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Oscillating spectral multipliers on groups
of Heisenberg type

Roberto Bramati, Paolo Ciatti, John Green and James Wright

Abstract. We establish endpoint estimates for a class of oscillating spectral multipli-
ers on Lie groups of Heisenberg type. The analysis follows an earlier argument due
to the second and fourth author [Springer INAAM Ser., vol. 45 (2021)], but requires
the detailed analysis of the wave equation on these groups due to Miiller and Seeger
[Anal. PDE 8 (2015)].

We highlight and develop the connection between sharp bounds for oscillating
spectral multipliers and the problem of determining the minimal amount of smooth-
ness required for Mihlin-Hormander multipliers, a problem that has been solved for
groups of Heisenberg type but remains open for other groups.

1. Introduction

Let G be a connected Lie group and let Xy, X5, ..., X, be left invariant vector fields on G
which satisfy Hormander’s condition; that is, they generate, together with the iterative
commutators, the tangent space of G at every point (a special case is a Lie group of Heisen-
berg type; see the next section for precise definitions). The sublaplacian £ = — Z;':l X ]2
is then a nonnegative, second order hypoelliptic operator which is essentially self-adjoint
on L2(u), where p is the right Haar measure on G. Hence V£ admits a spectral res-
olution {E, }; if m is a bounded, Borel measurable function on [0, c0), then the spectral

theorem implies that

m(VE) = /:om(/l)dEA

is a bounded operator on L?(G).

In this paper we will consider a general framework of spectral multipliers (introduced
by Miyachi in the Euclidean setting, when G = RY; see [15] and [16]) which contains
oscillating examples of the form

irf
e
(L. mgg(A) = 2082 x(A)
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for any 0, 8 > 0. Here y € C*°(R) satisfies y(A) = 0for A < 1 and y(A) = 1 when A is
large. Our interest will be in establishing endpoint bounds for the corresponding spec-
tral operators. When G = R? and 0 < 6 < 1, endpoint bounds were established by
C. Fefferman and Stein [22] and [5], where they introduced the tool of establishing Hardy
space bounds from which one can interpolate to obtain the L? endpoint estimate when
d|l/p—1/2| = B/2.

A consequence of our analysis is the following result.

Theorem 1.1. Let G be a Lie group of Heisenberg type and 1 < p. For all 0 > 0 with
0#1, mgug(«/Z) is bounded on LP(G) ifand only if B/2>d |1/ p — 1/2|. Furthermore,
ml’ﬁ(\/z) is bounded on LP(G) if and only if B/2 > (d — 1)|1/p — 1/2|. Here d

denotes the topological dimension of G.

The second part is a statement about the wave operator on groups of Heisenberg type
and is not new. The sufficiency is established by Miiller and Seeger [17] (see earlier work
of Miiller and Stein in [19]), and the necessity follows from recent work in [20] which
is valid on stratified groups of arbitrary step. The sufficiency of the first part is only new
at the endpoint §/2 = d|1/p — 1/2|. The open range /2 > d|1/p — 1/2| follows from
work on a closely related problem concerning Mihlin—-Hormander spectral multipliers.

The analysis in [20] and [12] shows that for the oscillating spectral multipliers 1, g (1)
= ¢iA* B x (1), the operator mz,ﬂ(«/z) is unbounded on L?(G) when /2 < d|1/p —
1/2]; this being the case of the Schrodinger group and is valid for sublaplacians &£ on any
stratified Lie group G. This gives the necessity of the first statement in Theorem 1.1.

Theorem 1.1 is a consequence of a more general theorem. See Section 3.

An interesting, ongoing problem is to determine the minimal amount of smoothness
for spectral multipliers 7 which guarantees that m(+/£) is bounded on all L?,1 < p < oo
(and weak-type (1, 1), bounded on H!, etc.). This problem has been studied extensively
in the context of Mihlin—-H6rmander multipliers where a scale-invariant Sobolev condition
of the form

(1.2) Imlzs,,, = sup Im@)xlgee. < o0
e = S8

is imposed for an appropriate ¢ € [1, 00] and s € [0, 00); here! y € C°(0, 00) is any
nontrivial smooth cut-off function and L is the L4 Sobolev space of order s. Following
Martini and Miiller [12] (see also [20]), we denote the Mihlin—-H6rmander threshold s(£)
as the infimum in s € [0, c0), where

(13)  Vpe(l,00),3C =Cps <00 suchthat [m(v&)|p-p < Cllml2
holds for all bounded, Borel measurable .

When G = R¢ and & = —A is the usual Laplacian, then it is well known that s(—A) =
d /2. A fundamental result of Christ [3] and Mauceri—-Meda [13] shows that on any strat-
ified Lie group G, s(£) < Q/2, where Q is the homogeneous dimension of G. Shortly

'We will use y to denote smooth cut-off functions in different situations (as in (1.1)). The context should be
clear.
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afterwards, Hebisch [6] and Miiller and Stein [18] observed that when G is a group
of Heisenberg type, then s(£) < d/2, where d is the topological dimension® of G. A
number of results in this direction have been obtained since then, and we now know
that d/2 < s(£) < Q/2 for any 2-step stratified group G, [12], and that the equality
s(&£) = d/2 holds in a number of cases; see [10], [11] and [9].

Let G be a Lie group of Heisenberg type (in particular a 2-step stratified group) so that
s(&L) = d/2. Since ||m||L§gloc is smaller than ||m||L?::;Ioc and ||m||pe  ~ ||m| L, we can

0,sloc

interpolate the estimates in (1.3) with trivial L2 bounds to conclude that

(1.4) Im(VE)Ip—p < Cps m]l 1o

s,sloc

holds for all p € (1,00) and s > d|1/p — 1/2]. In particular, since the oscillating multi-
plier mg g(A) in (1.1) satisfies [|mg g ”L?/z,,qm < 00, we see that mg g (v/¥£) is bounded
on LP(G) if d|1/p — 1/2| < B/2. Hence it is the endpoint L? bound when /2 =
d|1/p — 1/2| which interests us in this paper.

The estimates (1.4) motivate the interest in another threshold exponent s_(£), also
introduced in [12], defined as the infimum in s € [0, co), where
(15)  ¥pe(l,00),3C =Cps <00 suchthat [[m(v'&)|p-p < Clim|r,,
holds for all bounded, Borel measurable m. By interpolation, s_(£) < s(&£), and so the
exponent s_(£) can be used to provide lower bounds for s(£).

In [20], the lower bound d/2 < s_(£) was established in great generality, including
sublaplacians £ on any stratified Lie group of arbitrary step. In fact, in [20] it was shown
that if (1.4) holds for some 1 < p and s > 0 and all bounded Borel measurable m, then
necessarily s > d|1/p — 1/2|. This implies that d /2 < s_(£) (< s(£)) in this case. The
same conclusions were obtained in [12] in less generality; for sublaplacians on any step 2
stratified group, with less robust methods.

Yet another threshold exponent s (£) was introduced in [12], which will be useful
for us. It is defined as the infimum in s € [0, c0), where

(1.6)  Vcompact K C R, 3Cks < oo suchthat [[F(VE)|li-1 < CxslFl2

holds for all Borel measurable F with supp(F) C K. The estimate (1.6) is the key estimate
behind establishing the endpoint bound [|[m(v/£) || L1100 < C|lm|| 2, via the Calde-
ron—Zygmund theory. Hence s(£) < s4(£); see [8]. In [12], the iﬂequalities d/2 <
s (L) <s(L) < s4+(L) < O/2 were established for any 2-step stratified Lie group
although in many cases, including the case of groups of Heisenberg type, we have d /2 =
s_(£)=3s(L) =34+ (L).

To see the relevance of (1.6), consider the natural decomposition

(17) m@Q) =) mA) ¢ 1) =) m;)

JEZ JEZ

2For any stratified Lie group G, the topological dimension is always strictly smaller than the homogeneous
dimension, except when G is Euclidean.
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of a general spectral multiplier 77, where ¢ € C2°(0, 00) satisfies ) _;cz P21 = 1.
Setting m/ (1) := m(2/ 1)¢ (1), we see that for our oscillating multipliers mg,g, we have
the uniform bound

(1.8) lm} gll 2 < € 2V0C=B/D - ws > 0.
Therefore if 8 > 254 (£), we can find an s with s (£) < s < /2 and hence

lme.p(VE) 151 <Y Im g(VEN 11 < Cs Y lm 12 < €5 Y 27116627,

JEZ JEZ JEZ

showing that mg g (v/£) is bounded on L'(G) when B > 25, (£). Now when 8 < 25,
where 51 = s (&£), we can embed mg g into the analytic family of multipliers m, (1) =
26728 7(2s++8)z)m9’,3 (1) and use Stein’s analytic interpolation theorem to conclude the
following.

Lemma 1.2. If 8 < 254 (L), then the operator me,ﬁ(\/f) is bounded on L?(G) when-
ever2s(L£)|1/p—1/2] < B/2.

In particular when 4 (£) = d /2, this gives us an alternative proof of the L# bounded-
ness for mg g (v/&£) in the open range d|1/p — 1/2| < B/2.

From the work of Fefferman and Stein [5] and [22] mentioned earlier in the Euclidean
setting, we see that a natural way to establish the endpoint L? bound when d|1/p —
1/2| = B/2is to embed the oscillating multiplier mg g with 8 < d into the analytic family
mz(A) = A9/2(B=d2) o of multipliers so that mg,; = mg g, and prove some Hardy
space estimate H' — L! for m;4;, with polynomial bounds in |y|. Since m;, € L,
uniformly in y, the multiplier operator is uniformly bounded on L? and so Stein’s analytic
interpolation theorem can then be invoked to show mg,; = mg g is bounded on L? for
d|1/p —1/2| = B/2. This will be the procedure we will follow.

In the Euclidean setting, a different type of endpoint results for the Miyachi class of
multipliers were established by Baernstein and Sawyer [1] (H?, with p < 1), Seeger [21]
(L?,with 1 < p < 2) and Beltran and Bennett [2] (weighted estimates). It would interest-
ing to explore to what extent these results can be extended to the Lie group setting.

Notation. We use the notation A < B between two positive quantities A and B to denote
A < CB for some constant C. We sometimes use the notation A <y B to emphasize that
the implicit constant depends on the parameter k. We sometimes use A = O(B) to denote
the inequality A < B. Furthermore, we use A < B to denote A < §B for a sufficiently
small constant § > 0 whose smallness will depend on the context.

Outline of paper. In the next section we review the definition of Lie groups of Heisen-
berg type and recall the key results from [17], where Miiller and Seeger give a detailed
analysis of the wave equation in this setting, including the introduction of a local, iso-
tropic Hardy space hilsO(G) which is compatible with the underlying group structure. In
Section 3 we develop a general framework of spectral multipliers which include both
Mihlin—-Hormander multipliers as well as the oscillating examples (1.1). We formulate the
main estimate in Theorem 1.1 in this more general framework. In Section 4 we give the
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proof of this main estimate on A} (G), up to the final step which requires a fine decom-
position of the wave operator in [17]. We describe this decomposition in Section 5. In

Section 6, we provide the final step in the the proof.

2. Groups of Heisenberg type: the work of Miiller-Seeger [17]

Let G be a connected Lie group and let g denote the associated Lie algebra. We say that G
is a Lie group of Heisenberg type if its Lie algebra g is a Lie algebra of Heisenberg type.
A Lie algebra of Heisenberg type is a 2-step stratified Lie algebra, i.e., g = g1 @ g2,
where g; and g, are subspaces of dimensions d; and d, satisfying [g, g] € g2 C 3(g),
where 3(g) is the centre of g. Moreover, the definition requires that, endowing g with
an inner product (-, -) such that g; and g, are orthogonal subspaces, the unique skew-
symmetric endomorphisms J,, on gy, with i € g5 \ {0}, defined by

(Jo.(V), W) = p(V,W]) forallpairs V,W € g;

satisfy J7 = —|u|*1. In particular, this implies that dim g; = d is even.

We fix an orthonormal basis X1, ..., X4, of g1 and an orthonormal basis Uy, ..., Uy,
of g>. We identify the dual spaces g} and g5 with g; and g, via the inner product.

From now on, G will denote a Lie group of Heisenberg type (and g will denote a Lie
algebra of Heisenberg type).

The operators £, —iUy, ..., —iUg, form a set of positive strongly commuting self-
adjoint operators and admit a joint spectral resolution. However we will only need to
consider operators of the form ¢ (&£, |U|), where U := (—iUj, ..., —iUg,).

We will identify G with its Lie algebra g = g; @ g2 ~ R?! x R% via the exponential
map and we write points in G as (x,u), where x € g; ~ R?" and u € g, ~ R, The
topological dimension of G is d = d; + d, and the homogeneous dimension is Q =
di + 2d>. We can write the group law on G as

(xou)- (X u) = (x+x u+u' + 3 (Jx, X)),

where x € g; and u € g, and (J x, x’) denotes a vector in g, with components (Jy, x, x’).
Consider the positive sublaplacian

x:—(Xlz_i_..._‘_X;l)

with spectral resolution /£ = fooo AdE). Then

oo

2.1 m(v&E) = /0 m(\) dE,,

defines a spectral multiplier operator which is bounded on L?(G) precisely when m is a
bounded, Borel measurable function on R = [0, 00).
Abusing notation, we will also denote by m(~/£) the convolution kernel of the oper-

ator m(~/&).
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The main result of Miiller and Seeger in [17] states that the wave operator m1; g ( JE)

= ei‘/z(l + V%)78/2 on a group G of Heisenberg type is bounded on L?(G) when
B/2=(d —1)|1/p — 1/2|. Recall that we included this in the statement of Theorem 1.1.
Hence solutions
sin(tv/£ )

u(-, 1) = cos(tVE) f + ——— @
of the Cauchy problem
0 +Lu =0, ule=o=f dul=o=g
satisfy the Sobolev inequality
22) luC. 0l < CLIA+ 2L £, + 7(1+ 222 gl ],

where y = (d — 1)|1/p —1/2|.

The proof in [17] involves a detailed analysis of the singularities of the wave kernel
on groups of Heisenberg type and an appropriate corresponding Littlewood—Paley type
decomposition of the wave operator. Their analysis also gives sharp L' estimates for wave
operators whose symbols are supported in a dyadic interval.

Theorem 2.1 ([17]). Let y € C® be supported in (1/2,2). Then the L' operator norm
of y(A™1 «/E)e"*/z has the following bound.:

(2.3) XA VB YE L1616y < € (1+ AV,

Such L! estimates immediately show that s (£) < d/2 on groups of Heisenberg
type.

Proposition 2.1. For all F compactly supported in R™, and for all s > d /2, we can find
a constant C = Cs such that

2.4) /G IF(VE) ()| dx < Cq |[Fl 2

holds. Here we are employing our convention that F(~/£)(x) also denotes the convolu-
tion kernel of the operator F(«/z)

Proof. By the Fourier inversion formula, we write
F(t) = / F(r)e''* dr.
Let y € C°(R) such that F(¢) = x(¢)F(t) and hence

2.5) F(VE) = [ F(r)x(VE)e'™VE ar.

By Theorem 2.1, we see that the operator y(~/&£) ¢i™VZ is bounded on L! (G) with oper-
ator norm O((1 + |7|)4~Y/2). Hence by Cauchy—Schwarz,

IF(VE)llLi 6y < / [F@I(1+ [th D2 dr <o ||F|l 2

for any s > d /2, establishing (2.4). |
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As we already mentioned, the estimate (2.4) implies (via Calderén—-Zygmund tech-
niques; see [8]) that

2:6) Im(VE)z1spiee and  [m(VE) oL < C llmll2,
forany s > d/2andall 1 < p < oo.
In [17], Miiller and Seeger give an alternative proof of (2.6) which directly uses the L!

operator norm bound of y(A~! \/z)ei vEin (2.3), together with a pointwise bound on the

convolution kernel of y(A~!'v/&£)e’ Y€ which is easily derived from the fundamental finite
propagation speed property of solutions of the wave equation in this context (see [14]).

In fact the real part of the convolution kernel of y(A~! ﬂ)eiﬂ can be written
as ¢y, * P, where ¢, and £ are the convolution kernels of y(A~'v/£) and cos(v/&£),
respectively. Here ¢, (x, 1) = A2¢(8,(x, u)) is a dilate of a Schwartz function ¢ and the
finite speed property implies that & is a compactly supported distribution of finite order.
Hence there exists an M > 1 such that the bound |p; * P(x,u)| <y AM||8;(x, u)||EN
holds for large A and any N > 1 (here || - || g denotes the Euclidean norm on G). A similar
bound holds for the imaginary part (see [17], Proposition 8.8, for further details).

We record this bound in the following proposition.

Proposition 2.2. For A > 1 and y € §(R), we have the following bound for the convolu-
tion kernel of the operator y(A"' /&) eIVE: there exists an M > 1 such that

2.7) })((A_lx/z)ei“/z(x,u)| < Cy AM x| 4+ A2 u))™N

holds for any N > 1. Here Cy depends only on N and a suitable Schwartz norm of y.
Miiller and Seeger use (2.3) and (2.7) to give a short proof of (2.6). Their argument

also shows that
2.8) Im(VOllmi)»ri16) < Cllmlzz,

for any s > d /2. Here H!(G) denotes the Hardy space on G defined with respect to the
nonisotropic automorphic dilations

2.9) 8r(x,u) := (rx,rzu), r>0,
together with the Koranyi balls
(2.10) B (x,u) ={(y,v) € G : |(y, v)_1 -(x,u)|g <},

where ||(x,u) ||k := (Jx|* 4 |4u|?)!/* defines the Kordnyi norm on G.

As outlined at the end of the Introduction, to prove the endpoint L? bound for the
oscillating spectral multipliers mg g it suffices to embed mg, g into an analytic family m,
and establish an appropriate Hardy space bound H' — L! for 44y corresponding
to mg 4. It is natural to try to do this with the Hardy space H!(G) described above,
defined with the nonisotropic automorphic dilations (2.9). However we are unable to do
this; the geometry of the Koranyi balls (2.10) does not seem appropriate for our problem.
Instead we need a Hardy space that is defined using isotropic dilations r (x,u) := (rx, ru)
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but which is also compatible with the Heisenberg group structure. For similar reasons, this
was also the case for Miiller and Seeger in their proof of (2.2), where they introduced a

local isotropic Hardy space hl (G) and proved that m; 4_; = VI + JE)"d-D/2 g

bounded from il (G) to L!(G). Our main effort will be to establish that for 6 # 1, mg 4
is bounded from Al _(G) to L1(G).

180

A local, isotropic Hardy space

In [17] a local, isotropic Hardy space hilso(G) was introduced in their study of the wave
equation on Lie groups G of Heisenberg type. The classical Hardy space H!(G) is defined

with respect to the homogeneous balls
Br(x,u) ={(y,v) € G: |(y,v)"" - (xu)|lx <7}

so that | B, (x,u)| = cré1t2% = ¢r2_ The space hl (G) is defined with respect to iso-

180
tropic balls skewed by the Heisenberg group translation

BE(x,u):={(y,v) € G: |(r,v) - (x,u)llg <7},

where ||(x,u)|| g := |x| + |u| is comparable to the classical Euclidean norm on R?" x R4z,
Hence |BE (x,u)| = cr¢ = cr1+e,

For 0 < r <1, we define a (P, r) atom as a function b supported in the isotropic
Heisenberg ball BE (P) with radius r and centre P, such that ||b], < r~4/2 and further,
in the case where r < 1/2, we require the cancellation f b = 0. A function f belongs to
hilso(G) if f =3 cyby, where b, is a (Py, r,) atom for some centre P, and radius r, < 1
with 3" |¢,| < co. The norm of f € hl (G) is defined as

180
”f”hilm(G) = infz lew],
v

where the infimum is taken over all representations f = )" ¢,b, where each b, is an
atom. The space hilso(G) is a closed subspace of L1(G) and forevery 1 < p <2, L?(G)

is a complex interpolation space for the couple (4. (G), L2(G)). See [17], where these
facts are established.

3. A more general framework

For the oscillating spectral multipliers mg g in (1.1), large A >> 1 are the important spectral
frequencies and so, on the convolution kernel side, small balls are the important ones.
Hence the local space /. (G) is the relevant one for these multipliers.

We now describe a more general framework of spectral multipliers (introduced by
Miyachi [15] and [16] in the Euclidean setting) which include both the class of Mihlin—
Hormander multipliers as well as the oscillating examples mg g. We introduce a general
class of spectral multipliers which satisfy some scale-invariant conditions (as in (1.2)) and
which depend on an oscillation parameter 8 > 0, a decay parameter 8 > 0 and a smooth-
ness parameter s > 0. We introduce the following class My g ¢ of spectral multipliers. Fix
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a nontrivial cut-off y € C2°(0, 00). When 0 < ¢ < 1, we impose the standard uniform L2
Sobolev norm condition

(3.1) sup [[m(t)xll 2w,y < 00,
0<t<1

and for 1 < ¢, we impose the conditions

(3.2) sup teﬂ/2||m(['))(”Lco(R+)< oo and supt_g(zs_ﬂ)/z||m(t-))(||L§(R+) < 0.
1<t 1=t

The conditions (3.1) and (3.2) do not depend on the choice of y. For m € My g s, we
define C,?,’ﬂ ** to be the maximum of the quantities appearing in (3.2).

When 6 = 0, these conditions reduce to the condition sup, [[m(7-) x|l 2 < oo and if
this holds for some s > d/2, the fundamental work of Hebisch [6] and Miiller—Stein [18]
show that the spectral multiplier operator is bounded on all L?(G), 1 < p < oo.

The examples mg g(1) = e"'wl*eﬂ/z)(()k) when 6 > 0 from (1.1) satisfy the condi-
tions (3.1) and (3.2). Note that (3.2) expresses a growth in the L? Sobolev norm of m(t-) y
(when s > B/2) and a decay in the L norm of m(t-) y. If the L? Sobolev condition
in (3.2) is satisfied for some s > 0, then by complex interpolation, it is also satisfied for
all 0 < s < s with CEP%" < C2P since the s = 0 case [|m(t-) x| 12 < t~8/2 is implied
by the L*° condition.

Define

(3.3) Mg = 9 Mg gs.
0>0,0#1,5>d/2

This puts us in the position to employ analytic interpolation arguments to deduce that
m € Mg is an L?(G) multiplier in the range d|1/p — 1/2| < B/2 from a Hardy space
bound for multiplier operators associated to m € M, . Furthermore, from the invariance
of M, under multiplication by A?” for any real y (with resulting polynomial in y bounds
in (3.1) and (3.2)), it suffices to show m(+/£): hl (G) — LY(G) form € M.

The main result here is to establish the endpoint bound, that a strong-type L?(G)
estimate holds for m(~/£) with m € Mgand B <d,when B/2=d|l/p—1/2|.

Theorem 3.1. If B < d, then for any m € Mg, m(~/'L) is bounded on all L?(G) with
B/2=dl1/p—1/2|

We will use an analytic interpolation argument to establish Theorem 3.1. First we we
smoothly decompose the multiplier

349 m(t) = msmall(t) + mlarge(t)

into high and low frequency parts, where mgmay (t) = m(t) for small 0 <7 < 1 and mjqrge (7)
= m(t) for large t > 1. We note that mgy, is a Mihlin—-H6rmander multiplier and we
appeal to established results (see for instance [6]).

Therefore it suffices to treat the operator mlarge(\/z). The key estimate for these oper-
ators is contained in the following theorem.
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Theorem 3.2. Suppose that m € My 4 5 for some 68 > 0, 6 # 1, and some s > d /2.
Let Myyge be the large frequency part of m as described in (3.4). Then

6.d,
IMiage(VE) f 16y S Cr 1/ 1t 6y

where we recall C,g’d’s is the maximum of the quantities appearing in (3.2).

To see how to complete the proof of Theorem 3.1 from Theorem 3.2, let T'(v/£) =
Migrge ( JE) be the operator associated to the large frequencies of an m in the statement of
Theorem 3.1. It suffices to establish an L?(G) bound at the endpoint 8/2 =d|1/p —1/2|
for T(\/z) when m € Mg. In particular, m € My g ; for some 6 > 0, 6 # 1, and some
s > d /2. It suffices to consider the case 6 > 0 since the case 8 = 0 corresponds to Mihlin—
Hormander multipliers, which have been successfully treated in the setting of groups of
Heisenberg type; see [6] or [18].

For z € C such that Re(z) € [0, 1], consider

mz(k) = mlarge(k) AG/Z(ﬂ_dZ)

and denote by T, (+/£) the associated spectral multiplier operator. Note that T, = T,

whereo = f/d and 1/p =0+ (1 —0)/2when1 < p <2and B/2=4d|1/p—1/2|.

If Re(z) = 0, then ||m? |0 < C2PS since m € Mg g s and hence Tiy (v/£) is bounded

on L%(G), uniformly in y € R . When z = 1 + iy, we have m!™? € My 4 ;, with
CG,d,S 5 |y|s C,fl’ﬁ’sv

mlt+iy

implying that T4 (+/£) maps h._(G) into L'(G) with polynomial bounds in y by The-
orem 3.2. Hence T'(+/&£) is bounded on L?(G) by Stein’s analytic interpolation theorem.

In proving Theorem 3.2, we will not explicitly state the constants C,ﬁ’d’s when apply-
ing the condition (3.2), but the dependence will be clear whenever this condition is applied.

We follow an argument developed in [4] which establishes a Hardy space H'!(G)
bound for oscillating multipliers on general stratified groups. Our original hope was to
adapt this argument, using only the bounds (2.3) and (2.7) from [17]. However, at the final
step of the argument, we need to employ the full analysis of the wave operator as detailed
in [17].

4. The first part of the proof of Theorem 3.2
We fix a spectral multiplier m € My 4 ¢ for some 6 # 1 with 6 > 0 and some s > d/2,
and consider the large frequency part ma as described in (3.4).

We fix an atom ap supported in an isotropic, Heisenberg ball B = BrE (P)withr <1
and we want to prove

@.1) /G IT(VE)ap ()| dx < 1,

where T(VE) = Migge (V' E).
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We decompose Miarge = ) j>0Mj, where m; (1) = m(t)¢(2=7t) for an appropriate
smooth ¢ supported in [1/2,2]. Hence T (V&) = Y., m j (+/¥£) and only the conditions
for m in (3.2) are relevant.

Without loss of generality, we may assume that the ball B is centered at the origin,
P =0.Let L < 0 be such that 2271 < r < 2L, The L? boundedness of T(\/E) implies
that, for any fixed C > 0,

j>0

/ IT(VE)ag(x,u)|dxdu <1
el g<C2E
via the Cauchy—Schwarz inequality, and so it suffices to show that
4.2) / IT(V&)ag(x,u)|dxdu < 1.
I Geu) | g >>2L
We bound the integral in (4.2) by
d ::/ imj(v/£)ap(x,u)| dxdu.
I Geu) | E>2L

Writing m/ (1) := m; (2/1) = m(271)$(1), we have m; (V&) = m/ (277 /£). Now,
using (2.5), we write

m! (VE) = fmf(f)x(«/f)e”@ d,
where y = 1 on the support of ¢ so that
4.3) m; (V&) = / il (1) QI E) 2 VE g
We remark that in the 7 integral above, we may assume |t| >> 1 since

[l VE e Y s [ o] de s 2700
|7]<1

|7|<1

by the uniform boundedness of || y(2~/ \/E)eizf‘/“/zn 1111 for small |z| (by dilation-
invariance of the L' operator norm and an application of Hulanicki’s theorem [7]), and
the L assumption on m” . This is summable over j > 0 since > 0.

Henceforth we shall assume t is large in the integral (4.3) representing 1 ( JE).

We split the integral 4 = I 4 II into two parts, where

I+11:= Z/ |mj(x/z)a3(x,u)|dxdu
je Y IEawle>2t
+ Z/ lmj(v£)ap(x,u)| dxdu,
jeg /Ixalp>2t

where A={j >0: j(1—-0)4+ L <0}and B={j >0: j(1—-6)+ L > 0}. Note
that the set B is empty for 6 > 1.
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For j € B,
/ lmj(v£)ap(x,u)| dxdu
Geu) | g >>2L
= [ a1 [ [ s (VE)(r ) (el dxdu ]| dy dv,
G IGean) ] g2

and when || (x,u)|| g > 2F, we have ||(y,v) ™! - (x,u)| g > 2% whenever ||(y,v)| g <2L.
This follows easily from the group law

(y’v)_l '()C,M) = (x_y’u_v'i— %(uny))v

noting that L < 0. Hence

/ |mj(x/f)a3(x,u)|dxdu 5/ |mj(\/z)(x,u)|dxdu,
Gl g>>2L I

()| g=2F

where we used the fact that for atoms ||ag|r1(G) < 1.

~ Let us denote by Kz (x, u) the convolution kernel of (7! \/E)eiﬂ. Then for g =
27 /t, we have that (K;(x,u))g 1= 22K, (8¢ (x, u)) is the convolution kernel associated

to (2= /£)e'? 'V Hence by (4.3),

/ Im; (VE) e, u)| dx du < / ok (r)|[/ I(K2)g (. u)|dxdu]dr.
I Geu) | E=2F Ge,u) | £ >2F

But |81 (x,u)|g > 2L implies ||8; (x,u)||g > 2/ % since j > 0. Hence we have

/”( o2k [(K7)g(x,u)|dxdu < / |Ko(x,u)| dx du.
XU E=

182 (el g =27 +L

Recall the pointwise estimate (2.7) for K (x, u) (valid for large 7):
[Ke(ew)] Sw o™ 18 (e 5

for some M > 1 and any N > 1. Hence if || < 2/+L, choosing N large enough we have

/ |Ke(x,u)| dxdu <y 27NU+D)
162 (x ) || g =27 +L

and therefore

[ wlf (Koganlavdulde sy 220D [ @i )ar
|t|<2/+L el g =2F |t]<2/+L

which by Cauchy—Schwarz and (3.2) is at most

2~ WN=1/2)GHL) |13 ||, < 2~ WN=1/DUHL) 9=j8d/2 < H=(N=1/2)(i+L)

Note that j + L > 0 for j € B, when B is non empty. Indeed, in this case we must have
0 <6 < 1,whichimplies j + L > j(1—6)+ L > 0.
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To treat the remaining part

[ wolf (Ko)g (x.0)| dxdu dr.
|z|=2/+L el g=2F

we promote the integration over ||(x, u)||g > 2 to all of G so that the inner integral is at
most

/|r22j+L|mj (@] [/c; |(K7)g (x,u)] dXdu:I dt

— [ e[ Kaldrau]des [ gl )@
[t|=2/+L G |z|>2/+L

< 9—(0-1/2)(G(1-6)+L)

~

—(0—1/2)(j+L i
< 2~ (0=1/2)G+ )||m’ ||L§+(dil)/2

for some o > 1/2. The first inequality uses (2.3) in Theorem 2.1 followed by the Cauchy—
Schwarz inequality and our hypothesis (3.2) on the L? Sobolev norms of /. Therefore,

/ Imj (V&) (x,u)| dxdu < 27©~1/2UA=0O+L)
Gl g =2

and so

|m; («/z)ag(x, u)|dxdu < 2~ (0=1/2)(jA=0)+L)
el g>2L

showing that we can sum over all j € B (since 8 # 1) and uniformly bound II.

For I, we split A = A_ U Ay further such that A_ = {j € A : j + L <0} and
AL ={j € A:j+ L >0} Thissplits I = I_ + I accordingly.

For the sum over j € 4., we split each integral in I into two parts,

/ |mj(x/z)a3(x,u)|dxdu:SA,j—i—LA,j
1 Gew) || £ >>2L
for some positive A > 0, where

SAj :=/ Imj (V&) ap(x,u)| dxdu
2L (x )| g <2L+A

and L ; is defined similarly but with the integration taken over (x, ) such that 2L+A <

(e )l
For S,; we use Cauchy—Schwarz, the L2 bound ||ag ||, < 27Ld/2 on our atom and
our L hypothesis on m; to see that

SA,j < 2(L+A)d/2 ”mj (‘/E)aB”L2 < 2(L+A)d/2 2—j9d/2 lag|lp2 < 2Ad/2 2—j0d/2.

Next we will show that

(4.4) Lo <o 20—-1/2)j8 h—=(6=1/2)(j+L+A)
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for some o > 1/2. Choosing A such that
IA 270 9= =it U +L)

optimizes the bound for the sum S ;j + Ly, ;. .
With this choice of A (which is > 0 since j € #A) we have Sp j + La ; < 27U+,

where
d o—1/2

== — >0,
‘T2 512142
and this shows that

I = Z [Sa.; + La,j]S1
JEAL

is uniformly bounded. We now turn to establish (4.4).
Proceeding as for terms j € B, and using the formula (4.3), we see that

La; < [ 1@ ()] [/ |(Kr)g(x,u)|dxdu] dv =1L ;.
’ 2L+A <)\ (x ) .

where we recall that g = 2/ /7, (K;)g(x,u) = gQK,(Sg (x,u)) and K (x,u) is the con-
volution kernel of y(z™! \/z)ei‘/i. We split L', ; =141V, where

Il := / |m? ()] [/ |(Kr)g(x,u)|dxdu] dt
|t|<2/+L+A 2L+A <||(x W)l

and IV is defined in the same way except the integration in t is over |t| > 2/ FL+4A,
Again since |81 (x,u)|| g > 2LT2 implies [|8; (x,u)|| g > 2/ L+ since j > 0, we
have

/ [(K7)g(x,u)|dxdu 5/ » |K:(x,u)| dxdu
I Geu) | g =28 +A 182 (xw)ll g =27 +L+4

and so

I < / |m (7)| [/ | K7 (x,u) dxdu] dr,
|z|<2/+L+A 27+ L+ A <], (x,u) ||

which by (2.7) (recall we have reduced to large t) implies that

1 <y 2—N(j+L+A)[ il ()] dr < 2~ N =1DGHLAA) p=j0d)2
|t|<2i+L+A

for any N > 1. For IV, since 7 is large we can use (2.3), Cauchy—Schwarz and our L?
Sobolev condition on m”’ to see that

I\Y% S / |ﬁj (‘E)| |T|(d_1)/2 dt g(f 2—(0—1/2)(]+L+A) 2(0’—1/2)j9
2j+L+A§‘T|

for some o > 1/2. Hence L ; <1+ 1V <20 ~1/2)0 3=(0=1/2)(G+L+A) holds for some
o > 1/2, establishing (4.4).
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Finally, we turn to the sum over j € A_, where j + L < 0, and it is here that we
would like to use the cancellation of the atom ap. We are allowed to use the cancellation
since if there are j’s such that j + L < 0, we must have L < —1, so that the atom is
supported in a ball of radius r < 1/2. We have

m;(VE)ap(x,u) = / [m; (VE)(y.v) ™" (xou)) — m; (VE) (x.u) | ag (v, v) dy dv,

and through basic estimates we can bound the difference by ||, (¥, v)|lx = 2/ [|(y,v)| k-
If this Kordnyi norm could be controlled by the Euclidean norm, then since ||(y,v)| g < 2F
for (y,v) € B, we would gain a factor of 27+ which is summable for j € A_. It is here
where we see the two incompatible geometries (coming from the Koranyi norm on the one
hand, and the Euclidean norm on the other) creating an obstacle.

To overcome this, we will need to employ a refined decomposition in [17] of the

operator y(r ! \/z)e"‘/E appearing in the formula (4.3):
m; (V&) = / il (1) @ L) 2 VE g

In the next section we will describe this decomposition, but now we make a couple pre-
liminary remarks. First recall that we may assume 7 is large in the above integral.
Second, we can easily handle any error terms E j(£) arising in our decomposition

of x(2~/ +/£)e'?’*VZ which have a uniform L! operator norm of O(|z|~2) since
@) [ O de s [ @l e 5 200,
lzI>1 lzI>1

which again is summable for j > 0.

5. A refined decomposition of y(z~1v/£)e' VE

In this section we will recall a decomposition of the operator (7! «/E)eiﬂ from [17]
which we will need to carry out the final step in the argument. For the reader’s conveni-
ence, we give an outline of how this decomposition is derived, but refer to [17] for the
precise details of each step.

The decomposition is based on the following subordination formula which relates the

wave operator eIV (o the Schrédinger group {e’*£}. See Proposition 4.1 in [17].

Lemma 5.1. Let y; € C2° be equal to 1 on the support of y. Then there exist smooth
Sfunctions a(s) and p;(s) supported for s ~ 1 such that

(5.1 Y@ E) e VE = Xl(z—zx)ﬁ/e’% ar(s) e % ds + p. (172 %).

Furthermore, the LP (G) operator norm of pr(t 2£) is O(|t|™N) for every N > 1.
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Hence by (4.5), the contribution corresponding to the term p,(z 2&) can be easily
treated, being uniformly summable in j > 0.

The formula (5.1) is an immediate consequence of the spectral resolution (2.1) for NE2
and the stationary phase formula

(5.2) AR EME = 31 (VA / ¢ ay(s) 4% ds + pa ().

together with the change of variables x — x/A2. The phase ®(s) = Axs + A/4s in the
oscillatory integral in (5.2) has a unique nondegenerate critical point at s, = 1/2./x,
which is comparable to 1 due to the support of y and y1. Also ®(s4) = A/x and ®” (s,) =
4)1x3/2. Hence the stationary phase formula says

i P(sx) .
Xl(x)\/_/ e'®® g, (s)ds = ¢ y1(x) ——— + error = Z(ﬁ)e“‘ﬁ + error,

/q)//( )

but of course a careful analysis of this principle with uniform control of the various terms,
especially the error term, is required to make this precise and useful. See [17] for details.

Lemma 5.1 allows us to understand the wave operator e’ V€ via the Schrddinger
group {e’*£}, where explicit formulae are well known. For instance, the convolution ker-
nel S; for e!*< is given by

(5.3) S,(x u) _ / ( |PL| )dl/ze—ipclz%lulcot(2:'rt|,u|) eZniu-M d/vL-
’ Rd2 \2sin(27t|p])

From (5.1), we see that )((f_lx/f)e"‘/z = 11(t72L)n (L) + p(r2L), where
ne (L) = ﬁ/ elas a(s) e L7 ds
R

and so by (5.3), the convolution kernel of n,(£) is given by the formula

. d1/2

— i (L
et =i [ [ 500 (s
« e—i\x\zg\mcot(Znslul/r) p2mini de/,L.

As the phase above exhibits periodic singularities (where sin(27s|u|/7) = 0), it is natural

to introduce an equally spaced decomposition in the central Fourier variables |u|: that is,

with respect to the spectrum of the operator |U | (recall that U := (—iUy,...,—iUg,)).
We fix an 19 € C2°(R) supported in a small neighborhood of the origin and such that

> kez No(t —km) = 1. We decompose n.(£) = n?(£L,|U|) + nl(£,|U|), where
WL NUD = VT [ €% acts)mo(S1U1) 27 ds
R T
andnl(£,|U|) = > ks1 Mk (L, |U|), where
_ it S is€/t
mes(EUD = V7 [ 6 actsymo(HU] - ko) €55/ as.
R T

The refined L' estimates established in [17] which prove (2.3) in Theorem 2.1 are the
following.
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Proposition 5.1. We have

©4) I UD1pr S (14 [e) @2

and for each k > 1,

(5:5) ek (£ U piozt < k~@HD2 (1 4 |gy@-Dr2,

Since dy > 2, the sum over k > 1 converges and so Theorem 2.1 is an immediate
consequence of Proposition 5.1.

Denote by V; and ‘W, the operators y1(t2£)n2(£,|U|) and y1(z2L)nl(&L, |U)),
respectively, so that

(5.6) Y@ WL VE =V, - W, + E,,

where the operator E. is negligible; the L! operator norm is O(|z|~") for any N > 1 and
so by (4.5) gives rise to a bound of the form 27/04/2,

Finally, we need to decompose W, = ), W¢,, which will localize |U |/t (or the
central Fourier variables |u|/7). Fix two smooth functions ¢y and ¢, with ¢, supported
in (—1, 1) and ¢; supported in =(1/2, 2) so that {o(z) + >_ {1(27"¢) = 1. Define

n>1
Weo = Lo(r U)W, andforn > 1, W, := (27" U)W,

so that W, = ano W¢., holds. This finer decomposition will allow us to identify when
we will be able to implement the argument outlined at the end of previous section which
uses the cancellation of the atom ap.

6. The final step in the proof of Theorem 3.2

Recall that the last step in the proof of Theorem 3.2 is to uniformly bound

6nH L= 3 /”(x,u)”E»ZL|mj(\/z)a3(x,u)|dxdu=: 3

j>0:j+L=<0 Jj+L=<0

From the previous section, we see that the operator x (277 /£) o277 VE appearing in
the formula (4.3),

mj(\/z) = /@j (1) x 277 VL) eizfj“/zdr,
can be written as (Vr)g + (Wr)g + (E7)g, where the L' operator norm of (E;)g is
uniformly O(|z|™") forany N > 1, g = 2/ /7 and the convolution kernel of (W), say,

is given by the L! invariant dilate (W;)g (x,u) = g2 W, (8¢ (x,u)).
From (4.5), we have the bound I; < I} + IJZ. + 0(27794/2) where

(6.2) I = /
I Gew)ll g >2L

/ aj(f)("Vr)gaB(x,u)dt dxdu
lzI>1
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and

1]2 =/ / %j(f)(rwr)gaB(x,u)df dxdu.
Gl g>2L Ve >1

We first treat 12., noting

2 < /| A OR sl de < Y [N Fensanlzie dv
T

n>0 [T|>1

where we employed the decomposition Wy = >, _, W, , from the end of the previous
section. -

From (5.5) in Proposition 5.1, we see that ||[n}] 21571 < (1 + |2])@~D/2 and hence
I Weollzimzr < (14 |2))@=D/2, Also, we can write

Wen = 0@ 27MUNWe = D L@ 27U Dnek,
k>n+C
where the constant C depends only on support properties of 1o and a., thus the estimate
[ Wenllpiopr < 27 d=D/2(1 4 |¢[)@=D/2 follows again from (5.5). Hence

(6.3) I Wenllpisps S 27MA=D/2(1 4 |g)@-D/2

holds for all n > 0.

We now split the sum over n > 0; for large n, we will use the exponential decay in n in
the estimate (6.3) and here we will not need the cancellation of the atom ap. For small n,
we will use the cancellation of the atom, but the incompatibility of the two geometries
will diminish the favorable factor 2/ T coming from the difference with an exponential
growth in n which nonetheless will be admissible if 7 is small enough.

Recall that when j € A_, we have 2/+tL < 1 and we split the sum in 7, writing

IJZ. < 12l + 12 %, where

-y / 71 Ol (Wen)gas 116 dr
neN; lzl>1
and Ny ={n >0: 2-eU+L) < 2"} for some fixed small € > 0. We define Ijz.’2 similarly,
where now the sum over n liesin N, = {n > 0:2" < Z_E(j"’L)}.
For Izl we use the bound in (6.3) to conclude that

25 Y 2 [ 3 @@ e £ 22000 [ @l @0 e
neN

for some § > 0. But

[ @i = [ @ @l e [ @l @ e
|t|<2/? |z|>278

and the first integral is uniformly bounded in j by an application of Cauchy—Schwarz

and our L condition on m/. The second integral is also uniformly bounded in j by

another application of Cauchy-Schwarz and our L? Sobolev condition on m/. Hence

< 28G+L) which is uniformly summable over j with j + L < 0.
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To treat I]2.’2, we make the understanding that { = {o when n = 0 and ¢ = {; when
n > 1. Hence

(Wen)g(£) = ny (22272 2, 2277 |U|) ;i 72 £) 277 7"|U )
and so (Wr,n)g(£)ap(x,u) = (Wen)e(£)(ap * Hj,)(x,u), where H; ,, is defined as
[ Hin = @227 U/,

where x| and ¢’ are smooth cut-off functions which are identically equal to 1 on the
supports of y; and ¢, respectively. Hence y1 = y1x) and ¢ = .
Therefore,

2 ~j
2= [ WO Wenlzimilan « Bl de.
nenN, lz|>1

We note that H; , is a §,; dilate of the convolution of the Schwartz function /; (coming
from x)(£)) and the 2" dilate of the convolution kernel of ¢’(|U|), which has the form
8 ® h,, where § is the Dirac measure on R4 and h, is a Schwartz function on R%. Hence

(6.4) Hjp(x,u) = / J(d1+2d>) h1(2.ix’ 22_iw) 2d1(j+n) h2(2j (u —w)) dw

and in particular, we see that | H; ,||p1 < 1.
We now use the cancellation of the atom ap. We have

ap * Hjn(x,u) = /as(y,v)[Hj,n((y,v)_l - (x,u)) = Hjn(x,u)] dydv

= —/aB(y, v)(/ol(y, ViH;n(x —sy,u—sv+ %(Jx,y)))
+(v+2(Jx. ), Vi Hjp(x —sy,u —sv + %(Jx,y)))ds) dy dv.
Using (Jx,y) = (J(x —sy), y), we see that
las * Hinlliy < 25 [IVxHinllLiGy + 1 VuHinllLi6y + 11XV HinllL1 )]

and so (6.4) implies [|ag * Hjnllz1c) < 2"2/TE.

We should mention that the bound ||ap * Hj |21 < min(1,272/ L) was used in [17]
(see Lemma 9.1 there). We have reproduced a sketch the proof here for the convenience
of the reader.

The bound |lag * HjullL1c) < 2"2/FE, together with | Wep|pip < [7]@7D/2,
shows

112,,2 < Z onoJj+L / |ﬁ;[1(.[)| |1.|(d—1)/2 dr < 728G +L) / |fﬁ](‘r)| |1.|(d—1)/2 dt
neN,

for some § > 0. Since we have seen that the above integral is uniformly bounded in j, we
see that

(6.5) |IJZ| < 25U+L) for some § > 0,

. . . . . . . 2
which is uniformly summable over j with j 4+ L < 0. This proves that Zj:jJrLfo ;< 1.
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It remains to treat the terms I} in (6.2). Recall that V; = y;(r2£)n%(£, |U|), and
the convolution kernel of n%(£,|U|) is given by the formula

) ) . L di/2
KeGe) = V5 [, e a0/ (rgis)

ilxl2 iy
X e ilx|* 5 |l cotms|ul|/T) eZmuudde.

A straightforward analysis of the phase in the above oscillatory integral representation of
the kernel K? shows a couple of regions in (x,u) space where the phase is nondegener-
ate, and an integration by parts argument shows the following rapid decay estimates (see
Lemma 6.2 in [17] for details).

Proposition 6.1. For every N > 1, we have
|K2(ew)| Sy (L [t @2 N (x4 u)™ . when |x|* + [u] > 2.

and
IK2(e,u) Sy (1+ [t @HD2N (1 ju)™ when |x|* < 1/20.

Now let ¢ € C2(R91742) be such that ¢ (x, u) = 1 when |x|? 4 |u| < 2, and ¢ (x, u)
= 0 when |x|2 + |u| > 3. Also fix € C2°(R?) such that ¥(x) = 1 when |x|?> < 1/40
and ¥ (x) = 0 when |x|? > 1/20. Decompose K? = K2 + K22, where

K2 (x,u) == K2(x,u) ¢ (x,u) (1 — ¥ (x))

so that by Proposition 6.1, ||K? ’2|| 11 < |t|™" forany N > 1. Furthermore, from Hulan-
icki’s result in [7],

Ve =n2llpirr = I 28)n8 —n?lpinp S A+ [t

forevery N > 1 (see Lemma 6.1 in [17]). Hence if X 3 ‘I denotes the operator of convolu-
tion with K>, then ||V — KO 11521 < (1 + 7)) and so if

m:/
Gl g 2L

/ i’ (t)ap % (K& (x.u) dt|dxdu,
lz>1
then

66) T SIG + /| ) @IV = Ko dr = 11 + 0Q/2).
>

For a fixed 7 and (x, u) let us examine the convolution

ap * (Kg')g(x,u) = /gQ K2@g((r.v)™" - (x.1))) ¢ (B (v, v) ™" - (x,u)))
x (1 =92 /t(x = y))ap(y,v) dy dv.

Note that |x — y| ~ |r|/2f_, but since 2/t < 1 « ||, we have |y| < 2F « |7|/2/ and
so |x| ~ |z|/27 or |z| ~ 27|x|. Therefore,

mzf
I Ge) || 2L

/ ﬁj(f)aB * (Kg’l)g(x,u) dt|dxdu.
[TI>1, |t|~2/ x|
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Now we work backwards, recalling the operator decomposition n? = KO 4+ J(g 2
so that
Ve = K2+ [Ve —nd] + K22

Furthermore,
A@TVE)EVE =V, + W, + Er = KO + W, + [Ve —n% + K02 + E,.
The terms [V, — ng], K% and E, are negligible, each with an L! operator norm of

O(|t|72) which gives rise to the admissible bound 27/94/2 by (4.5). Hence, using the
estimates in (6.5), we see that

| < /
(x| g >>2L

where K denotes (as before) the convolution kernel of y(z=!v/£)ei VE.
Therefore, setting

IH} = /
el g 28

: 1
matters are reduced to showing » j+L<o HI; < 1. We have

< f 7 (o) / a5 v)|
|[z|>1

x [/ 82 |Ke(Be (v, )™+ (. w))| dxdu | dydv .
|x|~[zl/27

/ ! (t)ap * (Ki)g(x, u)dt|dx du+280+E) 4 0=76d/2
jl~2/ x|

/ m’ (v)ap *(Kz)g(x,u)dr)dxdu,
2] 1,]z]~27 |x]

Recall that
o) (u) = (x—yu—v+ 3(Jx,y).

In the (x,u) integral above, make the change of variables v’ =u — v + %(J x,y), followed
by x’ = x — y, noting that

=y~ [2l/2 & Ixl ~Jel/2 since [y| < 2% < Jel/2.
to conclude
s [ @@ K drdude
lz]>1 |x|~|z|/27

5/ |’ (v)] | K¢ (x,u)| dx du dx.
[T|>1 [x]~1

By (2.7), we have the pointwise estimate | K (x,u)| < |t|™ (Jtx| + |t%u|)~" for some
M > 1andevery N > 1 whenever t is large. Therefore,

|K:(x,u)| dxdu < du = c|t|"N+d=M)
/x~1 ' |TIN=M Jga, (1 + |tul)N
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and so
111} s/ i’ (o)) || dr < 277972,
|[z[>1

which is summable for j > 0 with j + L <0.
This completes the proof of Theorem 3.2.
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