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Partial Gaussian sums and the Pélya—Vinogradov
inequality for primitive characters

Matteo Bordignon

Abstract. In this paper we obtain a new fully explicit constant for the Pélya—Vino-
gradov inequality for primitive characters. Given a primitive character y modulo ¢,
we prove the following upper bound:

| > x| =evatogq.

1<n<N

where ¢ = 3/(472%) + 04 (1) for even characters and ¢ = 3/(87) + o04(1) for odd
characters, with explicit o4 (1) terms. This improves a result of Frolenkov and Sound-
ararajan for large ¢. We proceed, following Hildebrand, to obtain the explicit ver-
sion of a result by Montgomery—Vaughan on partial Gaussian sums and an explicit
Burgess-like result on convoluted Dirichlet characters.

1. Introduction

It is of high interest to study the upper bound of the following quantity:

)

N
SN 1) = | 3 xm)
n=1

with N € N and y a non-principal Dirichlet character modulo g. The famous Pélya—
Vinogradov inequality tells us that

SN, ) < /qlogg,

and aside for the implied constant, this is the best known uniform result. Granville and
Soundararajan in [9] improved the result for characters of odd fixed order, and further
improvements were obtained by Goldmakher in [8]. The focus is now on the implied
constant of the uniform result, with a distinction between asymptotically explicit and
completely explicit results. The best asymptotic constant can be found in the papers by
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Hildebrand [12] and Granville and Soundararajan [9]. The explicit results have generally
worse leading terms, the exception is for primitive characters of square-free moduli for
which the author and Kerr [2] proved a result that is comparable with the asymptotic one.
There have been many completely explicit results. We will be focussing on primitive char-
acters, as these results can be easily extended to all non-principal characters. All the late
results have the following shape:

£ J/qlogq + 81 /qloglogq + 8, /g for y(—1) =1,

(1.1) ISV, 0l =47
37 4/410gq + 83 /qloglogq + 84./q for x(—1) = —1,

with the second constants improving as follows:
e 8§ =2/m2,8, =3/4,83 = 1/m and §4 = 1 by Pomerance [16],
¢ Frolenkov [6] proves that for certain values of &, and 44 it is possible to take §; =

83 =0,

* Frolenkov and Soundararajan [7] further improve the result showing that it is possible

to take 6, = 1/2, for ¢ > 1200, and 84 = 1, for g > 40.

The improvements above are on the constants of the remainder terms. Our aim is
to improve on the leading constant using Hildebrand’s approach [11], that relies on two
results: an upper bound on partial Gaussian sums due to Montgomery and Vaughan [15]
and the version of the Burgess bound for all non-principal characters from [4].

Our main result is the following theorem, that follows by computations from The-
orem 1.5, see Section 5 for more details.

Theorem 1.1. With y a primitive Dirichlet character modulo q, assuming q > qo and
with qo and h1,2(qo, €) from Tables 1 and 2, we have

Z (3 +o)Vqlogqg +hi(qo.e)/q if x(=1) =1,
L3 +e)qlogq + ha(qo.)/g  if x(—1) = —L.

We first choose ¢ small, that forces us to take g¢ large.
We then choose ¢ near 1/8 to minimize gg.

IS(N, 0| = {

’ P ‘ loglog qo ‘ h1(qo.€) ‘ ha(qo. &) ‘

& 22 1660 3315
1
T80 209 2397 4789
1
Too | 2081 2490 4975
1
oto0 | 20796 2499 4994

Table 1. Small &.

Table 1 and the first two rows of Table 2 improve [7] for the ranges of g given in the
same tables, while the last two rows of Table 2 improve [7] in the ranges of ¢ given in
Table 3 of Section 5. Note that we can obtain Theorem 1.1 for different go and ¢, by The-
orem 1.5. In Table 3 of Section 5, we also give a version of the above result for characters
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e [logloggo [ hi(go.e) [ ha(go.o) |
11— 1) 19.7 1579 3153
31— 150) 17.99 1510 3015
+(1— 1o50) 17.84 1503 3001
+(1 = 1o550) 17.83 1502 3000

Table 2. Large ¢.

with moduli with the number of divisors d(g) fixed, an interesting case is certainly when
d(g) = 2 and the modulus is thus prime.

We start proving the following explicit version of Corollary 1 in [15]. Let B > 1 be a
constant, and let F' be the class of all multiplicative functions f:7Z — C with

(1.2) |f(m)] = B.

With f € F, «a real and e() = exp(2mwia), write

N
S(@) =) f(n)e(na).

n=1

Corollary 1.2. Suppose that |0 —a/q| < q7 % (a,q) =1, E>4ande3/E < R<gq <
N/R. Then

N N log*’?(ER)
S(e) < c1(B.E,R) —— B,E,R) ———~,
(@) < cr( )logN + ca( ) TR

with the functions ¢y and c, defined in Theorem 1.5.

Note that condition (1.2) simplifies computations compared to Z;I,v=1 | f(n)| < B2N
found in [15].

Proving an explicit version of the Burgess bound in [4] is difficult, but the following
result, that is an explicit Burgess-like result on convoluted Dirichlet characters, is enough
for our purposes.

Theorem 1.3. Let g and k be integers, with ¢ > max{(100k)*, exp(exp(8))}. Let x be a
primitive character mod q and let W be any character mod k. For any integers M and

N < g we have

Y Ymx(n)| < 5kd(q)** N'?¢*'¢ (logq loglog g)'/?,
M<n<M+N

with d(—) the divisor counting function.

If we restrict to ¢ prime, we should be able to improve the above result, but as we
are mainly interested in a result for any ¢, we will not further exploit this possibility.
Related explicit results can be found in [2], [5] and [22]. Using the above result, we are
able to relax the conditions on « that appear in Corollary 1.2, thus obtaining the following
fundamental result.
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Lemma 1.4. Take any q > exp(exp(8)), x such that ¢33+ < x < g and, fixed a real
y > 2, for any q such that 100(log q)” < q"/* and E > 4, we have, uniformly for all
primitive characters y modulo q as above,

|2 xmetn)| = c(lq.y.e)

n<x
with the function c defined in Theorem 1.5.

The problem is now reduced to a computational one: we need to minimize ¢, ¢ and
c(E,q,y,e). We now obtain the fundamental Theorem 1.5, see Section 5 for more details,
which give Theorem 1.1 by computations.

Theorem 1.5. Tuke any q > exp(exp(8)). With y a primitive Dirichlet character of mod-
ulo q, fixed y, if q is such that 100(log )Y < q'/*, with 4 < E < 32 and C the Euler—
Mascheroni constant, we have the following result:

2
=)

1/3 .
;(g+8)\/§logq+h2(E,Cl7%€)x/_s ifx(=1) =-1,

(g +8)f10gq+h1(E q.v.8)/q. if x(=1) =1,
IS(N, 0| <

with
2n(q. ) n(q,e) | .
hl(E,q,%e):( 2 +J) hz(E,q,y,s)=( g +J),
where
R c(p 1 5 (e —1—m)
J=J(E,q,%8)=—(logq+§—S)C(E,q,y,8)+l+T,

I ifx(=1)=1, 3
c = n(q, e C +log2 + ———
() {2 i) = 1. (q.8) = 82+ e
c1(1, E,log” ) ¢x(1, E,log” ¢, q)(log(E log” q))3/?
3/8+¢ (log q)v/2—1
(logglogloggq)'/? }

_3log2 ( 1 4.7626
&/2 2Toglogg \1 T Toglogg T (loglogq)2

’

c(E,q,y,8) = max{

15(logg)**' (1 + 47 (logq)?)

and where

log R
c1(B,E,R) = (14+27)b\(B, E) + Bén 1% ,

1/2
(e € loglog R + 1o§1§g1R)

(log(ER))3/2

c2(B,E,R,q) = (1+271)<b2(B, E) + by(B.E, R,q)),
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with

by(B,E) = B + (10.93 + a; (11.8VE + 3.46) 4+ 19.9a3 + a4(12.75vE +5.28)) B2,

V2E +1
by(B,E) = a»B? —+,
log?2
7.63 log(4ER) log(64/E) + 1 1.48a¢
b3(B,E,R,q) = B*(—=
3 2 (vE (log(ER))3/2( logg ) JV10g(ER)

log(ER /4 log(R 1
tas1ag, OB ERY | a5 logR) o )
log(ER)  log2 (log(ER))3/2 " log2 (log(ER))3/2

2 n? 2 2
a; = 1.59B~, a2=?B z, az=as5=095B"z,

1

as = B%z, a¢=131B%z, z=282 [ R —

p>2

We will refer to the above defined functions through the paper. The outline of this
article is as follows. In Section 2 we prove Corollary 1.2, and in Section 3 we prove
Theorem 1.3. We proceed using these two results in Section 4 to prove Lemma 1.4 and
Theorem 1.5. We conclude proving Theorem 1.1 in Section 5.

2. An explicit Montgomery—Vaughan result

We aim to prove the next explicit result, following [15].
Theorem 2.1. Suppose that4 < q < N, E > 4 and (a,q) = 1. Then
N N
S(a/q) < bi(B.E)—— + by(B. E)——— + b3(B. E.N/q.9)/Nqlog** EN/q.
log N o(g)"/
uniformly for f € F.

We will deduce Corollary 1.2 from Theorem 2.1.

Define 7 (x; g, a) as the numbers of primes up to x that are = @ (mod ¢). An essen-
tial theorem to make the Montgomery—Vaughan result explicit is the following Brun—
Titchmarsh inequality (see Theorem 3.7 in [14]).

Theorem 2.2. Let a and q be coprime integers and let x and y be real numbers with
1 <qg <y < x. Then we have

2y

w(x + y;q,a) —n(x;q,a) < ————,
¢(q)log 7

for all ¢ < x and where ¢(—) is Euler’s totient function.

We introduce a precise enough result on primes from [19].
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Theorem 2.3. For x > 1, we have

X
m(x) < 1.25506 ——-
log x

We now introduce a result on the logarithmic integral.

Lemma 2.4. For x > 2, we have

* 1
Li(x) := —dt < 1.37
1
> logt log x

Proof. By Lemma 5.9 in [1], we have that

X
1
Li(x):/ . dr<12—"" forx > 1865.
» logt log x

The result then follows computing Li(x) lo)gc X for2 < x < 1865. m

Note that for our applications, the above results are sharp enough. We now introduce
a result by Siebert [21].

Theorem 2.5. Let a # 0, b # 0 be integers with (a,b) = 1, 2 } a, b. Then we have, for
x>1,

1 p—1 x
2.1) 3 1516]‘[(1—F) I1 FEs T

p<x,ap+beP p>2 plab, p>2

where P denotes the set of all prime numbers.

Note that an improvement on the leading constant in (2.1) would lead to a significant
improvement in the final result.

We now introduce some elementary results. The following upper bounds are obtained
by splitting the sum in two parts, estimating the first with computer aid and the second by
integration. The notation <4—... means that the upper bound is evaluated choosing 4 = - - -

Lemma 2.6. We have

logy N
o Lgijzm VAN — 1
rE NG V21

Jn - Z Jn 2(10g2)A +4
2n/2 2A/2(10g 2)2

<ua=30 4.15,

o0
A/ 1 2log(2)(A 4
Z n+ < Z 2n+ 0g(2)(A4) + <40 5.87.

/2 24/2(log 2)?

i Vi Flogye _ i Vi Floge | 2log(2)(4) +4 _
< <a=3s 6.34,
0

on/2 2A/2(10g 2)2
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o] A
logn logn  logA+1
< <4=30 0.94,
Z n2 —21: n2 + A —A4=30

log p)? log p)? log A)2 +2log A + 2
Z( gp) < Z (log p) +( g A) g < 415000 0.75.

2
p=2 2<p=<A P 4
1 1 log(A A-1
> ngzs Y Ly B (A s 17
=D = (p= D) -

lo lo log(A A—1
Zi< Z £p + log el )—log< 1 )5,4:1300-8,

o plp=D = plp—1) A-1
1/2
[ (1 ) = B s i) <, 01,
o2 p*—p*—2p
lo i 1o Alo +1
Y ler. 5 sler, s dler
- p’ pilogp
p,Jj=2 2<p,J§A P<A
. . <A4=2000
i (j—1)24/-1 (A—1)A44-1

Note that the above bounds in A are meant for 4 not ‘too small’.

2.1. Reduction to bilinear forms
Note in the following that in the applications we will take B = 1.

Lemma 2.7. Let f be a multiplicative function satisfying (1.2) and let g be any real
valued function. Then for any integer N we have

| X et < (B+3.5987) w2 S 7)o p)etsarn]

1<n<N <np<N

Proof. We first note that, from (1.2),

| Y fn)log(N/mye(g(m)| < BN.
1<n<N
and hence

ey | X f(n)e(g(n))(_lg N+10g1 5| 2 Smlogn)e(gm)).
1<n<N

1<n<N

Since logn =} _,,,, A(m), we have

2.3) Y fm)(lognye(gm) = Y f(mn)A(m)e(g(mn)).

1<n<N 1<mn<N
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Our next step is to replace f(mn) with f(m) f(n), and thus we bound
(2.4) T = Y A(m)|f(mn)— f(m)f(n)| < Ty + s,
nm<N

where

Si= Y. Y (ogp)|f(pFn)l,

pk=1 n<Np—*k
pln

Sp= Y (ogp) PO D 1S m)l.

pk=>1 J=1 m<Np~k=ij

and

Collecting together those terms in X such that p¥n is exactly divisible by p’/ and by
partial summation, using (1.2) and Lemma 2.6, we obtain

< Y (ogp)lf(PHIG =1 Y [f(m)]

p,Jj=2 m<Np~J
2 . 2
<B>N ) jp~’logp < 1.99B>N.
p.j=2
By (1.2),
. N2
¥, < B?N Z p 7 Klogp = BZNZIng(Zp_]) ,
pjk=>1 p=2 Jj=1
thus |
og p
<B’N) —=—
—_1)2
=D
and, using Lemma 2.6,
¥, < 0.8 B2N.
Thus
T <2.79B?N,

and hence by (2.2), (2.3) and (2.4)

X rwetem| = B +2798%)

1<n<N

2.5)

> fn)f(m)Am)e(g(mn))|.

1<nm<N

+ logN

Those pairs m, n in which m is of the form pk with £k > 2 contribute an amount to the
sum which is bounded by

SO ogp) D [ f )]

pk>2 n<Np—k
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By (1.2), this is
2 —k _ p2 —k 2 log p
<B>N Y pFlogp=B>N) logp> p*<BNY ——— -
e et ] eV )

Now, using Lemma (2.6), we have that

Y 1f(P)Ndogp) D £ ()] < 08BN,

pk>2 n<Np~k

and hence by (2.5) the proof is completed. ]

2.2. Partition of hyperbola into rectangles

We now partition the summation over the domain 1 < pn < N occurring in Lemma 2.7
into rectangles and their complements. Assume N > ¢ and let

(2.6) Ji =min{i + 1, [log, N| —i + 1, |3 log,(EN/q)]}.
with 4 < E < 32. Define
R; = (0,2 x (N2771, N27'] (0 <i <log, N).

In the reme_lining region_s, we place additional rectangles R;;x, for j = 1,2,...,J; and for
each j, 2/71 < k <2/, defined as

27) Rk = (2" /k, 2@k = D] x ((k = DN27/, 2k = DN 27771,

We do this for j = 1,2, ..., J;. The choice of J; ensures that each R;;x is a rectangle of
the form (P’, P"] x (N’, N"], with

1
p’_p’ > . N” — N’ > Z’ (P//_ P/)(N//_ N/) > q.

Bl

Let E denote the set of points (p,n) with pn < N which do not lie in any R; or R;j.
Writing R; = P; x N;, we define H; = {(p,n) € E : n € N;}. We then partition the H;
according to the value of J;. It is easy to see that

E=E; UE, UE3,
with

E, = U H;,

i)i=i+1

E, = U H;,

i:Ji=llogy N]—i+1

E3 = U Hi.

i:Ji=|31og,(EN/q)]
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See the following figure for a graphic example of the partition.

Figure 1. Example of the partition.

Lemma 2.8. Take (a,q) = 1. The following estimate for the points (p,n) in E holds:
> f(p)f(n)e(pna/q)log p
E

(2.8) <7.34B>N + B? i/'—6f3(Nq)l/z(log(4EN/q))l/2(1 + log(64/E) + logq).

Proof. Consider first E;. For a given p, say 2! < p < 21, the number of n for which

(p3n) EEI is
[N J_[_ N J_[Nj_4N
= {2i+J,-+1-‘ - ’722(i+1)—| = (?] = p2’

for p < 2+/N, where in the last step we used that by J; =i + 1 we have N > 2%, that
gives p < 2+/N. Thus, for /N < p < 2+/N we have [N/p?] <1 < 4Np~2, and for
p > /N wehave [N/p?] <1< N/p?+ 1< 2Np~2. Similarly, for a given n, we want
to count primes p for which (p,n) € E1. Taken 2/i~1 < k <27 and using that J; =i + 1,
we can bound such number as follows:

i+J; i+1 Ji
= [ﬁW = {(21.% - 1)W = {k(zi— 1)W =2

Hence, by Cauchy’s inequality,

/ /
S fmiogp < (X 1rmpP) (X B0z p?)
E; E; Ey

<82 1rmp) (X anp00p?) "

n<N p=<2 /N

which, using Lemma 2.6, is bounded above by 2.45 B2ZN.
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Consider E,. Foy each pair' (p, n) € E;, we see that n < (2N)1/2. This follows from
the fact that, taken 2 < p < 2" we have

N N
<— =<
P

n

N2

and that J; = [log, N| —i + 1 implies N < 22!+, Furthermore, for a given n, the p
with (p. n) € E; all lie in an interval of length 4N n~2. This follows from the fact that,
taken 27i~1 < k < 27i and N/2'*! < n < N/2¢, such p lie in an interval of length

2i+Ji 2i+1 2i+1 1 4N
< < < (1 + ) < —,
“kQRk—-1) —2/i—-1~ N 27i 1) = n2
where we used that J; = |log, N | —i + 1. We thus have that by Theorem 2.2, there are
< 8 L
~ n?logd4Nn—2

such p. For a given p, there is at most one n for which (p, n) € E,. This follows from the
fact that such 7 is in an interval, with one of the extremities open, of size < f\,' - <1,
where we used that J; = |log, N | —i + 1. We thus have, by partial summation,

N N V2-1)VN
> P e = B Y L+ )
n?log4Nn n?log4Nn log2

n<+2N n<«N
1 VN 2 1 2—1
§B2N( _/ . 2( 2—1)d (V2 ))
VNlogs Ji  x?logdNx—2\logd4Nx~ VN log2
1 Li2v N 2—1
< NB3( L LevN) | 2 )),
log4N 4N VN log2
which, by Lemma 2.4, is bounded above by 2.37 gg% and
Y log? p < w(N)log? N — 2/ 7(x ) Y dx < 1.26 N log N.

PN

Thus
S I foltogp < (L 1rmP) (X 820 p?)
E> E> E>

N 1/2 1/2

2 2 2

<B( Y 1f0) 8n2log4Nn_2) (Y ogpr)” <489B2N.
n<+2N P=N

Consider E3. Reasoning similarly to the case E,, we have the following. For each n, the p

with (p,n) € Ej all lie in an interval of length < JLE (Ng)'/?n~1, so that, by Theorem 2.2,

there are



M. Bordignon 1112

such p. When (p, n) € E3, using that J; = L% log,(EN/q)| and 2! < p < 2/*1, we
have vE N/q 1/2 <p< 8 Ng 1/2 From this and N/2i*1 <n < N/p follows that
2 JE

‘{—?(N/q)l/z <n< %E(Nq)l/z. Thus the following two sums on p and n will be restric-
ted to these intervals. Using Theorem 2.3, we have

1

3282 < 126(1 + log(32/E) + logq)
P

)4

and
1
D 1S 0?2~ < B2(1 +log(64/E) + logq).

Now, reasoning similarly to the case E;, we have that for each p the number of n for
which (p,n) € Ezis < %(Nq)l/zp_l. Therefore,

Y1) toe = (X170 og N/n) (82 Y 10 )"

E3 E3
- , logN/n vz, 8 log p\1/2
B,/_(fZIf( m —64Nqn_2) (ﬁgj o)

log(4EN/q),

and as the above ratio of the logarithms is less than —— 4log2

D 1f(p)f(m)|logp < B 2(Ng)/2 1 i % (l0e@EN/q)" (1 + log(64/E) + log ).
E3

Combining the above estimates gives (2.8).

2.3. The fundamental estimate

Here we will develop a tool to bound the bilinear forms onto the rectangles defined in the
previous section; in doing this, we follow [15], Section 4.

Lemma29. Let M, X,Y ¢ R=!, Q e R, K € N, and for 1 <k < K, let
R(k) = L(k) x M(k),
be a rectangle satisfying
£L(k) € (0.9].  M(k) < (0. M],

and
L(k) = (Q'(k). Q"(K)],  M(k) = (M'(k), M" (k)]
for some Q'(k), Q" (k) and M'(k), M" (k) satisfying

Q"(k)y—Q'(k) =X, M"(k)y—M'(k)y <Y, M"(k) <2M'(k).
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Suppose that £(k) and similarly M (k) are disjoint for each 1 < k < K. For any func-
tion f(n) satisfying (1.2), define

K
I=>" > f(p)f(n)e(pna/q)logp.

k=1 (p,n)eR(k)

Then, if (a,q) = land g < XY, we have

1
I < Bz<2.52MQYlogQ + 128 (1 + —)MQ
e} pP—p*—=2p
2.9 7 XY 089X + ¥ log(eX) + 0.89¢ log(eX Y —MN"
2.9 .<6_2<p(q)+ . + Y log(eX) + 0.89¢ log(e /q)—l—lzq)) .

Proof. Let R = £ x M be one of the rectangles R (k). By Cauchy’s inequality,

> F(p)fmye(pna/q)iog p|

(p,;n)eR
) 2
(2.10) = (X 1r@P) (X | X fpepnajqyiogp| ).
neMm neM pef
We now introduce the smoothing factor
w(n) = max{0,2 — [2n —2M’' —Y|Y 1},

such that w(n) > 1 for n € M. Note that the above is a variation of the Fejér kernel; we
choose it following Montgomery and Vaughan. Aiming to improve the result, it would
surely be interesting to chose other kernels. We also introduce g(n) = max{0, 1 — |n|}
and note that for the Fourier transform of g we have

sin(rrt)\2
wt )

OIS

This allows to compute the Fourier transform of w(n)e(an), with ¢ € R, as

— sin(wY (x —1))\2
2.11 Nl =2y (=)
@1 wine@mo] =27 (= T
With || - || the distance to the closest integer, it is also easy to see that
1 2 n?
(2.12) Y —— ==+
Za—m? " Jal? 3

Thus the second factor on the right of (2.10) is bounded above by
2
> wm)| Y f(p)e(pna/q)log p|
n pel

= > f(p) f(P)(log p)(log p') Y w(n)e((p — p'Yna/q):

p,p'eL n
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using the Poisson formula, (2.11), (2.12) and that || < 1/2, we obtain

4/n? + 1/6}

< B2log0? Y min {ZY,Y” =l
q

p.p'eL
By Cauchy’s inequality, and Theorem 2.3,

1= B1og ) (X X 1rwr) (X3 minfo. ﬁ»m
q

k neM k p,p'et

<B(logQ)«/_<252YE+ Y Y m { 0._58})1/2.

ha |2
0<h=X p=0 Yl

p+h=p'
Now from Theorem 2.5 we obtain
) 1 1/2
(2.13) I<B (2.52MQ YiogQ +16]] (1 - ?)MQV) :
p>2

where

0.58
Z l—[ {ZY’ Y||M||2}'

0<h<X plh, p>2 q
Hence we need to bound V. Now we have

[M25-T11 (+5—=) I1 (1+5)

plh, p>2 plh,p>2 p=2 plh,p>2 P
2 1
T ) T
2 _ o,
p>2 p p—2 mlh m

so that
V51£12<1+p )(m;( ,,;mmm{ Y||(i”i§||2})

The innermost sum is of the form

1 1
w=058=" min{(0.58)_12Y2, - 2}
Y= 122

with r = ¢g/(m,q) and (b,r) = 1. Using Lemma 14 in [13], this is seen to satisfy

W < min {2yz 4v2(0.58)2 (Z + r)((ozsg)l/zy T r)r—l}.

Therefore, by

2XY 1 /8XY X
3 —+ Y —(—(m q)+431—+8Y+431L)
m<X m m<X m (mv q)
(m,q)XY <mgq (m,q)XY>mq

=303 ersg szjfz 4317° X +8Y log(eX) + > > 431q,

rlg s>¥ rlg s<XY
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we obtain
at 1
V<8 ( ——————)Q—XY ~1 4 089X
[1 ) @ XVe@™ +
p>2
2
+ Y log(eX) + 0.54 ?qlog(eXY/q)) + Eq)

Thus from the above bound, Lemma 2.6 and (2.13), we obtain the desired result. [

Note that is easy to see that (2.9) holds also for Q € R=!.

2.4. Completion of the proof of Theorem 2.1

Note that in the following argument we will extensively use Lemma 2.6 and refer to the
notation of Theorem 2.1. We will also use that given a; > 0, we have

(2.14) (z:i)”2<§:a”?

i

We first apply (2.9) to the rectangle R; and then (2.14). We take

K=1, X=0=2 and Y=M=N2".

Thus
@15) | 3 F(p) fmre(pna/ayiony| < Viogaa N
(p.n)eR; 9(q)
- 1
4+ a3V N2 + (/log2ay N Z—Fzﬂ as+/Nqlog(N/q) + ag+/qN.

Next, for each pair i, j with I < j < J;, we apply (2.9) to the family of 2771 rectangles
R;jx with 2/71 < k <2/, By (2.7), we may take

K=271 M=N27 Q=271 x=2"7! miY:ENTW.

Thus, by (2.6), XY > ¢, so that the conditions for (2.9) to hold are satisfied. Hence by
(2.9) and (2.14),
1

= X X f»fmepna/g)logq)

2/ l<k<2J (p,n)ER,-jk

[i+1 [i +log, e
< \/E10g2, (al F—i—a‘; 21—+J>N
1 N — EN
+V2Fay — ——= +a32~v2"" 7N +as,/2Nglog| —v ) + as/2Ng.
2 Vel9) \ (4q )
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By (2.6), J; < X log,(EN/q). Hence, summing over those j with 1 < j < J; we obtain

=5 XY T swernajaiod|

1<j<Ji 27-1<k<2/ (p,n)€Ryji

1 |+ 1 |+ 1 N
§N/Elog2\/§_1(al\/l+ +a4\/w)N+«/zEa2—

2 2 Vo(q)
2 . V2 EN
+ @ﬁﬁ—i— —(as Ngqlog (—) +a6\/Nq) log,(EN/q).
V21 2 4q
Therefore, by (2.15), summing over i with 0 <i < log, N, we can obtain
1
| 2 f(p)f(n)e(pna/q)logq'
pn<N
(p,n)¢E

vVE2+1 NlogN
log2  ¢(q)!/?

+( as /10g(EN/4q)Jr ae 1 4 aslog(N/q)
V2log2 \ log(EN/q) V2log2 /1og(EN/q) (log(EN/q))3/?

ae (NCI)I/2
+ GogENR) Tog2

< (a1(11.8ﬁ+ 3.46) + 19.9a3 + a4(12.75VE + 5.28)>N ta,

(log(EN/q))*?1og N.

This with (2.8) and Lemma 2.7 gives Theorem 2.1.

2.5. Proof of Corollary 1.2
Let S(o,u) = Znsu f(n)e(na). Then, with S(«) := S(«, N), we have

N
S(@) =e((@a—=pB)N)S(B.N) —2mi(a — /3)/1 S(B.u)e((a — plu) du

Suppose that B = b/r with (b,r) = 1 and r < N. Then, on using that |S(«, u)| < Br
when u < r and Theorem 2.1 when u > r, we obtain

N  by(B,E)N

oz N o)

(2.16) ~(1427(N =r)la—b/r|) + Bri2n|a —b/r|.

S@| = (ba(B.E) + ba(B. E.N/r)rN (1og(EN/1)*?)

Here we use, from Theorem 15 in [19], that for n > 3,

n

p(n) > ,
eC loglogn + —béf)g}n

with C the Euler—-Mascheroni constant.
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If g > N'/2, then we take b = g and r = ¢, which gives

N

(€€ loglog R + 1o§ig;R)l/2

(log ER)3/? N
(log(ER))3/2

VR

Ifg < N2 then by Dirichlet’s theorem there exist b, r such that (b,r) = 1,r <2N/q
and |a —b/r |< q/(Q2rN). Thus, eitherr =g or 1 < |ar —bg| =rq|(a¢ —b/r) — (@ —
a/q)| <q*/2N)+r/q <1/2+r/q, thus in either case r > q/2. Therefore & —b/r| <
N~! and consequently, by (2.16), Corollary 1.2 follows once more.

- (bz(B, E) 4 by(B.E, R))

3. Explicit Burgess bound for composite moduli

We now prove Theorem 1.3.
The proof of the following is the same as that of Lemma 2.1 in [22], which deals with
the case ¢ = p prime.

Lemma 3.1. For integers q, M, N, U satisfying
N
N <q and 28§U§E,

let 1,(N, U) count the number of solutions to the congruence
niuy = nauy (mod q), M <ny,np <M+ N, 1 <uj,uy <U, (uiuz,q) = 1.
We have
NU
I,(N.U) <2UN (— + log(1.85U)).
q

It is useful to observe that the proof of Lemma 2.1 in [22] gives the above result as we
added the condition (u1u2,q) = 1. From a simple application of Eratostene’s sieve, we
obtain the following result.

Lemma 3.2. Given two integers U and ¢, we have
Z 1> MU_zr(q{
g

1<u<U
(u,q)=1

where t(—) counts the number of prime divisors.

Using an idea of Burgess [3], with an improvement of Heath-Brown [10], we have the
following.

Lemma 3.3. Let q,k, V be integers with V < q. For any primitive y (mod q), we have
g 4
3 ‘ 3+ kv)) < 16gk2V? + 4¢'2k4V4d(q)°,
A=1 v<V

where d (=) is the divisor counting function.
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Proof. Let
a 4
S=Z)Z){(A+kv)‘ .
A=1 vV
Expanding the fourth power and interchanging summation, we have
q
(A +m)A +m3)
s= X )}
(A +m3)(A +ma)

1<my,...ma<kV A=1

Define
Aj=[]om;—m) and K; = (q.4)).
i#j
Using Lemma 7 in [3], and arguing as in Burgess [3], Lemma 8, see (10), (11) and (12),
we obtain

4 /
(3.1) S < 16gk>V> +8"@Wg!2 " N K,
j=1my,....my4
where Z' is the sum overall m1,...,mq4 < kV, which contains at least 3 distinct elements.

Heath-Brown in [10], Lemma 2, proves that

4 /

(3.2) oY) K <4m*d(g)’.

j=1mi ma<m
Applying (3.2) to (3.1) and using that 8°@ < d(¢)3, we thus obtain
S < 16gk>V? + 4¢2k*V*d(q)°,

which completes the proof. ]

3.1. Proof of Theorem 1.3
We begin proving the following fundamental result.

Theorem 3.4. Let g and k be integers, let g > 2 be a real number, and let m and h be two
positive real numbers. Let y be a primitive character modulo q and  be any character
modulo k. Assume that

8
(3.3) g > max {(max {29, @+ 4y 1} 5 g ) ,
®(q) m?log g loglogg

(5)4, (max{1, h}k)*, (%)8}.
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Define
201+ 527
vi(m,q) = %,
_ 2(v(m,q))* | 2(loglogg)?log (1.85 (v1(m.9))* ¢*/* ;5L
vz(m7 Q» g) - g + (10gq)2 ’
1 gq'/* ~1/17vy(m, q,g)\1/4
g g h) =2 (1——— )
vs(m. 4.8, h) & h m2q3/810gq(loglogq)> ( 4g3

<ec n 2.51 ) n i
(loglogg)*/ /g
If v3(m,q, g, h) < m holds then, for any integers M, N, we have

(3.4) ) > w(n)x(n)‘Smkd(q)3/2N1/2q3/‘6(10gq)‘/z(loglogq)l/z-
M<n<M+N

Proof. We proceed by induction on N. For any K < m2q3/ 8logq(loglog q), we trivially

have

S x| < mkd@2K g (logg)' 2 (loglog ).
M<n<M+K

Also note that vy is a non-principal character, with modulus < kg, for otherwise ¥ and y
would be induced by the same primitive character; that is impossible as y is primitive
modulo ¢ and we have that ¢ > k from the third inequality in (3.3). We thus have, by the
Pélya—Vinogradov inequality,

> v x| =2vkqlogka,
M<n<M+K
and thus for K > v, (m, q)%¢q%/® J;Long’ by comparison with (3.4) and using that ¢ > k,
Theorem 1.3 holds. Note that using the Pélya—Vinogradov inequality from [7] would allow
to improve on m, but the above result is good enough for our purposes. This forms the basis
of our induction and we assume (3.4) holds for any sum of length strictly less than N,
with N such that

1
(35) m2q3/8 logq(loglogq) <N < vl(qu)2q5/8 ﬂ
loglogg
Define
N q1/4
(3.6) e p
and note that
UV < N
= gk

Note also that U > 1 by the first inequality in (3.3), and that V' > 1 by the third inequality
in (3.3).



M. Bordignon 1120

For any integer y < N, we have

Y v = > Yn+y)x(n+y)

M<n<M+N M—-y<n<M+N-y
= > Y@+t + D ve+y)xn+y)
M<n<M+N M—-y<n<M

- > Y(n+y) x(n+y),

M+N—-y<n<M+N

and hence

Yo vy = Y Y+ y)x(n+y) +20E(y).

M<n<M+N M<n<M+N

with E(y) = maxpm | Xy <p<priy ¥ () x(n)| and for some [0| < 1, different in each
instance. Let U denote the set

U={1<u<U: (uq) =1}
and average the above over integers y = kuv withu € Uand 1 <v <V to get
1
3.7 | | = W E(y).
3.7) > v x| < V|w' I+ 2y Y E®)
M<n<M+N u,v

where

W = Z Z Z v (n + kuv) y(n + kuv).

M<n<M+N ueU 1<v<V

For any u, v we have uvk < N/g, and thus by the induction hypothesis,

- i 3/2 3/16 1/2 1/2
(3.8) 2V|w2 0) = Z2mkd(@ VNg*' (log ¢)'/*(loglog q)

Since ¥ is a character mod k, we have

wi=s > Y| Y am k| =) 1@))

M<n<M+N ucU 1=<v<V A=1 1<v<V

where /(1) counts the number of solutions to the congruence
nu =1 (modgq), M<n<M+N, ucl.
By Holder’s inequality,

|W|4s(§ijm)) (Zl(x) )(qu( > x+kn|).

=1 1=<v<V
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‘We have
q

D> 1) =N|U|l < NU.

A=1
Using Lemma 3.1, since N < ¢, from (3.5) and the fourth inequality in (3.3), and since
28 < U < N/12, from (3.5) and the first and second inequalities in (3.3), we obtain

NU
I,(N.U) < 2UN(— + log(1.85 U));
q

this, using (3.5) and recalling (3.6), gives us

q

Io 2
3 I = [,(N.U) < vz(m,q)UN(lo i,q )
—~ glogq

By Lemma 3.3,

i‘ 3 X(/\+kv)‘4§16qk2V2+4q1/2k4V4d(q)6.
A=

1 1<v<V

Recalling (3.6), the above estimates simplify to

q 2
N
DI = —7
= g9
q 2
N logg \2
DI = va(mq) (=)
= 849 oglogqg

7*?d(q)°.

e}
i\
=
~
+
=~
S
A
&~

Therefore,
17v2(m, q) logg 2
|W|4 ; N6 3/4 ( ) ( )
g

Note that using (3.5) and the third inequality in (3.3),

N k V4 ek N 1 1/4
vy = (i B )= (1-1- 84 ).
~ gk ql/4 N N gk h m2q3/8logq(loglogq)
From Lemma 3.2, (3.6), (3.5) and the first inequality in (3.3), we have
( )
(3.9) u=fLo
q

Thus using (3.7), (3.8), Theorem 15 in [19] and (3.9), we get

> Y x| < vs(m.q.g. Wkd(q)**N'?¢> ¢ (log g)'/(loglogq)"/>.
M<n<M+N

Now, if v3(m, q, g, h) < m, we conclude the proof by induction. [
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Theorem 1.3 follows by computationally finding g and 4 such that for small ¢ we have
a small m such that v3(m, ¢, g, h) < m. This happens for g = 0.45 and 2 = 100. Note
that to verify (3.3) we used Theorem 12 of [18] and Theorem 15 in [19].

By [17] and [20], p. 43, we have that for any integer n > 3,

1 log2  4.7626log2
(3.10) logd(n) < —=— s (10 24 8 o2 )
(o)

glogn loglogn ~ (loglogn)?

Thus, (3.10) allows to rewrite Theorem 1.3 as follows.

Theorem 3.5. Let g and k be as in Theorem 1.3. Let x be a primitive character mod q
and let  be any character mod k. For any integers M and N < ¢, we have

5k N'/2%/15(log g loglog ¢)'/?
G Y wmam)| = re———T—

M<n<M+N q_ 2loglogq (loglog 4)%

4. Explicit improved Pélya-Vinogradov inequality

The aim of this section is to prove Theorem 1.5 following [11].

4.1. Two important lemmas

We use Corollary 1.2 and Theorem 1.3 to obtain the explicit version of Lemma 2 in [11]
with a certain range for the modulus g.

Proof of Lemma 1.4. Let g, x, q, x and « be fixed and set N = |x], R = (logq)”. By
q > 10° and y > 2, we easily obtain e3 /E < R < N.By Dirichlet’s theorem, there exist
integers r and s, where (r,s) = 1l and 1 < s < N/R, such that

e
s sN/R

If s > R, the result follows from Corollary 1.2, since

N log R)3/2
cl(l,E)@+cz(l,E,R)N%

< ((% + s)_l ci1(1,E) +

e2(1, E, R)(y loglogq)¥/?\ x
(logq)v/?2~1 logg’

by the definition of N and R. Now suppose s < R. By partial summation follows that

‘;x(n)e(N’/qn)‘ = (14 2| = Z|x) max |7 )] = (1 + 4r(logg)”) max | T(w)].

where

T(u) = Z X(n)e(%).

n<u
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By grouping the terms of the sum 7' (1) according to the value of (n, s), we get

T(u) = Z Z X(md)e(%)

dt=s dm=<u
(m,t)=1

=Y Y e(5) X

dt=s 1<a=<t m<u/d
(a,t)=1 m=a(mod 1)
d
X(()) > Y (M)y@ X xemwom.
dt=s el Ymod ¢ 1<a<t m<u/d

Applying (3.11) to the right-hand sum, we obtain

15(logg)?* 1 (1 + 4 (logq)”) (loggq loglogq)'/?  x

3log2 1 4.7626 ’
qs/z_ 2loglogq (l + logloggq + (loglog ¢)2 ) log q

| D xme(N'/qm)| =

n<x

Thus Lemma 1.4 follows. [

We then need explicit bounds by Pomerance (see Lemmas 2 and 3 in [16]) on two
trigonometric sums.

Lemma 4.1. Uniformly for x > 1 and real o, we have
1-— 3
ZM <logx 4+ C +log2 + —
ot n X

and ) 5 3
ZM < —logx + — (C—|—log2+ )
n 7T

n<x

Note that the last terms in the above upper bounds can be improved, but this would
have no effect on our final result.

4.2. Proof of Theorem 1.5
We take y primitive. We start with
q
1 an
x) = —— Z @e(*7) = 3 @e(=).
d X a=1 d( ) 0<lal<q/2 q
where d () is the Gaussian sum. Summing over 1 <n < N, we obtain

aN

al 1 _ @(7)
;X(")=@ Z X(@Z( ) d(X) Z X(a)@'

0<lal<q/2 0<lal<q/2

—_
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Using 0 < |a| < q/2, it is easy to see that

1 q Z;iz (_MTJI#_Z
I—e(3) ~ 2mia g (e(Z) 1)
and ) 2mia )/ =2 ©
Z(_T-) < Nj.zze”—l—n‘
= Jj! o w2

Furthermore, with x = 2wa/q, we observe that

()| v

‘_ 2mia q

and considering that the derivative of the right hand side is negative for |x| < 7, we obtain
— 2
~mae() -0 5
2mwia q /4

Also, using that for primitive characters |d ()| = /¢, it follows that

Jq.

a 21

ix(n)<ﬁ > m(e(%)_l)‘Jr(eﬂ_l_”)
- 27
n=1

0<|al<q/2
Now we split the inner sum in two parts: ; with 0 < |a| < ¢; = ¢*/3%% and £, with

q1 <lal <q/2.
By partial summation and Lemma 1.4, we have

1 5
|Z2] < 2c¢(x) (— + = —8) c(E,q.y,¢) + 1.
logg

8
x(a) sin(2Z2N)
i Z P if y(=1)=1,
1<a=<q
21 - TN 2waN
x(@)(1 — cos(Z=)
=3 ( i) if y(—=1) = —1,
1<a=q a

and from Lemma 4.1,

2 2 I
2(—10gq1 + —(C +log2 + —)) if y(=1) = 1,
4 4
13| < . q1
2(logqy +C +log2 + =) if y(—1) = —1.
q1

And thus we obtain the desired result.
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5. Proof of Theorem 1.1

The aim of this section is to obtain a completely explicit and concise version of The-
orem 1.5, thus to prove Theorem 1.1 and Tables | and 2, and to prove a version of Table 2
for all g such that d(q) = U, with U a fixed constant.

To prove Theorem 1.1, we need to optimize Theorem 1.5 in the variables ¢, g, E
and y, and in doing so we aim to minimize ¢ and ¢, and at the same time n(g, &) and
m(E, q, y, ). We will now start introducing some bounds on these variables and make
some useful comments:

* Choosing y and a lower bound on ¢ we must ensure that p > (100(log g)?)*.

* To minimize the second term of c(E, ¢, y, €), we need to choose y in such a way that
(log ¢)*(loglog ¢)* < (log ¢)"
* Confronting Theorem 1.5 with equation (1.1), we will assume ¢ < 1/8.

¢ The above point and the definition of c¢(E, g, ¥, €) implies that

1 3log?2 ( 1 4.7626 )

16~ 2loglogq logloggq + (loglog g)?

.82

which implies ¢ > ¢’

* It is interesting to note that for any y > 2 we have, for ¢ — oo, that

8
C(E5 qv V» 8) — § Cl(la Ev (IOgQ)y)

» The above function quickly stabilises on the limit.

* Increasing y reduces the left-hand term of ¢(E, ¢, y, €) and increases the right-hand
term.

* Choosing a small E appears to be optimal.

From Theorem 1.5 and the above observations, Tables 1 and 2 follow by computation.
The optimization problem results, in this case, in a simple solution as we are forced to
take g big to have /1 2(E, g, y, €) small enough, over this range of ¢ the optimal y is
constant. We obtain that y = E = 4 are optimal.

We will now prove a version of Table 2 for all g such that d(q) = U, with U a fixed
constant. It is easy to see, by Theorem 1.3 and the proof of Lemma 1.4, that in this case
Theorem 1.5 holds but with d(¢) = U instead of the general upper bound due to Robin.
We will focus on the case where g is a prime, thus U = 2, and choose a small ¢ with
the aim of minimizing ¢, while keeping the constant limited. The optimization problem is
harder in this case as g can be taken relatively small, thus, after choosing a lower bound
for g, we would have to optimize y for each medium sized g. This means that for each
medium sized ¢ we would need to find the y that minimizes the result and then take the
maximum between all of them. To ease this problem, we can balance g and /; » to ensure
that we improve on [7] in the chosen range of ¢; this leads to two different ranges of g
for hy and k5, and this will give us a g big enough to make the optimization problem
simpler. We thus obtain Table 3.
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e |logloggo | hi(g.e) < | logloggo | ha(g.e) <
11— 1) 134 1579 13.6 3153
31— 150) 15.6 1510 15.9 3015
3 (1 — 1050) 17.9 1503 18.2 3001
+(1— tos50) | 203 1502 20.5 3000

Table 3. g prime.

It is interesting to note that in the above case, even if /11 » are the same as in Table 2,
we have lower bounds on ¢ that are significantly smaller compared to the case in which g
is a highly composite number; it is the size of &, that forces g to be big to do better
than [7]. Thus, an improvement on Corollary 1.2 would lead to an important improvement
on the size of q.
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