, such that H; is isomorphic to H;. The study of com-
mensurability is useful when studying virtual properties of groups. There is also a strong
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relationship between commensurable groups and quasi-isometric groups. In particular, for
a finitely generated group G endowed with any word metric, the inclusion map of a finite
index subgroup in G is a quasi-isometry. This implies that, if two finitely generated groups
are commensurable, then they are also quasi-isometric. The converse implication is true
only under certain conditions.

The commensurator (also called abstract commensurator) of a group G will be denoted
by Com(G). We recall its definition. Let éafn(G) be the set of triples (U, V, f) where U
and V are finite index subgroups of G, and f:U — V is an isomorphism. Let ~ be
the equivalence relation on CEl(G) such that (U, V, f) ~ (U, V', f') if there is a
finite index subgroup W of U N U’ such that f(«x) = f”/(«) for every @ € W. Hence
we define Com(G) as C/Er/n(G) / ~, and the group operation is induced by the composi-
tion. We can easily show that, if A and B are two commensurable groups, then Com(A4)
and Com(B) are isomorphic. Commensurators are in general difficult to compute. Fortu-
nately, the commensurator of the Artin group associated to A, (the braid group) is well
understood [12,26] and it is indeed used to prove the results in this paper.

So far, the results regarding commensurability for Artin groups in general are quite
limited. In [13], the author studies commensurability for Artin groups of large type (each
mgs, > 3 for s # t) associated to triangle-free connected Coxeter graphs having at least
three vertices. In the last years, the research on this topic has been focused on right-angled
Artin groups (RAAGs). A RAAG is an Artin group whose only relations in its presentation
are commutations. It is often represented by a commutation graph, Y, which is defined
by the following data. The set of vertices of Y is the set of standard generators of the
group. Two vertices are connected by an edge if and only if the corresponding generators
commute. Apart from the classifications made for free and free-abelian groups, commen-
surability studies are made for RAAGs with commutation graphs T in the following cases:

¢ T is connected, triangle-free and square-free without vertices of degree one [22];

e T isstar-rigid with no induced 4-cycles and the outer automorphism of the Artin group
is finite [17];

e 7T is atree of diameter < 4 [3, 10];

* 7Y isapath graph [11]. In this work they also compared these commensurability classes
to the ones of RAAGs defined by trees of diameter 4.

Remark. The results of this paper, notably part (3) of Theorem 2.4, are being used in
a paper in preparation of Ursula Hamenstédt [18] to refute a conjecture made by Kont-
sevich and Zorich [23]. We fix a tuple of non-negative integers d = (p1, p2, ..., pr) and
consider the vector space of holomorphic one-forms of a Riemann surface with genus g
bigger or equal to 2. We denote by M; the moduli space of these one-forms having zeros
X1, X2, ..., X with multiplicity py, pa2, ..., pk, respectively. The conjecture says that
each connected component of My has homotopy type K(G, 1), where G is a group com-
mensurable to some mapping class group. Hamenstiddt uses the results in [28] to show
that there are components in genus 3 that are classifying spaces for the quotients of
the Artin groups A[E¢] and A[E;] by their centers. She proves that the only mapping
class group which could be commensurable to A[Eg]/Z(A[E¢]) is the quotient of the
braid group on 7 strands by its center, that is, A[Ag]/Z(A[Ag]). By Proposition 3.1, the
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non-commensurability of A[E¢]/Z(A[E¢]) and A[Ag]/Z(A[As]) is equivalent to the non-
commensurability of A[E¢] and A[Ag]. These components provide a counterexample to
the conjecture.

2. Statements

Recall that our aim is to partially classify the Artin groups of spherical type up to commen-
surability. Our starting point is the following result, which can be easily proven. It allows
to reduce the question to the case where both Coxeter graphs have the same number of
vertices.

Proposition 2.1. Let " and Q be two Coxeter graphs of spherical type. If A[I'] and A[2]
are commensurable, then I" and Q2 have the same number of vertices.

Proof. Suppose that A[I"] and A[2] are commensurable. Let n be the number of vertices
of I' and let m be the number of vertices of 2. We know that the cohomological dimension
of A[I'] is n and the cohomological dimension of A[2] is m (see Proposition 3.1 in [31]).
As every finite index subgroup of A[I'] has the same cohomological dimension as A[T]
and every finite index subgroup of A[€2] has the same cohomological dimension as A[£2],
we have n = m. ]

In Section 5 we will prove the following result, which allows to reduce our problem
to the study of two connected Coxeter graphs having the same number of vertices.

Theorem 2.2. Let I' and 2 be two Coxeter graphs of spherical type. Let 'y, ..., T, be
the connected components of T' and let Q1, ..., 24 be the connected components of 2.
Then A[T'] and A[2] are commensurable if and only if p = q and A[T;] and A[2;] are
commensurable for everyi € {1,..., p}, up to permutation of the indices.

Let G be a group. A subgroup H of G is a direct factor of G is there is a subgroup K
of G suchthat G = H x K. We say that G is indecomposable if G does not have any non-
trivial proper direct factor. We say that G is strongly indecomposable if G is infinite and
every finite index subgroup H of G is indecomposable. A strong Remak decomposition
of G is a finite index subgroup H of G with a direct product decomposition H = H; x

.-+ x Hj such that H; is strongly indecomposable for every i € {1,..., p}. Two strong
Remak decompositions of G, H = Hy X ---x Hy and H' = H{| X -+ X Hé, are said to
be equivalent if p = q and H; and H] are commensurable for every i € {1,..., p}, up to

permutation of the indices.

The center of a group G will be denoted by Z(G). If T is a connected Coxeter graph of
spherical type then, thanks to [8] and [16], the center of A[I'] is a cyclic infinite group. The
quotient A[T"]/Z(A[T']) will be denoted by A[T] and it will play an important role in our
study. Moreover, we denote by 6: A[I'] — W|[I'] the canonical projection and by CA[I']
the kernel of 6. As before, we let CA[['] = CA[I']/Z(CA[T']). In Section 3, we will
prove that Z(CA[I']) ~ Z and CA[I'] ~ CA[T"] x Z(CAJT']) (see Proposition 3.1). If T’
is reduced to a single vertex, then CA[['] = Z(CA[I']) ~ Z and CA[T"] = {1}. Otherwise
CA[I'] # {1}.
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The proof of Theorem 2.2 is based on the following result, which will be proven in
Section 4.

Theorem 2.3.

(1) Let T be a connected Coxeter graph of spherical type which is not reduced to a
single vertex. Then CA[T'] is strongly indecomposable.

(2) Let I" be a Coxeter graph of spherical type and let I'y, ..., I, be its connected
components. We suppose that each 'y, ..., Uy has at least two vertices and each
of Tk+1,...,p is reduced to a single vertex. Then

CA[I'] = CA[Ty] x -+ x CA[T¢] x Z(CA[Ty]) % -+ x Z(CA[T},])

is a strong Remak decomposition of A["], and it is unique up to equivalence.

A similar result for Coxeter groups is obtained in [35]. In order to finish the classific-
ation, we just need to compare the Artin groups associated to connected Coxeter graphs
of spherical type with the same number of vertices. In Section 6 we prove the following
result, which compares every group of this type with the corresponding Artin group of
type Aj.

Theorem 2.4.
(1) Letn > 2. Then A[A,] and A[B,] are commensurable.
(2) Letn > 4. Then A[Ay] and A[D,] are not commensurable.
(3) Letn € {6,7,8}. Then A[A,] and A[E,] are not commensurable.
(4) A[A4] and A[F4] are not commensurable.
(5) Letn € {3,4}. Then A[Ay] and A[H,] are not commensurable.
(6) Let p > 5. Then A[Az] and A[I>(p)] are commensurable.

The strategy of the proof of this theorem is the following. We use direct proofs to show
part (1) and part (6). Using the fact that the abstract commensurator of A[A4,] is known
to be a mapping class group of a punctured sphere (see [12]), we show that, if A[I'] is
commensurable with A[A,], then there is a homomorphism ¢: A[T] = G4, x {£1}
whose kernel has no generalized torsion. Then, in parts (2) to (5), in order to prove that
A[T'] and A[A,] are not commensurable, we check in each case that the kernel of every
homomorphism ¢: A[T'] - &, 4, x {£1} has generalized torsion.

The description of A[D4] as the pure mapping class group of the three times punctured
torus [24] has been recently used by Soroko [39] to apply the same techniques presented
in this article to show that A[D4] is not commensurable with A[F,] and A[H4]. For the
remaining cases, we have no hint on how to describe the abstract commensurator of one of
the two groups, and this is needed in our argument. So, the following cases remain open:

e Forn = 6,7,8, we do not know if A[D,] and A[E,] are commensurable.

e For n = 4, we do not know if A[F,] and A[H,] are commensurable.
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3. A technical and useful result

This section is devoted to some technical results (see Proposition 3.1) that will be the key
to prove the main theorems of the forthcoming sections. These results are also interesting
by themselves.

Let I" be a Coxeter graph of spherical type. The Artin monoid associated to I is the
monoid A[I']™ having the same presentation as A[I'], that is,

A[F]+ = (S | H(S5tvms,l) = H(szvms,l) fOrS,t S Sv N 7é tv mS,l‘ ;é OO)+.

By [8] (see also [34]), A[T']™ naturally injects in A[I']. We define a partial order <;
on A[['|bya <z Bifa™!B € A[']*. Also by [8], the ordered set (A['], <1) is a lattice.
We denote by Az and Vv the lattice operations in (A[I'], <p). In this case, the Garside
element of A[I'] is defined as A = v .S. Again by [8] and [16] we know that, if T is
connected, then the center of A[I"] is infinite and cyclic, and it is generated by an element §
of the form 6 = A¥, where k € {1,2}. This element § will be called the standard generator
of Z(A[I']). We can also express § as follows. Let S = {s1,...,$,}. Then, by [8], § =
(5152 ---s,,)h/2 ifk =1and § = (s152---5,)" if k = 2, where h is the Coxeter number
of I, that is, the order of s;s5 - -5, in the associated Coxeter group. These equalities do
not depend on the choice when numbering the elements of S.

Let I" be a connected Coxeter graph of spherical type. Let z: A[I'] — Z be the homo-
morphism such that z(s) = 1 for every s € S. Hence, considering the later expression
of §, we have that z(§) > 0. The quotient A[["]/Z(A[I']) is denoted by A[I']. Moreover,
recall that 0: A[I'] — W{I'] is the canonical projection, CA[I'] is the kernel of 6, and
CA[I'] = CA[I']/Z(CA[T)).

Proposition 3.1. Let I" and Q2 be two connected Coxeter graphs of spherical type.
(1) If U is a finite index subgroup of A[T'], then Z(U) = Z(A[T']) N U. In particular,
Z(U) is an infinite cyclic group.
(2) We have CA[T'] ~ CA[T] x Z(CA[I']) ~ CA[T] x Z.
(3) A[T'] and A[Q] are commensurable if and only if A[T] and A[Q2] are commensur-
able.

(4) The group A[T'] injects in its commensurator Com(A[I']).

Proof. (1) Let U be a finite index subgroup of A[I"]. The inclusion Z(A[[']) NU C Z(U)
is obvious. We need to show Z(U) C Z(A[T)) N U.Leta € Z(U) and s € S. As U is
a finite index subgroup, there is k > 1 such that s* € U. Then as¥a~! = s and, by
Corollary 5.3 in [32], asa™! = s. This proves that a belongs to Z(A[I']). To see that
Z(U) is infinite cyclic, notice that Z(U) is a finite index subgroup of Z(A[I']), which is
infinite cyclic because I is connected.

(2) Let V = @ esRes be areal vector space with a basis in one-to-one correspondence
with S. By [5], W = W/{I'] has a faithful linear representation p: W — GL(V') and p(W)
is generated by reflections. We denote by J the set of reflection hyperplanes of W. We
let Ve =C ®V and Hc = C ® H forevery H € J. Let also

M=V@\(U Hc).

Hed
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Notice that M is a connected manifold of dimension 2|S|. By [7], 71 (M) = CA[T].

Let h: Ve \ {0} — P V¢ be the Hopf fibration. Let M = h(M ) and denote by hge: M —
M the restriction of & to M. Recall that the fiber of hg is C*. As K is non-empty, we
know that /14 is topologically a trivial fibration (see Proposition 5.1 in [30]). In other
words, M is homeomorphic to M x C*, hence CA[l'] = mi (M) =~ 71 (M) x Z. From
this decomposition it follows that Z(CA[T']) ~ Z(r;(M)) x Z. But, thanks to part (1),
Z(CA[T']) is isomorphic to Z, which does not have any non-trivial direct product decom-
position, hence Z(7r;(M)) = 1, m1(M) ~ CA[T']/Z(CA[T']) = CA[T], and CA[I'] ~
CA[T'] x Z = CA[T'] x Z(CA[T)).

(3) Suppose that A[T'] and A[S2] are commensurable. There is a finite index sub-
group U of A[I'] and a finite index subgroup V of A[Q2] such that U is isomorphic
to V. Let : A[T'] — A[T] and n’: A[Q] — A[2] be the corresponding canonical pro-
jections. Then 7(U) = U/(Z(A[l']) N U) is a finite index subgroup of A[T], 7/(V) =
V/(Z(A[2]) N V) is a finite index subgroup of A[2], and, by part (1), we have 7 (U) =
U/Z(U) and 7’ (V) = V/Z (V). Hence (U) is isomorphic to 7’(V'). Therefore, A[I']
and m are commensurable.

Suppose that m and m are commensurable. By part (1), we know that Z(CA[I'])
= CA[I'] N Z(A[T']), and then 7 (CA[I']) = CA[I'] and CA[T'] is a finite index subgroup
of A[T]. Likewise, CA[©] is a finite index subgroup of A[$2], then CA[T'] and CA[Q]
are commensurable. This means that there are finite index subgroups U of CA[T'] and V
of CA[€2] such that U and V are isomorphic. By part (2), CA[I'] = CA[T'] x Z and CA[2]
=CA[Q]xZ.LetU = U xZ C CA[['land V = V x Z C CA[R]. Hence U is a finite
index subgroup of CA[I'], V is a finite index subgroup of CA[R2], and U and V are
isomorphic. Thus, CA[I'] and CA[R2] are commensurable, so A[['] and A[2] are com-
mensurable.

(4) If G is a group and o € G, we denote by c4: G — G, B +— afa”!, the conjug-
ation by «. Then we have a homomorphism tg: G — Com(G) sending « to the class
of (G,G,cy). Lett = Ly Al A[T] — Com(A[T]), and let & € A[I'] be such that 7(«) €
Ker(t), where 7: A[T'] — A[F] is the corresponding canonical projection. There is a
finite index subgroup U of A[T] such that m(a) w(B) (™ 1) = (B) for every B e

7 (U). Let s € S. As U has finite index in A[T'], there is k > 1 such that 7 (s¥) € U.
We have 7 () 7(s¥) w(a™1) = 7(s%), so m(aska~'s7%) = 1 and then aska~1s7* ¢
Ker(r) = Z(A[T']) = (8). Hence there is £ € Z such that aska~1s7% = §¢. Recall that
z: A[I'] — Z is the homomorphism sending every element of S to 1 and z(§) > 0. Then
0 = z(as*a~1s7%) = z(8%) = £z(8) and z(§) > 0, having that £ = 0 and as*a™! = s*.
By Corollary 5.3 in [31], it follows that asa~! = 5. This shows that o belongs to Z(A[I']),
so (o) = 1 and ¢ is injective. |

The proof of the following corollary is completely and explicitly included in the proof
of the proposition above.

Corollary 3.2. Let I" be a connected Coxeter graph of spherical type. Then Z(CA[T']) is
an infinite cyclic group. On the other hand, CA[T"] can be viewed as a subgroup of A[T'],
it has finite index in A['], and its center is trivial.
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4. Strong Remak decomposition

In this section, we denote by I' a Coxeter graph of spherical type associated to a Coxeter
matrix M = (my,)s,res- Recall that our aim is to show Theorem 2.3.

Let G be a group and E be a subset of G. Recall that the normalizer of E in G is
NG(E) ={a € G |aEa™! = E} and the centralizer of E in G is defined as Zg(E) =
{d € G| aea™! =eforeverye € E}. If E = {e}, we just write Zg(e) = Zg({e}) to
refer to the centralizer of e. We also recall that the center of G is denoted by Z(G).

Lemma 4.1. Suppose that T is connected and different from a single vertex. Let U be a
finite index subgroup of CA[T']. Then Z(U) = Z A U) ={1}.

Proof. We just need to show that ZEAmm (U) = {1}, because Z(U) C ZCT[F](U)' This
follows directly from the fourth statement of Proposition 3.1. Indeed, as U has finite index,
any o element in Z(U) is sent to the class (G, G, 1) via the homomorphism ¢ of the afore-
mentioned proposition. Hence « sits in the kernel of ¢, which is trivial. ]

Lemmad4.2. Let G be a group, let G1, G, be two subgroups of G suchthat G = G1 x G,
and let H be a subgroup of G. Then

Zg(H) = (Zc(H) N G1) x (Z6(H) N G2).

Proof. The inclusion (Zg(H) N G1) X (Zg(H) N G,) C Zg(H) is obvious. Then we
just need to show that Zg(H) C (Zg(H) N G1) X (Zg(H) N Gy). Let @ € Zg(H)
and y € H. We write o = (a1, a2) and y = (y1, y2) with a1, y1 € G and oy, y» €
Gy. We have 1 = aya™ly™! = (aayo7 vyt aayaa; vy h), hence gy tyr !t = 1.
Moreover, a1 y207 'y, ! = 1, because a1 € Gy and 5 € Ga, so a3y y~! = 1. Thus,
o1 € (Zg(H) N Gy). Analogously, we can prove that oy € (Zg(H) N G3). |

Proof of Theorem 2.3. We suppose that I is connected and different from a single vertex.
Let U be a finite index subgroup of CA[I']. Let Uy, U, be two subgroups of U such that
U = Uy x U3 and let U = U x Z(CA[I']), which is included in  CA[I'] x Z(CA[I') =
CA[T]. Let U; = Uy and U, = U, x Z(CA[I']), having U = U; x U,. As CA[T'] has
finite index in A[['], U has finite index in A[T] and, by applying Theorem 5B of [29],
we know that either U; C Z(A[T']) or U, C Z(A[T']). Also by Proposition 3.1, we have
that Z(A[[') N U = Z(U) c Z(A[']) N CA[l'] = Z(CA[T']). Then U; C Z(CA[I']) or
U, C Z(CA[I']), so Uy = {1} or U, = {1}. This shows the first part of the theorem. We
still have to prove the second part.

LetI'q, ..., I', be the connected components of I'. We suppose that every I'y, ..., I'x
has at least two vertices and that each of I'y4q, ..., ', is reduced to a single vertex.
We have that CA[I'] = CA[I';] x - -+ x CA[I',]. By Proposition 3.1, CA[I';] = CA[I] x
Z(CA[TY]) foreveryi €{1,...,k} and CA[l';] = Z(CA[L;]) foreveryi e {k + 1,..., p},
hence

(4.1)  CA[] = CA[Ty] x -+ x CA[T¢] x Z(CA[T'1]) X --- x Z(CA[L,]).

Then, CA[I}] is strongly indecomposable for every i € {1, ..., k}. Moreover, Z(CA[T;])
is strongly indecomposable, because we have that Z(CA[I;]) >~ Z, foreveryie{1,..., p}.
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Therefore, (4.1) is a strong Remak decomposition of A[I']. Now, we take a strong Remak
decomposition of A[I'] of the form H = H; X --- X Hy, and turn to prove that it is equi-
valent to (4.1).

Claim 1. We can assume that H C CA[T'].

Proof of Claim 1. Let H) = H; N CA[I'] foreveryi € {l,...,m}and H' = H{ x --- x
H,,. Since CA[T'] is a finite index subgroup of A[I'], H has finite index in H; for every
i €{1,...,m}. This means that H' has finite index in H and therefore H’ has finite
index in A[T']. As H; is strongly indecomposable and H/ has finite index in H;, H]
is strongly indecomposable, for every i € {1,...,m}. Then H' = H{ x---x H) is a
strong Remak decomposition of A[I']. By construction, this decomposition is equivalent
to H = Hy x--- X Hy and H' is included in CA[I']. This finishes the proof of Claim 1.

Let B = Z(CA[T'1]) x -+~ x Z(CA[T,]) ~ Z” and B = H N B.Set K; = H N CA[T}]
forevery i € {1,...,k}. As H has finite index in CA[I'], K; has finite index in CA[I';]
foreveryi € {1,...,k} and B has finite index in B.

Claim 2. We have that Z(H) = B.

Proof of Claim 2. Let o € Z(H) C CA[I']. Then, by Lemma 4.2, & can be expressed as
a=oay---ar P, where a; € CA[I;] N Zear)(H) foreveryi e {1,...,k}and B € B. Since
K; C H, o; commutes with every element in K;, so o; € Z@ (K;). By Lemma 4.1,
Zm(Ki) = {1}, hence «; = 1. Therefore, « = § € B N H = B. This proves that
Z(H) C B. Tosee B C Z(H), just notice that B = Z(CA[T']) N H C Z(H), because
H C CA[T'] by Claim 1. This finishes the proof of Claim 2.

Letle,- =Kix+-xK;_ 1 xKjy1 X xKgxBand L; = (CA[F,-]xE)ﬂH,for
everyi € {1,...,k}.

Claim 3. Leti €{l,...,k}.Then Zg(K;)=L;and L; = (L; N Hy) X ---x (L; N Hy,).

Proof of Claim 3. By Lemma 4.2, we have that

Zear)(Ki) = (Zear)(Ki) N CA[TH]) x -+ x (Zeapr) (Ki) N CA[TE])
x (Zeary(Ki) N B).

Let j € {1,...,k} be such that j # i. Then, by Lemma 4.1, (ZCA[F](I@) N CA[L;]) C
Zexi(Kj) = {1} Moreover, (Zeagr)(Ki) N CA[TY]) = CA[T] and (Zear)(Ki) N B)
= B. Therefore Zcar)(K;) = CA[l;]x B and Zg (K;) = Zcar)(Ki) N H = L;. Finally,
by Lemma 4.2, L; = Zy(K;) = (L; N Hy) x --- x (L; N Hy,). This finishes the proof
of Claim 3.

Claim 4. Leti € {1,...,k}. Then Z(L;) = B and L;/B is strongly indecomposable.
Also, thereis (i) € {1,...,m}suchthat L; /B = (L; N Hy))/ Z(Hy3) and L; N H; =
Z(Hj)if j # x(@).

Proof of Claim 4. Since B C Z(CA[T']) and B C L; C H,wehave B C Z(L;). Now, take
o € Z(L;). As L; is a subgroup of CA[T;] x B, by Lemma 4.2 we can write « in the form
a = o; B, where a; € CA[L;] N Zcyry(Li) and B € B. Since K; C L;, o; commutes
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with every element in K;, so ; € Zgrj(Ki). By Lemma 4.1, Ze 37 (Ki) = {1}, hence
o; = 1. Therefore,« = f € BN H = B and then Z(L;) C B.

Let 7: CA[T;] x B — CA[T;] be the projection homomorphism and let 7/ be the
restriction of 77 to L;. Then Ker(z’) = Ker(w) N L; = BN L; C Z(L;) = B. On the other
hand, B C BN L;, hence Ker(r’) = B. Using the first isomorphism theorem, we have that
L;/B ~ w(L;). As L; has finite index in CA[T;] x B, 7 (L;) has finite index in CA[T}],
which is strongly indecomposable. This implies that L; /B is strongly indecomposable.

By Claim 3, we have that L; = (L; N Hy) x --- x (L; N Hy,). If we quotient this
equality by B = Z(H) = Z(Hy) X --- X Z(Hy,),we get L; /B = (L; N Hy)/Z(H;) %
-+ x (L; N Hy)/Z(Hy). We already know that L; /B is strongly indecomposable, so
thereis y(i)e{l,...,m}suchthat L; /B = (L; N Hy))/Z(Hyy) and (L;NH;)/Z(Hj)
= {1} if j # x(i). This implies that L; N H; C Z(Hj) if j # x(i). Finally, notice that
Z(H;) C B C L;. This proves Claim 4.

For j € {1,...,m}, we denote by f;: H — H; the projection of H on H;. Let K =
Ky x---x K x B.Fori € {1,...,k} we denote by g;: K — K; the projection of K
on K;, and we denote by #: K — B the projection of K on B. Notice that, since K; x Bisa
subgroup of L;, K; is a subgroup of L; /B. Then, K; injects into L; and into L; /B, which
by Claim 4 is isomorphic to (L; N Hy))/ Z(Hy)). This means that the composition

Tt
Ki — L —> L; N Hy

has to be injective. In other words, the restriction fy)|k; : Ki = Hy) is injective. Also
by Claim 4, if j # x(i),

f.
Ki— L; => L; N H; = Z(H,)

Hence, we have f;(K;) C Z(H;).

Let ¢;: K; — B be the map defined by ¥ (&) = [[;, ) fi(@)™1. As B is an abelian
group, ¥; is a well-defined homomorphism. Let ¥: K — B be the map defined by ¥ (o) =
]_[f.;l (¥ o gi)(a). Then, again, v is a well-defined homomorphism because B is abelian.
Also, notice that ¥ (8) = 1 forevery § € B.If ¢: K — K is the map defined by ¢(«) =
a (), it is clear that ¢ is a homomorphism. In addition, as ¥ (8) = 1 for every 8 € B,

@ is invertible and ¢! is defined by ¢! (o) = a ¥ ().
Claim 5. Foreveryi € {1,...,k} we have p(K;) C H,).

Proof of Claim 5. Leti € {1,...,k}anda € K;.For{ € {1,...,k}, £ # i, we have that
ge(a) =1, then (Y 0 g¢)(a) = 1 and ¥ () = V; (). Moreover, o = ]_[;-":1 /i (@), having
@) = fy@) () € Hy(y. This finishes the proof of Claim 5.

Up to applying ¢, we can assume that K; C H, ;) foreveryi € {1,...,k}.

Claim 6.
(1) Foreveryi € {1,...,k} wehave f,;)(K) = K; and fx(i)(le,-) = {1}. Moreover,
K; is a finite index subgroup of H, ).

(2) Foreveryi,j €{l,...,k},i # j,wehave y(i) # x(j).



Commensurability in Artin groups of spherical type 513

Proof of Claim 6. As K has finite index in H, f;)(K) has finite index in H, ;). Notice
also that f5()(K;) = K; because K; C H, ;). We have that K = K; x 1%1-, 0 fi)(K) =
Fr)(Ki) fr@(Ki) = Ki fy)(Ki) and [Ki, fy)(Ki)] = {1}. Moreover, by Lemma 4.1,
K; N friy(Ki) C Z(K;) = {1}. HencA:e, Jx)(K) = K; X fyi)(Ki). As Hy ) is strongly
indecomposable, we have that f;;)(K;) = {1} and f,)(K) = K;. On the other hand, let
J €1l,....k} besuch that j # i. As K is a subgroup of K;, we have that Jr)(Kj) =
{1} # K;, and then x(i) # x(j). This finishes the proof of Claim 6.

By the results from above, m > k and we can suppose that y(i) =i for every i €
{1,...,k}, up to renumbering the H;’s. Recall that we have that B = Z(H) = Z(H;) X
-++X Z(Hp) and Z(H;) = f;(B) foreveryi € {1,....m}.Ifi €{1,...,k}, then B C K;,
so by Claim 6, {1} = f;(B) = Z(H;). Hence, B = Z(Hj41) X - x Z(H,,). We also
have that K = K X --- x K x B isasubgroupof Kj X ---x Ky X Hx4q1 X+ x Hy,, and
that K is a finite index subgroupof H = H; X --- X Hy X Hp4q1 X ++- X Hy,. Therefore B
has finite index in Hy4q X -+ X Hy,.

For j e{k +1,...,m}, welet B = BN H;. As B is a finite index subgroup of
Hyyq x -+ x Hy,, Bj has finite index in H;. In addition, as H; is strongly indecompos-
able, B; is indecomposable. The group Bj; is a subgroup of B ~ Z7” and it is indecom-
posable, so B; >~ Z. Let B’ = Bg41 X +++ X By,. Then B’ is a finite index subgroup of
Hi4q X -+ X Hy, and B’ has finite index in B. As B’ ~ Z™ % and B ~ Z7, it follows
thatm —k = p.

For i € {1,...,k}, K; is a finite index subgroup of both H; and CA[I}], so H;

and CA[I';] are commensurable. Moreover, for every i € {k + 1,...,m}, we have that
Z(CA(T';_x)) ~ Z ~ B;, and B; is a finite index subgroup of H;. Therefore Z(CA[T';_x])
and H; are commensurable. [

5. Reduction to the connected case

Theorem 2.2 is a consequence of Theorem 2.3 and the following proposition.

Proposition 5.1. Let G and G’ be two infinite groups. We suppose that G (respective-
Iy, G') has a unique strong Remak decomposition up to equivalence, H = Hy X -+ x H,
(respectively, H' = H{ x --- X Hé). Then G is commensurable with G’ if and only if
P = q and, up to permutation of the factors, H; is commensurable with H] for every
ie{l,...,p}

Proof. Suppose that G and G’ are commensurable. There is a finite index subgroup K
of G and a finite index subgroup K’ of G’ such that K ~ K’. Let ¢: K — K’ be an
isomorphism between K and K’. For every i € {1,..., p} we take K; = K N H; and
U = K; x---x Kp,. As K has finite index in G, K; has finite index in H;. It follows
that U is a finite index subgroup of H (and of G) and U = K x --- x K}, is a strong
Remak decomposition of G. The group U is a finite index subgroup of K, so ¢(U) =
(K1) x --- x ¢(Kp) is a finite index subgroup of ¢(K) = K’ and then also a finite index
subgroup of G’. The subgroups ¢(K;) (i €{1,..., p}) are strongly indecomposable, hence
o(U) = ¢(K7) x --- x ¢(K,) is a strong Remak decomposition of G’. As G’ has only
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one decomposition of that form (up to equivalence), we have that p = g and ¢(K;) is
commensurable with H l-/ foreveryi € {1,..., p}, up to permutation of the factors. Also, as
K; >~ ¢(K;) is a finite index subgroup of H;, it follows that H; and H l/ are commensurable
foreveryi € {1,..., p}.

Suppose that p = g and that H; is commensurable with H/ forevery i € {1,..., p}.
There is a finite index subgroup K; of H; and a finite index subgroup K/ of H] such that
Ki~K]. TakeU =K; x---xKpandU' = K| x - X KI’,.AS K; has finite index in H;
for every i, the subgroup U has finite index in H and also has finite index in G. Analog-
ously, U’ has finite index in G’. It is obvious that U and U’ are isomorphic. Therefore, G
and G’ are commensurable. ]

Proof of Theorem 2.2. Let I, 2 be two Coxeter graphs of spherical type. Let I'y, ..., I,
be the connected components of I' and 21, . . ., £2,4 be the connected components of €2. If
p = q and A[I';] and A[2;] are commensurable for every i € {1, ..., p}, then it is clear
that A[I'] and A[S2] are commensurable. Then suppose that A[T'] and A[Q2] are commen-
surable. We need to show that p = ¢ and that A[I;] and A[S2;] are commensurable for
every i € {l,..., p} up to permutation of the indices.

Suppose that every I', ..., I'x has at least two vertices and that each of I'x1,..., T
is reduced to a single vertex. Analogously, suppose that every Q, ..., Q¢ has at least
two vertices and that each of Q¢4 1, ..., 2, is reduced to a single vertex. By Theorem 2.3,
CA[I'] = CA[I'] x - -- x CA[I'g] x Z(CA[I'1]) x - - - x Z(CA[T'p]) and CA[2] = CA[2]
x - x CA[Qy] X Z(CA[21]) x -+ x Z(CA[24]) are strong Remak decompositions of
A[I'] and A[2], respectively, and they are unique up to equivalence. Leti € {1,...,k}
and j € {1,...,q}. Let U be a finite index subgroup of CA[T;] and let V' be a finite index
subgroup of Z(CA[€2;]). By Lemma 4.1, we have that Z(U) = {1}. Moreover, V is a finite
index subgroup of Z(CA[Q2;]) >~ Z, hence V =~ Z. Then, U and V are not isomorphic.

This shows CA[I';] and Z(CA[2;]) are not commensurable.

By applying Proposition 5.1, we know that k = £, p = g and that CA[T;] and CA[€2;]
are commensurable for every i € {1,...,k}, up to permutation of the indices. Let i €
{1,...,k}. As CA[T;] and CA[2;] are commensurable, by Corollary 3.2, A[I';] and A[2;]
are commensurable. Then, by Proposition 3.1, A[I';] and A[S2;] are commensurable. Let
ielk+1,...,p}. Thus, A[[;] ~ Z ~ A[2;], having that A[T;] and A[€2;] are commen-
surable. ]

Remark 5.2. An alternative proof of Theorem 2.2, based on Theorem B of [21], has
been communicated to us by one of the referees. The idea is as follows. Consider the
decomposition (4.1) given in the proof of Theorem 2.3. We can show using [9], [38] and
Proposition 4.2 in [21] that each CA[I;] is of coarse type L. It follows by Theorem B in [21]
that the decomposition (4.1) is unique up to quasi-isometry. To pass from quasi-isometry
to commensurability we have to apply again Theorem B in [21] in the following manner.
Let I and 2 be two Coxeter graphs of spherical type. We assume that CA[I'] and CA[R2]
are commensurable and we consider the same decompositions of CA[I'] and CA[2] as in
the above proof. Then, there exist finite index subgroups U of CA[I'] and V of CA[2] and
an isomorphism f:U — V. We extend f to a quasi-isometry f:CA['] — CA[R2]. By
applying Theorem B in [21], we obtain that p = g, k = £ and, foreachi € {i, ..., k} there
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exists j € {1,...,k} such that the composition CA[T;] = CA[I'] — CA[Q] — CA[2;] is
a quasi-isometry, where the first map is the inclusion, the second map is f', and the third
map is the projection. This map restricted to U N CA[I] is an injective homomorphism
whose image must be of finite index in CA[S2;].

6. Comparison with the Artin group of type 4,

Letn € N,n > 2, and let I" be a connected Coxeter graph of spherical type with n vertices.
Recall that the aim of this section is to determine whether A[I"'] and A[A,] are commen-
surable or not. We start with the cases where A[I"] and A[A,] are commensurable.

Lemma 6.1. Letn > 2. Then A[Ay] and A[B,] are commensurable.

Proof. Let 0: A[A,] — W[Ay] be the quotient homomorphism and let H be the subgroup
of W[A,] generated by {s5,...,s,}. By [25], 6~} (H) is isomorphic to A[B,]. It has finite
index in A[A,] because W[A, ] is finite, hence A[A,] and A[B,] are commensurable. =

Lemma 6.2. Let p > 5. Then A[Az] and A[I>(p)] are commensurable.

Proof. Let I' = I5(p). Then A['] = (s, t | I1(s, ¢, p) = T1(¢, s, p)). We consider the
construction of the proof of Proposition 3.1 (2). Let V = Res @ Re;. By [5], W = W]T']
has a faithful linear representation p: W — GL(V'), and p(W) is generated by reflections.
In our case, W is the dihedral group of order 2p and p: W — GL(V) is the standard
representation of W. Let J be the set of reflection lines of W.Take Ve = C ® V, Hc =
C® H forevery H € #,and M = V¢ \ (Ugex Hc). Let h: Vc \ {0} — PV be the
Hopf fibration and M = h(M). Thanks to the proof of Proposition 3.1 (2), we know that
71(M) = CA[T].

In this case, P V¢ is the complex projective line and M is the complement of |#| =
points in P V¢, hence CA[T'] = 71 (M) is isomorphic to the free group F,_; of rank p — 1.
Analogously, CA[A;] is isomorphic to F,. As F,_; is isomorphic to a finite index sub-
group of F,, it follows that CA[I'] and CA[A;] are commensurable. By Corollary 3.2, we
have that A[A,] and A[T] are commensurable. Therefore, by Proposition 3.1, A[A,] and
A[I'] are commensurable. L]

Let ¥ = X, be the orientable surface of genus g with b boundary components.
Let &, be a collection of n different points in the interior of X. Recall that the mapping
class group of the pair (2, $#,), denoted by M (X, P,), is the group of isotopy classes of
homeomorphisms /: ¥ — X that preserve the orientation, fix the boundary of ¥ pointwise
and preserve P, setwise. The extended mapping class group of the pair (X, ), denoted
by M*(X, P,), is the group of isotopy classes of homeomorphisms /: ¥ — 3 that fix
the boundary of X pointwise and preserve &, setwise. Notice that, if the surface X has
non-empty boundary, the homeomorphisms fixing this boundary pointwise cannot change
the orientation of X and we have M*(Z, $,) = M(Z, $,). Otherwise, M(X, #,) has
index 2 in M*(X, Pp).

Denote by &, the permutation group of {1, ..., n}. The action of M*(Z, $,) on J
induces a homomorphism 6": M*(Z, P,)—G,,, whose kernel is denoted by PM™* (2, P, )
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On the other hand, we can define another homomorphism w: M* (%, $,) — {1} sending
an element i € M*(XZ, $,) to 1 if it preserves the orientation and to —1 otherwise. Notice
that the kernel of w is M(E P,). These two homomorphisms lead to the construction
of the homomorph1sm 6: M* (Z, Pp) > ©, x {£1} defined by i +— (6'(h), w(h)). The
kernel of  is called the pure mapping class group of the pair (X, $#,) and it is denoted
by PM(Z, Pn).

These mapping class groups and the problem that we are studying are related by the
following theorem.

Theorem 6.3 ([12]). Let ¥ = X¢,9 and let P12 be a family of n + 2 points in 3. Then
Com(A[An]) ~ M*(Z, Pnt2).

Lemma 6.4. Let ¥ = X and let P42 be a family of n + 2 points in . Then Ker(é) =
PM(E, Pny2) =~ CA[4,].

Proof. Let 8,41 be the braid group on # + 1 strands. By [1], M(Zo,1, Pn+1) = But1 =
A[An] and PM(Zo,1, Pnt+1) = CA[A,]. Let § be the standard generator of Z(A[A,]). It
is well known that § € CA[A,] and Z(A[A,]) = Z(CA[A,]) = (8). Notice that §, seen as
an element of PM(Zg,1, Pr+1), is the Dehn twist about the boundary component of Xy ;.

Then CA[A,,] PM(Z0,1, Pnt1)/(8) = PM(Xo,0, Pn+2); see, for example [36]. ]

Let G be a group. We say that an element o € G is a generalized torsion element if
there are p > 1 and By...., B, € G such that (ByaB7")(Baafy ") -~ (Bpaf, ") = 1. We
say that G has generalized torsion if it contains a non-trivial generalized torsion element.
For most of our cases, the criterion we will use to show that A[I'] and A[A,] are not
commensurable is given by the following two results.

Lemma 6.5. Let I be a connected Coxeter graph of spherical type with n vertices. Let
®: A[I] - M* (20,0, Pn+2) be a homomorphism and set ¢ = bod: A[l] = Gpia X
{Z£1}. If Ker(p) has generalized torsion, then ® is not injective.

Proof. Assume that @ is injective and that Ker(¢) has generalized torsion. As CA[A4,] =
Ker(é), the homomorphism ® induces an injective homomorphism ®’: Ker(¢) — CA[A4,].
Recall that a group is called biorderable if it admits a total ordering invariant under left-
multiplication and right-multiplication. We know by [37] that CA[A4,] is biorderable. By
Proposition 3.1, CA[A,] is a subgroup of CA[A,], hence CA[A,] is also biorderable, hav-
ing that Ker(¢p) is biorderable. However, a non-trivial biorderable group has no generalized
torsion [37]. This is a contradiction. [

Corollary 6.6. Let I" be a connected Coxeter graph of spherical type with n vertices.
If the kernel of every homomorphism ¢: A['] — &, 42 x {£1} has generalized torsion,
then A[I'] and A[A,] are not commensurable.

Proof. Assume that A[T'] and A[A,] are commensurable. By Proposition 3.1, A[T'] injects
in Com(A[l"]) Again by Proposition 3.1, A[T'] and A[4,,] are commensurable, so we have
Com(A[T]) ~ Com(A[A,]). Moreover, by Theorem 6.3, we know that Com(A[A,]) =
M*(Z0,0, Pn+2)- Then, there is an injective homomorphism : A[F] — M* (20,0, Prnt2)-
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Letyp = fod: A[l] = &4, x {£1}. Therefore, by Lemma 6.5, Ker(¢) does not have
generalized torsion, having a contradiction. ]

From here, in order to finish our proof, for each considered Coxeter graph I" and each
homomorphism ¢: A[T] — &, x {£1}, we show an element in Ker(¢) having gener-
alized torsion. To find such elements we apply the following strategy, well known to some
experts. Let G be a group. An element 8 € G is quasi-central if there exists n > 1 such
that 8" lies in the center of G. Assume that 8 is a quasi-central element and that « is
an element of G which does not commute with 8. Then afa~! 87! is a generalized tor-
sion non-trivial element of G. The quasi-central elements of the Artin groups of spherical
type are well-understood, and we look for quasi-central elements in standard parabolic
subgroups that belong to the kernel of ¢ to find our generalized torsion elements.

We will use the following notations and definitions. For a group G and @ € G we
denote by cy: G — G, B+ afa~, the conjugation by a. We say that two homomorph-
isms @1, ¢2: G — H are conjugate if there is @« € H such that ¢, = ¢4 o ¢1. Moreover,
a homomorphism ¢: G — H is said to be cyclic if the image of ¢ is a cyclic subgroup
of H.

Lemma 6.7. The groups A[D4] and A[A4] are not commensurable.

Proof. Let ¢: A[D4] — G¢ x {1} be a homomorphism written in the form ¢ = ¢ X @,
where ¢1: A[D4] — G¢ and ¢: A[D4] — {£1} are two homomorphisms. By Corol-
lary 6.6, we just need to show that Ker(g) has generalized torsion. Denote by s1, 52, 53, 54
the standard generators of A[D4] numbered as in Figure 1. We also denote by 7: A[D4] —
A[D4] the quotient homomorphism and §; = 7 (s;) forevery i € {1,2,3,4}. Notice that ¢,
is always cyclic since its image is contained in {41}, which is a cyclic group. Then,
the relations s;js35; = s35;s3, for j € {1, 2, 4}, imply that there is € € {£1} such that
©2(5;) = e forevery i € {1,2,3,4}.

Ker(p), a # 1, and aBaf~! = 1, having that Ker(¢) has generalized torsion. Now, sup-
pose that ¢; is not cyclic. A direct computation using the software SageMath (see code
in [15]) shows that there are 14400 non-cyclic homomorphisms from A[D4] to ¢ divided
into 40 conjugacy classes. By using the same software, we check that in every case we
have either ¢1(51) = ¢1(52) or 91(51) = ¢1(54) or ¢1(52) = ¢1(54). Then we can assume
without loss of generality that @1 (51) = ¢1(52). In this case we have 8640 homomorphisms

and @ = §;5,!. Note that they both belong to Ker(¢,). We check that ¢1(8) = 1 in
every case. Moreover, as ¢1(51) = ¢1(52), we also have that ¢ (a) = 1. Therefore, «, 8 €
Ker(p), o # 1 and afaf~" = 1 and Ker(p) has generalized torsion. |

Lemma 6.8. Let n > 5. Then A[D,] and A[Ay] are not commensurable.

Proof. We denote by s, ...,sy, the standard generators of A[D,] numbered as in Figure 1.
Wealsolett; = (i,i + 1) € ©, 4, foreveryie{l,...,n + 1}. Let {: A[Dy] = ©p45 be
the homomorphism defined by {(s1) = {(s2) =t; and ¢ (s;) =t;—; forevery i €{3,...,n}.
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Moreover, for n = 6, let v: A[Dg] — ©g be the homomorphism defined by

V(Sl) = U(SZ) = (172)(374)(576)7 U(S3) = (273)(175)(4’6)’ V(S4) = (1’3)(2’4)(5’6)7
V(SS) = (1»2)(375)(4s 6)’ U(S6) = (2’3)(]’4)(5’6)

Claim. Let ¢: A[D,] — &,,4+2 be a homomorphism. Then, we have one of the following
situations, up to conjugation:

(1)  iscyclic,

2) v =t

(3) n=6and ¥y =v.

Proof of the Claim. Let s, . .., s,,_, be the standard generators of A[4,_;]. Let {": A[A,—1]

— ©,,42 be the homomorphism defined by {'(s}) = t; forevery i € {1,...,n — 1}. For
n = 6,letv': A[As] — Gg be the homomorphism defined by

V'(s1) = (1,2)(3.4)(5,6), v'(s3) = (2.3)(1,5)(4,6), v'(s3) = (1,3)(2,4)(5.6).,
V(s3) = (1.2)(3.5)(4,6) . v'(s5) = (2.3)(1.4)(5.6).

Let t: A[A,—1] — A[D,] be the homomorphism sending s; to s;4 for every i €
{1,...,n—1}, and let ' = ¥ o1: A[An—1] = ©p+2. By Theorem 1 in [2] and The-
orems A and E in [27], we have one of the following possibilities, up to conjugation:

(1) y'is cyclic,
@ y'=0,
(3) n=6andy’ =V

First assume that ¥ is cyclic. Then there is w € &,,4 5 such that ' (s]) = ¥ (si41) = w
foreveryie{l,...,n—1}.Lety =s15352515351. We have ysoy L =s1and ys3y~! = s3,
hence w = ¥ (s3) = ¥ (ys3y~ 1) = ¥ (ys2y~!) = ¥ (s1). Thus, ¥ is cyclic.

Now suppose that ' = ¢’. We have ¥ (s; +1) = V' (s]) =t foreveryi e{l,...,n — 1}.
Letu =¥ (s1). As u commutes with ¥ (s;) = t;—1 forevery i > 4, it follows that u(k) = k
for every k € {3,4,...,n}. Moreover, as u commutes with #; = (s,), we have that
ueE={l,t1,th+1,t1tn+1}. The only element u of E satisfying ut,u = trut, isu = tq,
hence u = t; and ¢ = ¢.

Assume thatn = 6 and ' = v'. Let

ur = (1,2)(3,4)(5,6), uz = (2,3)(1,5)(4,6), uz = (1,3)(2,4)(5,6),
ug = (1,2)(3,5)(4.6) , us = (2,3)(1,4)(5.6).

A direct computation with the software SageMath (see code in [15]) shows that the only
element v € Gg satisfying vu; = U1V, VU2V = UV UL, VU3 = U3V, VU4 = UV, VU5 =
U5V is v = U1, hence ¥ = v. This finishes the proof of the claim.

Let A be the Garside element of A[D,]. Let § be the standard generator of Z(A[Dj]).
By Lemma 5.1 in [33], A = (S, -+~ 53528153 -+ Sp) - - - (53525153)(5251). Moreover, § =
A if n is even, and § = AZ si n is odd. Notice that {(A) = 1, so ¢(§) = 1. It follows
that ¢ induces a homomorphism ¢: A[D,] — &,4». Similarly, if n = 6, v(A) = 1 and
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v(8) = 1, then v induces a homomorphism v: A[Dg] — Gg. Let ¢1: A[Dy] — S,42 be
a homomorphism. Then, by the results from above and the claim, we have one of the
following three possibilities, up to conjugation:

(1) ¢ is cyclic,

2 ¢1=¢,
(3) n==6and ¢; = V.

Let ¢: A[Dy] = ©, 42 x {£1} be a homomorphism written in the form ¢ = ¢; X @5,
where ¢1: A[D,] = &, 4, and @5: A[D,] — {£1} are homomorphisms. By Corollary 6.6,
we just need to show that Ker(¢) has generalized torsion. Denote by 7: A[D, ] — A[D,]
the quotient homomorphism and 5; = 7 (s;) for every i € {1,...,n}. Here again, ¢, is
always cyclic since its image is contained in {£1}.

Ker(¢), a # 1 and aBaf~! = 1, hence Ker(¢) has generalized torsion. L]
Lemma 6.9. Letn € {6,7,8}. Then A[E,] and A[Ay] are not commensurable.

Proof. We denote by s, ..., s, the standard generators of A[E,] numbered as in Figure 1.
Wealsolett; = (i,i + 1) € ©, 4, foreveryi e {1,...,n + 1}.

Claim. Every homomorphism : A[E,] — &4, is cyclic.

Proof of the Claim. Denote by s/, ...,s,_, the standard generators of A[A,_;]. Let

¢’ A[A,—1] = G442 be the homomorphism defined, for every i € {1,...,n — 1}, by
{'(s}) = ti. Forn = 6,let v': A[As] — Gg be the homomorphism defined by

V(s]) = (1,2)(3.4)(5,6), v'(s3) = (2.3)(1,5)(4,6) , v'(s3) = (1,3)(2,4)(5.6)..
V'(s3) = (1,2)(3,5)(4,6) , v'(s5) = (2.3)(1,4)(5.6).
Lett: A[Ap—1] — A[E,] be the homomorphism sending s; to s; fori =1,...,n —1, and

let ' = ¥ ot: A[Ap—1] — ©puy2. By Theorem 1 in [2] and Theorems A and E of [27],
we have one of the following possibilities, up to conjugation:

(1) v’ iscyclic,
@ y'=0,
(3) n=6and vy’ =V
First suppose that 1" is cyclic. Then there is w € &, 4, such that ¥'(s;) = ¥ (s;) = w

foreveryie{l,...,n—1}.Lety = 55535,525352. We have ysoy ™! =, and ys3y ™! = s3,
hence w = V¥ (s3) = ¥ (ys3y™!) = ¥ (ys2y~1) = ¥ (s,). Then ¥ is cyclic.
Now assume that ¢’ ={¢’. In this case we have ¥ (s;) =y/(s})) =¢; fori=1,...,n — 1.

Let u = ¥ (s,). As u commutes with {(s;) = t; foreveryi € {1,2,4,...,n — 1}, it fol-
lows that u(k) = k forevery k € {1,2,3,4,5,...,n},sou € E = {1,t,41}. But there is
no element u of E satisfying utsu = t3uts, so we cannot have v’ = ¢’.
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Finally, assume n = 6 and ¥’ = v’. Let

ur = (1,2)(3,4)(5,6), ux = (2,3)(1,5)(4,6), uz = (1,3)(2,4)(5,6),
us = (1,2)(3,5)(4,6), us = (2,3)(1,4)(5,6) .

A direct computation with the software SageMath (see code in [15]) shows that there is
no element v € Gg satisfying v, = uqv, VU = UV, VU3V = U3VU3, VU4 = U4V and
vus = usv, hence we cannot have n = 6 and ¥’ = v’. This finishes the proof of the claim.

Denote by 7: A[E,] = A[E,] the quotient homomorphism and let 5; = 7 (s;) for every
i €{l,...,n}. Let : A[En] — ©p42 x {£1} be a homomorphism written in the form
© = @1 X ¢, where ¢1: A[E,] = ©,42 and ¢: A[E,] — {£1} are homomorphisms. By
the claim, ¢ o : A[E,] — &, 47 is cyclic, hence ¢, is also cyclic. On the other hand, ¢,
is cyclic since the image of 5 is contained in {£1}. Let @ = 5,5, ! and B = §35,525355*.
We have that o, B € Ker(¢), o # 1 and afaf~! = 1, and then Ker(¢) has generalized
torsion. By Corollary 6.6, it follows that A[A,] and A[E,] are not commensurable. |

Lemma 6.10. The groups A[F4] and A[A4)] are not commensurable.

Proof. Let ¢: A[F4] — @6 x {£1} be a homomorphism written in the form ¢ = @1 X ¢2,
where ¢1: A[F4] = ©¢ and @5: A[F4] — {£1} are two homomorphisms. By Corollary 6.6,
we just need to show that Ker(¢) has generalized torsion. We denote by sy, 53, 53, 54 the
standard generators of A[F4] numbered as in Figure 1. We also denote by n: A[F4] —
A[F4] the quotient homomorphism and §; = 7 (s;) for every i € {1, 2, 3, 4}. Notice that
the relation s15,517 = $25152 implies ¢2(51) = @2(52). Analogously, @2 (53) = ¢2(54).

If g is an element of a group, we denote by ord(g) the order of g. Leti € {1,2,3, 4}.
As ¢1(5;) € G¢, we have that ord(¢;(5;)) € {1, 2, 3,4, 5, 6}. It follows that ord(¢(5;)) €
{1,2,3,4,5,6,10}. Suppose that ¢(51) = ¢(52) and ord(¢(51)) € {1,2,4}. Letar = 5,5, "
and B = (5152)*. In this case «, B € Ker(p), @ # 1 and a(Baf~1)(B?aBf~2) = 1, and
then Ker(¢) has generalized torsion. Now assume that ¢(51) = ¢(52) and ord(¢(51)) = 3.
If we leta = 51551, B = 515251, then o, B € Ker(¢), @ # 1, a(Baf™!) = 1, and Ker(p)
has generalized torsion. Now suppose that ¢(51) = ¢(53) and ord(¢(51)) € {5, 10}. We let
o =7515" and B = (5:52)'%. Then &, B € Ker(p), a(BaBf~")(B%af™) = 1, and Ker(p)
has generalized torsion.

By the reasoning above we can assume that, if ¢(51) = ¢(52), then ord(¢(51)) = 6.
We can also suppose that, if ¢(53) = ¢(54), then ord(¢(53)) = 6.

Suppose that ¢(51) = ¢(52) and ¢(53) = ¢(54). Then we also have ord(¢(5;)) =
ord(¢(s53)) = 6.If 01 (51) = ¢1(52) and @1 (53) = ¢1(54) are both of order 3, then ¢, (51) =
02(52) = 92(53) = 02(54) = —1. In this case, we let o = 5152_1 and 8 = 51525152, having
a, B € Ker(p), @ # 1 and a(Baf~') = 1. Hence Ker(p) has generalized torsion. We can
then assume that @1 (51) or ¢1(53) is of order 6, say that ¢; (57) has order 6. Then ¢;(51)
is conjugate to (1,2, 3,4,5,6) or to (1,2, 3)(4, 5) in S¢. In both cases it follows that the
centralizer of ¢;(51) in G is a cyclic group of order 6 generated by ¢;(51). As ¢1(53)
belongs to this centralizer and it has order 3 or 6, there is k € {1, 2, —1, —2} such that
01(53) = p1(54) = (pl(il)k. We let @ = 53521 and B = 535451_2". Then, «, B € Ker(p),
a # 1,and a(BaB~1)(B2aB~2) = 1, having generalized torsion in Ker(p).
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By [8], the standard generator of the center of A[F4] coincides with its Garside element
and equals (S1S2S3S4)h/2, where 4 is the Coxeter number of Fy. As h = 12 (see page 80
of [19]), we have § = A = (51525354)°. Let &g = (s51525354)>. Recall that z: A[F4] — Z
is the homomorphism sending s; to 1 for every i € {1,2,3,4}. As z(8) = 24, we have
Z(Z(A[F4))) = 24Z, 50 & & Z(A[F4]) because z(&o) = 12. On the other hand, &2 = §,
s0 @2 € Z(A[F4]). Letag = (o). Then ag # 1 and @2 = 1. In the remaining cases, we
will show that a9 € Ker(¢), which will immediately imply that Ker(¢) has (generalized)
torsion.

Suppose that ¢(51) # ¢(52) and ¢(53) = ¢(54) (hence ord(¢(53)) = 6). Let E; be the
set of triples (11, Uz, u3) of elements of ©¢ such that uquu; = uUsujusz, U1U3 = U3U1,
UpU3z = UslUa, U1 # Uy and ord(u3) € {3, 6}. Another direct computation with SageMath
(see code in [15]) shows that E; has 1440 elements divided into 6 conjugacy classes.
Again with SageMath, we compute a set EY of representatives of the conjugacy classes
in £ and we get

EY ={((1.2).(2.3).(4.5.6)),((1,2,3.4,5,6).(1.6.3,2,5,4),(1,3,5)(2.4.6)),
((1,2,3,4,5.6).(1,6,3,2,5,4),(1,5,3)(2,6,4)).
((1,4)(2.5)(3,6). (1,2)(3,4)(5.6). (1.3.5)(2.4,6)),
((2.3)(4.5.6),(1,2)(4.5.6), (4,5,6)).((2.3)(4,5.,6), (1,2)(4,5.,6), (4,6,5))}.

We check with a direct computation that (u uou3)? = 1 for every (u1,uz,u3) € EY. Up
to conjugation, we can suppose that (¢1(51), 1(52), 91(53)) = (u1,u2,u3) € E?. Then,
as (u1u2u§)3 = 1, we have @1 (ag) = 1. It is obvious that ¢, (eg) = 1. So, ¢(ep) = 1 and
Ker(¢) has (generalized) torsion.

Suppose that ¢(51) # ¢(52) and ¢(53) # @(54). Let E, be the set of quadruples
(U1, un, usz, uy) of elements of Sg such that ujuuy = U s, UTU3 = U3UT, U U4 =
UgUT, UpU3U U3 = U3UU3ZUR, UoU4 = U4U2, U3U4LU3 = U4U3U4, U1 ;é Up and us 75 Ug.
A direct computation with SageMath (see code in [15]) shows that £ has 1440 elements
divided into 2 conjugacy classes. Again with SageMath, we compute a set Eg of repres-
entatives of the conjugacy classes in E, and we get

E = {((1.2).(2.3).(5.6). (4.5)).
((1,4)(2,5)(3,6). (1,2)(3.4)(5,6). (1,4)(2,3)(5.6). (1,6)(2,5)(3.4)) } .

We check by a direct computation that (u1u2u3u4)3 = 1 for every (u1,uz,U3,Uq) € Eg.
Up to conjugation, we can suppose that (¢1(51), ¢1(52), 91(53), 91(54)) = (U1, U2, u3,Uq)
€ EJ. Then, as (u1uzusus)® = 1, we have ¢ (g) = 1. It is clear that g (ctg) = 1. Then
¢(g) = 1 and Ker(p) has (generalized) torsion. |

Lemma 6.11. The groups A[H4] and A[A4)] are not commensurable.

Proof. We denote by s1, 52, 53, 54 the standard generators of A[H4] numbered as in Fig-
ure 1. We also consider the quotient homomorphism 7: A[H4] — A[H4] and §5; = 7 (s;)
forevery i € {1,2,3,4}. Let ¢: A[H4] — G¢ x {£1} be a homomorphism written in the

form ¢ = @1 X @2 where p: A[H4] — ©¢ and @, : A[H4] — {£1} are two homomorph-
isms. Notice that the relations §35453 = 545354, $25352 = 535253, $152515251 = 5251525152
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imply ¢2(51) = ¢2(52) = ¢2(53) = @2(54). Then ¢, is always cyclic. For ¢, a direct
computation with SageMath (see code in [15]) shows that there are 720 homomorphisms
from A[H4] to Ge, all of them cyclic. We let @ = 55'54 and B = 53545357 >. They both
belong to Ker(p) and they satisfy afaf~! = 1. Therefore, Ker(p) has generalized torsion
and, by Corollary 6.6, A[A4] and A[H4] are not commensurable. L]

Our last issue is to compare A[H3] and A[A3]. In this case we cannot apply Corol-
lary 6.6, as we have done with the previous cases. Indeed, we can find homomorphisms
sending A[H3] to ©5 whose kernel does not have generalized torsion:

Lemma 6.12. Let 51,52, 53 be the standard generators of A[H3| numbered as in Figure 1,
let m: A[H3] — A[H3] be the quotient homomorphism, and, for each i € {1,2, 3}, let
§; = 7w(s;). Let £: A[H3] — G5 be the homomorphism defined by

Then Ker(¢) does not have generalized torsion.

Proof. By [8], Z(A[H3]) is an infinite cyclic group generated by § = (s15253)°. Letu; =
(2,4)(3,5), u = (1,2)(4,5) and uz = (2, 3)(4,5). A direct computation shows that we
have the relations uqu U U U] = UpU U U U2, UTU3 = U3UT, UpU3U2 = UzUU3 and
(u1uzus3)’ = 1, hence ¢ is well-defined. We are going to prove that Ker(¢) = CA[H3]. As
CA[H3] embeds into CA[H3] by Proposition 3.1 and CA[H3] has no generalized torsion
by Theorem 3 in [29], it will follow that Ker(¢) has no generalized torsion.

Let H be the subgroup of &5 generated by {u;, us, u3}. A direct computation with
SageMath (see code in [15]) shows that |H| = 60. As u? = u3 = u3 = 1 and CA[H3]
is the normal subgroup of A[H3] generated by {57, 53,53}, we have CA[H3] C Ker(?).
Then, to show that Ker(¢) = CA[H3], we just need to prove that |A[H3]/CA[H3]| = 60.
It is well known that |A[H3]/CA[H3]| = |W[H3]| = 120 (See Page 46 of [19]). The pro-
jection m: A[H3] — A[H3] induces a surjective homomorphism 7: A[H3]/CA[H3] —
A[H3]/CA[H3] whose kernel is the cyclic group generated by the class [§] of §. We
have that § = A is the Garside element of A[H3], so § ¢ CA[H3]. However, §2 = A2 €
CA[H3], hence Ker(7) is a cyclic group ([§]) of order 2, having |A[H3]/CA[H3]| =
|A[H5]/CA[H3]|/2 = 60. u

Let X be a closed surface and J, be a collection of n different points in X. With such
a pair (X, &,) we can associate a simplicial complex called the curve complex of (X, ),
denoted by € (X, $,). The vertices of €(X, $,) are the isotopy classes of simple closed
curves on X \ &, that are non-degenerate. Non-degenerate means that the curve does not
bound a disk embedded in X containing 0 or 1 point of J,. Every n-simplex is formed
by n + 1 classes having representatives that are pairwise disjoint. We say that a mapping
class f € M*(Z, Pp) is pseudo-Anosov if f"(a) # a for every o € €(X, $,) and every
n € Z \ {0}. We say that f is periodic if it has finite order. The following lemma finishes
the proof of Theorem 2.4.

Lemma 6.13. The groups A[H3] and A[A3] are not commensurable.
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Proof. Recall that, by Proposition 3.1, we need to prove that A[H3] and m are not
commensurable, and, to do this, it is enough to prove that Com(A[H3]) and Com(A[A43])
are not isomorphic. Also by Proposition 3.1, A[H3] injects in Com(A[H3]) and recall
that Com(A[A3]) and M*(Zg,0, P5) are isomorphic by Theorem 6.3. Then, to prove
our lemma it suffices to prove that there is no injective homomorphism from A[H3] to
M*(Zo,0, Ps).

Let ®: A[H3] — M* (20,0, $5) be a homomorphism. Recall 6 and 6’ defined right
before Theorem 6.3 and consider ¢ = 6 o ®: A[H3] — ©5 x {£1} being of the form ¢ =
@1 X @p, where o1 = 0’ o ®@ : A[H3] - ©5 and ¢ = w o O : A[H3] — {£1}. We denote
by s1, 52, 3 the standard generators of A[H3] numbered as in Figure 1. Moreover, we let

7. A[H3] — A[H3] be the quotient homomorphism and §; = 7 (s;) forevery i € {1,2,3}.

Notice that the relations 55352 = 535253 and 5152515251 = $251525152 imply @2 (52) =
©2(53) and @2 (51) = ¢2(52). Notice also that the standard generator of the center of A[H3]
is § = (515253)°, hence (515253)°> = 1. Let € = ¢5(51) = ¢2(52) = ¢2(53) € {£1}. Then
1 = ¢2(1) = 02((515253)°) = €'°, having that € = 1.

Suppose that ¢; is cyclic, that is, there is w € &5 such that @1 (51) = ¢1(52) = ¢1(53) =
w. We denote by ord(w) the order of w. As w € &5, we have ord(w) € {1,2, 3,4, 5, 6}.
On the other hand, as (5,5,53)°> = 1, we have w'® = 1, hence ord(w) divides 15. Thus,
ord(w) € {1,3,5}. Now, we leta = 5,55 ! and 8 = (5,5352)°. Then, &, B € Ker(p), & # 1,
afaf~! =1, and Ker(p) has generalized torsion. By Lemma 6.5, ® is not injective.

Suppose that ¢; is not cyclic. Consider the two homomorphisms 3, {, : A[H3] = G5
defined by

Cl(§l) = (1’2’3’4’5) ) é‘l(§2) = (174»2»375) s Cl(§3) = (1’5’4’372)’
§2(§1) = (2’4)(3’5) s §2(§2) = (132)(4’5) s §2(§3) = (273)(475) .

A direct computation with SageMath (see code in [15]) shows that every non-cyclic
homomorphism from A[H3] to @5 is conjugate to either {; or {,. We can then suppose
that 1 € {{1, $2)-

If ¢1 = {1, by Proposition 9.4 in [6] and Lemma 5.9 in [4] it follows that ®(5;)
is periodic or pseudo-Anosov. If ®(5;) is periodic, then there is an integer kK > 1 such
that ®(5;)F = id, hence Elf is a non-trivial element of Ker(®) and ® is not injective.
Suppose that ®(5;) is pseudo-Anosov. As ®((515,)°) is in the centralizer of ®(5;) in
M*(Z0,0, P5) and the centralizer of a pseudo-Anosov element is virtually cyclic (see
Lemma 8.13 in [20]), there are integers k, £ € Z, £ # 0, such that ®(5,)F = ®((5,5,)°)".
Leta = (§1§2)5€§1’k . Then « is a non-trivial element of Ker(®) and & is not injective.

Suppose that ¢; = ;. Then ¢1(5152) = (1,4, 3,5, 2), and again by Proposition 9.4
in [6] and Lemma 5.9 in [4], ®(5152) is periodic or pseudo-Anosov. If ®(515,) is peri-
odic, there is an integer k > 1 such that ®(5,5,)% = id and @ = (5,5,)* is a non-trivial
element belonging to the kernel of ®. This means that ® is not injective. If ®(515;)
is pseudo-Anosov, then ®((5,52)°) = ®(5,52)° is also pseudo-Anosov and ®(5;) is in
the centralizer of ®((5152)°) in M*(Zg,0, P5), which is virtually cyclic. Hence there are
integers k, £ € Z, £ # 0, such that ®(5;)¢ = ®((5:52)°)%. Let o = (5152)5"51_[. There-
fore, « is a non-trivial element of Ker(®) and @ is not injective. |
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