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Trace estimates of Toeplitz operators on Bergman spaces
and applications to composition operators

Omar El-Fallah and Mohamed El Ibbaoui

Abstract. Let Q be a subdomain of C and let u be a positive Borel measure on 2.
In this paper, we study the asymptotic behavior of the eigenvalues of compact Toep-
litz operators 7}, acting on Bergman spaces on 2. Let (1,(7),)) be the decreasing
sequence of the eigenvalues of T}, and let p be an increasing function such that
p(n)/ n4is decreasing for some A > 0. We give an explicit necessary and sufficient
geometric condition on p in order to have A, (7,,) < 1/p(n). As applications, we
consider composition operators Cy, acting on some standard analytic spaces on the
unit disc . First, we give a general criterion ensuring that the singular values of Cy,
satisfy s, (Cy) =< 1/p(n). Next, we focus our attention on composition operators with
univalent symbols, where we express our general criterion in terms of the harmonic
measure of ¢(ID). We finally study the case where d¢(ID) meets the unit circle in one
point and give several concrete examples. Our method is based on upper and lower
estimates of the trace of i(T},), where / is a suitable concave or convex function.

1. Introduction

Spectral properties of Toeplitz operators associated with positive measures play an import-
ant role in spectral theory of several operators: Hankel operators, composition operators
and integration operators. In this paper, we are interested in the behavior of the eigenval-
ues of compact Toeplitz operators acting on analytic spaces on a subdomain 2 of C with
applications to composition operators.

Let 2 be a domain of C. We denote by H(£2) the class of all holomorphic functions
on Q2. Let w: 2 — (0, co) be a continuous weight on 2. The weighted Bergman space
associated with w is given by

A= {r e @ 1l = ([ 7@ dan)" < oo}

where dA,(z) = w?(z) dA(z) and d A is the Lebesgue measure on C.
Clearly, #42 is a reproducing kernel space. The reproducing kernel of A2 will be
denoted by K (or K¢ if necessary).
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In this paper, we call the standard Bergman spaces, denoted by +2, the Bergman
spaces on D associated with w?(z) := %(1 — |z|?)%, where o > —1. The standard Fock

. 2
@lzl* where @ > 0.

spaces F7 correspond to @ = C and w?(z) = e
The Toeplitz operator 7),, acting on #2 , induced by a positive Borel measure y on

is given by
Tu(f)(Z)=/Qf(§)K(Z,§)w2(§)dM(§)~

The boundedness, compactness and membership to Schatten classes of Toeplitz oper-
ators have been studied in several papers (see for instance [3, 11, 14,23-25,31,37]). It
has been proved that, under some regularity conditions on w, T}, is bounded (respect-
ively, compact) if and only if w(R,)/A(R,) = O(1) (respectively, o(1)), where (R,) is a
suitable lattice of €2 with respect to .

Our goal in this paper is to study the asymptotic behavior of the eigenvalues of com-
pact Toeplitz operators on #2 . First, we fix some notations. The class of weights on
considered in this paper, denoted by 'W(£2), contains all standard weights. Some examples
are listed in Section 2. To each w € W(£2), we associate a class of suitable lattices denoted
by £,. The definitions of ‘W and £, are given in Section 2.

Throughout this paper we suppose that T;, is compact. The decreasing sequence of
the eigenvalues of 7,, will be denoted by (A,(7},)). It is proved in [11] that A,(7},) =
O(1/log” (n)) for some y > 0 if and only if there exists ¢ > 0 such that

Do (-o52)")

for some (R,), € £o.

In this paper we are interested in compact Toeplitz operators 7, such that 1/4,(T},) =
O(n?) for some A4 > 0.

Recall that since T}, is compact, we have lim, 4 o0 (R5)/A(R,) = 0. Let (R, (1))
be an enumeration of (R) such that the sequence

_ BRa (1))
AR ()

is decreasing. First, we will prove the following result.

an(p)

Theorem A. Let (R,) € £, where w € 'W. Let p:[1, +00) — (0, +00) be an increas-
ing function such that p(x)/x* is decreasing for some A > 0. Let yu be a positive Borel
measure on Q such that T,, defines a compact operator on A2 . Then,

(1) An(Tw) = O(1/p(n)) <= an(n) = O(1/p(n)).
(2) An(Ty) < 1/p(n) <= an(p) < 1/p(n).
A preliminary version of this theorem, in the case of standard Bergman spaces of the
unit disc, was announced in [6]. Before going on, two remarks on Theorem A are in order.

(i) The growth condition on p is, in some sense, necessary. Indeed, let p be an increasing
function such that p(x) = o(p(2x)) when x — +o00. One can construct (see Section
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4.5) a Toeplitz operator 7}, such that for any lattice (R,), we have

L AT
im sup =
n—oo An(W)

00,

where a, (1) is the decreasing rearrangement of (1 (R,)/A(Ry)).

(ii) In general, the sequence (a, (1)), is not sufficient to give asymptotic estimates of
(An(T}))n- Indeed, one can construct two positive Borel measures 1 and v on the
unit disc D such that

an(p) = a,(v) and limsup A,(Ty)/An(T,) = 0.

Next, we analyze the connection between the behavior of the eigenvalues of T, and the
behavior of the Berezin transform of 7). Recall that the Berezin transform of a Toeplitz
operator 7}, acting on 42 is given by

(1.1) fi(z) =

Let (Rp)n>1 € £, and let z, be the center of Rj. It is known that 7, is compact if and
only if

lim fi(z,) = 0.

n—>o0
As before, let (z,, (1)) be an enumeration of (z,) such that the sequence (b, (1)), defined
by

(1.2) bn(p) := i(zn (1)),

is decreasing.
First, we consider Toeplitz operators T}, such that 1/4,(T,) = O(n") for some y €
(0, 1). We have the following.

Theorem B. Let w € ‘W and let |1 be a positive Borel measure on Q such that T, is
compact. Let p:[1,+00) — (0, 400) be an increasing positive function such that p(x)/x?
is decreasing for some y € (0, 1). We have

An(Ty) < 1/p(n) <= bp(u) < 1/p(n).

The case A, (Ty,) <1/ n4, for some A > 1, is rather different. Indeed, to have a descrip-
tion of the behavior of the eigenvalues of such Toeplitz operators in terms of (b, (1)) it is
necessary that

(1.3) Cp(AZ, (Rp)) :=sup Y _07(z;) <00, (p€(0,1)),

nzlj>

where dv, = dA|g, (see Theorem 5.3).
We will prove the following converse.
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Theorem C. Let w € W, (R,)n € £4. Let 1 be a positive Borel measure on 2 such
that T,, is compact. Suppose that Cp (A2, (Rp)n) < 0o forall p € (0,1). Let p:[1, +00) —
(0, 400) be an increasing positive function satisfying p(t)/t? is increasing for some y > 1
and p(t)/ P is decreasing for some large B. Then we have

An(Ty) < 1/p(n) <= ba(p) < 1/p(n).

The proofs of these theorems are based on upper and lower estimates of the trace
of h(T},) for convex and concave functions /.

As application, we consider composition operators on #, = {f € H(D) : f' € A2},
which was the original motivation of this work. Let ¢ be an analytic self map of . The
composition operator on #, induced by a symbol ¢ is defined by

Co(f)=Sop. (f€H).

Using Theorem A and a standard connection between composition operators and
Toeplitz operators, we give estimates of the singular values s,(C,, #4) of general com-
position operators Cyp, when 1/s,(C,, Hy) does not increase faster than all polynomials.
These estimates are given in terms of the mean values of a generalized counting function
associated with .

We also express these estimates in terms of the harmonic measure of ¢(ID), when ¢ is
univalent and ¢ (D) is a Jordan domain.

Next, we consider composition operators Cy, induced by univalent symbols ¢ such that
dp(D) N 9D is reduced to one point. Namely, we suppose that dp(ID) has, in a neighbor-
hood of 41, a polar equation 1 — r = y(|6]), where y:]0, 7] —]0, 1] is a differentiable
increasing function with y(0) = 0, and satisfying the following conditions:

y (1)

(1.4) - is increasing ,  y'(t) = O(y(t)/t) ast — 0T,
and
(1.5) y(1) = O(t/log? (1/1)) for some B > 1/2.

Recall that by Tsuji-Warschwski’s theorem, (see [33]), C,, is compact if and only if

It is proved in [7] that the composition operator C, on H, is in the p-Schatten class
(p > 0) if and only if

e~ 5 T®
(1.6) /—dt < 00,
o Y@

where

1
(1.7) r(t) = %/ %ds.
t
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We have the following result.

Theorem D. Leta > 0 and let 2, y and ¢ be as before. Suppose that fo %dl‘ = o0o. We
have:

(1) If lim;_ o+ y(t) log(1/t)/t = oo, then
$n(Cy, Hy) = O(1/n?)  forall A > 0.
(2) If y(t)log(1/1)/t = O(1), then

o
sn(C(p, Hy) < exp < - E 1_‘(xn)),

L 2
where Xy is given by [ % =n.
As examples, we obtain:

Corollary 1.1. With the same notations as above, we have:
(1) If y(t) = «t/log(e/t), withk > 0, then

$2(Cy, Hy) =

nok/2m )
() If y(t) = «t/log(e/t)loglog(e?/t), with k > 0, then

1

5p(Cyp, Ho) = W'

The article is organized as follows. In Section 2, we recall some classical results on
compact operators and introduce the weighted Bergman spaces considered throughout
this paper. In Section 3, we show how to obtain estimates of the eigenvalues of a compact
operator from trace estimates. Section 4 is devoted to proving the estimates of Tr(2(7},)),
where & satisfies some concave/convex conditions. It is important to note that the proof
presented in this paper, in particular in the concave case, is different from Luecking’s
proof [24] and does not require off-diagonal kernel estimates. This section contains the
proof of Theorem A. In Section 5, we study the behavior of the eigenvalues of T}, in terms
of its Berezin transform. In Section 6, we consider composition operators C, with general
symbol ¢ and give estimates of the singular values of C, in terms of the generalized
Nevanlinna function associated with ¢. Section 7 is devoted to composition operators
with univalent symbols. We express the asymptotic behavior of the singular values of C,
in terms of the harmonic measure of ¢(ID) and we give explicit examples. In the last
section we consider examples of composition operators acting on the Hardy space and on
the classical Dirichlet space.

Notations. Throughout this paper, we will use the following notations:
e x <y if there exists a constant C > 0 such that x < Cy,
e x xyifx <yandy < x,

e C(x1,...,Xp) is a constant which depends on xq, ..., xj.
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2. Preliminaries

2.1. Compact operators

Let H be a complex Hilbert space and let T be a bounded operator on H. The class of
compact operators on H will be denoted S, or (S0 (H ) if necessary). Let T € Soo. The
sequence (5, (7T"))n>1 (or (s, (7T, H))») denotes the non increasing sequence of eigenvalues
of (T*T)'/2.1f T is positive, (s, (T))n>1 is the sequence of eigenvalues of 7" and we write
in this case s, (T) = A, (T).

By the spectral decomposition of compact operators, every compact operator 7 on H
can be written as follows:

Tf:ZSn(Tvafn)gn, (f € H),

where (f,) and (g,)n>1 are orthonormal systems of H.
So, it is easy to see that

sn(T) = inf{||T — R|, dim R(H) < n}.

In particular, if 7 and S are two compact operators such that 7 = XS, where X is a
contraction, then
sp(T) < s,(S), forall n>0.

Recall that a compact operator 7 on H belongs to the p-Schatten class S, (for p > 0) if

17l = (L) < co.

n>1
The following result is known as the monotonicity Weyl lemma.

Lemma 2.1. Let T, S be two positive bounded operators on a complex Hilbert space H
such that T < S.If S is compact, then T is compact and A, (T) < A, (S) foralln > 1.

Let h:[0, 00) — [0, 0o0) be a continuous function such that 4(0) = 0. For each positive
compact operator 7 =), _ o An(.. en)en, the operator A(T) =: D", o h(A,)(..en)en isa
positive compact operator and Tr(h(T)) = Y, h(Ax). We will also need the following
general result, see [29]. -

Lemma 2.2. Let (T,)n>1 be a sequence of positive compact operators on a Hilbert
space H and let T = anl T, (with norm-operator convergence). Let h: [0, +00) —
[0, +00) be an increasing function such that h(0) = 0. Then:

(1) If his convex, then Tr(h(T)) = >, Tr(h(Ty)).
(2) If h is concave, then Tr (h(T)) < Y, Tr(h(Ty)).
The following classical result will be used in Section 4.

Lemma 2.3. Let p > 1 and let (ap)n>1, (bn)n>1 be two positive decreasing sequences.
Suppose that

n n
Sa)? <3 b foralin > 1.

k=1 k=1
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Then, for every increasing positive function h such that h(t?) is convex, we have

n n
@.1) > hian) <) hiba).
k=1 k=1
Proof. This is a direct consequence of Corollary 3.3 of Chapter IV in [13]. ]

2.2. Weighted Bergman spaces

In this subsection we recall briefly the definition of the class of weights ‘W introduced
in [11]. Let © be a domain (bounded or not) of C and let Q2 denote the boundary of .
Let 0002 = dQ if Q is bounded and 05,2 = Q2 U {oo} if © is not bounded. Let w
be a positive continuous weight on €2. In what follows, we suppose that the reproducing
kernel K of 42 satisfies the following two conditions:
2.2) lim |IKz|| = oo,

Z—>000

and for every { € Q,

2.3) K@, 2)] = o(IK:]l) as 2 > 300Q.
Let

1
24 ‘L'(Z)(: ‘L'w(Z)) = m, zeQ

Definition 2.4. Let w be a weight such that (2.2) and (2.3) are satisfied. We say that
w € W (or W(Q)) if there exists constants a, C > 0 such that for z, { € Q satisfying
|z —¢| < art(z), we have

e.3) IK:IK | < CIK@.2)] 5e(©) < v(2) = Ce(d),
and
(2.6) 7(z) = O(min(1, dist(z, 0002))).

Now, we give some examples.

e Standard Bergman spaces on the unit disc D. For o > —1, define
2= {F < HO): A1 = [ 1P dau) < o)

where dAq = “ILd A. The reproducing kernel is given by

b4

1

K(zx(w) = m

and
10(2) :=17(2) = (1 + a)(1 — |z]?)%
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o Weighted Bergman spaces on D. Let O be the class of Oleinik—Perel’man weights
on D (see [3, 11,25]). It is easy to see from [3,23], that if v € D, thenw € W,
IK2IP = 02(:)Alog(1/0(2) and 7p()? < .
A(log(1/w(z)))
For a more general situation, see [16].

» Standard Fock spaces. For o > 0, define
o _
27) F2:= FA(C) = {f e HC): | f]? = ;[C | f(2) e dA(z) < oo}.

Then the reproducing kernel is given by K(z, w) = ¢**® and 7(z) =< 1.

« Weighted Fock spaces. In this case, A2 will be denoted by 2. Let 2(z) = e~ %)
be a positive weight on C. We say that w € R if W: [0, +00) — (0, +00) € €3 and
satisfies the following conditions:

(2.8) V>0, >0 WU"=>0,
and
(2.9) ®"(x) = O(x~V2(®'(x))!*") forsomen < 1/2,

where ®(x) = xW'(x). This class of spaces was considered in [31] by K. Seip and
E. H. Youssfi. One can see that since polynomials are dense in %2, conditions (2.2)
and (2.3) are satisfied. It is proved in [31] that

70(2) 72 =: K(z, 2)w?(z) < ®'(|z]?).
Using Lemma 3.2 of [31], it is not hard to prove that v € ‘W.

It is proved in [11] that, if w € ‘W, then there exist B, > 1,8, € (0,a/4B,) such that
for all § € (0, 8,) there exists (z,) € £ such that

* Q =Uy>1D(24,870(24)) = Up>1D(2n, Buéte(zn))-

* D, 27 (20)) N D(Gms 3-Tw(2m)) = 0, forn # m.

e z € D(zy,68t4(z,)) implies that D(z, 87, (2)) C D(zy, Bpéte(2n))-

¢ There exists an integer N such that every D(z,, B,874(z,)) cuts at most N sets of the
family (D(zm, Bw0tw(zm))),,). We say that (D(z,, By0tw(24))), is of finite multi-
plicity.
In the sequel, for w € ‘W, the constants B, and §,, will be fixed.

Definition 2.5. We say that (R,), € £y if (Ry)n = (D (2,674 (2,))), satisfies the above
four conditions.

In the following, we will consider w € W and suppose that 7}, is compact. That is,
W(Ry)/A(R,) = o(1) (see [11]). As mentioned before, (R, (1)) will denote an enumer-
ation of (Ry), such that

(2.10) an(p) := u(Rn (1)) /A(Rn (1)),

is decreasing.
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For b > 0, bD(z, r) will denote the disc D(z, br).

Lemma 2.6. Let w € W and let (R,,) € £4. Let 4 be a positive Borel measure on 2 such
that T, is compact on AZ. Denote by b = (1 + By,)/2 and by i, the restriction of u to
Uk<n Ri (). Let v, and v be the following measures:

n
dvg =y a; () dApg; o and dv =) a; () dApr, .
j=1 =

Then, there exists a constant C = C(w, (Ry,)) > 0 such that
() Ty, <CT,, and T, < CT,.
) 1Tl = Car(p).
() Ak(Ty,) < CAx(T,), fork = 1.
(4) Ae(Ty,) = Ac(Ty) = A(Ty,) + Cangr (), fork = 1.

Proof. By the subharmonicity inequality applied to the function & — | £(¢)/K(¢, w)|?,
we have

| f(2)?
72(8) Jor, |K(z, w)|?

|fQ)/KCG w) < dA(z), w. € Ry.

In particular,
| f(2)?
() Jor, 1K(z, D)

Note that for z, ¢ € bRy, t({) < 1(2) = and |K(¢,z) < || K¢ ||| Kz ||. Then we
obtain

IFO/KE DI <

dA(z), ¢ € Ry

1
o) K|l

fOPF _ 1 |f )
IKel> ™ 72(©0) Jor, 1Kz

Consequently, there exists a constant C; > 0, which depends on w and (R;),, such that

Q1) QPP < A(C; ) /bR |f@P w?(2)dAG). (¢ € Ry).

dA(z) = /b RYCRIOIEN

This gives that

(2.12) /R | fOP @*(©) du(§) < Cran(p) [bR | f(2)]? 0?(2) dA(2).

This implies

_ 2 2 < ‘ 2 2
(T /. f) = [Q f©OP o (@)dun(o_; /R O @)

C . 2 2 dA =C 2 2 d .
< lj;ajm [ij(mu(zn 0*(2)dAG) = €y /Q @) P 02 @)dva ()
= (C1Tu £ /).

This means that T,,, < C;T,,,, which proves the part (1) of the lemma.



O. El-Fallah and M. El Ibbaoui 1732

Let N be the multiplicity of (D(z,, B487w(2)))n- From part (1) we have
0<Ty, =CT, = NCiai(p)Id 42 .

Then | T,.[| < NCya ().

Clearly, part (3) is a consequence of part (1) and Lemma 2.1.

Since p, < u, we have T, < T},. Then by Lemma 2.1, we get Ax(T,,,) < Ax(Ty).
For the second inequality note that Ax(Ty) < Ax(Tw,) + |Tw — T, ||. Using part (2),
applied to u — u,, we obtain

1Ty — T, | = 1 Ty—pn | < Car(pe — pn) < Capy1().

Combining the two last inequalities, we obtain Ax (7},) < Ax(Ty,) + Cant1 (). |

3. A general argument
Let B > 0 and let § > 0. The function /g s defined on [0, 00) is given by
hgs(t) = (tP —8)T := max(¢? - §,0).

The functions hg s, will play an important role in our study. First, note that &g 5 is convex
for B > 1 and if B € (0, 1), we have hg 5(t?) and h¥ p.5 Are convex if and only if p > 1/8.

The following two lemmas will be used in the sequel to obtain estimates of eigenvalues
of positive compact operator 7' from upper and lower estimates of the trace of h(T") for
some suitable functions /.

Lemma 3.1. Ler B € (0, 1] and let (ay)n>1 be a decreasing sequence. Let p:[1, +00) —
(0, +00) be an increasing positive function such that p(x)/x? is decreasing for some
y € (0,1/B). Suppose that there exists B > 0 such that for every § € (0, 1), we have

(3.1) ZhﬁS(Bp(n)) Zhﬁg(an)_z <%)

Then a, < 1/p(n).

Proof. Without loss of generality, we suppose that p is strictly increasing and 8 = 1. Let
8> 0andlet hg(t) = (t —8)™. By (3.1) we have

an>268 an>268 p(n)sB/S

and

1 1
Bp(n)EZZn:(Bp(n) ) <2Z(‘1n—5)+<22an

p(n) =555 anz8
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These inequalities can be written as follows:
1 1
(3-2) 2 omSXlms ) o
p(n)<1/(2B3) an=s  pm=28/s "

‘We have

1 P (x)
Z(—V -
(n)=<x

Indeed, obviously we have

() 1
x P> p(n)’
p(n)<x
Conversely, using the fact that p(x)/x? is decreasing, we have

1 W) 1)
2 s = X ST X et

wr
p(n)<x p(n)<x p(n) " p(n)<x

anzz:ﬁ "= %pil (%)

Let N(§) := Card{n : a, > §}. Since N (§) < Zanzs ay, we obtain

Then

o< i (2)

In particular, for § = a,, we get

This implies that

(3.3) an S —-

Let A > 1. Since x/7 /p~!(x) is decreasing, we have p~!(x/A4) < A~1/7 p~1(x). Then
2B 1\G-»/y§ _, /2B
Za’“? (AS) ( ) BF (7)

Then, for sufficiently large A, we have

Z a, < Z ay.

an>68 S§<ap<AS§
Using the left inequality of (3.2), we get

1
8p~'(1/2B8) < —
2 p(n)

p(n)<1/(2B3%) d=a

Z a,, < ASN(S).
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In particular, for § = a,, we obtain p~'(1/2Ba,) < n. Then

1
3.4) —— < ay.
p(n) ~ "
Combining (3.3) and (3.4), we obtain a, =< 1/p(n). |

The following lemma will be used in Section 5.

Lemma 3.2. Let (a,)n>1 be a positive decreasing sequence. Let p: [1, +00) — (0, +00)
be an increasing positive function. Suppose that there exist § > 1 and y > 1 such that
p(t)/t" is increasing and p(t)/t? is decreasing.

Let p € (0,1/P) and suppose that there exists B > 0 such that for every increasing
concave function h satisfying that h(t)/t? is increasing, we have

(3.5) _,; ( )5;;1(51,,)53;;1(%).

Then a, < 1/p(n).

p(n)

Proof. Let§ > 0 and let & be the concave function given by

t €(0,8),
h(z)_{ §-PeP, 1>,

Clearly h(t)/t? is increasing. Then (3.5) implies

1 1 _ _
E( DR FREIDY P(n)P> doan+8" Y af

p(n)>1/8 ,O(I’l) p(n)<1/8 an<§ a,,>b’

(3.6) =B( Y (n) DY

o(n)>1/8 p(n)<1/§

(n) )

Now we proceed as in the proof of Lemma 3.1. Let N(§) = Card{n : a, > §}. It is clear
that SN (8) < 8§77 3", _sar. Then,

SNGY S Y. %+8“P > ﬁ

p(n)=1/8 pmy=<1/8 P

Using the fact that p(n)/n? is increasing and p(n)?/n®# is decreasing with y > 1 and
pB € (0,1), we get

> Lx&p—la/a) and 877 )"

= 8p~1(1/8).
o(n)=1/8 p(n) p(n)<1/

5 PP

Then §N(8) < 8p~'(1/8), which implies that a, < 1/p(n).
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For the reverse inequality, we repeat the argument used in the proof of Lemma 3.1.
Indeed, one can verify that

§ ap+ 8P § al <C(K)8p~'(1/8). with lim C(K)=0.
K—o0
an<§/K an>K§

So, from (3.6) we obtain

§1-r
> ooop S Z an+ 870} ap
o(n)<1/8 P( ) an>8
< Z an+877 Y al+ Y ap+87 Y alb
an<8/K an>K§ §/K<an<§ §<an,<K$§

< C(K)8p~'(1/8) + C(K. p)SN(§/K).

Taking into account that

1
DY ke 871 (1/9),

p(n)<1/

we get, for large K, that p~1(1/8) < N(8/K), which implies that 1/p(n) < a,. This
completes the proof. ]

4. Estimates of the trace of h(7,)

4.1. The convex case

The following result is implicitly proved in [11]. Here we give a direct and short proof.
Recall that the sequence (a, (1)), is given by equation (2.10).

Theorem 4.1. Let w € ‘W and let (R,) € Ly. Let | be a positive Borel measure on Q
such that T,, is compact on A2. Let h be a convex increasing function such that h(0) = 0.

We have |
Yo h(Gan(w) < 3 hn(T) < Y h(Ban().

where B is a positive constant which depends on  and (Ry,).

Proof. We will use here the same notations as in Lemma 2.6. Since lim,, o0 a, (v) = 0,
T, is a compact operator, see [11]. Let ( f),>1 be an orthonormal basis of eigenfunctions
of T,,. We have

D hAa(Tw) < Y h(CAn(Ty) = D (CAT, fo, f)

n>1 n>1 n>1
= Yu(e [ 1neree ae)
n>1
< Zh(ZNCak(m / BEP )
n>1

where N is the multiplicity of (bRy,)y,.
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Since A is convex, by Jensen’s inequality, we get

> (A (TM)><Zh<N2Cak(m>— f | fu ()P dAy(2)

n>1

_ 2 o 2
—;hw Car(w) /Rk(m;m(zn A0 ()

< Zh(Nzcak(M))/ K- dAu(z) S ) (N> Cag(p)).
P Ry (1) k

Conversely, let ji; = u|R; () and put i = ;- ft;. We have T < NT,. Note also
that since T}; is a positive compact operator, Al(TM) = ||[Tz||. So, by Lemma 2.6 and
Lemma 2.2, we have

Te(h(T) = Te (3 7)) 2 ZTr(( —j))z;h(%h(m))

1 K, K.,
= > (5 1) = Yo (5 (T e )
(1) = (7 i )
j=1 Jj>1
where z; is the center of R; ().
Now, since
K, K, KO p
Th, —2—, J >=/ / 0?(z2)du(z) < a; (),
<“’ 1Kz 1 Kzl Ry | 1Kz |l !
there exists C > 0 such that
K, K, 1
(@) = Y h( (T et ) 2 Yo h(5ea):
= ( TR 1K, II) e (NC )
This ends the proof. ]

4.2. The concave case
Theorem A will be obtained from the following result.

Theorem 4.2. Let w € W and let (R,) € L. Let 4 be a positive Borel measure on S
such that T, is compact on Ag). Let h be a concave increasing function such that h(0) =0
We have

1
5 2 Nan() = 3 hOn(Tu) < BY Y hlan(e™™).
n>1 n>1 n>1k>0
In addition, if h(t)/t? is increasing for some p € (0, 1), then
B
Y h(n(T) < > > h(an(w)),
n>1 n>1

where B,y > 0 are constants which depend only on w and (R).
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We will need the following lemma in the proof of Theorem 4.2.

Lemma4.3. Letw € W and let (R,) € £4. Let v, = dAg,. Then T, is compact on Ai

and
Ai(Ty,) < Be 7k,

where B,y > 0 depend on w and (Ry,).

Proof. Following the same proof of Theorem 3.8 of [23], there exist B > 0 and § € (0, 1)

such that C5. B
1Tz < Ba—87y" < SOB) i e 0,172,
P

This implies that k)t,’:(Tvn) < C/p, where C = C(8, B). Then, for 1/p = k/(eC), we
obtain the desired result, with y = 1/(eC). |

Proof of Theorem 4.2. We use the same notations as in Lemma 2.6. Let fi be the positive
Borel measure given by

~ 1
d/i = Xk: mﬂmk(u), where K > 0,

and with the convention

1

_— =0 if =0.
NKaz (1) MR, (1) if ag(p)

By Lemma 2.6, Tj; is bounded and

f(Ry)
T:| < .
Tzl < ngp ARy

Note that if R,, N Ry # @ then A(R,) < A(Ry). We have
AR _ 1 (R, 0 Ri)
A(Ry) NK k: ReNRn 20 ag () A(Ry)

L Z p(Ry)

NK ar (1) A(Rp)

k: RgNR,#0

IA

X

1 U(Ry)
Ve, 3wt

k: Riniy g W ARK)

Then, for large K, we have
ITall < 1.
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Let (f2)n>1 be an orthonormal basis of ALZU of eigenfunctions of T,,. We have

> hCa(T) = AT fus fu)) = 30 ( /Q | o (2)P0?(2) dp(2))

n>1 n>1 nxzl1

1
> h(— : 2. 2 d
=3 (N;/Rk(mv(zn () du(2))

n>1

= h CK - (D) w(2) d]i
2 (Xk: ak(u)/Rk(u)U(z)' (@) “(z))

n>1

= 3" S hCKaxu) [ @R )
e (1

n>1 k

- YK Y [ AP die)
p R ()

n>1

= > h(CKar (1)) [ IK- > @?(2) di(z) < Y hlax(w)),
A Ry (1) k

which gives the first inequality.
Let ft; = R, (- Since p < Z;‘;l [tj, by Lemma 2.6 and Lemma 2.2 we have

Tr(h(T,)) < Tr (h(i T,lj)) < iTr(h(Tﬂj)).
j=1 j=1

By Lemma 2.6, Tj;; < CT,,j , where dv; = q; (pL)dA|ij (v)- Then by Lemma 4.3, we have

oo

Tr(h(T,)) < Te(h(CTy))) £ ) h(Caj(we™) £ Y hlaj(we™).
k=1 k=1

Then we obtain the second inequality of Theorem 4.2.
Now we prove the last inequality of Theorem 4.2 . Since h(t)/t? is increasing, we
have

h(a; (e ™) < h(a; () e ?r*,
It implies that
o0 o0 o0 o0 1 o0
D> Th(aj(we ™) £33 h(ap(w)ePr* < 5 > hiaj(w).

j=1k=1 j=lk=1 j=1
Then we get

D hGh(T) = Te(h(T0) 5 3 hla o),

n>1 j=1

and the proof is complete. ]
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4.3. Remarks

(1) It is proved by P. Lin and R. Rochberg in [23] that if @ € D then for all p > 1,
T, € S, if and only if (a,(w)), € £2. They also proved, for p € (0, 1), that if
(an())n € €7 then Ty, € S,. Since D C W, it is clear from Theorem 4.2 that the
converse is also true. (See [2] for radial weights).

(2) For w € R, the class of weights introduced by K. Seip and E. H. Youssfi in [31],
Theorem 4.2 completes the characterization of membership to Schatten classes given
in [31].

(3) The factor 1/p in Theorem 4.2 can not be replaced by 1/p'~¢. Indeed, let @ = D
and let @ = 1. Suppose that

Z A,f (Tyw) =

n>1

B
- Za,’l’(,u,), (for all p > 0),

n>1

p

for every positive Borel measure i on D. Then if p is of compact support, we have
nAL(Ty) <Y AP(Ty) < %, (forall p € (0, 1)),
Jj=1
for some constant C > 0. This implies that
An(Ty) < e Km0,
Now, for dyu = dA|po,s), where § € (0, 1), we have

1 82n+2

8
A (T)) =2 2410y, =
n(Ty) /Or r nt 1

’

which gives a contradiction.

4.4. Proof of Theorem A
The following corollary is somewhat more general than Theorem A.

Corollary 4.4. Let o € ‘W and let (R,) € £,. Let 1 be a positive Borel measure on
such that T, is compact on A2. For p € (0,1) and for all & > 0, we have

n n n
C,
pTEC Y al(uw) <Y AT < " > (.
j=1 j=1 j=1

where C is a positive constant which depends on ¢, w and (Ry), and C, is a positive
constant which depends on w and (R;).

Proof. Applying Theorem 4.2 to T,,, and taking into account the multiplicity of (R,),
there exists By > 0, which depends only on @ and (R;), such that

n B n
> AT, < fZa}’(u).
j=1 Jj=1
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By Lemma 2.6,
/\.i(Tu) = A’j(Tﬂn) + Capir1(p).

‘We obtain

n B n
Y AK(T,) < 71 > @ (w) + CPal 2 ().
j=1 =1

Conversely, let g € (0, 1). By Theorem 4.2, applied to 7},,, we have

oo B1 n
DoANT) = — D al ().
Pq i

j=1
Then
B 1/a  /Bi\la pt/a—1 &

MM = (= Y al'w) " = () S Ak,

J JpqZ k pl/‘fjl/q,; ,
Then, for A > 0 we have

C(Bl’q)
D D
D AM(T) < ST Aa IZakw
j=An+1

Once again, by Theorem 4.2, we have

An 00
= Za”(u) < ZM’(TM) <Y M(T)+ Y. AT,
=1 j=1 j=An+1
C(B1.9) v - C(B1,9)
P p p p
5142;}.1 (T”“")—i_pl/qu/q—l X;a] (IU’)SAZA] (TH)+ l/qu/q 1 Z (l"(’)
j= j= =
For g = 17 and for A big enough we obtain the result. ]

Now we can state the following important consequence of Corollary 4.4.

Theorem 4.5. Let w € ‘W and let (R,) € L. Let L be a positive Borel measure on Q
such that T,, is compact on A2. Let h be an increasing function on [0, +00) such that
h(0) = 0 and h(t?) is convex for some p > 0. We have

Zh(%“f(“)) <> h((Tw) = > h(Baj(w). forn =1,
j=1 =1 st

where B > 0 is a positive constant which depends on o, (R,) and p.

Proof. This is a consequence of Lemma 2.3 and Corollary 4.4. ]
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Proof of Theorem A. We prove (1). Suppose that a, (1) = O(1/p(n)). Let p € (0, 1) such
that pA < 1. We have

21

> = n/p”(n).
= pP (k)

By Corollary 4.4, since a, (i) = O(1/p(n)), we obtain

nAZ(T) < SO AT <3 al () < n/pP (w).
k=1 k=1

This implies that A,(7,,) = O(1/p(n)). The reverse implication is obtained in the same
way.
The second assertion comes from Theorem 4.5 and Lemma 3.1. [

4.5. Remarks on Theorem A

In this section we provide two examples. The first one shows that the condition p(x)/x4 is
decreasing, for some A > 0, is necessary and sharp. And in the second example we show
that the sequence (a5, (1)) is not sufficient, in general, to describe the asymptotic behavior
of the eigenvalues of T,.

(1) The conclusion of Theorem A is not valid if p increases faster than all polynomials.
Namely, suppose that

(4.1) lim P2Y) _

= 400
heo p(x)

Let

4.2) du(re'’) = rdrdt.

1
p(1/(1—r))
The Toeplitz operator T, defined on the unweighted Bergman space 4?(D) is compact.
Since p is radial, it is easy to see that f, = (n + 1)1/2 2" is an eigenfunction of T), and
for all M > 1 we have

1
1
An(Ty) =27t/ L S —
m 0 p(1/(1=r)
1-M/n
> 27{/ p2ntl ! r> )
0 p(1/(1—r)) p(n/M)
For p integer, let (R, (p)) denote the p-adic decomposition of D: for 0 < j < p"*1,
1 2jm 2(j + Dm
Rn,](p)= {ZGD; I—F < |Z| <1-— pn+l andW fargz < T}

Let (R,), be alattice of A2(DD). It is clear that for p big enough, then for all  there exists
(k, j) such that Ry ; (p) C R,. Note also that we have A(Rg ;(p)) < A(R,) if Ry, j(p)
is maximal in R,,. Then we obtain

an(p) Sap(p), n=>1,
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where (a, (1)), (respectively, a), (1)) is the decreasing rearrangement of (14 (R;,) /A(Ry))n
(respectively, (1t(Rn.; (p))/A(Ry; (p))n). We have

W(Ruj(p) _ 1
A(Rnj(p)) = p(p™)

Then we have
a Sa(p) S ———, n=1
n(p) < a, (1) T )
lim AT _
n—o0o (/1,)

Using (4.1), we obtain

This proves our assertion.
(2) Now, we construct two positive Borel measures i and v on D such that

anp() = a,(v) and limsupA,(T,)/An(T,) = oo.

n—>o0

To this end, let 1 be the measure given in (4.2) and let (R;); be the dyadic (p = 2)
decomposition of D. Let § > 0 be small enough and let w; € R; be such that D(w;,8t(w;)
C R;. There exists a subsequence (w;, ), which is an interpolating separated sequence of
A2 = AZ, see [30]. The sequence (w;, ), satisfies

[zl =Lt

Let v be the measure given by
V= Z Cn Sw;, »

n>1

where ¢, = an(1)A(R;,). Letv, = Z ck(?wjk, we have

k>n

An(Ty) < T, || < an(w).
This implies that liminf, o0 An (7)) /A2 (Ty) = 0, while a, (1) = a,(v).

5. The Berezin transform

5.1. Preliminaries

The Berezin transform of a bounded operator T acting on #2 is defined by

- (TK;, K;)
T(z)=—7——, (z€9Q).
1Kz ]2
If T is positive and compact, then
- dA
Te(T) = / F(z) 4@,
Q t2(2)

In particular, T € §; if and only if T € L1(Q,dA/1?).
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The following general result is standard and well known (at least for h(¢) = t?, [36]).

Proposition 5.1. Let T be a positive compact operator on A2. Let h be an increasing
Sfunction such that h(0) = 0. We have:

(1) If h is convex, then
- dA(z)
S h(T) 2 [ nen S5
(2) If h is concave, then
dA(z)

Sy = [ TN 5

Proof. Let (fy)n>1 be an orthonormal basis of A2 containing a maximal orthonormal
system of eigenfunctions of T'. Set A,, = A,(T’) and write

(TK:, K) Zx (S KPP =D Al fu (@)

If /4 is convex, then

dA() LGP da) O dAE)
R 20) = [, (Xr k) 26 —/Z kR 20

=3 h() / /a0 (2) dAE) = 3 h(h).
n Q n
The concave case is obtained in the same way. ]

5.2. Trace estimates and consequences

Let (R,) € £,,. In the sequel, z,, will denote the center of Rj,. For the Toeplitz operator T,
acting on #42, the Berezin transform of 7}, is denoted by /i and is given by (1.1). In this
section we use the following notation:

(zn) = w(Ry)/A(Ry).

Recall that (a, (1)), is the decreasing rearrangement of (j1(z,)),. Our goal in this section
is to estimate the eigenvalues of 7}, in terms of fi(z,). To this end, by Lemma 3.1 and
Lemma 3.2, it suffices to estimate Tr (4(7},)) in terms of (h({t(z,)))n>1. For the convex
case, we have the following result.

Theorem 5.2. Let w € ‘W. Let i be a positive Borel measure on Q and let h be a convex
increasing function such that h(0) = 0. Then

) h(% i) = Te(A(T,)) = 3 h(BR(z)).
n>1

n>1

where B > 0 does not depend on either (i or h.
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Proof. By Theorem 4.1, we have
| N

> k(G Ae) < Tr(T) = Y hO(T) < 3 h(Brji(zn).

n>1 n>1 nx=1
Since [i(z,) < ji(zn) (see Lemma 4.2 in [11]), we deduce that

Te(h(T,) = 3 h(B(zn)).
n>1

On the other hand, by (2.11) we have

1
A(Rn)

K (zn, O)P0?(zn) < /bR |K(z,D)?0*(2) dA(z), €.

Since t2(z) = m and A(R,) = 1%(z,), we get

|K(zn, 0)? </ |K(z. D> dA(z)
1Kz 01>~ Jor, KN 13(2)

e,

and

K(zn, O)?
il o2 ac)

KGO dAG) L dAe)
< fgz/bR TR R /bR,, T

flzn) =

Since 4 is convex, we obtain, for some ¢ > 0,

dA(z) .

75(2)

Taking into account that (bR, ), is of finite multiplicity and using Theorem 5.1, we deduce

d
A9 S b (T) = T (T,

T“z’(z) B n>1

h(efi(z)) < [b hGi(z)

etz % [ GGz

The proof is complete. ]
Proof of Theorem B. By Theorem 5.2, we have

S h(han) = Y hO(T) = Y h(Bh ().

n>1 n>1 n>1
So, by Lemma 3.1 we have b, (1) < 1/p(n) if and only if 1,(T,,) =< 1/p(n). |

Now, we turn to the concave case. Let p > 0 and let dv, = dA|g,. Recall that

Cp(A, (Ry)) = sup Y 57(z)) € [0, +00).

n=ljz1

For the concave case we have the following result.
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Theorem 5.3. Let w € W, (R,), € £, and p € (0, 1). The following assertions are
equivalent:

(1) Cp(A2, (Rn)n) < oo

(2) There exists B > 0 such that for every Borel positive measure |4 on 2 and every
increasing concave function h such that h(t)/t? is increasing, we have

= Y hEG) < Tr(T) < B Y M),

n>1 n>1

Proof. The same argument as before proves that Tr (h(7},)) < C2 Y- h(fi(zn))-

By Lemma 4.3, there exists B > 0 such that Tr(TvI]’.) < B/p. So, it is obvious that the
condition Cy ), h(ji(zn)) < Tr(h(T},)), applied with & = v, and h(t) = t?, gives that
CP('A’LZU’ (Rn)n) < o0.

Conversely, suppose that Cp (A2, (Rp)n) < 0. A standard computation gives

2
i6) £ i ([ FE0E 020 da©) £ ¥ ) )

2
jz1 1K jz1
Since A is concave and A (t)/t? is increasing, we have
h(fi(2)) S D h((z))) T (2)”.
Jj=1
Consequently,

S (i) 3 @G S 5 Ga)”

n>1 j=1 n>1

< Cp(AY, (Ra)n) Y h(R(z))) S Cp(AL, (Ra)n) Tr(A(T))).

Jj=1
The proof is complete. ]

Theorem C is a direct consequence of the following result.

Theorem 5.4. Let w € W and (R,,),. Let yu be a positive Borel measure on Q such that T},
is compact. Let p € (0, 1) be such that Cy(A2,, (Ry)n)) < 00. Let p: [1, +00) — (0, +-00[
be an increasing positive function. Suppose that there exist § € (0,1/p) and y > 1 such
that p(t)/t? is increasing and p(t)/t# is decreasing. Then

An(Ty) < 1/p(n) <= ba(n) < 1/p(n).

Proof. By Theorem 5.3, we have

=Y hba(0) = YDk (T) < BY b (u).

n>1 n>1 n>1

So, by Lemma 3.2 we have b, (1) < 1/p(n) if and only if 1,(T,,) =< 1/p(n). |
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5.3. Examples
Now, we give some examples.

(1) Standard Fock spaces. Let @ > 0. Let #2 be the standard Fock space given
by (2.7). First, recall that the Berezin transform of T, is given by

i) = /C TP du@), zeC.

For more information on Fock spaces, see [38].
We have Cp (.2, (Rn)n) < oc. forall p € (0, 1). Indeed,

it 2, o ano)

Jj=1
=Y ([ etaaw)” = oasp.

(2) Weighted analytic spaces. Let Q2 be a subdomain of C and letw € W.Let M > 0.
We say that @ € W)y if the reproducing kernel of A2 satisfies

min(ty (2), 7w (é')))M
Iz —¢| '

We will denote Woo = Npr=0 War. Examples of such weights can be found in [3, 16,31].

5.1) K0l = CODIK: K (

Proposition 5.5. Let M > 1 and let ® € Wyy. For every (R,) € £y, we have
Cp(A2, (Ry)n) <00, forallp>1/M.
In particular, if ® € Weo, then Cp(42, (Ry)y) < oo, for all p > 0.
Proof. Let p > 1/M and let z,, be the center of R,. We have
Soren=Y(/ %mw@)”.
j=1 j=1 “
Since (B R}) is of finite multiplicity,
Ap:=1{j : BoR; N BuR, # 0}

is finite. Then

2 (/R |TI<K(§||)2|2 adn©)" 5 3 /R IKel? dAu (@)

JEAR
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On the other hand, since Mp > 1, leta > 0 such that (M —a)p = 1. We have

| z,(f)l in(20(21). 7
]%\:”(/R 1K, T2 dA, (g)) l%\:n(/ ||K§||2(mm(t|zizj_)§|r (C)))szAw@))p

n

.y To(2; ><2M 200 129 (z,)

. M
JEAR ZnlPHP
(2M—2a)p—2 _2ap
< e ) dag
Q\R, |§ — zn[2MP

< / & dA(t) = 0(1),
~ Ja\R, |C — zp|?9P 2
which implies that Cj, (A2, (Ry)») < 00, whenever p > 1/M. L]

(3) Standard Bergman spaces on D. Let & > —1, let 02(z) = (1 + a)(1 — |z|*)®
and let 42 be the associated standard Bergman spaces. Recall that the kernel of A2 is
given by

1

o —
Kz (W) = (1— ZE)Z""’"
We have the following.

Proposition 5.6. Let (Rp)n € Lw,and let p € (0,1). We have Cy(A2, (Ry)n)) < 00 if

and only if p > 2+a

Proof. Let (R,) € £,. We have

(1 _ | |2)2+oc
% dAa ().

Un(z) =  |1—

Then
(1= |z *)**

p
o =557 400)

(A —lz P - IZn|2)2+°‘)P
|1 —Z,z, |42

/((1—|w| 2)2te (1 — IZn|2)2+°‘)1’ dA(w)

D |1 — Wz, |4+2« (1 —Jw?)?
(1= |zp|?)@FT0)P dA(w)

= /D 1 — Wz, |@+2000 (1 — [w[2)2-@ta)p’

Then, the last integral is uniformly finite if and only if p > (seeLemma2in[5]). =

2+a

Proposition 5.6 implies that the Berezin transform is not sufficient to describe the
behavior of the eigenvalues of Toeplitz operators. In what follows, we consider a mod-
ified Berezin transform which is more appropriate to our problem in this case (see for
instance [34] and [26]).
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Let T be a bounded operator on Aﬁ and let s > —1. The modified Berezin transform,
By s(T), of T is given by
(TK:, K3)
K03
Let 7(z) = (1 — |z|?). We have the following general result.

Bos(T)(z) =

Proposition 5.7. Let « and let s such that s > (« — 1)/2. Let T be a positive compact
operator on AZ. We have:
dA(z)

(DHWXA&MD@ﬂ®-

(2) Let h be a concave function such that h(0) = 0. Then

dA(z)
T 1) 5 [ (B D)

(3) Let h be a convex function such that h(0) = 0. Then
[ hBasrren G E < e

All the implied constants depend on o and s.
Proof. Let f =) ,.qanz" € AL Write K3(¢) = Y50 ¢a(s) 2" ¢". It is known that

cn(s) < (1 +n)tts,

This implies that
1

2 2
1K} i lle = 1K1l < (—rea’

Then we have

| (f. K> dA(2) Lo , dt 2rdr
K2 () /0 (/0 &) 20) Tz e
| |2 2n 2() o
O

|an|2 ! 2n+1 25— 2
= — 1-r) dr < || flz-
(1+n)

n>0

Let (fn)n>1 be an orthonormal basis of #42 containing a maximal orthonormal system of
eigenfunctions of 7. Write

(TKS, K?) ZA [ fnKS) 2 (An(T) = Ap).

Then,

/ Bas(T)(2) — dA(Z) Z I S KPP dAG) =Y A =Tr(T).

IKS1E (2
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To prove 2), suppose that & is concave. Then,

[ ntasmren 58 = [ (S U K1 44

IKs1E 7 2(2)
[(fn. K3)? dA(2)
/Zh(“ iK1z 70
|{fn: K$)I? dA(z)
= A = .
- 2o [ e ey < A0
The convex case is obtained in the same way. ]

Lemma 5.8. Let o« > —1, and let (Rp)n € Lo, Let h be a concave function such that
h(t)/t? is increasing for some p € (0,1). Let s > W and let | be a positive Borel
measure on D. Then,

Trh(T,) = Z h(Ba,s(T1)(zn)),

n>1
where the implied constants depend on «, s, p and (Ry,)p.

Proof. By Proposition 5.7 we have

dA( )

> = > " h(Bas(Ty) (zn)).

n>1

T (h(T) < /D (Bas (T2) S5

Conversely, by Theorem 4.2 we have
Trh(T) = ) h(an(p).
n

So, it suffices to verify that

/ M(Bas(2) 22 5 > hian()
Letv =), a,(n) dAypr,- By Lemma 2.6, T), < T,. Then
(T, K3 K3) < (TKS, KS) = Zan(u)/b |KS ()2 dAg ().
n R"

Using the concavity of &, we get

JAG) [ (TuKSKS)y dA)
20) ‘/Dh( ) 76

KE )2 dA(2)
/ Z“”(“)/I,R,, e A ) 505

K dA(Z)
/Zh an(u)/ Ca dut) S5

/ h (Bas(T,)(2))
D
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On the other hand, we have
|K§(§)|2 / - |Z|2)2+25—¢x
——dA = = M7 JdA
L, s a0 = [, S g 440
(1 _ |Z|2)2+2s—a

2\2+a
AWO—V’”) .

Using the assumption /(¢)/¢? is increasing, we get

s 2
Wty [ 1O

bR, IKS]2

aao(w) < e [ TR au0)”

(1 _ |Z|2)2+23—a(1 _ |Zn|2)2+oc)p
|1 _72n|4+2s '

< hian ()
Since s > (1 —2p + ap)/(2p), the integral
/ ((1 —|z)*> e —IZn|2)2+°‘)1’ dA(2)
D

=2z, (1— [z
is uniformly finite (see Lemma 2 in [5]). Combining all these inequalities, we obtain

dAz)
/D h(BusT0(2) 0

1— 22+2sa1 n22+a dA
< 3 htantp) [ (L= )1_Zzn(|4+2s'z Dy . |(Z|§)2 < 3 htan )

The proof is complete. ]

Let (bp”* (1)) be the decreasing enumeration of (Bg,s(7T).)(Zn))n>1. The following
result is an improvement of Theorem C.

Theorem 5.9. Let w € W and (Ry,), € L. Let L be a positive Borel measure on D such
that T, is compact on A2. Let p: [1, +00) — (0, +00[ be an increasing positive function.
Suppose that there exist > 1 and y > 1 such that p(t)/t" is increasing and p(t)/t# is
decreasing. Then, for s > 8 + a — 2, we have

M(Ta) = 1/p(n) = b5 () = 1/p(n).

Proof. 1tis a consequence of Theorem 4.2 and Lemma 5.8. ]

6. Composition operators

We consider composition operators on weighted analytic spaces on the unit disc . For
o € W, we will denote #,, the space of analytic functions f € H(D) such that [/ € A2.
The space #,, becomes a Hilbert space if endowed with the norm ||.|| %, , given by

113, = 1£©O) +/ |27 dAw(2).
D

For w = w,, the space #,, will be denoted by #,.
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By the classical Littlewood—Paley identity, we have J#; = H?2, the Hardy space. Note
also that for @ € [0, 1), #Hy := Dy are the weighted Dirichlet spaces, and for o > 1,
Ho = AZ_, are the weighted standard Bergman spaces. For more information on these
spaces, see [9, 12, 15].

Let ¢ be a holomorphic self map of . The composition operator C, with symbol ¢
acting on #, is defined by

C<Pf:fo¢)» fGwa.

Several papers have given some general criteria for boundedness, compactness and
membership to Schatten classes of composition operators (see for instance [10, 17, 19,24,
32,34,35]).

The Nevanlinna counting function, Ny 4, of ¢ associated with #,, is defined by

_ D ceoiw) w?(z) € (0,00], if we (D),
Now(w) = { 0, if w ¢ (D).
In what follows, 144, Will denote the measure given by
ity .o(w) = “’;E(“)’) dA(w), weD.

The change of variable formula, see [1], can be written as follows:

/ (f 0 9) () dAu(z) = / 1/ @P0?(2) ity (@),
D D

Using this identity, it is clear that the composition operator C, on #, is closely related to
the Toeplitz operator 7}, , on 42 . Indeed, if we suppose that ¢(0) = 0, then the subspace
HO = {f € Hy : £(0) = 0} is reduced by C,. If T: 2 — F9 denotes the restriction
of C, to K3, then T*T is unitarily equivalent to T}, , on A2. Namely,

T*T =V*T,, .V,

MHo,0

where Vf = f is the derivation operator which defines a unitary operator from F3
onto #42 . As consequence, we have the following.

Proposition 6.1. Let ¢ be an analytic self map of D such that ¢(0) = 0. Then C, is
compact on Hy, if and only if T, , is compact on A2. In this case, we have

51(Cpr Heo) = dn(Tpuy s AL)-

As a direct consequence of Proposition 6.1 and trace estimates for Toeplitz operators,
we obtain the following results.

Theorem 6.2. Let (R,) € £4. Let p > 1 and let h: [0, 400) — [0, +00) be an increasing
Sfunction such that h(t?) is convex and h(0) = 0. Let ¢ be an analytic self map of D
satisfying ¢(0) = 0. We have

S (520) = T = Sa(o(5o8)).

where B > 0 depends on w and p.
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Corollary 6.3. Let w € W and let (R,) € L. Let p: [1,+00) — (0, +00) be an increas-
ing function such that p(x)/x4 is decreasing for some A > 0. Let ¢ be an analytic self
map of D such that ¢(0) = 0 and C,, is compact on H,. Then

(1) 5n(Cp) = O(1/p(n)) <= an(pip.w) < O(1/p*(n)),
(2) 52(Cp) < 1/p(n) <= an(pipw) = 1/p*(n).

7. Composition operators with univalent symbol on #,

The goal of this section is to provide some concrete examples. We will focus our attention
on composition operators C, acting on #, such that ¢ is univalent. We will give estimates
of the singular values of C, in terms of the pull-back measure induced by ¢.

7.1. Composition operators with univalent symbol

Let ¢ be an analytic self map of D. The pull-back measure associated with ¢ is the positive
Borel measure on D defined by

me(B) =m({¢ €T : ¢() € B},

where m is the normalized Lebesgue measure of T and where we still denote ¢ the bound-
ary values of ¢.

Let 2 be a simply connected subdomain of ID which contains 0. Let ¢ be a conformal
map of D onto 2. Let o be an automorphism of D. Since C; is an invertible operator
on Hy, we have 5,(Cyp, #Hy) < 54 (Cyog, Ho) as n — 00. So, without loss of generality
we suppose, in the sequel, that ¢(0) = 0.

Let n and j be integers such that n > 1 and j € {0,2,...,2" — 1}. The dyadic
square R, ; is given by

and — <argz <

2jm 2(j + DHm
on+1 o = on }

R,,,,:{zeD; =27 <|z] <1—

By following the same proofs, in all the previous results, one can see that we can replace
(Rn)n € Lo, by (Ry,j)n, ;. For our purposes, it is more convenient to consider the Car-
leson boxes W, ;, which are given by
2j 2(j +1
W, = {ZE]D); 1—-27" <|z| and ﬂ§argz< M}
’ an an

The main result of this section is the following theorem.

Theorem 7.1. Let ¢ be a univalent analytic self map of D. Let h: [0, +00) — [0, +00)
be an increasing function such that h(0) = 0. Suppose that there exists p > 1 such that
h(t?) is convex, and let o« > 0. We have

Zh(%(z"mw(wn,,-))“) < 3 h(2Cp. Ha)) = D R(BQ my(Wa ).
n,j n n,j

where B > 0 depends on o« and p.
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Let (m,(¢))n>1 be the decreasing enumeration of (2"my,(W, ;))s,j. As a conse-
quence of Theorem 7.1, Lemma 3.1 and Lemma 3.2, we obtain the following result.

Corollary 7.2. Let o > 0. Let ¢ be a univalent analytic self map of D. Let p:[1, +00) —
(0, +00) be an increasing function such that p(x)/x“ is decreasing for some A > 0. Then
the following are equivalent:

(1) $p(Cy, Ho) < 1/p(n).
2) ma(p) =< 1/p**(n).

To prove Theorem 7.1, we need some intermediate results. We begin by the following
elementary lemma.

Lemma 7.3. Let p > 1 and let h: [0, +00) — [0, +00) be an increasing function such
that h(0) = 0 and h(t?) is convex. We have

(¢ M (Rn.p) ) N I (. %)
ZZ () = ZZ (e i) =2 E 210 aw5)

n>1j n>1 j=0

where B > 0 depends only on p.

Proof. The first inequality comes from the facts that /4 is increasing, R, ; C W, ; and
AWy, ;) = 2A(Ry, ;). For the reverse inequality, we follow the argument given in [18].

We have
Wn,.iZU U Rik.
I>n keHl,n,j
where k .
J+
Hinj :{ke{O,l,..., — 1y 2n <n <2 }

From the above decomposition and the convexity of i (¢?), we get

n

=5 _H“(W"’f) == on—2i—1 4~ MR k)
,;,;oh(chi(%,;)) =X (X X cias)

n=1 j=0 I>n k€H;, ;

YT X 2 (s
n=1j=0 I>n keHy, ; A(Rl!k)

> =21 (Rix)
ST (T ¥ s

n=1j=0 I>n keH;,;
i Z_: <Z Z Zn 2l+1) (4C M(Rl,k))
I=1k=0 [>nkeH;, ARy k)

- - w(R; k)

This ends the proof. ]
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In [20], P. Lefevre, D. Li, H. Queffélec and L. Rodriguez-Piazza give an explicit rela-
tion between the Nevanlinna counting function of an analytic self map ¢ of D and its
pull-back measure. Namely:

Theorem 7.4. There exist absolute positive constants ¢y, ¢, C1 and Cy such that for
every analytic self map ¢ of D, ¢ € T and every § € (0, (1 —|¢(0)|)/16), one has

(1) Ny(w) < Clmq,(W(Z,clS)), for every w € W(C, §).
(2) mp(W(8.6)) = 32 fW(;,cZS) Ny (w)dA(w).

In particular, we have the following inequalities:

1
(7.1) o Me(W(L.8/c2)) = sup Ny(z) = Crmg(W(Z, c19)),
2 zeW(,6)

For a simple proof of these results, see [8].
We also need a consequence of the well-known Hardy—Littlewood inequality.

Lemma 7.5. Let ¢ be an analytic self map of D, let« > 0 and let { € T. There exists an
absolute constant ¢ > 0 such that

@

my (W& 8)* = =
W(¢,k8)ND

Ny (z)dA(z), for 0 <8 <c(1—]p0)]),

where k is an absolute constant and C(«) depends only on o.

Proof. Let R € (1,2) and let ¥ = ¢/R. By the Hardy-Littlewood inequality [27], for
every z € D such that 1 — |z| < %(1 — |¥(0)]) and every § € (0,1 — |z]), we have

C
(7.2) Ny (2)* < 82/ Ny (w) dA(w).

Let z € D and let § > 0 be such that max(1 — |z|, ) < %(1 — |¢(0)]). Then, for R =
1+ 2(1—1p(0)]), wehave § < 1 —|z|/R < 3(1 —|¥(0)]). By (7.2), we get

C 4C
N&(z) = N§(z/R) < / N (w)dA(w) < —/ N2 (w) dA(w).
¢ v 8 Joers v 62 Jpeas) ¢
Now let £ € T and let § < ¢(1 — |¢(0)|), where ¢ =
ing in (7.1).
For z € W(¢,8/c1), we have D(z,28) C W(¢, (2 + 1/c1)8). Then

4(2 +C ; and c; is the constant appear-

1
Ny(2) £ & 7 / Ny (w)dA(w), where k =2+ 1/cy,
$.x8)

and the result comes from (7.1). [

In the sequel, we will write g o and Ny o instead of iy, o, and Ny 4, .

Let ¢ > 0 and let W = W(¢, §) be a Carleson box. We will denote W¢ = W (¢, ¢4).
Theorem 7.1 is a direct consequence of Theorem 6.2, Lemma 7.3 and the following
inequalities.
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Lemma 7.6. Let o > 0. Let h: [0, +00) — [0, +00) be an increasing positive function
such that h(t?) is convex for some p > 1. Let ¢ be a univalent analytic self map of D and
let C > 0. We have

2n_q /,L(D (W J) m_q
o n < n - o
,;JZ:‘)h< AWy j) >~’§;}h(c(2 My (W i)%)
2" —1
M W(Wn )
N )

where the implied constants do not depend on h.

Proof. Since g is univalent, Ny, = N, Then, by equation (7.1) we have

Koo (R"’j) 1 th (2) an a n C2 \\&
= dA(z 52 su N¥(z 5 2% m W 2
A(Rn’j) A(Rn’j) Rn,j (1 - |Z|2)a ( ) ZEWIn),j (p( ) ( (p( ))
Then
2n—1 iy
Hoa(Rnj)\ , .
;;h( A(Ry ;) E ;1.: h(CT(2" me(W;?))")

Lo

2 —

s> Z (C2(2" my(Wn,j)%).
n>1 j=0
Then the left inequality of Lemma 7.6 is obtained from Lemma 7.3.

Conversely, by Lemma 7.5, we have

Mo« (an,])
AWE,)

which gives the remaining inequality in order to finish the proof. ]

(2"my (W 1)* <

7.2. Examples

Let ©2 be a subdomain of D such that 0 € 2, Q2 N dD = {1} and <2 has, in a neighbor-
hood of +1, a polar equation 1 — r = y(|6]), where y: [0, 7] — [0, 1] is a differentiable
continuous increasing function such that y(0) = 0 and y'(¢) = O(y(¢)/t) ast — 07

Let ¢ be a univalent map from D onto €2 with ¢(0) = 0 and ¢(1) = 1. By definition,
the harmonic measure @ (., E, 2) is the harmonic extension of yg on €2, where E is
closed subset of d€2. By conformal invariance of the harmonic measure, we have

w (0, E,Q) = w(0.¢7(E).D) = m(p~(E)) = my(E).

So to use Theorem 7.1, we have to estimate the harmonic measure of our domains. To
this end, we use Ahlfors—Warschawski type estimates. The following lemma is proved in
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[7]. In the sequel of this subsection, we suppose that y satisfies conditions (1.4) and (1.5).
Recall that I is given by
() = / v(s)
T Js S

Lemma 7.7. Let y, Q and ¢ be as above. Then
e w(0, Wy, NIN, Q) < f—nexp[—f‘ (%)] 0<j<jn:= _1(271/2")
o There exists 1 > 0 such that for k satisfying 25T < j,, we have
Card{je{zk, 2Ry 2% exp [—F(#)] < w(0, W, NI, Q)}
= 2k,
Now, we are able to prove the following estimates.

Theorem 7.8. Let y, Q and ¢ be as above. Let h: [0, +00) — [0, 400) be an increasing
Sfunction such that h(0) = 0. Suppose that there exists p > 1 such that h(t?) is convex and
let o > 0. We have

h(be—al"(s)) 1 h(ae—aI‘(s))
B/O —e ds <Zh (Cw,J(’a))fA/O —e ds,

where A, B,a,b > 0 depend on o and p.

Proof. By Theorem 7.1 and Lemma 7.7, it suffices to prove that

1h(c —al(s)) ;
[ Ma i S h(cow [ —or (M)

n=1j;=0
1 —al'(s)
5/ h(ACe ) 4o
0 y(s)

First, observe that

2n(j+1)/2" 27 (j+1)/2" 1
73) / y(s) /
2 2

~ds = 0(1).
N

j/2n wj/2"

So there exists A > 0 such that

ie—aI‘(an/Z") < e—aI‘(s) < Ae—aI‘(erj/Z") fors € (27Tj 277(] + 1))
A - - ’ on’ on :
Then

h(Ce T GD) <" / (e TO) ds < n(AceT D),
2jm /2"
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and
oo Jn 00 Jn 2mj /2" C
Yy mee ey Y [ HGe)as
5 oo JamG-p N A
(e’ 1(2 n) C 1(2 k) C
~1 —otF(s)) ds = C on / ~1 —otl"(s)) ds
Y[ PIED 3Y I’
00 y e k) C h C_e—aF(s)
Z / G —otl"(s))dsv/ (% )ds.
im0 Jyiek 1) 0 y(s)
This proves the first inequality.
The second inequality can be obtained using similar computations. ]

Proof of Theorem D. The first assertion is a direct consequence of the characterization of
membership to p-Schatten classes given in [7]. Indeed, suppose that

i y(@)log(1/1)
m ——— =

t—0t t

Let B > 0 such that Bpa/2 = 3. For small t > 0 we have

) > Bt
i = log(1/¢)
This implies that I'(¢) > B log(log(1/¢)). Then
—221() —Bpa/2
[e 2 di < (log(1/t)) dt 5/‘ 21
o v(@) 0 y() o log”(1/1)

Then Cy € Np=0oS,(Hy). This is equivalent to 5,(Cy, Hy) = O(1/n4) forall A > 0.
To prove the second assertion, let

dt < oo, forall p>0.

s
7(s)

First, we prove that p(x)/x4 is decreasing, where A is such that y(¢) <
y(t)/t is increasing, we have

o(x) = exp{al' (A7 (x))}, where A(t) = /2

A

t .
da Tog(i/n) - Since

2

2 dt At
MO = [5G = s/ < S e/ < Tt <12

This implies that # — A(t) exp(—%T'(¢)) is decreasing, since its derivative is negative,
and then p(x)/x4 is decreasing.
Note also that if % is an increasing positive function, then

1 h —al'(s) Xn
/ u dt = Zh(ce—ar(xn))
0

20) Z (t)

=) h(Ce®TCm),

n>1

Then, by Theorem 7.8 and Lemma 3.1, we obtain the result. [
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8. Concluding remarks

8.1. Composition operators on the Hardy space

The Hardy space H? is equal to J#;. The problem of estimating the singular values of
composition operators on H? was considered in several papers ([18,21,22,28]). Using
the same arguments as those given in Section 7, one can remove the condition that ¢ is
univalent in Corollary 7.2. We have the following result.

Theorem 8.1. Let ¢ be an analytic self map of D. Let p: [1, 400) — (0, +00[ be an
increasing function such that p(x)/x4 is decreasing for some A > 0. Then

sn(Co, H?) = 1/p(n) <= ma(p) < 1/p*(n).

Note that our method can also be applied to composition operators with outer symbol.
Such composition operators were considered in [4, 18, 28]. Namely, let ¢ be the outer
function given by

it

1) o = e (- [ SZ i)

et +z

where U: [0, 7] — [0, c0) is an increasing integrable function such that U(0) = 0. It is
proved in [4,28] that, under some regularity conditions on U, C,, is compact if and only if

/1 Uts) ds = 4o0.
0

52

It is also proved in [4] that C,, € S,(H?) if and only if

/ S
o Ugl* ')

where qy (1) = ftl v gs.

SZ
One can extend this result. In accordance with [4], we say that U is admissible if U is
concave or convex and if U(¢) =< U(2t) < tU’(t). We have the following.

Theorem 8.2. Let U be an admissible function such that t*> = o(U(t)) and
TU
ui) = O(I/ @ ds) ast — 0",
t S

Let h be an increasing function such that h(0) = 0. Suppose that there exists p > 1
such that h(t?) and h? are convex. We have

1 b\ qu(t) ! a \qu()
8 () T dtf;h(s’f(c“”m))“fo Moow) T @

where @ is given by (8.1) and A, B,a, b > 0 depend on p.
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In [28], H. Queffélec and K. Seip gave some estimates of the singular values of
such composition operators. They proved that if U is sufficiently regular, and if gy (t) =
O(log” log(1/t)) for some y > 0, then

1

Vqu(e=vm) |

The extremal decreasing case corresponds to gy (¢) = log” log(1/t), for which they ob-
tained that

52(Co, H?) =

1

2y o
sp(Cyp, H) < logl’/zn'

Using Theorem 8.2 and Lemma 3.1, we extend this result as follows.

Theorem 8.3. Under the same hypothesis of Theorem 8.2, and supposing fol US(ZS )ds =

+00, we have:

1 t
(1) If lim ogqu (1)
t—o+ loglog 1/t

= 00, then

sn(Cy, H?) = 0(1/n?)  forall A > 0.

logqu (1)

@ I loglog 1/t

= 0(1), then

1

Y qu (xn) ’

Tqu(t) ,
L U0 dt =n

n

sn(Cy, H?) =<

where xp, is given by

8.2. Composition operators on the Dirichlet space
The Dirichlet space, denoted by D, is given by
D= Ho)={f e HD): f e L*(D,dA)}.

The Nevanlinna counting function Ny, ¢ induced by ¢ and associated with  is the count-
ing function n,. That is,

Noo(z) =ny(z) = Card{p~'(z)}, zeD.
In particular, if ¢ is univalent then
ne =yxa and dugo = ye@dA, (& =p()).

Let €2, y and ¢ be as before. The compactness and membership to Schatten classes
of C, is studied in [7]. Recall that Cy, is compact on D if and only if
i y(@)
im — = oo,

t—o0t I
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and C, € S, if and only if

tN\P/I2 Yt
/ (—) a0 dt < oo.
0 \7(1) y()
Using Corollary 6.3 and the discussion above, one can prove easily that if y(¢)/t =
O(log? (1/1)) for some B > 0, then

50(Cy) = Ve yT(e ).
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