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Cones, rectifiability, and singular integral operators

Damian Dabrowski

Abstract. Let u be a Radon measure on R4, We define and study conical energies
&,.,p(x,V,a), which quantify the portion of 1 lying in the cone with vertex x € R4,
direction V € G(d,d — n), and aperture o € (0, 1). We use these energies to char-
acterize rectifiability and the big pieces of Lipschitz graphs property. Furthermore, if
we assume that 1 has polynomial growth, we give a sufficient condition for L (1)-
boundedness of singular integral operators with smooth odd kernels of convolution

type.

1. Introduction

Let m < d be positive integers. Given an m-plane V € G(d,m), a point x € R?, and
o € (0,1), we define

Kx,V,a) = {y e R? ddist(y, V 4+ x) < afx —y|}.

That is, K(x, V, «) is an open cone centered at x, with direction V', and aperture .
Let 0 < n < d. Itis well known that if a set E C R¥ satisfies, for some V € G(d, d —n),
o € (0, 1), the condition

(1.1) xeE = ENKx,V,a) =2,

then E is contained in some n-dimensional Lipschitz graph I", and Lip(T") < 1/«, see,
e.g., the proof of Lemma 15.13 in [42].

To what extent can we weaken the condition (1.1) and still get meaningful information
about the geometry of E? It depends on what we mean by “meaningful information”,
naturally. One could ask for the rectifiability of E, or if E contains big pieces of Lipschitz
graphs, or whether nice singular integral operators are bounded on L?(E). The aim of this
paper is to answer these three questions.
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1.1. Rectifiability

A measurable set E C R? is n-rectifiable if there exists a countable number of Lipschitz
maps f;: R” — R¥ such that

Jé’”(E\Ufi(R”)) =0,

where J" denotes the n-dimensional Hausdorff measure. More generally, a Radon mea-
sure j is said to be n-rectifiable if i < J" and there exists an n-rectifiable set E C R?
such that (R% \ E) = 0.

A measure-theoretic analogue of (1.1), well-suited to the study of rectifiability, is that
of an approximate tangent plane. We recall the definition below.

For r > 0, we define the truncated cone

Kx,V,a,r) = K(x,V,a) N B(x,r),
and for 0 < r < R, we define the doubly truncated cone
Kx,V,a,r,R) = K(x,V,a, R)\ K(x,V,a,r).

Given a Radon measure ;1 on R and x € supp u, the lower and upper densities of 4 at x
are defined as

and O™*(u,x) = limsup

r—0

n(B(x,r)) w(B(x,r))
rn rr '

O%(un, x) = liminf
r—0
Recall that if u is n-rectifiable, then 0 < ®%(u, x) = O™ *(u, x) < oo for p-a.e.
x € supp u. In that case we set @ (i, x) := O%(u, x) = O"*(u, x).

Definition 1.1. We say that an n-plane W € G(d, n) is an approximate tangent plane to
a Radon measure p at x € supp u if @"*(u, x) > 0, and for every o € (0, 1),

(12) i KK W)

r—0 r’

0.

The following classical characterization of rectifiable measures holds.
Theorem 1.2 (Theorem 9.1 of [27]). Let u be a finite Radon measure on R4 satisfying
0 < O"*(1, x) < 00 for u-a.e. x € R%. Then the following are equivalent:

(a) u is n-rectifiable,

(b) for p-a.e. x € R, there exists a unique approximate tangent plane to i at x,

(¢) for p-a.e. x € R?, there exist Wy € G(d,n) and ax € (0, 1) such that

K(x, Wk, ay,
(1.3) fim sup 00 Ve @ 1)

u - < (@) £(n) O™ (1. %),

where (n) is a small dimensional constant.

The results we prove in this paper are of similar nature. More precisely, we introduce
and study conical energies.
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Definition 1.3. Suppose /. is a Radon measure on R?, and x esupp ut. Let Ve G(d, d —n),
a€(0,1),1 < p <ooand R > 0. We define the (V, «, p)-conical energy of i at x up to
scale R as

w(K(x,V, «a, r)))P dr

rh

R
Ep,plx, V»O‘»R)Z/ (
0

For E C R9, we set also Egp(x.V,a,R) = Egpn|, p(x,V, 0, R).

r

Note that the definition above depends on the dimension parameter 7, so it would be
more precise to say that &, ,(x, V, a, R) is the n-dimensional (V, «, p)-conical energy.
For the sake of brevity, throughout the paper we will consider n to be fixed, and we will
usually not point out this dependence. The same applies to other definitions.

We are ready to state our first result.

Theorem 1.4. Let 1 < p < oco. Suppose that | is a Radon measure on RY satisfying
O™*(u, x) > 0 and O (i, x) < oo for p-a.e. x € R%. Assume that for p-a.e. x € R%,
there exist some Vy, € G(d,d —n) and oy € (0, 1) such that

(1.4) Eu,p(x, Vy,ax, 1) < 00.

Then u is n-rectifiable.
Conversely, if w is n-rectifiable, then for p-a.e. x € R?, there exists Vi € G(d,d — n)
such that for all o € (0, 1), we have

(1.5) & p(x, Ve, o, 1) < oo.

Remark 1.5. The “necessary” part of Theorem 1.4 improves on Theorem 1.2 in the fol-
lowing way. Existence of approximate tangents means that the conical density simply
converges to 0, while (1.5) means that the conical density satisfies a Dini-type condition,
and converges to O rather fast.

Remark 1.6. Concerning the “sufficient” part of Theorem 1.4, clearly, condition (1.3) is
weaker than (1.4). However, Theorem 1.4 has the following advantage over Theorem 1.2:
we only require ®™*(u, x) > 0 and ©%(u, x) < oo for our criterion to hold. In partic-
ular, we do not assume p < J”. It is not clear to the author how to show a criterion
involving (1.3) or (1.2) without assuming a priori u < #".

Question 1.7. Suppose ;. is a Radon measure on R? satisfying ©™* (i1, x) > 0 and
O (, x) < oo for p-a.e. x € R?. Assume that for y-a.e. x € R, there exists an approx-
imate tangent plane to u at x. Does this imply that u is n-rectifiable?

Let us mention that in recent years many similar characterizations of rectifiable mea-
sures have been obtained. By “similar” we mean the pointwise finiteness of a square
function involving some flatness quantifying coefficients. The most famous coefficients
of this type are 8 numbers, first introduced in [33] and further developed by David and
Semmes [21], [22]. A necessary condition for rectifiability that uses 8, numbers was
shown in [59], see Theorem 9.3 for the precise statement. Its sufficiency (under various
assumptions on densities of the measure) was proved in [4], [9], [25], [51]. Measures car-
ried by rectifiable curves are studied using 8 numbers in [3], [8], [9], [10], [38], [39], [45];
see also the survey [0].
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Finiteness of a square function involving « coefficients (defined in [56]) is shown to be
necessary for rectifiability in [59]. The opposite implication is studied in [2], [5], [49]. In
[15], [17], rectifiable measures were characterized using o, numbers, first defined in [57].
Square functions involving centers of mass are studied in [44] and [63]. Finally, [60], [62]
are devoted to a square function involving A numbers, where

p(B(x.r))  pu(B(x,2r))
rt @2r)r

Ay(x,r) =

For related characterizations of rectifiable measures in terms of tangent measures, see
Chapter 16 of [42] and Section 5 of [53]. For a study of tangent points of Jordan curves
in terms of B numbers, see [11], and for a generalization of this result for lower content
regular sets of arbitrary dimension, see [64].

The behavior of conical densities on purely unrectifiable sets is studied in [14] and in
Section 5 of [35]. In [14], [36], [37], [41], the relation between conical densities for higher
dimensional sets and their porosity is investigated.

Higher order rectifiability in terms of approximate differentiability of sets is studied
in [54]. In [24], Del Nin and Idu characterize C ** rectifiable sets using approximate tan-
gents paraboloids, essentially obtaining a C % counterpart of Theorem 1.2. See also [28]
and [29] for related results.

We would also like to mention recent results of Badger and Naples that nicely comple-
ment Theorem 1.4. In Theorem D of [45], Naples showed that a modified version of (1.2)
can be used to characterize pointwise doubling measures carried by Lipschitz graphs, that
is, measures vanishing outside of a countable union of n-dimensional Lipschitz graphs. In
an even more recent paper [7], Badger and Naples completely describe measures carried
by n-dimensional Lipschitz graphs on R?. They use a Dini condition imposed on the so-
called conical defect, and their condition is closely related to (1.4). Note the absence of
densities in the assumptions (and conclusion) of their results. If one adds an assumption
O (., x) < oo for p-a.e. x € R?, then it actually follows from [7] that ji-a.e. finiteness of
their conical Dini function implies that u is n-rectifiable. We would like to stress, however,
that neither Theorem 1.4 implies the results from [7], nor the other way around.

1.2. Big pieces of Lipschitz graphs
Before stating our next theorem, we need to recall some definitions.

Definition 1.8. We say that E C R? is n-Ahlfors—David regular (abbreviated as n-ADR)
if there exist constants Cy, C; > 0 such that for all x € E and 0 < r < diam(FE),

Cor" < #H"(ENB(x,r)) < Cir".
The constants Cy, C; will be referred to as the ADR constants of E.

Definition 1.9. We say that an n-ADR set E C R? has big pieces of Lipschitz graphs
(BPLG) if there exist constants k, L > 0, such that the following holds.

For all balls B centered at E, 0 < r(B) < diam(FE), there exists a Lipschitz graph I'p,
with Lip(I'g) < L, such that

H"(ENBNTg) > kr(B)".
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Sets with BPLG were studied, e.g., in [ 18], [22], [23] as one of the possible quantitative
counterparts of rectifiability. Let us point out that the class of sets with BPLG is strictly
smaller than the class of uniformly rectifiable sets, introduced in the seminal work of
David and Semmes [21], [22]. An example of a uniformly rectifiable set that does not
contain BPLG is due to Hrycak, although he never wrote it down, see the appendix of [1].

While there are available many characterizations of uniformly rectifiable sets, the sets
containing BPLG are not as well understood. David and Semmes showed in [23] that a
set contains BPLG if and only if it has big projections and satisfies the weak geometric
lemma. We refer the reader to [23] or Section 1.1.5 of [22] for details.

Very recently, Orponen characterized the BPLG property in terms of the big pro-
jections in plenty of directions property [50], answering an old question of David and
Semmes. A little before that, Martikainen and Orponen [40] characterized sets with BPLG
in terms of L? norms of their projections. Interestingly, the authors use the information
about projections of an n-ADR set E to draw conclusions about intersections with cones
of some subset E’ C E with #"(E’) ~ #"(E). This in turn allows them to find a Lip-
schitz graph intersecting an ample portion of E’. We will use some of their techniques to
prove a characterization of sets containing BPLG in terms of the following property.

Definition 1.10. Let 1 < p < co. We say that a measure p has big pieces of bounded
energy for p, abbreviated as BPBE(p), if there exist constants «, x, My > 0 such that the
following holds.

For all balls B centered at supp i, 0 < r(B) < diam(supp p), there exist aset Gp C B,
with u(Gpg) > «u(B), and a direction Vg € G(d, d — n) such that for all x € Gp,

< M,.

W(K(x, Vg, a, r)))P dr
r

rn

r(B)
(1.6)  Eup(x,Va,a,r(B)) = / (
0
Theorem 1.11. Let 1 < p < oco. Suppose E C R¥ is n-ADR. Then E has BPLG if and
only if #H"|g has BPBE(p).

Remark 1.12. In particular, for n-ADR sets, the condition BPBE(p) is equivalent to
BPBE(g) forall 1 < p,q < oco.

Remark 1.13. In fact, one can show that an a priori slightly weaker condition than BPBE
is already sufficient for BPLG. To be more precise, in (1.6) replace K(x, Vg, «, r) with
K(x,Vp,a,r) N Gp, so that we get

(1.7)

< M,.

/’(B)<J€"(K(x, Vg,a,r) N EN GB))p dr
0

rh r

We show that this “weak” BPBE is sufficient for BPLG in Proposition 10.1. It is obvious
that (1.7) is also necessary for BPLG: if E contains BPLG, then choosing Gg = I'p as in
Definition 1.9, one can pick the corresponding Vp and « so that K(x, Vp,a,r) N T'p = @.

It is tempting to consider also the following definition.

Definition 1.14. Let 1 < p < co. We say that a measure u has bounded mean energy
(BME) for p if there exist constants o, My > 0, and for every x € supp u, there exists a
direction Vy € G(d,d — n) such that the following holds.
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For all balls B centered at supp i, 0 < r(B) < diam(supp @), we have

r(B)
_ W(K(x, Ve, a,r))\? dr
[ €t Vear@naneo = [ [ (HEEZE SN guw) < Mo pp).

rn

In other words, we require w(K(x, Vy, o, r))? r="P # du(x) to be a Carleson mea-
sure. This condition looks quite natural due to many similar characterizations of uniform
rectifiability, e.g., the geometric lemma of [21], [22] or the results from [56], [57].

It is easy to see, using the compactness of G(d, d — n) and Chebyshev’s inequality,
that BME for p implies BPBE(p). However, the reverse implication does not hold. In [16],
we give an example of a set containing BPLG that does not satisfy BME. The problem is
the following. In the definition above, the plane Vy is fixed for every x € supp p once and
for all, and we do not allow it to change between different scales. This is too rigid.

Question 1.15. Can one modify the definition of BME, allowing the planes V to depend
on the scale r, so that the modified BME could be used to characterize BPLG, or uniform
rectifiability?

It seems likely that every uniformly rectifiable measure would satisfy such relaxed
BME (the idea would be similar to what is done in Section 9: use the S-numbers char-
acterization of UR to get an upper bound for S-numbers, and then estimate the measure
of cones from above by the S-numbers). It is less clear whether this relaxed BME would
imply uniform rectifiability. Perhaps additional control for the oscillation of Vy , would
be needed.

1.3. Boundedness of SIOs

We will be concerned with singular integral operators of convolution type, with odd C?
kernels k: R? \ {0} — R satisfying, for some constant Cx > 0,

, C
(1.8) IV k(x)| < IITkﬂ for x # Oand j € {0, 1,2}.
X

We will denote the class of all such kernels by K" (R¢). Note that these kernels are par-
ticularly nice examples of Calder6n—Zygmund kernels (see p.48 of [58] for definition),
which will let us use many tools from the Calderén—Zygmund theory. Since the measures
we work with may be non-doubling, our main reference will be Chapter 2 of [58]. For the
more classical theory, we refer the reader to Chapter 5 of [31], Chapter 4 of [32].

Definition 1.16. Given a kernel k € K" (R?), a constant & > 0, and a (possibly complex)
Radon measure v, we set

Tev(x) = /l ‘ k(y —x)dv(y), xeR.
x—y|>e

1

For a fixed positive Radon measure p and all functions f € L

Tpef(x) = Te(f1)(x).

(), we define
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We say that 7}, is bounded in L?(p) if all 7}, . are bounded in L?(w), uniformly in & > 0.
Let M(R%) denote the space of all finite real Borel measures on R¥. When endowed with
the total variation norm || |1y, this is a Banach space. We say that T is bounded from
M(R4) to L (1) if there exists a constant C such that for all v € M(R%) and all A > 0,

Clviiry
b

px € RY: | Tow(x)] > A}) < >

uniformly in & > 0.

The main motivation for developing the theory of quantitative rectifiability was find-
ing necessary and/or sufficient conditions for boundedness of singular integral operators.
David and Semmes showed in [21] that, for an n-ADR set, the L? boundedness of all
singular integral operators with smooth and odd kernels is equivalent to uniform rectifia-
bility. The famous David—Semmes problem asks whether the L2 boundedness of a single
SIO, the Riesz transform, is already sufficient for uniform rectifiability. It was shown that
the answer is affirmative for n = 1 in [43], forn = d — 1 in [46], and the problem is open
for other n.

In the non-ADR setting less is known. A necessary condition for the boundedness of
SIOs in L2(jt), where u is Radon and non-atomic, is the polynomial growth condition:

(1.9) w(B(x,r)) < Cyr" forall x € suppu, r > 0,

see Proposition 1.4 in Part III of [19]. Eiderman, Nazarov and Volberg showed in [26]
that if u is a measure on R?, J!(supp t) < oo, and u has vanishing lower 1-density,
then the Riesz transform is unbounded. Their result was generalized to SIOs associated to
gradients of single layer potentials in [13]. Nazarov, Tolsa and Volberg proved in [47] that
if £ C R*"*! satisfies #"(E) < oo and the n-dimensional Riesz transform is bounded
in L2(#"|E), then E is n-rectifiable. That the same is true for gradients of single layer
potentials was shown by Prat, Puliatti and Tolsa in [52].

Concerning sufficient conditions for boundedness of SIOs, in [4] Azzam and Tolsa
estimated the Cauchy transform of a measure using its 8 numbers. Their method was
further developed by Girela-Sarrién [30]. He gives a sufficient condition for boundedness
of singular integral operators with kernels in X" (R?) in terms of 8 numbers. We use the
main lemma from [30] to prove the following criterion involving 2-conical energy.

Theorem 1.17. Let ju be a Radon measure on R? satisfying the polynomial growth con-
dition (1.9). Suppose that . has BPBE(2). Then all singular integral operators T, with
kernels k € X™(R?) are bounded in L*(it), with norm depending only on BPBE con-
stants, the polynomial growth constant C, and the constant Cy. from (1.8).

Remark 1.18. A similar result, with BPBE(2) condition replaced by BPBE(1) condi-
tion, has already been shown in Theorem 10.2 of [12]. It is easy to see that for measures
satisfying the polynomial growth (1.9), we have

8[1,,2()65 V5a9 R) S Cl gu,l(xa Vvav R))

and so BPBE(2) is a weaker assumption than BPBE(1). Moreover, in [16] we show
that the measure constructed in [34] does not satisfy BPBE(1), but it trivially satisfies
BPBE(2). Hence, Theorem 1.17 really does improve on Theorem 10.2 of [12].



D. Dabrowski 1294

Remark 1.19. Recall that for n-ADR sets, the condition BPBE(p) was equivalent to
BPLG, regardless of p. By the remark above, it is clear that if we replace the n-ADR
condition with polynomial growth (i.e., if we drop the lower regularity assumption), then
the condition BPBE(p) is no longer independent of p. In general we only have one impli-
cation: for 1 < p < g < oo,

BPBE(p) = BPBE(qg).

Remark 1.20. Theorem 1.17 is sharp in the following sense. If one tried to weaken the
assumption BPBE(2) to BPBE( p) for some p > 2, then the theorem would no longer hold.
The reason is that for any p > 2, one may construct a Cantor-like probability measure ,
say on a unit square in R2, that has linear growth and such that for all x € supp p,

B(x.r)\» d
/O(u) ey

~
r r

(that is, a much stronger version of BPBE(p) holds), but nevertheless, the Cauchy trans-
form is not bounded on L?(u). See Chapter 4.7 of [58].

Sadly, the implication of Theorem 1.17 cannot be reversed. Let E C R? be the pre-
viously mentioned example of a 1-ADR uniformly rectifiable set that does not contain
BPLG. In particular, by Theorem 1.11, E does not satisfy BPBE(p) for any p. Never-
theless, by the results of David and Semmes [21], all nice singular integral operators are
bounded on L2(E).

1.4. Cones and projections

Let us note that Theorem 10.2 of [12] was merely a tool to prove the main result of [12]:
a lower bound on analytic capacity involving L2 norms of projections. Chang and Tolsa
proved also an interesting inequality showing the connection between 1-conical energy
and L2 norms of projections. We introduce additional notation before stating their result.

Definition 1.21. Suppose V € G(d,d —n),a € (0,1),and 1 < p < oco. Let B be a ball.
The (V, «, p)-conical energy of v in B is

€,1.p(B.V.a) = j;g /0 r(B)(M)" & ).

rn

We define also
o0
d _ W(K(x, Vo, r))\? dr
Eup(RY.V.0) = /R ) /0 (F—=—=) - du).

We will often suppress the arguments V, o, and write simply &, ,(B), &y, p (R%).
Remark 1.22. For p = 1, we have

® wW(K(x,V,a,r)) dr © dr
(1.10) / Ln)) — :/ / n__HdM(y)
0 r r K(x, V) Jx—y| I

_ 1
—nt [ du).
K(x,V,x) |X - y|
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and so
_ 1
i Ea® V=i [ et dut)
RY JK(Gx, V) [X— V]

In their paper, Chang and Tolsa were working with the expression from the right-hand
side above.

Given V € G(d,m), we will denote by 7ry: R¢ — V' the orthogonal projection onto V,
and by nIJ;: R¢ — V1, the orthogonal projection onto VL. We endow G (d, m) with the
natural probability measure 4 ,,, see Chapter 3 of [42], and with a metric d(V, W) =
|my — ww ||lop, Where ||-||op is the operator norm. We write my u to denote the image
measure of p by the projection wy. If 7y < H"|y, then we identify y p with its
density with respect to H"|y, and ||y | z2() denotes the L? norm of this density.
Otherwise, we set ||y ul|2(y) = oo.

Proposition 1.23 (Corollary 3.11 of [12]). Let Vy € G(d,n) and o > 0. Then, there exist
constants A, C > 1 such that for any finite Borel measure . in R? (see (1.11)),

1
€1 (R, Vit a) ~ / / — L au(y)dp(x
R JK(x, Vi) |X = Y]

= C/ ||7TV:u'||§AZ(V) dyd,n(V)-
B(Vo,}uol)

Let us note that a variant of this estimate was also proved in [40], for a measure of the
form u = #"|g, with E a suitable set.

The inequality converse to that of Proposition 1.23 in general is not true, but it is not
far off. Additional assumptions on p are necessary, and one has to add another term to the
left-hand side. See Remark 3.12, Appendix A, of [12].

In the light of results mentioned above, as well as the characterization of sets with
BPLG from [40], the connection between L2 norms of projections and cones is quite
striking. Note that the proof of the Besicovitch—Federer projection theorem also involves
careful analysis of measure in cones, see Chapter 18 of [42]. Exploring further the rela-
tionship between cones and projections would be very interesting.

Question 1.24. Is it possible to obtain an inequality similar to that of Proposition 1.23,
but with &, > on the left-hand side, and some quantity involving sy on the right-hand
side?

1.5. Organization of the article

In Section 2 we introduce additional notation and recall the properties of the David—
Mattila lattice &,,. In Section 3 we state our main lemma, a corona decomposition-like
result. Roughly speaking, it says that if a measure u has polynomial growth, and for some
VeG(d,d —n),a € (0,1), we have Su,p(Rd, V,a) < oo, then we can decompose D,
into a family of trees such that:

» for every tree, i is “well-behaved” at the scales and locations of the tree,
* we have a good control on the number of trees (see (3.2)).
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We prove the main lemma in Sections 4—6. Let us point out that in the case p = 1, an
analogous corona decomposition was already shown in Lemma 5.1 of [12]. Our proof
follows the same general strategy, but some key estimates had to be done differently (most
notably the estimates in Section 5).

In Section 7 we show how to use the main lemma and results from [30] to get The-
orem 1.17. Sections 8 and 9 are dedicated to the proof of Theorem 1.4. The “sufficient
part” follows from our main lemma, while the “necessary part” is deduced from the cor-
responding 3, result of Tolsa [59]. Finally, we prove Theorem 1.11 in Sections 10 and 11.
To show the “sufficient part”, we use the results from [40], whereas the “necessary part”
follows from a simple geometric argument.

2. Preliminaries

2.1. Additional notation

We will write A < B if there exists some constant C such that A < CB. A &~ B means
that A < B < A. If the constant C depends on some parameter ¢, we will write A <; B.
We usually omit the dependence on n and d.

B(x, r) stands for the open ball {y € R? : |y — x| < r}. On the other hand, if B is a
ball, then r (B) denotes its radius.

A characteristic function of a set E C R will be denoted by 1f.

Given a Radon measure y and a ball B = B(x, r), we set

0u(B) = 0, (r.r) = L2

rn

If T is a singular integral operator as in Definition 1.16, then the associated maximal
operator Ty is defined as

Txv(x) = sup|Tev(x)| forv e M(Rd), x € RY.

>0

Given an n-plane L, w7 will denote the orthogonal projection onto L, and rr,f- will
denote the orthogonal projection onto LL.

Given two bounded sets E, F C R9, disty (E, F) will stand for the Hausdorff distance
between E and F.

2.2. David-Mattila lattice

In the proof of Theorem 1.17 we will use the lattice of “dyadic cubes” constructed by
David and Mattila [20]. Their construction depends on parameters Cp > 1 and Ay >
5000Cy. The parameters can be chosen in such a way that the following lemmas hold.

Lemma 2.1 (Theorem 3.2, Lemma 5.28 of [20]). Let i be a Radon measure on Rd,
E = supp p. There exists a sequence of partitions of E into Borel subsets Q € Dy, k.,
k > 0, with the following properties:
(a) For each integer k > 0, E is the disjoint union of the “cubes” Q € D, k, and if
k<l Q€®D,; and R € Dy, then either Q N R = B orelse R C Q.
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(b) The general position of the cubes Q can be described as follows. For each k > 0
and each cube Q € D, , there exists a ball B(Q) = B(xg,r(Q)) such that

xo €0, AF =r(0) = Codrk,
ENB(Q)C QO CEN28B(Q) = EN B(xg,28r(Q)),
and the balls 5B(Q), O € D, k, are disjoint.
(¢) Denote by [Ogb the family of doubling cubes, i.e., Q € D, = Ukzo D, k satisfying
2.1 p(100B(Q)) < Cou(B(Q)).

Then, for any R € Dy, there exists a family {Q;};er C i)l‘ib such that Q; C R
and (R \ U Q) = 0.

Forany Q € D, we denote by £D,,(Q) the family of P € D, such that P C Q. Given
Q € Dy i, weset J(Q) =k and £(Q) = 56CoAy*. Note that r(Q) ~ £(Q).
We define Bg = 28B(Q) = B(xg,287(Q)), so that

EnN %BQ C Q C Bg.
Note thatif O C P, then Bg C Bp.
Lemma 2.2 (Lemma 2.4 of [4]). Suppose the cubes Q € D, R € D,, Q C R, are such
that all the intermediate cubes Q S S < R are non-doubling, i.e., S ¢ i)&b. Then

(2.2) ©,(100B(Q)) < (Codo)? 4,7V @B Dg, (100B(R))

and
Y ©u(100B(S)) S ©,(100B(R)).
SeD,:Q0CSCR

Let us remark that the constant 9d in the exponent of (2.2) could be replaced by any
other positive constant, if Cy and A are chosen suitably, see equation (5.30) of [20].

Lemma 2.3 (Lemma 4.5 of [12]). Let R € J()/‘ib. Then there exists another doubling cube
O S R, Q € DP, such that

Q) ~ u(R) and £(Q) ~ £(R).

From now on we will treat Cy and Aq as absolute constants, and we will not track the
dependence on them in our estimates.

3. Main lemma

In order to formulate our main lemma we need to introduce some vocabulary.
Let u be a compactly supported Radon measure with polynomial growth (1.9). Sup-
pose D, is the associated David—Mattila lattice, and assume that

Ro = suppp € Dy

is the biggest cube.
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Given a family of cubes Top C !Dﬁb satisfying Ro € Top, we define the following
families associated to each R € Top:

* Next(R) is the family of maximal cubes Q € Top strictly contained in R,

* Tr(R) is the family of cubes Q € D,, contained in R, but not contained in any P €
Next(R).

Clearly, Dy, = |Ugerp T(R). Define

Good(R) =R\ | J 0.

QeNext(R)

Lemma 3.1 (Main lemma). Let p be a compactly supported Radon measure on R?. Sup-
pose there exists ro > 0 such that for all x € supp u, 0 < r < rg, we have

(3.1 mw(B(x,r)) < Cyr”.

Assume further that for some V € G(d,d —n), a € (0,1), and 1 < p < oo, we have
Eup (R?,V,a) < 0o. Then there exists a family of cubes Top C :Dl‘ib and a corresponding
Sfamily of Lipschitz graphs {I'r} Retop Satisfying:
(i) the Lipschitz constants of T'r are uniformly bounded by a constant depending
ona,

(ii) p-almost all Good(R) is contained in T'g,
(iii) for all Q € Tr(R), we have ©,(2Bp) < ©,(2BR).
Moreover, the following packing condition holds:

(3.2) > 0.2BR)P1(R) Sa (C)”(R?) + €, ,(R?, V, ).
R€eTop

The implicit constant does not depend on ry.

We prove the lemma above in Sections 4—6. From this point on, until the end of Sec-
tion 6, we assume that u is a compactly supported Radon measure satisfying the growth
condition (3.1), and that there exist V € G(d,d —n),a € (0,1), 1 < p < oo, such that

€up(RY, V. a) < 0.

For simplicity, in our notation we will suppress the parameters V' and «. That is, we will
write SM,p(]R{d) = 8M,p(Rd, V,a),as well as K = K(0,V,«), K(x) = K(x,V,a), and
K(x,r) = K(x,V,a,r). Finally, given 0 < r < R, set

K(x,r,R) = K(x,R)\ K(x,r).

Parameters

In the proof of Lemma 3.1 we will use a number of parameters. To make it easier to
keep track of what depends on what, and at which point the parameters get fixed, we list
them below. Recall that “Cy = C;(C3)” means that “the value of C; depends on the value
of Gy

* A= A(p) > 1isthe “HD” constant; it is fixed in Lemma 6.1.
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* 1 = t(a,t) is the “LD” constant; it is fixed in (5.1).
* M = M(x) > 1is the “key estimate” constant; it is chosen in Lemma 4.3.

* n=n(M.,t) €(0,1) is the constant from the definition of &, ,(Q) in (4.1); it is fixed
in the proof of Lemma 5.4.

e t =1t(M,a) > M is the “t-neighbor” constant, see Section 4.3. It is fixed just
below (5.6), but depends also on Lemma 4.5 and Lemma 4.7.

e A =A(M) > 2M is the constant from Lemma 4.8.
* g=¢(t,a,n) € (0,1) is the “BCE” constant; it is fixed in Lemma 5.4.

4. Construction of a Lipschitz graph I',

Suppose R € i)ﬁb. In this section we will construct a corresponding tree of cubes Tree(R),
and a Lipschitz graph I'g that “approximates u at scales and locations from Tree(R)”; see
Lemma 4.8.

4.1. Stopping cubes

Consider constants A > 1,0 < ¢ € 7 < 1,and 0 < n < 1, which will be fixed later on.
Given Q € D, we set

1 @) (K (x, )\ dr
. € =— 22 0) I dux).
@.1) wr @ = 25 | [MQ) (=) = duw

For any R € D, we define the following families of cubes:

* BCE((R), the family of big conical energy cubes, consisting of Q € D, (R) such that

> €up(P) >0, (2Br).
QCPCR

e HDo(R), the high density family, consisting of Q € i)l‘ib(R) \ BCE((R) such that
©,(2Bg) > A®,,(2BR).

* LDg(R), the low density family, consisting of O € £D,,(R) \ BCE((R) such that
©,(2Bg) < 10,(2BR).

We denote by Stop(R) the family of maximal (hence, disjoint) cubes from BCEy(R) U
HDg(R) U LDg(R), and we set BCE(R) = BCEy(R) N Stop(R), HD(R) = HDy(R) N
Stop(R), LD(R) = LDy (R) N Stop(R).

Note that the cubes in HD(R) are doubling (by the definition), while the cubes from
LD(R) and BCE(R) may be non-doubling.

We define Tree(R) as the family of cubes from £,, (R) which are not strictly contained
in any cube from Stop(R) (in particular, Stop(R) C Tree(R)). Note that it may happen that
R € BCE(R), in which case Tree(R) = {R}.

Basic properties of cubes in Tree(R) are collected in the lemma below.
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Lemma 4.1. Suppose Q € Tree(R). Then
(4.2) ©,(2Bg) < A®,(2BR).
Moreover, for Q € Tree(R) \ Stop(R),

(4.3) 10,(2Br) = ©,(2B9),

(4.4) > up(P) <£0,(2BR)”.
QCPCR

Finally, for every Q € Tree(R), there exists a doubling cube P(Q) € Tree(R) N {Dﬁb such
that Q C P(Q) and £L(P(Q)) Sa.z £L(Q). If R € Stop(R), we have P(Q) € Tree(R) N
D\ Stop(R).

Proof. First, note that if R € Stop(R), then Tree(R) = { R} and the lemma above is trivial.
Assume that R & Stop(R).

Inequalities (4.3) and (4.4) are obvious by the definition LD(R) and BCE(R).

Concerning (4.2), note that for Q € Tree(R) N {ng \ Stop(R), we have ©,(2Bg) <
A®,(2BR), from the high density stopping condition. In general, given Q € Tree(R),
let P(Q) be the smallest doubling cube containing Q, other than Q. Since R € !Oﬁb
and R ¢ Stop(Q), we certainly have P(Q) € Tree(R) N D \ Stop(R), and therefore
G)M(ZBP(Q)) < A@M(ZBR).

Denote by Py, P, ..., Py all the intermediate cubes, so that 0 C Py C P, C--- C
Py C P(Q). Since P; are non-doubling, we have, by Lemma 2.2,

©,(2Bo) 5 ©,(2Bp,) S ©,(100B(P1)) < (Codo)? 45°/* 710, (100B(P(0)))
< Ou(2Bp(g)) = AOL(2BR).
which proves (4.2).
Finally, to see that £(P(Q)) Sa,r £(Q), note that P; € Tree(R) \ Stop(R), and so
10,(2BRr) < ©4(2Bp,). On the other hand, a minor modification of the computation

above shows that "
—9d(k—1
©,(2Bp,) Scouy Ay %V 40,,(2BR).

It follows that k <S4, 1. [ ]

The following estimate of the measure of cubes in BCE(R) will be used later on in the
proof of the packing estimate (3.2).

Lemma 4.2. We have

(4.5) Y. Q)=

Q€EBCE(R)

Z Eu,p(P) ju(P).

1
p
€ ®N« (ZBR) P €Tree(R)

Proof. We use the fact that for Q € BCE(R), we have

Y 8up(P)>£0,(2Br)"
QCPCR
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to conclude that

0,287 Y w@<- 3 w@ Y &up(P)

™

Q€BCE(R) Q €BCE(R) PeD,
QCPCR
1 1
== ) GupP) Y w@=— Y Eup(P)p(p).  m
P<Tree(R) Q€BCE(R) PeTree(R)
ocp

4.2. Key estimate
We introduce some additional notation. Given x € R4 and A > 0, set
Kk(x) = K(x,V, Aa).

For O € 9,,, we denote
Ko = K*().
xeQ
If A = 1, we will write K¢ instead of K.

Lemma 4.3. There exists a constant M = M(«) > 1 such that if Q € Tree(R) and P €
D, (R) satisfy

PNKY*\MBg # @ and dist(Q.,P) > Mr(P),
then P ¢ Tree(R).

Proof. Taking M = M(«) > 1 big enough, we can choose cubes P, Q' € D, (R) such
that

« PSP CR P CKYJ* andl(P)~dis(P', Q)
s QS QO CRUQ)~ M UP), and dist(P', Q') ~ L(P’).
Moreover, if M is taken big enough, we have, for all x € 2B¢/,
2Bp: C K(x).
Thus, if 7 is taken small enough (say, n < M ~!), we have
W(2Bpr)\P @) M(K(X M\P dr

(4.6) (“,—,n) n(2Bgr) < n ) —dp(x)

(P) 2By Jur(@)

= Eu,p(Q) (D).

Since Q € Tree(R) and Q S Q’, we have Q' € Tree(R) \ Stop(R), and so (from (4.6)
and (4.4))

M(ZBP/))I’ < u(Q") SM,P(Q/) < 8u,p(Q/) <e0®,(2BRr)"?.

(P ) " u2Bg)

It follows that, for & small enough, P’ € LDy(R). Since P S P’, we get that P ¢ Tree(R).
The proof is complete. u

0, (2Bp)? ~ (
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We set
o0
4.7 Gr=R\ |J © and Gr=() |J 2MB,.
QeStop(R) k=1 Qe€Tree(R)
r(Q)<Ag*

Note that Gg C éR.

Lemma 4.4. Forall x,y € Gg, we have y & K'/2(x). Thus, G is contained in an n-
dimensional Lipschitz graph with Lipschitz constant depending only on .

Proof. Proof by contradiction. Suppose that x, y € Gg and x — y € K2 Let Q, P €
Tree(R) be such that x € 2M Bg, y € 2M Bp, with side length so small that P N (I(l/2 \
MBp) # @ and d1st(Q P) > Mr(P) (note that this can be done because K '/2 is an open
cone, and so x’ — y’ € K'/2 also for x’ € B(x,&') and y’ € B(y,¢’), assuming &’ > 0 small
enough). It follows by Lemma 4.3 that P ¢ Tree(R), and so we reach a contradiction. m

4.3. Construction of I'g

The Lipschitz graph from Lemma 4.4 can be thought of as a first approximation of I'g.
It contains the “good set” G, but we would also like for I'g to lie close to cubes from
Tree(R). In this subsection we show how to do it.

Given ¢t > 1, we say that cubes Q, P € D, are t-neighbors if they satisfy

(4.8) t7'r(Q) < r(P) <tr(Q)
and
4.9) dist(Q, P) <t(r(Q) + r(P)).

If at least one of the conditions above does not hold, we say that Q and P are ¢-separated.
We will also say that a family of cubes is 7-separated if the cubes from that family are
pairwise ¢-separated.

Consider a big constant t = (M, «) > M which will be fixed later on. We denote by
Sep(R) a maximal 7-separated subfamily of Stop(R) (it exists by Zorn’s lemma). Clearly,
for every QO € Stop(R), there exists some P € Sep(R) which is a z-neighbor of Q.

Furthermore, we define Sep™ (R) as the family of all cubes Q € Sep(R) satisfying the
following two conditions:

(4.10) 2MBoNGr =@
and for all P € Sep(R), P # Q, we have
4.11) 2MBp ¢ 2MBy.

Lemma 4.5. Suppose t = t(M) is big enough. Then, for all Q, P € Sep*(R), Q # P,
we have Q ¢ 1.5M Bp.

Proof. Suppose Q € Sep*(R) and Q C 1.5M Bp. We will show that P ¢ Sep*(R).
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Firstly, if 7(Q) > t~!r(P), then Q C 1.5M Bp implies that Q and P are -neighbors
(for ¢ big enough), and so P ¢ Sep*(R). On the other hand, if r(Q) < t~!r(P), then (if
t is big enough) O C 1.5M Bp implies 2M Bg C 2M Bp, contradicting (4.11). ]

Lemma 4.6. For every Q € Sep(R) at least one of the following is true:
(a) 2MBo NGr # &,
(b) there exists P € Sep™(R) such that 2MBp C 2M Bg.

Proof. If Q € Sep*(R), then of course (b) holds (with P = Q). Suppose that Q ¢
Sep*(R), and that (a) does not hold (i.e., 2MBg N Gr = @). We will find P € Sep*(R)
such that 2MBp C 2M Bg.

Since Q ¢ Sep*(R) and (4.10) holds, condition (4.11) must be false. Thus, we get
a cube Q1 € Sep(R) such that 2MBg, C 2MBgp. If Q1 € Sep*(R), we get (b) with
P = Q. Otherwise, we continue as follows.

Reasoning as before, Q1 € Sep(R) \ Sep*(R) and 2MBg, N Gr = @ ensures that
there exists a cube O, € Sep(R) such that 2M Bg, C 2M By, . Iterating this process, we
get a (perhaps infinite) sequence of cubes Q¢ := @, 01, Q2, ... satisfying 2MBg,,, C
2MByg,.

_If the algorithm never stops, then N =0 2M Bo; # &. But, by the definition (4.7) of
G R, we have ﬂ i—02MBg, C GR, and so we get a contradiction with 2M Bg N GR =

Thus, the algorlthm stops at some cube Q,,, which means that Q,, € Sep*(R). Settmg
P = Q,, finishes the proof. u

Lemma 4.7. Suppose t = t(M) is big enough. Then
(a) forall Q, P € Sep*(R), O # P, we have

(4.12) Onk/?=Pnky* =0,
(b) forall x € Gr and for all Q € Sep™(R), we have
x¢ Kg? and QN K" (x) =g

Proof of (a). Proof by contradiction. Suppose O N Kp 1/2 # & (which by symmetry of
cones implies P N K L/2 % @). Without loss of generallty, assume that 7(Q) < r(P).

Since Q and P are t- separated at least one of the conditions (4.8), (4.9) fails, i.e.,

r(Q) < t_lr(P) or dist(Q, P) > t(r(Q) + r(P)).

We know by Lemma 4.5 that Q ¢ 1.5M Bp. It is easy to see that in either of the cases
considered above, this implies Q N 1.2M Bp = @. It follows that Q N (I(Il,/2 \MBp)#@
and r(Q) < r(P) < M~1dist(Q, P). Hence, we can use Lemma 4.3 to conclude that
Q ¢ Tree(R). This contradicts Q € Sep*(R). L]

Proof of (b). Proof by contradiction. Suppose x € K IQ/ 2 We have x ¢ 2M B by (4.10).
Since x € Gg, we can find an arbitrarily small cube P € Tree(R) such that x € 2M Bp.

Taking r(P) small enough, we have r(P) < M ~!dist(Q, P) and P N K1/2 \MBgp # @
(because x € K'/2(x") \ 2M By for some x’ € Q, and K'/2(x’) is an open set) Lemma4.3
yields P ¢ Tree, a contradiction. ]
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Lemma 4.8. There exists a Lipschitz graph T'r, with Lipschitz constant depending only
on o, such that 5
Ggr CT'g.

Moreover, there exists a big constant A = A(M,t) > 1 such that for every Q € Tree(R),
we have

(4.13) ABp NTg # @.

Proof. Recall that for each cube Q € D,, we have a “center” denoted by xg € Q. Set
F ={xg: 0 €Sep*(R)} U Gg. It follows, by Lemma 4.4 and Lemma 4.7, that for any
x,y € F, we have x — y ¢ K'/2. Thus, there exists a Lipschitz graph I'g, with slope
depending only on «, such that F C T'g.

Concerning the second statement, it is clearly true for Q € Sep*(R) (even with A = 1).
For Q € Sep(R), we have, by Lemma 4.6, that either 2M Bg N Gr # @ or there exists
P € Sep*(R) with 2MBp C 2MBg. Thus, (4.13) holds if A > 2M.

If Q € Stop(R), there exists some P € Sep(R), which is a t-neighbor of Q, so that
for some A = A(t, M) > 1, we have ABg D 2M Bp, and 2M Bp intersects I'g. Finally,
for a general Q € Tree(R), either Q contains some cube from Stop(R), or O C Gr.In
any case, ABg NI'r # @. |

Remark 4.9. Note that while for a general cube Q € Tree(R), we only have ABp NI'g #
@, we have a better estimate for the root R:

(4.14) BrN TR # 2.

Indeed, (4.14) is clear if the set G g is non-empty. If Gr = @, then Sep*(R) # @, so that
for some P € Sep™(R), we have xp € T'g N Bg.

5. Small measure of cubes from LD(R)
In the proof of the packing estimate (3.2), it will be crucial to have a bound on the measure
of low density cubes.

Lemma 5.1. We have

D Q) Sra Ti(R).

QeLD(R)

In particular, for r small enough, we have

5.1) > W) =t u(R).
Q€LD(R)
We begin by defining some auxiliary subfamilies of LD(R).
Lemma 5.2. There exists a t-separated family LDgep(R) C LD(R) such that

Yo owo)y s > wo).

QE€eLD(R) Q €LDgep(R)



Cones, rectifiability, and singular integral operators 1305

Proof. We construct the family LDge,(R) in the following way. Define LD (R) as a max-
imal z-separated subfamily of LD(R). Next, define LD,(R) as a maximal ¢-separated
subfamily of LD(R) \ LD (R). In general, having defined LD; (R), we define LD; 1 (R) to
be a maximal ¢-separated subfamily of LD(R) \ (LD{(R) U--- U LD;(R)).

We claim that there is only a bounded number of non-empty families LD; (R), with the
bound depending on ¢. Indeed, if Q € LD;(R), then Q has at least one ¢-neighbor in each
family LD (R), k < j. It follows easily from the definition of ¢-neighbors that the number
of ¢-neighbors of any given cube is bounded by a constant C(¢). Hence, j < C(¢).

Set LDgep(R) to be the family LD, (R) maximizing ZQGLD]_ (R) #(Q). Then

Yoow@)yscw Y . =

Q€eLD(R) Q€ELDsep(R)

We define also a family LD;ep(R) C LDgep(R) in the following way: we remove from

LDsep(R) all the cubes P for which there exists some O € LDgq,(R) such that
(5.2) 1.1BpN1.1Bp #@ and r(Q) <r(P).

Lemma 5.3. For each Q € LDgep(R) at least one of the following is true:
(a) 1.2Bo NGr # 2,

(b) there exists some P € LDgg (R) such that 1.2Bp C 1.2Bg.

Proof. Suppose Q € LDge(R), and that (a) does not hold. We will find P such that (b) is
satisfied.

IfQO ¢ LD;ep(R), then there exists some cube Q1 € LDggp(R) such that

1.1BpN1.1Bg, #@ and r(Q1) <r(Q).

Since Q and Q are t-separated, and (4.9) holds, it follows that tr(Q1) < r(Q). Thus,
Q1 is tiny compared to O, and we have 1.2Bg, C 1.2Bg. If Q1 € LDg,,(R), we set
P = (O, and we are done. Otherwise, we iterate as in Lemma 4.6 (with 2M replaced
by 1.2) to find a finite sequence Q1, Q2, ..., Om satisfying 1.2Bg,,, C 1.2Bg,, and

such that Oy, € LDg,,(R). L]

Lemma 5.4. For each Q € LDg,(R), we have

(53) n(en U &Y\ MBp)) Sean en(0Q).
PeLD;ep(R)
In particular, if e is small enough, then for each Q € LD;ep(R), we can choose a point
(5.4) woe 0\ |J (Ky*\MBp).
PeLD;ep(R)

Proof. Suppose Q € LDg,,(R) and that we have O N K},/z \ MBp # & for some P €
LDge, (R). Note that if we had Mr(Q) < dist(Q, P), then the assumptions of Lemma 4.3

would be satisfied, and we would arrive at Q ¢ Tree(R), a contradiction. Thus,

(5.5) dist(Q, P) < Mr(Q) < tr(Q).
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It follows that (4.9) —one of the f-neighborhood conditions — is satisfied. Since Q and P
are f-separated, we necessarily have tr(Q) < r(P)ortr(P) <r(Q).

If we had tr(Q) < r(P), then (5.5) implies dist(Q, P) < r(P). Hence, 1.1Bg N
1.1Bp # @. But this cannot be true, by the definition of LD¥__(R). It follows that

(5.6) tr(P) <r(Q).

Let S D P be the biggest ancestor of P satisfying r(S) < §r(Q) for some small
constant § = 6(«), which will be fixed in a few lines. If ¢ is big enough, then S # P. Thus,
r(S) ~s r(Q),and S € Tree(R) \ Stop(R). Recall that by the definition of LDg,,(R), we
have 1.1Bp N 1.1Bp = @. It follows that if § < 0.001, then 4Bg N 1.05Bg = @. Now,
using this separation, it is not difficult to check that for § = §(«) small enough, for any

X € K},/z N Q, we have

Sep

2Bs C K(x).
Observe also that, due to (5.5) and the fact that r(S) < §r(Q), we have

285 < Br.r) forr e (2 r(©). 17H(©)).

provided that 7 is small enough (say, 7! >> t). Putting together the two estimates above,
we get that

n(2Bs) < n(K(x,r))

for any x € Kl/2 nNgo>on Kl/2 \ MBp and allr € (07'r(Q)/2,n7'r(Q)).

Integrating the above over all x € A, where A C Q0 N K 1/2

measurable subset, yields (see (4.3))

\ M Bp is an arbitrary

M(ZBS))P
r(Q)"

/-/ r(Q) (K (x, r)))P dr du(x)
nr(Q) rt '

(R) satisfying Q N K5/ *\MBp # 2.

57 AOLCER” = T (A0, 2Bs)” A 1(A)(

Now, let P; be some ordermg of cubes P € LDSep
We define 41 = O N Kl/ \ MBp,,and fori > 1,

i—1

A4i=0n K},i/z\(MBpi vl A,-)‘

Jj=1
Observe that A; are pairwise disjoint and their union is Q N | J Pelot, ( »)( K;,/ 2 \ MBp).
ep
Thus, from (5.7), we have

n(on U Ki?\MBp)O,.2BR)” = Y 1(4)0,2BR)”

PeLDg,,(R)

“11(0)
W(K(x,r))\»? dr
scan [ [T (IR L) < €.,(0 (@)

iAt

Note that since Q ¢ BCE(R), we have &, ,(Q)u(Q) < e0,(2Br)?1(Q). So the esti-
mate (5.3) holds. ]
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Lemma 5.5. There exists an n-dimensional Lipschitz graph U\ p passing through all the

points wp, P € LD;ep(R). The Lipschitz constant of T\ p depends only on .

Proof. 1t suffices to show that for any Q, P € LDg,,(R), O # P, we have
(5.8) wo —wp ¢ K2,
Without loss of generality, assume r(P) < r(Q). By (5.4), we have

wo ¢ Ky/>\ MBp.

In particular,
wo ¢ K'*(wp) \ MBp.

So, to prove (5.8), it is enough to show that
(5.9) wo ¢ MBp.

Assume the contrary, i.e., wg € MBp. Then

dist(Q, P) < CMr(P) <t(r(Q) + r(P)).
That is, (4.9) holds. But Q and P are ¢-separated, and so (4.8) must fail. Hence,
r(P) <t7'r(Q).
O and P belong to LDg,;(R), so by (5.2) we have 1.1Bgp N 1.1Bp = @. Thus,
dist(wg, Bp) > 0.1r(Bg) > Ctr(Bp) > Mr(Bp).

So (5.9) holds. ]

We can finally finish the proof of Lemma 5.1.

Proof of Lemma 5.1. By Lemma 5.2, it suffices to estimate the measure of cubes from
LDsep(R). Let § denote an arbitrary finite subfamily of LDgep(R). We use the covering
lemma (Theorem 9.31 of [58]) to choose a subfamily ¥ C § such that

| 1:5Bo c | 2Bo.

Qeg Qe¥F

and the balls {1.5Bp}pe# are of bounded superposition.
The above and the LD stopping condition give

(5.10) D m(Q) = )Y n(2Bo) STO.(2BR) ) r(Bo)".

Qeg QeF Q¥

Now, it follows from Lemma 5.3 and Lemma 5.5 that for each O € § C LDggp(R), there
exists either wg € I'p N 1.2Bg orx € Gg N 1.2Bp C I'r N 1.2B¢. Hence,

H"(1.5Bp N (Tp UTR)) ~g r(Bo)".
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Now, using the bounded superposition property of ¥, we get
3 r(Bo)' ~e Y. H"(15Bo N (Tip UTR)) < J(’”( | 15Bo N (T U FR))
Qe¥ Qe¥ Qe¥F
< #H"(2Br N (T UTR)) ~a r(R)" ~ 11(2BR)O.(2BR) ™" ~ w(R)Ou(2Br) ™",

since R € !Dﬁb. Together with (5.10), this gives
> Q) Sa TH(R).
Qeg
Since ¢ was an arbitrary finite subfamily of LDg,(R), we finally arrive at

Y. Q) Sa Ti(R). .

Q e|—DS(-3p(R)

6. Top cubes and packing estimate

6.1. Definition of Top

In order to define the Top family, we need to introduce some additional notation. Given
0 € Dy, let MD(Q) denote the family of maximal cubes from DP(Q) \ {Q}. It follows
from Lemma 2.1 (c) that the cubes from MD(Q) cover p-almost all of Q.
Given R € i)ﬂb, set
Next(R) = [ ] MD(Q).
QeStop(R)

Since we always have MD(Q) # {0}, it is clear that Next(R) # {R}.
Observe that if P € Next(R), then, by Lemma 4.1 and Lemma 2.2, we have for all
intermediate cubes § € Dy, P C S C R,

(6.1) 0.(2Bs) <4 ©u(2BR).
We are finally ready to define Top. It is defined inductively as Top = | J k>0 10Pg . First,

set
Topy = {Ro},
where Ry was defined as supp . Having defined Topy, we set
Topr41 = U Next(R).
ReTopy,

Note that for each k > 0, the cubes from Top; are pairwise disjoint.

6.2. Definition of ID

We distinguish a special type of Top cubes. We say that R € Top is increasing density,
R €D, if

o( U Q)= 5um.

Q€HD(R)
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Lemma 6.1. If A is big enough, then for all R € ID,
p 1 p
(6.2) OuBRP (R < 5 ), ©u(2Bo)’ Q).
QeNext(R)

Proof. The definition of ID and the HD stopping condition imply that for any R € ID,

©.(2Br)?(R) <20,(2Br)” Y w(Q) <2477 Y ©,(2B)”n(0).
Q€HD(R) Q€HD(R)

Note that all Q@ € HD(R) are doubling, and so, by Lemma 2.3,

0.2Bo)" (@) S Y. ©,2Bp)’u(P)= Y ©,(2Bp)"u(P).

PeMD(Q) P eNext(R)
PCQ
If A is taken big enough, then the estimates above yield (6.2). ]

6.3. Packing condition

We will now establish the packing condition (3.2). For S € Top, set Top(S) = Top N D, (S)
and Top; (S) = Top; N D, (S). For k > 0, we also define

Top§(S) = | J Top;(S) and ID§(S) = ID N Top§(S).
0<j<k

Recall that p satisfies the following polynomial growth condition: there exist C; > 0 and
ro > 0 such that for all x € suppu, 0 < r < rg, we have

(6.3) w(B(x,r)) < Cyr".

Lemma 6.2. Forall S € Top, we have

64) Y ©,2BR)”u(R)
ReTop(S)

n~'Cor(S) ) d
[y

Sent (CHPu(S) + dp(x).

2Bg
The implicit constant does not depend on ry.

Proof. First, we deal with ID cubes. Note that, from (6.2),

IA

Y eueBtaR <5 Y Y 0.2B)a(Q)

ReIDk(S) ReIDk(s) QENext(R)

Y ©u2B0) 1(0),

QeTopkT1(S)

IA
|
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where the last inequality follows from the fact that | J ReTopk Next(R) = Top’é“. Now,
observe that for Q € Topy 1, we have r(Q) < COAO_kr(Ro), and so if k is big enough,
then r(2Bg) < ro. Thus, by (6.3),

(6.5) ©,.(2Bg) < C;.
Hence,
66) Y ©.2BR)’u(R) = Y  ©,2Br)’u(R)+ Y ©,2Br)"u(R)
ReTopk () ReTopk (SH\ID ReIDk(S)
1
= D Ou@BRRR) 5 YT OuBR)”U(R)
RETopk (SHNID ReTopkt1(8)
P 1 P (€)?
= ) OuC@BRPRR)+ 5 D OuCBR)"I(R) + T u(S).
ReTopk (S)\ID ReTopk ()

Note that for small cubes Q € Toplg (S) (i.e., satisfying r (2Bg) < ro), we have (6.5), while
for big cubes, the trivial estimate ©,,(2Bg) < i(2Bs)r," holds. It follows that

Y Ou@BRP(R) < (k + D((C1)” + p(2Bs)Pry ") u(S) < o0,
ReTopk ()
and so we may deduce from (6.6) that
> 0u@BRIPUR) =2 Y ©u2BR)Pu(R) + (C)Pu(S).
ReTopk (S) ReTopk (S)\ID

Letting k — 0o, we arrive at

(6.7) > 0u@BRP(R) <2 > ©uQ2Br)Pu(R) + (C1)P u(S).
ReTop(S) ReTop(S)\ID

Now, we need to estimate the sum from the right-hand side. By the definition of ID, we
have, for all R € Top(S) \ ID,

and so by Lemma 2.1 (¢), we get

n(R) <2u(R\ | Q)+2P«( J 9

QeStop(R) QeStop(R)\HD(R)
(RN U 9)+2 Y wm@+2 Y w0,
Q eNext(R) Q€LD(R) Q€BCE(R)

The measure of low density cubes is small due to (5.1), and so for t small enough, we
have

nR) =3p(R\N | 0)+3 Y n@.

QeNext(R) Q€EBCE(R)
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Thus,

68 Y 0,eBu® =3 Y e.ep’u(R\ |J 0)

ReTop(S)\ID ReTop(S) QeNext(R)
+3 > 0.2Br)” Y. ().
ReTop(S)\ID Q€BCE(R)

Concerning the first sum, notice that if (R \ UQ eNext(R) Q) > 0, then we have arbi-
trarily small cubes P belonging to Tree(R). In particular, by (4.3) and (6.3), we have
©4(2Br) <t '0©,(2Bp) <t 1Cy, taking P € Tree(R) \ Stop(R) small enough. Recall
also that for R € Top(S), the sets R \ | genex(r) © are pairwise disjoint. Hence,

(6.9) > ewesnru(R\ | Q) =@ en?ucs).

ReTop(S) Q eNext(R)

To estimate the second sum, from (6.8), we apply (4.5) to get

> ©.0Br)? Y. u(Q)s Yo D Eup(P)u(P)
ReTop(S) Q€eBCE(R) RGTop(S) PeTree(R)
<! Y Eup(P)u(P).
PeD,(S)

By the definition of &, ,(P), and the bounded intersection property of the balls 2Bp for
cubes P of the same generation, we have

~1r(P)
Z Eup(P)p(P) = /;B /,7 (K(j V)))P a;r

PeD,(S) k PeD,, r(P)

[ [’7 'Cop* ,u(K(x r)))P dr
2Bg rn r

S /2 5 /On Cor(S)(—M(Kr(f’r)))p?du(x).

Consequently,

1 Cor(S) (K (x,r))\ P dr
> euen Y w@ s [ [ () ane

ReTop(S) QEBCE(R)
Together with (6.7), (6.8) and (6.9), this gives (6.4). [ ]
Let us put together all the ingredients of the proof of the main lemma.

Proof of Lemma 3.1. Let Top C i)gb be as above, and let {I'r } retop be as in Lemma 4.8.
Then, properties (i) and (ii) are ensured by Lemma 4.8. Property (iii) follows from (6.1).
We get the packing estimate (3.2) from (6.4), by taking S = Ry. ]
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7. Application to singular integral operators

To prove Theorem 1.17, we will use geometric characterizations of boundedness of oper-
ators from K" (Rd) shown in Sections 4, 5, 9 of [30]. Forn = 1, d = 2, a variant of this
characterization valid for the Cauchy transform was already proved in [55].

For 0,8 € D, O C §, we set

5,(0.5) = / .

ZBs\ZBQ |y - XQ |n
The notation Good(R), Tr(R), Next(R), used below, was introduced in Section 3.

Lemma 7.1 ([30]). Let y be a compactly supported Radon measure on R? satisfying the
growth condition (1.9). Assume there exist a family of cubes Top C !ng and a correspond-
ing family of Lipschitz graphs {I'r} retop Satisfying:

(i) Lipschitz constants of T'gr are uniformly bounded by some absolute constant,

(ii) p-almost all Good(R) is contained in T'g,

(iii) for all Q € Tr(R), we have ©,,(2Bg) < ©,(2BR).

(iv) forall Q € Next(R), there exists S € Dy, Q C S, suchthat §,(Q,S) <0, (2BR)
and2Bs N TR # @.

Then, for every singular integral operator T with kernel k € X™(R?), we have

sugnnuuizw < ). ©.2Br)’u(R),
e>

ReTop

with the implicit constant depending on Cy and the constant Cy, from (1.8).

The result above is not explicitly stated in [30], but it is essentially Lemma 1, Section 5,
of [30]. The “corona decomposition” assumptions of Lemma 7.1 come from Lemma D
of [30], which is treated there as a black-box. The proof of Lemma 1 of [30] is con-
cluded in Section 9 of [30], and it is evident from its last line that we may replace the
B-number right-hand side of Lemma 1 of [30] by the sum-over-Top-cubes right-hand side
of Lemma 7.1.

We are going to use Lemma 3.1 together with Lemma 4.8 and Lemma 7.1 to get the
following.

Lemma 7.2. Let ju be a compactly supported Radon measure on R? satisfying the growth
condition (1.9). Assume further that for some V € G(d,d —n), a € (0, 1), we have

€,.2(R?, V., a) < o0.
Then, for every singular integral operator T with kernel k € X"(R%), we have

(7.1) sup | Teptl 72,y S RY) + 2RV, @),
e>0

with the implicit constant depending on Cy, o and the constant Cy, from (1.8).
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Proof. Using Lemma 3.1 (with p = 2), it is clear that the assumptions (i)—(iii) of Lem-
ma 7.1 are satisfied. We still have to check if (iv) holds. Once we do that, the packing
estimate (3.2) together with Lemma 7.1 will ensure that (7.1) holds.

Suppose R € Top, Q € Next(R). We are looking for S € £, such that §,,(Q,S) <
©,(2Bgr)and2Bs NI'g # @. Let P € Stop(R) be such that 0 C P. By Lemma 4.8, we
have some constant A such that

ABp NTg # @.

Together with (4.14), this implies that there exists S € Tree(R) suchthat P C S, 7(S) ~a
r(P), and
2Bs NTr # @.

We split

5u(0.5) = | Fdn0) + | —du(y).

2Bs\2Bp |V — X0 2Bp\2B, |V — X0l

Concerning the first integral, for y € 2Bg \ 2Bp, we have |y — xg| ~ r(S) ~a r(P),
and so (from (4.2))

/ ————dp(y) S Ou2Bs) <4 O, (2BR).

2Bs\2Bp |V — X0

To deal with the second integral, observe that there are no doubling cubes between Q
and P. Then it follows from Lemma 2.2 that

| e du) 5 ©.01005(P)).
2Bp\2Bg ly —xol

If P = R, then P is doubling and we have ©,,(100B(P)) < ©,(2Bg). Otherwise, the
parent of P, denoted by P’, belongs to Tree(R) \ Stop(R). Since 100B(P) C 2Bp/, we
get (from (4.2))

©,(100B(P)) < ©,(2Bp!) <4 ©,(2BR).

Either way, we get that §,,(Q, S) <4 ©®,(2Bg), and so the assumption (iv) of Lemma 7.1
is satisfied. ]

Lemma 7.2 allows us to use the non-homogeneous 7'1 theorem of Nazarov, Treil and
Volberg [48] to prove a version of Theorem 1.17 in the case of a fixed direction V, i.e., if
for all x € supp i, we have V, = V.

Lemma 7.3. Let i be a Radon measure on R satisfying the polynomial growth condi-
tion (1.9). Suppose that there exist My > 1, o € (0,1), V € G(d,d — n) such that for
every ball B, we have

(7.2) Eu2(B.V,a) < Moju(B).

Then all singular integral operators T, with kernels in X "(R?) are bounded in L?(w).
The bound on the operator norm of T, depends only on Cy, o, My, and the constant Cy
from (1.8).
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Proof. We apply Lemma 7.2 to u|p, where B is an arbitrary ball, and get that

supl| Te (1l B) 17 2,01y SCrasc (B) + Epupy 2RV, ),

>0
It is easy to see that, using the assumptions (1.9) and (7.2), we have
Euly 2R V.@) S €.2(B, V,a) + CTu(B) < (Mo + C)p(B).

Hence,

(7.3) SUEHTS(MB)”iZ(mB) <Cra,Cp My H(B).
£>

The L? boundedness of T, follows by the non-homogeneous 7’1 theorem from [48]. The
condition (7.3) is slightly weaker than the original assumption in [48], but this is not a
problem, see the discussion in Section 3.7.2 of [58]. [

We are ready to finish the proof of Theorem 1.17.

Proof of Theorem 1.17. Let B be an arbitrary ball intersecting supp u. Recall that, by the
definition of BPBE(2), there exist My > 1,k > 0, Vg € G(d,d —n), and Gg C B such
that u(Gp) > «u(B), and for all x € Gp,

< M,.

"B (K (x Vp.a,r)\2 d
/(; (M X Boer)Tr

rn
By the polynomial growth condition (1.9), we also have

/ (/,L(K(X, VB,Ol,r)))zﬂ 5/ 1(B) < H(B) < CL
r(B) rn r = Jepy r r(B)*

Hence, for all x € Gp,

/°°(,u(K(x, VB,oz,r)))2 dr
0

< 1
Scm, L
rn r 1 0

Set v = ji|g, - The estimate above implies that for all balls B’ C R4, we have

rB) y(K(x, Vg, a,r)\2 dr
8\),2(3/7 VB,a) = / / ( ( ( B ))> Tdv(x) SClsMO U(B/)~
+Jo

rn

Clearly, v = jt|g, has polynomial growth, and so we may apply Lemma 7.3 to conclude
that all singular integral operators T, with kernels in K" (R?) are bounded in L2(v).
Thus, the corresponding maximal operators T are bounded from M (R%) to L% (v), see
Theorem 2.21 of [58].

Recall that for all balls B, we have u(Gp) = u(B). For any fixed T, the operator
norm of TM|GB,8: LZ(/LlGB) — Lz(,u|GB) is bounded uniformly in B and ¢, and so the
same is true for the operator norm of Ty: M(R?) — L1’°°(/L|GB ). Hence, we may use the
good lambda method, Theorem 2.22 of [58], to conclude that 7}, is bounded in L2(x). =
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8. Sufficient condition for rectifiability

The aim of this section is to prove the following sufficient condition for rectifiability.

Proposition 8.1. Suppose [ is a Radon measure on R? satisfying ©™*(u, x) > 0 and
O" (1, x) < oo for ji-a.e. x € R%. Assume further that for pi-a.e. x € R9, there exist some
Vi € G(d,d —n) and a € (0, 1) such that

/*CwKu»@amnbpgg<m
0

r’ r

8.1)

Then w is n-rectifiable.
We reduce the proposition above to the following lemma.

Lemma 8.2. Suppose i is a Radon measure on B(0,1) C R¢, and assume that there
exists a constant Cy > 0 such that " (i, x) < Cx and ©"* (i, x) > 0 for u-a.e. x € R?.
Assume further that there exist My > 0, V € G(d,d —n) and a € (0, 1) such that for
p-a.e. x € R4,

1
8.2) /@ﬂ&i&@yﬂfm.
0

rn r
Then w is n-rectifiable.

Proof of Proposition 8.1 using Lemma 8.2. To show that p is rectifiable, it suffices to
prove that for any bounded E C supp p of positive measure, there exists F C E, u(F) >0,
such that u|F is rectifiable. Given any such £ we may rescale it and translate it, so, with-
out loss of generality, E C B(0, 1).

Since 0 < ®™*(u, x) and O%(u, x) < oo for p-a.e. x € E, choosing Cx > 1 big
enough, we get that the set

(8.3) E'={x€E:0""(u,x)>0, OL(u,x) < Cu}

has positive p-measure.

Let {Vi }ren be a countable and dense subset of G(d, d — n). It is clear that for any
a €(0,1),V € G(d,d —n), there exists k € N such that K(0, Vi, k1) C K(0,V, a).

Set
1 —1
Ep = {xeRd:/ (“(K(X’Vk’k ’r)))”ﬂ<k}.
0

rh r

It is a simple exercise to check that for each k € N, the set Ey is Borel. Moreover, it
follows from (8.1) that (R? \ Uk Ex) =0.Pickany k € N with u(E" N Ex) > 0 and set
F = E’' N Eg. Using the Lebesgue differentiation theorem and (8.3), it is easy to see that
for p-a.e. x € F, we have ©™*(u|p,x) = @"*(u,x) > 0and OF (u|r,x) = O%(u,x) <
C.. Hence, u|F satisfies the assumptions of Lemma 8.2, and so it is n-rectifiable. ]

8.1. Proof of Lemma 8.2 for y « #H"

First, we will prove Lemma 8.2 under the additional assumption ®"*(u, x) < oo for
u-a.e. x € R (which is equivalent to & < H™).
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Using similar tricks as in the proof of Proposition 8.1, it is easy to see that we may
actually replace ®™*(u, x) < oo by a stronger condition: without loss of generality, we
can assume that there exist C; > 0 and ry > 0 such that for all x e suppp and all 0 <r <ry,
we have

(8.4) w(B(x,r)) < Cyr".

Then the assumptions of Lemma 3.1 are satisfied, and we get a family of cubes Top C @ﬁb
and an associated family of Lipschitz graphs I'r, R € Top. The cubes from Top satisfy the
packing condition

Y OuBR)P(R) S wRY) + €4,p(RY, V,@) < (1 + Mo) 1(B(0, 1)).

ReTop

It follows that for p-a.e. x € R9, we have
> ©u2Br)? < .
ReTop:Rox

Fix some x for which the above holds. Denote by Rp D R; D --- the sequence of cubes
from Top containing x. We claim that for pt-a.e. x, this sequence is finite.

Indeed, if the sequence is infinite, we have ©,,(2Bg;) — 0. On the other hand, let
i >0and r(Rj+1) <r <r(R;).Since Rj4; € Next(R;), we get, from (6.1),

Ou(x,r) <4 ©4,(2BRg,).

In consequence,
O™* (1, x) Sa limsup®,(2Bg,) =0,

i—00
which may happen only on a set of j-measure 0 because ®™* (i1, x) > 0 for p-a.e. x € R?.

Hence, for p-a.e. x € R?, the sequence {R;} is finite. This means that if Ry denotes
the smallest Top cube containing x, then x € Good(Ry). It follows that

;L(]Rid v U Good(R)) — 0.
ReTop
By Lemma 3.1 (ii), we have (Good(Ry) \ T'g,) = 0. Hence,
M(Rd\ 9 FR) =0,
ReTop

and so u is n-rectifiable.

8.2. Proof of Lemma 8.2 in full generality

Thanks to the partial result from the preceding subsection, it is clear that to prove Lem-
ma 8.2 in full generality, it suffices to show that for u satisfying the assumptions of
Lemma 8.2, we have

M, pu(x) = sup———= < oo for pu-a.e x € B(0,1).
r>0 r

u(B(x,r))

To do that, we will use techniques from Section 5 of [61].
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Lemma 8.3 (Lemma 5.1 of [61]). Let C > 2. Suppose that i is a Radon measure on RY,
and that O (i1, x) < Cy for ji-a.e. x € R?. Then, for p-a.e. x € R?, there exists a sequence
of radii r, — 0 such that

w(B(x,Cry)) < 2C%u(B(x,rr)) <20C,C"*¢ r

Let A < 1/2 be a small constant depending on «, to be chosen later. By the lemma
above (used with C = A~!) and Vitali’s covering theorem (see Theorem 2.8 of [42]), there
exists a family of pairwise disjoint closed balls B;,i € I, centered at x; € supp u C B(0, 1),
which cover p-almost all of B(0, 1), and which satisfy

w(B;) <2279 W(AB;) < 20C A4 r(By)",

and
r(Bi) <p

for some arbitrary fixed p > 0. We may assume that (8.2) holds for all the centers x;.
Choose Iy C I a finite subfamily such that

n(BO.D\ LIJ B;) < en(B(0. 1)),

where ¢ > 0 is some small constant. Clearly, o = Io(p, €).
For each i € Iy, we consider an n-dimensional disk D;, centered at x;, parallel to
VL e G(d,n), with radius A7 (B;). We define an approximating measure

w(B;)
3 BB
iely H" (D)
Note that
(8.5) v(D;) = u(B;) &~ w(AB;) Sy Car(Bi)".

Moreover, since [ is a finite family, the definition of v and (8.5) imply that v satisfies the
polynomial growth condition (3.1) with ro = min;ez, 7(B;)/2 and C; = C(A)Cy, i.e., for
0<r <rpandx € suppv,

(8.6) v(B(x,r)) < C(A)Cyr™.
Lemma 8.4. For A = A() < 1/2 small enough, we have

Ev.p(RY,V, 1) <5 (Mo + 1(B(0, 1)) ju(B(0, 1)).

The implicit constant does not depend on p, &.

Proof. Leti € Iy and x € D;. We will estimate the y-measure of K(x,V, 1 50,7).

First, note that v(K(x v, 50,7)) =v(K(x,V, a r) \ B;).Indeed, B ﬂ suppv = Dj,
and D;NK(x,V, 1 S0)= @becauseD is parallel to VL Thus, v(K(x, V. oc r)NB;)=0.
It follows 1mmed1ately that for r < (1 — A)r(B;), we have v(K(x,V, 1 5,1)) =0.



D. Dabrowski 1318

Concerning r > (1 — A)r(B;), if A = A(«) is small enough, then

K(x,V, > oer)\B C K(x;,V,3a,2r)\ B;

1

because x € AB;. Thus, it suffices to estimate v(K(x;, V. oz 2r)\ B; )

Suppose r > (1 — A)r(B;) and j € I is such that D ﬂ K(x;,V,3 70.2r)\ B; # @.
Since B; and B; are disjoint, we have
B | r5)

It follows easily that, for A = A(«) small enough, we get AB; C K(x;, V,a, 4r). Thus,
using (8.5),

r(Bj) +r(B;) 4+ dist(B;, Bj) <3r and dist(D;,D;) >

v(K(x;, V.3 70,2r)) = v(K(x;, V,3 79,2r)\ Bj) < Z v(D;)
J€Ig:AB; CK(x;,V,0,4r)
) Z ,u,(AB]) < w(K(x;, V,a,4r)).

jEI()ZAB.,'CK(Xi,V,aa“'r)

Hence, thanks to (8.2),

/01/4(1;(1((x,, v a 2r))>p drr < /01<;L(K(x,~r,nl/,oz, r)))p ? <M,

This gives

/Di /O‘X’(U(K(x,;/n,%a,r)))pﬂd *) </ / V(K(x,, ,4oc r)))pﬂd )
§C()L)M0v(D,-)+/ /1/4 ”(Eid) pﬂd (x)

Shp Mov(Di) + v(R)Pv(D;) < Mop(Bi) + ju(B(0, 1))? iu(By).
Summing over i € [y yields

€u,p(R?,V, 30) S1.p (Mo + p(B(0, 1)”) u(B(0, 1)).

Lemma 8.5. For A = A(«) < 1/2 small enough, we have

/MnV(X)P dv(x) Sa,p ((C)? + Mo + (B0, 1))”) w(B(0, 1)).

The constants on the right-hand side do not depend on p, ¢.

Proof. By (8.6) and Lemma 8.4, we may use Lemma 3.1 to get a family of cubes Top,
satisfying properties (i)—(iii) of Lemma 3.1, and such that

87 Y ©u2BR)PV(R) Sax (CPv(RY) + C(p) (Mo + pu(B(0,1))?) u(B(0, 1))

ReTop,
i foz,)t,p ((C*)p + My + n(B(0, 1))17)/1(3(0, 1)).
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Now, property (iii) of Lemma 3.1 lets us estimate M, v(x). Indeed, suppose x € suppv,
and let r; > 0 be such that

v(B(x,r1))
i ’

Muv(x) <2

Since suppv C B(0,2), we have r; <4.Let Q € D, be the smallest cube satisfying x € O
and B(x,r1) Nsuppv C 2B¢ (such a cube exists because the largest cube Q¢ := supp v
clearly satisfies suppv C 2Bg,). Let R € Top, be the top cube such that Q € Tr(R).
Clearly, £(Q) & r;. By Lemma 3.1 (iii), we have

v(B(x,r1))

< 0,(2Bg) < ©,(2BR).
1

Thus, M,v(x)? < ZRETop,, 1r(x)®,(2BR)?. Integrating with respect to v and apply-
ing (8.7) yields the desired estimate. ]

Lemma 8.6. We have
/ My 1167 die(x) Sanp ((Co)” + Mo + (B(0, 1))?) u(B(O, 1)),

In particular, M, u(x) < oo for p-a.e. x € B(0, 1).
Proof. Denote

My p pu(x) = sup

r=p

w(B(x,r))
P '

Recall that Iy = Iy(p, €) and set

E¢p=suppun U B;.

i€l

We claim that
8.8) /E My p(1g,,10)(6)? dp(x) < / My pv(x)? dv ().
&,p

Indeed, let x, x" € Bj, j € Iy, and r > p. Then, using repeatedly the fact that r(B;) <p <r
fori € Iy,

((B(x,r) N Eep) < u(B(x',3r) N Egp) < > 14(B;)
i€ly:B;NB(x’',3r)#J

= Z v(D;) < v(B(x',5r)).

i€ly:BiNB(x',3r)#J

Hence, forall x € Bj, j € Iy,
M, ,(1E, 1) (x) < 5" inf M, ,v(x").
’ x'€B;

Integrating both sides of the inequality with respect to p in E; , yields (8.8).
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Lemma 8.5 and (8.8) give
/E My (g, , 1) (x)? du(x) < C(a. A, p)((Cx)? + Mo+ (B(0,1))?) u(B(0,1)) =: K,

where K is independent of p and ¢.

Set g = 2~k Observe that, for a fixed p > 0, we have ,u(Rd \ liminfy E, ,) =0,
where

oo oo
lim inf E, , = U G, and G; = ﬂ Eepp-
Jj=1 k=j
The inclusion G; C E;,, gives

[ Maptie 0007 dn) < [ Ma i, 007 du) < &
J £jsp
Since the sequence of sets G; is increasing, we easily get that for u-a.e. x € B(0, 1),
j—oo
ﬂGj (%) Mn,p(ﬂG_jM)(x) —> My ppu(x),
and the convergence is monotone. Hence, by the monotone convergence theorem,
/ My ()7 dpa(x) < K.

The estimate is uniform in p, and so once again monotone convergence gives

[Mnu(x)p du(x) < K. [

Taking into account Lemma 8.6 and Section 8.1, the proof of Lemma 8.2 is finished.

9. Necessary condition for rectifiability

In this section we will prove the following.

Proposition 9.1. Suppose w is an n-rectifiable measure on R4, and 1 < p < oo. Then,
for p-a.e. x € R4, there exists Vi € G(d,d — n) such that for any € (0, 1), we have

/I(M(K(x, Vo) dr
0

r’ r

< Q.

First, we recall the definition of 8, numbers, as defined by David and Semmes [21].

Definition 9.2. Given a Radon measure i, x € supp i, r > 0, and an n-plane L, define

e dist(y, L)\2 1/2
puater) =ini( o [ (FEE) aun)

rh r

where the infimum is taken over all n-planes intersecting B(x, r).
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Tolsa [59] showed the following necessary condition for rectifiability in terms of 8,
numbers.

Theorem 9.3 ([59]). Suppose w is an n-rectifiable measure on R%. Then, for p-a.e.
x € R?, we have

1
9.1 / /3,L,2()c,r)2 ﬂ < 00.
0 r

Remark 9.4. When showing that rectifiable sets have approximate tangents almost every-
where, one uses the so-called linear approximation properties, see Theorems 15.11 and
15.19 of [42]. The theorem of Tolsa improves on the linear approximation property and
allows us to improve on the classical approximate tangent plane result.

For a fixed n-rectifiable measure j, let L, denote a plane minimizing f, 2 (x, ) (it
may be non-unique, in which case we simply choose one of the minimizers).

Recall that in Definition 1.1 we defined the approximate tangent to 4 to be an n-plane
W) € G(d,n).Let Wy := x + W, whenever the approximate tangent exists and is unique
(that is, for p-a.e. x, by Theorem 1.2). In order to apply Tolsa’s result in our setting, we
need the following intuitively clear result.

Lemma 9.5. Let u be a rectifiable measure. Then, for jt-a.e. x € supp i, we have

distg (Lx,r N B(x,7), Wy N B(x,7)) r—0
r

.2 0.

A relatively simple (although lengthy) proof can be found in Appendix A.
Before proving Proposition 9.1, we need one more lemma. Recall thatif « > 0, W is
an n-plane, and 0 < r < R, then K(x, W, a,r, R) = K(x, Wt a, R)\ K(x, W, a, r).

Lemma 9.6. Let o, ¢ € (0, 1) be some constants satisfying n == 1 — o — 3¢ > 0. Let
x € R, r > 0, and suppose that W and L are n-planes satisfying x € W and

9.3) disty (L N B(x,r), W N B(x,r)) < er.

Then
K(x, W, a,r,2r) C B(x,2r) \ By, (L).

Proof. Suppose y € K(x, W+, a,r,2r), so that r < |x — y| < 2r and |x — 7w (y)| <
a|x — y|. We need to show that dist(y, L) > nr.
Set y’ = nr(y), x’ = mr (x). Then, using (9.3),
dist(y, L) = |y =¥ = [x = y| = |x" = y'[ = |x = X
=[x =y =[x =y =dist(x, L) > |x — y| = |x" = y'| —er.
Let 7w and 717, denote the orthogonal projections onto the n-planes parallel to W and L

passing through the origin. It follows from (9.3) that || 7w — 7L [|,, < €. Thus,

X' =yl =17 = )| < 7w (x = )| + 7w — 7L llop |X — ¥| < [7w (x — y)| + 2er.
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Hence, using the fact that |7y (x — y)| = |x — 7w (¥)| < a|x — y|, we get, from the two
estimates above,

dist(y, L) > |x —y|—|awx —=y)|—3er> (1 —a)|x —y|—3er > (1 —a —3&)r = nr.
The proof is complete. u

Proof of Proposition 9.1. Let u be n-rectifiable. For > 0 and x € supp u, let L , be the
n-plane minimizing B, (x, r). We know that for p-a.e. x € supp p, we have (9.1) and
(9.2) (in particular, the approximate tangent plane W, exists). Fix such x. Set V, = W,
let « € (0, 1) be arbitrary, and for 0 < r < R, set K(r) = K(x, Vy,a, 1), K(r, R) =
K(x,Vy, o, r, R). We will show that

[y

Let ¢ > 0 be a constant so small that 7 := 1 —«a — 3¢ > 0. Use Lemma 9.5 to find
ro > 0 such that for 0 < r < ry, we have

distg (Lxr N B(x,r), Wy N B(x,r)) < er.
Then it follows from Lemma 9.6 that for all 0 < r < ry,
K(r,2r) C B(x,2r)\ By,(Lx,r).
Note that, by Chebyshev’s inequality,

(dist(y, Lyr)

N () = 2 ) a2

J(BGe.20)\ Byr (L) <> /

B(x,2r)
Hence, for 0 < r < ro, we have

p(K(r,2r))

2
P 517 IBM,2(-x92r) s

and so, from (9.1),

/’0 Ww(K(r,2r)) dr < 270
0 r

dr
9.5) p SA Bua(x,r)? - <oo.

Now, observe that for any integer N > 0,

N
(ro) ™ D (K2 %rg))2*"

k=0

[ Ko dr
2

Npy T r

N N
<2"(ro)™" ) (K@ ¥ rg))2"" — (r)) ™ ) (K (2 ¥ rg))2*"
k=0 k=0

N N
= (ro) ™" ) (K@ ro)2%HD" — (r)™ - (K (27 rg))2*”
k=0 k=0
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N+1 _
. _ _ n . K@ N HDrg))  u(K(ro))
= (ro) ];(/L(K(Z FHL0)) — w(K(2 Fre)) 2k + Rl +1)ro): - rg"
r0/2
5/ M ﬂ +®M(X,27(N+l)}’0) +0.
0 r r

Letting N — oo, we get from the above and (9.5) that
/m w(K () dr _ [
0 r

dr
n ~n Bua(x, r)? - + O™ (1, x) < 00
0

for u-a.e. x € supp i, where we also used the fact that ®"-*(u, x) < oo u-almost every-

W) dr obviously finite, and so

where (because p is n-rectifiable). The integral lero o

we get that

3

/ P (K () dr

— L — <
0 r" r
which is precisely (9.4) with p = 1. To get the same result with p > 1, note that since
O"*(u, x) < oo for u-a.e. x, we have

/01 (KON dr /0 KKOD gyt 47

rh r -

< sup O, (x,r)?! /1 WEK(r) dr < 00. "
0

0<r<1 rt r

10. Sufficient condition for BPLG
In this section we prove the “sufficient part” of Theorem 1.11. After a suitable translation
and rescaling, it suffices to show the following.

Proposition 10.1. Suppose p > 1, E C RY s n-AD-regular, and 0 € E. Let o > 0,
My > 1, k > 0, and assume that there exist F C E N B(0,1) and V € G(d,d — n) such
that X" (F) > k, and for all x € F,

fol(%”(K(x, V,a,r)n F))P dr

(10.1) = < M,.
rn

r

Then there exists a Lipschitz graph T, with Lipschitz constant depending on a,n, d, such
that

(10.2) HM(FNT) 21,

with the implicit constant depending on k, p, My, o, n,d, and the A D-regularity constants
of E.

To prove the above we will use techniques developed in [40]. Fix V € G(d,d —n). Let
0 >0and M € {0,1,2,...}. In the language of Martikainen and Orponen, a set £ C R4
has the n-dimensional (68, M )-property if forall x € E,

#jeZ: K(x.V.0,277277TYNnE £ 2} <M.
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It is easy to see that if £ has the n-dimensional (8, 0)-property, then E is contained in a
Lipschitz graph with Lipschitz constant bounded by 1/6, see Remark 1.11 of [40].
The main proposition of [40] reads as follows.

Proposition 10.2 (Proposition 1.12 of [40]). Assume that E is n-AD-regular, and assume
that Fy C E N B(0, 1) is an H"-measurable subset with H" (F1) ~c 1. Suppose further
that Fy satisfies the n-dimensional (6, M )-property for some 8 > 0, M > 0. Then there
exists and H"-measurable subset F, C Fy, with H"(F>) ~c ¢,m 1, which satisfies the
(6/b,0)-property. Here b > 1 is a constant depending only on d.

Remark 10.3. It follows immediately from the proposition above that if we construct
Fy C EN B(0, 1) with #"(F;) ~ « satisfying the n-dimensional («/2, M )-property,
then we will get a Lipschitz graph I such that (10.2) holds. Hence, we will be done with
the proof of Proposition 10.1.

To construct F;, we will use another lemma from [40].

Lemma 10.4 (Lemma 2.1 of [40]). Let E be an n-AD-regular set with " (E) > C > 0,
let F C E N B(0.1) be an K" -measurable subset, and let

Fe={x € F: #"(F N B(x,rx)) < er} for some radius 0 < ry < 1}.

Then H"(F¢) < & with the bound depending only on C and the AD-regularity constant
of E.

Note that the set F' \ F, does not have to be AD-regular. Nevertheless, we gain some
extra regularity that will prove useful.

Now, let £ and F C E N B(0, 1) be as in the assumptions of Proposition 10.1. We
apply Lemma 10.4 to conclude that for some &, depending on « and the AD-regularity
constant of £, we have

J"(F\ Fo) > g

Set Fy = F \ F..

Lemma 10.5. There exists M = M(My, &, o, n) such that Fy satisfies the n-dimensional
(a/2, M)-property.

Proof. Denote by Fgog C F; the set of x € F; such that
(10.3) #{j€eZ:K(x,V,a/2,277 277" YN F £} > M.

We will show that, if M is chosen big enough, the set Fgyq is empty.
Let x € Fpag and j € Z be such that there exists x; € K(x, V,a/2,2_j, 2_j+1) N Fi.
It is easy to see that for some A = A(«), independent of j, we have

B(x;,A277) C K(x,V,a,27/71,277%2),
Since xj € Fy = F \ F, it follows that

H"(F N B(x;,A277)) > e(A27/)".
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The two observations above give

H(F N K(x, Ve, 2772)  J"(F N K(x, V., 27771, 277%2))

Za,)& €.

By (10.3), there are more than M different scales (i.e., j’s) for which the above holds.
Thus, for x € Fgay, we have

/(')I(Jf"(K(x, V,a,r)N F))p dr

- — Za.A MEeP.
r r

Taking M = M(M,, €, o, n, p) big enough, we get a contradiction with (10.1). Thus,
Fgaq is empty. Now, it follows trivially by the definition of Fgyy that F; satisfies the
n-dimensional («/2, M )-property. |

By Remark 10.3, this finishes the proof of Proposition 10.1.

11. Necessary condition for BPLG

In this section we prove the “necessary part” of Theorem 1.11. After rescaling, translating,
and using the BPLG property, it is clear that it suffices to show the following.

Proposition 11.1. Suppose E C R? is n-AD-regular and 0 € E. Let p > 1. Assume there
exists a Lipschitz graph T such that 3™(I N E N B(0, 1)) > k. Then there exists a =
a(Lip(T")) >0,V € G(d,d —n) andaset F CT' N E N B(0, 1) such that #"(F) Z «,
and for x € F,

1 n
(11.1) /(Jf’ (K(x,V,a,r)mE))p dr
0

— < M, ,
rt ro= 0
where My > 1 is a constant depending on p,Lip(I"), k and the AD-regularity constant
of E.
We begin by fixing some additional notation. Set u = #”"|g. We will denote the AD-
regularity constant of E by Cy, so that for every x € E,0 < r < diam(FE),
Co_lr" < w(B(x,r)) < Cor".

Remark 11.2. Since we assume that E is AD-regular, the exponent p in (11.1) does not
really matter. For any p > 1, we have
(Jf”(K(x, V,a,r) N E)

rn

1 HH(K(x,V,a,r) N E)

rn

)p <cr
and so it is enough to prove (11.1) for p = 1.

Set L =Lip(T"). Let V € G(d,d — n) be such that I is an L-Lipschitz graph over V-,
and let 6 = 6(L) > 0 be such that

Kx,Vv,o)NT' =g forallx eT.

Seta = min(%, 0.1, ﬁ).
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For every x € E N B(0,1) \ T, consider the ball By = B(x,0.01 dist(x, I')). We
use the 5r-covering lemma to choose a countable subfamily of pairwise disjoint balls
Bj = B(xj,r;), rj = 0.01dist(x;,T), j € Z, such that

ENB@O.)\T c [ J5B;.

jez

Observe that

(11.2) > = oy n(B)) = Con( | Bj) = Con(BO.2)) 5 C.
JEZ JEZ JEZ

For each j € Z, set

K] = U K(y, V,C{), Kj(r)= U K(y,Vaavr)'
y€e5B; YE5B;

Lemma 11.3. For each j € Z, we have

(11.3) H"(K;NT) <1 r;’.
Moreover,
(11.4) KiiryNI' =9 forr <r;.

Proof. Equation (11.4) is easy to prove: observe that for r < r;, we have K;(r) C 6B;,
and so for y € K;(r),

dist(y,I') > dist(x;, I') — 6r; = (1 — 0.06) dist(x;, I") > 0.

Concerning (11.3), we claim that since I" = graph(F') for some L-Lipschitz function
F:V+ = V, and since « is sufficiently small, for all x € R4 , we have

(11.5) K(x,V,a) NT C B(x, C dist(x, I')),
where C = C(L) > 1. Indeed, if dist(x,I') = 0, then K(x, V,a) N I" = @ and there is
nothing to prove. Suppose dist(x, ") > 0, y € K(x,V,a) N T, and let z € T be the image

of x under the projection onto I" orthogonal to V1, i.e., z = nIJ; (x) + F(nIJ; (x)).
Observe that, since I is a Lipschitz graph,

|x —z| g dist(x, T),
and also n‘% (x) = nIJ; (2). By the definition of a cone, y € K(x, V, «) gives
|7 (z = y)| = |7 (x — )| < alx =yl
On the other hand, y € T" and the above imply

7y (z — y)| < L7 (z — y)| < La|x — yl.
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The three estimates above yield
e =yl < v =z + |z = y| < CL) dist(x, T) + |75 (z = y)| + v (z = )]
1
< C(L)dist(x,T) + a|x — y| + La|x — y| < C(L)dist(x,T) + §|x — ).

Hence, |x — y| <t dist(x, ") and (11.5) follows.

Now, going back to (11.3), note that for y € 5B;, we have dist(y, I') ~ r;, so that
K(y,V,a) NT C B(y,Crj) forsome C = C(L). Moreover, B(y,Cr;) C B(xj,10Cr;).
Therefore, K; N I" C B(x;,10Cr;) N T, and (11.3) easily follows. m

Proof of Proposition 11.1. Let x € I' N B(0,1) and 0 < r < 1. Since {5B;}jez cover
ENBO,1)\T,and K(x,V,a,r) N T = &, we have

u(K(x,V.a.r)) < > 1(5B;) < Co > r.

JEZ:5BiNK(x,V,a,r)#2 JEZ:5BiNK(x,V,a,r)#2

Notice that 5B; N K(x, V,a,r) # @ if and only if x € K;(r). Hence, using the above and
Lemma 11.3 yields

1

K
/‘ / W(K(x,V,a,r)) dr 430" (x)
rnB(o,1) Jo rn r

1 dr
sc[ /— P () L d e (x)
* Jraso.n) Jo ""Z J oK@ r

JEZ

/I‘OB(O 1) ]; Lk; (r)(x) — d]f”(x)
JEZL

- L,nr[,liﬂd"""wzr/ () S Y S L.

je JEZ JEZ

see (11.2)—(11.4). We know that #™(I' N B(0, 1) N E) > k, and so we can use Cheby-
shev’s inequality to conclude that there exist My = Mo(L, Co,k) > 1 and F C T' N
B(0,1) N E, with X" (F) > x/2, such that for all x € F,

Vw(K(x,V,a,r)) dr
|

< M,. | ]
rn

A. Proof of Lemma 9.5

For reader’s convenience, we restate Lemma 9.5 below.

Lemma A.1. Let j be a n-rectifiable measure. For x € supp u and r > 0, let L , denote
a minimizing plane for B, 2(x,r), let W) be the approximate tangent plane to u at x,
whenever it exists, and let Wy = W, + x. Then for ji-a.e. x € supp i, we have

distgr (L. N B(x,r), Wy N B(x,r)) r—0

(A.1) ’ a 0.
r
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Proof. Recall that since u is n-rectifiable, the density ®” (u, x) exists and satisfies 0 <
®O" (1, x) < oo for p-a.e. x. Let M > 100 be some big constant. Define

Ey = {xesupppu: M <O"(u,x) <M}

Note that j(R9 \ Unr=100 Em) = 0, and so it suffices to show that for all M > 100,
(A.1) holds for p-a.e. x € Ep. Fix some big M, and set v = pi|g,, . It is well known that

(A.2) M ' <@"(v,x) =0"(u,x) <M forv-ae. x €suppv,

which can be shown, e.g., using Corollary 6.3 of [42] in conjunction with the Lebesgue
differentiation theorem. For v-a.e. x, the plane W, is well defined by Theorem 1.2, and
also by Theorem 9.3,

! d
(A.3) / Bu2(x, r)? a . oo for p-ae. x € RY.
0 r

Fix x € Ejs such that (A.3) and (A.2) hold, and such that W, is well defined. Once we
show that (A.1) holds at x, the proof will be finished. From now on we will suppress the
subscript x, so that L, =: Ly ,, W := W,. By applying an appropriate translation, we
may assume that x = 0.

Given some small r > 0, let A,(y) = y/r, so that A,(B(0,r)) = B(0, 1). Set L, =
Ar(L,). It is easy to see that (A.1) is equivalent to showing

distyr (L N B(0, 1), W N B(0, 1)) =5 0.

We will prove that the convergence above holds by contradiction. Suppose it is not true,
so that there exist ¢ > 0 and a sequence r, — 0 such that for all k, we have

(A4) disty (L,, N B(0,1), W N B(0, 1)) > .

Let n > 0 be some tiny constant. Observe that, by (A.3), for k > ko(n, M) large
enough, we have

3
(A.5) Bua(0.r0)? < "ﬁ
Indeed, otherwise one could use the simple fact that 8,, »(0,r) < B,,,2(0, 2r) to conclude
that fol Buu2(0,7)* dr/r = oco. Moreover, let us remark that for every 0 < § < 1/2, if
k = k(3) is large enough, then we have L, N B(0,d) # <. This can be shown easily
using the fact that " (i, x) > M !, that L,, are minimizers of B,,2(0, rx), and the fact
that 8,,,2(0, ry) — 0. We leave checking the details to the reader.

Now, we use the fact that for k large enough L}, N B(0,6) # @ and the compactness
properties of the Hausdorff distance to conclude that there exists some subsequence (again
denoted by ry) such that L;, N B(0, 1) converges in Hausdorff distance to a compact set
of the form V' N B(0, 1), where V is an n-plane intersecting B(0, §). Since § > 0 can be
chosen arbitrarily small, we get that V' passes through 0. Note that, by (A.4),

(A.6) distg (V N B(0,1), W N B(0,1)) > «.
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Let By, (V') denote the nrg-neighborhood of V. We will show now that a large portion
of measure v in B(0, r) is concentrated at the intersection of By, (V) and By, (W).

Since V passes through 0, for every r > 0, we have Ar_1 (V) = V. Thus,

diStH(er N B(0,r;),V N B0, ry)) k—oo

(A7) - 0.
Note that, for k big enough,

1 dist(y, V)\2 1 dist(y, L 2
e T G L e T = Y C)
v(B(0, 7)) JBo,r) Tk v(B(0, 1)) JBo,r) T

N (distH (L,,NB(0,2r), VN B(O, 2rk)))2
Ik
n

"k 2, .3
< mﬂu,z(o»rk) +1n

<2MBu2(0,1)* + 1 < 3n°.

see (A.2), (A.5), (A.7). It follows from Chebyshev’s inequality and the estimate above that

vBO\ By ) =072 [ (BN 000) <3080,

B(O,rk)( Tk

Hence,
v(B(0,rk) N By (V) = (1 = 3nrk)v(B(0, rg)).

On the other hand, by the definition of the approximate tangent plane W and (A.2), for
any 0 < @ < 1, we have

v(K(0, W, a,rr)) = v(B(0, r¢)) — v(K (O, W, V1 —a2,rp))
V(BO.7)) = 30 i = (1= (B0 7)),

v

if k is large enough (depending on «, n and M). Note that K(0, W, o, r¢) C By, (W) N
B(0, r¢). Thus, choosing & = 1, if we define

S = S(k.n) = BO.1r¢) N By, (V) 0 By, (W),

then by the two previous estimates, we have
1
(A8) V() = (1= 4m(BO.r)) = i

where in the second inequality we used (A.2).

We will show that if 1 is chosen small enough (depending on ¢, the constant from
(A.6)), then the estimate above leads to a contradiction. Roughly speaking, (A.8) means
that a lot of measure is concentrated in the intersection of By, (V) and By, (W), but
since V and W are somewhat well-separated by (A.6), this intersection behaves approxi-
mately like an (n — 1)-dimensional set.
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Let us start by exploiting (A.6). By the definition of Hausdorff distance and the fact
that V and W are n-planes, it follows from basic linear algebra that there exists some
w € W with [w| = 1 and |7y (w)| > e. Let v; = my(w)/|my (w)|, and let Vo C V be
the orthogonal complement of span(vy) in V.

We define T = T'(k, n) to be a tube-like set defined as

T =T, ={zeR |z vi| <20 ry, |7v, (2)| < rgs |73 (2)] < 1)

We claim that S(k,n) C T'(k, n). Indeed, let z € S. The estimate |7y, (z)| < r is trivial
since S C B(0, r¢). The estimate |711J; (2)| < nrg follows from the fact that z € By, (V).
Concerning |z - v{], note that since z € By, (W) and w € W+, we have |z - w| < nry.
We can use our choice of w and v; = 7wy (w)/ |7y (w)] to get

nre = lz-w| = |z -7y (w) +z-n%(w)|
> |z ay ()| — |z - wp ()] = |z - v1] |2y (w)] — |73 (2) - 7 (w)]

> |z - vile = [mp(2)] [rp ()| = |2 - vile — 7%,

where in the last inequality we used again z € By, (V). Thus, we have |z - v | < 2ne~'ry,
and the proof of S(k,n) C T (k, n) is finished.

Choose 1 = ye for some tiny y = y(M) > 0, and let k be large enough for (A.8) to
hold. It follows from the definition of 7' that we can cover T with a family of balls { B; };et
such that (B;) = nry and #1 < e~~~ It is well known that (A.2) implies that for
all y € R? and r > 0, we have v(B(y, r)) < Mr". In particular, for each i € I we have
v(B;j) < M(nrg)". Thus, from (A.8),

1

SiE S vS) = u(T) < Y v(BY)
iel

< #IM(T’rk)n s 8—177_(”_1)M(77rk)n = g_lnM}’]’;.

That is,
M2<elp=y.

This is a contradiction for y = y (M) small enough. Hence, (A.4) is false, and so (A.1)
holds for p-a.e. x € Eps. Taking M — oo finishes the proof. ]

Acknowledgments. I would like to thank Xavier Tolsa for all his help and patience. I am
also grateful to the anonymous referee for carefully reading the article, and for many
helpful suggestions.

Funding. This work was partially supported by the Spanish Ministry of Economy and
Competitiveness, through the Maria de Maeztu Programme for Units of Excellence in
R&D (MDM-2014-0445), by the Catalan Agency for Management of University and
Research Grants (2017-SGR-0395), and by the Spanish Ministry of Science, Innovation
and Universities (MTM-2016-77635-P).



Cones, rectifiability, and singular integral operators 1331

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

(13]

(14]

(15]

[16]

(17]

(18]

[19]

[20]

Azzam, J.: Semi-uniform domains and the Ao property for harmonic measure. Int. Math. Res.
Not. IMRN 2021 (2021), no. 9, 6717-6771.

Azzam, J., David, G. and Toro, T.: Wasserstein distance and the rectifiability of doubling mea-
sures: part I. Math. Ann. 364 (2016), no. 1-2, 151-224.

Azzam, J. and Mourgoglou, M.: A characterization of 1-rectifiable doubling measures with
connected supports. Anal. PDE 9 (2016), no. 1, 99-109.

Azzam, J. and Tolsa, X.: Characterization of n-rectifiability in terms of Jones’ square function:
Part Il. Geom. Funct. Anal. 25 (2015), no. 5, 1371-1412.

Azzam, J., Tolsa, X. and Toro, T.: Characterization of rectifiable measures in terms of «-
numbers. Trans. Amer. Math. Soc. 373 (2020), no. 11, 7991-8037.

Badger, M.: Generalized rectifiability of measures and the identification problem. Complex
Anal. Synerg. 5 (2019), no. 1, Paper no. 2.

Badger, M. and Naples, L.: Radon measures and Lipschitz graphs. Bull. Lond. Math. Soc. 53
(2021), no. 3, 921-936.

Badger, M. and Schul, R.: Multiscale analysis of 1-rectifiable measures: necessary conditions.
Math. Ann. 361 (2015), no. 3-4, 1055-1072.

Badger, M. and Schul, R.: Two sufficient conditions for rectifiable measures. Proc. Amer. Math.
Soc. 144 (2016), no. 6, 2445-2454.

Badger, M. and Schul, R.: Multiscale analysis of 1-rectifiable measures II: Characterizations.
Anal. Geom. Metr. Spaces 5 (2017), no. 1, 1-39.

Bishop, C.J. and Jones, P. W.: Harmonic measure, L2-estimates and the Schwarzian derivative.
J. Anal. Math. 62 (1994), no. 1, 77-113.

Chang, A. and Tolsa, X.: Analytic capacity and projections. J. Eur. Math. Soc. (JEMS) 22
(2020), no. 12, 4121-4159.

Conde-Alonso, J. M., Mourgoglou, M. and Tolsa, X.: Failure of L? boundedness of gradients
of single layer potentials for measures with zero low density. Math. Ann. 373 (2019), no. 1,
253-285.

Csornyei, M., Kdenmiki, A., Rajala, T. and Suomala, V.: Upper conical density results for
general measures on R”. Proc. Edinb. Math. Soc. (2) 53 (2010), no. 2, 311-331.

Dabrowski, D.: Necessary condition for rectifiability involving Wasserstein distance W5. Int.
Math. Res. Not. IMRN 2020 (2020), no. 22, 8936-8972.

Dabrowski, D.: Two examples related to conical energies. Ann. Fenn. Math. 47 (2022), no. 1,
261-281.

Dabrowski, D.: Sufficient condition for rectifiability involving Wasserstein distance W,.
J. Geom. Anal. 31 (2021), 8539-8606.

David, G.: Opérateurs d’intégrale singuliére sur les surfaces régulieres. Ann. Sci. Ec. Norm.
Supér. (4) 21 (1988), no. 2, 225-258.

David, G.: Wavelets and singular integrals on curves and surfaces. Lecture Notes in Math.
1465, Springer, Berlin, Heidelberg, 1991.

David, G. and Mattila, P.: Removable sets for Lipschitz harmonic functions in the plane. Rev.
Mat. Iberoam. 16 (2000), no. 1, 137-215.



D. Dabrowski 1332

(21]

(22]

(23]

[24]

[25]

[26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]

(40]

[41]

David, G. and Semmes, S.: Singular integrals and rectifiable sets in R”: Au-dela des graphes
lipschitziens. Astérisque 193 (1991).

David, G. and Semmes, S.: Analysis of and on uniformly rectifiable sets. Math. Surveys
Monogr. 38, Amer. Math. Soc., Providence, RI, 1993.

David, G. and Semmes, S.: Quantitative rectifiability and Lipschitz mappings. Trans. Amer.
Math. Soc. 337 (1993), no. 2, 855-889.

Del Nin, G. and Idu, K. O.: Geometric criteria for C 1-¢ rectifiability. J. Lond. Math. Soc. (2)
105 (2022), no. 1, 445-468.

Edelen, N., Naber, A. and Valtorta, D.: Quantitative Reifenberg theorem for measures. Preprint
2016, arXiv: 1612.08052.

Eiderman, V., Nazarov, F. and Volberg, A.: The s-Riesz transform of an s-dimensional measure
in R? is unbounded for 1 < s < 2. J. Anal. Math. 122 (2014), no. 1, 1-23.

Federer, H.: The (¢, k) rectifiable subsets of n space. Trans. Amer. Math. Soc. 62 (1947), no. 1,
114-192.

Ghinassi, S.: Sufficient conditions for C 1'% parametrization and rectifiability. Ann. Acad. Sci.
Fenn. Math. 45 (2020), 1065-1094.

Ghinassi, S. and Goering, M.: Menger curvatures and C 1** rectifiability of measures. Arch.
Math. (Basel) 114 (2020), no. 4, 419—429.

Girela-Sarrién, D.: Geometric conditions for the L2-boundedness of singular integral opera-
tors with odd kernels with respect to measures with polynomial growth in R4 J. Anal. Math.
137 (2019), no. 1, 339-372.

Grafakos, L.: Classical Fourier analysis. Third edition, Grad. Texts in Math. 249, Springer,
New York, 2014.

Grafakos, L.: Modern Fourier analysis. Third edition, Grad. Texts in Math. 250, Springer, New
York, 2014.

Jones, P. W.: Rectifiable sets and the traveling salesman problem. Invent. Math. 102 (1990),
no. 1, 1-15.

Joyce, H. and Morters, P.: A set with finite curvature and projections of zero length. J. Math.
Anal. Appl. 247 (2000), no. 1, 126-135.

Kiaenmiki, A.: On upper conical density results. In Recent developments in fractals and related
fields, pp. 45-54, Birkhéduser, Boston, 2010.

Kidenmaiki, A. and Suomala, V.: Conical upper density theorems and porosity of measures.
Adv. Math. 217 (2008), no. 3, 952-966.

Kidenmiki, A. and Suomala, V.: Nonsymmetric conical upper density and k-porosity. Trans.
Amer. Math. Soc. 363 (2011), no. 3, 1183-1195.

Lerman, G.: Quantifying curvelike structures of measures by using L? Jones quantities.
Comm. Pure Appl. Math. 56 (2003), no. 9, 1294-1365.

Martikainen, H. and Orponen, T.: Boundedness of the density normalised Jones’ square func-
tion does not imply 1-rectifiability. J. Math. Pures Appl. 110 (2018), 71-92.

Martikainen, H. and Orponen, T.: Characterising the big pieces of Lipschitz graphs property
using projections. J. Eur. Math. Soc. (JEMS) 20 (2018), no. 5, 1055-1073.

Mattila, P.: Distribution of sets and measures along planes. J. Lond. Math. Soc. (2) 2 (1988),
no. 1, 125-132.


https://arxiv.org/abs/1612.08052

Cones, rectifiability, and singular integral operators 1333

[42]

[43]

[44]

[45]

[46]

(47]

(48]

(49]

[50]

(51]

(52]

(53]

(54]

[55]

[56]

(571

(58]

(591

[60]

[61]

[62]

Mattila, P.: Geometry of sets and measures in Euclidean spaces: fractals and rectifiability.
Cambridge Stud. Adv. Math. 44, Cambridge Univ. Press, Cambridge, UK, 1995.

Mattila, P., Melnikov, M. S. and Verdera, J.: The Cauchy integral, analytic capacity, and uni-
form rectifiability. Ann. of Math. 144 (1996), no. 1, 127-136.

Mayboroda, S. and Volberg, A.: Boundedness of the square function and rectifiability. C. R.
Math. Acad. Sci. Paris 347 (2009), no. 17, 1051-1056.

Naples, L.: Rectifiability of pointwise doubling measures in Hilbert space. PhD thesis, Univer-
sity of Connecticut, Storrs, 2020.

Nazarov, F.,, Tolsa, X. and Volberg, A.: On the uniform rectifiability of ad-regular measures
with bounded riesz transform operator: the case of codimension 1. Acta Math. 213 (2014),
no. 2, 237-321.

Nazarov, F., Tolsa, X. and Volberg, A.: The Riesz transform, rectifiability, and removability
for Lipschitz harmonic functions. Publ. Mat. 58 (2014), no. 2, 517-532.

Nazarov, F, Treil, S. and Volberg, A.: Cauchy integral and Calderén—Zygmund operators on
nonhomogeneous spaces. Int. Math. Res. Not. IMRN 1997 (1997), no. 15, 703-726.

Orponen, T.: Absolute continuity and «-numbers on the real line. Anal. PDE 12 (2018), no. 4,
969-996.

Orponen, T.: Plenty of big projections imply big pieces of Lipschitz graphs. Invent. Math. 226
(2021), 653-709.

Pajot, H.: Conditions quantitatives de rectifiabilité. Bull. Soc. Math. France 125 (1997), no. 1,
15-53.

Prat, L., Puliatti, C. and Tolsa, X.: L2-boundedness of gradients of single layer potentials and
uniform rectifiability. Anal. PDE 14 (2021), no. 3, 717-791.

Preiss, D.: Geometry of measures in R”: Distribution, rectifiability, and densities. Ann. of
Math. 125 (1987), no. 3, 537-643.

Santilli, M.: Rectifiability and approximate differentiability of higher order for sets. Indiana
Univ. Math. J. 68 (2019), 1013-1046.

Tolsa, X.: Bilipschitz maps, analytic capacity, and the Cauchy integral. Ann. of Math. (2) 162
(2005), no. 3, 1243-1304.

Tolsa, X.: Uniform rectifiability, Calderén—Zygmund operators with odd kernel, and qua-
siorthogonality. Proc. Lond. Math. Soc. (3) 98 (2009), no. 2, 393-426.

Tolsa, X.: Mass transport and uniform rectifiability. Geom. Funct. Anal. 22 (2012), no. 2,
478-5217.

Tolsa, X.: Analytic capacity, the Cauchy transform, and non-homogeneous Calderon—
Zygmund theory. Progr. Math. 307, Birkhduser, Cham, 2014.

Tolsa, X.: Characterization of n-rectifiability in terms of Jones’ square function: part I. Calc.
Var. Partial Differential Equations 54 (2015), no. 4, 3643-3665.

Tolsa, X.: Rectifiable measures, square functions involving densities, and the Cauchy trans-
form. Mem. Amer. Math. Soc. 245 (2017), no. 1158.

Tolsa, X.: Rectifiability of measures and the B, coefficients. Publ. Mat. 63 (2019), no. 2,
491-519.

Tolsa, X. and Toro, T.: Rectifiability via a square function and Preiss’ theorem. Int. Math. Res.
Not. IMRN 2015 (2015), no. 13, 4638-4662.



D. Dabrowski 1334

[63] Villa, M.: A square function involving the center of mass and rectifiability. Marh. Z. 301
(2022), no. 3, 3207-3244.

[64] Villa, M.: Tangent points of d-lower content regular sets and 8 numbers. J. Lond. Math.
Soc. (2) 101 (2020), no. 2, 530-555.

Received October 28, 2020. Published online August 11, 2021.

Damian Dabrowski

Departament de Matematiques, Universitat Autonoma de Barcelona, Barcelona Graduate School
of Mathematics (BGSMath), Edifici C Facultat de Ciencies, 08193 Bellaterra, Barcelona,
Catalonia, Spain;

damian.m.dabrowski@jyu.fi


mailto:damian.m.dabrowski@jyu.fi

	1. Introduction
	2. Preliminaries
	3. Main lemma
	4. Construction of a Lipschitz graph \Gamma_R
	5. Small measure of cubes from LD(R)
	6. Top cubes and packing estimate
	7. Application to singular integral operators
	8. Sufficient condition for rectifiability
	9. Necessary condition for rectifiability
	10. Sufficient condition for BPLG
	11. Necessary condition for BPLG
	A. Proof of Lemma 9.5
	References

