Rev. Mat. Iberoam. 38 (2022), no. 3, 883-946
DOI 10.4171/RMI/1291

©2021 Real Sociedad Matematica Espariola
Published by EMS Press and licensed under a CC BY 4.0 license

On BV functions and essentially bounded
divergence-measure fields in metric spaces

Vito Buffa, Giovanni E. Comi and Michele Miranda Jr.

Abstract. By employing the differential structure recently developed by N. Gigli,
we first give a notion of functions of bounded variation (BV) in terms of suitable
vector fields on a complete and separable metric measure space (X, d, i) equipped
with a non-negative Radon measure p finite on bounded sets. Then, we extend the
concept of divergence-measure vector fields D MP (X) for any p € [1, oo] and, by
simply requiring in addition that the metric space is locally compact, we determine
an appropriate class of domains for which it is possible to obtain a Gauss—Green
formula in terms of the normal trace of a DM (X) vector field. This differential
machinery is also the natural framework to specialize our analysis for RCD(K, co)
spaces, where we exploit the underlying geometry to determine the Leibniz rules for
DM (X) and ultimately to extend our discussion on the Gauss—Green formulas.
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1. Introduction

The main purpose of this paper is to investigate integration by parts formulas for essential-
ly bounded divergence-measure fields and functions of bounded variation (BV) in the very
abstract contexts of locally compact and RCD(K, o) metric measure spaces (X, d, it).
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In order to deal with “vector fields” on metric measure spaces, one needs of course
to refer to some differential structure of the ambient space, in terms of which the usual
differential objects of the “smooth” analysis and geometry find a consistent and equivalent
counterpart.

To this aim, we chose to follow the approach of [36], where the author builds a first—
order L2-theory of differential forms and vector fields which is tailored for metric measure
spaces, in particular —when second-order differentiability issues are addressed — those
whose Ricci curvature is bounded from below by some K € R. This differential structure,
which was anticipated in the analysis carried on by the same author in [35], relies on the
theory of L?-normed modules, 1 < p < oo, whose construction is based on the idea of the
L°°-modules previously considered in [60] and which is discussed in detail in [36]. There,
the machinery of such theory serves as the starting point for the settlement of a metric
counterpart to the cotangent bundle, namely the cotangent module L? (T*X) defined as
the L2-normed module consisting of square-summable differential forms.

The concept of a differential form is characterized in terms of the minimal weak upper
gradients of Sobolev functions —defined via test plans, [10, 11,35] - and of suitable par-
titions of the underlying space; by this procedure, the differential of a Sobolev function
arises as the 1-form given accordingly as an equivalence class consisting of the function
itself and the whole space X. Then, by duality —in the sense of normed modules — the
tangent module L?(TX), namely the L2-normed module having square-summable vector
fields as its own elements, is given as the dual module of L?(7*X). Of course, taking
into account all the due —albeit expected — technicalities (see in particular Remark 2.23),
this approach can be extended to any couple of conjugate exponents p, g € [1, co] with
1/p + 1/q = 1, giving rise to the corresponding modules L?(T*X) and L4(TX). As
this straightforward task was presented in [18], we shall therefore follow that exposition.
This is the main object of Section 2, where we also address all the other fundamental
preliminary tools of our analysis, like the definition of RCD(K, co) space and the related
consequences of the lower curvature bound, especially in connection with the heat flow.

As one may expect, this language allows for well-posed characterizations of differ-
ential operators such as the gradient of a function and the divergence of a vector field,
whose definitions are consistent with the classical ones of the Euclidean and Riemann—
Finsler geometries.

This is for example the case of the just mentioned RCD(K, co) spaces, whose core-
characterization is that of infinitesimally Hilbertian spaces X; that is, such that WI’Z(X)
is a Hilbert space [35], whose Ricci curvature is bounded from below by some K € R.
Such spaces exhibit several interesting properties, especially in regards with the heat flow
h;: L?(X) — L2(X), which is given as the gradient flow of the Cheeger-Dirichlet energy
and defines a semigroup (h;);>¢ of linear and self-adjoint operators whose contraction
properties in the metric setting with curvature control —after the pioneering work [15]—
have been extensively studied, during the last decade, in notable papers like [7,9, 10, 12,
38,47]. For us, the most important property of the heat flow is of course the Bakry—Emery
contraction estimate (2.10), which gives an exponential decay for the norm of the gradient
of a Sobolev function along the heat flow, a decay that is intimately related to the lower
curvature bound of the space. The Bakry—Emery condition will be invoked repeatedly in
Sections 5 and 6, where it will play a fundamental role in establishing the correct forms
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of the Leibniz rules for divergence-measure vector fields, and therefore the Gauss—Green
formulas.

The use of this differential machinery is essential also in our characterization of BV
functions on general metric measure spaces, which is the central topic of Section 3. Indeed,
by considering the subclass of those essentially bounded vector fields in L°°(7'X) whose
divergence belongs to L°°(X), namely' D% (X), we find that it is possible to characterize
the total variation of a function in a familiar way:

(1.1) | Dul|(Q) = sup{/gudiv(X)d,u; X € ®%(X), supp(X) € @, |X| < 1},

where 2 C X is any open set.

Our procedure is inspired by [32], where BV functions are characterized by means
of (bounded) Lipschitz derivations, namely linear operators acting on Lipschitz functions,
§: Lip,(X) — L°(X), satisfying the Leibniz rule and the locality condition

18()I(x) = g(x)Lip,(f)(x)

for ju-almost every x € X, for all f € Lip,,(X) and for some g € L°(X), where Lip,( f)
denotes the asymptotic Lipschitz constant of f, see Definition 3.1. As for the L*° mod-
ules, also this class of objects was previously treated in more generality in [60].

Our characterization of BV functions instead, rather than relying on Lipschitz deriva-
tions, actually incorporates Sobolev derivations, whose notion is taken from [36] and reads
as follows: given any two conjugate exponents p,q € [1, o0], a linear map L: D7 (X) —
L'(X) satisfying

IL(f) = 4IDf]

for any f € D17 (X) and for some £ € L4(X) is a Sobolev derivation, see Definition 3.7
below. Under some additional assumptions, it turns out that the class of Lipschitz deriva-
tions can be actually extended to that of Sobolev ones, thanks to suitable approximation
procedures. Then, by arguments based on the theory of L?-normed modules and on the
properties of the modules L?(T*X) and L4(TX), we are able to prove that there exists a
one-to-one correspondence between the vector fields in the class D°°(X) and the bounded
Lipschitz derivations used in [32]. This result (stated in Lemma 3.11, Lemma 3.12 and
Theorem 3.14) allows us to define BV functions. Indeed, it is the starting point for our
construction of the BV space in a similar manner as in [32] and for the derivation of (1.1),
which produces an equivalent characterization of functions with bounded variation (The-
orem 3.16).

As the definition of BV involves an integration by parts (or Gauss—Green) formula, it
appears natural to study such formulas in more depth and detail.

The classical statement of the Gauss—Green formula in the Euclidean space R” re-
quires a vector field F € C}(R"; R") and an open set E such that E is a C! smooth
(n — 1)-dimensional manifold, in order to conclude that

/didex:—/ F-vgdJent,
E oE

I'See Definition 2.21 for the characterization of the spaces D9 (X), ¢ € [1, 0o].
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where v is the unit interior normal to dE and #"~! is the (n — 1)-dimensional Haus-
dorff measure. These assumptions on the integration domain and on the field are clearly
too strong for many practical purposes, and indeed an immediate consequence of the Euc-
lidean theory of BV functions is that we can extend this formula to the sets of finite
perimeter (employing the reduced boundary FE and the measure theoretic unit interior
normal instead of the classical notions). Instead, looking for sharp regularity assump-
tions on the vector fields, it is convenient to consider the space of essentially bounded
divergence-measure fields DM (X), namely those X € L>®(T'X) whose distributional
divergence is a finite Radon measure (among which we can mention, as examples in the
metric setting, the elements of the subclass L>®(TX) N D!(X) of essentially bounded
vector fields, where D! (X) is the set of those X € L!(7TX) with summable divergence).

The space DM (X) was originally introduced in the Euclidean framework by G. An-
zellotti in 1983 ([14]), in order to study the pairings between vector valued Radon meas-
ures and bounded vector fields. One of the main results of his seminal work is an integra-
tion by parts formula for DM vector fields and continuous BV functions on a bounded
open set 2 with Lipschitz boundary. In particular, in Theorem 1.2 of [14], the author
proved the existence of essentially bounded normal traces on the boundary of the Lipschitz
domain. This family of vector fields was then rediscovered in the early 2000’s and stud-
ied by many authors aiming to a variety of applications of the generalized Gauss—Green
formulas (we refer for instance to [2, 23, 31,40,48-51, 53, 54]). At first, the integration
domains were taken with C! or Lipschitz regular boundary, and subsequently the case of
sets of finite perimeter was considered in [24,26,27,52]. In particular, in [26] the authors
extended to DM the methods of Vol’pert’s proof of the integration by parts formulas for
essentially bounded BV functions, [58,59]. The generalized method consists in proving a
Leibniz rule for £ M*-fields and essentially bounded scalar functions of bounded vari-
ation and in applying this formula to the characteristic function of a set of finite perimeter:
then, the Gauss—Green formulas are a simple consequence of some identities between
Radon measures derived from the Leibniz rule.

More precisely, Theorem 3.2 in [26] states that, if F € DM°(R") and E is a bounded
set of finite perimeter in R”, then there exists interior and exterior normal traces (¥; - vg),
(Fe -vE) € L®(F E; #"1) such that we have the following Gauss—Green formulas:

divF(E') = —/ Fi-vedH" ! and divF(E'UFE)=— Fo-vEd K",
FE FE

where E! is the measure theoretic interior of E; that is, the set of points with Lebesgue

density 1. We stress the fact that we obtain two formulas since the divergence of the field

may be concentrated on an (n — 1)-dimensional set (such as the reduced boundary), due

to the possible jump discontinuities of the field. This explains the necessity of having two

different normal traces. Indeed, as an example one may consider

X
F(x) = i XR™\B(0,1)(X)

(where B(0, 1) denotes the unit ball centered in the origin): it is possible to show that
(¥i - vB(o,1y) = 0, while (¥, - vp(o,1)) = 1.

We refer to [26] for a more detailed exposition of the history of the divergence-measure
fields and their applications in R”, and to [21,28-30,41] for some recent developments.
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It seems natural to investigate the possibility to extend the theory of divergence-
measure fields and Gauss—Green formulas to non-Euclidean settings, and indeed there
has been some research in this direction: in [18, 19,42], the authors considered doubling
metric measure spaces supporting a Poincaré inequality, while in [25] the class of hori-
zontal divergence-measure fields in stratified groups is studied; lastly, in the more recent
paper [17], a Gauss—Green formula for sets of finite perimeter was proved in the context
of an RCD(K, N) space by means of Sobolev vector fields in the sense of [36]. In par-
ticular, in [42] the authors employed the Cheeger differential structure (see [20]) to prove
a Gauss—Green formula on the so-called regular balls, and later, in [18, 19], a Maz’ya-
type approach based on [44], Section 9.5, allowed to write a similar formula in terms of
the rough trace of a BV function. On the other hand, in [25] the authors exploited the
approach developed in [26] and proved that it is possible to extend the method to strat-
ified groups. In Sections 5 and 6 we shall follow a similar method in the framework of
locally compact RCD(K, oo) metric measure spaces; that is, we shall first derive a Leibniz
rule and then use it to obtain suitable identities between Radon measures, from which the
Gauss—Green formulas shall follow.

Having the appropriate class of vector fields to work with, we can start to discuss the
main topic of our work, namely the investigation of the Gauss—Green formulas. In Sec-
tion 4 we define the space of p-summable divergence-measure fields on a general metric
measure space X, D M? (X), and, as an interesting byproduct of the definitions and of the
differential structure we are using, we show that, if X € DM?(X), for p € (1, o], the
measure div(X) is absolutely continuous with respect to the g-capacity, where ¢ denotes
the conjugate exponent of p.

Then, we refine the analysis of [18] —which was tailored to geodesic spaces — to give
a Gauss—Green formula on regular domains in a locally compact metric measure space,
requiring no further structural assumptions to be satisfied.

The hypothesis of local compactness will be essential here, and also in Sections 5
and 6, since we will often need to rely on the Riesz representation theorem and its corol-
laries in our arguments.

Inspired by [42], we generalize the concept of regular balls by considering the class
of regular domains formerly introduced in [18], namely those open sets 2 C X of finite
perimeter for which the upper inner Minkowski content of their boundary satisfies

07 (99) o= timsup P2 pgg ),
t—0
where, for ¢t > 0,
Q= {x € Q; dist(x, Q°) > 1}.

From our analysis, it turns out that the main notable properties of any regular domain 2
are the following:

* Just like regular balls, also regular domains admit a defining sequence (¢¢)e>o of
bounded Lipschitz functions, which somehow encodes the properties of the domain
itself (Definition 4.10).

* The perimeter measure of {2 can be approximated in the sense of Radon measures via
the family of measures |Dgg|u; that is, |Dgg|u — || D1g]|, as € — 0 (Proposition
4.11).
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These two facts together entitle us to make use of similar arguments as in the proof
of Theorem 5.7 in [42], and therefore to establish the Gauss—Green formula given in
Theorem 4.13 below, which features the first occurrence of the interior normal trace
(X - va)yq of a vector field X € DM (X). We then extend our discussion on reg-
ular domains by imposing further assumptions on our selected domain €2, finding the
conditions which first allow us to determine the exterior normal trace (X - UQ);_Q of
X € DM (X) and the related integration by parts formula, Theorem 4.15. We conclude
this section with Corollary 4.19, where we find suitable sufficient conditions on €2 and
div(X) under which the interior and exterior normal traces coincide. In such case, they
are denoted by (X - vg@)jq-

It is worth to mention that a similar connection between the normal traces and the
Minkowski content of the boundary of the domain was considered in the Euclidean space
in Propositions 6.1 and 6.2 of [21], in the spirit of Theorem 2.4 in [54].

From Section 5 onwards, our analysis moves definitively to the realm of (locally com-
pact) RCD(K, co) spaces.

Here we address in particular the issue of Leibniz rules for D M*°(X) vector fields and
the action of BV functions on such objects. Our aim is to extend the product rules already
established in the Euclidean spaces in Theorem 3.1 of [22] and Theorem 2.1 of [34].
In order to do so, we have to use extensively the self-adjointness and the contraction
properties of the heat flow h;, and above all the Bakry—Emery contraction estimate in
the self-improved form (2.10). Our arguments eventually lead to Theorem 5.3, where we
essentially prove that the action of f € BV(X) —the pairing between Df and X — on
X € DM*(X) produces a vector field fX still in DM (X), and that any accumulation
point D f(X) of the family of measures (dh; /(X )u) ;>0 in M(X) is absolutely continuous
with respect to the total variation measure || Df ||. This fact will be then fundamental to
define the normal traces of a divergence-measure field.

This is indeed the starting point of Section 6, where the interior and exterior distribu-
tional normal traces of X € DM (X) on the boundary JE of a set of finite perimeter
E C X are given as the functions (X, vg) ™, (X, vE)grE € L®(X, ||D1g||) such that

2D1g(1gX) = (X.ve)se [D1g| and 2D1gp(lgeX) = (X.vE)j; | D1kl

Due to the non-uniqueness of the pairing, a priori, we cannot ensure the uniqueness of
these normal traces either. Indeed, from this point on, we shall assume to have fixed a
sequence #; — 0 such that

dhtj(ﬂE)(]lEX)/,L—\D]lE(]lEX) and dh,j(]lE)(]l%X)/L—\DﬂE(]l%X).

Nevertheless, our arguments allow us to establish the relation between the interior and
exterior distributional normal traces of X on E and on E¢ (Remark 6.1). It is also not
difficult to notice that the sequence (h;; 1£);en admits a subsequence converging in the

weak* topology of L°°(X, ||div(X)]|) to some function Tg, which is again a priori not
unique, being a weak™* limit point of a uniformly bounded sequence. The analysis of Sec-
tion 6.1 starts with a discussion on the level sets of 1, E¥ := {i E = S}: we give a weaker
notion of measure-theoretic interior and exterior of E related to 1 E, hamely E'and E 0
and of measure-theoretic boundary

—_—

E =X\ (E°UE").
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Taking then into account also the weak* accumulation points 1g of the sequence
(hyj1g)jen in L=(X, || D1g||), we first obtain in Theorem 6.3 a refinement of the Leib-
niz rules for DM (X) vector fields and then, with Proposition 6.5 and Proposition 6.6
we investigate further the properties of traces and the relation between the divergence-
measure div(X) and the sets E' and 0*E. The discussion culminates with Theorem 6.7,
which is a second refined version of the Leibniz rule between X and 1g and is funda-
mental in the derivation of the Gauss—Green formulas in Section 6.2.

The issue of the dependence on the approximating sequence (h;; 1£);en can be solved
under the additional assumption that ||div(X)| < w. Indeed, in Section 6.3, it is showed
that the interior and exterior distributional normal traces of X € DM (X) on the bound-
ary of E are uniquely determined and coincide. In this case, the unique normal trace is
denoted by (X, vE)sE-

We then reconsider en passant a particular case of regular domains to give a charac-
terization of the sets ° and ! to conclude that, when ||div(X)| < u, the normal trace
coincides with the distributional one; that is, (X - vg)sa = (X, va)sq-

Our survey on Gauss—Green formulas ends with Section 6.5, where we formulate the
hypothesis that the weak* limit points 1g of h, 1 in L*®(X, ||D1Eg|)) are constant func-
tions. Indeed, if X is a Euclidean or a Wiener space (see Proposition 4.3 in [5]), given a
measurable set E satisfying either 1z € BV(X) or 1 g € BV(X), we have the convergence

1
hlg — 5 i L¥(X [ DIg]).

However, the proof of this result relies heavily on a Leibniz rule for the total variation, a
tool which is not available at present in the more abstract context of a general RCD(K, 00)
space. Nevertheless, in Theorem 6.17 we prove that

~ 1
fizainier =3,
X

for any weak* limit 1g of some subsequence of h;1g. As an easy corollary, it follows
that, if 1z is a constant function, it must be equal to 1/2. It is worth to mention that this
fact does not depend on the local compactness of the space, as one would expect, since the
Wiener spaces are not locally compact in general. However, we need that supp(u) = X,
an assumption which does not seem too restrictive for our purposes.

A first interesting consequence of the condition 1g = 1/2 is that the distributional
normal traces of any X € DM (X) coincide || D1 ||-almost everywhere on the set E°U
E! and that the space X admits a “tripartition” up to a ||div(X)|-negligible set, namely

Idiv(X)I[(X\ (E° U EY2U EY)) = 0.

Thanks to this result, we finally obtain a refinement of the Gauss—Green formulas previ-
ously given in Section 6.2, as the weak* limit 1 g does not appear anymore in the improved
version of the results.
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2. Preliminaries

Throughout this paper, (X, d, i) shall always be a complete and separable metric measure
space endowed with a non-negative Radon measure p; additional hypotheses on the space
will be made from time to time as soon as they are needed. A p-measurable set £ in X
will be simply called measurable when no ambiguity occurs. Given x € X and r > 0, we
denote by B, (x) the open ball centered in x with radius r; that is,

B, (x):={yeX:d(x,y) <r}.

For any open set Q C X, we shall denote by M(£2) the space of signed finite Radon
measures on 2. Moreover, by Lip,(2) and by L°(Q2) we shall indicate the spaces of
bounded Lipschitz functions and of measurable functions in €2, respectively.

In addition, following the notation of [13], we set

Cos(2) :={f € Cp(2) = supp(f) € QJ,

where we write A € B to mean that A C B is bounded and dist (4, B€) > 0. Analogously,
we set Lip,,(€2) to be the set of Lipschitz functions in Cys(£2). If Q = X, then Cps(X)
and Lip,(X) are the spaces of continuous and Lipschitz functions with bounded support,
respectively.

We denote by Lip, (/) the asymptotic Lipschitz constant of f, namely

.1 Lip,(f)(x) := gi_% Lip(f, B,(x)).
where, for any set £ C X, one defines
Lip(f. E) := sup M
x,yEE;x#y d(x,y)

We recall a notion of weak convergence for Radon measures, following the mono-
graph [16], Chapter 8.

Definition 2.1. Given a sequence of finite Radon measures (vj);jen C M(X), we say that
(vj)jeN is weakly convergent to v in M(X) if

lim /devj:/dev’ Ve Cp(X),

Jj—>+o0
and we write v; — v.

The above notion of convergence is the natural generalization of the weak™ conver-
gence in the duality of C(K) with M(K), the space of finite Radon measures on K, for
any compact set K C X.

This duality allows us to deduce that, for a Radon measure v € M(X), its total variation
in X is given by

WICO = sup{ [ £av: £ € G 1700] < 1. ¥x € ).
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Since the class of bounded Lipschitz functions Lip, (X) constitutes a subalgebra of
Cp(X) and its restriction to K for any compact set K C X is a subalgebra of C(K) contain-
ing a non-zero constant function and which separates points, it turns out that the restriction
of Lip, (X) to K is dense in C(K), so that we also obtain

[v](X) = sup{fxfdv . f eLip,(X), | f(x)| <1, Vx € x}.

Of course, this argument can be also extended to Radon measures on open sets 2 C X
to deduce that for any v € M(L2),

() = sup{/ﬂfdv . f € Lipy(Q), [f(X)] <1, ¥x ex},

where
Lipy . (2) := {f € Lip,(X) : dist (supp(f), ) > 0}.
We recall the notion of uniform tightness of a family of Radon measures and Pro-
horov’s theorem on the necessary and sufficient conditions for the weak convergence of
Radon measures (for which we refer to Theorem 8.6.2 in [16]).

Definition 2.2. A family of Radon measures M on a metric space X is called uniformly
tight if for all & > 0 there exists a compact set K, such that ||v||(X \ K;) < e forallv € M.

Theorem 2.3. Let (X, d) be a complete separable metric space and let M be a family of
Radon measures on X. Then the following conditions are equivalent:

(1) every sequence (vj)jen C M contains a weakly convergent subsequence

(2) the family M is uniformly bounded and uniformly tight.

2.1. Sobolev spaces via test plans

Let C ([0, 1], X) denote the space of continuous curves equipped with the supremum norm.
Note that, since the underlying metric space is complete and separable, C ([0, 1], X) will
be complete and separable as well.

Definition 2.4. We define the evaluation map e;: C([0, 1], X) — X, t € [0, 1] as
el(y) =V = )/(l), V)/ € C([O’ 1]’X)

Any curve y € C([0, 1], X) is called p-absolutely continuous, for some p € [1, 00), if there
exists f € LP(0, 1) such that

N
2.2) d(ys,ys) < / f(r)ydr, Vit,se€(0,1) witht <s,
t

and in this case we write y € AC? ([0, 1], X).

By Theorem 1.1.2 in [8], to every p-absolutely continuous curve we can associate the
metric derivative (or the speed) t — |y,| € L?(0, 1) defined as the essential infimum of all
the f € LP(0, 1) satisfying (2.2), and which is representable in terms of an incremental
ratio for almost every ¢t € (0, 1):

d(Ve+ns vt)

7|(¢) := lim —— 70
ly1(t) Jim h
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Let 2 (C([0, 1], X)) be the space of probability measures along continuous curves.

Definition 2.5. Let = € £ (C([0, 1], X)). We say that & has bounded compression
whenever there exists a constant ¢ = ¢(;r) > 0 such that

(er)um <c(m)pn, Vtel0,1].

If p € [1, 00), & has bounded compression, it is concentrated on AC? ([0, 1], X) and

1
// 74l? dtdn(y) < oo,
0

then it will be called a p-test plan.
If p = oo, m has bounded compression, it is concentrated on AC ([0, 1], X) and
Lip(y) € L*(C(]0, 1], X), i), then it will be called an co-test plan.

As it is customary —see for instance [39], Section 3.2 —, given a non-negative locally
finite Radon measure v and p € [1, oo], we say that a v-measurable function f: X — R
is p-summable, and we write f € £2(X,v), if || f||¢rx,v) < 00, Where

p 1/p £
1 ler e = (/X'f' av) if p e [1,00),
inf{A > 0:v({|f| > A}) =0} if p=o0.

Then, we introduce an equivalence relation on £7 (X, v), by declaring f, f> € £7(X,v)
equivalent if and only if

v({x € X: fi(x) # f2(0)}) = 0.

Finally, we define the L?-space L? (X, v) as the vector space of such equivalence classes.
As it is well known, L? (X, v) equipped with the p-norm || - [Lr(x,v) = || - |l£rx,v) is @
Banach space. With a little abuse of terminology, in the rest of the paper we shall refer to
p-summable functions, rather than to equivalence classes. In addition, we shall simplify
the notation in the case v = u by removing the reference measure, namely L7 (X) :=
LP(X, ).

We can now give a definition of Sobolev—Dirichlet classes in terms of test plans.

Definition 2.6. Let p € [1, 00] and let g be its conjugate exponent, thatis, 1/p + 1/g = 1.
The Sobolev—Dirichlet class D'-P (X) consists of all Borel functions f:X — R for which
there exists a non-negative g € L?(X) satisfying

1
23) / f ) — FOo) de(y) < / /0 g(e) 17| ds d ()

for every g-test plan x. Following the usual terminology, we shall say that g is a p-weak
upper gradient of f.

We note that, even though in the literature the above definition is mostly given for
p € (1, 00), the existence of p-test plans for any p € [1, oo] entitles us to define the
Sobolev-Dirichlet classes also for the limiting values of p.
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We recall that, by [10], Section 5.2, and [11], Section 4.5, for every f € DLP(X)
there exists a unique minimal 0 < g € L?(X) such that (2.3) holds. Such a function will
be called the minimal p-weak upper gradient of f and we shall denote it by |Df|. This
allows to define a semi-norm on D17 (X), by setting

24) I Iprecey = MNP lLrex) -
Remark 2.7. As it is natural to expect, the minimal p-weak upper gradient satisfies the

following properties (see [35,36] and the references therein):

(1) Sub-linearity: |D(af + Bg)| < |a||Df| + |B||Dg| for all o, B € R, f, g €
DP(X).

(2) Weak Leibniz rule: |D(fg)| < |f||Dg| + |g||Df| for all f,g € DP(X) N
L>®(X).?

(3) Locality: |Df | = |Dg| pu-almost everywhere on { f = g} forall f,g € D7 (X).

(4) Chainrule: |Df|=0o0n f~!(N)forevery f € D!*?(X) and every £!-negligible
Borel set N C R. Moreover, if ¢: I — R is Lipschitz and f € D7 (X), with
I C R open such that u(f~1(R \ 7)) = 0, then we have ¢ o f € D'7(X) and

ID(@o f)l =l¢"o fIIDf]

pu-almost everywhere, where |¢’ o f'| is defined arbitrarily on the points where ¢
fails to be differentiable.

We observe that the asymptotic Lipschitz constant Lip, ( /) is an upper gradient of f;
so we get |Df| < Lip,(f) p-almost everywhere [11,32]. This simple fact will play an
important role in Lemma 3.11.

Thanks to this notion of Sobolev—Dirichlet class, the definition of Sobolev spaces may
be given in a traditional fashion.

Definition 2.8. For all p € [1, oo], we set
WHP(X) :={f € D"P(X) : || fllzrex) < oo},

and we endow this space with the semi-norm

1/p .
(71200 + 171510 0) it p € [1.00),

1A, =
max {[| f | poocxy » 1 f I proscxey}  if p = oc.

where || f || p1.r(x) is given by (2.4). Let ~ be the equivalence relation on 'W!-?(X) defined
by setting f* ~ g if and only if || /' — g||; , = 0. We define the Sobolev space WP (X)
as the quotient

WP (X) = WHP(X)/ ~
endowed with the norm || - |1y == || - |1,p-

As in the case of the L”-spaces, with a little abuse of terminology we shall refer to
W 1P _functions, rather than to equivalence classes.

2This intersection has to be intended in the sense that the Borel functions f,g € D17 (X) are also essentially
bounded.



V. Buffa, G.E. Comi and M. Miranda Jr. 894

To conclude this section, it is worth spending some words on an equivalent character-
ization of Sobolev spaces via test plans which involves the concept of “negligibility” of a
family of curves with respect to any such probability measure. To this aim, below we shall
recollect the salient arguments of [35], Appendix B.

Definition 2.9. A Borel set I' C C([0, 1], X) is called p-negligible whenever n(I") = 0
for any g-test plan &, where p,q € [1,00] are such that 1/p + 1/g = 1.

In this sense, any property will be said to hold for p-almost every curve if the set
where it fails is p-negligible.

Definition 2.10. A Borel function f:X — R is said to be Sobolev along p-almost every
curve if for p-almost every y the composition f o y coincides almost everywhere in [0, 1]
with an absolutely continuous function f,: [0, 1] — R. Thus, to any function f which is
Sobolev along p-almost every curve we associate a p-weak upper gradient, i.e., a Borel
map g: X — [0, oo] such that

1
|f(r1) = f(vo)l = /0 g(ys)[ys|ds  for p-almost every y.

This notion of Sobolev spaces turns out to be indeed equivalent to Definition 2.6.

Theorem 2.11 (Theorem B.4 in [35]). Let p,q € [1, 00] be any two conjugate exponents.
If /:X — R and g: X — [0, o0] are two Borel functions, with g € L?(X), then the fol-
lowing statements are equivalent:

(1) feDYP(X)and g isa p-weak upper gradient of f in the sense of Definition 2.6,

(2) f is Sobolev along p-almost every curve and g is a p-weak upper gradient of f
in the sense of Definition 2.10.

We finish the present survey on Sobolev spaces by recalling a result on Lipschitz
approximation of functions in W17 (X) for p € (1, 00).

Proposition 2.12. Let p € (1, 00). If f € WYP(X), then there exists a sequence
(fx)ken C Lipy(X) such that

25) tim [ 1= £17 + ILip,(f) = D117 &g = 0.
k—+o00 Jx

Proof. Let f € W1?(X). Then, Theorem 6.1 in [1] implies that f has a p-relaxed
slope which is equal to its minimal p-weak upper gradient |Df| € L?(X). Hence, Pro-
position 4.2 in [1] yields the existence of a sequence of functions (fz)xen such that
Jx € Lip,(X) for all k € N and (2.5) holds. ]

2.2. The differential structure

Below, we shall briefly discuss the differential machinery that we are going to use for the
rest of the paper. As anticipated in the introduction, this will provide a metric counterpart
to the notions of cotangent and tangent bundles. We recall that, while [36] provided this
structure for the case p = 2 only, a straightforward generalization of such construction for
any exponent p € [1, co] was given in Chapter 5 of [18], so here we shall follow the latter
as our main reference.
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We notice that for a full understanding of this setting, a throughout treatment of the the-
ory of L?-normed modules would be necessary; this task was carried on in detail in [36].
Nevertheless, for the reader’s convenience, we shall include a brief account on this theory
in Appendix A.

Definition 2.13. We shall call pre-cotangent module the set
peMy = {{(fr- ADlien : (An)ien CB(X), fre D2 (X) Vi eN, Y IIDAIIL <00}
ieN

where the A;’s form a disjoint partition of X, D17 (X), p € [1, 00), denotes the Sobolev—
Dirichlet class of order p as in Definition 2.6, and B(X) denotes the set of all equivalence
classes of measurable subsets of X, with A, B C X being equivalent whenever

W(AAB) =0, where AAB :=(A\ B)U(B\ A).

When p = oo, in the corresponding definition of PCMy, we shall simply require
the f;’stobein D1*(4;) for alli € N and

sup ||| DfilllLooa;) < 00.
ieN

We introduce an equivalence relation ~ on PCM,, by setting
{(fi. Ai)}ien ~ {(g). Bj)}jen

whenever |D(f; — g;)| = 0 u-almost everywhere on 4; N B; forall i, j € N.
PCM,/ ~ turns into a vector space if we define the sum and the multiplication by
scalars as

[(fi, A)i] + [(gj, Bj);]l = [(fi + &j, Ai N Bj)i;] and  A[(fi, Ai)i] = [(Afi, Ai)il-

Let Sf(X, i) denote the space of simple functions, that is, those of the form

h = ZHB]‘ ~aj,

JjeN

where { B} };en is a partition of X. If [( f;, 4;);] € PCM,,/ ~, then we define the multiplic-
ation with i € Sf(X, u) as

hl(fi. Ai)il == [(a; fi. Ai 0 Bj)i ]
This operation gives a bilinear map Sf(i) X PCMp,/ ~— PCM,,/ ~ such that
Ix [(fi. Ai)i] = [(fi Ai)i].-
Definition 2.14. Consider the map | - |« : PCM,/ ~— L?(X) given by
[[(fi, A)ill« :=|Dfi| p-almost everywhere on A; foralli € N;

this map, namely the pointwise norm on PCM,/ ~, is well defined thanks to the above
definition of the equivalence relation on PCM,,.
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Since D17 (X) is a vector space, one has the following inequalities for | - |4:

(2.6) I[(fi + &5 Ai O Bpijlle < |[(fi, ADill« + 1[(gj» Bj)jll,
IALCfis Al = [AICSAS Al s
1R [(fis Al = [RINICSS A

valid p-almost everywhere for every [(fi, 4;):]. [(g;. B;);] € PCM,/ ~, h € Sf(n) and
AeR.

The above arguments, in particular (2.6), allow us to define a norm on PCM,,/ ~.

Definition 2.15. We define | - ||r»(7*x) : PCMp/ ~— [0,00), p € [1, 00) by setting

NCfis AN p (o) = /X [(fis Ai);11Z dp = Z/A_ IDfi|P dpe =Y DAL o ay

ieN ieN

We notice that the space L?(T*X) is actually an L?-normed module in the sense of
Definition A .4.
As in Definition 2.13, when p = oo, we set || - || Loo(r*x) to be

I(fi> Adi]llLoerex) = sup I Dfilllzeeap)-
IAS]

The completion of PCM,,/~ with respect to the norm || - ||»(r+x) Will be called
cotangent module and denoted by L?(T*X). Consequently, its elements will be called
p-cotangent vector fields or, more traditionally, p-integrable 1-forms when p < 0o, essen-
tially bounded 1-forms when p = oo.

The choice of the terminology “cotangent”, as explained in [35,36], is due to the fact
that p-weak upper gradients are defined by means of a (p, g)-duality between test plans
and speeds of curves, so in some geometric sense they constitute “cotangent” objects to
the metric space X.

Having a notion of “1-form” at our disposal, we are entitled to define the differential
of any Sobolev function as follows.

Definition 2.16. Given a function f € D7 (X), we define its differential df € L?(T*X)
as
df :=[(f.X)] € pcCM,/ ~ C LP(T*X).

Here, ( f,X) stands for ( f;, 4;)ien With fo=f, Ao=X and f; =0, A;=@ for every i > 0.

Of course, the differential is linear by construction (in particular, it is L °°-linear) and
the definition of pointwise norm ensures that

ldf]« = |Df]

p-almost everywhere for all f € D'?(X). Moreover, d is local; this means that for any

f.g€DVP(X) one has d f =dg u-almost everywhere on { f =g} ([36], Theorem 2.2.3).
Putting together Theorem 2.2.6 in [36] and Corollary 2.2.8 in [36] (and the respective

generalizations featured in [18]), we get the usual calculus rules for the differential.
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Proposition 2.17. Let p € [1, 00]. The following equations hold j-almost everywhere:

(1) d(fg) = gdf + fdg forall f.g € DVP(X) N L=(X);

(2) df=00n f~Y(N) for all feDVP(X) and every £'-negligible Borel set NCR;

(3) d(po f) = (¢’ o f)df forall f € DVP(X) and every ¢: I — R Lipschitz, where
I C R open is such that w(f V(R \ 1)) = 0 and ¢’ o f is defined arbitrarily on
Y ({non-differentiability points of }).

We recall now another useful property of the differentials of Sobolev—Dirichlet func-
tions, stated in Proposition 2.2.5 of [36] for p = 2 and generalized in Proposition 5.4.7
of [18].

Lemma 2.18. Let p € [1,00). Then L?(T*X) is generated in the sense of modules
(Definition A.6) by the space {df : f € WHP(X)).

Now, by duality (in the sense of modules, see [36]; see also Appendix A), with the
cotangent module L? (T*X) it is possible to define a “tangent module”. To this aim, let
P, q € [1,00] be any two conjugate exponents, 1/p + 1/g = 1.

Definition 2.19. The tangent module L2(TX) is the dual module of L?(T*X). The ele-
ments of L4 (TX) will be called g-vector fields.

Remark 2.20. We explicitly point out that, by the theory of L?-normed modules (see
Remark A.5), for all p € [1, oo] the module dual of L?(T*X) is indeed an L9-normed
module, where 1/p + 1/g = 1, even in the extreme cases p = 1,4 = oo and p = 00,q = 1.
In addition, thanks to Remark A.5 and Lemma 2.18, we can define a pointwise norm | - |
on L9(TX) by setting

|X| := ess-sup {|df(X)|: f € DVP(X), |df]« <1}
for every X € LY(TX).

With the machinery discussed so far, it comes a “natural” notion of divergence of a
vector field.

Definition 2.21. For ¢ € [1, co] we define

DI(X) 1= {X € LUTX): 3f € LI(X) : /X fedu = —/ng(X)du, Vg e Wl’p(X)},

where as usual p is the conjugate exponent to gq.

Clearly, ©7(X) C L9(TX); the function f, which is unique by the density of
W4 (X) in L9(X), will be called the g-divergence of the vector field X, we shall write
div(X) := f, and the space D7(X) will be obviously referred to as the domain of the
q-divergence.

Remark 2.22. The linearity of the differential implies that ©9(X) is a vector space and
hence that the divergence is a linear operator. Moreover, the Leibniz rule for differentials
immediately yields the same property for the divergence as well: given X € ©49(X) and
f € L®(X) N DYP(X) with |[df |« € L*(X), one has

FX € ®4(X) and div(fX) = df(X)+ fdiv(X).



V. Buffa, G.E. Comi and M. Miranda Jr. 898

In fact, these hypotheses give d f(X) + fdiv(X) € L?(X) and for all g € W14(X) one
has fg € W1P(X), whence

- / g f div(X)du = [ d(f)(X) dpt = [ gdf(X) + dg(fX) du,
X X X

so the claim holds.

We conclude this section with some important comments on the choice of giving the
notions of cotangent and tangent modules for arbitrary exponents p, g € [1, oo].

Remark 2.23. Note that, until now, we have not made any structural assumptions on the
metric measure space (X, d, pt). This means that the minimal p-weak upper gradient of
any Sobolev function f € W17 (X) depends on p. Precisely, as the class of g-test plans
contains the one of ¢’-test plans for ¢ < ¢’, then D7 (X) ¢ D¥?'(X) for p > p’, so that
for any f € D'?(X), one has that if g is a p-weak upper gradient of f, it is also a p’-
weak upper gradient. In particular, for the minimal upper gradient it holds | Df'|, > |Df |
p-almost everywhere in X. The paper [33] contains a throughout discussion of the depend-
ence of p-weak upper gradients on p and provides also examples of spaces X where,
for f € DVP(X) N DY?'(X), one has |Df|, # |Df |, on a set of positive measure.
Thus, without any structural assumptions, then also L? (T *X) and L9(TX) depend on the
respective exponents. This issue is removed when (X, d, ) is endowed with a doubling
measure and supports a Poincaré inequality, [20], or when it is an RCD(K, 0o) space, [37];
then, since in the ensuing discussion we shall work mainly in the RCD(K, 00) setting, all
these problematics will not be relevant to us.

In particular, when the dependence on the exponent is removed, given any X €
D?(X) N ©9(X), from the definition of divergence it follows that there exist f,, f; €
L?(X) N L9(X), f, = divy(X) and f; = divy(X), such that for any g € W17 (X) N
W4 (X) one has

/(fp—fq)gduzo,
X

so that f, — f; = 0 p-almost everywhere, whence the uniqueness of the divergence of X.

2.3. RCD(K, o) spaces and the heat flow

In this section we recall the notion of an RCD(K, co) metric measure space, naively, a
space whose Ricci curvature is bounded from below by some K € R, along with its most
notable properties, which we shall use extensively in the upcoming sections. The con-
struction of such spaces relies heavily on the theories of gradient flows and of optimal
transport, see for instance [8] and [57] respectively.

To get started, we give the following basic definition.

Definition 2.24. Let p € [1, 00). We define the Cheeger—Dirichlet energy Ep: L*(X) —
[0, o¢] as the functional given by

1 1, 2
E,(f) = {iwafV’du, f e DMP(X) N LA(X),

00, otherwise.
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Remark 2.25. In particular, when p = 2, the Cheeger—Dirichlet energy E, allows us to
characterize the domain of the Laplace operator — or, more simply of the Laplacian — as

D(A) = {f € L*(X): 07E2(f) # 0},
where 07 E, ( f) denotes the sub-differential of E; at f, namely,

TEa(f) = {0 € L2005 Ba(f) + [ vpdin <Ba(f + ). Ve < L2C)),

with the convention d7E, ( f)=# whenever E ( /)= + oo. Thus said, whenever f € D(A)
we define its Laplacian A f € L*(X) as

Af = —v,
where v is the element with minimal norm in 07 E;( f).

By the properties of the minimal weak upper gradient, E, is convex and lower semi-
continuous; moreover, its domain is dense in LZ(X).

A key-tool in the definition of RCD(K, 0o) spaces is the concept of “Infinitesimal
Hilbertianity” of the metric measure space, first introduced in [35].

Definition 2.26. (X, d, ) will be said infinitesimally Hilbertian whenever W1-2(X) is a
Hilbert space. This is equivalent to ask that the semi-norm || - | p12(x) satisfies the paral-
lelogram rule, and that the 2-energy E, is a Dirichlet form.

Besides infinitesimal Hilbertianity, in order to come to the main definition we also
need the concept of entropy of a probability measure.
Definition 2.27. The relative entropy is defined as the functional €,,: (X) — R U {+o0}
given by
Jx plog(p)dp, if m = pp and (plog(p))~ € L'(X),
+00, otherwise.

&, (m) = {

Last but not least, a fundamental role in the description of RCD(K, o0) spaces is played
by the Wasserstein space of probability measures on X.

Definition 2.28. We denote by (P(X), W) the Wasserstein space of probability meas-
ures on X with finite second moment, i.e.,

Py (X) 1= {m e P(X): / d? (x, xp) du < 00, Vg € X},
X
endowed with the Wasserstein distance W, given by

2.7) W2 (1, my) i= inf{ /

Xx

) dy () ty € Tlurmo) )
where
I'(my, my) :={y € # (X x X) such that n;(y) =m; fori = 1,2}

and 7r* denotes the canonical projection over the i-th component, for i = 1, 2.
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We are now able to give the definition of RCD(K, 0o) spaces.

Definition 2.29. A complete and separable metric measure space (X, d, i) endowed with
a non-negative Radon measure p will be called an RCD(K, oo) space, for some K € R,
if it is infinitesimally Hilbertian and, for every A, v € $,(X) with finite relative entropy,
there exists a W,-geodesic m; with mg = A and mi; = v and such that, for every ¢ € [0, 1],

E (my) < (1-1)8,(A) +1t8E,(v) — §I(1 — ) WEQA,v).

Another tool which will be of great use to us is the “heat flow”, whose analysis has
been discussed extensively in [10].

Definition 2.30. The heat flow hy, t > 0, is the Lz—gradient flow of the Cheeger—Dirichlet
2-energy E,.

As observed in [10,36], the theory of gradient flows ensures the existence and unique-
ness of the heat flow as a 1-parameter semigroup (h;);>0, h;: L?(X) — L?(X), such that
for every f € L?(X) the curve t — h;( f) is continuous on [0, 00), absolutely continuous
on (0, o0) and moreover fulfills the differential equation

Th(f) = Adh )

for almost every ¢ > 0, which means h,(f) € D(A) for every f € L?(X) and for every
¢ > 0. In addition, one has |h; f — f|l2x) > Oast — Oforany f € L*(X).

The infinitesimal Hilbertianity of RCD(K, co) spaces ensures that, in our setting,
(h¢) ;>0 defines a semigroup of linear and self-adjoint operators.

Also, from the analysis carried on in [10], we have that for every p € [1, co] it holds

(2.8) Ihe fllzreey = 1f lLreo

for every ¢ > 0 and for every f € L?(X) N L?(X). Then, by a density argument we can
uniquely extend the heat flow to a family of linear and continuous operators h;: L? (X) —
L?(X) of norm bounded by 1 for every p € [1, 0o], as the contraction results proved in [7]
and [9] showed.

In regard to our discussion, the most important property of the heat flow is the Bakry—
Emery contraction estimate

(2.9) |Dh, > < e X h, (IDf?),

i-almost everywhere for every ¢ > 0 and for every f € W12(X), see [9], [38] and the
seminal paper [15].

Actually, we shall use the Bakry—Emery estimate in its “self-improved” version estab-
lished by [47] in the RCD(K, co) setting:

(2.10) |Dh, f| < e X' h,(|Df)

u-almost everywhere for every ¢ > 0 and for every f € W12(X).

It is important to notice that, as explained in Section 6 of [9], Section 4 of [12],
and then ultimately proved in Section 4 of [47], the Bakry—Emery estimate and the
RCD(K, oo) condition are actually equivalent requirements.
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We also recall that h, maps contractively L°°(X) in Cp(supp(i)), by Theorem 6.1
in [9] and Theorem 7.1 in [7], and that

(2.11) VfgeL*X), f <g+cforsomec eR impliesh,f <h,g +c,

by Theorem 4.16 in [10].
The lower curvature bound implies also that

2.12) hl = 1.

Indeed, by Theorem 4.24 in [56], when the metric measure space (X, d, ) has curvature
bounded from below by some K € R, then for every x € X and every p > 0 thereisc > 0
such that

(2.13) 1£(By(x)) < ce’,

which in turn yields (2.12) by the remarks after Theorem 4 in [55].
Lastly, another property of the heat flow which will be useful to us is the following:

(2.14) ¢(K,t)|Dhy fI> <h, f2 — (b f)?,

valid -almost everywhere in X, for every ¢ > 0 and for every f € L%(X) for some
positive constant ¢ = ¢(K, t) (see [12,47]).

3. Characterization of BV functions

In the rest of the paper we shall make an explicit use of BV functions. To this aim, for the
first part of this section we shall recall the derivation approach of [32], and then we will
see that the differential machinery discussed in Section 2.2 entitles us to give an equivalent
definition of BV functions in terms of ©°°(X) vector fields.

We recall that the derivation approach of [32] is equivalent to the relaxation procedure
performed by [45] and also to the “weak BV” space described in [3]; we refer in particular
to Section 7 of [3] and Section 7.3 of [32] for an extensive discussion on the equivalences
of BV spaces.

Let (X, d, ) be a complete and separable metric measure space endowed with a non-
negative Radon measure p which is finite on bounded sets.

3.1. The derivation approach

Definition 3.1. We say that a linear map &: Lipy(X) — L°(X) is a Lipschitz derivation,
and we write § € Der(X), if it satisfies the following properties:

(1) Leibniz rule: §( fg) = f6(g) + g8(f) for every f, g € Lip,(X);
(2) Weak locality: there exists some function g € L°(X) such that

16(/)I(x) = g(x) Lip,(f)(x)
for p-almost every x € X and for all f € Lip,(X), where Lip,(f)(x) denotes
the asymptotic Lipschitz constant of f at x, as defined in (2.1).

The smallest function g satisfying (2) will be denoted by |§|. In the case |§| € L?(X), we
shall write § € L?(X).



V. Buffa, G.E. Comi and M. Miranda Jr. 902

We notice that, thanks to the weak locality condition in the definition of derivations,
any § € Der(X) can be extended to Lip,,.(X).

We define the support of a derivation § € Der(X) in the usual distributional sense.
Indeed, we say that § = 0 on a open set V if §(f) = O for any f € Lip, (X) such that
supp(f) C V, and then we set

supp(8) := X'\ U V.
V open,§=0onV

It is possible to define the divergence of a derivation by requiring that the usual integ-
ration by parts formula holds.

Definition 3.2. Given § € Der(X) with § € LllOC (X), we define its divergence as the oper-
ator div(8): Lip,,(X) — R such that

fi —/XS(f)du-

We say that div(6) € L?(X) if this operator admits an integral representation via a unique
L?(X) function & = div(d):

[ srrau == [ nrau.

For all p,q € [1, o], we shall set

Der? (X) := {§ € Der(X); 6§ € L?(X)}, and
Der??(X) := {§ € Der(X); § € L?(X), div(d) € L?(X)}.

When p = oo = ¢, we write Dery, (X) instead of Der®*°(X).
The domain of the divergence is then characterized as

D(div) := {8 € Der(X); [8].div(8) € L. (X)}.

which contains Der?+4 (X) for all p,q € [1, o<].
With these tools available, we may proceed as in [32] to give the definition of BV
functions.

Definition 3.3. Let u € L'(X). We say that u is of bounded variation in X, and we write
u € BV(X)), if there is a linear and continuous map L,,: Dery(X) — M(X) such that

3.1) /XdLu(S) = —/Xudiv(S) du

for all § € Derp(X) and satisfying L, (h8) = hL,(§) for any h € Lip, (X).
We say that a measurable set E has finite perimeter in X if 1 € BV (X).

As observed in [32], the above characterization is well-posed since, if we take any
two maps Ly, L, as in Definition 3.3, the Lipschitz-linearity of derivations ensures that
Ly (8) = Ly (8) for all § € Derp(X). In other words, when u € BV(X) the measure-valued
map L, is uniquely determined and we shall write Du(8) := L, ().
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We combine now the statements of Theorems 7.3.3 and 7.3.4 in [32], which allow us
to recover the usual properties of BV functions, including the representation formula for
the total variation as the supremum of

f udiv(§) du
Q

taken over all derivations § such that supp(§) € Q.

Theorem 3.4 (Theorems 7.3.3 and 7.3.4 in [32]). Assume u € BV(X). There exists a non-
negative, finite Radon measure v € M(X) such that for every Borel set B C X one has

(3.2) deu(S)f/ |8]*dv V6 € Derp(X),
B B

where |8|* denotes the upper-semicontinuous envelope of |3|. The least measure v satisfy-
ing (3.2) will be denoted by || Du|, the total variation of u. Moreover,

1Du||(X) = sup{[Du(8)(X)[: § € Derp(X), |8 = 1}.

Finally, the classical representation formula for || Du|| holds, in the sense that, if @ C X
is any open set, then

(3.3) | Du||(R2) = sup{/gudiv(&) du; & € Derp(X), supp(§) € 2, |§] < 1}.

Remark 3.5. As a consequence of (3.3) and of the Leibniz rule for derivations, we see
that, if E is a set of finite perimeter in X, then

(34 [D1g[[(X\ OE) = 0.

Hence, if £ (dE) = 0, then the measures p and || D1g || are mutually singular. In addition,
we notice that, if £ is a measurable set,

/ 1gdiv(§)du = —/ 1gediv(s) du
Q Q

for any open set 2 and § € Derp(X), supp(d) € Q2. Hence, if we have 1g € BV(X)
or 1gc € BV(X), then the Radon measures | D1g| and |D1gc| are well defined and
coincide.

We recall now an approximation result for BV functions analogous to Proposition 2.12
for Sobolev spaces.

Proposition 3.6. If f € BV(X), then there exists a sequence (f)ken in Lip, (X) such
that fy — f in LY(X) and Lip,(fi ) — || Df || in M(X).

Proof. This result follows by combining Proposition 4.5.6 and Theorem 7.3.7 in [32]. m
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3.2. The approach via vector fields. Proof of the equivalence

Before discussing our equivalent characterization of the BV space, we need to introduce
the notion of Sobolev derivations following the definition given in [36].

Definition 3.7. Let p, g € [1, oo] be two conjugate exponents. A linear map
L:DVP(X) — LY(X) such that

(3.5) IL(f)| = £|Df]

u-almost everywhere for every f € DV?(X) and for some £ € L4(X) will be called
a g-Sobolev derivation. The set of g-Sobolev derivations L: D7 (X) — L1 (X) will be
denoted by S-Der, (X).

Of course, the usual calculus rules hold for this definition as well. It is interesting to
notice that, roughly speaking, the space of g-Sobolev derivations contains the space of
g-summable Lipschitz derivations with divergence in L9 (X) for ¢ > 1. In order to make
this statement rigorous, we start with the following technical lemma.

Lemma 3.8. Let q € (1,00] and p € [1, 00) be conjugate exponents. Any § € Der??(X)
may be uniquely extended to a linear continuous map §: D'P (X) N (L?(X) U L*®(X)) —
LY(X) satisfying

(3.6) / h(f)du = — / £ (hdiv(8) + 8(h)) dpu
X X
forall f € DV?(X) N (L?(X) U L%®(X)), h € Lip,(X), and
(3.7) 8(/)| < £IDf|
w-almost everywhere for every f € DV?(X) N (L?(X) U L*®(X)), where
.| if g € (1,00)
[8llLexy i g = oo.
Proof. Letatfirstg € (1,00) and let § € Der??(X). Then, for any f € Lip,,(X) we have
(3.8) 16(/) = 18] - Lip,(f), with|§] € LY(X), and
3.9) / 5(f)du = —/ div(§) fdu, withdiv(s) € L4(X).
X X

We start by showing that we can extend § to functions in W -?(X) := D17 (X) N L?(X),
where p is the conjugate exponent of ¢, in such a way that (3.7) holds with £ = |§|.
Hence, let f € W17 (X). Thanks to Proposition 2.12, we know that there exists a sequence
(fidken C Lipy(X), such that

Je— f inLP(X) and Lip,(fx) — |Df]| in L?(X).

Hence, thanks to (3.8), it is easy to see that (§( fx))xen is a bounded sequence in L!(X),
so that (§( fx))ken is uniformly bounded in M(X). In addition, this sequence is also
uniformly tight. Indeed, since |§] € L4(X), for all ¢ > 0O there exists a compact set K,

such that ‘
e

81 dn = (=)
/X\Ke Cr
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where
Cr:= sup ILip, (/i) llr x) < oo.

Thanks to (3.8) and Holder’s inequality, we see that

18Cfipl X\ Ke) = /X\K 18Cfi)ldp < /X\K |8] Lip, (/&) dp

7 /g .
< ([ 18an) " iipollco <.
X\ K¢

Therefore, Theorem 2.3 yields the existence of a subsequence (8( fx;)it)jen weakly con-
verging to a Radon measure, which we denote by §¢. By the Leibniz rule (point (1) in
Definition 3.1) and (3.9), the measure &7 acts on i € Lip,(X) in the following way:

fhd(?f: lim /hg(fk.)d/,l,:— lim /,fk.(hdiv(8)+8(h))du
X j—+oo Jx 7 jotoo Jx 7

__ /}; F(hdiv() + 8(h)) dp.

This shows that §7 does not depend on the converging subsequence and is indeed unique.
In particular, for all & € Lip,(X), we have

[ nasy| = i | [ notian] < gimine [ in115iLiniod = [ 181181107 1ap.
X X k—4o00 JX X

k—+o00

from which we deduce that [|§7] < [8||Df | in the sense of Radon measures. There-
fore, 85 is indeed absolutely continuous with respect to jt, and we denote by 8( f)its L1
density. Thus, it is clear that 8( f) is well defined for all f € W7 (X) and it is a con-
tinuous linear operator from WP (X) to L' (X) satisfying (3.6) and (3.7) with £ = |§|. In
addition, we have §(f) = 8(f) for all f € Lip,(X), since, thanks to (3.6), the Leibniz
rule (point (1) in Definition 3.1) and (3.9), for all & € Lip,(X) we have

/ RS(f) dp = — / F(hdiv(s) + 8(h)) d = / hS(f) du.
X X X

Thus, § is the unique extension of § to W7 (X). In the case f € D7 (X) N L*°(X), we
may not have f € LP(X), and so we need to proceed by approximation with Lipschitz
cutoff functions. For some fixed xo € X and all R > 0, we define

d(x, xo)
NR(X) 1= Lpp(xg) () + (2— R ° )hm(xo)\BR(xo)(X)-

It is easy to see that ng € Lip, (X) C D?(X) N L°°(X) and it satisfies

_ 1
nr(x) =1on Br(xo), nr(x)=00nX)\ Byr(xp) and [Dng|= EHBZR(xO)\BR(xo)'
Therefore, we have

(3.10) ID(fnr)|l = nrIDS| + [f]|Dnrl

by the weak Leibniz rule for the minimal p-weak upper gradient, see point (2) of
Remark 2.7. This implies fng € WP (X), so that §( fnr) is well defined for all R > 0.
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1

In addition, we notice that the sequence (S( JNR))r>0 is Cauchy with respect to L, -

convergence: indeed, for any R,r > 0, by (3.7) and (3.10) we have

18/ (g = n)| < 181 (Ink — 0 1DS | + 1 £1(IDng| + D, D))
so that for any bounded set B C X we obtain

/B 5(fnr — me)]di = 0

for all R > r > O such that B C B, (xo). Hence, by considering a covering of X of balls
{Bk(x0)}xen and a gluing argument, we may deduce the existence of a subsequence
(8(fMRr;))jen converging to a function §( f) in L} .(X), a priori depending on the sub-
sequence. In addition, since § satisfies (3.7) on W17 (X), we obtain the estimate

18Cfnr,)| < I8l (nr,|Df|+ | f1IDyR; D),

which easily implies 18(f)| < |8||Df] w-almost everywhere, so that we also deduce that
8(f) € LY(X). In addition, thanks to (3.6), for all & € Lip,(X) we have

Jr8au = tim [ ndCram == tim [ hfo i) + far, 500 dp

S / F(hdiv(8) + 8(h)) dp.
X

This shows that 8(f) does not depend on the subsequence and is unique. In this way, we
extend § to a linear operator from D*-? (X) N L°°(X) into L' (X) satisfying (3.6) and (3.7)
with £ = |§], which we still denote by §, with a little abuse of notation.

We now consider the case ¢ = oo and p = 1, and we start by assuming f €
WH(X) := DV1(X) N L'(X). We notice that € BV(X), with | Df || = | Df | . Thanks
to Proposition 3.6, we know that there exists a sequence (fx)ren C Lip,,(X) such that

fi > fin L'(X) and Lip,(fi)u — [IDf].
Therefore, (3.8) implies

18(fi)] = 181Lip,(fi) =< l18]lLeo(x) Lip, (f&)

p-almost everywhere. Hence, Theorem 2.3 implies that the sequence (Lip, (fx)0)keN is
uniformly bounded and tight, since it is weakly converging, and thus we conclude that the
sequence (8( fx))ken is uniformly bounded and tight, again by Theorem 2.3. Therefore,
we can proceed as we did in the case ¢ € (1, 00) in order to deduce the existence of a Radon
measure 8y € M(X) which is the weak limit of a subsequence (§( fk;))jen- Then, we can
employ the Leibniz rule to show that §; does not depend on the converging subsequence
and that it is unique. In addition, we notice that for all & € Lip,((X), (3.8) implies

‘/ hde’= lim ’/ ha’(fk)du]fnminf/ I418| Lip, (fi) dut
X X k—+o0 Jx

k—-+o00

IA

182y liminf / || Lip, (fi0) djt = 18120ty [ \{|Df | dpe.
k—+o00 Jx X

from which we deduce that ||§| < ||8||zeocx)|Df |t in the sense of Radon measures.
Therefore, 65 is indeed absolutely continuous with respect to u, and we denote by §( f)
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its L' density. Thus, it is clear that § is a linear continuous operator from W ! (X)
to L1(X) satisfying (3.6) and (3.7) with £ = ||§||L(x). In addition, we can show that §
is an extension of §, arguing by approximation and by the Leibniz rule as in the case g €
(1, 00). Finally, we can extend § to a continuous linear operator from D1 (X) N L% (X)
to L'(X) arguing by approximation with cutoff functions as we did in the case ¢ € (1, 00),
with the only difference that now in (3.7) we have £ = ||§||Loo(x)- (]

Remark 3.9. We wish to underline the fact that the approximation argument of
Lemma 3.8 does not work in the case ¢ = 1 and p = oo, since in general it is not pos-
sible to approximate functions in W1:°°(X) with sequences of Lipschitz functions with
bounded support. In addition, unless (X, d, i) is the space R” endowed with the stand-
ard Euclidean distance and Lebesgue measure £”, we cannot prove that each function
in W1 (X) admits a representative in Lip, (X), given that it is enough to choose as X a
suitable subset of R”, for n > 2, to obtain counterexamples (see Section 2.3 in [6]). Hence,
not even a different approximation approach based only on the use of a cutoff sequence
seems to be working, without some other assumptions on (X, d, u).

We proceed now to show, in the case ¢ > 1, the existence of an extension of a derivation
in Der??(X) to the whole Sobolev-Dirichlet class D!-?(X), where p is the conjug-
ate exponent to ¢; in this way proving that each § € Der??(X) admits an extension to
S-Dery (X).

Lemma 3.10. Let g € (1, 00]. Any § € Der??(X) may be extended to a q-Sobolev deriv-
ation § € S-Der, (X) satisfying (3.5) with

3 j 1
3.11) ¢:= 100 74 l.co).

[8llLexy i g = oo.

Proof. Let p € [1, 00) be the conjugate exponent to ¢ and let f € D'?(X). Forallk € N
we set

k if f >k,
Ti(f):=1 f if —k<f<k,
—kif f < —k.

Clearly, T (f) € DP(X) N L*®(X), and, thanks to point (4) of Remark 2.7, we have
|IDTi(f)| =|Df |1 r|<ky p-almost everywhere. Hence, the unique extension § of § given
by Lemma 3.8 can be applied to Ty (), and (3.7) yields

(3.12) 8(Te (f )| < LIDTe(f)] = €IDf |y 1<ky < €IDS I,

where £ is defined as above. Since £|Df| € L'(X), we deduce that the sequence
(Tk (f))Wken is uniformly bounded in M(X). In addition, (3.12) easily implies also
the uniform tightness, since, for all ¢ > 0, there exists a compact set K, such that

/ LIDf|du < &,
X\K¢

so that

/ |S<Tk(f>)|dusf (1Df|dp < 6.
X\K, X\K:
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Therefore, Theorem 2.3 yields the existence of a subsequence (3 (Tk; (f))n)jen weakly
converging to a Radon measure, which we denote by Ef_ Thanks to (3.12), we deduce
that ||3f | < £|Df|u, since, for all h € Cp(X), we have

| [nds| = i | [ w3 an] < timint [ b1 18 1
X Jj—>+oo | Jx J—+oo Jx
< [ meinsiap.
X

Hence, there exists a function 8( f) € L'(X) such that gf =8(f)pand [8(f)| < £|Df].
Thus, we constructed a linear continuous map §: Db P(X) - LY(X) _satisfying (3.5).
Finally, it is clear that, if £ € D7 (X) N L*®(X), then §(Tx(f)) = 8(f) for k large
enough, so that § = § on DbP(X) N L*®(X), and this shows that § is an extension of
the derivation §, since § is the unique extension of § to D17 (X) N L*®(X), thanks to
Lemma 3.8. ]

We wish to stress the fact that the extension § given by Lemma 3.10 is a priori not
unique. However, we will prove that it is indeed unique, thanks to the one-to-one corres-
pondence between the derivations in Der?>?(X) and the fields in D7 (X), which is treated
in the following statements.

Lemma 3.11. Let g € [1, o). Any vector field X € D?(X) induces a unique derivation
8x € Der?4(X) given by §x = X od, and

(3.13) |6x (¢)| < Lip,(¢) | X|

p-almost everywhere for every ¢ € Lip,(X), so that |6x| < |X|. In addition, we have
div(§x) = div(X) and §x € S-Der?(X), satisfying (3.5) with £ = | X|.

Proof. Ttis easy to see that §y defined as above satisfies the Leibniz rule in Definition 3.1,
thanks to Proposition 2.17, and that for all ¢ € Lip,(X) we have dx (¢) = de(X), so that

(3.14) ldp(X)[ < |dg[«|X| = [De[[X| < Lip,(¢) | X|

pn-almost everywhere, since Lip,(¢) is an upper gradient of ¢. This gives point (2) of
Definition 3.1 with g = | X|. Then, it follows that |§x| < |X| € L9(X). In addition, we
notice that §y = X o d can be naturally extended to D !-?(X), thanks to the properties of
the differential (Definition 2.16); and, analogously to (3.14), for all f € DVP(X) we get

16x (/) = df(X)] = [df 1«1 X| = |Df||X]

j-almost everywhere, which clearly implies (3.5) with £ = | X|. Finally, we notice that,
for any ¥ € Lip,(X), we have

/X Ydiv(Sy) du = — /X Sy (W) dpt = — /X dy (X)du = /X Pdiv(X) du.

This means that div(dy) = div(X) € L4(X), thus proving our claim. |
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We show now the converse statement; that is, the fact that every derivation in
Der?-(X) induces a vector field X5 € ©7(X), in the case g > 1.

Lemma 3.12. Let g € (1, 00] and § € Der?4(X). Then there exists a unique vector field
Xs € D9(X) such that § = Xg o d. In addition, we have

(3.15) 1X5] < 131 if ¢ € (1,00),
T 18llzexy if g =00

and div(Xg) = div(s).

Proof. Thanks to Lemma 3.10, we may extend § to a g-Sobolev derivation § € S-Der, (X),
a priori not unique. By the theory of L?-normed modules, see [36] and Appendix A,

LY(TX) = HoM(L?(T*X), L1 (X)),

where 1/p + 1/g = 1. As a consequence, using Theorem 5.5.4 in [18] and the fact that
§es- -Der,(X), we deduce that there exists X5 € L7(TX) such that 5= X7z od, which

means that 6(p) = de(Xy5) for all ¢ € Llpbs(X), since § = § on Llpbs(X). Moreover,
Lemma 3.10 implies that, for all f € D%?(X),
ldf (X5)| = 18(/)] < £|Df| = L]df |«
p-almost everywhere, where € is defined as in (3.11). Hence, by Remark A.5 and
Lemma 2.18, u-almost everywhere we have
| X5] := ess-sup{|L(Xy)| : L =df for [ € DVP(X), |L|x < 1}
= ess-sup{|df(Xp)|: £ € DVP(X), [df |« <1} <,

which implies (3.15), thanks to (3.11). _

We notice that X5 depends a priori on the choice of the extension & of § to D7 (X).

However, this dependence is actually illusory. Indeed, assume that there exist two such
extensions 81 , 82 Then, there exists two fields X 5 , X5 5 € L4(TX) such that §; = X5 5, © d

fori = 1,2. However, these extensions 81, 85 coincide with the unique extension §ofdto
WP (X) given by Lemma 3.8, so that, for all ¥ € W1?(X), we have

df(X5,) =81(f) = 8(f) = 62(f) = df (X3,).

which clearly implies d f (X5 — X5,) = Oforall f € WP (X). Thus, we conclude that it
must be X3 = Xj , by the linearity of the pairing and thanks to Lemma 2.18. This proves
the uniqueness of the vector field, which we shall denote simply by Xs. We conclude the
proof by showing that div(Xs) = div(§). Let ¥ € Lip,,(X) and notice that

/X Ydiv(Xs) dp = — /X dy (Xs) dp = — /X 5() dut = /X Vdiv(s) dp.

Since v is arbitrary, we conclude that L9(X) > div(§) = div(Xs), which means that
X5 € D1(X). L]

3Notice that Theorem 5.5.4 in [18] is a generalization to any exponent ¢ € (1, 0] of Theorem 2.3.3 in [36],
which was proved only for the case ¢ = 2.
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Corollary 3.13. Let g € (1, o0]. Any § € Der??(X) may be uniquely extended to a q-
Sobolev derivation § € S-Der, (X) satisfying (3.5) with

.| if g € (1,00)

8lleexy i g = oo.
Proof. Lemma 3.10 provides the existence of such extension. The uniqueness follows by
exploiting Lemma 3.12: indeed, we can associate to § a unique vector Xg € D%(X) such
that § = X o d. This means that § can be naturally extended to D7 (X), where p is the
conjugate exponent to ¢, by setting §( ) := df(Xs) for all f € D' (X), which is well
posed, since df € L?(T*X) and X5 € L9(TX). In order to show that this extension is
indeed unique, let Tx (/) be the truncation of f defined as in the proof of Lemma 3.10
and let § be the unique extension of § to D'?(X) N L*°(X). Since § is unique, it must
coincide with X5 o d on D?(X) N L% (X). Thanks to point 3 of Proposition 2.17, we
have

dTi (f) = 1y 51<ky df.
so that _
(T (f) = dTi (f)(Xs) = 1y r)<ky df (Xs).

Thanks to the estimates on | X;| given in Lemma 3.12, we clearly have d f(Xs) € L' (X).
Therefore, Lebesgue’s dominated convergence theorem implies that

8(Te(f)) — df (Xs) inL'(X)ask — +oo,

which means that § := X; o d is the unique extension of § to D7 (X). Finally, the estim-
ates on £ follow immediately from those on | Xg| given in Lemma 3.12. L]

All in all, we have just proved the following result.

Theorem 3.14. Let (X, d, 1) be a complete and separable metric measure space endowed
with a non-negative Radon measure |1 which is finite on bounded sets and let q € (1, 00].
Then, any vector field X € D4(X) induces a unique derivation §x € Der??(X) satisfying
8x = X od, |6x| < |X| and div(6x) = div(X). Vice versa, any derivation § € Der?? (X)
induces a unique vector field Xs € D4(X) satisfying§ = Xsod,

6] if g € (1,00),

| Xs] < :

18llLexy i g = oo.

and div(Xs) = div($).

In conclusion, Lemma 3.11, Lemma 3.12 and Theorem 3.14 entitle us to characterize
the space of BV functions in the following alternative way.

Definition 3.15. Let u € L'(X). We say that u € BV g (X) if there exists a continuous
linear map L,,: D*°(X) — M(X) such that

(3.16) / dL,(X) = — / udiv(X) du
X X

for all vector fields X € D°(X).
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In the same fashion as for Definition 3.3, we observe that also the above charac-
terization is well-posed, in the sense that, when u € BV (X), the map L, is uniquely
determined. Therefore, we shall write, with no ambiguity, Du(X) instead of L, (X).

It is worth noticing that, if ¢ = oo —which is the case of interest for BV functions —,
Theorem 3.14 obviously gives a bijection between Derj (X) and D°°(X). This fact has an
immediate yet notable consequence.

Theorem 3.16. We have the equivalence
(3.17) BV(X) = BV (X).

In particular, if § € Derp(X) and X € D°°(X) are associated by the bijection given by
Theorem 3.14, then the signed measures Du(8) and Du(X) coincide, and the same is true
for their respective total variations.

Proof. Givenu € L'(X), for all X € ©*°(X) we have

/udiv(X)du:/udiv(SX)d/L,
X X

where §y € Dery(X) is the unique derivation associated to X given by Lemma 3.11. On
the other hand, for all § € Dery, (X) we have

/ udiv(é) du =/ u div(Xs) du,
X X

where X5 € ©°°(X) is the unique vector field associated to § given by Lemma 3.12.
Therefore, a straightforward application of Theorem 3.14 —with § and X associated by
the bijection — allows us to conclude. ]

The above result motivates the following definition.

Definition 3.17. Let V°°(X) denote any of the spaces Dery, (X) or D*°(X). If u € BV(X),
we say that the measure-valued map Du: V°(X) — M(X) satisfying (3.1) or (3.16)
respectively, is the gradient of u.

We observe that this notation is chosen in order to emphasize the fact that the meas-
ure Du(X) —or, Du(§)— can be seen as a pairing between the vector field X —or, the
derivation § — coherently with the definition of pairing measure given in Section 5.

Remark 3.18. We explicitly point out that by virtue of Theorem 3.16 and Theorem 7.3.7
in [32], BV (X) is also equivalent to the “relaxed” BV space treated in [45].

Moreover, Theorem 3.4 continues to hold also for the definition via vector fields, so
that for any open set 2 C X we have an analogous representation formula for the total
variation, given by

| Dull() = Sup{[ udiv(X)du: X € D®(X), supp(X) € @, |X| < 1},
X
which is obviously lower semicontinuous with respect to the L!-convergence. Clearly, the

observations in Remark 3.5 apply also to Definition 3.15 as well.

In the following sections we shall always consider BV functions in the sense of Defin-
ition 3.15, to be coherent with our choice of using the differential machinery of [36].
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4. Divergence-measure fields and Gauss—Green formulas on regular
domains

In this section we introduce the main object of our discussion, namely the essentially
bounded divergence-measure vector fields DM (X), in terms of which we shall under-
take the task of obtaining integration by parts formulas featuring their (interior and
exterior) normal traces. We start with the main definitions and properties in a general
metric measure space (X, d, i) satisfying no specific structural assumptions. Then, we
consider a particular class of integration domains on which we achieve integration by
part formulas; to this purpose, however, as the Riesz representation theorem will be often
needed to achieve our claims, we shall require in addition the space X to be locally
compact.

As we already mentioned in the introduction, this part is based on [18], where the issue
was attacked in a geodesic space, and which in turn started from the analysis made by the
authors of [42] in the context of a doubling metric measure space supporting a Poincaré
inequality and equipped with the Cheeger differential structure (introduced in [20]).

Let (X, d, i) be a complete and separable metric measure space equipped with a non-
negative Radon measure pu, finite on bounded sets. Recall that the differential operator
satisfies the Leibniz rule, namely

4.1 d(fg) = fdg + gdf.
for any f, g € Lip(X).

Definition 4.1. We say that X € L?(TX), 1 < p < oo, is a p-summable divergence-
measure field, and we write X € DMP (X), if its distributional divergence, which we
continue to denote as div(X), is a finite Radon measure; that is, div(X) is a measure
satisfying

4.2) —/ngdiv(X) =/§;dg(X)d/L

for every g € Lipy(X). If p = oo, we say that X € DM (X) is an essentially bounded
divergence-measure field.

In the following, we shall be concerned mostly with the case p = oo.

We prove now a simple version of a Leibniz rule for fields X € D M? (X) and bounded
Lipschitz scalar functions f with df € L9(T*X), where p, g € [1, co] are conjugate
exponents. This condition is equivalent to ask that the minimal weak upper gradient | Df |
belongs to L4 (X). To this purpose, we notice that for any g € Lip,((X) and X € L?(TX),
the L°°-linearity of the differential ensures that

(4.3) dg(fX) = fdg(X)
for every f € Lip,(X).

Lemma 4.2. Let p,q € [1, 00] be such that 1/p + 1/q = 1. Let X € DMP (X) and
f € Lipy(X) withdf € LI(T*X). Then, fX € DMP(X) and

(4.4) div(fX) = fdiv(X) + df(X)p.
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Proof. ltis clear that fX € L?(TX). Let g € Lip,,(X). By applying (4.1)—(4.3), we get
[ aetrran = [ raetran = [ atroc0an - [ garcnan
X X X X
— [ seasiveo - [ garcoan
X X

Hence, div(fX) € M(X) and (4.4) holds. |

We show now a result on the absolute continuity of the measure ||div(X)|| with respect
to the g-capacity, which extends analogous properties of the divergence-measure fields in
the Euclidean framework (for which we refer to [26,46]). To this aim, let us first recall the
notion of g-capacity of any set A C X.

Definition 4.3. Let Q2 C X be an open set and let A C Q2. We define the relative q-capac-
ity, 1 < g < o0, of Ain 2 as the (possibly infinite) quantity

(4.5) Cap,(4,Q):= inf{||u|| ue WH(X)suchthat 0 <u < yg andu|g = 1}.

q .
Wl'q(X)’
If Q@ =X, we set Cap, (A) := Cap, (4, X).

Remark 4.4. We notice that, thanks to the density of Lipschitz functions inside Sobolev
spaces (Theorem 7.3 in [11]), the infimum in (4.5) may be taken over Lipschitz functions
in WH4(X).

We prove now a technical lemma on compact sets with zero g-capacity (an analogous
result in the Euclidean setting has been proved in Lemma 2.8 of [26]).

Lemma 4.5. Let g € [1, 00) and let K C X be a compact set such that Cap,(K) = 0.
Then there exists a sequence of functions ¢y € Lip,(X) such that

M O0=¢ =1,

(2) gx = 1 on K for any k,

3) ||§0k||W1,q(X) —0ask — +oo,

4) @r — 0 pointwise in X \ K.

Proof. We start by noticing that Cap, (K, ) = 0 for any open set 2 D K. Indeed, if
K C € and we choose 1 € Lip,,,(Q2) satisfying n = 1 on K, then, for any u € W9 (X)
such that 0 <u < 1 and u|g = 1, we have

Cap, (K. Q) < /X (mel? + 1Dl dpt < Cpg /X (ul? + | Dul?) dp.

for some Cy 4 > 0. Hence, since u was arbitrary, we conclude that Capq (K, ) =0.
Actually, this argument, combined with Remark 4.4, shows also that the infimum may be
taken on Lip,,(€2). Let now Q2 be a sequence of bounded open sets satisfying Q2 D K
and (7=, Q¢ = K. Let also & a non-negative vanishing sequence. Then, by the above
argument, for any k there exists ¢ € Lipy (%) N WH4(X) such that 0 < ¢ < 1, ¢ = 1
on K and [\@x |w1.ax) < €. This ends the proof. |
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The following result extends Proposition 7.1.8 in [18] to any pair of conjugate expo-
nents p, g and uses the same arguments based on the Hahn decomposition as in Lemma 3.6
of [42], and in Theorem 2.15 of [26] for the Euclidean case.

Proposition4.6. Let1 < p <ocoand 1 <q <oobesuchthat1/p+1/q=1,andlet X €
DMP(X). Then, for any Borel set B such that Cap,(B) = 0, we have ||div(X)[|(B) = 0.

Proof. Let B be a Borel set such that Cap,(B) = 0. Since div(X) is a signed Radon
measure, we are entitled to consider its positive and negative parts, namely div(X)™ and
div(X)~ respectively. By the Hahn decomposition theorem, there exist disjoint Borel sets
By C B with B4y U B_ = B such that +div(X)L B+ > 0. Hence, we need to prove that
div(X)(B+) = 0, and, in order to do so, it suffices to show that div(X)(K) = 0 for any
compact subset K of By, thanks to the interior regularity of ||div(X)]|.

Without loss of generality, let K C B, since the calculations in the case K C B_ are
the same. Since Cap, (K) = 0, by Lemma 4.5 there exists a sequence (¢ )gen C Lipps(X)
suchthat0 < ¢ <1, =lon K, ||gok||W1,q(X) — 0ask — 400, and ¢ — 0 pointwise
in X \ K. Then, it follows that

| [ oaaivoo] = | [ dpexrau]
X X
(4.6) < 1DeklllLacxy X Lrxy < Nlekllwracy X HMLrexy — 0

as k — +00. On the other hand, since 0 < ¢ <1 forany k € N and ||div(X)](X) < oo,
thanks to the Lebesgue dominated convergence theorem, we get

div(X)(K) = kEToo/X(pk ddiv(X),

which, combined with (4.6), implies div(X)(K) = 0. [

We give now a definition of regularity on domains that will allow us to establish
some integration by parts formula. As a starting point we recall the notion of upper inner
Minkowski content of a set: if we set

Q; = {x € Q; dist(x, 2°) > ¢}, fort >0,

then we define
M () := lim sup

mQ\ Q)
t—>0 !
Definition 4.7. An open set Q2 C X is said to be a regular domain if it has finite perimeter

in X, namely 1o € BV(X), and if
DI (X) = MF(0Q).

In the following, we shall make use of the coarea formula for Lipschitz functions.
We recall that this result was proved for BV functions on doubling metric measure spaces
supporting a Poincaré inequality in Proposition 4.2 of [45]; however, the same property
holds as well for Lipschitz functions also in our more general setting by the remarks at the
beginning of Section 4 in [4].
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Proposition 4.8. Let f € Lip, (), let @ C X be an open set, and denote
E,:={xeQ; f(x)>1t}, teR.

Then, for any open set A C 2 one has

+o00
@) | iptgicod = 1pf .
—0o0
Remark 4.9 (Examples of regular domains). As anticipated in the introduction, the class
of regular domains was introduced in [18] as a generalization of the so-called regular
balls previously considered in [42]. In the latter work, the authors considered a doubling,
geodesic metric measure space supporting a Poincaré inequality: in such setting it is actu-
ally possible to see that almost every ball is a regular domain, in the sense that for any
xo € X and for £'-almost every p > 0, Q = B,(x) is a regular domain. Let us briefly
discuss this claim*.
We recall that, under the geodesicity assumption, by the results of [20] we have that
the distance function
dyy(x) :=d(x,x0) VxoeX

(which is obviously a Lipschitz function) is such that its minimal weak upper gradient
satisfies

(4.8) |Ddx,|(x) =1

for p-almost every x € X. Thus, to see that & = B,(x) is a regular domain for almost
every p > 0, we can invoke the coarea formula (4.7) together with the condition (4.8) to
find

1(Bp(x0)\By-n(x0) _ 1 /
h h JB,(xo)\ By (x0)

1 [P
Dy @Idpe) = [ 101l GO

So, the claim follows by considering the Lebesgue points of the map ¢ > || D1, (x,) [|(X).

Definition 4.10. Given a regular domain €2, for ¢ > 0 we set

0, x € Q°,
(4.9) @S (x) == 1 dist(x, Q) /e, x € Q\Q.
1, x € Q.

We call (<p§2)8>0 the defining sequence of the regular domain 2. In the following, we shall
simply write ¢, when the relation to €2 is unambiguous.

4 Actually, it is not strictly necessary to ask that (X, d, i) is also geodesic. Indeed, by the doubling condition
and the Poincaré inequality, as shown in Chapter 8 of [39], the metric space turns out to be quasiconvex, and this
fact allows for (X, d, i) to be made geodesic by a suitable bi-Lipschitz transformation of the metric, meaning
that we can choose a geodesic metric which is bi-Lipschitz equivalent to the original one (and which preserves
the doubling property of the measure 1). So, in choosing dx, (x) we may definitely work with such a geodesic
bi-Lipschitz metric change in order to exploit (4.8).
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Of course, (¢¢)e>0 C Lip, (X) by construction.

As we shall prove in the following statement, thanks to the properties of regular
domains, the measures | D¢, | converge weakly to || D1g||. To this aim, as we already
pointed out, we shall need to assume the space X to be locally compact, in order to exploit
useful consequences of the Riesz representation theorem.

Proposition 4.11. Let X be locally compact, let Q2 C X be a regular domain and let
(¢e)e>0 De its defining sequence. Set

_ M(R)\ Q) NE)

He(E) := e
for any Borel set E. Then, we have
(4.10) pe = | Dlall and
(4.11) |Dge|p — [[Dlgl.

Proof. Thanks to Proposition 1.80 in [6], it is sufficient to prove that, for any open set
A C X, we have

(412 limue(X) = [Dlal(X) and liminfp.(4) = | Dlall(4).
E—> &—>
and
(4.13) lim/ |[Dge|du = | D1g]|(X) and liminf/ |Dge| du > || D1g]|(A).
e—>0 Jx e—~>0 Jy
Since €2 is a regular domain, we have

lim sup e (X) = || D1g|[(X).
e—>0

Then, by exploiting the coarea formula (4.7), the fact that the function g(x) = dist(x, Q¢)
is Lipschitz with | Dg(x)| < 1, and Q, = {g > ¢}, we obtain

Q\Q)NA 1 1
w(Q\ Q) ):_/ dMZ_/ |Dg|du
€ & J(Q\Q,)NA4 € J(@\Q)n4
1
= g/l;||D]1{g>s}||((S2\SZ,;) N A)ds

] & 1
. / | Dlg, [[(A)ds = / | Dlg..[|(4)ds.
€ Jo 0

Hence, by Fatou’s lemma and the lower semicontinuity of the perimeter measure (see
Remark 3.18), using the fact that Q.5 converges to Q2 in measure for any s € [0, 1], we get

Q\Q.) N 4 !
liminf KRR OA) g / ID1g,, [[(A) ds
g—>0 £ g—>0 0

1
> / liminf || D1g,||(A) ds > | D1g|l(A).
0 e—0
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for any open set A C X. Then, if A = X, we get

liminf 11¢(X) = | D1 (X).
£—>

and this proves (4.12), which implies (4.10). We notice now that

D Q\Q
/|D(p€|dM=/ Dsly, < HE\S2),
X Q\Q,

e €
Hence, we immediately get

. . Q\Q
(@.14) imsup | |Dgelap < i “E02 —p1g) o).
e—

Then, arguing with the coarea formula as above, for any open set A we obtain

|Dg]| !
[ pedan= | au= [ 1D1a,I() 85
A (Q\Q2:)NA & 0

Thus, Fatou’s lemma, the fact that 2., converges to €2 in measure and the lower semicon-
tinuity of the perimeter measure imply that

nminf/ Deeldp = | D1gl|(4).
e—0 A

This proves the second part of (4.13), while we obtain the first by taking A = X and
employing (4.14). Thus, (4.11) follows and this ends the proof. [

Remark 4.12. An interesting byproduct of the proof of Proposition 4.11 is that, if Q2 is a
regular domain, the measures v, := fol | D1g,, ||ds weakly converge to || D1g||. We leave
the details to the interested reader.

We are now able to prove an integration by parts formula for regular domains and
vector fields in DM (X), following in part the footsteps of the proof already given in
Theorem 5.7 of [42]; this result can be actually seen as an improvement of Theorem 7.1.7
in [18].

Theorem 4.13. Let X be locally compact, let X € DM (X), and let @ C X be a regular
domain. Then there exists a function (X - vq)yq € L*(0R, || Dlg|) such that

@is) [ raieo+ [ arena==[ g dipial,

for every f € Lipy(X) such that supp( f 1) is a bounded set. In addition, we have the
following estimate:

(4.16) (X -vae)salli=@a.1p1gl < 1 XllLe@)-

As it is done in the literature on weak integration by parts formulas, for instance in
the Euclidean space, we shall call the function (X - vq)j, the interior normal trace of X
on 0€2.
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Proof. Let (¢¢),~¢ be the defining sequence of Q2 as in (4.9). It is clear that fo, €
Lip,,,(X), so that, by (4.4), we have

/ Fdgo(X)dp = / d(fe)(X) dpi— / 0e df(X) dpt
X X X
—— [ pesagiven ~ [ gearoa
X X

Since ¢, converges to 1 everywhere and supp( f¢,) C supp(f1g) is a bounded set, the
Lebesgue dominated convergence theorem entails the existence of

4.17) lim/ fde.(X)du = —/ f ddiv(X) —/ df(X)du.
e=>0 Jx Q Q
Let us now define the map
e 13 &
Tx(f) = lim T3 (/).
for any f € Lip,(X), where
() = [ Fdn () dn.
It is clear that we have the estimate
11 = WX =@ [ 111Dl di.
Hence, by (4.11), we deduce
4.18)  |Tx (NI = X |llLe(e) /39 |f1dlDlgll < 1X L@ | f 1 cx, 1D 1gl) -

We notice that, since Lipy,(X) is dense in Cps(X) and Cps(X) is dense in L1 (X, | D1g]),
Ty may be extended to a continuous linear functional in the dual of L'(X, ||D1g])).
Therefore, by the Riesz representation theorem and the fact that | Dlg|[(X \ 922) = 0
(see Remark 3.5), there exists a function (X - v);,, € L>(0RQ, | D1g]||) such that

4.19) Tx(f) = fa _S(X v dI Dlall

for any f € Lipy(X). Since

Ty (f) = - /Q £ ddiv(X) — /Q 4f(X) dp.

by (4.17), we immediately obtain (4.15) for any f € Lip,,(X). Let us now consider f €
Lip, (X) such that supp(f1lg) is bounded. It is easy to notice that, for any cutoff n €
Lip,,(X) such that n = 1 on supp( f 1g), we have

[ £ ddiv(X)+ / df(X)du = [ 0 f ddiv(X) + / a1 £)(X) = ~Tx (1 f)
Q Q Q Q

=—/ nf(x-vmggdnmszn:—/ F(X -va)q I Dlal.
kI9] k19

Hence, we get (4.15) in this general case. Finally, the estimate (4.16) follows easily
by (4.18) and (4.19). |
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Thanks to this result, we immediately obtain a Gauss—Green formula for regular
domains.

Corollary 4.14. Let X be locally compact, let X € DM (X), and let 2 C X be a
bounded regular domain. Then we have

(4.20) div(X)(R2) = _/BQ (X -v)5q d|Dlg].

Proof. Take f = 1 in Theorem 4.13. |

We prove now an integration by parts formula on the closure of a given open set €2,
under the assumption that Q€ is a regular domain.

Theorem 4.15. Let X be locally compact, let X € DM®(X) and let Q@ C X be an
open set such that Q€ is a regular domain. Then there exists a function (X - vg);'g €
LR, || D1g||) such that

@ [ a0+ [ arona==[ e dipigl,

for every f e Lipy(X) such that supp( f 1) is a bounded set. In addition, we have the
following estimate:

(4.22) (X - ve)iqlLe@e.ipigh < 11X [llLeoge-

If Q is also bounded, then we have
(4.23) div(X)(Q) = —/m(x 1) 7g I D1g].

Analogously as before, we shall call the function (X - vg);'g the exterior normal trace
of X on dQ2.

Proof. Let ny € Lip,(X) be a cutoff function such that 7 = 1 on supp(f 1g). Then, n f €
Lip,,(X), and so (4.2) implies

/ n f ddiv(X) +/ d(n f)(X)du = 0.
X X
By (4.15), we have
0= [ wfaaveO + [ a0+ [ s daveo + [ a0 du
- ﬁ 0 f ddiv(X) + /, 407 £)(X) dpt — / 1f (X -vg)ia dIDig|
Q Q Q
- /, £ ddiv(X) + /, 4 (X) dy - [ £ (X vge)a I Dlg].
Q Q I

Thus, if we set (X - UQ);Q = —(X - vgc)yg. we get (4.21) and (4.22), by Theorem 4.13.
Finally, if Q is bounded, we can take f =1 and obtain (4.23). [



V. Buffa, G.E. Comi and M. Miranda Jr. 920

Remark 4.16. It is not difficult to see that one can argue in an analogous way as in the
proof of Theorem 4.15 to achieve an integration by parts formula on any closed set C
such that u(C) > 0 and C¢ is a regular domain. The condition ©(C) > 0 is necessary so
that 1¢ is not identically zero, as a BV function. Under this and the previous assumptions,
we obtain the existence of (X - vc)gc € L*®°(dC, || D1c||) such that

[ rasivoo+ [arode==[ 7 xvericapicl.

for every f € Lip,(X) such that supp(f1c) is a bounded set. In addition, we have the
following estimate:

I(X -ve)gellze@cipich < 11X lLecce)-

If then C is also bounded, we obtain
div(X)(C) = — fa _(X-ve)ic dIDicl.

We consider now a particular subfamily of regular domains, in order to obtain both
integration by parts formulas, from the interior and the exterior, with the same perimeter
measure.

Corollary 4.17. Let X be locally compact, let X € DOM>®(X), and let @ C X be a
regular domain such that Q€ is a regular domain and p(0Q2) = 0. Then (X - VQ);Q €
L>® (02, ||D1g||), and we have (4.15),

@) [ raaveo+ [arona==[ £ veipapial
and
(4.25) /BQ fddiv(X) = —/m F (X -va)jq — (X -va)s0)dI Dlgll.

for every f € Lipy(X) such that supp(f 1q) is a bounded set. If Q is also bounded, then
we have

(4.26) div(X)(92) = _/asz((X -va)jq — (X -ve)yg) d| Dlg].

Proof. Since ;1(02) = 0, then || Dlg|| = || D1g]||. Therefore, it is enough to apply The-
orems 4.13 and 4.15. Then, by setting f = 1 in the case 2 is bounded, we immediately
get (4.26). [

Remark 4.18. Under the assumptions of Corollary 4.17 and arguing as in the proof of
Theorem 4.15, we obtain the following relations:

(X -vge)ag = —(X -va)jy and (X -vgo)jg = —(X -va)yg.

We conclude this section with a refined result in the special case in which the measure
div(X) is absolutely continuous with respect to w, which includes the case X € D°(X).
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Corollary 4.19. Let X be locally compact, let X € DM™(X) be such that ||div(X)| <
W, and let @ C X be a regular domain such that Q€ is a regular domain and u(02) = 0.
Then we have

(4.27) (X ve)jg = (X -va)ig. [Dlgl-ae. indQ.

Thus, there exists a unique normal trace, which we denote by (X - vq)aq, satisfying
(4.28) (X -ve)sellLe@a,ip1gl < X |llLew) and

@) [ raave0+ [ af0du==[ X vanadipial

forevery f € Lip, (X) such that supp( f1q) is a bounded set. If Q2 is also bounded, then
we have

(4.30) div(X)(2) = _/(‘;Q(X “va)aq d|D1gll.

Proof. By the absolute continuity property of div(X), we have ||div(X)|(d2) = 0, so
that (4.25) reduces to

/3 S (X v = (X va)ig) dIDIal =0,

for any f € Lip,(X) such that supp(lgq f) is bounded. Hence, we obtain (4.27), and so
we are allowed to set (X - vg)yq = (X - va);q- Finally, (4.28), (4.29) and (4.30) follow
immediately from (4.16), (4.15) and (4.20). [

5. Leibniz rules

In this section (X, d, u) will be assumed to be a locally compact RCD(K, co) metric
measure space. It is important to notice that such assumption is not too restrictive: indeed,
there is a variety of results holding in locally compact (or even compact) RCD(K, c0)
spaces (see for instance Remark 3.5 in [37]). In addition, there are examples of locally
compact RCD(K, co) spaces which cannot be RCD(K, N) for any finite N : as an example,
we may consider (R”,d, y), where d is the usual Euclidean distance, and y is the Gaussian
measure ¢~ KIx*/2n,

We observe that by (2.13), the reference measure w is automatically finite on bounded
sets. Recall also the definition of heat flow h; along with its properties given above in
Section 2.3.

In order to obtain a generalization of Lemma 4.2 to scalar functions of bounded vari-
ation, we need two preliminary technical results concerning the regularizing properties of
the heat flow.

Lemma 5.1. Let f € L*®°(X) N BV(X). Then, we have h; f € Lip,(X) and |Dh; f| €
LY(X) for all t > 0. In addition, we get |Dh; f|u — || Df || ast — 0% and

5.1) /XgowhtﬂduSe*Kf/Xhtwanfn



V. Buffa, G.E. Comi and M. Miranda Jr. 922

for all t > 0 and non-negative ¢ € Cp(X). If supp(p) = X, then (5.1) holds also for any
non-negative ¢ € L*(X).

Proof. Since f € L'(X) N L*°(X), itis clear that f € L2(X), so thath;, f is well defined.
The L°°-estimate on h, f comes from (2.8). As a consequence, (2.14) together with The-
orem 6.2 in [9] imply h; f* € Lip, (X).

By (2.10) and the semigroup property, for any s,¢ > 0 we have |Dhyysf]| <
e X'h,(|Dhy f]). Hence, for any non-negative ¢ € Cp,(X), we get

5.2) /X ¢ Dhers fldu < K /X ohy | Dhy f]du = K /X (heg)| Dh, f] du.

where we explicitly used the self-adjointness of the heat flow.
By Proposition 5.2 in [43], if f € BV(X) then

/XIDhstdM—> 1Df11(X)

as s — 0. Moreover, the lower semicontinuity of the total variation yields

liminf/ |Dhg f|du > | Df||(A)
s—0 A

for any open set A C X. Now, Proposition 1.80 in [6] entails the convergence | Dhy f|u —
|Df|l as s — 0. Therefore, we can pass to the limit as s — 0 in the inequality (5.2) to
get (5.1) for any non-negative ¢ € Cp(X).

Now, we can take the supremum over ¢ € Cp(X), 0 < ¢ < 1, to get

IDh: fllzixy < e X I DFIIX),

which in turn gives | Dh, f| € L'(X). Finally, in the case supp(u1) = X, let us consider a
non-negative ¢ € L (X): for any ¢ > 0, we have h,¢ € C;(X), by the L°°-contractivity
property, and so we get

/X he| Dh, f]dp < K /X heseg | DS |

for any t > 0. Hence, by taking the limit as ¢ — 0, we get (5.1). ]

We notice that, in the case ¢ = 1, (5.1) was already proved in Proposition 1.6.3 of [13]
under the more general assumption that f is only a function of bounded variation.

Lemma 5.2. Ler X € L®(TX) and f € L>°(X) N BV(X). Then the family of measures
(d(h: /)(X) )0 satisfies

5.3) /X jd(h, /)1 dit < [1X [l X 1D 1X),

and any of its weak limit point D f(X) € M(X) satisfies

(5.4) DX = X[l DS
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Proof. By (5.1), for any ¢ € Cp(X) and t > 0, we get

| ot )00 au| = 1X im0 [ tol1Dhe 10
< e llzmco 11X llzwgoe™ | DF IR,

which implies (5.3), by passing to the supremum on ¢ € Cp(X) with |¢|lLox) < 1.
This means that the family of measures d(h, f)(X)u is uniformly bounded in M(X).
In addition, this family of measures is uniformly tight: indeed, arguing as above we can

see that [|d(h; f)(X)ull < [[1X[lzeox) | (DR £, and the family ([|(Dhy f)alD)i>o is
uniformly tight by Theorem 2.3, since |(Dh; f)|u — ||[Df || ast — 0T, by Lemma 5.1.
Hence, by Theorem 2.3 we conclude that there exists a measure Df(X) and a positive
vanishing sequence (Z;)jenN such that

dhy;, f(X)p — Df(X)  in M(X).

In order to prove (5.4), we choose a non-negative ¢ € Cp(X) and we employ (5.1) once
more to get

| [ wapron|= tim | [ gt 700 du| < timint [ pjac, /)30)1ap
X J—ool Jx Jj—oo Jx
< timinfe™ || X| o [ 1 @)dIDS | = 1K Ilwco) [ oalDr]. m

Theorem 5.3. Let X € DM™®(X) and f € L®°(X) NBV(X). Then fX € DM®(X).
In addition, there exists a non-negative sequence (tj)jeN with t; ~\ 0 such that

hy f > Fin (X, [div(X)]),

(5.5) dhy, f(X)p — Df(X) in M(X),
and it holds
(5.6) div(fX) = fdiv(X) + Df(X),

where the measure D f(X) satisfies (5.4). In addition, if we assume ||div(X)|| < W, then
we have

(5.7) F(x)= f(x) for|div(X)|-a.e x €X,
and there exists a unique D f(X) € M(X) satisfying

dh; f(X)u — Df(X) ast \(0in M(X)
and (5.4). In this case, it holds

(5.8) div(fX) = fdiv(X) + Df(X).
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Proof. We notice again that, since f € L1(X) N L*®(X), itis clear that € L?(X). Then,
we start by approximating f viah, /. Thanks to Lemma 5.1, we know that h; f € Lip, (X)
and |Dh; f| € L'(X), so that we can employ (4.4) to obtain

- [ st yx)de = [ gadivi )
X X
(5.9) - /X (he f)g ddiv(X) + /X gd(h, £)(X) dps
for any g € Lip,,(X). By the L2-convergence h, f — f ast N\, 0 and by (4.3), we get
/ dg(hy £)X) dyt = / (h, f) dg(X) dpt — / £ dg(X)dp = / dg(fX)dp.
X X X X

Using (2.8), we have |h; f(x)| < || f|Le(x) for any x € X. In particular, (h; f)s>0 is
uniformly bounded in L*°(X, ||div(X)]|). Hence, there exist f € L*°(X, ||div(X)|]) and
a positive sequence #; “\ 0 such that hy; f A fin L*®(X, ||div(X)])). This yields

/ (h,, f) g ddiv(X) — / £ g ddiv(X)
X X

as j — oo. Finally, Lemma 5.2 implies that there exists a finite Radon measure D f(X)
satisfying (5.4) and such that, up to extracting a further subsequence,

/ g d(hy, £)(X) dp — / ¢dDf(X).
X X

All in all, we obtain Xf € DM (X) and (5.6). Finally, in the case ||div(X)| <« u, we
immediately get

/ gh; fddiv(X) — / g fddiv(X) forall g € Lip,(X),
X X

thanks to the L2-convergence h; f — f ast \ 0. This proves (5.7). Then, (5.9) implies
that, for any sequence (z;);en for which (5.5) holds, we get

[ gapreo = tim [ gt 1100 a0

= tim [ by £)gdivC0) + [ de(lhy /)X du

Jj—>+oo Jx

~ lim /X (he ) g ddiv(X) + /X dg((h, £)X) du

= / gfddiv(X) + / dg(fX)du = / gfddiv(X) —/ gddiv(fX).
X X X X
This immediately implies that D f(X) is unique and (5.8) holds. In addition, we get

dhy F(X)1e = div(h(f)X) —he £div(X) — div(fX) — fdiv(X) = Df(X) ast \ 0,

and this ends the proof. ]
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6. Gauss—Green formulas on sets of finite perimeter in RCD(K, oo)
spaces

From this point onwards, we shall assume (X, d, () to be a locally compact RCD(K, co)
space, unless otherwise stated.

In this section we formally introduce the notion of interior and exterior distributional
normal traces on the boundary of sets of finite perimeter (which may be in general different
from those defined in Theorems 4.13 and 4.15) for a divergence-measure field, in order
to achieve the Gauss—Green and integration by parts formulas. Following the Euclidean
approach (see for instance Theorem 3.2 in [26]), we define these distributional normal
traces as the densities of suitable pairings involving the given field and the characteristic
function of the set with respect to the perimeter measure of the set itself. Even though
in the general case these traces are not uniquely determined, since we do not have the
uniqueness of the pairing term in the Leibniz rule (Theorem 5.3), we shall also consider
some additional assumptions which allow us to obtain a unique distributional normal trace.

6.1. Distributional normal traces and Leibniz rules for characteristic functions

Let X € DM*(X) and let £ C X be a measurable set such that 1z € BV(X) or 1gc €
BV(X). By Remark 3.5, we know that || D1g]|| is well defined and equal to || D1 gc||. Let
(hs);=¢ denote as usual the heat flow: by Lemma 5.2, there exists a sequence z; — 0 and
two measures D1g (1gX) and D1g(1gc X) such that

d(hy 1g)(Xg)p — D1g(XE),
d(hy 1g)(Xge)u — D1g(XEge)
where we have set Xg := 1lgX and Xgc := 1gcX, a notation which we shall keep

throughout the remaining sections of the paper.
Again by Lemma 5.2, these weak limit measures satisfy the following estimates:

6.1) in M(X),

(6.2) |[DIE(Xp)| < [IX[lzoeyIP1EN  and  [D1g(XEge)| < [[|X[llLooze) | D1E].

We observe that, since the pairing measures D1 (-) are absolutely continuous with
respect to the perimeter measure, thanks to (6.2), we are entitled to consider their densities.
Thus, we define the interior and exterior distributional normal traces of X on 0E as the
functions (X, vg )y and (X, VE);E in L (dE, || D1g||) satisfying
(6.3) ZDEE(XE) = (X,UE)gE ||D]1E‘|| and
(6.4) 2D1g(Xge) = (X,ve);g | D1E|.

In addition, since hy; 1 g is uniformly bounded in L*°(X, [|div(X)||), up to extracting
a subsequence, we can assume that there exists Tg € L°(X, ||div(X)|) such that

6.5) hylz = Tp in LG, [div(X)]).

We notice that, since 1 is ||div(X)||-measurable, then it coincides with a Borel measur-
able function outside of a ||div(X)||-negligible set. Therefore, without loss of generality,
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we shall always choose 1 E to be Borel measurable. Since 1 E is a representative of 1, it
is relevant to consider the level sets of this function; that is,

(6.6) ES :={1g = s).

It is clear that E¥ is a Borel set for any s € [0, 1]. In particular, E' and E° can be seen
as weaker “versions” of the measure-theoretic interior and exterior of E. It seems then
natural to define a measure theoretic boundary related to 1g as the Borel set

IE =X\ (E'UEY.

We stress the fact that the notions of distributional normal traces of X on the boundary
of E and representative of E introduced above are heavily dependent on the choice of the
sequence (¢;),en. In the following, we will always consider the sequence (#;), or suitable
subsequences, along which (6.1) and (6.5) hold.

In the following remark we show some easy relations between iE and T Ec, and the
distributional normal traces of an essentially bounded divergence-measure field on the
boundary of E and E€.

Remark 6.1. Let X € DM*(X) and let £ C X be a measurable set such that
1g € BV(X) or 1ge € BV(X). Let #; — 0 be a sequence satisfying h; 1g A Tg and

hy 1ge A Tge in L®(X, ||div(X)]]) (up to extracting a subsequence, this always holds
true). Then, we observe that
ht_/‘]lE == 1 —ht/]lEc

It is then clear that

6.7) g = 1—1ge,

which implies

68  E'=(EYY, E°=(E9!, EV2=(EHV2, §*E =93"E°.

In addition, since
d(h; 1pe)(X) = —d(hy, 1£)(X),

it follows that

(6.9) Dlgc(X) =—-DI1g(X)

in the sense of Radon measures. Arguing analogously, we also obtain
Dlg(Xg) = —Dlgc(Xg) and DIlg(Xgc) = —D1gc(XEge).

This easily implies the following relations between the distributional normal traces on E
and E°:

(X.vE)sp = —(X.vEe)jge and  (X,vp)jp = — (X, vEe)ype -
We also notice that the linearity property of the pairing D1 g (-) implies

(6.10) Dlg(X) = Dlg ((Ig + 1gec) X) = D1g(Xg) + D1g (Xge).
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from which, thanks to (6.3) and (6.4), we get

(X.vE)ap + (X.vE)3,
5 |1 D1g].

6.11) Dig(X) =

In the case of a Borel measurable set E, it is actually possible to characterize the
sets E! and E° in terms of E and its complementary.

Remark 6.2. Let E be a Borel measurable set such that 1z € BV(X) or 1gc € BV(X).
Since it obviously holds h;1gc = 1 — h;1g, without loss of generality we can assume
1g € BV(X), which implies h,1g € L?(X) and h;,1g — 1g in L?(X) ast — 0.

If we now take X € DM (X) and a positive vanishing sequence (#;);en such that

hy 1 N Tz in L®(X, ||div(X)]|), by the L2-convergence we have, up to some sub-
sequence, the pointwise convergence hy, 1 g (x) — 1g(x) for u-almost every x € X.

Hence, there exists a Borel set Ng such that (Ng) = 0 and hy; 1g(x) — 1g(x) for
any x ¢ Ng. Therefore, for any ¥ € L'(X, ||div(X)|) we have

/ ¥ (hy, 1) d]div(X)]| — f ¥ T dldiv(X)]
X X

and

/ ¥ (hy, 1p) d]div(X) ]| — / ¥ 1g dldiv(x)].
X\NE X\NE

by Lebesgue’s dominated convergence theorem. We stress the fact that 1 is measurable
with respect to ||div(X)||, since E is a Borel set. This means that

Te(x) =1g(x) for [|div(X)|-ae. x ¢ Nz,

and so we get that £ \ Ng = E! \ N, up to a ||div(X)|-negligible set. Thanks to (6.8),
we can argue similarly with £¢ and E°, so that we obtain

Idiv(X)[|((EAE") \ Ng) =0 and [[div(X)[[((EAE®)\ Ng) =0.
In addition,
0*E\Np =X\ (E'"UE°UNg) € (E\ (E'UWNp)) U (ES\ (E° U WNp)),
and so we get _
Ildiv(X)[[(9*E \ M) = 0.

Thus, we conclude that £ and E° are the representatives of the sets £ and E¢ with
respect to the measure ||div(X)||LX \ Ng, respectively.

We employ now these remarks to obtain a refinement of the Leibniz rule for charac-
teristic functions of Caccioppoli sets.
As a preliminary, we observe that h;; 1 is uniformly bounded in L*°(0E, | D1Eg||).

Hence, there exists a function 1z € L®(E, | D1||) such that, up to a subsequence,

(6.12) hylg —1g in L®@QE, | D1g).
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As in the case of iE there exists a Borel representative of iE which coincides with it
up to a || D1Eg||-negligible set, and, unless otherwise stated, we shall always consider this
representative.

Theorem 6.3. Let X € DM (X) and let E C X be a measurable set such that 1g €
BV(X) or 1gc € BV(X). Then, we have 1g X € DM (X) and the following formulas
hold:

(6.13) div(Xg) = Tg div(X) + D1g(X),
(6.14) div(Xg) = Ig)?div(X) + 1 D1g(X) + D1 (XE).
(6.15) Te(1—=T1g)div(X) =1z D1g(Xg) — (1 — 1g)D1g (XEge).

Proof. Letfirst 1 € BV(X). By (5.6) we immediately get (6.13), by extracting a suitable
subsequence of a sequence (¢;);en such that (6.1) and (6.5) hold. In order to prove (6.14),
we approximate 1g via h;1g and, employing (4.4) and (6.13), we get

div((h,1g)Xg) = h/1gdiv(Xg) + d(h/1g)(XE)
(6.16) = (h1g)Tgdiv(X) + (h1g)D1g(X) + d(h, 1g)(XE) .

We select now a non-negative sequence (¢;);en, f; \ 0, such that (6.1), (6.5) and (6.12)
hold, and we easily get (6.14).
Now, let E be such that 1gc € BV(X). For any g € Lip,(X), we have

X X X
— [ dgnrdet [ 1pagC0rdn = [ gaivex) + [ Lpdg(x)ap
X X X X
from which it follows that
| 1z a0 aun = [ gativere) - divex),
X X
which easily implies that Xg € DM (X) and
(6.17) div(Xg) = div(X) — div(Xge).
Hence, by applying (6.13) to 1gc and (6.17), we obtain
(6.18) div(Xg) = div(X) — div(Xge) = (1 — 1ge)div(X) — D1ge(X).

Therefore, thanks to (6.7), (6.18) and (6.9), we get (6.13) for E such that 1gc € BV(X).
Arguing analogously, we obtain also (6.14).
Finally, if we subtract (6.14) from (6.13), we get

Tp(1=1g)div(X) + (1 —15)D1g(X) — D1g(Xg) = 0.

Thus, (6.10) directly entails (6.15). ]
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Remark 6.4. We notice that, if we consider the Euclidean space (R", | - |, £"), then the
functions 1z and 1g coincide with the precise representative of 1 almost everywhere
with respect to the (n — 1)-dimensional Hausdorff measure, thanks to De Giorgi’s blow-
up theorem (Theorem 3.59 in [6]). Roughly speaking, the richer structure of the Euclidean
space makes the finer analysis that we just performed in our more abstract setting unne-
cessary. However, already in the framework of stratified groups it is necessary to consider
an object similar to iE (see [25], Section 5).

In the following proposition, we summarize some elementary properties of distribu-
tional normal traces.

Proposition 6.5. Let X € DM (X) and let E C X be a measurable set such that
1g € BV(X) or 1gc € BV(X). Then, (X,vE)sq - (X, VE);E € L™ (0E,||D1g|), with
the estimates

(6.19) (X, vE)sE lLe@E, D15 < 211X llLo(E) and
(X, vE) iz lLc@E 1p1g) < 211X ||lLoo(Ee)-
In addition, it holds

E{X.vE)yg — (1= 1g) (X.vE)7,

(6.20) Te(1—1g)div(X) = 3 9 | Dig|.
Proof. 1t is easy to see that (6.2) implies (6.19). As for (6.20), it follows directly from
(6.15), (6.3) and (6.4). [

We employ now Proposition 6.5 to investigate further the relation between the measure
div(X) and the sets E*.

Proposition 6.6. Let X € DM (X) and let E C X be a measurable set such that 1g €
BV(X) or 1gc € BV(X). Then, we have

621) 1gD1g(Xg)LE'UE® =1 —-1g)D1g(Xge)LE' U E°,

(6.22) 1 (X, vE)sr = (1 =1g) (X, vE)iz, |ID1g|-ae. on E' U E°,
(6.23) g =1g, |div(X)|-a.e. on 3*E.

Proof. 1t is clear that (6.21) follows immediately from (6.15), by restricting the measures
to E! U E°. Then, (6.3), (6.4) and (6.21) easily imply (6.22). In order to prove (6.23), we
start by considering the sequence h, 1 satisfying (6.5) and (6.12). Then, since 1g (1 —

Tg) € L°(X, ||div(X)]), it follows that
(h, 1p)1g(1 — 1) div(X) — (Ig)*(1 — 1g) div(X).

Taking into account (6.20), the fact that distributional normal traces are in L*° (X, | D1g]||)
and (6.12), we obtain

() 1) T8 (1 = Te) div(X) = (i 1) 2V _(;_HE)(X vE )y

~ 1 X,VE)q; -1 X,v

%E | D1g|




V. Buffa, G.E. Comi and M. Miranda Jr. 930

Employing again (6.20), we get
([p)*(1 = Tp) div(X) = TpTg (1 - Tp) div(X).

which yields 5 o 5
(Ig —1g)1g(1 —=1g)div(X) =0,
from which we infer the thesis. [

This result underlines the strict relation between iE and 1 g on 0*E, and is funda-
mental in the proof of the general Gauss—Green formulas.

Theorem 6.7. Let X € DM (X) and let E C X be a measurable set such that 1g €
BV(X) or 1gc € BV(X). Then, we have

1
€ L'(X,|D1g(Xp)|) and € L'(X, | D1E (XEo))-
—41F E

In addition, the following formulas hold:

. . 1 _
(6.24) div(Xg) = 1zdiv(X) + ———=— (X, vE)z | D1E||,
2(1—1g)
1
(6.25) Av(Xg) = L, o dv(X) + = (X.vE)z | D1E|.
E
1k (X, —(1-1g) (X,
(6.26) 1— div(x) = 22X vEdop — (U~ 1E) UE)3E||D11 ILOE
OE 21p(1—1g)
Proof. Let

Ak,E::{l—%<iE<1—k;+l}.

By (6.15) and (6.22), we get

~

Dig(Xp)L9*E N A g = (1g div(X) + D1g(Xge)) LOE N A g

1-1g

for any k > 1. Hence, we obtain

/a*E iDL ()] = Z/

1g
< d|D15(XE)] + / L aIp1p(xp))
»/B*EﬁAlE 1_ E Z *EﬂAkE - 1—]1E

< 20| X|llLee) I P1E I(0*E N A1E)

+2Z(/

B*EﬂAk E

2(I1X zoe(r) + 11X Mlzoezey) ID1E (3 E) + 2||div(X)]|(9™ E).

d|D1g(XE)|
P ENAg g 1-1 E

Te dldivOO| + 1D 12 (Xpo)|(P°E N Ak, p))
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In addition, by (6.21), we get

~

_— Dig(Xg)L(E'UE®) N Ay g = DIg(Xge) L(E* UE®) N Ay i,
— 1F

for any k > 1, and this implies

1
/ 41 D1g(Xp)]| < 21X | D1£ (B U E®) 1 Arp)
EWE® 1—IlE

o
k ~ ~
+ 3 7 1Xllesee IDLEN(E U E%) 1 Ap)
k=2

< 201X llzey + 11X Lo DIEII(E" U E?).

Therefore, we obtain 1/(1 — JlE) elL! (X ID1g(XE)])-

Then, in order to prove l/ﬂE e L'(X, [D1E(XEe)|), we proceed in a similar way,
by employing the sets By g := {1/(k + 1) <1g < 1/k}.

Hence, we can restrict (6.20) to 8*E employ (6.23) and divide by ]lE(l — ]lE) to
obtain

1 1 o
l—~div(X) = (———=— (X, vE)3p — — (X, vg)i )| D1g | LO*E
75 400 = (5 evedie = 7 (Xove)iy )ID el

Thus, (6.26) immediately follows.
If we combine (6.13), (6.11) and (6.26), we obtain

div(Lg X) = 1z div(X) + Tpl— div(X) + D1 (X)

(X.vE)ap + (X.vE)3,
= o

g1 div(X) + Tp 1= div(X) +

) 1 _ — 1 —
= 1z div(X) + — £ x, vE)sg |[D1E||LO*E — 3 (X,ve)ig |ID1E|LO*E

2(1-1k)
+
n (X, vE)3E er( VE )3 D1

1 _ —_—
=15 div(X) + ———=— (X, vg)jg | D1E|LI*E
2(1-1E)

n (X, vE)sE ‘; (X.vE)7

Now, (6.22) implies

O | D1g||E' U E°.

~

1g

(X.vg)yr |IDlg|-ae.on E' U E°,
1-1g

(6.27) (X, vE)ip =

thanks to the summability of 1/(1 — iE) with respect to the measure [(X - vE);g]|
|D1g| =2||D1g(XEg)|. Thus, we substitute (X, vE);E and we get (6.24).
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As for (6.25), we employ (6.23) to rewrite (6.13) as

div(1gX) = 15, = div(X) + L (g — 1) div(X) + D1g(X)

]lEan* div(X) — (l—ﬂE)dlv(X)—I—D]lE(X)

Then, by (6.11), (6.26) and (6.27), we get

—(1—1g)div(X) + D1g(X)

1 1-1g o
= (= 3 WXvedie + = E (Xovp)ip )IDLEILTE

X, vg)ar + (X, v
+( E)BE ( E)BE ”D]l ”

2
1 —  1-1 X,
= —— (X.vg)iy ||D11E|||_a*E+( _ E+1)< ”E>3E||D]1 ILE U E°
2]1E ]lE 2
1
= ——(X,vg y [D1g].
2y Vel
This concludes the proof. ]

We end this section with a remark in which we consider the possibility of having two
distinct weak* limits of &;1g in L°°(X, ||div(X)]|), and we show that they differ only
inside JF.

Remark 6.8. Let (#;) and (f¢) be two non-negative vanishing sequences such that
hylg —Tg and hylp =T in Lo, [div(X)]),

with g # i’E If we set £V := {i"E = 1}, thanks to Theorem 6.7, it is possible to prove
that

(6.28) [div(X)[|((E'AEY)\ 3E) = 0.

Indeed, by arguing as we did in this section also for the sequence (7 ), we obtain a version
of (6.24) for EV; that is, there exists 1% and ((X, VE)B_E), such that

. . 1 -
div(Xg) = 1z, div(X) + ———— (X, vE)yp) | D1E||.
2(1-1))

By combining this with (6.24), we get

_ 1 B
(2(1 _i_,E)((X,vE)aE) _m<X*VE>8E)||D]1E||-

Iz —1g1,)div(X) =
Hence, thanks to (3.4), (6.28) immediately follows. Analogously, it is possible to prove
that

Idiv(X)|[((E°AEY) \ 3E) = 0.
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6.2. The Gauss—Green and integration by parts formulas
Before passing to the Gauss—Green formulas, we need the following simple result.

Lemma 6.9. Let X € DM*(X) be such that supp(X) is bounded. Then, div(X)(X) = 0.

Proof. Let g € Lip,(X) be such that g = 1 on supp(X). Then, we have gX = X and
gdiv(X) = div(X), and so, by (4.4), we get

div(X) = div(gX) = gdiv(X) + dg(X)du = div(X) + dg(X)du.

from which we deduce that dg(X) = 0. Therefore, by (4.2), we have

div(X)(X) = /ngdiv(X) = —/ng(X) du = 0. |

We give now the general version of the Gauss—Green formula in locally compact
RCD(K, co) metric measure spaces.

Theorem 6.10 (Gauss—Green formulas I). Ler X € DM®(X) and let E C X be a
bounded set of finite perimeter. Then, we have

- 1
6.29 d'XElz—/—AX, - d|D1g|,
(6.29) iv(X)(E") aE2(l—]1E)< vE)ar dID1E|
(6.30) div(X)(Elua*NE)z—/ AL<X,VE);E d|D1g].

E 21 g

Proof. 1t is enough to recall (6.24) and (6.25), and to apply Lemma 6.9 in order to get

0= div(Xg)(X) = div(X)(E") + | (X.vE)z dIDIE].

x 2(1—1g)

o 1
0 = div(Xg)(X) = div(X)(E' UJ*E) + / 7 (X,vE)sz dID1g].
X ZlEg

Then we employ (3.4) and we get (6.29) and (6.30). [

The first consequence of Theorem 6.10 are the integration by parts formulas.

Theorem 6.11 (Integration by parts formulas I). Let X € DM>P(X), let E C X be a
measurable set such that 1 € BV(X) or 1gc € BV(X), and let ¢ € Lip, (X) be such that
supp(1g @) is bounded. Then, we have

1
630 [ edave + [ dpdu=- [~y (X.ve)ys dIDLe].
E1 E 9 2(1 —1g)

. 1
632 [ v+ [ apau=— [ ——¢(Xvp)i; dIDLel.
EVUO*E E oE 21

Proof. ltis clear that X g € L*®°(T'X), and that Xg € DM (X), by Theorem 6.3. Since
supp(1g¢) is bounded, there exists a cutoff function n € Lip,((X) such that n = 1 on
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supp(1g¢). It is clear that nplg = ¢lE, and that ng € Lip,,(X). Hence, by Lemma 4.2,
we have noXg = 9Xg € DM®(X) and

div(pXg) = div(neXg) = ne div(Xg) + dne)(Xg)u
=nediv(Xg)+1egnde(X)u+lpedn(X)pn = ne div(Xg)+1g dp(X)u.

Now, we notice that ||div(Xg)||(E€) = 0: indeed, for any ¥ € Lip,,(E€), we have
/ Y ddiv(Xg) = —f dy(Xg)du = 0.
X X

Hence, div(Xg) = div(Xg) L E, and this means that
nediv(Xg) = ¢ div(Xg).
Then, by (6.24) and (6.25), we have

. . 1 _
div(pXEg) = 1@ div(X) + m ¢ (X, vE)sp ID1E] + 1pde(X)u,
—1g

. . 1
divipXg) = 1z, 7 ¢ div(X) + ¢ (X.vE)3ig ID1E| + 1Edp(X)p.

Hence, we evaluate these equations over X and we employ Lemma 6.9, in order to obtain
div(pX5)(X) = 0,

since supp(¢ X g) is bounded. Thus, thanks to (3.4), we get (6.31) and (6.32). [ ]

6.3. The case ||div(X)|| <

We study now the Gauss—Green formulas for fields with absolutely continuous divergence-
measure such as, for instance, the elements of L% (7X) N D!(X). This property of the
divergence-measure implies that, in particular, the distributional normal traces are unique
and do not depend on any approximating sequence.

Proposition 6.12. Let X € DM (X) be such that ||div(X)| < p and let E C X be a
measurable set such that 1g € BV(X) or 1gc € BV(X). Then, we have

(6.33) Tg(x) =1g(x) for |div(X)|-ae x € X,

Idiv(X)|[(E*AE) = 0 and ||div(X)]| (B*AE) = 0. In addition, there exists a unique distri-
butional normal trace (X, Vg)yp € L (0E, | D1g||), which satisfies

(6.34) div(Xg) = 1 div(X) + (X, vE)ag | D1£].

Proof. 1t is easy to notice that (6.33) is a consequence of (5.7). Then, the negligibility

of the sets E'AE and 9*E with respect to the measure ||div(X)| follows from (6.33).
Hence, (6.20) implies that

Tp(x) (X, vE)sr (¥) = 1 =15 (x)) (X, vE)jp (x) for |Dlg|-ae. x € X,
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from which we can define

1

(X,vE)sg = m

_ 1
(X.vE)sr = = (X, vE)jg
21g
to be the unique distributional normal trace of X on dE. All in all, we get (6.34) as a
consequence of (6.25), (6.33) and the uniqueness of the distributional normal trace. ]

The Leibniz rule given in Proposition 6.12 allows us to obtain the following Gauss—
Green and integration by parts formulas.

Theorem 6.13 (Gauss—Green formulas IT). Let X € DM (X) be such that ||div(X)| <
and let E be a bounded set of finite perimeter. Then, we have

(6.35) div(X)(E) = — /a _(Xove)se dIDT].

Proof. Tt is enough to recall (6.34), and to apply Lemma 6.9 in order to get
0= div(XE) () = dv(X)(E) + [ (X,vE)ag dIDIE]

Then, (3.4) implies (6.35). ]

Theorem 6.14 (Integration by parts formulas II). Let X € DM¥(X) be such that
ldiv(X)|| < w, let E C X be a measurable set such that 1g € BV(X) or 1gc € BV(X),
and let ¢ € Lipy(X) be such that supp(1g @) is bounded. Then, we have

6360 [ paav)+ [ ap00dn== [ pXoe)e iDL
E E E

Proof. Let at first ¢ € Lip,(X). By Lemma 4.2 and Proposition 6.12, we have ¢ Xg €
DM>(X) and

div(pXEg) = ¢ div(Xg) + dp(XE)u
(6.37) =1lgediv(X) + ¢ (X, vE)ye |ID1E] + 1gde(X)pu,

thanks to (4.4) and (6.34). Since supp(¢Xg) is bounded, Lemma 6.9 implies that
div(pXEg)(X) = 0.

By evaluating (6.37) over X and using (3.4), we get (6.36) for ¢ € Lip,((X). Now, let
n € Lip,,(X) be a cutoff function such that n = 1 on supp(lg¢). Since n¢ € Lip(X),
we get

[ noaaveo + [ aoonrd == [ ng(Xve)as a1,
E E oE

It is easy to notice that 7 = 1 on supp(1z ¢), and that d(n¢) = d¢ on E, and this ends the
proof. ]
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6.4. The case of regular domains

In this section, we compare the two different integration by parts formulas that we obtain
on a regular domain €2, namely (4.15) and (6.31). In particular, we are able to find some
characterization for the sets Q! and Q°.

Proposition 6.15. Let X € DM*Z(X) and let Q be a regular domain such that Q¢ is
a regular domain and w(d) = 0. Let Q', Q0 be defined as in (6.6), for some weakly*

converging sequence hy; lg X Tq in L*® (X, ||div(X)||). Then, we have
6.38)  [ldiv(X)[|(QAQH\ Q) =0 and ||div(X)]|((Q°AQ%)\ IQ) = 0.

Proof. If we apply (6.31) to E = 2, and we subtract it from (4.15), we get

1
fla~1g0ddiv(0) = = [ 7(X 05—~ (Xova)sa ) dIDlall
/x @ re ( (1 —Tg) 3“)
for any f €Lip,(X) such that supp( f 1) is bounded. If we choose now f € Lip,(X\92),
we obtain

[ rtia—1g0adiveo = o
X

from which the first equality in (6.38) follows. As for the second, it is enough to argue in
a similar way, employing (4.21) and (6.32). ]

In particular, in the case of absolutely continuous divergence-measure, it follows that
the normal trace on regular domains coincide with the distributional one.

Corollary 6.16. Let X € DM (X) such that ||div(X)| < w, and let Q be a regular
domain such that Q° is a regular domain and p(9Q2) = 0. Then, we have (X - vq)iq =

(X,va)sq-

Proof. 1t is an immediate consequence of (6.36) applied to £ = Q2 and of (4.29). ]

6.5. The case £ = 1/2

In this section, we show that it is possible to refine the results of Sections 6.1 and 6.2
under the additional assumption that, for any measurable set E satisfying 1 € BV(X)
or 1gc € BV(X), the weak™® limit points 1g of h;1g in L*®(X, |D1g||) are constant
functions.

We wish to underline the fact that there exist non trivial RCD(K, co) spaces enjoying
such property. Indeed, in the Euclidean space (R”, | - |, £"), if E or R” \ E is a set of finite
perimeter, we have

1
hlg(x) — B
for any x in the reduced boundary of E, as a simple consequence of the blow-up property.

In addition, 1£ is unique and constant in the Wiener spaces (X, || - ||, ¥), where (X, | - ||)
is a Banach space and y is a Gaussian probability measure. Indeed, Ambrosio and Figalli
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proved in Proposition 4.3 of [5] that, if £ or E€ is a set of finite perimeter in (X, | - ||, ¥),
then

« 1
hlg — 3 in L®(X, || Dy 1g|).

Hence, also in the Wiener spaces we have 1 £ = 1/2. However, it is relevant to underline
that the Wiener spaces are not locally compact, and so our theory for the Gauss—Green
formulas cannot be applied there, a priori.

Actually, we can prove that, if we assume the constancy of the weak™ limit points of
h/lg in L>(X, || D1£|), then the limit is unique and equal to 1/2. To prove this result, we
show first the following general property of the weak™® limit points 1g € L (X, | D1g|).
We stress the fact that such property does not require the local compactness of the
RCD(K, co) metric measure space, but it is necessary to assume that supp(u) = X.

Theorem 6.17. Assume supp() = X. Let E C X be a measurable set such that either
1g € BV(X) or 1gc € BV(X). Then, any weak™ limit 1g of h,1g in L°(X, |D1g|))
satisfies

~ 1
(6.39) ][ L d|D1g|l = ;-
X 2
Proof. Without loss of generality, we can assume 1g € BV(X) (since clearly h;1gc =
1 —h,1g); under these hypotheses one has h,1x € L?(X) N Cp(X), since supp(p) = X,
and |Dh;1g| € L'(X). Now, let X € D*°(X) such that | X| < 1. We have

/ (helg) L5 div(X) du = / 15 div((h 1) X) dp — / 1g d(h15)(X) dyt.
X X X

(A) (B) ©)

Let us consider the term (B) right above: we see that
f ﬂE diV((h,]lE)X) d/,L = —/ dDﬂE(htﬂEX) = —/ (htﬂE)dD]lE(X).

X X X

Therefore, it follows that
[ 1z av@apx ] < [ iipaipig).
As for (C), notice that, by the fact that |d (h;1g)(X)| < |X||Dh;1g| and (5.1),
[ teatuie0 ] < [ 1elXIDhzldn < [ 1eDhLld
X X X
= [ higdInig].
X

Hence, we find that (A) satisfies the following bound:

(/(h,ﬂE)nE div(X)d,u‘ §/h,]15 d||DIlE||+e’K’/ helg d|D1g]|.
X X X
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Now, upon passing to the supremum over X € D% (X) with | X|. < 1, we get
640 1DmAIEN0 < [ nipdlDipl +e X [ mipalDig].
X X

We notice that by (2.8) we have 0 < h;1g(x) < 1 for every x € X. Hence, the sequence
(h/1Eg)¢>0 is uniformly bounded in L*®°(X, ||D1Eg||), and then there exist a positive

decreasing sequence #; \ 0 and a function 1g € L>®(X, |D1Eg||) such thath,; 1g X 1z
in L=(X, [ D1 ).

Clearly, (6.40) holds for ¢t = ¢; as well; then, by the lower semicontinuity of the total
variation, we can let j — oo and we get

[D1g|[(X) < liminf || D(hy;1g)1g||(X) < liminf (1 + e_Kt’)/ hy 1g d|D1g]|
j—o00 J—>00 X

= 2] 1z d|D1g|.
X

Therefore, we obtain
1

5
In order to prove the opposite inequality, we focus on 1gc. Arguing as before, we
notice that 0 < h;1gc < 1 and so there exists a weak™ limit point 1gc of this family in

][ ipd|D1g| >
X

L>®(X, ||[D1g]|). The convergence h;; 1 A 1 entails that, up to a subsequence, there

exists /Jl\Ec such that h;, 1 ge A il\Ec, satisfying iEc =1- ﬁE.
Since in general 1 € BV(X) does not mean that 1 g € BV (X)), we need to verify the
previous computations for 1 gc. For any X € ©°°(X) we have

/ (hy1ge) L ge div(X) dp = / (he(1—1£))(1 - 1p) div(X) dpt
X X
- / (1—h,15)(1 - 1g) div(X) du
X

- / (1—h1p — g + (h1p)1p) div(X) du
X

—/(h,]lE)div(X)d,u—/ g diV(X)d;L—l—/(ht]lE)]lE div(X) du
X X X

—/(h,]lE)div(X)dpL—/ g div(X)du—i-/ 1g div((h,1g)X)du
X X X

- / 1 d(h, 1) (X) d
X

/ (1 - 1p) d(h,15)(X) dpt — / 1g div(h, (1 — 1)X) dpt
X X

X X



On BV functions and essentially bounded divergence-measure fields in metric spaces 939

Now we pass to the supremum over X € D% (X) with || X ||ec < 1 in order to find

—Kt
I DL g) e | (X) < (1 + K1) / helge dD1g].
X

ko~
We consider again the sequence 7; ™\ 0 in such a way that hy; 1gc — Igc and we pass to
the limit as j — oo exploiting the lower semicontinuity to get

ID1£[[(X) < liminf | D(hy, 1ge)1ge[[(X) < liminf (1 + e_K’f)/ hy 1gc | D1g|
j—>o0 j—o0 X
sz[iEcdnmEn.
X

Hence, we get

~ 1
][ Tpe d|D1g) > =,
X 2
and so |
][ 15 d|D1g) < =
e 2
Thus, we finally obtain (6.39). [

Corollary 6.18. Let E C X be a measurable set such that either 1g € BV(X) or 1ge €
BV(X). Assume that the weak™ limit points 1g of h,1g in L*°(X, [|[D1g|) are constant
functions. Then, there exists a unique weak™ limit 1g = 1/2.

Proof. Since any weak™ limit point 1 E 1s constant, (6.39) implies that

~ ~ 1
e = [ Leaipie] = ;-
X 2

In view of these results, in the rest of this section we shall assume that, for any meas-
urable set E such that 1z € BV(X) or 1gc € BV(X), we have 1g = 1/2. In addition, the
RCD(K, oo) metric measure space (X, d, ) is chosen to be locally compact and such that
supp(u) = X.

Under these assumptions, it is possible to refine many of the result of Section 6.1 and
Section 6.2.

Proposition 6.19. Let X € DM (X) and let E C X be a measurable set such that
1 € BV(X) or 1gc € BV(X). Then, we have

(6.41) (X.vE)yg = (X.vE)ip. |Dlg|-a.e on E'UE°,
(6.42) Idiv(X)[(X\(E® U EV2U E")) =0, and
(6.43) Tp = (15 + 31z),  Ildiv(X)|-ae in X.

Proof. Since /]l\E = 1/2, (6.22) implies (6.41). Analogously, (6.23) yields easily (6.43)
and (6.42). [ ]
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This result shows that there is a “tripartition” of X up to a [|div(X)||-negligible set,
that is, 1g(x) € {0,1/2, 1} for ||div(X)|[-almost every x € X, which in turn allows us to
refine the Gauss—Green formulas.

Theorem 6.20. Let X € DM (X) and let E C X be a measurable set such that 1g €
BV(X) or 1gc € BV(X). Then, we have

(6.44) div(Xg) = ]lgldiv(X) + (X, vE)gE |D1g]|,
(6.45) div(Xg) = ]lgl/zugldiv(X) + (X, VE)S_E ID1g|, and
(6.46) Lz div(X) = [(X,ve)jg — (X.vE)3g |ID1E].

Proof. We notice that (6.42) implies ||div(X )I(@*E \ E'/2) = 0. Hence, thanks to this
factand 1g = 1/2, itis clear that (6.24), (6.25) and (6.26) imply (6.44), (6.45) and (6.46),
respectively. [ ]

Finally, arguing analogously as in Section 6.2 and using the assumption 1z =1 /2, we
easily obtain the following refined versions of the Gauss—Green and integration by parts
formulas.

Theorem 6.21 (Gauss—Green formulas III). Let X € DM (X) and let E C X be a
bounded set of finite perimeter. Then, we have

(6.47) avO(EY = = [ (Xog)is dID1].
(6.48) div(X)(E' U E'/?) = —/ (X,vE)sz dID1g]|.
oE

Theorem 6.22 (Integration by parts formulas III). Let X € DM (X), let E C X be a
measurable set such that 1g € BV(X) or 1gc € BV(X), and let ¢ € Lip,(X) be such that
supp(1g @) is bounded. Then, we have

(6.49) [ a0+ [ dordn == [ o (xvp)s a1l
E1 E oE

650 [ edie0+ [ ap0du== [ (X dDiel.
E'UE!1/2 E oE

A. Appendix

In this section we recall the basic notions from the theory of L?-normed L° modules
developed in [36]. Hence, from this point on, we follow the notation adopted in [36], by
denoting L?(X) := L?(X, u) by L?(u).

Naively, an L°°-module is a Banach space (M, || - |4) seen as a module over the
Abelian ring of essentially bounded functions.

To get things started, let us consider a o-finite measure space (X, #4, ().
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Definition A.1 (Definition 1.2.1 in [36]). A Banach space (M, | - ||.4) is an L™ (u)-
premodule provided there is bilinear map

L) x M — M,
(frv) = f v,

namely the pointwise multiplication, such that

(fg)-v=/f-(g-v),

1-v=nuv,
I/ - vllae < 1 lLeequyllvllace

for every v € M and f, g € L°°(u), where 1 = Ix.

An L% (u)-premodule becomes an L°°(u)-module if the following additional prop-
erties are satisfied:

— (Locality): for every v € M and A4,, € B(X), n € N, one has

ly,-v=0,VneN = ﬂUneNAn-vzo.

— (Gluing): for any sequences (v, )peN C M and (A, )neny C B(X) such that

—_— n
]lAinAj SV = ]lAinA]. -vj, Vi, j €N, and nll)rroloH Zi:l 1y; - vy )M < 00,
there exists v € M such that
1 1 VieN, and [vfu < li ” '
v =1y, -v;, VI €N, an v < lim o Vi .
A; A i M oo i=1 Aj i M

As expectable, with the definition of L°°(i)-module it comes a natural notion of mod-
ule morphisms.

Definition A.2. Let M, N be two L°°(u)-modules. We say that T: M — N is a module
morphism whenever is a bounded linear map from M to N viewed as Banach spaces,
satisfying
T(f-v)=f-TW), YveM,feL®Ww).
The set of all module morphisms 7: M — N will be denoted by HOM(M, N).

It can be seen that HOM (M, N') has a canonical structure of L°°(u)-module, whose
norm —as a Banach space — is just the operator norm

(A1) 1T := sup [IT()|w-

lvllac=<1

Since L'(u) has a natural structure of L (u)-module, a notion of duality can be
given in the following sense.

Definition A.3. Let M be an L°°(u)-module. The dual module M* is defined as

M* = HOM(M, L' (p)).
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Of course, by (A.1) one immediately gets

ITlaex = sup [T @)lL1q-
lvll.ac=1
It is interesting to notice that by virtue of this definition, one has that the dual of L? ()
is precisely L9(u), where p,q € [1,00] with 1/p 4+ 1/q = 1; see Example 1.2.7 in [36].
If it is possible to endow an L°°(u)-module with an “L”-norm”, then one has the
following definition.

Definition A.4. Let M be an L°°(u)-premodule and p € [1, co]. We say that M is an
LP?(w)-normed premodule if there is a non-negative map | - |« : M — LP(u) such that

Ivlsllrgy = vllac and | f-vle = |fllv]«

p-almost everywhere for all f € L*°(w) and all v € M.
We shall call | - |« the pointwise LP (j)-norm or, more simply, the pointwise norm.
When an L?(u)-normed premodule is also an L°°(u)-module, it will be called an
LP?(w)-normed module.

It is easy to see that | - |« : M — LP () is continuous, thanks to the simple inequality
ol = wlllzogy < 1o = wlellzrg = v —wli.
valid for all v, w € M. Also, | - |« is local in the sense that for any v € M and E € B(X),
v =0 p-almost everywhereon £ <= |v|«x =0 p-almost everywhere on E,
see Proposition 1.2.12 in [36].

Remark A.5. By Proposition 1.2.14 in [36], if M is an L?(p)-normed module, p €
[1, 00], then its dual module M* is an L?(u)-normed module, 1/p + 1/¢ = 1 with point-
wise norm defined by
|L|«:=  ess-sup |L(v)|,
veEM; [v|<1 p-ae.
where we have now denoted by | - | the pointwise norm on M. Then, by duality one also
finds
lv] = ess- sup |L(v)|.
LeM*; |L|«<1 u-ae.
Finally, we recall the notions of generating sets and span over L°°(u)-modules.

Definition A.6. Let M be an L°°(u)-module, V' C M a subset and A € B(X). The span
of V on A, denoted by Spany (V), is the subset of M made of vectors v concentrated on A
with the following property: there are (4,) C B(X), n € N, disjoint such that A = |J; 4;
and for every n elements vy, ..., Uy, n € M and functions fi,,..., fm,n € L(1)
such that

mp
X4,V = Z Jin Vin.
i=1
We refer to Spany (V) as the space spanned by V' on A, or simply spanned by V if 4 = X.
Similarly, we refer to the closure Spany (V') of Spany (V') as the space generated by V
on A, or simply as the space generated by V' if A = X.
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